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Abstract

This thesis focuses on the analysis of a mathematical model of a nanowire based hot car-
rier solar cell. The relevance of the topic comes from the energy crisis society is facing
today. Firstly, we discuss the basic principle of hot carrier solar cells and discuss several
energy loss factors. Then we set up the system and discuss the relevant approximations.
Moreover analytical expressions of the carrier and heat current are derived in order to
determine the maximum power, efficiency and Fill factor of the solar cell. Different pa-
rameters like the potential barrier height within the solar cell are investigated such that
their trends in the overall performance can be determined. The model represents a very
ideal case and does not take many loss mechanisms into consideration. Therefore the
thesis has many future research possibilities so it can be applied in the laboratory.
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1 Introduction

One of the main challenges society is facing today is for mankind to find sustainable en-
ergy sources. Solar cells are a perfect candidate for this since no green house gasses are
emitted in the energy production. Moreover, the energy solar radiation gives to the earth
in an hour can produce the entire world with sufficient energy for a year [1] However,
the efficiency of the majority of current solar cells produced in the industry are still under
20% [2]. For this reason scientists and engineers have been heavily conducting research
finding methods to optimize the efficiency of solar cells.

Typically, silicon based solar cells are produced on a large scale due to the accessibil-
ity in nature and high abundance of the material. Nonetheless, currently there are more
efficient photovoltaic devices available. An example of these are solar cells based on type
III-V semiconductor materials such as gallium arsenide and indium phosphide. The dis-
advantage of III-V based solar cells is that the materials are expensive which makes it
hard to apply to industry[3][4]. An innovating solution for this is the use of nano scaled
rod-like structures with a high length/diameter ratio, also known as nanowires[5]. Due
to their dimensional properties 90% less of the expensive III/V materials has to be used
with respect to the solar cells manufactured as thin film[3].For this reason nanowires are
promising for the future development of solar cells.

This thesis will focus on a mathematical model which simulates the phenomena hap-
pening in a nanowire based hot carrier solar cell. To do this we firstly consider the basic
concept of a solar cell and discuss different energy loss mechanisms which can occur.
Then we will make the model in the ideal case to extract the power production and effi-
ciency.



2 Theory

2.1 Principle of solar cell and loss mechanisms

In order to manufacture a hot carrier solar cell one creates material with different semi-
conductors. When various semiconducting materials are combined, it results in different
potential barriers in both the valence and conduction band.[6] Creating this structure in
a nanowire will give the characteristics in the conduction and valence band as shown in
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Figure 1: Energy diagram of a hot carrier solar cell. It can be seen that 4 different potential
barriers arise. The curly arrow represents light interacting with electrons in the valence
band creating an electron hole pair. If the absolute energy of the electron is higher than
E¢ + Uy it can go over the potential barrier U, and create an electrical current. In order
for charge to be conserved the chemical potential has been fixed at E¢/2 where the zero
energy axis is defined.

In figure [1|it can be seen that four different potential barriers are created. When a photon
comes in with energy larger than E¢ + Uy, it can excite an electron which can go over the
potential barrier U, and create an electrical current. However, the efficiency of a solar cell
is influenced by many factors. Often the following four are considered [7]:

1. Carnot energy loss: The Carnot efficiency defines the fundamentally highest effi-
ciency which can be achieved for a power conversion process which behaves like a
heat engine [8]. It is fixed by the temperature of the heat source and the power con-
verter. In our case we model the heat source to be a piece of metal connected to the



solar cell absorbing solar photons. If the metal slap would be in thermal equilibrium
with the sun, the temperature of the heat source would be at the temperature of the
sun Ts = 5772 K. Moreover, the temperature of the solar cell itself is assumed to be
at room temperature T, = 300 K. This implies that the maximum Carnot efficiency
will be (Ts — Ty) / Ts= 95%.

2. Band gap: Here we consider the fact that only photons with energy larger than the
band gap of the material will be excited to the conduction band. This means that
photons with an energy smaller than the band gap E; will not contribute in the
generation of electrical current.

3. Recombination: Once a photon has more energy than the band gap E, it creates a
hole in the valence band and an electron in the conduction band. However, it is pos-
sible for the electrons to recombine with their respective hole instead of contributing
to the power production. Along this process radiation will be emitted.

4. Carrier relaxation: Once a photon is excited with energy higher than the potential
barrier of the solar cell, it can either go over the barrier to produce electricity or it
can loose parts of its energy through various processes. The carrier can thermalize
with other carriers through inelastic collisions or interact with lattice vibrations and
convert its energy in the form of heat. An electron of this sort is defined as a hot
carrier [5].

To keep calculations simple we will only take the band gap loss and the Carnot efficiency
into consideration for the model discussed in the thesis. However more of the above
effects can in principle be added to give a more realistic result.



3 The model

This section will describe the model used to simulate the behaviour of the solar cell. A
visualisation of the model is found in figure 2| Firstly we assume the potential barriers
to be asymmetric in the conduction and valence band. Here the left side and right side
represent the contact for the holes and electrons respectively. At the left side of the con-
duction band the potential barrier Uy, is set infinitely high and the potential barrier on
the right side is set to the fixed value U,. Between the four barriers is were the absorber
region is located.

B Hole contact P Electron contact

Us = oo Absorber
R region
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ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff Hee = €V/2
Eg Us = 0, oo
Zero energy
Valence band
U,
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Figure 2: Illustration of the model. Compared to ﬁgure Uy =Uy =Uy =00and Uy =
U3z = U,. The zero energy axis is set to be in the middle of the valence and conduction
band. Moreover, the chemical potential of the sun reservoir and electron collector is set
at us = 0 and p.. = eV /2 respectively. The left hand side of the model has a direct hole
contact and the right side represents the electron contact. Finally the grey area represents
a material composition such that the potential barriers U, and U}, arise, the black region
for the absorber region and the red zone the barriers U, and U}, in the opposite manner
with respect to the grey zone.

For the model we only distinguish electrons and holes from having the opposite sign in
charge and neglect other differences such as the difference in effective mass. Finally, the
zero energy is set at half the energy of the band gap E,.

In order to describe the effects occurring in a photovoltaic device we model the absorber

to be coupled to two reservoirs:
1. Electron collector: This probe models the contact which extracts the electrons from
the absorber and generates a current. Its temperature is assumed to be equal to room
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temperature T,c = 300K. The chemical potential will be equal to the bias applied.
Due to the symmetry of the system this would simply be e~ + eV /2 and with
corresponding Fermi function f,.(E). The chemical potential on the left side of the
system will have the same behaviour but with opposite sign.

2. The sun: This reservoir serves for the incoming light of the sun which is heating up
the system and exciting electrons. It is represented with a Fermi-Dirac distribution
fs(E) and corresponding temperature Ts = T, + AT. Here AT represents the extra
temperature the sun reservoir has with respect to the electron collector. Finally, the
chemical potential is set to pis = 0. In real life this reservoir is a photo-antenna place
on the nanowire to locally heat up the system.

Here the Fermi functions f;(E) are of the form

1

fi(E) = 1L o Er’ (1)
where B; = 1/KpT;. The absorber function f4(E) is a superposition of the two Fermi
functions. Its time derivative can be represented as [9]

ofa(E,t
UALEL) _ rg(fo(E,0) — fa(E,0) + O ~UeelfuE,0) — fa(E1), @

where I'; denotes the rate of the probe i and @ (E — U, ) the heavy side step function which
isOif E < U, and 1 for E > U,. The step function arises from the assumption that electrons
can only go over the potential barrier if their energy is greater or equal than U,. Equation
is a continuity equation of the system and is a mathematical formulation that all charge
carriers are conserved. For the further analysis we assume the system is in a steady state,
implying that the time derivative of the absorber is equal to zero. This will result the
solution of the differential equation to be equal to

_ I‘SfS(E) + ®(E - UE)TECfeC(E).

fa®) Ts+O(E — Uo)Te ©

3.1 Charge and energy currents

Using scatter theory, the carrier current I and energy current I flowing from reservoir
m to n will be defined as [9]

=T [ UalE) = fulE) dE, @
E=T0 [ (E=p) [fu(E) = fulE)| E. ©)

The integration limits are chosen such that we will only integrate over the electrons lo-
cated with energy states in the conduction band. In this model only two probes are cou-
pled with the absorber. Thus, only the current from the sun reservoir to the absorber Ig
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and the current from the electron collector to the absorber I,. have to be calculated. For
the carrier current one obtains the expressions

1 =Ts [ [fs(E) - fa(E)]dE, ©
Eg/2
1Y = Tec [ el E) = fa(E)]dE. @)
When the integrals are solved it turns out that I[N = —IX¥. This is exactly what we would

expect since the total amount of carriers entering and leaving the absorber has to be con-
served. The solution for the electron collector’s current is given by

N _ rsrec . Bec(Ue—plec)
IEC - ,BS,BEC(FEC + 1—'5) (55 log (e + 1) (8)

— ﬁec 10g<e/35(ue*145) + 1> + ,BS,BEC(HEC — ]/[S)> .

The corresponding energy currents are denoted as:

1E=Ts [ (E=us)[fs(E) ~ falE)]dE, ©
Eg/2
16 = Tec [ (E= pic) [fc(E) = fa ()] dE. (10)
Similarly as for the charge currents it turns out that If = —I%. Therefore we will only

write down the solution for the solar current:

Il
E_ ecl's 2 ([ (—pBs(Ue—ps) _ —Bs(Ue—ps)
= gt sy (P (Ll ) 4 B (U ps)log (e Pt 41
(11)
B ﬁ% (Li2(_e_ﬁec(ue_yec)) + .Bec(ue - ,uec) log (e_ﬁ"c(ug_yec)))
_Vecﬁecﬁ% : (108 (eﬁ“(ueiﬂec) + 1) — Bec (U, — Vec))}
where Liy(x) is the Spence function defined as [10]
x _
Lir(x) = — / —log(lt Dt vx e C. (12)
0

3.2 Power production and performance of solar cell

In order to find the performance of the solar cell we have to define the power generated
by the device. In this model power is produced when the carrier current I} moves against
the chemical potential y.. [9]]. For this reason, we denote the total net power to be

P=2-IN ue./2=1INev. (13)



The factor of two arises from the electron-hole symmetry. For each electron flowing to the
right side of the conduction band in figure 2} a respective hole will travel to the left side
of the valence band. Hence, the power produced by the electrons can be multiplied by 2
in order to obtain the total power. Figure [3] visualizes how the power is generated. Due
to a larger temperature T the sun’s Fermi function is extended over the potential barrier
U,. Therefore, electrons from the sun reservoir are able to move towards the electron
collector. Finally, we define the efficiency 7 to be the fraction of the power for a given Ts
and V and the corresponding heat current of the sun I£

P
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Zero energy
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Figure 3: The system with a high temperature Ts. Here the Fermi function fg(E) is ex-
tended such that some of its electron’s energy is higher than the potential barrier. This
allows it to move to the electron collector and create a net charge current.

Another way to quantify the performance of the solar cell than efficiency, is through the
Fill factor. It is defined with the equation

pmax
FF = , 15
Isc : Voc ( )

where I is the short circuit current, V;. the open circuit voltage and Py the maximum
produced power [11]]. The short circuit current represents the current at zero voltage.
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Furthermore the open circuit voltage is defined to be the voltage where no current is
flowing [12]. Figure shows an I — V curve with these quantities marked down. A Fill
factor of 1 represents the highest theoretical power that can be extracted from the I-V
curve and means that the I-V curve would look like the black dotted line shown in figure
However in reality this has never been achieved experimentally. The higher the Fill
factor, the higher the maximum power of the I-V curve becomes [13].

Current

0
Applied bias
Figure 4: I-V curve showing the quantities of the Fill factor. Here I;. represents the short
circuit current and V. the open circuit voltage. Py,» and Pr represent the location where

the maximum power of the I-V curve and the theoretical maximum power is located
respectively.

3.3 Dimensionless expressions

For the purpose of extracting results from the equations introduced in section 3.1} we will
rewrite them in a dimensionless form. Firstly, we introduce the following dimensionless
parameters

€ = Becle, (16)
1
= —, 17
rs 1+ %—1 ( )
X = Beclec, (18)
T'slec

Now by dividing the carrier currents by Iy = TotTo P and substituting the parameters

by the dimensionless quantities defined in equations (16), and we obtain the
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following for the carrier current of the electron collector.

N

I
T = 7 = log(¢ N +1) - %log(e“'e +1)+x (19)

(20)

Similarly for the energy current of the sun reservoir we obtain

IE
1 . .
— - (Liz(—e7 7€) 4 yselog(e™ 7€ +1)) — (Lin(—eX~€) + (e — x)log(e~“7* +1)) (21)
Ts
—x (log (e +1) — (e — x))
where I} = % To continue, we define the equivalent to dimensionless power to

be:
0= T x. (22)

The derivation for the substitutions can be found in the appendix.
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4 Results and discussion

4.1 Charge currents

In figure [5a] and [5b] the electron collector’s carrier current is plotted with varying the

parameters %T and € respectively.
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{1 (|
© N o u

’ %

-4 -2 0 2 4 -4 -2 0 2 4 6 8 10

(a) The carrier current of the electron collector  (b) Here the carrier current of the electron col-

plotted against the bias applied to the system.  lector is plotted vs the applied bias. Multiple

Here the current is plotted for different values  values for the potential barrier heights € are
of % — and € has been fixed to 1 shown in the figure and % has been set to 10

Figure 5: The carrier currents of the electron collector plotted against the applied voltage.
Parameters %T and € are altered for figure 5aland 5b|respectively.

Remark that a negative current in figures [5a| and pb|implies that current is flowing from
the absorber to the electron collector due to 1ts deflmtlon in equation [7} In figure [pa
we can observe that T = 0 for y = 0 when 2 7 = 0. This is due to the fact that in
this case there is no temperature difference between the sun reservoir and the electron
collector. Moreover since x = 0 in this instant, their Fermi functions will be identical.
Consequently, no current can flow either to the absorber or the electron collector. As il-
lustrated in figure [3| the Fermi function of the sun gets more extended for higher values

of %T Because of this, more electrons in the electron distribution of the sun get an energy
h1gher than the potential barrier U, which will cause a net charge current towards the
electron collector for 0 applied bias. This is why when the parameter 4L increases in fig-
ure E 5a), the offset of the current goes to more negative values. Because yec is proportional
to the voltage, the Fermi function of the electron collector will reach higher energy levels
as the voltage applied to the system increases. Therefore, the Tl grows as the applied
bias becomes larger.

From figure b| it can be seen that an increasing value of € moves up the current to a

higher offset. Hence, less charge carriers are moving towards the electron collector with
a higher potential barrier. This comes from the fact that the charge carriers are required
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to have a higher energy to surpass a larger potential barrier U,. Another observation is
that for a bigger value of € the current starts to increase at a larger value of xy with respect
to a smaller €. The reason for this is that the electron distribution in the electron collector
needs to have a higher energy to overcome a larger potential barrier U,. Thus, the chemi-
cal potential of the electron collector y.. has to become larger for an increase of current to
occur.

4.2 Net power and heat current of the solar cell

The resulting net power produced by the device can be calculated through equation
This has been done in figures 6a|and [6b|for varying values of %—;‘C and € respectively. It can
be seen in[6a| that the power increases as the temperature of the sun reservoir grows. This

is simply because a higher %—i give more current towards the electron collector and needs

more applied bias to give a positive Y.

Figure @ shows that higher values of € for a fixed %—;‘C result in a higher maximum power
than smaller values of €. This seems counter intuitive since the results in figure bb{showed
that less charge carriers move to the electron collector for higher values of €. Nonetheless,
more bias has to be applied in order for T} to increase. The power is proportional to both
current and voltage and since the bias difference is substantially higher than the current
difference for € < 8, more maximum power is achieved for higher values of €. Both fig-
ure [pajand how that for a fixed € and % the power reaches a maximum p;,,y at a bias

Xmax- Figure i shows this maximum power plotted against % for multiple values of €.

The same is done for the heat current of the sun reservoir £ in figure

14
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(a) Produced power of the solar cell plotted (b) The net power of the solar cell plotted
against the applied bias for different values of against the applied bias. The parameter € has
%. In this case € = 1 for all curves. been varied and %=10 for all the graphs.

Figure 6: The net power produced by the device plotted against the bias applied to the
system. Figures @ and Vary the parameters %—z and € respectively. Remark that nega-
tive power implies that a net energy flow is traveling towards the electron contact. There-
fore, for convenience the negative power has been labeled on the y-axis.
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Figure 7: Maximum power plotted against %—;‘: for different €. The respective xuqx has

been chosen for each %—i. Four different values of € have been chosen for the curve to
show the trend.
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Figure 8: The heat current of the sun reservoir plotted against different values of L. The
same values for X..x have been chosen as the ones in figure l 7| Note that a posmve ‘value
of T implies that the current is going from the sun reservoir towards the absorber region.

Figure @ shows that the maximum power is strictly increasing as 4T grows The reason
why the maximum power is not converging to a constant is due to the Fermi function of
the sun. In equatlonlwe can note that when 4L — o0 = Bs — 0. This causes the

Fermi function of the sun to reach a constant of for all energy values. Thus, the integral

defined in equation will diverge when A~ —> co. Nonetheless, these temperatures
q & T, P

can never be achieved in reality since the nanowire itself would melt.

Furthermore, a similar trend as found in [6b] can be seen in figure [/l For larger values
of 4L ~ a higher e results in more power with respect to a smaller e. However from figure

1t can be seen that when € > 10 the power becomes lower for smaller £ T, L compared to
ower magnitudes of €. For example —p,y at € = 5 is larger than p,ux at € = 10 up until
%i = 8.8. In reality this means that the metal probe connected to the nanowire represent-
ing the sun reservoir has a temperature around 3000 K. In order to produce a nanowire
with this barrier height the materials used to fabricate it would have to withstand this

amount of heat and cannot melt.

The heat current of the sun decreases for larger values of €. For a higher potential bar-
rier U, only high energy electrons can travel to the electron collector. Therefore the heat
current decreases as € increases. On the contrary, the heat current still stays substantially
larger than the net power.
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4.3 Efficiency and performance of the solar cell

In order to investigate the performance of the solar cell we will both look at its efficiency
and Fill factor at maximum power. The efficiency shown in figure 9a|was computed with
equation and the Fill factor plotted in figure Ob|was determined with equation (3.2).
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ncarnot
&£=1 0.7
=3

£=5

=10

=20 uLL_

0.8

0.6

0.4

0.2

0.0

00 25 50 75 100 125 150 175 200 00 25 50 75 100 125 150 175 200
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(a) The efficiency of the solar cell at maximum (b) Fill factor plotted agamst Al when maxi-
power plotted against 7 AT for different values of mum power is produced. The psrameters used
€. The efficiency has been computed by divid- to produce this plot all come from figure [/ and
ing each —py in figure m with the respective @

¢ shown in figure Finally, the blue curve rep-

resents Carnot efficiency which can fundamen-

tally not be exceeded.

Figure 9: The efficiency and Fill factor plotted when the device is producing its maximum
power.

Firstly, figure9algives that the efficiency reaches a clear maximum at a given temperature
but under #csmor. All these maximums are getting higher and slightly shifted to higher
temperatures of the sun reservoir as € increases. The same trend is observed for the Fill
factor in figure [Ob]
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5 Outlook

For the model used in this thesis it can be seen that a non-negligible amount of power is
produced by the solar cell as the temperature of the sun reservoir grows. Furthermore,
both the efficiency and Fill factor of the maximum power increases for a higher potential
barrier height. In order to produce the solar cell in reality an optimum has to be found
between the barrier height U, and the temperature of the sun reservoir Ts. For higher Tg
the net power increases but efficiency decreases. Moreover the device can produce more
net power at higher values of T; for a large potential barrier but a higher temperature will
give less efficiency and Fill factor. In addition, one has to make sure that the nanowire
itself can withstand the temperature required for a large power production without melt-
ing. Therefore a possible continuation of the thesis is to find an optimum of the named
parameters and find materials optimal for the conditions.

In the model we only take two loss mechanism discussed in section [2.1| into consider-
ation. One can however incorporate more of these loss factors to obtain a more realistic
result. A suggestion on how to do this is to give every depletion process their own reser-
voir coupled to the absorber. Similar methods as used in this thesis can then be used
to extract the carrier and heat current. The only difference would be that the absorber
function defined in equation (2) becomes longer which makes the carrier and heat cur-
rent integrals harder to handle. When more probes are coupled to the absorber, one can
use experimental data for time scales of when events such as recombination and phonon
interaction happen to give a value to the rate constant I';. In this thesis the rate constant
I'; has not been considered in the results since only two reservoirs were connected to the
absorber. However when the system contains over 4 reservoirs, I'; becomes more relevant
for realistic results.

In conclusion, the findings of the trends in the thesis are promising. Nonetheless before

the model can be created in the laboratory, a significant amount of additional research
needs to be conducted.
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Appendix

Dimensionless substitutions derivation

Firstly, due to the fact that s = 0, all factors with ug will be set to 0. Now we will rewrite
some of the constants/expressions to use the substitutions defined in equations (16),
and (I8). Firstly note B can be rewritten as:

1 1 1 1
— — . — - _ = 23
P = k(T + BT) kgl 1130 Pee qq T — Peee 2
As a next step Bs(U, — pts) can be rewritten as:
Bs(Ue — ps) = BecUe vs — BecYsts = €7s (24)
—— ——
€
And finally B - (U, — pec) can be expressed as:
,Bec : (ue - ,uec) = ,Becue - ,Becﬂec =€—X (25)
—— =
€ X
Inserting these expressions into equations (9) and we obtain
1
T =log(e“ X +1) — S log(e 1)+, (26)
S
= o (Lia(-e715) + yselog(e™5 +1)) — (Lis(~¢5) + (e~ ) log (e~ +1))
(27)

—x (log(e“ X +1) — (e —x))
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