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Abstract

This paper proposes and investigates a Bayesian relation between optimal L2 regularization
strengths and the number of training patterns and hidden nodes used for an artificial
neural network. The results support the proposed dependence for number of training
patterns, while the dependence on hidden architecture was less clear. Finally, applying
different regularization strengths on different layers, rather than the same on all, resulted in
better validation performances. The essential programs for training ANNs were developed
for these studies, along with functionality for synthetic data generation, which together
provided a controlled and flexible environment.



Popular Science Description

Imagine you are trying to come up with a plan for solving a problem, but the best strategy
you can come up with is to test every possible approach. This could work if you have as
many tries as you want, but it would take quite some time and if you eventually settle for
an approach you will likely not know if there exists a better one. Analyzing the problem
to instead figure out an appropriate approach given its nature can be both more efficient
and effective. In this study, we analyze some strategies for machine learning, hoping to
reduce the need for a trial-and-error approach.

Machine learning can perform well on certain tasks that would be very demanding to
solve in alternative ways. An example of such a task is finding relations between medical
data of individuals and their health-conditions. This can be done through machine learning
of the type “Artificial Neural Networks” also known as ANNs, that use a specific kind of
models inspired by the neurons in a human brain. These models are implemented as
programs that can be trained through many iterations of adaptation.

When training the program to solve difficult problems, we often use some information
about them to set parameter values for a good starting point. One parameter currently
laborious to determine is called the L2 regularization strength, which helps make the
program more able to handle other similar tasks. Our research aims to find a way to set
this parameter, given certain knowledge about the initial problem.

A common practice for finding a useful L2 regularization strength is through trial
and error, which can yield quite useful results, given enough time. We would like to reduce
the time required by finding at least a narrower range in which the most appropriate value
lies. To do this, a proposed dependence for L2 regularization strength on data size and
ANN size is investigated.



Abbreviations

ANN: Artificial Neural Network
CEE: Cross entropy error

MLP: Multilayer Perceptron
MSE: Mean squared error

GD: Gradient Descent

SGD: Stochastic Gradient Descent
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1 Introduction

ANN models learn by training on data. During this training, parameters called weights
are adjusted for the model to perform better on the data set. Each weight influences how
much certain data or data-combinations are used to find the solution. However, a model
can be overtrained, which means that it has been trained to perform well on a single data
set, but not on other data from the same problem.

A flexible model, one that can adjust the weights freely to fit a specific data set,
is more prone to become overtrained. Therefore, an effective generalization method is to
introduce a regularization term. This causes weights of great magnitude to significantly
increase the loss, the measure which the model is trained to minimize during training.

One of the most common and effective regularization terms is called the L2 norm, and
just like all other regularization terms it comes with a regularization strength, determining
how much it impacts the training. The regularization strength is set as a hyperparameter
during model selection [1].

Before training, ANN models are adapted to the problem through hyperparameter
settings based on its characteristics. The process of creating the model and finding appro-
priate hyperparameters is arguably the most time-consuming part of working with ANNs,
as strong models often use several hyperparameters that cannot be adapted independently
and have to be set by trial and error [2]. Therefore, being able to predict an appropriate L2
regularization strength would be useful in reducing the time required to find an acceptable
model. It might also highlight properties of the problem based on the initialization of the
model.

The initialization of the weights play an important role for training [3], but possibly
also for how the regularization strength should be chosen. Using a Bayesian formalism, it
could be possible to relate the initial assumptions on the weights to the best L2 regulariza-
tion strength. This paper will present and discuss research conducted to test a hypothesis
for finding an appropriate L2 regularization strength without trial and error.



2 Theory and hypothesis

2.1 The ANN

Inspired by the neurons in a human brain, the ANN is a model which can take inputs,
process them, and produce an output, or interpretation, which is meaningful in some
context. Since the model is deterministic and less complicated than actual neurons it is
more limited, but also easier to explain. Figure [1| shows an ANN with four input nodes,
one hidden layer of five hidden nodes, and two output nodes.

Input

Figure 1: Fully connected Multilayer Perceptron, MLP, with one hidden layer, reproduced from
[1] with permission.

The ANN is supposed to solve a problem represented by patterns that all consist of
an input which will be fed into the ANN, and a target which the ANN will be trained
towards outputting. The weights, w, are trained over multiple epochs, each updating
the weights slightly through back propagation [4]. A common performance measure for
binary classification problems is cross entropy error, CEE, where the network is trained to
minimize the loss function.

1

Bw) = -~ I

dpIn (yn) + (1 — dp) In (1 — y,,)] (2.1)

In this equation, N is the number of patterns. Each pattern n has target d, and ANN
output element vy, = y(x,,w), where x,, are the inputs for the pattern. For binary classi-
fication, there is only one output node.

2.2 Maximum likelihood

Minimizing the cross entropy error corresponds to maximizing the likelihood for the output
to match the target values from the data set D, i.e. maximizing p(D | w). An expression
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p(a|b) signifies conditional probability for a given b. Assuming independent samples the
distribution can be expressed as

p(D|w) Hp (dn, %5 | w) Hp<dn | X, w) p (Xn) (2.2)

It is preferable to optimize a sum rather than a product, and for this purpose the negative
logarithm of equation (2.2)) can be minimized:

N
—Inp(D |w) = Zlnp dy | Xp, w )—Zlnp(xn) (2.3)
As the last sum is independent of w, the loss function to minimize can be expressed like

= Inp(dy | X, w) (2.4)

For binary classification, Inp (d, | x,,w) = d,, In(y,) + (1 — d,,) In(1 — y,,). Introducing a
proportionality constant 1/N, equation (2.4)) is identical to the CEE in equation ({2.1)).

2.3 Bayesian formalism

The above ideas can be extended to a Bayesian framework. When a model is built there
are made assumptions about the weights w, such as number of weights and their initial
values. The way the number of weights and their initialization is decided can be seen as a
prior distribution p(w). Bayes’ theorem [5] gives that we have

bl | D) = ML) (25)

p(D) = [ oD | whp(w)d (2:6)

The posterior p(w | D) tells us about the assumptions on w given the data set D. Like the
case for equation ([2.3)) it is preferred to optimize a sum, and we can minimize the following
expression to find w with the largest posterior:

—lnp(w |D)=—-Inp(D |w) — Inp(w) + Inp(D) (2.7)

Removing all terms independent of w, as they can be disregarded in minimization, and
assuming independent samples like for equation (2.2), the function to minimize can be
expressed as

_ Zlnp(d” | X, w) — Inp(w) (2.8)



Thus, a prior distribution for the weights leads to an extra loss term which depends on w
but not on the data set.

2.4 The L2 norm

Equation (2.8)) can be expressed as
F(w) = E(w)+ \Q(w) (2.9)

where Q(w) is called a regularization term, and A the regularization strength. A common
regularization term is the L2 norm:

1
Qw) = 52%2 (2.10)
J
This term counteracts large weights and has a greater impact the bigger A is.

2.4.1 Hypothesis
Combining equations ((2.1)), (2.8)) and (2.9)) gives

AQ(w) = —%lnp(w) (2.11)

This suggests that a successful A should be proportional to 1/N.

Furthermore, we hypothesize that a good initialization scheme represents a good prior
p(w). All weights must be given initial values at the beginning of training so that the first
output can be produced. Here, a good initialization is important for successful training.
One of the most common initialization methods is to choose a weight w;; from node j to
node i from a Gaussian distribution with zero mean and variance 1/K;, where K; is the
number of inputs to node ¢ [I][3]. For a fully connected MLP, K; is equal to the number
of nodes in the previous layer. Under our hypothesis, this initialization corresponds to a

Gaussian prior:
1
p(w;) o exp <—T‘2 Zwé) (2.12)

J

Using this as the prior, and assuming o? o< 1/K;, the 1/N-dependence implied by equation
(2.11]) is modified to node-specific optimal L2 strengths

1 K;

A = =i
N N

(2.13)
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This relation is the hypothesis to be studied. It suggests that optimal L2 regularization
could be achieved if the strength is allowed to vary between different nodes depending on
K; and N.

3 Method

As equations[2.11] and regards successful A values, the definition of successful becomes
relevant. Let \* be defined as the A which yields the best validation performance for a cer-
tain model and number of training patterns. To test the hypothesis, it will be investigated
whether there exists a correlation between A* and different numbers of training patterns
or hidden nodes, and what such a correlation would look like.

3.1 Model specifications

The goal of this study is to find A* for models where the following parameters were varied:

o Number of training patterns, varied in the range 10 to 1000.
o Number of hidden nodes in one hidden layer, varied in the range 1 to 200.
o Number of hidden layers, varied in the range 1 to 6.

o Values of \ for different layers, varied over the values in Table

All results were produced using the following specifications.

Initialization

The weights were randomly initialized from a Gaussian with variance 1/K; and zero mean.
Here, K; is the number of non-bias inputs from the previous layer, equaling number of
dimensions for the input layer and number of hidden nodes for all other layers.

Activation functions
The following activation functions were used:

1
Logistic: wola) = T (3.14)
efa

Hyperbolic Tangent: vpu(a) = tanh (a) (3.15)



Logistic was used as the output activation function and Hyperbolic Tangent for all other
layers.

Weight updating

The weights were updated using regular gradient descent and batch updating, with a learn-
ing rate of 0.1. Stochastic Gradient Descent, SGD, was ultimately not used since it can
regularize, making it harder to see the connection between the L2 regularization strength
and other parameters. To keep the number of inputs K; constant, and avoid additional
regularization through dropout [6], the networks were also kept fully connected.

Performance measure
CEE, equation was used to determine \*. It was also studied how accuracy, the fraction
of correct predictions, was affected by varying A-values.

3.2 Data sets

To be able to train the model and evaluate its performance, data is required. Data sets
were synthetically generated to be at a difficulty where an MLP with one hidden layer of
about 20 hidden nodes could solve it acceptably well, given about 100-200 patterns, only
using regular gradient descent, L2 regularization and preferably fewer than 5000 epochs.
Here, a validation performance for loss of about 0.4 was accepted.

Binary classification was chosen as the task, since the generated patterns then were
simple to judge in terms of difficulty. A program was developed that could produce two
Gaussian clouds, each making up one class of data points. The differences in performance
by a fixed model were then compared when varying the number of dimensions of the clouds,
their sizes, and the size of overlap between the clouds. After this, a data set distribution
called "D1” was chosen for the first study; number of training patterns. The properties
of this distribution can be seen in Table 1, and Figure [2] shows an example of a data set
synthetically generated using those settings, plotted in two dimensions.
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Synthetic training data

125 *
10.0 .
75 .y M
5.0 2" * 5
251e @ :. & o? 1'0' L
name D1 00 e V2N
input dimensions 10 25 o, ."'..'.’ N
“o Py L
balanced classes 2 50 e % * :? e’
distance between cloud centers 4 151 ® o« % %
cloud width per dimension 4 and 2 -0 s 0 5 10

Table 1: Properties of the first chosen data Figure 2: Data set of 200 patterns from DI.

set distribution Two out of ten input dimensions are shown.

Synthetically generating the data meant that as many validation patterns as desired could
be created, which allowed the \* validation performance to be of high certainty. In the
same way, different sets of training data could be produced from the chosen distribution,
making it possible to obtain a mean and standard error of \*.

Additionally, it allowed for the creation of a data set which made the ANN perfor-
mance more dependent on number of hidden nodes. The idea was that this would make
it easier to study how a change in number of hidden nodes or hidden layers related to A\*.
For this reason, the overlap and relative densities of the clouds were changed for a second
data set, "D2”, such that more hyperplanes would be required to distinguish the classes.
D2 was created and tested with the same methods as D1.

name D2
input dimensions 10
balanced classes 2

distance between cloud centers 4
cloud width per dimension 32 and 8

Table 2: Properties of the second chosen data
set distribution

For the studies on pattern dependence of \* in sections and [4.4] the data set dis-
tribution D1 in Table [I] was used. All other results were produced using the distribution
D2 in Table 2] The number of generated validation patterns was 2000, independent of
which parameters were studied.

3.2.1 Achieving overtraining
The data sets in this study should lead to overtraining in the absence of regularization, so

that there is a notable effect of A to be found. This was confirmed by plotting the loss over
epochs as can be seen in Figure [3]
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Figure 3: The red plot shows loss with L2 regularization, which the model was trained to minimize,
and the yellow plot shows only the CEE contribution to this loss. The blue plot shows the models
validation performance. Having A = 0 in (a) makes the red and yellow plots overlap. Training
was done with 10 patterns from distribution D1 and 20 hidden nodes in one layer.

3.3 Finding the best L2 regularization strength, \*

When varying one of the parameters to investigate, \* was obtained in the following way:

1. Try different values for the parameter P to investigate.
2. For each value of P try a range of values for A, presented in Table [3]

3. The A that resulted in the highest validation performance is then saved as \*, for
that value of P.

This procedure for finding \* was conducted nine times for each combination of settings.
Each time was for a different generated data set from the the chosen distribution, allowing
a mean and sample variance of \* to be obtained. The variance was calculated using mean
squared error, MSE, and the mean along with standard error of A* were plotted against
the varied parameter. The range for A was adapted such that the resolution is high enough
to assess the hypothesis, and can be found in Table [3|

A values

[le-5, 2e-5, 4e-5, 0.0001, 0.0002, 0.0004, 0.001, 0.002, 0.004, 0.01, 0.02, 0.04, 0.1, 0.2, 0.4]

Table 3: Tested values for A.
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3.4 Training properly

Changing hyperparameters such as number of hidden nodes or hidden layers can have a
great effect on the number of epochs it takes for the model to finish training. Due to
limitations in available computational power and time, the number of epochs were not set
exceedingly large, but instead to a number found appropriate through trial and error. It is
important to have a sufficient number of epochs when determining A\*, as the best A found
otherwise could be affected by early stopping, which is another type of regularization.

To confirm that the program finished training, plots of the same type as those in
Figure [3] were produced for the model being investigated. Additionally, the mean and
standard error of the final validation performance for nine different data sets of the chosen
distribution was produced and plotted.

3.5 Program development

To ensure control and flexibility for the investigations, a program was developed instead
of using existing libraries for ANNs such as Keras [7]. The development was conducted in
a group of four people. Tasks were divided to create different functionalities in a manner
possible by the object oriented nature of Python. Merging of code was done on a dedicated
Github branch. This collaboration continued until functionality for the following was
working:

e Synthetic data generation for classification problems

e Training through backpropagation with L2 regularization

Conducting SGD

Calculating performance measures such as CEE and accuracy

Identifying and plotting A* over number of patterns

Calculating and plotting mean with error bars for different data sets
After the collaboration, the code was updated to fit the needs for additional studies such

as finding A* when varying number of hidden nodes, number hidden layers and having
different \ values on different layers.
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Accuracy

4 Results

4.1 Verification

The plots for A* over varying parameters were always produced using nine data sets from the
distribution chosen for that study. Proper training for all results were confirmed through

three types of figures:

e A plot of training loss, training loss including L2, and validation loss over epochs, as

exemplified in Figure (3| (b)

e A plot of training and validation accuracy over the tested lambdas values, as exem-

plified in Figure 4| (a)

e A plot of final training and validation loss over the tested lambdas values, as exem-

plified in Figure {4 (b)

1041 @ & @ e e 4 ® Training
. ® Validation
L]
0.9+
e °
L] ® ¢ o
01 @ @
°
o 8
0.7 4
0.6
0.5 e o o 0
-5 -4 -3 -2 -1
A (log10)

(a) Accuracy over A after finished training

0.0

® Training
® Validation

e
A (log10)

T
-1

(b) Loss over X after finished training

Figure 4: Accuracy and loss for 210 training patterns and 20 hidden nodes in one layer for
different A values. In this example, \* = 0.0004 when optimized for validation loss. Note that

(a) and (b) have logl0-scales for A values.

The figures|4{ (a) and (b) both show that the model has a varying performance dependent on
A, and that A* can be distinguished. The difference in validation performance is relatively
small for some values of A close to \*, suggesting that slightly unfinished training could

affect the choice of \*.
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4.2 Number of training patterns

The first parameter studied was the number of training patterns as it was deemed the most
likely to produce results agreeing with the hypothesis and thus would indicate whether it
was promising to study the other parameters as well.

Two plots produced along with the verification results in Figure 4| can be found in
Figure |p, displaying A* over number of training patterns, and validation performance for
each data point.

=15 X
i\‘«gl EN
oS 06
20 ‘E\E E I
b (5]
. o]
g i\\ ﬁ 05 E
-2.5 ~.
g S S L]
= . I} "
* S 2 04
= =30 =g~ - =
o =
X~
35 - ‘!"- 03 N

10

15

20

25

Number of training patterns (log10)

30

10

15

20

25

Number of training patterns (log10)

30

(a) A\* over number of training patterns (b) Validation performance

Figure 5: A* and validation performance over number of training patterns. Produced using 5000
epochs and 20 hidden nodes in one layer.

A slope of —1.1 is obtained when performing linear regression on the data points in the
log-log-plot from Figure 5| (a). This translates rather well to a 1/N behaviour of A*. Effects
on this dependence when modifying network architecture can be seen in Figure [6]

The effects of having different amounts of hidden nodes were unclear, while the
slopes varied as can be seen for the plots in Figure @ (a). These slopes are steeper than the
one in Figure [f], being at least —1.2 < —1. Even the slope for the same number of hidden
nodes was steeper, which indicates that the trend is sensitive to which interval of pattern
numbers is studied.

In Figure |§| (b) the plots show a trend of higher A* for higher number of hidden layers,
which could be related to the large increase in number of trainable parameters. However,
the hypothesis does not predict such an increase in \*, and the effects of changing number
of hidden layers were investigated further.
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Figure 6: A* over number of training patterns and validation performance. The plots in (a) were
produced using 5000 epochs and different numbers of hidden nodes in one layer. The plots in (b)
were produced using 10000 epochs, 20 hidden nodes per layer, and different numbers of hidden
layers.

4.3 Number of hidden nodes and hidden layers

Number of hidden nodes

Obtaining clear results when varying number of hidden nodes proved to be more difficult,
as changing that parameter affects training of the model more drastically than changing
number of training patterns within the ranges deemed appropriate for this study. The
ranges were made such that the model could solve the problem with validation loss below
0.6, for most of the data points.
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slope of 4+0.035.
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Figure 7: Results for A* over number of hidden nodes. Produced using 5000 epochs and different
numbers of training patterns. Linear regressions have been made in (b) for the number of hidden
nodes that produced consistent validation performance.

To ensure proper training, plots of loss over epochs as in Figure |3| were produced for
more data sets per result in this study. Figure [7] shows plots for varying number of hidden
nodes, with five different numbers of training patterns. Of the plots in Figure [7| (a), the
one for 50 patterns has the largest data set for which L2 regularization is needed. The
hypothesis suggests a linear relation A o« K;, which corresponds to a slope of +1 in the
log-log plot. Such a slope was not expected for these results, as they were produced using
a common A-value for all layers.

Number of hidden layers
Relating A\* directly to the number of hidden layers is not something the hypothesis suggests
is possible. However, Figure 8| (a) shows that A* is not independent of that parameter.
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Figure 8: Results for A* over number of hidden layers and in (b) a comparison between a plot
from (a), 5 per layer, and from Figure [7| (a), 50 patterns, 1 layer.

A comparison can be made using number of trainable parameters, which is number
of weights in the models. The results for such a comparison can be seen in Figure |§] (b). It
appears that the result for changing number of hidden nodes in a single layer is much more
affected by number of trainable parameters than the result for varying number of hidden
layers. Due to difficulties in training with a higher number of hidden layers, the number
of patterns could not be reduced to 50 for the results in Figure |8 (a) to have acceptable
validation performances, which makes the conditions for the models compared in figure

(b) differ.
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4.4 Varying )\ over layers
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Figure 9: \* (a) varied over layers and (c) only applied to one layer or with the same value
to both, over number of training patterns. The plots in (a) and (e) were produced using 5000
epochs, 100 training patterns and different numbers of hidden nodes in one layer. The plots in
(b) were produced using 5000 epochs and 20 hidden nodes in one layer.
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It appears that the validation performance is better and \* values agree more with the
hypothesis for small values on A in the first layer and a freely chosen A in the second layer.
There also appears to be a clear relation between size of hidden layer and A* in the second
layer, for the data points with best validation performance. A linear regression on the last
six data points of Figure[J] (e) in a log-log plot gives a slope of +0.31. This is still far from
the hypothesis proposed +1 relation, although a much more promising relation than what
was found in Figure [7] (b) for 100 patterns, where \ was applied to all layers.

5 Discussion

Number of training patterns

A —log(N) trend for log(A*) could be seen in Figure |5| for this study, which agrees with
the hypothesis. Even so, Figure |§] (a) shows that the slope depended on number of hidden
nodes and was less clear for a smaller interval of pattern numbers. Formally, since the
steps in the range for A were discrete, the exact best A values are unlikely to have been
found. However, the range for A in Table |3| appears to have been appropriate in terms
of assessing the hypothesis, and taking the mean of nine samples for every study helped
compensate for this step size. The study of A*-dependence on number of training patterns
was additionally complemented by the use of another data set, D2, where the effects of
having different fixed numbers of training patterns on A* while studying other parameters
could be observed.

Number of hidden nodes

The hypothesis predicts a linear relationship between A’ for node ¢ and number of inputs
to the node. For these studies, MLPs with one hidden layer were used, so A was applied
to the input layer and one hidden layer in total. As \; was the same for all layers until
the studies in section [£.4] it meant that \* would effectively be affected by the number of
inputs from two layers. Therefore, a linear relation was not expected here.

Looking at the plots in Figure [7] it is difficult to decide the type of relation. The
plots for 50 patterns, which required larger values of A\, showed an approximate square root
dependency; but this is unclear given the size of the error bars. It can at least be said that
there is some increasing trend for settings where \ is required to be greater than 0.01.

Even though 10 patterns for the same study gives an apparent increasing trend close
to 41, the validation performance reveals that the network is practically guessing. This
can be seen as the model with 10 patterns consistently produces a validation loss of In(2),
which equates to guessing for the case of balanced classes in the data set. Such a behaviour
could be the result of all weights but the biases being driven to zero, and the model acting
using only the bias node from the hidden layer.

A more clear monotonically increasing trend was found from Figure |§] (e), when \*
was chosen independently for the second layer. Although the need for L2 regularization
was very small, as for the same settings with \ applied to all layers, the positive trend
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was much greater, at +0.31 compared to +0.035. This suggests a stronger dependence on
number of inputs from previous layer when ); is chosen independently. As the number of
input dimensions was not changed in any of these studies, choosing \* independently for
the first layer was not investigated thoroughly enough to be included in the results.

Number of hidden layers

There appeared to be a relation between hidden layers and A\* when varying number of
training patterns, such that a higher number of hidden layers produced a higher value for
A*. Such a relation was not predicted by the hypothesis, but is reasonable, as more layers
introduce more trainable parameters and a more flexible model, resulting in a greater need
for L2 regularization. Interestingly, \* was much less dependent on number of trainable
parameters when layers were added than when nodes were added to a single layer, in some
agreement with the hypothesis.

It was difficult to produce clear results from the study of relation between \* and
number of hidden layers while keeping other parameters fixed. Having comparable settings
was prioritized, and only number of hidden nodes per layer and training patterns were var-
ied. As a consequence, several results produced during this limited model selection could
not be used due to improper training or lacking need for L2 regularization.

Varying \ over layers
It was found that the best validation performance was achieved for low values of A\ on
the first layer, and moderate values on the second. A tendency to select higher \* values
for higher number of hidden nodes was also seen, which is reasonable as A\* here was for
the second layer, whose number of inputs is given by number of hidden nodes. Figure 9]
(d) shows that the validation performance was found to be more consistent and better in
general for the case where A was only applied to the second layer than only the first.

Additionally, the data points for these settings followed the slope of their linear re-
gression in the log-log plot much more closely, showing a greater tendency for a relation.
This model even performed better than when the same A was applied to both layers for
below 80 training patterns. Also, it consistently required bigger values for A\*, which is
expected as the weights only have one layer to be regularized in. Other regularization
methods applied to certain layers, such as dropout, might show similar behaviour where
it is better applied to the second layer, and not the first, of an MLP with a single hidden
layer.

Future studies could be made, varying which layers L2 regularization is applied to,
for different numbers of hidden layers.

21



6 Conclusion

Dependence of best L2 strength A* on number of training patterns and hidden nodes was
studied. The relation between A* and number of training patterns, being approximately
inverse for some model settings, agreed more with the hypothesis than the relation for
number of hidden nodes. The trend for hidden nodes was clearer for \* in the second layer,
when A\ was chosen independently over layers, in some agreement with the hypothesis. The
trend was however not linear.

No clear correlation between A* and number of hidden layers could be found. This
study was also impeded by difficulties of training deeper ANNs. It appeared that A\* has
a similar relation to number of training patterns when only applied to the single hidden
layer and not input layer. A higher validation performance was observed for this model
compared to the one where A\ was applied to both layers, for a certain range of training
patterns. Finally, the best performance was achieved when \* could be chosen freely for
both input and hidden layer.
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