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Abstract

Recently, a new formalism for calculating the Green function of many-particle systems
was introduced, in which the self-energy is replaced by a dynamical exchange-correlation
potential. The dynamical exchange-correlation potential is an exact generalization of the
Slater Xα exchange potential proposed in 1951, which includes the effects of correlations.
It may be regarded as the counterpart of the Kohn-Sham potential in ground-state density-
functional theory, providing in principle access to one-particle excitation spectra measured
in (inverse) photoemission experiments.

The exchange-correlation potential and its associated hole have been previously investi-
gated for the homogeneous electron gas within the random-phase approximation using
the so-called plasmon-pole approximation. In this thesis, as a benchmark the exchange-
correlation potential and hole have been calculated within the full random-phase approx-
imation without resort to the plasmon-pole approximation for both the three- and two-
dimensional electron gas.

The dynamical exchange-correlation potential formalism has also been extended to the
Hubbard model in the arbitrary dimension within the random-phase approximation. Par-
ticularly, the results it yields have been evaluated and compared to the exact one for the
Hubbard dimer.
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1 Introduction

(This section has been completely rewritten) Quantum mechanics was born at the begin-
ning of the last century, and followed by rapid development of a few decades. Nonetheless,
if it is applied to real materials that involve many-body interaction, the enormous size of
Hilbert space makes it an impossible challenge to implement exact diagonalization. In-
spired by the development of quantum field theory, the quantum many-body theory was
established to calculate the properties of many-body systems.

As a pivotal quantity in this theory, the one-particle Green function (time-ordered) at zero
temperature is defined as

iG(r, r′; t, t′) = T 〈Φ| ψ̂(r; t)ψ̂†(r′; t′) |Φ〉 . (1.1)

It can be interpreted as the probability amplitude for a particle created at the spacetime
point (r′; t′) annihilating at (r; t) in the ground state |Φ〉 of a system. It encapsulates
crucial information about many-electron systems. By definition, the expectation value of
any one-particle quantity can be expressed in terms of the one-particle Green function.
By the Galitskii-Migdal total energy formula [1], one can calculate the total ground-state
energy with the one-particle Green function. Furthermore, it contains the information
about the excitation spectra observed in (inverse) photoemission experiments.

Traditionally, the Green function for a given Hamiltonian is determined by the self-energy
operator, calculated through various methods. Among these, many-body perturbation
theory, based on Feynman diagrams, and the path integral method, relying on quantum
Monte Carlo techniques, are prominent. In particular, for a system with only Coulomb
interaction, the equation of motion of the Green function can be expressed in terms of the
self-energy:(

i
∂

∂t
− h(r)

)
G(r, r′; t′)−

∫
dr′′dt′′Σ(r, r′′; t− t′′)G(r′′, r′; t′′) = δ(r − r′)δ(t), (1.2)

where

h(r) = −1

2
∇2 + Vext(r) + VH(r) (1.3)

and VH is the Hatree potential. The self-energy term, acting as a convolution on G,
determines the Green function globally in space and time. In contrast, by introducing a
dynamical exchange-correlation field [2], the self-energy term is replaced, yielding(

i
∂

∂t
− h(r)− Vxc(r, r

′; t)

)
G(r, r′; t) = δ(r − r′)δ(t), (1.4)

where the non-local convolution is replaced by the local field term. It provides a straight-
forwad interpretation for Vxc as an effective field felt by the quasiparticle.
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In addition to a more straightforward description in space and time, the superiority of
a local quantity rather than a non-local quantity in electronic structure was found in
early 1950’s. Introduced by Slater [3] to circumvent the difficulty caused by the orbital-
dependence and nonlocal exchange operator in the computation of Hatree-Fock orbitals,
Slater’s exchange potential can also be interpreted as an effective field for the quasiparticle.
Curiously, the quasiparticle dispersion of the homogeneous electron gas (HEG) calculated
using the Slater exchange potential is much closer to the correct result, in contrast to the
Hatree-Fock result, which doubles the occupied band width. As a generalization of Slater’s
exchange hole, the dynamical exchange-correlation hole is expected to do a better job at
some aspects.

The typical self energy expressed in terms of Feynman diagrams looks like:

Σ(k) = + + . . . (1.5)

The spirit of perturbation indicates the accuracy of results should be improved by including
more diagrams. However, it is not always the case and the selection of diagrams is indeed
tricky. For instance, to approximate the occupied band width of the HEG, if one chooses
to calculate the self-energy within the GW approximation, then there is a subtlety needed
to be considered. By setting t′ = 0, the GW self-energy is given by

ΣGW (r, r′; t) = iG(r, r′; t)W (r′, r; t), (1.6)

where W (r, r′; t) is the screened Coulomb potential. Regarding the choice of the Green
function, if one performs the Dyson equation iteratively until the self-consistency is reached,
which is called the self-consistent GW approximation, it turns out the corresponding band
width is broadened relative to the free band width. Nonetheless, by directly using the
noninteracting Green function, which is known as one-shot GW approximation, the correct
band narrowing is surprisingly reproduced.

Due to all of these complexity in the self-energy formalism, we hope to find a relatively
simple and straightforward way as density functional theory (DFT) to obtain the Green
function. Fortunately, there is one property of dynamical exchange-correlation hole

ρxc(r, r
′, r′′ = r; t) = −ρ(r), (1.7)

which relates it with the ground state density. This fact provides the possibility to develop
a local density approximation (LDA) as in DFT. If it is feasible, instead of performing
the complicated calculation of Feynman diagrams, one can construct Vxc by tuning a few
parameters. One may argue that this could work with self-energy as well. However, the
self-energy is not easy to be parameterized in terms of the density because of its non-local
nature, which is against our desire for a simple theory.

The key point in DFT is to approximate the exchange-correlation energy Exc defined in
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Kohn-Sham (KS) orbital equation:

−1

2
∇2ψi + vKSψi = εiψi, (1.8)

where vKS is given by

vKS = vext + vH +
δExc

δρ
. (1.9)

Analogously, the current direction of dynamical exchange-correlation field formalism in-
volves finding proper approximations for the exchange-correlation potential in various
model systems. Recent investigations have applied this approach to the 3-dimensional
(3D) HEG [6], the 1D Hubbard chain [7] as well as the 1D anti-ferromagnetic Heisenberg
spin chain [8]. The HEG has served as a simple model to mimic the behavior of valence
electrons for quite a long time. The effects of exchange and correlations in the presence
of Coulomb interaction have been studied thoroughly by using the self-energy formalism
and some other conventional methods. Some prominent features could be accounted for by
the exchange and correlation hole and potential within the random-phase approximation
(RPA) as well, which demonstrates the correctness of this new formalism[6]. The Hubbard
model, despite the simple appearance of Hamiltonian, can provide insight into systems
containing the localized 3d transition metals and the 4f lanthanides.

Recognizing the unique properties in low-dimensional systems, this thesis concentrates on
the 2D HEG and Hubbard dimer embedded in the 2D plane. The dynamical exchange-
correlation hole and potential are investigated in the 2D HEG within the RPA to gain
insights into its unique physics. This formalism is also applied to the Hubbard dimer
and compared with the exact results [7] to evaluate the quality of the RPA. Additionally,
the correlation hole and potential of the 3D electron gas, which has been investigated
previously within the plasmon-pole approximation [6], is calculated with the full RPA.

Unfortunately, due to time constraints, the correlation hole and potential for the 2D elec-
tron gas are only computed in an approximate manner using an interpolation scheme and
as a consequence might lose some subtle details. Even so, it displays some important
features as expected.
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2 Theory

2.1 General formula for the exchange-correlation hole

In the exchange-correlation potential formalism the equation of motion of the equilibrium
zero-temperature time-ordered Green function is given by[2](

i
∂

∂t
− h(r)− Vxc(r, r

′; t)

)
G(r, r′; t) = δ(r − r′)δ(t), (2.1)

where
h(r) = −1

2
∇2 + Vext(r) + VH(r), (2.2)

in which Vext and VH are the external field and the Hartree potential, respectively, and
r = (r, σ) labels both space and spin variables.

The exchange-correlation potential Vxc is the Coulomb potential of the exchange-correlation
hole ρxc:

Vxc(r, r
′; t) =

∫
dr′′v(r − r′′)ρxc(r, r

′, r′′; t). (2.3)

The instantaneous nature of Coulomb interaction implies that t = t′′. The exchange-
correlation hole fulfills a sum rule [2]∫

d3r′′ρxc(r, r
′, r′′; t) = −δσσ′′θ(−t), (2.4)

which is the generalization of the static case. Note that for the electron (t > 0) the right-
hand side is always zero, which reflects a fundamental difference between the hole and
electron. Another unique property is that the density fulfills the following exact condition,

ρxc(r, r
′, r′′ = r; t) = −ρ(r), (2.5)

for any r, r′, and t. One can verify by using Schwinger functional technique the following
formula [6]:

ρxc(1, 2, 3) = i
δ

δφ(3)
lnG(1, 2), (2.6)

where φ is a probing field, which is set to zero at the end, and 1 = (r1, t1), etc., with
t1 = t3.

For the practical use, this equation can be simplified to [6]

ρxc(1, 2, 3)G(1, 2) =i

∫
d4G(1, 4)

{
δ(3− 4) +

δVH(4)

δφ(3)

}
G(4, 2)

+ i

∫
d4d5G(1, 4)

δΣ(4, 5)

δφ(3)
G(5, 2), (2.7)
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where Σ is the self-energy. In some cases, it is preferable to investigate these concepts in
a set of base orbitals {ϕi}:

i
∂

∂t
Gij(t)−

∑
k

hikGkj(t)−
∑
kl

V xc
ik,lj(t)Gkl(t) = δijδ(t), (2.8)

where Gij and hik are the matrix elements of G and h in the orbitals and

V xc
ik,lj(t) =

∫
d3rd3r′ϕ∗

i (r)ϕk(r)Vxc(r, r
′; t)ϕ∗

l (r
′)ϕj(r

′). (2.9)

In practice, there exists a formal solution by solving the following Dyson-like equation
self-consistently:

G(r, r′; t) = GH(r, r′; t) +

∫
dr′′dt′GH(r, r′′; t− t′)Vxc(r

′′, r′; t′)G(r′′, r′; t′). (2.10)

Taking the Kohn-Sham DFT as a point of reference, one may choose the Kohn-Sham Green
function GKS as a starting point, in which case Vxc should be replaced by Vxc − V KS

xc . In
contrast to the Hartree Green function, the Kohn-Sham Green function is closer to the
true one since it gives the ground-state density. Utilising this property yields the following
relation [2]:

lim
r′→r;t→0−

(
−i ∂
∂t

− ∇2

2

)
[G(r, r′; t)−GKS(r, r′; t)] = −i[Vxc(r, r

′; 0−)− V KS
xc (r)]ρ(r).

(2.11)

Due to the static nature of V KS
xc , this relation is non-trivial in general. Because Eq. (2.10)

involves integral, it is preferable to go to the space spanned by discrete eigen-basis (normally
momentum space for translationally symmetric system), where the spectrum becomes [7]

Gij(t) = GH
ij(t) +

∑
k

∫
dt′GH

ik(t− t′)Fkj(t
′), (2.12)

in which

Fkj(t
′) =

∑
lm

V xc
kl,mj(t

′)Glm(t
′). (2.13)

This quantity is important and will appear quite often, which makes the iterative solution
very useful.
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2.2 the RPA in the exchange-correlation potential formalism

Within the RPA, after neglecting the vertex correction, replacing r1 → r, r2 → r′, and
r3 → r′′ and taking into account the fact that t1 = t3 = t and t2 = 0, the equation
determining the exchange-correlation hole takes the form that is first introduced in [6],
namely

ρxc(r, r
′, r′′; t)G(r, r′; t) = iG(r, r′′; 0−)G(r′′, r′; t)

+i

∫
dr4dt4G(r, r4; t− t4)K(r4, r

′′; t4 − t)G(r4, r
′; t4), (2.14)

which is used most often in the thesis. The first term on the right-hand side corresponds
to the exchange hole whereas the second term corresponds to the correlation hole. The
exchange hole itself fulfills Eq. (2.4) and Eq. (2.5). In Eq 2.14, we have defined

K(r4, r
′′; t4 − t) ≡δVH(r4; t4)

δφ(r′′; t)

=

∫
dr5v(r4 − r5)χ(r5, r

′′; t4 − t), (2.15)

where

χ(r5, r
′′; t4 − t) =

δρ(r5, t4)

δφ(r′′; t)
(2.16)

is known as the linear density response function. It can be expanded in powers of the
polarization P as a Dyson-like equation,

χ(r5, r
′′; t4 − t) =P (r5, r

′′; t4 − t)

+

∫
dr6dt6P (r5, r6; t4 − t− t6)v(r6 − r′′)P (r6, r

′′; t6) + . . .
(2.17)

which can be cast into a more compact form in frequency-momentum space:

χ(q, ω) =
P (q, ω)

1− P (q, ω)v(q)
. (2.18)

This well-established formula will be frequently used to determine the correlation potential.
In the traditional diagrammatic approach, the noninteracting Green function is used in the
calculation. Despite of its simplicity, this prescription amazingly agrees with the experi-
mental result better than using a renormalized Green function. In the exchange-correlation
potential formalism, one can argue that the use of a noninteracting Green function is better
by evaluating the integral in Eq. (2.4). With a noninteracting Green function, due to the
orthogonality of orbital functions, it is easy to verify that the exchange hole itself fulfill
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the sum rule, and the correlation hole actually does not contribute because the density
fluctuations due to the polarization integrate to zero [6],∫

dr′′ρx(r, r
′, r′′; t < 0) = −1.∫

dr′′ρc(r, r
′, r′′; t) =

∫
dr′′ρx(r, r

′, r′′; t > 0) = 0. (2.19)

In contrast, there is no obvious reason that it is the case for the renormalized Green
function.

Although there is in principle a proper self-energy such that all the terms together in the
right-hand side of Eq. (2.7) fulfill the sum rule, it is apparently much simpler to work
with a noninteracting Green function than with a renormalized one. Therefore, one would
desire to investigate the consequences of using a noninteracting Green function. The proper
vertex correction has been presented in [6].

In the RPA with a noninteracting Green function, the polarization is given by

P 0(r, r′; t) = −iG0(r, r′; t)G0(r′, r;−t), (2.20)

and its Fourier transformation with respect to time is given by

P 0(r, r′;ω) =− i

∫
dω′

2π
G0(r, r′;ω + ω′)G0(r′, r;ω′), (2.21)

=
occ∑
kn

unocc∑
k′n′

{ϕ∗
kn(r)ϕk′n′(r)ϕ∗

k′n′(r′)ϕkn(r
′)

ω − εk′n′ + εkn + iδ

−
ϕkn

(
r
)
ϕ∗
k′n′

(
r
)
ϕk′n′

(
r′
)
ϕ∗
kn

(
r′
)

ω + εk′n′ − εkn − iδ

}
. (2.22)

where ϕkn is the eigenfunction of noninteracting Hamiltonian characterized by k and n. It
can be seen P 0 obeys the following symmetry

P 0(r, r′;−ω) = P 0(r, r′;ω),

P 0(r, r′;ω) = P 0(r′, r;ω), (2.23)

valid for systems with time-reversal symmetry. Since we focus on the stationary systems
in the absence of magnetic field, Eq. (2.23) is certainly valid in our cases.

7



2.3 The d-dimensional homogeneous electron gas in the RPA

In this thesis, the noninteracting Green function of the HEG is always used within the
RPA. If considering a d-D cubic box, then it is given by

iG0(r, r
′; t) =

1

Ld

∑
k>kF

eik·(r−r′)e−iεktθ(t)

− 1

Ld

∑
k≤kF

eik·(r−r′)e−iεktθ(−t), (2.24)

where εk = 1
2
k2, kF is the magnitude of Fermi wave vector (or Fermi level), and L is the

length of the box. It is understood that σ = σ′. For the HEG, r could be chosen as the
origin, i.e., r = 0, and one can define the new variables R = r′ − r, R′ = r′′ − r and
R′′ = r′′ − r′ to facilitate the derivation as in Figure 1.

r r′

r′′

R′′R′

R
θ

Figure 1: Definition of the radial variables R, R′ and R′′. They are related to the angle θ
by R′′2 = R2 +R′2 − 2RR′ cos θ

The exchange hole (t < 0) is given by

ρx(R,R
′, R′′; t < 0)

∑
k≤kF

e−ik·Re−iεkt

= − 1

Ld

∑
k′≤kF

e−ik′·R′ ×
∑
k≤kF

eik·R
′′
e−iεkt. (2.25)

For the exchange particle (t > 0), it is

ρx(R,R
′, R′′; t > 0)

∑
k>kF

e−ik·Re−iεkt

= − 1

Ld

∑
k′≤kF

e−ik′·R′ ×
∑
k>kF

eik·R
′′
e−iεkt. (2.26)

By the four-dimensional inverse Fourier transformation

K(r4, r
′′); t4 − t) =

1

Ω

∑
q

∫
dω

2π
e−iq·(r4−r′′)e−iω(t4−t)K(q, ω), (2.27)
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and Eq. (2.18), the correlation hole can be calculated in terms of P (q, ω). Note there is
only magnitude dependence on the momentum for these quantities due to the isotropy in
the HEG. The correlation hole (t < 0) is given by [6]

ρc(R,R
′, R′′; t < 0)

∑
k≤kF

e−ik·Re−iεkt = −(A1 + A2), (2.28)

where

A1 =
1

Ld

∑
k≤kF

e−ik·R′ ∑
k′>kF

eik
′·R′′

×
∫
dω

2π
K(|k′ − k|, ω) ei(ω−εk)t

ω − εk + εk′ − iη
. (2.29)

A2 =− 1

Ld

∑
k>kF

e−ik·R′ ∑
k′≤kF

eik
′·R′′

×
∫
dω

2π
K(|k′ − k|, ω) e−iεk′ t

ω − εk + εk′ + iη
. (2.30)

For the correlation particle (t > 0), it is

ρc(R,R
′, R′′; t > 0)

∑
k>kF

e−ik·Re−iεkt = B1 +B2, (2.31)

where

B1 =
1

Ld

∑
k≤kF

e−ik·R′ ∑
k′>kF

eik
′·R′′

×
∫
dω

2π
K(|k′ − k|, ω) e−iεk′ t

ω − εk + εk′ − iη
. (2.32)

B2 =− 1

Ld

∑
k>kF

e−ik·R′ ∑
k′≤kF

eik
′·R′′

×
∫
dω

2π
K(|k′ − k|, ω) ei(ω−εk)t

ω − εk + εk′ + iη
. (2.33)

To calculate the integral over ω one utilizes the spectral representation of K(q, ω):

K(q, ω) =

∫ 0

−∞
dω′ L(q, ω′)

ω − ω′ − iδ
+

∫ ∞

0

dω′ L(q, ω′)

ω − ω′ + iδ
, (2.34)
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where

L(q, ω) = − 1

π
sign(ω)ImK(q, ω). (2.35)

By using the property

L(k,−ω) = −L(k, ω) (2.36)

specifying that the coutour integral in the complex ω plane is closed in the lower-half plane,
for t < 0, one obtains

A1 =
1

Ld

∑
k≤kF

e−ik·R′
e−iεkt

∑
k′>kF

eik
′·R′′

×M(|k′ − k|, εk′ − εk; t); (2.37)

A2 =
1

Ld

∑
k>kF

e−ik·R′ ∑
k′≤kF

eik
′·R′′

e−iεk′ t

×M(|k′ − k|, εk − εk′ , 0); (2.38)

B1 =
1

Ld

∑
k≤kF

e−ik·R′ ∑
k′>kF

eik
′·R′′

e−iεk′ t

×M(|k′ − k|, εk′ − εk, 0); (2.39)

B2 =
1

Ld

∑
k>kF

e−ik·R′
e−iεkt

∑
k′≤kF

eik
′·R′′

×M(|k′ − k|, εk − εk′ ,−t), (2.40)

where

M(q, ω; t) =

∫ ∞

0

dω′L(q, ω′)
−ieiω′t

ω′ + ω
. (2.41)

In the thermodynamic limit, i.e. L → ∞, the summation over the discrete value of k in
dD momentum space should be rewritten as∑

k

⇒
(
L

2π

)d ∫
k

(2.42)

In this case, Eq. (2.24) becomes

iG0(r, r; t) =
1

(2π)d

∫ ∞

kF

dk k(d−1)

∫
dΩd−1 e

−ik·Re−iεktθ(t)

− 1

(2π)d

∫ kF

0

dk k(d−1)

∫
dΩd−1 e

−ik·Re−iεktθ(−t), (2.43)
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where Ωd−1 is the element of solid angle on the (d − 1)-dimensional sphere surface. It
is always unsolvable analitically, and numerical tools need to be used to solve it. In this
thesis, d = 2, 3 is the focus.

As the quantity that is the potential after being integrated over the radial separation,
the spherical-averaged density reveals interesting physics itself. To calculate it, taking the
spherical-averaged exchange hole density as an example, after integrating Eq. (2.25) over
the solid angle, it is given by

ρ̄x(R,R
′, R′′; t < 0) =

∫
dΩd−1

− 1
Ld

∑
k′≤kF

e−ik′·R′ ×
∑

k≤kF
eik·R

′′
e−iεkt∑

k≤kF
e−ik·Re−iεkt

. (2.44)

It could be interesting to compare the spherical-averaged exchange hole (or particle) density
with the counterpart in the static limit that is also known as Hatree-Fock approximation
(HFA). To quantify the degree of deviation of the exchange in our formalism with HFA,
we define degree of the deviation as follows:

δρ̄x =

∫
dR′ ∣∣ρ̄x(R,R′, R′′; t < 0)− ρ̄x(R = 0, R′, R′′ = R′; t = 0)

∣∣, (2.45)

where the integral on the right-hand side is performed over a specific range of R′.

2.4 Formula for the 3D HEG

To avoid any confusion, all the results and plots in 3D are expressed in atomic units (a.u.)
and correspond to rs = 4.

In 3D, Eq. (2.43) becomes

iG0(R; t) =
1

2π2R

∫ ∞

kF

dk k sin (kR)e−ik2t/2θ(t)

− 1

2π2R

∫ kF

0

dk k sin (kR)e−ik2t/2θ(−t). (2.46)

The expression of the exchange hole (t < 0) is simplified

ρx(R,R
′, R′′; t < 0) = − 1

2π2

1

R3

[sin (kFR
′)− kFR

′ cos (kFR
′)]
∫ kF
0
dk k sin (kR′′)e−ik2t/2∫ kF

0
dk k sin (kR)e−ik2t/2

,

(2.47)

and the exchange particle (t > 0) is given by

ρx(R,R
′, R′′; t > 0) = − 1

2π2

1

R3

[sin (kFR
′)− kFR

′ cos (kFR
′)]
∫∞
kF
dk k sin (kR′′)e−ik2t/2∫∞

kF
dk k sin (kR)e−ik2t/2

,

(2.48)
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in which form the property
ρx(R,R

′, R; t) = −ρ(R′)

becomes obvious.

The exchange potential has a relatively simple form due to the fact that the radial com-
ponent of one of momenta is analytically solvable. Using the result from the well-known
static Lindhard function [6]

f(k) =
kF
2π2

(
1

2
+
k2F − k2

4kFk
ln

∣∣∣∣kF + k

kF − k

∣∣∣∣), (2.49)

the exchange potential for t < 0 is given by

Vx(R; t < 0) =
1

iG0(R; t < 0)
× 2

πR

∫ kF

0

dk k sin(kR) e−iεktf(k). (2.50)

Conversely, it is given by

Vx(R; t > 0) = − 1

iG0(R; t > 0)
× 2

πR

∫ ∞

kF

dk k sin(kR) e−iεktf(k). (2.51)

On the other hand, by following the same strategy, one could obtain the expressions for
correlation hole and particle in terms of four similar terms. To determine them, however,
there remains 5-dimensional integral to be carried out even after simplification based on
the angular symmetry, which makes it too expensive to calculate.

Instead, the spherical-averaged density and potential, thanks to the extra polar angle
integral decoupling the original two polar angles, can be expressed relatively simply as
4-dimensional integrals with neat integrands.

The relevant terms of spherical-averaged correlation density are given by

Ā1 =
1

2π3R

∫ ∞

kF

dk′ k′ sin (k′R)

∫ kF

0

dk k2e−iεkt

×
∫ 1

−1

dy
sin (qR′)

qR′ M(q, εk′ − εk; t); (2.52)

Ā2 =
1

2π3R

∫ ∞

kF

dk k sin (kR)

∫ kF

0

dk′ k′2e−iεk′ t

×
∫ 1

−1

dy
sin (qR′)

qR′ M(q, εk − εk′ , 0); (2.53)

B̄1 =
1

2π3R

∫ ∞

kF

dk′ k′ sin (k′R)e−iεk′ t

∫ kF

0

dk k2

×
∫ 1

−1

dy
sin (qR′)

qR′ M(q, εk′ − εk, 0); (2.54)
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B̄2 =
1

2π3R

∫ ∞

kF

dk k sin (kR)e−iεkt

∫ kF

0

dk′ k′2

×
∫ 1

−1

dy
sin (qR′)

qR′ M(q, εk − εk′ ,−t), (2.55)

where

q =|k′ − k|
=
√
k′2 + k2 − 2k′ky, y = cosα. (2.56)

To obtain the correlation potential, the first moment of spherical-averaged correlation
density should be integrated from R′ = 0 to R′ = ∞, which can be carried out analytically,∫ ∞

0

dR′ sin(qR′) =
1

q
. (2.57)

Equivalently, one can directly replace sin (qR′)
qR′ with 1

q2
.

After constructing all the kinematic part, it is time to add the dynamics.

Recall the content of M(q, ω; t) in Eq. (2.41) and Eq. (2.35), and K(k, ω) is given by

K(q, ω) = v(q)χ(q, ω), (2.58)

where χ(q, ω) is the the RPA response function in Eq. (2.18), L(q, ω) can be expressed as

L(q, ω) = − 1

π
sign(ω)

v(q)ImP0(q, ω)

(1− v(q)ReP0(q, ω))2 + (v(q)ImP0(q, ω))2
. (2.59)

More conventionally, by defining the dynamical dielectric function

ε(q, ω) = 1− v(q)P0(q, ω), (2.60)

it can be expressed alternatively as

L(q, ω) = − 1

π
sign(ω)Imε−1(q, ω). (2.61)

Since P0(q, ω) is the polarization in the RPA that is known as Lindhard function, Eq. (2.60)
is recognized as the well-known the RPA dielectric function.

In the unit of kF for momentum and 2εF = k2F for energy (frequency), by making use of
Eq. (2.21), one obtains [9, 10]

ReP0(q, ω) =
kF

2π2

{
−1 +

1

2q

[
1−

(
ω

q
− q

2

)2
]
ln

∣∣∣∣1 + (ω/q − 1
2
q)

1− (ω/q − 1
2
q)

∣∣∣∣
− 1

2q

[
1−

(
ω

q
+
q

2

)2
]
ln

∣∣∣∣1 + (ω/q + 1
2
q)

1− (ω/q + 1
2
q)

∣∣∣∣}; (2.62)
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Figure 2: Heatmap of L(q, ω) for the 3D HEG, where the plasmon is the black solid line.

ImP0(q, ω) =



− kF
4πq

[
1−

(
ω
q
− 1

2
q

)2
]
, (q ≥ 2, q2

2
+ q ≥ ω ≥ q2

2
− q)

− kF
4πq

[
1−

(
ω
q
− 1

2
q

)2
]
, (q < 2, − q2

2
+ q ≤ ω ≤ q2

2
+ q)

−kF
2π

ω
q
, (q < 2, 0 ≤ ω ≤ − q2

2
+ q)

0, otherwise

(2.63)

There exist two regions where L(q, ω) does not vanish. One is where ImP0(k, ω) 6= 0, the
other is the so called plasmon branch, where ImP0(q, ω) = 0 while 1− v(q)ReP0(q, ω) = 0
as well, so that L(q, ω) 6= 0 (see Figure 2). It can be seen that beyond a critical momentum
qc ≈ 0.945kF, the plasmon is mixed with electron-hole (e-h) pairs. According to the colour
bar in the Figure 2, the lighter the colour is, the bigger the L(q, ω) is. The response
fluctuation is drastic around the tail of the plasmon branch, showcasing the effect of the
presence of a collective plasmon mode.
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2.5 Formula for the 2D HEG

To circumvent any confusion, all the results and plots are expressed in atomic units (a.u.)
and correspond to rs = 10 that is a typical value for 2D materials.

In 2D, Eq. (2.43) becomes

iG0(R; t) =
1

2π

∫ ∞

kF

dk ke−ik2t/2J0(kR)θ(t)

− 1

2π

∫ kF

0

dk ke−ik2t/2J0(kR)θ(−t), (2.64)

where J0(kR) is the Bessel function of the first kind of the 0th order. By making use of
the series expansion of J0

J0(x) =
∞∑

m=0

(−1)m

(m!)2

(x
2

)2m
, (2.65)

and making variable transformation y = k2, one can perform the integration and get

iG0(R; t < 0) = − 1

2π

1

2

∞∑
m=0

(−1)m

(m!)2

(
R

2

)2m

Fm, (2.66)

where

Fm =

∫ k2F

0

dy e−βyym (2.67)

and β = it/2. Integration by part yields the recursion relation

Fm =
1

β

(
mFm−1 − k2mF e−βk2F

)
(2.68)

with

F0 =
1

β

(
1− e−βk2F

)
. (2.69)

Then the general expression can be obtained

Fm =
1

βm+1
m!
(
1− e−βk2F

)
−

m∑
n=1

n!

(
k2F
β

)n

e−βk2F . (2.70)

For t > 0, the non-interacing Green function is given by

iG0(R; t > 0) =
1

2π

1

2

∞∑
m=0

(−1)m

(m!)2

(
R

2

)2m

Im, (2.71)
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where

Im = lim
η→0+

∫ ∞

k2F

dy e(−β+η)yym, (2.72)

where a convergent factor is multiplied to guarantee the convergence in infinity. The
corresponding recursion relation is

Im =
1

β

(
mIm−1 + k2mF e−βk2F

)
, (2.73)

and the general expression is

Im =
1

βm+1
m!
(
1− e−βk2F

)
+

m∑
n=1

n!

(
k2F
β

)n

e−βk2F . (2.74)

In particular, for t = 0−,

iG0(R; t = 0−) = − 1

(2π)2
1

2

∞∑
m=0

(−1)m

(m!)2

(
R′

2

)2m
k
2(m+1)
F

2m+ 1
. (2.75)

The exchange potential is given by

Vx(R; t) =
1

iG0(R; t)

∫ kF

0

dk ke−iεktJ0(kR)f(k), (2.76)

where

f(k) =
1

(2π)2

∫ kF

0

dk′k′
4

(k′ + k)
K

(
2
√
kk′

k + k′

)
, (2.77)

and

K

(
2
√
kk′

k + k′

)
=

(k′ + k)

4

∫ 2π

0

dθ
1√

k′2 + k2 − 2kk′ cos θ
(2.78)

is one of the expression of the complete elliptic integral of the first kind. As in 3D, the
spherical-averaged correlation hole and potential are essentially expressible in the following
four terms:

Ā1 =

∫ ∞

kF

dk′ k′J0(k
′R)

∫ kF

0

dk ke−iεkt

×
∫ 2π

0

dα J0(qR
′)M(q, εk′ − εk; t); (2.79)
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Ā2 =

∫ ∞

kF

dk kJ0(kR)

∫ kF

0

dk′ k′e−iεk′ t

×
∫ 2π

0

dα J0(qR
′)M(q, εk − εk′ , 0); (2.80)

B̄1 =

∫ ∞

kF

dk′ k′J0(k
′R)e−iεk′ t

∫ kF

0

dk k

×
∫ 2π

0

dα J0(qR
′)M(q, εk′ − εk, 0); (2.81)

B̄2 =

∫ ∞

kF

dk kJ0(kR)e
−iεkt

∫ kF

0

dk′ k′

×
∫ 2π

0

dα J0(qR
′)M(q, εk − εk′ ,−t), (2.82)

As in the 3D HEG, the first moment of the spherical-averaged correlation density should be
integrated to calculate the potential and equivalently it could be done by replacing J0(qR′)
with 1

q
.

Similarly, in 2D, the polarization is given by

ReP0(q, ω) =
1

π

[
−1−sign(2ω − q2)θ[|2ω − q2|/(2q)− 1]

1

q

√∣∣∣∣2ω − q2

2q

∣∣∣∣2 − 1

+ sign(2ω + q2)θ[|2ω + q2|/(2q)− 1]
1

q

√∣∣∣∣2ω + q2

2q

∣∣∣∣2 − 1

]
(2.83)

ImP0(q, ω) =



− 1
π
1
q

√
1− 1

4

(
2ω
q
− q
)2
, (q > 2, q2

2
+ q ≥ ω ≥ q2

2
− q)

− 1
π
1
q

√
1− 1

4

(
2ω
q
− q
)2
, (q < 2, − q2

2
+ q ≤ ω ≤ q2

2
+ q)

− 1
π
1
q

[√
1− 1

4

(
2ω
q
− q
)2

−
√(

1− q2

4

)
− ω − ω2

q2

]
, (q < 2, 0 ≤ ω ≤ − q2

2
+ q)

0, otherwise

(2.84)

There is also a plasmon-excitation in 2D (see Figure 3). However, it is not mixed with
electron-hole pairs at all (see Figure 4). Instead, it has a critical momentum kc ≈ 3.543296,
and the corresponding energy is beyond the e-h pair constraint k2c/2+ kc. This is a unique
feature of 2D electron gas. Also, unlike the 3D case, in the limit of long wavelength, i.e.
q → 0, the 2D electron gas does not sustain a plasmon.
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Figure 3: Heatmap of L(k, ω) for the 2D HEG, where the plasmon branch is the black
solid line.

2.6 dD Hubbard cubic lattice in the RPA

The Hamiltonian of Hubbard model including only nearest-neighbor hopping with periodic
boundary condition is given by

Ĥ = −T
∑
i<j

∑
σ

(ĉ†iσ ĉjσ +H.c.) + U
∑
i

n̂i↑n̂i↓. (2.85)

Since there is no analytical solution guaranteed for the Hubbard model in arbitrary size
except for 1D case, it has to resort to certain approximation such as the RPA. We focus
on the cubic lattice with separation a. The noninteracting Green function is given by

G0(r, r′; t) = iθ(−t)
occ∑
k

ϕk(r)ϕ
∗
k(r

′)e−iεkt − iθ(t)
unocc∑
k′

ϕk′(r)ϕ∗
k′(r′)e−iεk′ t, (2.86)
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Figure 4: Dispersion of the plasmon excitation (black) and the upper boundary of electron-
hole pair excitation (red) for the 2D HEG.

where ϕk and ϕk′ are the spin-independent occupied and unoccupied Bloch states,

ϕk =
1√
N

∑
j

eik·Rjϕj(r), (2.87)

where N is the number of sites.

Recalling Eq. (2.7), the product in the form ρxcG
0 in the real space will be a matrix element

(ρxcG
0)nm in the basis given by Eq. (2.87). The exchange part is given by

(ρxG
0)nm =ρnmx G0

mm

=− iϕ∗
kn
(r′′)ϕkm(r

′′)e−iεkm t, (2.88)

from which the nm component of exchange hole can be obtained

ρnmx =

{
−ϕ∗

kn
(r′′)ϕkm(r

′′), kn,km ∈ occ
0. otherwise

(2.89)

Based on this result, the matrix element (VxG
0)nm is given by

(VxG
0)nm = −iUNocc

N
δn,me

−iεkm t, (2.90)
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where Nocc denotes the total number of spin-independent occupied Bloch states. It can be
simplified further by making use of the content of the Green function

occ∑
kl

V ml,lm
x e−iεkl t =

{
−UNocc

N
e−iεkm t, km ∈ occ

0. otherwise
(2.91)

For a specific finite lattice, it is possible to solve out Vx in principle. Similarly, for t > 0,

ρnmx =

{
−ϕ∗

kn
(r′′)ϕkm(r

′′), kn ∈ occ,km ∈ unocc
0, otherwise

(2.92)

and
unocc∑
kl

V ml,lm
x e−iεkl t =

{
−UNocc

N
e−iεkm t, km ∈ unocc

0. otherwise
(2.93)

For the correlation part, it is a bit more complicated than exchange part, so that all the
derivation is put in the Appendix. A. Because the results for the potential are much simpler
than the ones for the density, only the latter are listed below. For t < 0,

∑
ki

V mi,im
c e−iεki t =

occ∑
kj

unocc∑
kl

αjl
U2

N2

− e
−i(εq−∆lj)t

εq−∆lj−εkm
, km ∈ unocc

e−iεkm
t

εq′+∆lj−εkm
, km ∈ occ

(2.94)

where

∆hi =

√
(∆0

hi)
2 +

4U

N
∆0

hi, αhi =
2∆0

hi

∆hi

,

q = km + kl − kj −
2π

a
v̂, q′ = km + kl − kj, (2.95)

and

∆0
hi = εkh

− εki
, v̂ = a

d∑
i=1

x̂i. (2.96)

Here x̂i denotes the unit vector along the ith direction.

Conversely,

∑
ki

V mi,im
c e−iεki t = −

occ∑
kj

unocc∑
kl

αjl
U2

N2

 e
−i(εq′+∆lj)t

εp′+∆lj−εkm
, km ∈ occ

− e−iεkm
t

εq−∆lj−εkm
, km ∈ unocc

(2.97)
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3 Results for the 3D HEG

3.1 The correlation potential in the full the RPA
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Figure 5: The real parts of the correlation hole given by the electron-hole pair (top), the
plasmon (middle), and the total (bottom) for t = ±4.62 (red) and ±34.75 (black). The
solid and dashed curves correspond to t < 0 and t > 0, respectively.

Mathematically, the occurrence of a plasmon corresponds to a division 0/0, which is finite
but unresolved by the computer so that has to be handled analytically. The dispersion of
plasmon is given by two equations at the end of Sect. 2.4, which gives the energy for a
specific momentum:

ε1(q, ω) =1− v(q)ReP0(q, ω) = 0

ε2(q, ω) =ImP0(q, ω) = 0. (3.1)

By Taylor expanding Reε0(k, ω) in powers of ω around the plasmon energy Ωk to the first
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Figure 6: The imaginary parts of the correlation potential given by the electron-hole pair
(top), the plasmon (middle), and the total (bottom) for t = ±4.62 (red) and ±34.75
(black). The solid and dashed curves correspond to t < 0 and t > 0, respectively.

order,

ε1(q, ω) =ε1(q,Ωq) + (ω − Ωq)
∂ε1(q, ω)

∂ω

∣∣∣
ω=Ωq

+ . . .

=(ω − Ωq)
∂ε1(q, ω)

∂ω

∣∣∣
ω=Ωq

, (3.2)

where the 0th order term vanishes because of Eq. (3.1). Then by Hilbert transformation,
one obtains the imaginary part of inverse dielectric function around the plasmon energy

Imε−1(ω) =
1

ε′1(Ωq)
δ(ω − Ωq), (3.3)

where

ε′1(Ωq) =
∂ε1(q, ω)

∂ω

∣∣∣
ω=Ωq0w

. (3.4)
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Figure 7: The real and imaginary parts of the exchange-correlation potential for t = ±4.62
(red) and ±34.75 (black). The solid and dashed curves correspond to t < 0 and t > 0,
respectively.

In practice, the delta function is approximated by a certain function such as Lorentzian
function or Gaussian function with a proper broadening factor. By doing so, the real and
imaginary part of the correlation potential for t = ±4.62 and ±34.75 are shown in Figure 5
and 6, respectively. Apart from the curve at t = −4.62, it can be seen that other potentials
vary with distance only weakly. The strong structure at t = −4.62 again, are caused by
the local minimum of |G0(R; t)|.

Since the hole and electron carry opposite charges for the Coulomb interaction, the relative
position of the curves can be correctly understood. For each pair of electron and hole for
the same magnitude of time, the correlation potential for t < 0 is always more attractive
than for t > 0 apart from where it hits the minimums of |G0(R; t)|. Also, for both hole and
particle, it is less attractive when t is larger. However, it should be understood separately
for hole and particle. For the hole, due to the sum rule, it is highly screened by the
electrons and this screening tend to smear over time to reach another equilibrium; while
for the particle, the screening is not strong so the dominant interaction is the repulsive
interaction between electrons. For a large t, this process is performed further so that the
corresponding correlation potential is less attractive.

We also note that the total potential is dominated by the plasmon part. The part of
the electron-hole (e-h) pair just effectively yields a negative shift and increase the height
of peaks. This can find mathematical explanation if we recall how the correlation hole is
calculated. The existence of critical momentum for the plasmon restrict the momentum in a
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Figure 8: The plasmon weight 1/ε′1(Ωk) (red) and its counterpart in the plasmon-pole
approximation ω/2 (black) in the range of integration.

small region, which makes the result more sensitive to the change of the spatial separation
because of the appearance of R in the sine function. In physics, the appearance of the
plasmon mode depends on the singular, long-range nature of Coulomb interaction and it
is the long-range interaction contributes most to the screening effect of correlation.

3.2 Comparison with the plasmon-pole approximation

By including the exchange potential, the total exchange-correlation potential is shown in
Figure 7. As argued in [6], for the real part, there exist polarization around the Kramers-
Kronig-like structures, in which electrons and holes are accumulated in opposite regions
where the minimum and maximum of Vx are located. Even within the pole-plasmon ap-
proximation, the correlation potential with the opposite structure can somewhat cancel
the exchange potential and weaken the polarization. More evidently, this cancellation is
reproduced in Figure 7. It can be seen for t = −34.75, the fluctuation is almost constant
rather than retaining some humps as in the plasmon-pole approximation. However, con-
sidering the simplicity of the plasmon-pole approximation, it does not lose its status as a
good approximation.

The resemblance between results in the full RPA and those in the plasmon-pole approxi-
mation is a consequence of the proper cut-off for the upper limit in the latter. According
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to [6], the plasmon-pole approximation is defined as

L(k, ω) =
ωp

2
[δ(ω − ωp)− δ(ω + ωp)]. (3.5)

In practice, by making used of Eq. (2.36), w > 0 can always hold. So only the positive
excitation contributes. In the plasmon-pole approximation, there is a cut-off 1.5kF for the
upper limit of the integral over momentum of the hole, while it goes up to the 1.02kF
here for the plasmon part. Since the correlation potential is dominated by the plasmon,
the main difference is caused by the plasmon weight and the plasmon energy are replaced
by ωp/2 and ωp, respectively. The plasmon weight 1/ε′1(Ωk) and the approximation ω/2
are shown in Figure 8. It can be seen when q is close to zero, the approximation is
exact as expected. In the full calculations, the plasmon weight is set to zero beyond the
critical momentum and all weight is assigned to the e-h pairs, whereas in the plasmon-pole
approximation the maximum momentum is chosen to be 1.5kF for rs = 4. As argued at
the end of Sect. 3.1, the main contribution to the correlation hole and potential comes
from the long-wave length interaction. Also, in Figure 2, slope of the dispersion is actually
gentle. These facts explain why the approximation is so good.
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4 Results for the 2D HEG

4.1 Exchange hole and potential

4.1.1 Angular dependence of the exchange hole

In Figure 9 the real part of the exchange holes for three cases t = −5, −50, −100 and
R = 10 are displayed in three subplots from top to bottom. In each subplot, the curves
correspond to three different angles θ = 0, π/4, π/2, which is the angle between R and
R′. The curves should be understood as the density fluctuation induced by the exchange-
only interaction, which corresponds to the process a hole created at R = 0 at t < 0 and
annihilated later at R = 10, t = 0. For θ = π/2, it can be seen that the fluctuations are
evenly distributed along the orientation of R′ as it should be since now either direction is
perpendicular to R, which means they are equivalent for this process.
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Figure 9: The real part of the exchange hole for θ = 0, (solid black), π/2 (dashed blue),
π/4 (dotdash red) for the case R = 50, t = −5 (top), R = 50, t = −50 (middle) and
R = 50, t = −100 (bottom).

On the contrary, for θ = 0, the fluctuations are stronger in the direction toward R = 10
from the origin than in the opposite direction, which reflects the preponderance of the hole
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presence and its effect in the former direction. In the comparison of the three cases, the
fluctuation along the direction perpendicular to the line joining R = 0 and R = 50 are
found to be the least whereas for the direction θ = π/4 they are moderate.

4.1.2 Time dependence of the exchange hole
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Figure 10: The real parts of the exchange hole for t = −5 (solid black), −50 (dashed blue)
and −100 (dotdash red) for the case θ = 0 and R = 50.

To explore the time dependence of the exchange hole further, the exchange holes for three
times t = −5, −50,−100 are shown in Figure 10 for the case R = 50 and θ = 0. It is now
more apparent that the fluctuations are much stronger for a short timescale than those
of a long period. In particular, for t = −5, the fluctuation are almost symmetric about
R′ = 25, which is the center point of the propagation of the created hole. When it comes
to t = −50, It is no longer symmetric. As for t = −100, the fluctuation induced by the
creation of a hole still remain there whereas those induced by the annihilation of a hole
nearly get relaxed.

One may explain that within a short timescale, the system may not have sufficient time to
relax. Based on this explanation, the fluctuations associated with annihilation of the hole
or creation of the electron stabilize much faster than those associated with creation of the
hole or annihilation of the electron.

This is understandable for exchange interaction because for an electron originally in the
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Figure 11: The real part of the spherical average of the exchange hole for t = −5 (dashed
blue), −50 (solid black) and −100 (dotdash red) for the case R = 2 (left top), 20 (right
top), 50 (left bottom) and 100 (right bottom). The solid green curve is the static exchange
hole from the HFA.

occuipied band (below the Fermi level), if annihilated, definitely induces more fluctuations
than when it is created in the unoccupied band (above the Fermi level) since it has more
overlap with other electrons, which accounts for such a difference. One may expect the
correlation hole has a different behavior.

4.1.3 Spherical average of the exchange hole

In the 2D case, it is the spherical average of the hole that determines the corresponding
potential. In Figure 11, the spherical average of the exchange hole is shown for several
values of R and t. It can be seen that the dependence of exchange hole on t becomes subtle
after being spherically averaged, especially when R is extremely large or small.

One may expect the deviation from the HFA would increase when propagation time t or
propagation distance R increases. However, we note that for R = 50, it is closer to HF
for a longer t; while the distance dependence is a little elusive here. To explore the exact
dependence, two reference points are selected as t = −0.1 and R = 0.1 considering the
spherical-averaged exchange hole density is at least continuous, and the degree of deviation
is exactly defined at the end of Sect. 2.3.

The imaginary part behaves as expected, whose deviation increases over time and has
little dependence on R. However, it is interesting to observe that the real part has little
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dependence on time, while there are several striking structures, especially around R = 28
and R = 50. Since the following peaks are becoming much smaller, it is not surprising
that the HFA becomes closer to the dynamical exchange again for a relatively large R
in Figure 11. Since the real part of density is responsible for the position of resonance
emission or absorption in the spectrum, HF can be good for a big enough R in 2D. To see
if it is a generic phenomenon, the same calculation is also performed in 3D.
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Figure 12: The real (black) and imaginary part (red) of the degree of deviation between
the spherical-averaged exchange hole density and its counterpart in HFA over 0 < R′ ≤ 50
in the 2D HEG. They are functions of t in the upper panel by fixing R and functions of R
in the lower panel by fixing t.

It can be seen the time dependence shows a huge difference from the one in 2D. There
is some peak-like structure for both the real and imaginary part. It is not surprising
considering the time dependence in the plane wave in the noninteracting Green function.
In 2D, it is also the case, but a larger scale of time is needed for such a structure to be
observed.

Regarding the dependence on R, we get a similar but much denser structure, but the weight
of these peaks do not decrease monotonically. It exhibits two decreasing mode:

1. There is a periodicity for these peaks. Within one period, the weight of peak decreases
almost monotonically;

2. The overall weight of each period is smaller than the one of last period.
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Figure 13: The real (black) and imaginary part (red) of the spherical-averaged exchange
hole density and counterpart in HFA over 0 < R′ ≤ 50 in the 2D HEG. They are functions
of t in the upper panel by fixing R and functions of R in the lower panel by fixing t.

Although this could somewhat explain why the dynamical exchange is closer to the HFA
for a larger magnitude of time and a large R rather than for some intermediate values
of parameters in Figure 11, we have not found the physical explanation so far. Also, the
great deviation for R = 50 and t = −5 indicates the dependencies on R and t are not
independent of each other. Even so, the difference between 2D and 3D is understanable.

Due to the form of noninteracting Green function, t and R only serve as the reciprocal
factor of momentum k and energy εk of the plane wave, especially in the Bessel function
j0(kR) for 2D, accounting for more cancellation of the integrand since it is more oscillatory.
Therefore, there is less deviation from HF for 2D compared to 3D.

On the other hand, because the typical Fermi level in 2D is lower than it in 3D, leading to
less cancellation for the hole (t<0) with the Fermi momentum serving as the upper limit
of k integrals, which makes it more sensitive to R. From the results we know this feature
is not important as it is the Bessel function rather than sine function in 2D.

As a contrast, in Figure 14, the first moment of the spherical average of the exchange
hole in 2D is shown. Since this is the quantity that has to be integrated to fulfill the sum
rule, it can be observed the fluctuation become more oscillatory than those in Figure 11.
Furthermore, the difference gets amplified after being multiplied by R′. For all of the values
of R, the spherically averaged fluctuation is strongest for t = −5.
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Figure 14: The real part of the first moment of the spherical average of the exchange hole
for t = −5 (dashed blue), −50 (solid black) and −100 (dashdot red) for the case R = 2
(left top), 10 (right top), 30 (left bottom) and 50 (right bottom).

4.1.4 Exchange field

In Figure 15, the real part and imaginary part of the exchange potential for t = −5 and
−50 are shown. There is striking difference between the exchange potential corresponding
to two times. The peaks in the fluctuations is stronger for t = −4.62. Physically, the less
propagation time for a hole will lead to more drastic density fluctuation, which is the same
as in [6]. The position of the peaks are determined by the local minimum of |G0(R; t)|,
which can be seen in Figure 16.

Compared to the exchange potential in 3D, it varies more gently overall other than specific
places, which reveals the presence of stronger long-range correlation in 2D.

4.2 Correlation hole and potential

The correlation potential for t = −5 and −50 are shown in Figure 17 and 18. In our
algorithm, M(|k′−k|, εk′ − εk; t) is parameterized as M(q, ω) and approximated by a two-
dimensional interpolation. Due to its non-smooth nature, the interpolation fails to capture
subtle details and lead to results with not so high accuracy. Despite of the fact, the results
still retain some important features.

The strong structure around R = 0 is confusing in the level of either physics or mathe-
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Figure 15: The real part (left) and imaginary part (right) of the exchange potential for
t = −5 (red) and −50 (blue).
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Figure 16: The magnitude of G0(R; t) for t = −5 (solid red) and t = −50 (dashed black).
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Figure 17: The real parts of the correlation potential given by the electron-hole pair (top),
the plasmon (middle), and the total (bottom) for t = −5 (red) and −50 (black).
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Figure 18: The imaginary parts of the correlation potential given by the electron-hole pair
(top), the plasmon (middle), and the total (bottom) for t = −5 (red) and −50 (black).
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matics, so it might be the consequence of using a crude algorithm. Apart from this, it
is very similar with Figure 5 and 6. The plasmon is no longer the dominant part. The
corresponding Vxc is comparable with the one for e-h pair. This is caused by the different
behavior of the plasmon in 2D and 3D. In 2D, it has a higher critical momentum since
it is mixed with e-h pair asymptotically. As discussed in Sect. 3, the lower the critical
momentum is, the stronger the structure of plasmon part.
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Figure 19: The real and imaginary parts of the exchange-correlation potential for t = −5
(red) and −50 (black).

The real and imaginary part of the exchange-correlation potential are shown in Figure 19.
The cancellation between exchange and correlation is still revealed clearly despite of the
low accuracy of the algorithm. It is most evident for t = −50, which is almost a constant.
By associating these universal constants with the ground state density, it provides the
possibility to develop a LDA as in DFT that is good enough in general.
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5 Results for the Hubbard dimer

5.1 Hubbard dimer in the RPA
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Figure 20: The real part of the exchange-correlation potential for the exact result (dashed
blue) and the result given by the RPA (solid blue) for the case U = 4, T = 1.

As a solvable model, the Hubbard dimer is a good testing ground for gauging the ap-
proximations. The analytical results of the exchange-correlation potential of the half-filled
Hubbard dimer were presented in [7], and reported here:

V xc(t > 0) ≡ V xc
AA,AA =V xc

BB,BB =
αU

2

1− α2e−i4Tt

1− α4e−i4Tt
(5.1)

∆V xc(t > 0) ≡ V xc
AB,BA =V xc

BA,AB =
αU

2

(1− α)2e−i2Tt

1− α4e−i4Tt
(5.2)

V xc(−t) = −V xc(t), ∆V xc(−t) = −∆V xc(t), (5.3)

where Eq. (5.3) is the consequence of the particle-hole symmetry and

α =
1− x

1 + x
, (5.4)

x =
1

4∆

(√
U2 + 16∆2 − U

)
. (5.5)
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These results are expressed in the bonding (denoted as B) and antibonding (denoted as
A) orbitals that are defined as

ϕB =
1√
2
(ϕ1 + ϕ2), ϕA =

1√
2
(ϕ1 − ϕ2), (5.6)

On the other hand, the exchange-correlation potential can also be computed within the
RPA. According to the results in Sect. 2.6, results for the dimer can be read

t < 0 : V x
AA,AA = V x

AA,BB = V x
BB,AA = V x

BB,BB = −U
2
, (5.7)

V c
AA,AA = V c

BB,BB = −UC
2
, V c

AB,BA = V c
BA,AB = −UC

2
ei∆t, (5.8)

t > 0 : V x
AA,AA = V x

AA,BB = V x
BB,AA = V x

BB,BB = −U
2
, (5.9)

V c
AA,AA = V c

BB,BB =
UC

2
, V c

AB,BA = V c
BA,AB =

UC

2
e−i∆t, (5.10)

where

C =
∆0U

∆(∆0 +∆)
, (5.11)

∆ =
√
∆2

0 + 2U∆0, (5.12)

∆0 =εA − εB. (5.13)

In Figure 20, the real part of two components of the exchange-correlation potential for the
exact result and the result given by the RPA are shown. The Hubbard dimer is defined
with the exchange interaction explicitly removed so that comparison with the the RPA
result only applies for the correlation part. It can be seen the anti-symmetry is preserved
by both results yielded by exact calculation and the RPA approximation. For the exact
result, the particle-hole symmetry has been put in by hand; while for the the RPA result,
the time-reversal anti-symmetry exist for the same reason as in electron gas, which is
argued in Appendix. A. For the diagonal component V xc, although the time structure of
the real part is totally discarded within the RPA, the value is still close to the exact one.
For the off-diagonal component, the band gap is overestimated within the RPA compared
to the exact one. The underestimation of the intensity for both components of correlation
potential is observable.

To see if the RPA can reflect correctly how different U alter the potential, the real part
and imaginary part of both orbitals for exact calculation and the RPA are displayed in
Figure 21, Figure 22, Figure 23 and Figure 24. It is evident that the intensity of the
potential gets incremented with increasing U . Also, the RPA is closer to the exact result
when U is smaller as expected.
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Figure 21: The real part of AA component of the exchange-correlation potential for the
exact result (dashed) and the result given by the RPA (solid) for U = 2, (red) U = 4,
(black) U = 6 (blue) and T = 1.
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Figure 22: The imaginary part of AA component of the exchange-correlation potential for
the exact result (dashed) and the result given by the RPA (solid) for U = 2, (red) U = 4,
(black) U = 6 (blue) and T = 1.
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Figure 23: The real part of AB component of the exchange-correlation potential for the
exact result (dashed) and the result given by the RPA (solid) for U = 2, (red) U = 4,
(black) U = 6 (blue) and T = 1.
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Figure 24: The imaginary part of AB component of the exchange-correlation potential for
the exact result (dashed) and the result given by the RPA (solid) for U = 2, (red) U = 4,
(black) U = 6 (blue) and T = 1.
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5.2 Exchange-correlation hole and potential in the RPA with a
trial orbital
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Figure 25: The real part of the exchange and correlation hole for θ2 = 0 (solid black), π/2
(dashed blue) and π/4 (dotted and dashed red) for the case t = −4.62, r = 0.7, θ = 0, r′ =
1.4, θ1 = 0 in the RPA. .

To explore the fluctuation in the real space, the Hubbard dimer is embedded in a 2D plane
due to the angular symmetry. As a crude yet still insightful assumption, the 1s orbital of
Hydrogen atom is chosen to be the orbital basis of one site in the Hubbard dimer:

ψ1(2)(r) =
1√
π
e−r. (5.14)

The density fluctuation for three different angles θ′′ = 0, π/4, π/2 are shown in Figure 25.
The relevant parameters are defined in Figure 26. In this figure, one of the sites is put at
the origin, while the other is put on the x axis with a specific separation. θ is the polar
angle of r, i.e., the angle between positive direction along x axis and r, θ′ is the polar angle
of r′ and θ′′ is the polar angle of r′′.

It is apparent that the exchange-only fluctuation shows the similar angular dependence with
the one in the 2D HEG. For the correlation hole, this angular dependence is ambiguous
for θ2 = π/4 and π/2. For θ2 = 0, it can be seen there are two peaks of fluctuations. One
is at r = 0, and the other is at r = 2, where exactly the atoms are just as expected.

In Figure 27, the averaged exchange and correlation hole for t = ±2 are shown together
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Figure 26: Two sites of the Hubbard dimer (red) and the definition of the variables r, r′,
r′′, θ, θ′ and θ′′.

in a regular setting of parameters. The anti-symmetry of correlation hole can be easily
observed. Also, it is evident that density tend to fulfill the sum rule Eq (2.19), despite it
is generated by a trial orbital.

On the one hand, the RPA indicates that the sum rule Eq. (2.19) needs to be fulfilled;
on the other hand, half-filling always implies there exists a particle-hole symmetry, which
means there should be no difference in any density-related plot for two times with the same
magnitude but opposite sign. Therefore, for the exchange part, they are both violated
according to 27. Fortunately, it is known that there is no exchange interaction in Hubbard
model, i.e., parallel-spin electrons are explicitly prohibited to occupy the same site, and
since the RPA correlation hole is assigned with time reversal anti-symmetry, one may still
regard the RPA as an option in approximating Hubbard dimer and the generic Hubbard
model.

5.3 The spectrum of the Hubbard dimer in the RPA

To investigate how well the RPA does in this case, after plugging the exchange-correlation
potential into Eq. (2.8), the Green function is solved and the corresponding spectrum is
presented in Figure 28, 29 and 30 respectively.

For U/T = 0.1, the spectrum yielded by the RPA is hardly distinguishable from the exact
one as it should be because it is the noninteracting Green function used in the RPA, which
makes it accurate for weak interaction. For U/T = 2, two main peaks in both spectrum
are very close as well, but the satellites in the exact spectrum are not reproduced by
the RPA, which is as expected since these secondary excitation are just the multiples of
the main excitation. For U/T = 4, the energy difference between the two main peaks
for the RPA becomes less than the exact value, which originates from the use of the
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Figure 27: The real part of the exchange and correlation potential for t = ±2 for the case
r = 0.7, θ = 0, r′ = 1.4, θ′ = 0 in the RPA. .
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Figure 28: The spectrum yielded by the RPA and the exact one for U = 0.1 and T = 1,
where the contribution of bonding (blue) and anti-bonding (black) are displayed separately.
A broadening of 0.01 has been used.
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Figure 29: The spectrum yielded by the RPA and the exact one for U = 2 and T = 1,
where the contribution of bonding (blue) and anti-bonding (black) are displayed separately.
A broadening of 0.01 has been used.
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Figure 30: The spectrum yielded by the RPA and the exact one for U = 4 and T = 1,
where the contribution of bonding (blue) and anti-bonding (black) are displayed separately.
A broadening of 0.01 has been used.
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noninteracting Green function. Note that the excitation in the band gap cannot be given
by the exchange correlation potential within the RPA, so it should be the deficiency of the
Fourier transforming algorithm.

Although the the RPA cannot give the correct position of main excitations when U/T is
large enough, widening of the band gap can be undoubtedly observed. Since the RPA
can be easily performed for relatively large systems in arbitrary dimension, it is a good
approximation at least to get a sufficiently accurate band gap.
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6 Outlook

In Sect. 2, we begun with the presentation of the general formula for the exchange-
correlation hole. We then introduced the random-phase approximation (RPA) as a central
method within the exchange-correlation formalism, followed by its application to both the
three-dimensional (3D) and 2D homogeneous electron gas (HEG). For the dD Hubbard
cubic lattice, we derived the relevant formulas and provided concrete expressions used in
computations, aiding future research on specific Hubbard models.

While the formalism for the 3D HEG has been established for some time, the complexity
of the linear density response function and the high dimensionality of the integrals present
challenges in computing the correlation hole and potential accurately. Consequently, we
exclusively presented the correlation potential in Sect. 3. Due to the computational limi-
tation concerning expressions of the form 0/0, contributions from electron-hole pairs and
plasmons were considered separately. Notably, the dominance of the plasmon contribution
explains the agreement between results obtained using the plasmon-pole approximation
and exact computations, especially regarding the cancellation between exchange and cor-
relation.

For the 2D HEG, we presented results in parallel with those for the 3D HEG [6], compen-
sating for the reduction in dimensionality with an increase in density fluctuation scale. By
exploring angular and temporal dependencies, we demonstrated the significance of holes
rather than electrons at least for exchange interaction in the electron gas. Additionally,
we presented and compared the spherical-averaged exchange density with the Hartree-
Fock approximation (HFA), showing strong structure for intermediate radial separation
R. The time and radial separation dependence of deviation from HFA are investigated
separately, revealing deviations that grow with time, yet remain close to zero except for a
series of peaks whose height monotonically decreases. The corresponding dependencies are
investigated in the 3D case as well, which exhibit quite different behavior. This can find
explanation in mathematics yet the physics meaning still needs to be investigated.

In the Hubbard dimer, where exchange is explicitly eliminated, only correlation effects are
used for comparison with exact results. We found that the potential closely approximates
the exact one when the interaction parameter U/t is small, as expected. However, details
introduced by stronger interactions are lost in this approximation. Nevertheless, the sum
rule is satisfactorily fulfilled even with a simple trial function. Furthermore, the spectrum
obtained by solving the equation of motion of the Green function in the RPA exhibits
significant quantitative resemblance to the exact spectrum for the main peaks. Addition-
ally, the accidental preservation of time-reversal anti-symmetry by the RPA suggests its
potential in approximating the generic Hubbard model, particularly in determining band
gaps.

This work marks the first full RPA calculation. The cancellation between exchange and
correlation, leading to a nearly constant potential when time is large, validates a sim-
ple ansatz for exchange-correlation potential that is introduced in [7, 8]. In this ansatz,
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the exchange-correlation potential has only two terms: one is a constant and the other
is exponential in terms of the frequency of collective modes in the system. Despite its
simplicity, it can reproduce the benchmark results surprisingly well [11, 12]. Additionally,
the application of the RPA in the Hubbard dimer demonstrates its reliability, where the
exchange-correlation potential is also in this simple form. All of these facts provide us the
possibility to develop a RPA-based LDA based on this ansatz. The further effort will be
spent on exploring the range of application and how it should be parameterized.

The results for the Hubbard model in any dimension will be very useful in calculating the
exchange-correlation potential in specific finite lattices. Furthermore, the results such as
the spectrum and the total energy need to be compared with the bench mark results in
order to evaluate its quality. The dimension of the model and the size of the lattice need
to be varied carefully to explore the range of application.

This work also lays the groundwork for future researchs on the 2D electron gas. While
some important and unique features of the 2D electron gas, particularly those related to
superconductivity and magnetism, are not yet incorporated into the exchange-correlation
formalism, addressing these aspects would enrich the picture provided by the formalism,
offering straightforward and insightful interpretations.
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A Correlation potential of dD Hubbard cubic lattice
in the RPA

Within the RPA, the response function is given by

χ(r, r′;ω) = P 0(r, r′;ω) +

∫
d3r1d

3r2P
0(r, r1;ω)v(r1 − r2)χ(r2, r

′;ω), (A.1)

To make life easier, assume ϕks are real and ω is not equal to any of the poles so that
one does not need to worry about the weight of imaginary part.The polarization has been
given by Eq. (2.21), which can be written as

P 0(r, r′;ω) =
occ∑
ki

unocc∑
kh

ϕki
(r)ϕkh

(r)ϕki
(r′)ϕkh

(r′)

{
2

ω −∆0
hi + iδ

− 2

ω +∆0
hi − iδ

}
, (A.2)

where ∆0
ih = εkh

− εki
. It is clear that χ(r, r′;ω) has the same form,

χ(r, r′;ω) =
occ∑
ki

unocc∑
kh

ϕki
(r)ϕkh

(r)ϕki
(r′)ϕkh

(r′)

(
αhi

ω −∆hi + iδ
− αhi

ω +∆hi − iδ

)
, (A.3)

where∆hi and αhi are to be determined. Plug it into Eq. (A.1), then one get

χih(ω) = P 0
ih(ω) +

U

N

∑
kl

∑
kj

δkl+kh
δkj+ki

P 0
lj(ω)χ

0
ih(ω). (A.4)

Due to the orthogonality of orbitals, it yields

∆hi =

√
(∆0

hi)
2 +

4U

N
∆0

hi, αhi =
2∆0

hi

∆hi

. (A.5)
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So the response function in time domain is given by

χ(r, r′;ω) =
occ∑
ki

unocc∑
kh

ϕki
(r)ϕkh

(r)ϕki
(r′)ϕkh

(r′)(−iαhi)
{
θ(t)e−i∆hit + θ(−t)ei∆hit

}
.

(A.6)
Then according to Eq(2.7), the correlation term is given by

ρc(r, r
′, r′′; t)G0(r, r′; t) = i

∫
dr4dt4

{
iθ(t4 − t)

occ∑
q

ϕq(r)ϕq(r4)e
−iεq(t−t4) − iθ(t− t4)

unocc∑
q′

ϕq′(r)ϕq′(r4)e
−iεq′ (t−t4)

}
×
∫
dr5v(r4 − r5)

occ∑
kj

unocc∑
kl

ϕkj(r5)ϕkl(r5)ϕkj(r
′′)ϕkl(r

′′)(−iαlj)

{
θ(t4 − t)e−i∆lj(t4−t) + θ(t− t4)e

i∆lj(t4−t)
}
×
{
iθ(−t4)

occ∑
p

ϕp(r4)ϕp(r
′)e−iεpt4

− iθ(t4)
unocc∑
p′

ϕp′(r4)ϕp′(r
′)e−iεp′ t4

}
. (A.7)

For t < 0, after substituting the Fourier expansion of each bloch orbital and making use of
the local property of the interaction, i.e.

U =

∫
d3rd3r′ϕi(r)ϕi(r)v(r − r′)ϕi(r

′)ϕi(r
′), (A.8)

it becomes
ρc(r, r

′, r′′; t)G0(r, r′; t)

=(i)3
occ∑
kj

unocc∑
kl

occ∑
q

unocc∑
p′

U

N
δp′+kl,q+kj+(2π)/av̂αlj

−e−i(εq−∆lj)t

εq −∆lj − εp′
ϕq(r)ϕp′(r

′)ϕkj(r
′′)ϕkl(r

′′)

+ (i)3
unocc∑
q′

occ∑
kj

unocc∑
kl

occ∑
p

U

N
δkl+p,q′+kj

αlj
e−iεkj t

εq′ +∆lj − εp
ϕq′(r)ϕp(r

′)ϕkj(r
′′)ϕkl(r

′′) (A.9)

So, the matrix element (VcG
0)mn is

occ∑
ku

V mu,un
c G0

u =− i

occ∑
kj

unocc∑
kl

αlj

(
U

N

)2

{ occ∑
q

unocc∑
p′

δp′+kl,q+kj+(2π)/avδq+kj+(2π)/av,km+kl
δp′,kn

−e−i(εq−∆lj)t

εq −∆lj − εp′

+
unocc∑
q′

occ∑
p

δkl+p,q′+kj
δq′+kj ,km+kl+(2π)/avδp,n

e−iεkj t

εq′ +∆lj − εp

}
. (A.10)
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Those three Kronecker Delta cancels only two summation, which yields

∑
ki

V mi,im
c e−iεki t =

occ∑
kj

unocc∑
kl

αjl
U2

N2

− e
−i(εq−∆lj)t

εq−∆lj−εkm
, km ∈ unocc

e−iεkm
t

εq′+∆lj−εkm
, km ∈ occ

(A.11)

where

q = km + kl − kj −
2π

a
v̂, q′ = km + kl − kj (A.12)

and

v̂ = a
d∑

i=1

x̂i. (A.13)

Similarly, for t > 0, the correlation potential is given by

∑
ki

V mi,im
c e−iεki t = −

occ∑
kj

unocc∑
kl

αjl
U2

N2

 e
−i(εq′+∆lj)t

εp′+∆lj−εkm
, km ∈ occ

− e−iεkm
t

εq−∆lj−εkm
, km ∈ unocc

(A.14)
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