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Abstract

This thesis studies the effects of Higher-Derivative Gravity, in an Effective Field Theory
format, on the properties of a rotating black hole. In particular, it corrects the Hilbert-
Einstein action with curvature invariants that contain six and eight derivatives. The re-
sulting Equations Of Motion are first derived, and then solved with an ansatz that permits
the study of black holes with an arbitrarily high spin x. The last section of this work is
divided into two parts. The first one focuses on the effects of the action corrections on the
outer horizon. Here, the Rigidity Theorem is checked, and the angular velocity, surface
gravity, area, and deformation are examined. The second part focuses on the effects of the
corrections on the ergosphere, where it is checked that the poles touch the horizon, and the
deformation is examined. The main conclusion is that the eight-derivative results behave
quite differently from their six-derivative counterparts, especially concerning the horizon
and ergosphere deformations.



Popularvetenskaplig beskrivning

General Relativity is Albert Einstein’s theory of gravity, which he proposed in 1915. It
improves upon Newton’s theory of gravity and has been successfully tested over the years.
Even though it is a very successful theory, it is incomplete because it has a few flaws. For
example, it predicts that the center of a black hole is infinitely dense, which is not possible!
Because of this, "relativists” have been working on improving General Relativity for many
years.

All results in modern physics theories come from a formula called the action. By modifying
this formula, the theory and its predictions are also modified. Based on intricate math-
ematical and physical arguments, relativists have been modifying the action of General
Relativity in many different ways.

This thesis focuses on improving the theory of gravity by modifying the action in one of
those ways. The resulting modified gravity is then applied to the case of a rotating black
hole. The final results of this thesis mainly focus on some properties of the event horizon,
that is, the boundary beyond which everything is drawn into the center of the black hole.
We can use the theory presented in this thesis to illustrate the shape of the event horizon
of the black hole, see the figure below, where x and z make up the right side of the horizon
in question, and the different coloured shapes correspond to slightly different modifications
of the theory, leading to different horizon sizes.
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Studies like this are more useful than one might think. These results can be compared with
the data coming from gravitational wave observatories. Once the comparison is made, the
General Relativity modifications can be discarded or accepted until a definite Theory of
Gravity is found. These theories not only give us a better understanding of the Universe,
but might also lead to exciting technological advances, such as interstellar travel close to
the speed of light, or even travels to the future.
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1 Introduction

General Relativity (GR) is a successful theory, not only because it improves Newton’s Law
of gravitation and generalizes special relativity, but also because it agrees with numerous
precision tests |1]. Two recent achievements include the detection of gravitational waves
[2], and the generation of an image of a black hole [3].

GR is a complete theory at a classical level. However, it needs to be improved for spacetimes
of large curvature [4]. One problem in this regime is the black hole singularities [4], of which
Albert Einstein was aware [5]. It has been one of the motivations for relativists to work
on a high-curvature successor to GR [4], opening up the Modified Gravity (MG) field.

Probably the most popular MG modality is the quantization of gravity, which is one of the
hardest physics problems ever due to its theoretical complexity and apparent experimen-
tal impossibility. An alternative way to modify GR consists of adding Higher-Derivative
corrections to the GR action (see section [2). Numerous works listed in [6] suggest that
the effects of these additional terms are significant at high energies, eliminating the GR
singularities more effectively than other approaches.

A side effect of these Higher Derivative theories is that the properties of black holes at
the horizon and ergosphere deviate from GR results. Studying these deviations is useful,
as they can be compared with data from LIGO, VIRGO, Event Horizon Telescopd} or
other present and future initiatives, allowing for setting bounds to these gravity theories
[6]. This is indeed the ultimate objective of Ref. [6], which derives properties of the horizon
and ergosphere, as well as the photon ringsE] of a rotating black hole. Although not of
interest to this thesis, this reference also studies a quantum property of black holes called
scalar hair.

Ref. [6] is novel in Modified Gravity for two reasons. i) It considers String Theory cor-
rections, a Quantum Gravity candidate, along with a generalization of Higher-Derivative
theories. The latter was accomplished by adding up curvature invariants containing six
partial derivatives following the Particle Physics method Effective Field Theory (EFT) (see
Section [2] below). ii) Earlier analytical applications of MG theories to rotating black holes
expand their corresponding metric in a power series of the rotational spin. Previously, it
was difficult to solve for the metric of these theories. Therefore, these works only include a
few terms in the expansion, reducing their validity to small values of spin or slowly rotating
black holes; see references in [6]. However, astrophysical black holes usually have a rela-
tively high spin. Reference [6] is the first analytical work that provides a methodology for
solving the metrics in Higher-Derivative theories for an arbitrarily high spin. In addition,
the solution is used to study the properties that become significant at high spins and have
been disregarded previously, like the shapes of the horizon and ergosphere.

ILIGO [7] and VIRGO 8] are gravitational wave detectors settled in USA and Italy, respectively. The
Event Horizon Telescope [9] is a global network of radio telescopes that aim to observe black hole event
horizons.

2Photon rings are light rays at the equatorial plane



This thesis intends to extend Ref. [6] by adding the eight-derivative invariants, described
in [10], to the Higher-Derivative generalization of the former. It does not consider String
Theory nor studies scalar hair, but except for that, it follows the steps of this former work
from the construction of the action to the study of the ergosphere. Chapter [2| gives a brief
overview of EFT, explains how Ref. [6] uses this method to generalize Higher-Derivative
Gravity, and presents the action used in this thesis. Chapter [3| explains how the suitable
Euler Lagrange (EL) equations were derived and how the Equations Of Motion (EOM) in
Refs. [6, 10] were reproduced. Chapter 4| explains how the metric of this thesis was found.
First, it focuses on how the EOM were perturbed, and then, how the ansatz for the case of
a rotating black hole, based on [6], was derived and solved. Chapter [5| uses this corrected
metric to derive and discuss the following properties of the rotating black hole at a classical
level: nature of the horizon, horizon angular velocity, horizon surface gravity, horizon area,
horizon shape, and the ergosphere shape. The last chapter is the conclusion of this thesis.
It summarises chapters [2| to [ highlights the most important details about the properties
of the black hole, and offers an outlook. This thesis also contains an appendix. Part [A]
shows the reproduction of one of the terms in the EOM, part [B] sketches the first-order
perturbation of the Einstein tensor for a general curved vacuum spacetime according to
[11], part |C] shows the H; expansions that belong to the metric corrections up to second
order in spin, and part |D|shows the expansions that belong to the properties of the rotating
black hole.

Regarding references that work with the eight-derivative invariants, Ref. [10] studies their
effect on non-rotating, spherically symmetric vacuum solutions, as well as slowly rotating
black holes. Thus, it uses a metric ansatz different from this thesis. A reference that
uses the same ansatz is [12], which is indeed a continuation work of Ref. [6]. However, the
former reference focuses on a well-known characterization of gravitational waves emitted by
a remnant black hole after a binary merge. Nevertheless, the metric correction associated
with the eight-derivative invariants, which was derived and solved independently using the
methods in [6], agrees with the continuation work. With this in hand, the following lists
specify this thesis reproduced and original results. Any other result was taken from a
source, which is cited where applicable.

e Reproduced results: EOM Egs. (3.22)) and (3.23)), perturbed EOM Eqgs. (4.42)) and (4.43)),
functions H®

; and H i(s) in the corrected metric (appendix, Rigidity Theorem verifica-
tion, Kerr horizon angular velocity and its six-derivative correction Egs. (5.63|) and (D.1)),

Kerr horizon surface gravity and its six-derivative correction Egs. (5.67)) and (D.4), Kerr

horizon area and its six-derivative correction Egs. (5.71]) and (D.7]

e Original results: EL equations Eq. (3.20]), eight-derivative correction to the horizon
angular velocity Egs. , (D.2) and (D.3)), eight-derivative correction to the horizon
surface gravity Eqs. (5.67), (D.5)) and (D.6)), eight-derivative correction to the horizon
area Eqgs. , @ and , horizon shapes Figs. to |§|, ergosphere shapes Figs.

to @




Finally, note that latin indices of tensors run from 0 to 3 in this thesis.

2 Modifying the Hilbert-Einstein Action

In theoretical physics, the choice of action is crucial, as any other result or observable is
derived from it. The action of GR reads

1

5= 167G

/ d*z\/—gR, (2.1)

which yields the Einstein Field Equations (EFE) via the EL equations. Moreover, it takes
the name of Einstein-Hilbert (EH) action, as the latter derived it when working on a theory
combining GR and electromagnetism.

As mentioned in the introduction, GR is incomplete at high energies. It is for this reason,
among others, that theoreticians have been proposing corrections to this EH action. Over
time, correcting this action evolved into what is now known as Modified Gravity. Currently,
there exists an extensive amount of MG theories. Ref. [13] groups them into four gravity
classes:

e Tensor-Vector-Scalar (TeVeS) Gravity, which consists of adding Tensor, Vector, or Scalar
fields to the EH action.

e Higher-Derivative Gravity, which consists of adding curvature invariants that contain
more derivatives than the Ricci scalar in the EH action.

e Non-Riemannian Gravity, in which the geometrical foundations of GR are modified.

e Quantum Theories of Gravity, where modifications follow from quantum mechanics.
Note that while the previous categories focus on classical gravity, the theories in this
class are meant to treat scenarios where both gravitational and quantum-mechanical
effects are significant.

Ref. [6] studies some properties of a rotating black hole at its ergosphere and horizon. Here,
GR is modified with a natural generalization of Higher-Derivative Gravity, where the Ricci
tensor from the EH action, and all the curvature invariants of six derivatives, are arranged
in an Effective Field Theory fashion. This thesis extends the mentioned generalization by
including the curvature invariants of eight derivatives presented in Ref. [10]. Thus, before
deriving or obtaining any results, it was necessary to understand the actions Refs.[6] |10]
propose. The following subsection gives a brief overview of EFT, which will allow a
better understanding of subsection where the mentioned proposed actions, as well as
the action used in this thesis, are introduced.



2.1 Overview of Effective Field Theory

EFT is a method for constructing an approximation that focuses on a subrange of the
energy scale of an underlying theory. One consequence of this selection is that observables
are calculated more easily as compared to using the complete theory. These concepts are
captured by the general scheme any EFT Lagrangian follows:

() (D)
¢ O,
Leer = >, “15q (2.2)

D>0,i

EFT assumes natural units, where the speed of light ¢ and the reduced Plank constant A
are set to one. This implies that all quantities have the unit of energy raised to some power.
In this context, the mass dimensionf, or simply the dimension of a quantity, is g)recisely
this power. Turning to this EFT scheme, its operators O") have dimension D, [O\")] = D
and agree with the symmetries of the complete theory. The energy limit A, is the maximum
energy at which the phenomena of interest can occur, and in practice, it is the maximum
energy at which the effective action leads to correct observables. It is introduced so that
the coefficients CED) are dimensionless, and because it is an energy, [A] = 1. The exponent
D — d follows from the fact that any action is dimensionless in natural units. This implies
that in d spacetime dimensions, the corresponding Lagrangian has dimension d. Thus,
with operators of dimension D multiplied by dimensionless coefficients, the A exponent
with which the EFT Lagrangian has dimension d is D — d. The quotients CED) /AP=4 often
appear in EFT observables, and in many sources, they are referred to as Wilson coefficients.
This sum is truncated at a D with which the factor 1/AP~¢ is negligible, and this limit
depends on the underlying theory and the energies of the phenomena of interest. Finally,
this scheme implies that as the operators’ dimension increases, so does the suppression
from their corresponding Wilson coefficient. Hence, i) EFT can only be applied to theories
where the operators with higher dimension are, or can be, associated with energies that
are closer to the upper limit of the energy range of interest. ii) The operators, along with
their dimensionless coefficients, must be sufficiently large to get to modify the EH action
despite this 1/AP~? suppression.

Y

2.2 Higher-Derivative Gravity as an Effective Field Theory

As mentioned in the introduction, the operators of an EFT of gravity are combinations
of curvature tensors that agree with the symmetries of GR: invariance under arbitrary
differentiable coordinate transformations, also called general covariance. This symmetry
only allows curvature invariants, that is, operators consisting of scalar combinations of R,
Rap, and Rgpap, and their covariant derivatives. In GR, the dimension of the operators is
given by the number of partial derivatives in each of their terms [6]. For example, when
expanding the Christoffel symbols in the definition of the Riemann tensor, one can see that

3E = m, thus, a mass dimension is an energy dimension.



the resulting terms have two derivatives each. Therefore, [Rupea] = [Rap) = [R] = 2, with
natural units implying that [0] = 1. Classifying the curvature invariants by their number
of derivatives seems therefore practical.

Appendix A of Ref. [6] starts the derivation of its general Higher-Derivative action by
considering the following parametrization

— 4 (2n)
S=— G d*z\/—g R+216 GS (2.3)

where 2n indicates the number of derivatives, ¢ is the characteristic length scale of the
horizon and ergosphere spacetime, and the four-dimensional action S*® contains a sum of
curvature invariants of dimension 2n multiplied by coupling constants. Three observations
can be made: i) Since energy and length are inversely proportional, [E] = 1/[L], ¢ is
equivalent to the limit 1/AP~% in ii) With G of dimension two, the coupling constants
in S are equivalent to CED) in . iii) Due to the exponents 2n — 2, and in the regime of
validity, invariants with more derivatives get more suppressed, in agreement with the EFT
philosophy. The derivation finishes with the determination of all independent curvature
invariants from 2n = 2 to 2n = 6, discarding operators when necessary. It is important to
clarify that the reference, [6], relaxes the general covariance restriction to admit operators
that are not invariant under parity transformations, at which all the spacial coordinates
flip their sign. This means that scalar combinations containing dual curvature tensors
and their covariant derivatives are also considered. Starting with two derivatives, the only
possibility is R, which is already in the EH action. It is well-known that the corresponding
EOM is the Einstein tensor equated to zero. Here, it follows that R,, and R vanish, so
operators written in terms of these tensors can be discarded (see beginning of section [4.1)).
Continuing with four derivatives, S reads

SW — /d4:€\/ —g (al/‘i; + a3 Rapea R 4+ s R R™ + 044RQ> . (2.4)

Both \/—_g?( and /—gRapeaR% can be written as a total derivative of a field [6]. By
Stoke’s theorem, their integrals over the spacetime volume vanish, so these terms do not
contribute to the EOM. Regarding asR.,R*® and ouR?, they can be discarded by the
discussion in the two-derivative part. In contrast, none of the independent six-derivative
operators should be discarded, as they cannot be written in terms of total derivatives nor
in terms of the Ricci tensor or the Ricci scalar. Thus, the Higher-Derivative generalization
Ref.[6] proposes reads

1

= TorC d'z/—g <R + Al Ry Rea®™ Rep™ + Aoaal* Rap™ Rea®’ Refab) . (2.5)

4X, is known as the four-dimensional Euler Density or Gauss-Bonnet term. Ref [14] shows how to
express y/—gXy as a total derivative.

10



where operators associated with the couplings A, and A\yqq are invariant and variant under
a parity transformation, respectively. As the labels suggest, one can also refer to this
behavior as even or odd.

In Ref. [10], the (independent) eight-derivative corrections are considered. However, the
six-derivative ones are discarded for reasons in Ref. [15] that nowadays are known to be
incorrect.

With all this in mind, the action of this thesis, also the one used in [12], reads

S = 16;(} /d4x\/—_9 (R+ L)+ (°Ls))

L) = AevRap Rea Res™ + NoaaRap Rea™ Bes™

L) =eC?+ e2C? + €3CC 26)
with

~ ~ ~ 1
C = RabcdRade 7 C = RabcdRabcd 7 Rabcd — §6abefR€fcd .

where the operators associated with €; and €5 are parity-even, while the operator associated
with e3 is parity-odd. For brevity, any result that comes from, or is related to, these six
or eight-derivative action corrections, will also hold the adjective six-derivative or eight-
derivative as applicable. For example, the eight-derivative correction to the angular velocity
at the horizon does not contain eight derivatives, but comes from the eight-derivative
curvature invariants of this thesis action.

3 Reproducing the equations of motion

3.1 Deriving the Euler-Lagrange Equations

Most textbooks and articles derive Euler-Lagrange (EL) equations for Lagrangians that
depend on a field and its first partial derivative. However, the expansion of the curvature
invariants considered in this thesis reveals an additional dependence on the second partial
derivative of the metric field. It was necessary then to generalize the EL equations. They
were derived from first principles, as shown below.

First, the Principle of Least Action is applied:

S [gab] = / L (galn acgaba 8cadgab) a2 (37)
Q
oL oL oL
:>55:/(—5a+—586a+—5068 a)szO. 3.8
Q 6gab Jab 5acgab Jab 5acadgab @b ( )
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It is convenient to rewrite this condition such that the variation of the metric, dg,;, becomes
a common factor to all three terms.
Starting with the second term of the integrand, by using the commutation of a variation

and a partial derivative,
(5809,11, = 80(5gab y (39)

it is possible to express it as a dot product between a vector field F' and the divergence of
g

oL oL oL
5ca ) . 3o ey 6(1 . 1
00cGab Ocab (680ng 533%1))/ f@o 783) g b)l (3.10)
~ Vg
F

The integral can then be rewritten using integration by parts

;»/ oL 5acgabd9:/ﬁ’ﬁgd9:
Qéacgab Q

0
:/ ‘-ﬁdQ—/gVFdQZ—/5gab60£d9,
Q Q é‘ac.gab

where the surface integral does not contribute since fields are assumed to be zero at infinity.

(3.11)

Considering the third term in the integrand, Eq. (3.8), first, the chain rule is applied:

oL
(Sacadgab

0L oL
= — . 12
acadé‘gab ac meadgab add.gab:| |: (ac 5acadgab) (ad(sgab)‘| (3 )

The first resulting term can be rewritten as the divergence of a vector field F, so its integral
can then be solved by applying Gauss’ Theorem:

oL oL oL
0. 0ubgas| < (o, ..., Ds) - 00 Gaps - - - s~ 3.13
[55 Dags " ”} Bor- 28) \(mwgab 0 5 agw " ") (313)
I
= 040gap | A2 = /V F'dQ = /F’ doQ =0, 3.14
/ {55 OdGab ! gb} 0 ( )

The second resulting term can be expressed as dot products between vector fields F._g ...

12



F._3 and the divergence of the same g, as in Eq. (3.10)), yielding

(o) ) -

6acadgab
(3.15)
oL oL
— | 0 0a0Gap) — -+ — | O 0407,
( 05303dgab) (Oadgap) ( 35530dgab)( 10 Gab)
oL oL oL
15, 040G, 0, ooy Og—=———)-((0g,...,03) 0qGap) - 3.16
( 0550&19@1)) (0udgu) & < * 50000 9as 055033%1))/ (& ~ 3) Oub) (3.16)
" Vg
Fc:O

The integral can then be rewritten using integration by parts as

oL
= F_qdQ = d) 1
:>/ c 0 VQ /gv c=0 /5gab (adaoéaoadgab) (3 7)

oL
= 040G, dQ=/5a (608 )dQ. 3.18
/ ( 68 ad.gab) ( 409 b) Q Jab déacadgab ( )

With the variation Eq. (3.8)) rewritten according to Eq. (3.11)) and Eq. (3.18]), the EL
equations can finally be determined:

oL oL
) 0Gap = 1
5= /(59ab 53cgab (9&158 04 ab) gas =0 (3 9)
oL oL
= OGap) - 2
5gab a 5acgab - 0 ad 60 8dgab 0 (v g b) (3 0)

3.2 Applying the Euler-Lagrange Equations

With the suitable EL equations, the derivation of the EOM associated with this thesis
action was then possible.

Starting with the application of these EL equations to the EH action, it is well-known that
the result is the Einstein tensor equated to zero. In Refs. [6] |10, 12|, the EL equations
are applied to the action corrections so that the result can be considered as an effective
energy-momentum tensor. The word effective is significant because those references, and
this thesis, are interested in a vacuum solution. Following this scheme, the EOM of this
thesis then read

1
G =T & Rab—ﬁgaszf‘lT ) STE) (3.21)

13



with
e 1 e e
€4Ta£f (6) _ )\ev€4 [3RacdeRdengfgcb + §gabRcd fRefghRgth . 6vcvd (Racebed f):|

3 3 o
B §Ra6deRd€ngbcfg o §Ra6deRbCngdefg +35

+ Aogal? 5

e h c
JanReg T R Ry (3.22)

Y

+3VVe (Racefébdef + Rbdeff?acef>

and

1 _ 1 .
T — ¢ 6 (SRacdeCVdC T 5gabc?) T epf® <8RacdechC T §gabC2)
' (3.23)
+ €30 (4Racbdvcvdc + 4R, VVEC + 3 ga,,éc> ,

where Eqgs. (3.22)) and (3.23) are reproductions of Egs. (2.13) and (2) in [6] and [10],
respectively.

These reproductions were mostly achieved analytically with the packages X TENSOR[16]
and XTRAS|17], with a few steps performed numerically with the package XCOBA[18].
The EL equations of this thesis were applied via the command VarL[ ] from XTRAS.
The results were always lengthy expansions of up to thirty-four terms. To reduce them to
their final forms written above, a vanishing Ricci tensor was first assumedEL as specified in
[10], and afterwards, certain properties that derive from this assumption were applied via
MATHEMATICA’s replacement rules. Those properties can be deduced as follows:

i) The Weyl Tensor of n > 2 spacetime dimensions

1
Cikim = Rikim + w9 (Rim3ri — RiuGrm + RiiGim — Rim9a) +
. (3.24)
R [ m — Yim )
+ = D(n-2) (GitGrm — GimGrt)

equals then the Riemann tensor. This, in turn, means that the Weyl identities from Refs.
[19, 20] (Eq. 3.18 in Ref. [20]) can be written as

1
Repea R" = 1% s Rapea R™ (3.25)
. 1 -
Rebcdede = defRabcdRade . (326)

5This assumption is justified later in subsection
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ii) The Riemann and Dual Riemann tensors have the same symmetries [21].
iii) The contraction of the Bianchi identity

0
gml (VZRabmn + VnRablm + vaabnl) = 0 = 2vmRabmn +Wn7: O (327)

implies that
V"™ Rapmn = 0. (3.28)

Because of length constraints, the reproduction of the EOM Egs. and cannot
be shown in full detail. However, the reproduction of the part 4 R,eq VeV ICH+4 R 40q VEVIC+
% 9ubCC from the EOM Eq. is sketched in appendix . It is a representative derivation
since all the above properties were applied. The remaining terms were derived similarly.

4 Solving the equations of motion

The next task after reproducing the EOM from Refs. [6] and [10] was to solve for the
metric. By introducing corrections to the EH action, the Kerr metric no longer solves the
resulting gravitational field equations for the case of a rotating black hold’] One would
think then that solving the EOM of this thesis is a challenging task. However, note that
these equations come from corrections that are small around the event horizon of a rotating
black hole [6][} Thus, the solution was assumed to be similar to the Kerr metric, which
allowed for the use of perturbation theory. In section [£.I| perturbation theory will be
applied to the EOM, which will be used in section after motivating the ansatz to be
inserted in the perturbed EOM.

4.1 Perturbing the equations of motion

In gravity, perturbation theory relies on assuming a family of manifolds equipped with
a metric field, such that those manifolds, their metrics, and any other tensor fields on
them depend on a dimensionless parameter €. This parametrization must be done such
that ¢ = 0 refers to the tensors of the exact solution, also called background members
[22]. In this thesis, those members are a 4-dimensional manifold with the Kerr metric, the
Einstein tensor according to such metric, and a vanishing Energy-Momentum tensor. Since
all corrections are small, tensor fields can be approximated by Taylor expanding around
¢ = 0. Any tensor in the family then reads

dAab 1 2 d2 Aab

0 1 2
de .o 25 de? 1., To= At(zb) + A((zb) + Az(zb) o (429)

Ap(e) = Awp(0) + &

SMore generally, Ricci flat metrics do not solve the gravitational field equations from Higher-Derivative
theories [6].
"Corrections are small when M >> ¢, and this is the case of the horizon and ergosphere.
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Note that all the terms are evaluated at ¢ = 0, meaning that they are computed using
the well-known background metric. This is the reason that the EOM of this thesis were
derived assuming R, = 0 (see properties of the Kerr metric in section [4.2)).

Following [6, |12], the effective Energy-Momentum Tensor, Eq. (3.21]), can be treated
as a first-order perturbation. Then, taking into account that the background Energy-
Momentum Tensor is null, and using the notation in Eq. (4.29)), the following holds

Gy = T (4.30)
0
GO+ Gy =T+ 1Y) (4.31)
GY =0 (4.32)
GD =T o Gu-GY =1 (4.33)
oG,
ab

so the metric ansatz to consider is

0 6 8
Gab = géb) + 649((11;) + £6gc(lb) ) (4.34)
——— ——
(1)
ab

where €4gf£) and EGQS’,) are metric corrections that account for the six and eight-derivative
action corrections, respectively.

Hence, the EOM of this thesis are perturbed by inserting the metric expansion Eq. (4.34])
into the perturbation, dG, in Eq. , discarding the resulting negligible terms (O(®),
or O(g?)) where applicable and evaluating at the Kerr metric. As will be seen below,
the result will be two decoupled differential equations that allow to solve for the metric
corrections.

Ref. [23] derives the first-order perturbation of the Einstein tensor corresponding to a
general curved vacuum spacetime. Based on the notation this reference uses, and for

convenience, any background member will have the superscript B, gg) will be substituted

by ha and therefore l4gf£) and l6g((f;) will be denoted by h((ﬁ)) and hfj?, respectively. For
completeness, such derivation is included in appendix [Bl To reduce computational time
when solving the EOM, this expression was rewritten only in terms of the background
covariant derivative and the traced-reverse metric perturbation hyy = hyg — 19595 *“he..
This adaptation was carried on in the following way:

Starting with the perturbed Einstein tensor from [23]

- _ 1 1 1 _
5Gha = —§DBhbd + RB, ho — §gl])3dVaBV§h“c + §VbBV§h“d + §VdBvthab, (4.35)

the term with the Riemann tensor can be removed by first applying the commutation of
covariant derivatives in GR, [VE, VP|T.y = —RP°,,T.a — R®¢,,,Tee [24], on the last two
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terms, yielding

VEVERY, = VEVERY, — RBP4 YR, — RE depe, (4.36)

VEVERS, = VPVERe, _ RE Wape (4.37)

and then, applying the symmetries of the Riemann tensor to the previous result along with
the second term

_ 1 _ 1 _
RB, he + §vvathad + 5vdBvtha,, —

1

- 1 - 1
§RB Cavalt’c T §Vanchab -

_ 1 _ _
= Ry h™ + §Vanll?had - §RB “paa’e = (4.38)

1 - 1 -
= §V5’Vb8h“d + §V§Vg’h“b.
Then the first-order perturbation of the Einstein tensor in terms of the background covari-
ant derivative and the trace-reversed metric perturbation reads
1 _p- 1 - 1 _ 1 _
0Ghg = —§DBhbd - §gEiVaBVCBh“C + §VE’V§’h“d + §VQBV§hab, (4.39)

from which the perturbed Einstein tensor (2.15) in Ref. [6] can be recovered by only
including the six-derivative metric correction hi? in the trace-reversed metric perturbation.

With both sides of Eq. (4.30) properly perturbed, by first expanding the trace-reversed
metric perturbation

— 1 . 8
hay = (B + 1)) = Sbhg™? (n) + 1)) =

1 c 1 c A 1
= (1) = omaPn ) (3 = SalaPoniy ) = 4

(4.40)

plugging this expansion into the LHS, and then gathering the resulting terms by order in
¢, the perturbed EOM of this thesis are obtained

1 7 1 7.ac 1 7a 1 70 e
1 B7 (6) Ll 5oB B7 (6)ac log B7(6)a los B7(6)a 4 reff (6)
:> _QD hbd - §gbdva Vc h + éva Vb h d + éva th b — g de (442)
1 B7(6) l poB B7(8)ac l_gp B7(8)a I B7(8)a 6 reff (8)
= 50y — S VIV + oVIVERY 4+ SVIVERY, = O T (4.43)

4.2 Correcting the Kerr metric

The ansatz of the metric corrections to this thesis is based on Ref. [6]. In this reference,
the authors start the construction of a four-derivative metric correction by reviewing the
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Kerr metric. Some properties of this metric, along with previous works, motivate the
correction they propose. This subsection outlines this procesdﬂ, from which later on an
eight-derivative metric correction is deduced.

Kerr’s metric in Boyer-Lindquist coordinates reads:

2 2
ds? = — (1— 2MT> dt? — wdtd¢+z(di+d92)

by by A
(4.44)
2Mra®sin® §
+ (ﬂ ta?t %) sin fdg”
where
Y =r*+a’cos’d, A=r>—2Mr+a’. (4.45)

Some of the properties of this metric are

e It is a solution of vacuum Einstein’s Field Equations (EFE), so it is Ricci flat Ry, = 0.

e It represents a spacetime with total mass M and angular momentum J = aM. The
parameter a is the angular momentum per mass, and its sign indicates the direction of
rotation.

e [t is stationary and axisymmetric around the axis of rotation. Equivalently, its Killing
vectors are the basis vectors 0, and 0, (see discussion below [5.58]).

e [t is asymptotically flat.
e Its inner (—) and outer (+) horizons are placed at the roots of A = 0:
re =M +VM?—a2, (4.46)
so those horizons exist as long as

—M<a<M, (4.47)

The authors expect the metric correction to maintain these properties except for the Ricci
flatness. Additionally, they also expect it to not activate the vanishing components of the
Kerr metric. With these conditions in mind, the authors propose the following general
correction

AMap(1 — xz) dp? du?
6 v 2
G = Hdt? — Hy———"g———=didg + HyB | "+ 7
(4.48)
2M pa?(1 — 22
+ H, (p2+a2+ paé - )> (1 - 2%)d¢?

8the detailed derivation is in section 3 in Ref. [6].
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where
Y=p*+a*2?, A=p*—2Mp+a*. (4.49)

The functions Hj 234 depend on z = cosf and p. They are asummed to be small, |H;| <<
1, and they behave asymptotically as

o, hY 1 ,
Hi=h"+——+0(=5],i=123/4, (4.50)
P P

where the following values for the constant coefficients hl(k) make the correction asymptot-
ically flat

L0 g p0 _ 0 By Lo _ by 451
1 — Y 3_4__W7 2__7' ( )

It is important to mention that actually, the most general four-derivative metric correction
contains five H; functions. However, thanks to the freedom of choice of coordinates, the au-
thors performed an infinitesimal coordinate trasnformation (x, p) — (2/, p') that preserves
the form of the whole metric and for which Hf = Hj. The authors then chose H; = Hj,
which lead to the more convenient correction Eq. .

The horizons are still given by A = 0, with the solution pi indicating their location.
Consequently, the condition Eq. (4.47) applies as well.

If the authors of [6] had plugged the correction Eq. in their perturbed EOM ( (2.13)
and (2.17) in [6], or Eq. in this thesis, the resulting system of equations, with the
functions H; as the unknowns, would have been difficult to solve. Based on numerous
works, the authors refine their initial proposal by expanding H; in the following way:

The spin, or angular momentum per mass squared, is introduced

X=77 (4.52)

From Eq. (4.47)) one can deduce that y € [—1,1]. Hence, if the mass takes its minimum
possible value, y = +1, this is referred to as an “extremal black hole”.
Then the authors express H; functions as a power series in Y:

o0 n Kmax
Hy=Y H"x", HY =SS HMParpt o i=12340  (453)
n=0 p=0 k=0

where Hi(n’p k) are the constant coefficients to solve for when plugging the correction
Eq. (4.48) into the perturbed EOM

Finally, the asymptotic conditions become

(n.0.0) (000 _ gm0 _ _ Hy""V ooy HE"Y
AP =0, Hy = Hy = == = — =, (4.54)
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As mentioned in the introduction, this metric correction enables the study of black holes of
any spin. The authors carried out a study about the convergence of the H; functions (see
appendix D in [6]) and found that for functions of order fourteen in x, results for p > py
are accurate for spins up to 0.7.

As mentioned before, the metric perturbation of this thesis not only accounts for the
six-derivative corrections to the action Eq. (2.6), but also its eight-derivative corrections.
Therefore, the H; functions of this thesis have two parts

H=H%1+H® (4.55)

such that the correction to the metric becomes ¢4g's)datda” + (5¢\y) dz"dz” with the eight-
derivative correction following the general scheme Eq. 14.48 . In essence, solving the EOM

of this thesis means inserting the expressions for €4ng, dxtdx” and E%Eg)dx“dx” into the

perturbed EOM Egs. (4.42)) and (4.43]), via the trace-reverse metric perturbation, to find

out the constant coefficients in Hi(ﬁ) and Hi(s), respectively. This was accomplished by
first implementing Eqs. (4.42) to (4.44) and (4.48) with XxCoOBA, and then using this

implementation as input for the MATHEMATICA notebook provided by Ref. [6]. The Hi(ﬁ)
coefficients obtained as output agree with [6], and the Hi(s) coeflicients obtained agree with
the continuation work [12].

5 Properties of the corrected Kerr Black Hole

This section studies properties of the Kerr black hole, specifically the outer horizonﬂ and
ergosphere of a Kerr black hole corrected as described in section {4/ . This study has been
carried out following the steps of section four in Ref. [6], such that the results coming
from the action’s six-derivative corrections are reproduced, whereas the results from the
eight-derivative corrections are original work.

5.1 Horizon

As mentioned in section [.2] the coordinates used in this thesis lead to a horizon defined
by A = 0. Its solutions are the roots

pr =M1+ +/1—x2) (5.56)

where p_ and p, correspond to the inner and outer horizon, respectively.

The choice of coordinates allows for this simple form for the horizon. In similar works
previous to Ref. [6], other choices of coordinates resulted in complexity, which probably
discouraged a thorough study of the event horizon.

9also called event horizon, or simply horizon
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According to Hawking’s rigidity theorem, the event horizon of a stationary, asymptoti-
cally flat black hole spacetime is a Killing horizon [25], that is, a null hypersurface whose
Killing vector field (see discussion below Eq. (5.58))) vanishes [6]. Therefore, to study the
(corrected) horizon, one must first ensure it obeys the rigidity theorem.

5.1.1 Killing horizon

First, it was proven that the hypersurface created by p = p, is null. In practice, this
translates into showing that the determinant of the induced metric at some constant p,
evaluated at p = p,, is zero. Starting with the induced metric:

Guv |p:const -
— (122 - ) 0 — (1 + H,) 2Maell=s)
_ 0 (14 Hs) 2= 0
— (1 + Hy) 2Moll=) 0 (14 Hy) (92 + a2 4 25020 (1 - 02)

(5.57)

its determinant was computed by expanding along the third row

et (9 s ) = 9oz (gusion = 5) | _ =

(=1 +a2?)(=2(1 + H)Mpy — (=1 + Hi — Hi)(p} + a*z?))
(p} + a’a?)?

y (ph +a'a® +a?p (M + py + (=2M + p4)2?))  4a®(1 + 2H) MPpi (=1 +2%)* |
(% + a2a?)? 7 1 2a?)? =

=0+ O(H;),
(5.58)

and because the metric is corrected up to order %, only the terms linear in the H; functions
are kept. The next step was to show that the Killing field at the horizon vanishes. A Killing
vector field™ on a manifold indicates the flow under which the metric remains constant.
Consequently, the dimensions of a body following such flow would not get distorted. These
concepts can be mathematically expressed using the Lie derivative LgA, as it computes the
change of a tensor field A along the path indicated by another vector field B. Therefore,
any Killing vector field K fulfills

Ly gy = VoK, + V. K, =0. (559)

0gometimes called a Killing vector.
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In principle, one would calculate the Killing vectors of a manifold using this equation.
However, the metric used in this thesis converts this task into a laborious one. Sometimes,
an easier way is to examine the metric. Since the metric in this thesis does not depend on
t or ¢, two Killing vectors on the manifold are the basis vectors ; and Jy, which Ref. [26]
proves to be the only ones to consider here. Neither of these two fields vanish at the
horizon, thus, a suitable linear combination of them must be found. From Refs. [25] 26],
the most general Killing vector field at p, is then

g‘p pt+ (8,5 + QH8¢) ‘p pt (5-60)

where the constant Qp represents the angular velocity at the horizon [27].
Ref. [6] states that the only angular velocity with which | _ ., vanishes is

i = 2Mp+ (Lt Hy = Ha) |y (5.61)
By combining expressions Eq. (5.60) and Eq. (5.61)), the norm
5 ‘p o+ (gtt + 2946828 + QH9¢¢) lp=p+ (5.62)

was computed, first by including only the functions HZ-(G) , and then only the functions HZ-(S) .

In both cases, the result was zero, as expected. Hence, the metric used in this thesis leads
to a Killing horizon.

5.1.2 Angular velocity

The angular velocity can be conveniently expressed as a sum of three terms
g (6,ev) (0 (8,1) (8,2)
A AQEE) (61 AQBY 4 e, AQE ) . (5.63)

X
2M (14 /T=7) T M7

The first term is the angular velocity according to the Kerr solution, which was reproduced
by expanding a/2Mp, from Eq. . The second and third terms are the six and
eight-derivative corrections to this Kerr part. They were reproduced and obtained by
expanding (a/2Mp+)(H2(6) - Hf)) and (a/2M,0+)(H§8) — H48)) (also from Eq. M),
respectively. The dimensionless coefficients AQg’j ) can be found in Eq. (]Eb, Eq. 2')
and Eq. . Note that these coefficients are multiplied by relevance factors (¢=2/M*) ¢;,
from which two observations can be made. i) The effect of the coefficients is larger for
smaller masses and vice-versa. ii) Despite the coefficients difference in order, and unless
€, and €y take exorbitant values, with these factors the six and eight-derivative angular
velocity corrections are not of the same size, which agrees with the EF'T philosophy.

In this thesis, all properties are expressed according to this three-term scheme, like in Ref.
[6]. As mentioned in the introduction of this chapter, the first and second terms are always
reproduced, while the third term is an original result.

QO =
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It is of interest to examine the relation between the angular velocity and a parity trans-
formation. Starting with Eq. (5.61), the H; functions can be separated into their even and

odd parts
a

N 2Mpy

where HS™) = g% + gV + H®? and B = g 4 g$),

After the parity transformation, the even H; functions remain invariant, while the odd ones
change their sign. The horizon radius, Eq. , is not affected by the change of sign of
X, however, a changes sign. The transformation yields a turned, upside-down black hole
with a rotation of the same angular speed but in the opposite direction. Therefore, the
mentioned sign change implies that the odd functions cancel out. This conclusion agrees
with the three-term expansion, where all the relevant powers of x are odd and there are
no “odd” coupling constants.

QO (1 + HS 4 gt e HiOdd)> lop, - (5.64)

0.0 """
. 02f
%
[ (6’3‘/)
< oab— AQy
AQGY
0.6f .
AQ?
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 1: Corrections to the angular velocity associated with the six and eight-derivative corrections to
the action.

Fig. presents the coefficients Aﬂg’j ). This plot was generated by including H; functions
up to order fifteen in y, which in agreement with the convergence study mentioned in
section , yield accurate results for y = 0.7. One observes that the effect of the coefficients
AQ(I?’eV and AQS’Q) increases with y. Moreover, AQS’Q) rapidly decreases beyond x = 0.60,

while AQS’EV) remains approximately linear. The coefficient AQS’D coincides with the
AQS’GV), at low values of x, but around y = 0.30, it decreases non-linearly.
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5.1.3 Surface gravity

The surface gravity x of a Killing horizon is the force, applied from infinity, needed to keep
a unit mass at rest on that horizon] This is mathematically expressed as

gava£b|p:p+ = “§b|p:p+ (5.65)

where |,—,, are the Killing vectors at the horizon Eq. (5.60) with Eq. (5.61). Here, the
coordinates used in this thesis are singular at the horizon. Ref. [6] solves this issue by
using a procedure proposed in [28], arriving at the following result

- M H; H
K = M 1+ Hy — 3 4
2Mp. 2 2
(5.66)
4 M2p2 8p (—H12 + a2(1 - {23'2)(2]']2 - H4)) + 2 (p+ — M) (H4 — 2H2)j|
+
(p-i- - M) (p?l- + a2x2)2 pP=p+
In the three-term scheme, the surface gravity reads
/1 2 £4 66
K X Aew AR 4 o (@1 AR + 6 ARBD) - (5.67)

2M(1+\/1—X2> M

where the first term corresponds to the expansion of (p; — M)/2Mp, in Eq. (5.67), and
the second and third terms to the expansion of the bracket. The coefficients Ax(*/) can
be found in Eq. (D.4)), Eq. (D.5) and Eq. (D.6]). Three observations can be made. i) This
result agrees with the zeroth law of Black Hole mechanics, which states that the horizon
surface gravity of a stationary black hole spacetime is constant [26] 29]. ii) Due to the
even powers of x in the Kerr part and the coefficients, the surface gravity is invariant
under parity transformations. iii) It is known that extremal black holes have zero surface
gravity |11]. The Kerr part of the three-term expansion maintains this property, but not
the coefficients. This suggests that in this thesis, extremality is reached at x values beyond
+1 [6]. However, this is not possible for the metric of this thesis, since the horizon would
not exist, see Eq. ; violating Penrose’s weak cosmic censorship hypothesis, which
asserts that naked singularities do not exist [30]. This observation does not necessarily
mean that extremal black holes cannot be described by other metrics.

Fig. [2| presents the coefficients Ax(*7) which was generated with H, functions up to order
fifteen. One can observe that correction Ax®Y) follows a slow downward trend with a
change of sign at y = 0.5. In contrast, A Ax®Y and Ax®? never change their sign.
Coefficient Ax®) stays approximately constant up to y = 0.45, from which it increases
rapidly. Coefficient Ax(®? begins at a null value and increases rapidly throughout the
whole plot. It surpasses Ax(®®") and Ax®? at the y values of 0.2 and 0.42, respectively.

HRef. |26] gives an alternative and more mathematical definition.
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Figure 2: Corrections to the surface gravity associated with the six and eight-derivative corrections to
the action.

Surface gravity is an important concept. It appears in the Hawking radiation temperature
at the horizon of a Kerr black hole [6]

K
Ty = —, 5.68
"= (5.68)
which relates a geometrical property of spacetime (surface gravity) with a thermal property
of quantum fields (temperature). From this equation, one can deduce that extremal black

holes do not radiate, which is a well-known result.

5.1.4 Geometry

For the study of the area and shape of the horizon, one has to use the induced metric at
the horizon:

2 2.2 2 2 2
9 pi+a‘z? AM<p3 (1 —2%) , ,
dSH = (1 + HS) |p:p+ 1_—x2dx + (1 + H4) |p:p+ p%_ + a2$2 d¢ . (569)
5.1.4.1 Area
The area of the horizon is given by
! Hy H
Ay =47 Mp, / dz <1 + 73 + 74) : (5.70)
—1

p=p+

in the three-term notation, it reads

66
A =87M? (14 V1=27) + —)\ev AAC™ 4 o (@ AABY 4+ 6 AABD) | (5.71)
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where the Kerr part, comes from the expansion of 4rMp, 2, and the second and third

terms come from the expansion of 47 Mp, f_ll dz (% + %)‘ . The coefficients A A7)
p=p+
can be found in Egs. (D.7) to (D.9). Once again, the even powers of x on the whole solution

make the area invariant under parity transformations.
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X

Figure 3: Corrections to the area of the horizon associated with the six and eight-derivative corrections
to the action.

Fig. |3 shows the profile of the coefficients AA®7) | which was generated with H; functions
up to order fifteen. One can see that the behavior of the three curves is very different.
The coefficients AA©®") diminish in a non-linear way. Coefficients AA®Y remain approx-
imately constant, with a small peak between y = 0.3 and y = 0.7. The coefficients AA®?)
start at a null value and increase throughout the plot, intersecting AA©*) at v = 0.52,
these influence the size of the horizon. Depending on the sign of the relevant factors, they
translate into increases and decreases in the area and vice-versa.

5.1.4.2 Shape

A good way to visualize the shape of the event horizon is by embedding it on a 3D Euclidean
space. In terms of Cartesian coordinates, the isometric embedding of any axisymmetric
surface is done as follows:

The x and z Cartesian coordinates are given by

r = f(2) sing , z=g(2), (5.72)

where 2’ represents the x Boyer-Linqvist coordinate, introduced to avoid confusion with
the x Cartesian coordinate. The functions f(2') and g(z') are determined by imposing the
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metric

ds® = [( 2+ (gﬂ dz'? + f2de? . (5.73)

When considering the metric, Eq. (5.69), f(2’) and g(z’) are given by

) /2
H4 1—=x 2 !

N=9oMp, (1+ 22 T ) 5.74
f(z") P+( 2) pp+(pi+a2$2) ( )

/ 1/2

2 4 4272

g(z') = /dx’ (1+ Hs) Ip:pf)*l_—x,z - (5.75)

where the square root of 1 + H; was approximated with a Taylor expansion. Note that
this embedding is valid for g,, > (f)?, which is not fulfilled for some values of 2’ and Y,
as verified in the figures below.

For the reproduction and generation of horizon shapes, Eqs. (5.72)), (5.74) and (5.75) were
implemented. The reproductions of the six-derivative shapes do not completely agree with
the results of Ref. [6], in which all parameters except for the order of the H; functions
are specified. No bugs were found in the implementation; however, it was seen that the
results get more similar to the ones in Ref. [6] as the order of the functions increases and
x decreases.

Fig. |4 presents the Kerr horizon and its deformations due to the even parts of the Hi(ﬁ)
functions. The Kerr solution is presented as a black dashed curve. Results including the
corrections are presented as full lines, where darker purple colours correspond to larger
values of the coupling, A@—i)\ev = —0.4,—-0.2,0.2,0.4. The left subfigure was generated
with xy = 0.65, as in [6], and an H; order of fifteen, as used in [6] for previous results.
Its curves intersect around z = +1.4. However, the counterpart result in the reference
consists of concentric curves. The right subfigure, which was generated with y = 0.18 and
an H; order of twenty-five, reproduces this concentricity much better. Moreover, its colour
gradient is in the right order, with bigger coupling values leading to smaller radiuses and
vice-versa. Notice that both subfigures are incomplete around the poles. Those missing
points correspond to cases where the square root of g(z') is negative, as mentioned below

Eq. (7).

Fig. presents Kerr horizon’s deformations caused by the odd parts of the Hi(G) functions.
With the coupling A@—i)\odd = 0.6, and the colour gradient from light to darker green
corresponds to the mass values M = 0.75,0.9,1.1,1.4. The left subfigure was generated
with x = 0.65, as in [6], and an H; order of fifteen, as in [6] for previous results. Althought
this subfigure does not look exactly like its couterpart in Ref. [6], they both follow the
same trend. For higher masses, the shape is oblate, very similar to the exact horizon.
However, as the mass decreases, the horizon gets smaller, its upper part gets flatter, but
its lower part gets rounder. Regarding the colour gradient, and as opposed to the even
six-derivative deformations, smaller coupling values lead to smaller horizons. In order to
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Figure 4: Isometric embedding of the Kerr horizon and its deformations due to the even part of the
six-derivative corrections. The mass was set to one, the black dashed curve is the Kerr horizon, and from
light to darker purple, the value of the couplings is ]\%/\eV = —0.4,-0.2,0.2,0.4. The left subfigure was
generated with xy = 0.65 and an H; order of fifteen, and the right subfigure was generated with x = 0.18
and an H; order of twenty-five.

present more complete curves, x was lowered to 0.25 and the H; order was increased to 25,
presented in the left subfigure, where the same trend applies.

Fig. [6] presents the Kerr horizon and its deformations due to the eight-derivative correc-
tions. The left and middle subfigures focus on the deformations related to ¢; and e,
respectively. They were generated with xy = 0.18, an H; order of twenty-five, and cou-
plings %el = —0.4,-0.2,0.2,0.4 and %62 = —4,—2,2,4. One can observe that while
the left subfigure follows the same trend as the even six-derivative deformations, the right
subfigure in [4 the middle panel shows a lateral flattening for bigger coupling values and
a lateral elongation for smaller coupling values. Both follow the same colour gradient as
in the six-derivative deformations. The right subfigure describes the deformations related
to e3. It was generated with xy = 0.30, an H; order of twenty-five, ]\2—:63 = 0.6, and masses
M = 0.75,0.9,1.1,1.4. Like in the odd six-derivative deformations, the shape is oblate
for higher masses. However, as the mass decreases, the horizon gets smaller with a flatter
upper part, and the sides flatten and tilt towards the origin.

It is of interest to discuss the relation between the symmetry of the shapes and parity
transformations. These leave the shapes coming from even corrections invariant, which
the ovals associated to Aoy, € and €y (Fig. 4] and left and middle subfigures in Fig. @,
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Figure 5: Isometric embedding of Kerr horizon’s deformations due to the odd part of the six-derivative

corrections. The coupling ]\%)\odd was set to 0.6, and from light to darker green, the value of the mass is
M =0.75,0.9,1.1,1.4. The left subfigure was generated with x = 0.65 and an H; order of fifteen, and the
right subfigure was generated with x = 0.18 and an H; order of twenty-five.

agree with. In contrast, the shapes coming from odd corrections transform in such a way
that it is evident that they are upside down and rotated. Given that the induced metric
Eq. does not depend on ¢, the only possibility left is an asymmetry between the
upper and lower parts of the shapes, which is the case of the ones associated with A\ qq and
€3 in Fig. [f and the right subfigure in Fig. [6] respectively.

5.2 Ergosphere

The ergosphere radius of any axisymetric metric is defined by the condition g;; = 0. For
the Kerr metric, this condition yields

2 pg(gerr)
l———=0 5.76
E ) ( )

therefore, the Kerr ergosphere radius is given by
pem — ) (1 /1o X2x2) . (5.77)
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Figure 6: Isometric embedding of the Kerr horizon and its deformations due to the eight-derivative
corrections up to order twenty-five. The left and middle subfigures show the deformations related to €;
and es, respectively. For both of them, the mass was set to one, y = 0.18, and the black dashed curve is
the Kerr horizon. From light to darker purple, the value of the couplings is J\%Aev = —-0.4,-0.2,0.2,0.4
and 1\%)‘6\/ = —4,-2,2,4, respectively. The right subfigure shows the deformations related to e3. It was

generated with y = 30, an H; order of twenty-five, J@—Gaeg = 0.6, and masses M = 0.75,0.9,1.1, 1.4.

However, for the metric used in this thesis, g;; = 0 reads

2M perg

1
b

—H,, (5.78)

with which the three-term expansion of pes was derived as follows:

The correction to pey is perturbative, and H; is small. Therefore, as a first step, it is
(Kerr)

valid to perform a first-order Taylor expansion of the left-hand side about py = perg ~ and
evaluate H; at pg(ge”):
2
2M (perg - pgfgerr)) (,Ot(eiferr)> - M2{E2X2 (Kerr)
2M erg
1+ 5 — 5 = Hi(2, perg) -
(Kerr) 2 (Kerr) M2x2v2
<perg > + M2y perg " )+ MEETX

(5.79)
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In this way, pere can be isolated:

2 2
(s
(Kerr)

2Mp‘(;(err)
Perg = Perg 2 Hl(fl', perg) + 2 £ —1
2M {(péi‘;”)> - M%%@} (pggerr)) + M2x2x?
(5.80)

where the second term is the correction. By plugging Eq. (5.77)) into this sum, the following
three-term expansion was obtained

Perg =M (1 ++1- X%Q)

64 v 66
35 Qe 4 20aalbp M) + e (689 4 000)

The coefficients Ap(®7) can be found in Eq. (D.10) and Eq. (D.11). They come from
considering H ](6)(37, Perg), and agree with [6]. Coefficients Ap®9) can be found in Eq. 1'

and Eq. (D.12)); and they come from considering H 1(8) (z, Perg)-

(5.81)

It is known that the ergosphere of the Kerr metric overlaps the outer horizon at its north
and south poles. It was found that the metric used in this thesis maintains this property.

With the poles given by x = %1, pey (Eq. (5.77)) becomes p; (Eq. (5.56)), and the

coefficients Ap(»7) vanish.

To study the shape of the ergosphere, one uses the induced metric for p = perg at constant

time:
1 [ dpee \> 1
2 erg 2
dserg_(1+H3)E<A(dx) +1_x2>d:c

4 (1+H4) (p2+a2 + QMPCLZ;]_ —(L'Q)) (1 —$2)d¢2

(5.82)

7
p=pert ()

Like in the study of the horizon shape, [5.1.4.2] the visualization technique used is the
isometric embedding on a 3D Euclidean space. By following the steps in [5.1.4.2} the f(z’)

and g(z’) functions were found to be

201 _ 12 1/2
fa') = (1 + E) sz b a2 4 2200 (21 - >> (1- :ﬂ)} (5.83)
2 p=pert (/)
1 (dpers \” 1 ) s
g(a") :/d:c' (1+ Hj3) X (Z ( d;r/g> +1o $/2> dz” — (f") ] o (5.84)
P=Pert (T

were again this embedding fails for the values of x and x that lead to a negative square
root in g(z').
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Figure 7: Isometric embedding of the Kerr ergosphere and its deformations due to the even part of the
six-derivative corrections. The mass was set to one, the black dashed curve is the Kerr horizon, and from
light to darker purple, the value of the couplings is ]\%/\eV = —0.6,—0.3,0.3,0.6. The left subfigure was
generated with xy = 0.65 and an H; order of fifteen, and the right subfigure was generated with x = 0.18
and an H; order of twenty-five.

Fig. presents the Kerr ergosphere and its deformations due to the even parts of the H i(ﬁ)
functions. The plot style is the same as in the even horizon deformation from subsection
5.1.4.2| with the Kerr solution presented as a black dashed, corrections presented as full
lines, and darker purple colours corresponding to larger values of the coupling, Aﬁ—i)\ev =
—0.6,—0.3,0.3,0.6. The left subfigure was generated with xy = 0.65, as in [6], and an H;
order of fifteen, again as used in [6] for previous results. The curves of this subfigure follow
the same trend as their counterparts in the reference, as they all intersect on the upper and
lower parts and the colour gradient is in agreement. Still, those intersections are supposed
to happen a bit beyon z = 42, and the curves are supposed to intersect this z axis at
z = 2.5, approximately. The right subfigure was generated with y = 0.18 and an H;
order of twenty-five, and although it seems to reproduce better the intersections of the
reference counterpart, it is still an inconclusive result because of the imaginary coordinates
around the poles. When confronting these left and right subfigures one can notice that as
the spin increases, the closer to the Kerr ergosphere the curves get.

Fig. [§ presents Kerr ergosphere’s deformations caused by the odd parts of the HZ»(G) func-
tions. With the coupling ]\éJ_GSAOdd = (0.6, and the colour gradient from light to darker green
corresponds to the mass values M = 0.75,0.9,1.1,1.4. The left subfigure was generated
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Figure 8: Isometric embedding of Kerr ergosphere’s deformations due to the odd part of the six-derivative

corrections. The coupling A‘%)\Odd was set to 0.6, and from light to darker green, the value of the mass is
M =0.75,0.9,1.1,1.4. The left subfigure was generated with x = 0.65 and an H; order of fifteen, and the
right subfigure was generated with xy = 0.25 and an H; order of twenty-five.

with x = 0.65, as in [6], and an H; order of fifteen, again as in [6] for previous results. Al-
thought this subfigure does not look exactly like its couterpart in the reference, they both
follow the same trend. The colour gradient is in agreement, none of the curves intersect,
but all of them take the shape of a spinning top, with the smaller masses having flatter
upper parts. As in the previous figure, some of the curves intersect the z axis at values
higher than in the counterpart, and some others are even incomplete around the poles. To
fix these issues, y was lowered to 0.25 and the H; order was increased to 25, presented in
the left subfigure. It has the same colour gradient and lack of intersection as the previous
left subfigure. Moreover, the two lightest curves seem to behave smoother. However, the
mentioned issues are still present.

Fig. [9] presents Kerr’s ergosphere and its deformations due to the eight-derivative cor-
rections. The left and middle subfigures focus on the deformations related to €; and e,
respectively. They were generated with y = 0.18, an H; order of twenty-five, and couplings
Leer = —0.6,-0.3,0.3,0.6 and Lres = —2,—1,1,2. The left subfigure is similar to its
six-derivative counterpart in Fig[7] in shape, color gradient, and both being approximately
concentric. Its curves seem to approach some asymptotic value beyond 43. In contrast,
the curves of the middle figure get close to each other around z = £2. While the curves

with smaller couplings resemble the corresponding curves in the left panel, those with large
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Figure 9: Isometric embedding of the Kerr ergosphere and its deformations due to the eight-derivative
corrections up to order twenty-five. The left and middle subfigures show the deformations related to €;
and es, respectively. For both of them, the mass was set to one, y = 0.18, and the black dashed curve is
the Kerr horizon. From light to darker purple, the value of the couplings is 1\%61 = —0.6,-0.3,0.3,0.6

and 1\1%62 = —2,—1,1,2. The right subfigure shows the deformations related to e3. It was generated with
x = 0.25, an H; order of twenty-five, %63 = 0.6, and masses M = 0.75,0.9,1.1,1.4.

couplings bend back towards the origin, possibly because of convergence issues. The right
subfigure describes the deformations related to e3. It was generated with x = 30, an H;
order of twenty-five, ]@—6663 = 0.6, and masses M = 0.75,0.9,1.1,1.4. Like in the odd six-
derivative deformations, Fig. |8 the shape is more similar to Kerr’s ergosphere for higher
masses. However, as the mass decreases, the shapes get smaller with a flatter upper part,
and the lower parts flatten and tilt towards the origin.

All the curves in this subsection have a strange behaviour around the poles. This is
in fact incompatible with the ergosphere meeting the horizon at the poles, as checked
below Eq. . Some of these curves intersect the z axis at higher values compared
to their counterparts in Ref. [6]. The rest of the curves are incomplete, with a few in
this subgroup bending back towards the origin. As shown throughout this subsection, all
these anomalies mitigate after increasing the order of the H; functions and decreasing the
value of x, proving the necessity of using an exceptionally high y order for the embedding

considered (Eqgs. (5.83)) and (5.84)).

The conclusions about the relation between the symmetry of the shapes and parity trans-
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formations drawn in section [5.1.4.2| apply here as well. The curves coming from even
corrections (Fig. [7] and left and middle subfigures in Fig. E[) are symmetric and therefore
parity-even. In contrast, the x dependance of the induced metric Eq. leads to asym-
metries, and therefore odd parity, in curves coming from odd corrections (Fig. |8 and right
subfigure in Fig. @

Finally, by comparing the horizon deformations with the ergosphere ones, one can observe
that while the former take oblate-like shapes, the latter look like spinning tops with a small
elongation around both poles. This is indeed the behaviour of the of the Kerr horizon and
ergosphere, meaning that the corrections do not lead to drastic changes, in turn meaning
that the EF'T philosofy is again present.

6 Conclusions

In chapter [2] the action of this thesis was constructed. The Einstein-Hilbert action was cor-
rected with higher-derivative gravity in an effective field theory fashion. After discarding
the curvature invariants that do not contribute to the equations of motion, the remaining
corrections are even-parity and odd-parity operators containing six and eight derivatives.
The Euler Lagrange equations suitable for these operators were derived in section [(3.1 In
section [0] and appendix [A] these equations, along with convenient properties that derive
from Ricci-flat spaces, were applied to the action, and the equations of motion were ob-
tained. These equations of motion were solved by first performing a first-order perturbation
on the Einstein tensor, in section then deriving an ansatz for the six and eigh-derivative
metric corrections for a rotating black hole, in section 4.1, and finally solving the resulting
system of equation with the MATHEMATICA script provided by Ref.[6]. With this corrected
metric, the properties of the horizon and ergosphere of a rotating black hole were studied.

There are several factors indicating that the eight-derivative results concerning the nature
of the horizon, as well as the angular velocity, surface gravity, and area in that zone,
are correct: i) They were obtained with the same codes that generate the exact and six-
derivative results, which agree with Ref. [6]. ii) Along with the exact and six-derivative
results, they agree with the following theoretical predictions: The horizon obeys Hawking’s
rigidity theorem and the zeroth law of black hole mechanics. It also rotates in the opposite
direction after applying a parity transformation while its surface gravity and area remain
invariant. The three-term expansions, which derive from well-known formulas, follow the
effective field theory approach, as the Kerr term contributes the most and the eight-derivate
term contributes the least due to the relevance factors. iii) All results were generated both
with H; functions of order fifteen and twenty-five. No differences were detected, implying
that they converge at least in the y range considered.

In contrast, convergence differences were observed in the shapes of the horizon and ergo-
sphere. The six-derivative shapes follow the general trend of their counterparts in Ref. [6],
especially trends regarding color gradients, and symmetries/asymmetries between the up-

35



per and lower parts. However, they are not in quantitative agreement despite thoroughly
revising the implementation. One possible reason could be that an exceptionally high H;
order was required, but this could not be met because the generation of each subfigure
required up to two days of computational time.

Despite the disagreement of the ergosphere shapes, the corresponding three-term expansion
agrees with the well-known overlap with the event horizon at the poles. For any value of y,
the exact term takes the form of the event horizon radius, and the six and eight-derivative
coefficients vanish.

The eight-derivative results behave quite differently from their six-derivative counterparts,
especially concerning the horizon and ergosphere shapes. Even though the former’s results
are more heavily suppressed, this difference might lead to minor changes when comparing
observables that include and exclude these new corrections.

A possible extension of this thesis would be the computation of Love numbers, which
describe the linear deformation of a body experiencing tidal perturbations. Most of the
literature studies Love numbers of General Relativity black holes, but with the advent of
higher-derivative gravity, such works have to be adapted. Ref. [31] goes through the Love
numbers computation for the case of a Kerr black hole. In this reference, as in similar
works, the curvature tensors are written in terms of a special set of basis vectors known as
the null tetrad. In this formalism, the metric is not perturbed, but the vectors of the null
tetrad, the derivative operators, and the curvature tensors related to the tidal deformations.
The result is a separable set of linear Partial Differential Equations called the Teutolski
equations, whose solutions are the tidal deformations from which Love numbers come. A
first step would consist of performing the mentioned perturbations taking into account the
metric corrections in this thesis. Works [32, 33| derive the Teutolski equations valid for
a Kerr background corrected with six-derivative curvature invariants. These works would
have to be extended to include the eight-derivative corrections in those perturbations.
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A Reproduction of the EOM associated to the eight-
derivative correction CC

This section reproduces the terms
- I
4RY*(V,V,C) + 4RV (V,V,C) + 59°cC (A1)

from Ref. [10]. This sum is the EOM of CC, which, in turn, is one of the three eight-
derivative corrections to the EH action of this thesis, as Eq. (2.6) shows. The derivation
starts with an expansion that results from first applying the EL equations, Eq. (3.20), to
CC, then setting the Ricci tensors and scalars to zero, and finally applying property iii)
from section [

. eghijgyzRabcdRadeRefij Refgh 42 EzadeRbcdenghinghiRyabc

192 EfghiRdehiRdefgRyabchabc +2 eyadeRbcdenghinghiRzabc

14 6efgthdefRyazb(VCvaRcdgh) +4 €zbchRdengyabc(vavhRdefg)

+ 4 e n R RV V" Ryepg) + 8 €cpon RV (Vo RET)(Vy Reg®™)

+ 4 Eefghf£Cd€f}%y(wb(vbvaf{cdgh) + 2 €ngh}%abcd}%abal(Vev}l}%yefg)

+ 26 rgn Rapea R (Ve VI R*9) + 4 %0 R (Vo R*V9) (V" Rye )

+ 4 Gybcthabc(vaRdefg) (VhRdefg) + 4 EnghRade(veRade> (VhRyefg)

+ 4 € ;o RNV e Rapea) (VI RZ1Y) .

(A.2)

The rest of the derivation consists of using the symmetries of the Levi-Civita and Riemann
tensors, along with properties i) to iii) from section |5 to reduce this expansion to Eq. (A.T).

By the symmetries of the Levi-Civita and Riemann tensors, and property ii), the indices
z and y in the 4 €%y, RY%(V,RIN " Ryery) and 4 €%y, R¥T9I RV (V V" Rge 1) terms can
be exchanged. Thus,
4 6ybcthabc<vaRdefg)(VhRdefg) + 4 szchRyabc(vaRdefg>(vhRdefg> —
=8 Gybcthabc(vaRdefg)(vhRdefg> 7

4 €ZbchRdefgRyabc(vavhRdefg) +4 EybchRdengzabc(vavhRdefg) =
=8 GybchRdengzabc(vavhRdefg) 7

(A.3)

(A.4)

where the covariant derivatives of the result 8 €Yy, R%f gRZ“bC(VQVhRdefg) can be ex-
changed. Omne can prove this commutation by first expanding the covariant derivative
part of the result

VavhRdefg = Rahedebfg + Rahgdeefb - Rahbedegb - RahdbRebfg + thafidefg ) (A5)
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then writing the first four terms in this resulting expansion in terms of their Christoffel
Symbols

Rahedebfg = ggjghc(rbciriae - Fbairice - 8(JLFbce + 8choLe)

I Ty + T T p 4 0T g — 0417 (A.6)
( dikl Top Ul gp 4+ Opl Y gp 1)

Rahgdeefb = gejghc(rbciriag - Fbairicg - aal_‘bcg + acrbag) (A 7)
(=T T e + DI g + Ol g — 0l yy)

- Rahbedegb = _gbjghc(rbc’iriaf - Fbairicf - aULFbcf + achaf) (A 8)
(Fjekrkdg - Fjdkl_‘keg - adrjeg + aerdg) '
- RahdbRebfg = _gbjghc(rbciriad - 1—‘baiFicd - aal—‘bcd + acl—‘bacl) (A 9)

(T D% eq + TV kT g + 0L gy — 0417 )

and lastly, realizing that Eq. (A.6) cancels Eq. (A.7)) using the relabelling g <> e, and
Eq. (A.8) cancels Eq. (A.9) viae — f,f —d,d — e.

Therefore, with the result in Eq. (A.3)), and the result in Eq. (A.4)) with exchanged covariant
derivatives, the first term of the EOM Eq. (A.1]) is recovered

8 €¥pen R*(V 4 R¥19) (V" Ryesg) 4 8 €4 RTIR* (V'Y , Ryofy) = ARV (V,V,C) .
(A.10)
The covariant derivatives of the term 4 €.y, R4/ RY9**(V,V, R.4%") can be exchanged. As
in the result of Eq. , this can be proved by expanding the covariant derivative part,
writing the resulting terms in terms of their Christoffel symbols, and performing the most
convenient relabelling. Therefore,

4 GefghRCdefRyaZb(vbvaRcdgh) +4 EefghRCdefRyaZb(Vavacdgh) —

A1l
= 8 pgn R RV (V ,Vy Reg™") . (A-11)

This result, along with the term 8 €., RY***(V,R)(V}R.4%") from the expansion, con-
stitute the second term of the EOM Eq. (A.1)

8 €cpon R RV (W, Vy Rea®") + 8 € pon RV™ (Vo RT) (W, Reg™) = 4RY(V,V,C) .
(A.12)
By applying Eq. (3.26) from property i), and utilizing the symmetry of the metric, the
following result is obtained
2 €zadeRbcdenghinghiRyabc +92 eyadeRbcdenghinghiRzabc —

K A3
= €gnij 9" Rabea R Ry R (A.13)

which in turn cancels the term — €gp;; %% Rapea R R, fij Ref9" from the expansion.
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The last term of the EOM Eq. (A.1]) is recovered by first applying the symmetries of the
Levi-Civita and Riemann tensors to 2€gfghiRdeh"Rdef 9 RYe R ... followed by the applica-

tion of Eq. (3.26) from property 1i).
Finally, after reproducing all the terms of the EOM, the following is left

2 EzfghRabcdRade(vevhRyefg) + 2 eyfghRabcdRade(VthRzefg)

A14
+ 4 € ;o RNV Rapea) (V" RYTI) + 4 ¥, RNV Rped) (V" R7T9) ( )

This sum was proven to vanish by implementing it, along with the Kerr metric, with the
numerical package xCoba, which allows evaluating any term on the basis of any metric.

Thus, it is proven that Eq. (A.1]) is a simplification of Eq. (A.2), which in turn comes from
applying EL to the eight-derivative correction CC.

B First-order perturbation of the Einstein tensor

This section sketches the first-order perturbation of the Einstein tensor for a general curved
vacuum spacetime detailed in [23].

The derivation starts with the expansion of the Christoffel symbols

1
be = §9ad (Oclan + OvGac — OaGee) =
(B.15)

(gBad . had) <acg]d3b + achdb + abggc -+ abhdc — 3dgfc - adhbc> + 0(82) .

N | —

Then its perturbation reads

1 1
Zc — FB(gC = 5cm = —Eh“dggeFB 20 + égBad <8chdb + abhdc — 8dhbc) =
. (B.16)
- 593 “(VEPhap + Vi hae — Vi he) -

The Riemann tensor is then computed by applying Eq. (B.16]) on its usual definition and
evaluating the result at a point where I'®¢ = (

@ g = 0L =000 +10 1, —T% T, = 0.8, — 0,08 +0.0T%,—040T¢ +0(e?) . (B.17)

Its perturbation at such point is then 0 R%, ; = 0.0I'};— 0401}, Thus, by general covariance,

12The Local Flatness Theorem proves the existence of a transformation which converts any arbitrary
coordinate system into another that reduces to an inertial system at a point P of a manifold. The metric
near P is approximately 745 , with 0.gqp(P) = 0 and 0.04945(P) # 0[24].
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the perturbation of the Riemann tensor at an arbitrary coordinate system is
OR%eg = Vlcgfsrgd - VdBdrz?c =
1
=3 (VCBVEh“d + VEBVERY, — VBB by, — VEVPRY, — VEVERY, + VdBVB“hbc) .
(B.18)

The authors obtain the perturbations of the Ricci tensor and Ricci scalar using the usual
contractions. Finally, by the convenient introduction of trace-reverse metric perturbation

- 1
hab - hab - §gfbgBthcda (B19)

the authors arrive at the linearized vacuum EFE
1

1 - - _ 1 _ 1 _
0Gpy = —§VGBVB “Npq + RaBdbchaC — Qg&VaBVCBh“C + 5V§th“d + §V§V§hab . (B.20)

C H,; functions in the metric corrections
H; functions associated to the six-derivative corrections:

HY =

\ 48 M3 n 64 8 M*> 64 40M 32 32
ev 1177 231M3r  33r6  231M2r2  231r5  231Mr3 2311t

3456 M*  1152M3 96]\42+ 768 384 M 192 +OMR)
918 100177 14376~ 1001M?2r2 10017 100174 X

+ Aodd X (—

(C.21)
1728 M3 135 656002 948 4040M 11112
9177 1001M3r 100176 1001M22  10017°  7007Mr3

17676 > < 32 32 24 M* 16 AM 16

700774 231M4  231M3r 1176 231M2r2 3315 231M13
20 ,
N 231r4)+O(X )

H§6) = Aodd X (—

(C.22)
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SO _ 19008M* | 4320M° 768
= o €T —_
3 ddX 9177 100176 10010272

64 64 39202 32
+ Aev +

384M+ 1152 n 1728
14375~ 1001Mr3 ~ 1001r4

. SM . 32 . 40 L 00
931M4 " 231M3r 1176 231M2%2 ' 335 | 231Mp3 | 23174 X
(C.23)
O _ 1900803 +4320M2 . 768 +_384A4'+_ 152 1728
= Ao €T —
4 ddX’ 9177 100176 ' 1001M2r2 ' 14375 " 1001M7r3 ' 100174
) 64 . 64 3922 32 . 8A{<+ 32 N 40 L 00
v\ T231M% T 231MBr 1146 | 231M22 | 3315 | 231Mr3 | 2314 X
(C.24)
H; functions associated to the eight-derivative corrections:
O _ 7O9488MP  TAT1488M* 49152 1689603
1T SXT g, 1615/10 " 20005M%42 161519
25344 M? 12288 73728 M 24576 43008 . 16384
J— E— —_ R 6 e —
419978 20995M2r% 2099517 20995M15  20995¢6 ) '\ 12155M5r (©.25)
32512 M4 16384 87424 M3 8192 307202 8192
17710 12155 M 472 8519 12155 M 373

110578 12155M 274
21504 M 2048

14336 )
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D Coefficients of the corrected Kerr Black Hole’s prop-
erties

Coefficients AQ%J ) from the angular velocity in the three-term notation Eq. (5.63)):
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Coefficients Ax(7) from the surface gravity in the three-term notation Eq. (5.67):

17 3 7 157
A(ﬁ,ev):___Q__4__6__8 O 10 D.4
& 5 6t "X " met szt TOKY) (D4)

A _ L3, 12083 . 13303 o 24673533
RO = - — —
8 22° T 22830% T 16640° " 24893440 "

+0 (x"), (D.5)

07 . 8937 , 201 . 4763873
A2 — 20 2 4, “ g 8 10
& 12X T 22880% T 520N T 6223360 " ()

Coefficients A A7) from the horizon area in the three-term notation Eq. (5.71):
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Coefficients Ap7) from the ergosphere radious in the three-term notation Eq. (5.81):
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