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Abstract

The Kaczmarz method is an iterative method for solving linear systems of equations. The
Kaczmarz method has been around since it was developed by Kaczmarz 1937. The main idea
behind the original Kaczmarz method is to orthogonally project the previous zj onto the solution
space given by a row of the system. The block Kaczmarz on the other hand orthogonally projects
the previous z; onto the solution space given by a sub system of equations. Both the original
Kaczmarz method and block Kaczmarz method can only solve consistent systems, however
the extended Kaczmarz method is an adaptation that makes it possible to solve inconsistent
systems. We will look at both deterministic and randomized, row and block selection processes
then compare them on both consistent and inconsistent systems of equations.
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1 Introduction

The Kaczmarz method is one of many methods to solve linear system of equations and thus it could
be of interest to first introduce what a linear system of equation is.

Definition 1 (Linear system of equations). A Linear system of equations is a collection of m € N
equations with n € N unknown variables

al;l.’l,'{l} —+ a1;2${2} + 4 al;nx{n} _ bl

a2;1x{1} + ag;gg;{Q} N anz{n} — by

At + @™ 4 an ™ = b,y
where a;.;; € R and b; € R are constants and 21} are our unknown variables.
Remark 1. A linear system of equations can also be denoted as a matriz vector multiplication

Ax = b where A € R™*™ and b € R™. Throughout the thesis we will use this definition for linear
systems of equations.

Definition 2 (Consistent system of equations). A system of equations is considered consistent if
for a given A € R™*™ and b € R™ there exists an x € R™ such that Ax = b. If there exists no such
x then the system is said to be inconsistent.



If the problem is inconsistent it could still be interesting finding some Z that minimizes the
difference || Az — b||3.

Definition 3 (Least squares solution). For any linear system of equations Az = b with A € R™*"
and b € R™ the least squares solution is defined as the set of solutions satisfying

& := arg min || Az — b||3.
zeR™

The Kaczmarz method is an iterative method, where in each iteration xj; is the solution of an
equation a;, x = b;, which minimizes the distance to xy i.e.

Tpt1 = argmin ||z — z||3.
{z€R™;a, v=b;, }

It selects equation in each iteration cyclically passing trough all equations once before returning to
the first, meaning i, = k£ + 1 mod m.

Given any z( the Kaczmarz method converges towards a solution, if our system of equations has
several solutions, the Kaczmarz method will converge towards the solution minimizing the distance
between xy and the solution space Az = b i.e.

&= argmin ||z — z0l3.
{zeR";Az=b}

It should also be noted that not all variations of the Kaczmarz method selects the equations in a
cyclical manner.

The Kaczmarz method was first discovered 1937, initially it had few to no applications, however as
computers developed so did the need for iterative methods to solve linear systems. In 1970 the first
application of the Kaczmarz method occurred, Gordon, Bender and Herman used it to reconstruct
images from the data given from a computed tomography [3]. In 2008 Strohmer and Vershynin
showed that the rate of convergence could be bound by the condition number of A, if a random row
selection process was applied instead, this caused a boom in popularity of the Kaczmarz method
[12]. Which gave room for the extended variations and block variations to develop.

In this thesis we will present some of the most well known variations of the Kaczmarz method and
compare them. In the tests we see that the discreet variations slightly outperform the randomized
variations and what the optimal order of operations for the extended Kaczmarz method is. Initially
in section [2] we define some useful notation that will be used throughout the thesis.

We then move onto section |3| where we begin by presenting the original Kaczmarz method and show
why it converges as well as how it converges presented by Kaczmarz [7]. We will also introduce the
rate of converges for consistent systems with A being square and full rank presented in [2]. Then we
move on to the randomized Kaczmarz method where we state the Algorithm and its rate of conver-
gence presented by Strohmer and Vershynin [I2], continuing with the rate of convergence presented
by Needle [§] for noisy systems. Further we will look at how the Kaczmarz method can be utilized
to transform an inconsistent system into a consistent system and the extended Kaczmarz method
for solving inconsistent systems directly, both presented by Zouzias [14].

Then in section EI we show the block Kaczmarz method presented by Needle and Tropp [9] and why
the block Kaczmarz method converges, furthermore that it converges to the same solution as the
original Kaczmarz method. Then we use the previous result to state the Kaczmarz method for the
least squares problems which was showed by Needle, Zhao and Zouzias [10]. In the end we will
present a variation of the block Kaczmarz method by Yu-Qi Niu and Bing Zheng [T1].

In section [f| we will construct the tests and show a couple of adaptations of the methods constructed
throughout the thesis and present the results. We also implement the method to solve an image
reconstruction problem. We conclude with a summary and improvements [6]



2 Definitions

Definition 4. Let A € R™*", a; € R'" denote the i’th row of A, i.e.

Definition 5. Let b € R™, b; € R denote the i’th value of b, i.e.

b= |:b1,bg7 .. .,bmflvbm]T

Definition 6 (Inner product). Consider we have two equally sized vectors x,y € R™, then the inner
product (x,y) is defined to be

(z,y) :==2"y.

Definition 7 (Vector two-norm). The two-norm of x € R™ is defined as

|z]l2 == v/ (2, 2).

Definition 8 (Matrix Frobenius-norm). Given A € R™*™,

a1;1 a1;2 (R a1;n
a2;1 az:2 cee a2;n

= ) s
Am;1 Am;2 o Am;n

let the Frobenius norm be defined as

1/2
m n

AllF = [ D> laigl®

i=1 j=1

Definition 9 (Hermitian and unitary matrices). Consider we have a matriz A € R™*™ then it is
considered hermitian if A= AT and unitary if AT = A~L.

Definition 10 (Eigenvectors and eigenvalues). Let A € R™*™ be a square matriz then the eigen-
vectors are the set of vectors v.€ C™ \ 0 that solve

Av = Av
where A € C is the corresponding eigenvalue.

Definition 11 (Diagonalizable). A square matriz A € R™*™ is said to be diagonalizable if there
ezists an wnvertible V' such that
A=VDV!

where D is a diagonal matriz with the eigenvalues of A on its diagonal.
Theorem 1 (Singular value decomposition). For every matriz A € R™*™ there exists a decompo-
sition
A=Usv"
where U € R™*™ 'V € R™ "™ are unitary and

g1 0 0
0 () 0
Y=. . .
0 0 o



Proof. See [5] page 330 -332 theorem 13.2 O
Definition 12 (Matrix two-norm ). Consider a matriz A € R™*™ then the two-norm is
HAH? ‘= Omax

where omax 1S the largest singular value of A. omin 1S the smallest non-zero singular value of A and

1

min

1A™|2 =

Definition 13 (Induced matrix norm). Let A € R™*" and 1 < u < oo then the Induced matrix

norm is defined as
|| Az]|,.

z€R™\0 ||$||u .

Al =

Definition 14 (Moore-Penrose pseudoinverse). The Moore-Penrose pseudoinverse of A is defined
as the matriz AT satisfying the following equalities

AATA = 4,
ATAAT = AT,
(AfA4)" = Ata,
(441" = a4,

Definition 15 (Orthogonal Projection). Suppose we have a matrix A € R™*™ it is said to be an
orthogonal projection if
(Az,y — Ay) =0

for any x,y € R™.
Theorem 2. We have a matriz A € R™*"™ then it is an orthogonal projection if
AT = A
A% = A.
Proof. We have that
(Az,y — Ay) = (Az,y) — (Az, Ay) = 0 < (Az,y) = (Az, Ay)

and similarly
(x — Az, Ay) = 0 <— (z, Ay) = (Az, Ay).

Meaning we have
(Az,y) = (2, Ay) = (AT, y),

implying that A7 = A. Then from
(Az, Ay) = (AT Ax,y) = (AAz,y) = (Az,y)

we get A% = A.
O

Definition 16 (Condition number). Given a matriz A € R™*"\{0} then the condition number is
defined as
K(A) = ||All2]| AT |2.

We define a condition number that is both induced by the Frobenius norm and the two-norm i.e.,
R(A)r = [|AllF[|AT]|2,
k(A) < k(A)p < Vmr(A).
Where the final inequality comes from

1All2 < [|AllF < Vml|A]l2.



Definition 17 (Linear Convergence [13]). Suppose limg_ oo 2, = &. We say that the sequence
{zr}i, converges to & at least linearly if there exists o C' € (0,1) such that

i B *Afsz _c
k—o00 ||Q§k — ZEHQ

Remark 2. The sequence is said to have superlinear convergence if C' = 0, and sublinear convergence
when C' = 1.

Definition 18 (Positive definite [1]). A symmetric matrizc H € R™™™ is said to be positive definite
if

zTHx >0

for allz € R™\ 0. H is called positive semi-definite if
2T Hx >0

for all x € R™.

3 Kaczmarz method

3.1 Original Kaczmarz method

We introduce the original Kaczmarz method, which was first presented by Kaczmarz in 1937 [7]. The
original Kaczmarz method only solves consistent systems of equations Az = b and in the original
work [7] it was limited to square matrices with full rank with all rows satisfying ||a;||2 = 1.

Algorithm 1 Original Kaczmarz method [7]
1: procedure (A,b, xg, N,¢) PAeR™ "™ beR™ e R", NeN, e R
2: A and b describes our system of equations
3 x( is our initial point
4 N determines the maximum amount of iterations
5: € how accurate we want to be
6
7
8
9

repeat
ik=k+1 modm
if [|a] ||3 # 0 then

bik - <a57$k> T

Th+1 = T + a;
laf I3 ™

10: else

11: Tpa1 = Tk

12: if k=0 mod m and ||Azj41 — b||3 < € then
13: return i

14: terminate

15: until k+1 > Nm
16: return x4
17: terminate

Statement 1. If z;11 is defined by Algorithm[l] as

T
o bik - <aikvxk> T
T T T
i 12
and i, € {1,2,...,m}, then xp41 solves the iy 'th equation
aik$k+1 = bzk

Proof. We can write a;, 2x+1 as

bik - <ai];7xk> T

Qi Th41 = G, T + Qi ||aT ||2 a;,
1 112



using the definition of z;41. Then we simplify it and get

T b, — <az;7xk>

A Thet1 = <a:7jkaxk> + Ha/z;H% = HaT HQ = <ag;,$k> + bik - <a/7,,‘1;a$k> - bzk
i 112

O

Definition 19 (Minimum norm solution). Given a linear system of equations Ax = b with A €
R™ ™ and b € R™ and the set of least squares solutions & = {x € R™;argmin, gn ||Az — b|[3},
then the minimum norm solution is
# := argmin ||z||3.
TEW

Theorem 3 (Normal equation [0]). If we have a least squares problem & = {x € R™; arg min g ||Az—
b3} then we can transform our problem into a consistent problem given by the normal equation

AT Az = ATp,
where the solution is x € w.
Proof. See [5] page 391-392 theorem 15.10. O
Lemma 1. For any A € R™*" if AT Ay = 0, then y € ker(A).
Proof. By the singular value decomposition we have
ATA=vsTUTusSvT =vsTsvT.
Now we want to show that if V.STSVTy = 0 then Ay = 0.
We have
vsTsvTy=o0
= VIvsTsvTy=o0
= 5TsvTy =0 (1)
= <ST>TSTsva =0
where the equivalences comes form V being unitary and the implication comes from the multiplica-

T
tion by ( St) . We can write S € R™*™ and ST € R™*™ as a block matrices where ¥ is a diagonal

matrix with the singular values of A on its diagonal

D) 0
=0 3
T
and the corresponding <5T> e Rmxn
r! 0
T frng
s [ A 0} |

Now we simplify the left hand side of the equation

T -1
<ST> STSYTy = [E O} F 0] STy

0 0| |0 0
[ 0] wir (2)
= [0 0} SV<iy
= SVTy.
Since we multiply both sides with U and get
Usviy=o0

then by the definition of the singular value decomposition we have
Ay=0
and thus y € ker(A4).



Lemma 2. Given a & = {z € R";argmin,cgn ||Az — b||3} let & any element in &, and let & be the
minimum norm solution to &. Then & can be written as & = & + y where y € ker(A).

Proof. We begin as by writing Z as the solution to the normal equation
AT Az = ATb.
By decomposing into & = I + y we get
AT Az + AT Ay = ATh

since AT A%z = ATb we have AT Ay = 0 which by lemma implies that y € ker(A).
O

Lemma 3 ([f]). If we have a linear system of equations & = {x € R";arg min,cgn || Az —b||3} then
A'b a solution to the normal equation.

Proof. Using the singular value decomposition of A we have
ATAATy = VSTUTUSVTVSTUT D,
however we know that U and V are unitary so it simplifies to
AT AATD = VST SSTUT.

We can write S € R™*™ and ST € R"*™ as a block matrix where ¥ is a diagonal matrix with the
singular values of A on the diagonal

b)) 0
=0 0
and ST € R"*™ the corresponding matrix
r! 0
T =
sl

Thus we have
-1
vssstuT =v F 0] [E 0} F 0} Ut =v F 0] Ul = AT,

giving us AT AATH = ATb.

Lemma 4. Since A projects onto a linear subspace we have Ax =

Proof. Since P is an orthogonal projection we know P = PT = P2, We have that
I-pPl=1"—pP'=1-P
and that
(I-PY?=I1*-2IP+P>=1-P.
Thus we know that both P and I — P are orthogonal projections. It remains to show that Im(P)
is orthogonal to Im(I — P) given any vector z € R™ we have
(Px,(I — P)x) = (Pz,z) — (Px, Px)
= (Pz)'z — (Px)T Pz
=a' Py — 2" P2

=z Pz —2TPx =0.

3)

We know that I'm(P) and Im(I—P) are subsets of R™ and for any € R™ we have Px+Ix—Px =
z resulting in Im(P) ® Im(I — P) =R" O

Lemma 5. For any matric A € R™*™ we have that I — ATA is an orthogonal projection and
Im(I — ATA) = ker(A).



Proof. From lemma@it is enough to show that A A is an orthogonal projection. We use the singular
value decomposition to show that (ATA)T = ATA

(AT4)T = AT (A1)

=vsuTustv”™

[ A1) (4)
vl g

= At A.

We expand and then use the singular value decomposition to show that (AfA)2 = ATA

(ATA)? = ATAATA

=vstvTusvTvstuTusv™

o] [r o] (5)
~vlo oo oY

= At A.

Now we want to show that Im (I — ATA) = ker(A). We begin by choosing any element y € ker(A)
then
(I—-AfAy=y—-0=y

which shows that y € Im(I — ATA). Consider any element § € Im(I — AT A) which can be written
as (I — ATA)x where z € R™. We have that

Aj=A(I - ATA)x = Az — AATAz = Az — Az =0
and thus § € Im(I — ATA) implying that Im(I — ATA) = ker(A). O

Lemma 6. Suppose we have a least squares problem & = {x € R";argmin,cg. |4z — b||3} and
any & € & is written as & = & + y where y € ker(A) and & is the minimum norm solution. Then &
1s also orthogonal to y.

Proof. We orthogonaly decompose & into & = 1 4+ where x; € Im(ATA) and § € ker(A). We have
that

AT Az, = AT A(& — 3)
=ATh—0 (6)
= ATy

showing that z; is a solution to normal equation.
We use both expression for Z to get the following equalities

T=r1+y=2+y
rT=r1+y—y
|23 = Iz + 5 — ylf3

however since x; is orthogonal to ker(A) we get
12113 = [l I3 + 117 — ylf3-

Since ||Z||3 is the minimum norm solution we have ||x1||3 > ||Z||3 and thus get
12113 = 112113 + 117 — yI13

0>y —yll3
which only holds when § = y yielding us

Ne]



Lemma 7. If we have a linear system then the solution A'b is the minimum norm solution & in
particular.

Proof. Using the definition of the Moore-Penrose pseudoinverse we require the following equality to
hold
ATAATH = ATh.

Using lemma [3] and lemma [2] we get
AtAz =2
ATAZ+ ATAy =3 +y
since y is in the kernel of A we have Ay = 0 yielding us
ATAZ =% +y.

Taking the norm gets us

1ATAZ|I3 = [|Z + yl[3-

Using the singular value decomposition we expand ||ATAZ||2 to give us a bound

AT Az} = [[VSTSVT |3
2

I 0]
= 7
Vo o, @
< |IVIVTE|3 = ||z]]3-
This yields
1213 = |z + I3
then from lemma[6] we get
2113 > 112113 + [lyll3
however this inequality only holds when y = 0 meaning ATb = 7. O
Theorem 4. Letting a € {R™ \ 0} we have
1
al = sa’.
[lall3
Proof. See [5] page 388. O

Statement 2. If z;11 is defined by Algorithm 1]

bik - <a3;vmk> T

a;:
lag I3 ™

and w is the set w = {x € R";a;, ¢ = b;, } then xp1 is the orthogonal projection of xy onto w.

Th+1 = Tk +

Proof. From statement [I| we have that z;,1 € w and thus is a projection. It remains to prove that
the projection is orthogonal. Rearranging the equation we get

by, — {al ) T al i,
Th+ —— iy, = Tk — Tk +
laf 113 llaf, 113 |la; ||2 b
We see that the final part I T Al aT bi, = a;rkb transforms our solution onto the solution space. Thus
it remains to show that
al alk
Ty —
laZ 3"
is an orthogonal projection. Defining
_ az; (7
llad, 113

10



we have
a; a;
1k Ttk

Tk — Jikszk.

llaz, 113

By showing that PT = P and P? = P we prove that it is an orthogonal projection. We have

T
pT_ I_aiaik T ala;, \T
llag 113 llad 113
i 112 i 112

however both I and az; a;, are hermitian and thus we have

T,
a;, Qi

[EA

pPr=1-

and

p2_ (7 a;fpkaik 7 a;ﬂaik 7 2@2%« a;f';ai,c a;iaik
- - T2 - T2 - e Yo T2
HaikH2 Haik||2 ||a¢k||2 ||a¢k||2 ||a¢k||2

(8)

:I_Qaiq;aik ai||a£||§az,€ _7_ ag;aik. aiaik _r_ ag;aik _
llaf 113 llaf 113 lal 15~ [laf 113 llaZ, 113

O

To illustrate the convergence of the Kaczmarz method we construct two consistent systems and
compare the first 4 iterations. One is constructed such that the lines are relatively close to being
orthogonal and thus converges relatively quickly, while the other is constructed to show the method
when they are relatively far from being orthogonal and thus converges slower. The system Az = b

in figure [I]is given by
10 1
A= {1 10] :

setting the initial point to

o[l

While the system Az = b in figure [2] is given by

setting the initial point to

o[l

In the figure we have the solution space for all equations in our system represented by blue
lines where the solution is the intersection. The red dots represents the respective points after
k € {0,1,2,3,4} iterations, the cyanide line represents the orthogonal projection onto the solution
space of the equations and the gray represents our previous projections.

Comparing the figures we see that it converges quicker in figure[I] where the solution spaces are close
to orthogonal, than in figure

Lemma 8 (Cauchy-Schwarz inequality [I3]). Let a,b € R™ then
(a,b)* < llal[3]1b]]3-
Proof. See [13] page 59 lemma 2.2. O

Theorem 5 (Original Kaczmarz method [7]). If we have a consistent system of equations given by
the set Q = {x € R"; Az = b} where A € R™*", all ||a;||3 # 0 and b € R™. Given any zo € R"
the sequence {x41}5° given by Algorithm[1] converges towards the limit point & € cl(2) where & is
the unique solution to & = argmin,cq ||z — zo|.

11
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Figure 1: Illustrates the path towards the solution of Algorithm [I| of a system that has almost
orthogonal solution spaces.
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solution of Algorithm [I| of a system that has quite far
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Proof. To show that {z,11}5° converges towards the limit point & € Q we begin by stating

N biy, — <a£,ka> T
‘“‘”””( AT

biy, — <ai7;7xk> ol
laf I3 ™

2

e — 13 = \

2

2 bi, — {al ) - ©)
2+2<(“‘5”)’( AL )>

~ e —fc||3+\
ik

Removing the scalar from the inner product yields

2 T
b‘ — (4, s Tk N
) ML S i <T”“2 ><(xkfx),ag;>.
2 HaikHQ

Taking a closer look at the scalar ((zy — &), ag;> and separating the inner products yields

bik - <az;7$k:> T

o = ol = llow - ol + || 2ot
T

<(mk — @),ag;> = (sr:k,aiTl) - <9Ac,aiTk>.
Using the consistency of the system AZ = b to say that (Z, aZ:C) = b;, which gives us

<(a:k - a”c),ag;> = (a?;ﬁaiTk) — b, = —(bik — (xk,az;)).

Moving back to the original equation we get

. . bi, — (al , xp) 2 by, —(al,x)
o = alff = o — ol + || 22 g | et R (o, — (o)) )
||aik”2 2 HaikHQ (10)
2
= ||lzp — 2||3 + ‘ bi, — <ag;’xk> T (bi, — (a;f';,xk>)2
= — |3 — M al || —
|lag, 113 *lg la, I3

2 (bik — (aﬁ,xk>>2

Expanding and then simplifying the second term yields
= llai, |13 =

‘ 2 ||azj;||£21

This allows us to simplify the original equation to

(bik - <a£ , zk>)2

llai, 113

bi —{ai, 2k) 1

laf I3

~112

(b~ (el d)” (bt m0))”

llzkr1 — &[5 = lJok — 213 + T T2
Haik\lz Haz‘kH2
) (11)
T G )
= ||Tk — X -
2 lla, 113

Now that we have an expression for ||z 1 —2||3 we want to use deﬁnitionto show convergence.
We have

2
R (bik7<az;c’mk>)
e = 213 = >

o Newn =813 AL
e = [l — 2113 (12)
2
- (b1 — (T 20))
= lim 1-— ~
koot [a [Bllex — 2113

then we have b;, = (a] , %) thus we can write it as

2
R R (AT R CRes)
e Py o R |
k= Lll2 il 1211k 7 2
o ) (13)
1i (<a”’m B xk))
= lim 1— <
e T Bl — 212



Since

2
(ko)
im s 2>
-voe [[aT [Bllox — 213

we can bound

((az;c, T — xk>> ’

lim 1 — < < 1.
koo laf [3]lee — 2113
Then by using lemma [§ we can bound
. 2
(hoa—a) T Bl — el

koo [laf |Bllwk — 2[5 = koo [laf [Bllar — 2[5
and thus get

2

e (tal 5 — 1))
< lim 1-— <,
oo laT [Blles — 22

Implying by definition [L7] that the Algorithm converges towards some Z.

Defining # := arg min,q, ||z —z¢||3 allows us to write the solution & = limy_,oc Tp41 as & := T+y.
We want to show that & € Q if and only if y € ker(A), we have

142 — 0] = ||AZ + Ay — bl[3

then since T € 2 we get
142 + Ay — bl13 = || Ay[[3

and ||Ay||3 = 0 if and only if y € ker(A4). Now we want to show that & = # by showing that & —
is orthogonal to y. We have that

<‘i‘ — Zo, y> = lim <x/€+1 - mOaQ)
k—o0

k T
- klingo<z WaTy> (14)
=0 i
Ca by — a] ay)
= 3y ()
however (af,,y) = 0 since y € ker(A) and thus we get
(& — zo,y) = 0.
O

Remark 3. Furthermore any consistent system with some ||a;||3 = 0 can be transformed into a sys-
tem that is solvable by the Kaczmarz method. Consider we have a row ||a;||3 = 0 then if the system
is consistent we have b; = 0, which means that the i’th row solution space is the entire set © € R™.

Thus we can omit the row without loss of generality and solve a system given by A € R™™ X" and
be R™ ! using Algom'thm

Remark 4. It is also important to notice that the order of row choice does not necessarily matter,
as long as {xg11},° passes trough all rows for any p. Later in the thesis we will present other row
choice methods.

So the Kaczmarz method can solve all consistent systems, however if we consider an inconsistent
system the Kaczmarz method will not converge to any solution . We get the solution to a new
equation in each iteration and for inconsistent systems the intersection of all equations is empty.
This is illustrated in figure [3] where we have an overdetermined inconsistent system given by

1 1
A=10 1,
-1 1



15

0.5

15

0.5

-0.5

*, =0

Current lteration | |

-

0.8

0.6

-0.4

Ayt = 1
*, =0

Previous iterations
Current Iteration

-1

0.8

0.6

-0.4

0.2

0.2

0.4

0.5

0.5

B
x1x21

%, =0
Previous iterations
Current lteration

Kyt E, = 1
X, =0

Previous iterations
Current lteration

-1

-0.8

-0.6

-0.4

-0.2

0.2

0.4

06 08 1

Figure 3: Shows a over determined inconsistent system and Algorithm [I] inability to reach the least
square solution. Interestingly enough we choose x( to be the least squares solution of the system.
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b:

—_ O =

with an initial point x¢g = argmin,, ||Az — b||3.

We are also interested in the rate of convergence of the original Kaczmarz method. Galantai [2]
provides a proof of the rate of convergence for the original Kaczmarz method, however the rate of
convergence in the proof is limited to non singular A.

Lemma 9 (Meany [2]). Let z; € R™ and ||z;]|o =1 fori=1,...k, k <n, Xy = [z1,...,z] and
Qr = H?:l I —xja], then

1Qkll2 < /1 — det(X Xi).
Proof. See [2] page 72 theorem 2.77 in book O

Lemma 10 (Arithmetic-geometric mean [5]). For any non-negative real numbers C; we have

m 1/m m
1
C; < — E C;.
(E > m i=1

Proof. See [[B] page 259-260 theorem 10.8] O

Lemma 11. If we have a diagonalizable matriz A € R™ ™ then the trace tr(A) = tr(D) and
determinant det(A) = det(D) where A=V DV L.

Theorem 6 (Original Kaczmarz method; rate of convergence [2]). If we have square consistent
system with full rank Q = {x € R™; Ax = b} where A € R™*™ and b € R™ then we can bound the
expected rate of convergence of the sequence {xp41}72,, given by Algorithm to &. Defining Y as

a,{ aT aT
)
m

Vi [t oum] = [ it o T
the rate of convergence every k+ 1 =0 mod m can be given by
. k+1 .
lzss = &3 < (1= det(¥, Vo)) ™" (@0 - 2113
Proof. Using the consistency to represent & as
bik — (aT i‘> T

A A (7]
=+ ||aT||2 i
i 112
Expressing the difference between xy11 and & then moving the constant over

T o
<aik,xk — ) o7

i 112

We are looking to get an expression where we can use lemma [J] and thus write it as a matrix vector
multiplication

Tpy1 — 2= (I — ZkTHl;)(l‘k — ).

Repeating this process gives us

m—1 aZT.an
A it A
Tpy1 — & = I (Tht1-m — T)
0

AT
15
- N (15)
ij Y ~
= (I - 7) (w0 — ).
=0 ||az',-||2

Using the definition [I3] for the matrix norm we get

~1 (k+1)/m 2 1 2\ (k+1)/m
~112 e (J,ZTCLZ' “ i a;fpai T
|zr+1—22 = H(I_ T 2) (zo —2)|| < H(I_ T 2) [(zo—2)|]2-
=0 llag 113 i—0 llag 113 5

2
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We now see that

GJZT(Li - aZT a; - ny
= = Y;Y;
e 13 llaf Iz [la (]2 '

from the definition earlier. We now use the assumption that A is non singular and apply theorem
To make it clearer we choose to define @, := H?;Ol(l —yiyl)

(k+1)/m R (k+1)/m .
) (o = &)113 < (1 = det(¥;7¥,0)) ™I (ro — &)1

~ 2
lzksr = 213 = (11Qml3

It remains to show that 0 < (1 — det(Y,1Y,,)) < 1 we show that 0 < det(Y,1Y,,) < 1. First to
show 0 < det(Y,'Y,,) it is enough to show that Y,1Y,, is positive definite. By deﬁnitionwe need
to show

YVIY)e>0

for any ¢ € R™ \ 0. Since A has full rank it means that Y;, has full rank thus we have that
Y,,c € R™\ 0 which implies that
|[Yoel[3 > 0.

Now it remains to show that det(Y,1Y,,) < 1, all the values in diagonal of Y,1'Y,,, are

and thus the trace
I3

m
>~
— ||aill3

Considering the eigenvalues \; of Y,T'Y,, we have

Using lemma [T0] we get

IA

(i)

however we have m = Y_" | A; and thus get

IN

1

1>
i=1

and we have that det(Y,2Y,,) = [/, \; yielding det(Y,1Y,,) < 1. O
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3.2 Randomized Kaczmarz method

The randomized Kaczmarz method [12] uses the same projection scheme as the original Kaczmarz
method however selects rows randomly more precisely with a probability given by ||a;|3/||A||%.
The randomized Kaczmarz method was the first variation of the Kaczmarz method with an expected

Algorithm 2 Randomized Kaczmarz method [12]

1: procedure (A,b, xg, N,¢) PAeR™ ™ beR™ e R", NeN, e R
2: repeat

3: Choose row i), with a probability given by ||a;|[3/||A||%

4:

biy, — <az;v$k>ar
laf I3
if k=0 mod m and ||Azj41 — b||3 < € then
return xj

until K +1 > Nm
return vy

Th+1 = Tk +

rate of convergence that could be bound after each iteration using the Frobenius induced condition
number. This made it clearer to compare the Kaczmarz method to other solvers for linear system
of equations. Strohmer and Vershynin compares the randomized Kaczmarz method to the CGLS
(conjugate gradient least squares) method in their article [I2]. It was proven that it required less
computational complexity than the CGLS method on a overdetermined, consistent and normally
distributed system with m > 3n.

Needle purposed a rate of convergence 2010 [§] that describes the rate of convergence up until we get
close to the solution. Thus showing how the Kaczmarz method handles noisy system of equations.

Definition 20 (Expectation). Given a distribution function f(z) we have that the expectation E of

a random variable X is given by
(o]

EX]= Y 2f(x)

Tr=—00

or

where f(x) is the probability of each outcome.

Definition 21 (Noise). Given a system of equations A € R™*™ and b € R™. The noise is then set
to be smallest r € R™ such that the system of equations becomes consistent Ax = b+ r.

Theorem 7 (Randomized Kaczmarz method; rate of convergence [12]). If we have a consistent
system A € R™*™ and b € R™ then we can bound the expected rate of convergence to & of Algorithm
by a rate given by 0 < (1 — k(A)?) < 1 i.c.

E|[lzks — 23] < (1= k()72 llao — &1,
Theorem 8 (Randomized Kaczmarz method rate of convergence [§] for noisy systems). If we have

a noisy system of equations and A € R™*"™ z € R™, b€ R"™ and r € R™. Then we can bound the
expected rate of convergence of Algorithm[g to the least squares solution & by

E||loi - 23] < (1= k() lao — &3 + pk(A) .
Where p is defined as

p := max i )
i a2
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3.3 Extended randomized Kaczmarz method

Furthering our interest of the Kaczmarz method applied to inconsistent systems, we desire to find
the least squares solution argmin, ||Az — b||2 by first transforming the problem into a consistent
problem. Zouzias proposed 2013 [I4] to instead solve a consistent problem Ax = b — z, where z is
approximated using the randomized Kaczmarz method to solve ATz = 0 setting z(9) = b.

Definition 22. For a matriz A € R™*", a(;) € R™ is defined by the j'th column of A i.e.

A =lagy, a@)s - Gn-1); A(n))-

Algorithm 3 Randomized Kaczmarz transform for least squares problems [14]

1: procedure (A, b, M,e) >pAecR™™ beR™, M eN,ee R
2: 2000 =p
3: repeat
4 Choose column ji with a probability given by ||a;)[|3/||Al%
5
(k+1) _ (k) _ <a(jk)’z(k)> }
z =~z —nz %Uk)
‘|a(]k)‘|2

if k=0 mod n and [|AT2(FtV)|2 < ¢ then
return z(*+1
until £+ 1 > Mn
return z(*+1)

Statement 3. Given any inconsistent system A € R™*" b € R™, x € R" and mingcrn ||Az —
b2 # 0 we can transform it into a consistent system mingern ||[Az — (b — 25|12 = 0 letting

21 € R™ be defined by Algom'thmlg

Proof. To show there exists an 2 € R" such that Az = b — 2(*t1) we begin by writing Az as a sum
of column vectors .
Ax = Z Tja
j=1

defining z; as the j’th element of x. Now we investigate b — z(**1)_ first we rewrite 2(**1) using the

definition for z(*+1)
a )
Sk g Z A Gp) =77 /DL
llag,) Iz

Z(p)
(jp)

defining a(;,) as the randomly chosen column on the p’th iteration of Algorithm It remains to
show that there exists an = such that

<a(j), (p)>
Tia() = - 2 4(3jp)
Z ,,ZO llag, 1B

holds. We group the terms on the right hand side such that all randomly selected a(; ) = a(;) are
grouped together,

k m .
(ag,), 2 ") {ag), 2#)
aq(; = Q.
Z llag) B 9% Z e A
L(#5)
where )7“2) is the sum of all the terms when a; ) = a(;). We have

m m <a . ,Z(pj)>

§ Lj0(5) = § , E :7@) NI a(j)
: ; a3

Jj=1 Jj=0

(ag),2
a3

(Pj))

and we see that there exists at least one solution z letting z; = O

Statement 4. Given a system of equations A € R™*™ x € R"™ and b € R™, let Z be any point in
the set w = {z € R™; ATz = 0}, then argmin, g ||Az — b||3 = argmin, g ||[Az — (b — 2)]|3.
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Proof. We have that
# € argmin ||Az — b||3 <= ATAz = ATb
zeR™

however since AT2 = 0 we get

ATAG: = ATh «—= ATA: = AT(b— %) <= & € argmin||Az — (b— 2)||3
rzeR"”

O

By statement [3[ and statement @ we know that Algorithm [3[ creates a sequence of {z(*+1)}5°
that transforms the problem into a consistent problem and converges towards a Z that has the same
least squares solution. Then by applying the randomized Kaczmarz method we get the extended
Kaczmarz method which by theorem [§] converges towards the solution.

Algorithm 4 Extended randomized Kaczmarz method [I4]

1: procedure (A,b, o, N, ¢) PAeR™ ™ beR™ z0€e R", NeN,ec R
2 200 =
3: repeat
4 Choose column ji with a probability given by ||a;)[|3/||Al%
5
; (k)
LUeH1) — (k) _ {ag), 2 - >a(jk)
llagollz
6: Choose row i), with a probability given by ||a;|[3/||A||%.
7
(bi, — =ty ) — (ol w0) o
Tht1 = Th + T2 @),
llas, I3
8: if & =0 mod min(m,n) and ||AT2*+V||2 < e and ||Azp 1y — (b — 2FT1)||3 < ¢ then
9: return xj

10: until £ + 1 > N min(m,n)

11: return x4

Theorem 9 (Extended randomized Kaczmarz method [I4]). If we have a system of equations
A e R™™ and b € R™ we can bound the expected rate of convergence to & of AlgorithmIZl by

E|[lzper = 213| < (1= w(A)F")F2(1+ 26(A)?) |20 — 2]13.
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4 Block Kaczmarz method

4.1 Block Kaczmarz method

The idea behind the block Kaczmarz is to apply several row conditions at each iteration step to
approach the solution quicker. The block Kaczmarz method divide A € R™*™ into blocks A, €
R!"*" where before starting the iterations. Then selects block A, in each iteration with uniform
distribution.

Algorithm 5 Block Kaczmarz method [9]
1: procedure (A,b, xg, N,¢) PAER™ ™ hbeR™ zp e R", NeN,ee R
2 Construct the blocks A, € R!7*™ and the corresponding b, € R’

3 Let ¢ be the amount of blocks A, created

4: repeat

5

6

Choose A,, with uniform distribution

Th41 = Tk + A;r_k (ka — Amzk)
7: if k=0 mod t and ||Azy1 — b||3 < € then
8: return xj

9: until £ +1 > Nt
10: return x4

Theorem 10 ([6]). The system Az = b is consistent if and only if AATH =b.
Proof. See [6] for proof. O
Statement 5. If z;11 is defined by Algorithm[3
Thi1 = T + A;f.k_ (br, — Ar,xr)
then xpy1 solves the previous equation A;, Tri1 = by, .
Proof. By expanding A, x,41 we get,
Arywiss = Agy (x4 AL (b — Ayan)) = Ara + An AL by — A AT Ara

then by deﬁnition we have A AL A, = A, , yielding us

Ap iy = A AL by,

We use the assumption that the system is consistent, which implies that the equations A, xz = b,
are consistent as well. It allows us to use theorem [I0] resulting in

A = Ap AL br, = by,
O

Statement 6. If xx11 is defined by Algom'thm@ and w is the set w = {x € R"; A,x = b} then
Tpt1 15 the orthogonal projection of xy, onto w.

Proof. From statement [5| we have that xj1 € w, now it remains to show that it is an orthogonal
projection. Rearranging the equation we get

zp + AL (br Ar,ai) = 2 — AL Az + AL by,

From lemmawe see that Aik_ b, is the minimum norm transform to our solution space. It remains
to show that x, — Aik A,z is an orthogonal projection. By defining

P:=1-Al A,

we have
T — Aj—kAmxk = ka.
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By showing that P2 = P and PT = P we prove that it is an orthogonal projection. By expanding
P2 we get

=1-2A47 A, +Al A Al A, 16)

then from definition [14] we get

P?=1-2A1 A, +Al A, =P
We now expand PT and get
T=(1-Al A )T

L <A£:AT:;T, 1

however by definition [14] we have

Pl =1- Al A, =P.

O

Remark 5. Since each iteration of Algorithm [5 orthogonally projects onto the solution space given
by w={x € R™; A,z = b, }, we have that every iteration step is equal to applying Algom'thm on
w. Which by remark[f] implies that Algorithm [5 converges towards the same solution as Algorithm
Wik

Definition 23 (Paving parameters [9,[10]). To describe the rate of convergence we need to introduce
the paving parameters. Let T = [Ar,, Ar,, ..., A, then define a and B such that

(03 S Omin (AT)
ﬁ Z UmaX(AT)
holds for all A; € T.

The rate of convergence of Algorithm [5] for a noisy system Ax = b+ r was described 2014 by
Needle [9].

Theorem 11 (Block Kaczmarz method rate of convergence for noisy systems [9]). Let A € R™*™,
be R™ andr € R™ define the noisy linear system given by Az = b+r. Then Algorithm[5 converges
towards the solution T with an expected rate of convergence given by

. o2 (A B (Il
Bl —aig) < (1- 22 ) sl + Sy

4.2 Extended block Kaczmarz method

Now we are interested in using the block Kaczmarz method to solve inconsistent systems similarly
to how we did with the randomized Kaczmarz method.

Algorithm 6 Block Kaczmarz method tranform for least squares problems

procedure (AT b, N, ¢) pAT e R beR™", NeN,eeR
Construct the blocks AT € Reexm

1:

2:

3: Let ¢ be the amount of blocks created AgT
4: Z(O) =b
5

6

7

repeat
Choose Agc with uniform distribution

Skt1) — (k) _ (Ag;)TAgkz(k)

8: if k=0 mod c and ||AT 21 — |2 < € then
9: return (k1)

10: until £ +1 > N¢

11: return z(Ft1
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Statement 7. We can transform any inconsistent system mingc gn || Az — b||3 # 0 into a consistent
system mingern ||[Az — (b — 2*+tD)||2 = 0 letting z*+V) be defined by Algorithm

Proof. This follows directly from statement [3[ and remark O

Statement 8. Let 2 be any point in the setw = {z € R™; ATz = 0}, then arg min, cgn ||Az—b||3 =
argming g [|[Az — (b + 2)||3.

Proof. This follows directly from statement [f] and remark O

Algorithm 7 Extended block Kaczmarz method [10]

1: procedure (A,b, xg, N,¢) pAeR™ ™ beR™ zg e R", NeN,e€ R
2: Construct the blocks AT € Resxm

3 Construct the blocks A € R *" and the corresponding b, € Rt

4: Let ¢ be the amount of blocks created Af

5: Let t be the amount of blocks created A,
6

7
8

9

20 —p
repeat
Choose Agc with uniform distribution

24D = L0 _ (AT )i AT (9

10: Choose A, with uniform distribution
11: Construct z( 1) using the corresponding rows to the block A
12:
Tht1 = Tk + A;r.k ((b‘rk — 27(!:-’_1)) — A.,-kl'k)
13: if £ =0 mod min(c,t) and ||[AT2*+V||2 < e and ||Azg1 — (b — 251)[|2 < € then
14: return vy

15: until £+ 1 > N min(c,t)

16: return z(*+1)
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Theorem 12 (Extended block Kaczmarz method rate of convergence [10]). Let A € R™*™ and
b € R™, define the least squares problem argmin,.gn ||Az — b|[3. Then Algorithm Ij converges
towards the solution & with an expected rate of convergence given by

i 2@\
B[loxs - 4] < (1 ) o -l

Bt
18
(1 BN @)Y sl — 23 o
ﬁt BtA ao—fnin(A)

where a and B are the paving parameters of the blocks A, andB is the paving parameter of the blocks
AT,
3

4.3 Greedy block Kaczmarz method

The idea behind the greedy block Kaczmarz method is to create the block A, in each iteration such
that the distance between x4 and x is maximized, meaning that x4 is as close to orthogonal
as it can to xg. The greedy Kaczmarz method presented by Yu-Qi Niu [II] approximates the block
that gives the maximum distance in each iteration by finding the maximum distance row

|bi — (af , @)

max T

ie{1,2,...,m} lla; |2

and then let the permutation 7 be defined as the combination of all rows satisfying the condition

|bi — <a%T,xk>|2 > ( N U <ag,xk>|2>
a7 Tz iedBeim Jlalll
where 7 is a relaxation parameter.
Algorithm 8 Greedy block Kaczmarz method [IT]
1: procedure (A,b, o, N,n,€) PAeER™ ™ beR™ 20 e R", NeN,0<n<1l,eeR
2: repeat
3: Calculate T )
b; — (a;
6:( max Ibi = {a; , z) P (a%,xkﬂ)
i€{1,2,....m} [lai |2
Construct the block A, and b,, as the matrix with all rows
5: 1 that satisfies the following condition
|bi — (al, zp)]? ne
ol —
6:
Thi1 = 2k + AL (by, — Ar 3y
7 if Axzpyq < e then
8: return xj

9: until k. +1 > N
10: return x4

Theorem 13 (Greedy block Kaczmarz method [11]). Let A € R™*™ and b € R™ define a consistent
system, then we can bound the rate of convergence of Algorithm[8 to the solution I by

k+1 .
)" Mo — 213,

lzesr — 2113 < (1= r(n)r(A)F

dliring 1412 14,2
k(n) =1 T o
TATE = 1A 11 72 (An)

for all k > 1 and defining ¢ as

s
o o3 (A‘rk).

max
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5 Implementation

The tests where all implemented on Matlab and the computer used for the tests runs on windows
10 with a intel core i7-7700hq and 2.80 GHz (8 CPUs).

5.1 Tests on consistent problems
5.1.1 Consistent tests

We want to compare the different variations of the Kaczmarz method for consistent problems Algo-
rithm We include two Algorithms for consistent problems to the tests.

Algorithm 9 Uniform randomized Kaczmarz method [9]

1: procedure (A,b, xg, N,¢) PAeR™ ™ beR™ e R", NeN, e R
2: repeat

3: Choose row i randomly with a uniform distribution

4:

bik - <az?;axk> aT
laf I3 ™

if k=0 mod m and ||Axj1 — b||3 < € then
return xj

until £ 4+1 > Nm
return ry;

Tp4+1 = Tk +

Algorithm 10 Deterministic block Kaczmarz method
1: procedure (A,b,xo, N, ¢€) PAeR™ ™ beR™ e R", NeN,ec R
2 Construct the blocks A, and the corresponding b,

3 Let t be the amount of blocks created A,

4: repeat

5

6

Choose 7, = k+1 mod ¢

Th41 = T + Aj—k (ka - A‘Fkxk)
7: if k=0 mod ¢t and ||Az41 — b||3 < € then
8: return zry;
9: until £+ 1 > Nt
10: return x4

Algorithm [9]is the randomized Kaczmarz method presented in [9]. While Algorithm [T0]is Algorithm
with the deterministic block selection processes found in Algorithm

5.1.2 Underdetermined with oy,,x/0min = 10° figure.

To construct A we first constructed a matrix A € R300%5000 with uniformly distributed values
[0,1]. Then we took the singular value decomposition and changed the singular values such that
Toa505 < 0 < 1. Then constructed a solution & € R**%°*! with uniformly distributed values [0, 1].
We then calculate b = Az and set g = 0. For the single row variations Algorithm [0 we set
N = 10. For the block variations that do not create blocks iteratively Algorithm we create
blocks of size 10 and set N = 100. For the greedy Kaczmarz method Algorithm [§] we set N = 3000
and p = 0,8. For all randomized variations we take the average of 10 runs. All variations will use

e = 0.001.
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Figure 4: Semilog plot of the Kaczmarz methods on the system described in section [5.1.2] with
||Az — b|3 on the y axis and k on the x axis.

5.1.3 Overdetermined with 0.,,x/0min = 10° figure. E

To construct A we first constructed a matrix A € R5990%300 with uniformly distributed values
[0,1]. Then we took the singular value decomposition and changed the singular values such that
Toa555 < 0 < 1. Then constructed a solution # € R3*%°*! with uniformly distributed values [0, 1].
We then calculate b = Az and set xo = 0. For the single row variations Algorithm [0 we set
N = 10. For the block variations that do not create blocks iteratively Algorithm we create
blocks of size 10 and set N = 100. For the greedy Kaczmarz method Algorithm [§ we set N = 3000
and p = 0,8. For all randomized variations we take the average of 10 runs. All variations will use
e = 0.001.

5.1.4 TUnderdetermined with oyax/0min = 1+ 107! figure. IE

To construct A we first constructed a matrix A € R300%5000 with uniformly distributed values

[0,1]. Then we took the singular value decomposition and changed the singular values such that
1 <o <1+107. Then constructed a solution & € R5%%°*! with uniformly distributed values [0, 1].
We then calculate b = Az and set zp = 0. For the single row variations Algorithm [T} [2] [] we set
N = 10. For the block variations that do not create blocks iteratively Algorithm we create
blocks of size 10 and set N = 100. For the greedy Kaczmarz method Algorithm [§] we set N = 3000
and p = 0,8. For all randomized variations we take the average of 10 runs. All variations will use
e = 0.001.

5.1.5 Overdetermined with o.,.y/0min = 1 + 1071 figure. I]

To construct A we first constructed a matrix A € R5900%300 with uniformly distributed values

[0,1]. Then we took the singular value decomposition and changed the singular values such that
1 <0 <1+4+10"'. Then constructed a solution & € R3%°*! with uniformly distributed values [0,1].
We then calculate b = Az and set xp = 0. For the single row variations Algorithm [T} [2] [] we set
N = 10. For the block variations that do not create blocks iteratively Algorithm [B] [I0] we create
blocks of size 10 and set N = 100. For the greedy Kaczmarz method Algorithm [§ we set N = 3000
and p = 0,8. For all randomized variations we take the average of 10 runs. All variations will use
e = 0.001.
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Figure 5: Semilog plot of the Kaczmarz methods on the system described in section with
||Az — b]|3 on the y axis and k on the x axis.
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Figure 6: Semilog plot of the Kaczmarz methods on the system described in section with
||Az — b||3 on the y axis and k on the z axis.
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Figure 7: Semilog plot of the Kaczmarz methods on the system described in section [5.1.5 with
||Az — b]|3 on the y axis and k on the x axis.

5.1.6 Conclusion

From all the figures [6] [] we can see that the more rows we evaluate in each iteration the
less iterations we need to converge which is in line with the result in [9], however it is important
to realize that the amount of rows evaluated in each iteration also affects the computational time.
In the tests conducted it also seems as if the deterministic variations Algorithm outperform
the randomized variations Algorithm [2] [0} [}l when the same amount of rows were evaluated in each
iteration, on underdetermined systems figure [ [6]
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Figure 8: Ground truth of the problem described in section with data from [4].

Figure 9: Reconstruction of the problem described in section with data from [4].
Left: Reconstruction using Algorithm
Right: Reconstruction using Algorithm [

5.2 Image reconstruction
5.2.1 Image reconstruction image. [J,

In 1970 the first application of the Kaczmarz method occurred, Gordon, Bender and Herman used
it to reconstruct images from the data given from a computed tomography [3]. Thus we want to
tests the different variations of the Kaczmarz method on an image reconstruction problem. The
reconstruction problem is sourced from http://www.fips.fi/dataset.php| [4], we use the most
pixelated walnut as our reconstruction problem. The largest sample is a system of equations given
by A € R39360x107584 ) < R39360 and g € R84, Tt is ill-conditioned, underdetermined and
noisy, however we expect the noise to be relatively small. We will use Algorithm [T} 2] [0} [} [I0} [§ to
reconstruct the image. For the Algorithm we will use a block size of 60. For Algorithm [8| we
will use n = 0.8. All Algorithms Ol will let N = 1.

5.2.2 Conclusion

The images [9] [I0] [IT] of Algorithm [T} 2} [0} [B] [L0] seem to relatively well reconstruct the image
Unfortunately Algorithm [§] is less clear which seem to run counter the results in figure [6l 7
however this is for mostly due to the amount of iterations the Algorithm performs, as in the image[I0]
it only performs one iteration as we choose to evaluate the same amount of rows for all Algorithms

M2 B 10 B B
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Figure 10: Reconstruction of the problem described in section with data from [4].
Left: Reconstruction using Algorithm [0
Right: Reconstruction using Algorithm [T0}

Figure 11: Reconstruction of the problem described in section with data from [4].
Left: Reconstruction using Algorithm
Right: Reconstruction using Algorithm

5.3 Test on inconsistent problems
5.3.1 Inconsistent tests

To solve inconsistent problems we can either use Algorithm [] [7] or first Algorithm [3] [6] then apply
any solver for consistent systems.

We construct the same matrices as in section [5.1.1] except that the matrices are not necessarily
consistent. Then we will compare |[Az — b||2 of Algorithm [4] ! and the termination

criterion of Algorithm [ [TT] [7}

5.3.2 Extended underdetermined with oy, /0min = 10° figure.

To construct A we first constructed a matrix A € R?000%300 with uniformly distributed values
[0,1]. Then we took the singular value decomposition and changed the singular values such that
m < 0 < 1. Then we construct b € R°%0%! with uniformly distributed values [0,1]. For the
single row Algorithms we set N = 10. For the block Algorithms[7] we create blocks of
size 10 and set N = 100. We take the average of 10 runs. All Algorithms [ [11} [7] will use
e = 0.00001.
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Algorithm 11 Transform then solve randomized Kaczmarz method

1: procedure (A,b, xg, N) >AeR™™ beR™ g e R", NeN
2 Z(O) = b
3: repeat
4 Choose column j, with a probability given by ||a;[13/||A|%.
5
o) _ L (a2 ?)
- 2 %Up)
llag,) I3
6: if k=0 mod min(m,n) and ||AT 2PtV |3 < ¢ then
7: Terminate loop
8: until k +1 > Nn
9: repeat
10: Choose row i), with a probability given by ||a;|3/||A||%
11:
(bi 20 ) = (al )
Thy1 = @)+ ——A L aj,
||a‘ik||2
12: if k=0 mod min(m,n) and |[Azy1 — (b — 2PT1)||2 < ¢ then
13: return x4

14: untilk+1 > Nm
15: return x4

Algorithm 12 Transform then solve block Kaczmarz method [6][5]
procedure (A,b, zo, N) >AeR™ "™ beR™ 20 e R, Ne N
: Construct the blocks AgT € Resxm

1:
2
3 Construct the blocks A, € R!"*™ and the corresponding b, € R
4: Let ¢ be the amount of blocks AET created
5: Let ¢ be the amount of blocks A, created
6 20 =p

7 repeat

8 Choose &, with uniform distribution

9

Lpt1) — (p) _ (AT;)TAC’;Z(p)

10: if £ = 0 mod min(c,t) and ||AT 2PtV ||3 < € then
11: Terminate loop

12: until p+1 > Nc

13: repeat

14: Choose 75, with uniform distribution

15:

i1 = zp + AL ((bm Ly Amxk)

Tk
16: if k¥ =0 mod min(c,t) and ||Az1 — (b — 2PtV)||3 < € then
17: return xj

18: until £ +1 > Nt
19: return x4
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Figure 12: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.2]
with [|ATz(®)||2 or ||[AT2(®)||2 on the y axis and k on the z axis.
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Figure 13: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.2
with [|[ATzy, — (b— 2®)||3 or ||ATzy, — (b — 2)||3 on the y axis and k on the z axis.
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Figure 14: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.2]
with [|ATz — b||3 on the y axis and k on the x axis.

5.3.3 Extended overdetermined with oyax/0min = 10° figure.

To construct A we first constructed a matrix A € R300%5000 with uniformly distributed values

[0,1]. Then we took the singular value decomposition and changed the singular values such that
Toa505 < ¢ < 1. Then we construct b € R3*! with uniformly distributed values [0,1]. For the
single row Algorithms we set N = 10. For the block Algorithms[7] we create blocks of
size 10 and set N = 100. We take the average of 10 runs. All Algorithms [ [T} [7] will use

e = 0.00001.

5.3.4 Extended underdetermined with o,y /0min = 1+ 107! figure.

To construct A we first constructed a matrix A € R?000%300 with uniformly distributed values

[0,1]. Then we took the singular value decomposition and changed the singular values such that
1 <o <1+107t. Then we construct b € R59%0*1 with uniformly distributed values [0, 1]. For the
single row Algorithms [ we set N = 10. For the block Algorithms [7} we create blocks of
size 10 and set N = 100. We take the average of 10 runs. All Algorithms [ [T} [7] [12} 2] ] will use
e = 0.00001.

5.3.5 Extended overdetermined with oyax/0min = 1+ 107! figure.

To construct A we first constructed a matrix A € R300%5000 with uniformly distributed values
[0,1]. Then we took the singular value decomposition and changed the singular values such that
1 <0 <1+1071. Then we construct b € R?%%°*! with uniformly distributed values [0, 1]. For the
single row Algorithms we set N = 10. For the block Algorithms [7] we create blocks of
size 10 and set N = 100. We take the average of 10 runs. All Algorithms [ will use
e = 0.00001.

5.3.6 Conclusion

In the tests for section [5.3] we see that Algorithm [] [I1] [7] [[2] converge to some value in figure[I7] 23]
which from the Theorem [9] [I2] can be assumed to be the least squares solution minimizing
the distance to zg. This is further illustrated by Algorithm ping-ponging further away from the
solution the larger the value Algorithm [} [T1} [7 [I2] converges towards. The main part I wanted to
illustrate with the tests in section was however how a change in order of operations could impact
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Figure 15: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.3]
with [|ATz(®)||2 or ||[AT2(®)||2 on the y axis and k on the z axis.
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Figure 16: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.3
with [|[ATzy, — (b — 2®)||3 or [|ATzy, — (b — 2))||3 on the y axis and k on the z axis.
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Figure 17: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.3]
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Figure 18: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.4]
with [|AT2(P)||2 or ||AT2)||2 on the y axis and k on the 2 axis.
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Figure 19: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.4]
with [|[ATzy, — (b— 2®)||3 or ||ATzy, — (b — 2))||3 on the y axis and k on the z axis.

—&— Extended Randomized Kaczmarz method
+ —<— Transform then solve Randomized Kaczmarz method
Extended block Kaczmarz method E
—— Transform then solve Block Kaczmarz method
s Randomized Kaczmarz
Block Kaczmarz E
\‘\
= ™ S
= - . ~c ]
;< \ -"\\\\w
< | AN ’
= n2k | J
=)
g 10 * \<——--7_>e-__)<7 1
b
103 1
10—4 L i
105 . . . . .
0 500 1000 1500 2000 2500 3000
k

Figure 20: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.4]

with [|AT 2y — b||3 on the y axis and k on the = axis.
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Figure 21: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.5]
with [|ATz(®)||2 or ||[AT2(®)||2 on the y axis and k on the z axis.
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Figure 22: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.5
with [|[ATzy, — (b— 2®)||3 or ||ATzy, — (b — 2)||3 on the y axis and k on the z axis.
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Figure 23: Semilog plot of the extended Kaczmarz methods on the system described in section [5.3.5]
with [|ATz — b||3 on the y axis and k on the x axis.

the convergence. In figure[I5] we can see the difference of order of operation of Algorithm
E E 12 with respect to xj41, however it should be acknowledged that with respect to z(**1) the
convergence does not differ. This change in order of operation is best illustrated by looking at both
figure [I7] 23] 20} 20] and [16] 22} [[9] 19 where Algorithm [T1] consistently outperforms Algorithm []
and Algorithm [I2 outperforms Algorithm [7] by a small margin. This is a rather intuitive result since
in Algorithm we first transform our system of equations into the desired system of equations
and then solve it, while in Algorithm [ [7] we converge towards a new system of equations in each
iteration.

6 Summary and Improvements

Initially we presented different variations of the Kaczmarz method, most of which had randomized
row or block selection schemes. In our tests the cyclic row or block selection schemes seemed to
perform slightly better especially on underdetermined systems, however we do not know if any
improvement in the randomized variations could be found if we force the Algorithms to choose every
row or block in each cycle like Needle suggested in [9]. The cyclic randomized variation only seems
plausibly applied if the rows are selected with a distribution that does not require any calculations
in each iteration like the uniform distribution and since our results for these sort of matrices was
very similar between Algorithm [0] and Algorithm [2] it seems rather interchangeable for this sort of
matrices.

It could also be interesting to see if the difference on required iterations on the systems presented
in section [5.1.2] [5.1.4]is due to rank of the matrix or the ratio 2.

We also saw Algorithm handle the underdetermined systems relatively well. This could be due
to construction of the presented in section [5.3.2] [.3.4]is likelier to construct system with small noise.
It could thus be interesting to see the result on a underdetermined system with rather large noise.
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