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1. FORMULERING AV PROBLEMET

Betrakta en punkt x = (xl, X,
run. For dess rérelse antages foljande system av differentialekvationer
galla

e xn) i ett n-dimensionellt tillsténds-

dx.
__J: = f' (Xl,,... Xn,U.l, LI ) ur,t) i = 1’ 2, oo n (l-l)

dt *

u = (ul, Uy eee ur) dr en r-dimensionell kontrollvektor med vilken
man kan goéra ingrepp i systemet. Om det for systemet &dr givet en styr-
lag u(t) = (ul(t), uz(t), . ur(t)) och ett begynnelsetillstand

x(0) = (xl(O), x2(0), ces xn(O)), bestdmmer (1.1) entydigt punktens
ldge och rorelse i tillstandsrummet for varje tidpunkt t. I regel &r
fi olinjdra funktioner i x och u, men for det viktiga specialfall att
fi dr linjdra och systemet autonomt, dvs tiden t ingdr ej explicit i
fi’ kan (1.1) skrivas

dxi n 2 r 5

—_ = I a; X, * I bi Ug i=1l...n (1.2)
dt r=1 6=1

eller i matrisform

X - ax + Bu (1.3)
dt

A och B dr matriser av dimension n X n resp. n x r. En stor del av
optimeringsteorins resultat och metoder &r begrdnsade till det linjédra
fallet, och det kommer i fortsdttningen att antagas att systemet kan
skrivas pa formen (1.2) och (1.3)

Kontrollvektorn u(t) antages styckvis kontinuerlig och styckvis kon-
tinuerligt deriverbar. Att systemet &r autonomt innebdr att ett styr-
ingrepp vid tiden t, ger samma dndring i systemet som det skulle géra
vid tiden t,, forutsatt att systemet befinner sig i samma tillstand



vid de bada tidpunkterna. Man kan alltsa ldmpligen sdtta tiden t = O
vid borjan av ett styringrepp vars verkningar man vill underscka. Rent
fysikaliskt dr vidare att vdnta att vissa begrédnsningar finnes pd u.
I ett mekaniskt system dr ju exempelvis odndligt stora krafter en orim-
lighet. Vi stdller ddrfér kravet att u(t) i varje ogonblick miste till-
héra nagon begrdnsad mdngd U. U dr nagon delmingd i den rymd som spdnnes
UPP aV UpsUyse..sl . U kan till exempel vara en sfér'g u.2 < 1

izn &
dvs styrsignalen dr begrdnsad i normen, eller U kan vara det inre av en
kub |ui| <1 i=12...r,dvs varje komponent i u &r begrdnsad till
att ligga mellan -1 och 1. I fortsdttningen antages det senare, som i
det fall att u blott har en komponent reduceras till |u|< 1. En styr-
signal som tillhér U sdges vara tillaten eller admissibel. Syntespro-
blemet dr emellertid i regel inte losbart om U &r en Sppen méngd, och
vi ldgger det ytterligare kravet pa U att det skall vara en kompakt
mingd, dvs |u| ¢ 1. Lingre fram kommer det att visa sig att kompaktheten
hos U inte dr ett tillrdckligt krav, utan U miste dessutom vara konvex

och innehilla origo scm inre punkt. I fallet |u| g 1 &r detta uppfyllt.

Naturligt vore att pa samma sdtt inféra restriktioner pa tillstands-
variablerna, dvs inféra ndgon delmdngd X i tillstandsrummet med krav

att for alla t =x(t) e X. Fysikaliskt kan det till exempel vara skdl att
begridnsa hastigheter eller accelerationer i ett system. Det skulle emeller-
tid fora utanfor ramen for examensarbetet, och vi antar ddrfér att

xi(t) kan antaga godtyckliga vidrden.

Problemet dr nu foljande. Antag att systemets initialtillstand x(0)
och nagon delmingd P i tillsténdsrummet dr givna. Hur skall man vdlja
sin styrsignal for att systemet pa kortast mbjliga tid skall transfor-
meras fran x(0) till ndgon punkt som tillhér P?



Xn A\

x(T)
x(0)

Ly

Denna minimaltid betecknas med T och antas i det allmidnna fallet inte
given. x(T) &r inte pd férhand bestdamd utom for det fall att P urartar
till en punkt, och det gdller alltsd da att Sverfdra systemet till ett
bestamt tillstdnd pa kortast mbjliga tid.

Minimaltidsproblemet &r ett specialfall av' ett mera generellt problem,
namligen att overféra systemet frén x(0) till P pa ett sadant s&tt att
nigon given funktional S antar ett minimalt (eller maximalt) vérde.

S ges i regel som en integral

T
S = é F (xl, ves Koy Uy e ur,t) dt (1.w)

ddr F vanligtvis &r nigon positiv skaldr funktion i x, u eller t. Om
till exempel styrsignalen u i ndgot system betecknar brédnsletillforsel,
och F sittes lika med u’,innebdr minimering av S en transformation fran
x(0) till P med s& lite brdnsledtgang som mojligt.

Infor ytterligare en tillstandsvariabel xo(t) och sdtt

t
X (t) = é F (xl ser Kp Uy ees ur,t) dt (1.5



Denna ekvation adderas till systemekvationerna (1.1) med begynnelse-
villkoret XO(O) = 0. Problemet har da overforts till att vdlja en styr-
signal u(t) sd att systemet overfores fran begynnelsetillstandet
(0,x(0)) till en rdt linje genom punkten (0,x(T)). Denna linje dr paral-
lell med x_-axeln och det gdller att minimera den nollte tillsténds-

|

variabeln.
S
X"(t) f

(1) 870.x(T)

(0.x(0))

Sdttes nu F = 1 far man S = T och XO(T) = T, Har man funnit en styr-
signal som overfor systemet till ndgon punkt pa linjen pa sa sdtt att
XO(T) dr sd liten som mdjligt har man alltsd funnit en 1l&sning pa pro-
blemet att overfora systemet fran x(0) till x(T) pa kortast m8jliga tid.
I fortsdttningen kommer enbart detta fall, det vill sdga F = 1 att be-

handlas.

Losningen till minimaltidsproblemet kan fas med en del olika metoder.
Meningen dr hdr att anvdnda Pontryagins maximiprincip och att utveckla
en algoritm for numerisk losning av problemet. Dynamisk programmering
vore ett alternativ. Genom att transformera styrvariabeln kan dock i
vissa fall den klassiska variationskalkylen anvdndas. Om t.ex.

U: {u, |ul £1 1} kan en ny styrvariabel v inféras sd att u = sin v
ddr v nu tillhSr den oppna médngden ( -«,»). I ndsta avsnitt kommer kort-
fattat att redogbras for maximiprincipen och ndgra egenskaper hos op-

timal styrning.



2. MAXIMIPRINCIPEN OCH EGENSKAPER HOS OPTIMAL STYRNING

Betrakta ater grundsystemet (1.1) nu utokat med den extra tillstands-

variabeln Xg

dxi

—_—— = fi (X,u) i = 0, l seee NN (201)
dt

Systemets begynnelsevdrde antages givet x(0) = (U,Xl(O) TR o).
P4 samma sdtt som férut kan (2.1) i det linjdra fallet skrivas i

matrisform
9 = Ax + Bu (2.2)
dt

ddr A nu har dimension (n + 1) x (n + 1) och B (n + 1) x r. fi antages

kontinuerliga och kontinuerligt deriverbara i Xgs Xy eoe Xy dvs
of .
= existerar och dr kontinuerliga fér alla i och a. I det linjdra
ox
[+]

fallet dr detta villkor uppfyllt. Infér en ny vektor p(t) = (po(t),
pl(t) St pn(t) ), vars komponenter pi(t) satisfierar ekvationerna

dp, n 3f (x,u)
— = - —=2—— i=0,1...n (2.3)
dt a=0  9x, *
1
p(t) = (po(t), pl(t) cos pn(t) ) sdges vara den till x(t) adjungerade

vektorn. Fastldgges begynnelsevdrdet p(0) = (a5 )s @y .o an)
bestdmmer (2.3) for varje styrsignal u(t) entydigt p(t). I det linjara
fallet kan (2.3) skrivas

L = _ (2.4)
dt

p(t) &dr alltsd i detta fall obercende av u(t), och &r bestdmda s& snart
initialvdrdet p(0) fastlagts.



Fér mekaniska system beskriver (2.3) och (2.4) systemets impuls,
varfor p(t) i fortsdttningen dven kommer att bendmnas impulsvektor.
Vi bildar nu Hamiltonfunktionen

II.M o}

)@(x,p,u) = p: £. (x,u) (2.5)
i1

i=0

som dr skaldrprodukten av vektorerna p(t) och g—}é eller alternativt

projiceringen av S—?;— p& p(t). Med hjdlp av  kan (2.1) och (2.3)

skrivas
dx.
—2 = ﬁé i=0,1...n
dt api
(2.6)

dp.
——J;=-Q(’- i=0,1...n
dt 9X.

i

Om x och p fixeras d&r # en funktion av styrsignalen u, med definitions-
omradet u e U. Det stérsta virde £ kan antaga for ett visst val av x och
p betecknas /£ (x,p)

A (x,p) = sup H (x,p,u) (2.7)
uel

Betrakta speciellt det tidsoptimala problemet, dédr alltsa £, = 1.
Hamiltonfunktionen reduceras da till

n

K (x,p,u) = pg + I

L P; fi (x,u) (2.8)

Ur (2.3) fas vidare dPO

T 0, dvs Py * konstant.

Termen p,f, &r alltsa utan intresse ndr det gdller att stka maximum
av # , da den for alla t &r konstant = p,. Resterande termer i Hamil-
tonfunktionen betecknas med H(x,p,u)



n
H(x,p,u) = p; fi (x,u) (2.9)
i=1

och maximum av H med M(x,p)

M(x,p) = sup H(x,p,u) (2.10)
uel

Vi kan nu formulera Pontryagins maximiprincip (se {1}).

Lat u(t), 0 s t ¢ T vara en admissibel styrsignal som Sverfor systemet
fran x(0) till x(T), och x(t) den ddrtill hérande trajektorian. Ett
nodvandigt villkor for att u(t) skall vara en tidsoptimal styrsignal,

dar att det existerar en till x(t) och u(t) hdrande vektor p(t), ej iden-
tiskt noll, sa att

A, for allat, 0 ¢ t ¢ T vdljes u ¢ U sa att H(x,p,u) antar sitt

maximum M(x,p)

B. wvid sluttidpunkten gdller M(x(T), p(T)) 3 0.

Speciellt for linjdra, autonoma system, dvs t ingar ej explicit i A
gdller B for varje tidpunkt t, 0 st ¢ T , ty

aJZ Je dx QE _

AT +dlé b — +/£ = ..o/& =0

at t X 4t P gt t

Observera att maximiprincipen i allmdnhet bara ger de nddvéndiga vill-
koren for optimal styrning. For det linjdra fallet (2.2) och for nagot
mera allmidnna system beskrivna av

dx. n

—2 = f a. (W) x *é. (U ... u) i=1...n (2.1
ia o i1 r

dt a=1

gdller emellertid att maximivillkoret dr ett "ndstan" tillrdckligt
krav (se {2}).



Observera vidare att maximiprincipen inte ger nagon explicit 16sning

pd problemet att pd kortast méjliga tid fora systemet fran x(0) till
x(T), utan sdger endast vilka villkor en tidsoptimal 1losning, vilken

som helst, mdste uppfylla. Bercende pa initialvédrdena pa den adjun-
gerade vektorn kommer systemet att folja skilda trajektorier ut fran
punkten x(0). Dessa dr visserligen i och for sig optimala under f&rut-
sdttning att man styrt systemet enligt maximiprincipen, men det ar
fortfarande inte givet att ndgon, och i sa fall en entydigt bestémd
trajektoria gar genom x(T). Maximiprincipen kan alltsd sdgas uttrycka
hur man i varje ogonblick skall styra systemet, snarare dn hur man skall
styra for att nd en viss punkt i tillstandsrummet. Detta kan ocksa uttryckas
pa foljande sdtt. Antag att man gjort ett visst val av p(0) = a. Pa
tiden t”” transformeras systemet av en optimal styrsignal u(t) till
punkten x”” och systemet passerar vid tiden t” < t”” punkten x”.

u(t) &r alltsa en tidsoptimal styrsignal da det gdller att Sverfora

”

systemet frén x(0) till x”“, men den &r dven optimal di det giller att
trdffa x”. En tidsoptimal styrning kan alltsd sdgas vara ''stdndigt

optimal", och inte optimal endast fér det sluttillstand som asyftas.

Betrdffande entydigheten och existensen av en optimal 16sning, se
Pontryagin {1}. Vi n&jer oss hir med att fastsla att i det linjéra
fallet &r entydigheten och existensen av en optimal ldsning tryggad
sd snart det existerar nagon styrlag u(t) som transformerar systemet
fran x(0) till x(T). I det linjdra fallet kan Hamiltonfunktionen

skrivas

H(x,p,u) = <p | Ax > + < p | Bu > (2.12)

Eftersom u bara ingar i den senare termen reduceras problemet till att

stka maximum av < p | Bu > .



Detta maximum betecknas P(p)

P(p) = sup <p | Buo> (2.13)
uel
eller
r n
P(p) =sup ¢ ( & p. " b..)u
sy L 3L 0

Om vi nu forutsdtter att U &r kuben | u; | 1 i=1...n, fas

tydligen supremum da
n
u. = sign I p. * b.. (2.14%)

i 551090 T

det vill sdga styrsignalen u(t) ligger alltid i nagot av kubens horn.
ui(t) dr alltsa styckvis konstanta och antar endast vdrdena +1 och -1

(bang-bang)

g (1) !

%

I specialfallet r = 1, och under férutsdttning att samtliga koefficienter
bi utom en dr noll (kan alltid fas genom transforamtion av systemet)

far man
u(t) = sign (bipi(t)) (2.15)

Man har nu vis$a mdjligheter att med hjdlp av matrisen A avgéra hur
manga teckenvidxlingar u(t) kan gora (se {1}). Ar sdlunda samtliga egen-
varden till A reella féljer ur (2.4) att pi(t) hégst har n intervall med
konstant tecken, det vill sdga u(t) skiftar tecken hégst n-1 ganger.

Ar a andra sidan egenvdrden komplexa blir pi(t) periodisk och det finns
ingen 6vre grdns for antalet teckenvdxlingar hos u(t).



Antag nu speciellt att det énskade sluttillstdndet &r origo. Infoér
en mingd C(t) som mingden av alla tillstdnd som kan transformeras
till sluttillstdndet pd tiden t med en godtycklig styrsignal (e
noédvandigtvis uppfyllande maximiprincipen). Pontryagin {1} visar

att under forutsidttning att det fér varje x existerar en optimal
styrning som dverfor x till origo, sd dr mingden C(t) konvex, sluten

och innehdller inre punkter.

Vdnd nu pd problemet och antag att C(t) &r de punkter som frén be-
gynnelsetillstdndet kan nds pd tiden t med en godtycklig styrsignal.
Begynnelsetillstdndet anses vara godtyckligt x(0), ej nodvdndigtvis
origo. Det &r nu litt att pd samma sitt som i {1} visa att C(t) &r
konvex. Antag ndmligen ul(t) och u2(t) dr admissibla kontroller
som pd tiden t overfor systemet i X, resp X,. Det gdller alltsa

t
M@ +s B ws)ds b= x
o
och
At t as
e - {x(0) +7s e * B u2(s) ds } = X, (2.16)
o
Om o, och a, &r godtyckliga positiva tal som uppfyller al’+ ay =1
sa ligger Xg T 00Xy + agX, pa den linje som férbinder X, och Xy och

ug = aquy) gy, pa en linje mellan uy och u,. U, dr alltsa en admis-
sibel kontroll eftersom U &dr konvex.

Multiplicera (2.16) med a, resp a, och summera

1
At'{(o>+§ -As . g . ¢ (s) + (s) )ds } =
e X Oe &11118 GZUZS S -
= a.X, + a.X, = X (2.17)

11 272



Men Xy och X, dr godtyckliga, varfor det for alla par av punkter

som tillhér C(t) mdste gdlla, att varje punkt pd en rdt linje mellan
punkterna ocksd tillhsr C(t). C(t) &r alltsd dven i detta fall konvex.
Vidare &dr C(t) sluten, och randen till C(t) utgéres av de punktér

man natt genom att styra optimalt. Antag ndmligen att en sddan "op-
timalpunkt" X, dr inre punkt i C(t). X
systemekvationerna och de adjungerade ekvationerna frdan noll till t.

fas genom att integrera upp

Antag att man fortsdtter integrationen till tiden t + dt och dérvid

nar x,. X, & da en punkt som inte kan nds pa kortare tid &n t + dt.

2° 72
Men for dt tillrdckligt liten ligger X, i en omgivning till X, som till-
hér C(t), det vill sdga X, tillhdér C(t), och kan alltsa nas pa tiden t,
2 inte kan nds pd kortare tid &n t + dt. Alltsa

utgbres randen till C(t) av "optimala punkter".

vilket motsdger att x

C(t) behdver inte nédvédndigtvis innesluta begynnelsetillstandet x(0).
Br emellertid x(0) sddant att Ax(0) = 0, orsakar styrsignalen u(t) =0
ingen dndring i systemet, och x(0) kommer da att for alla t vara en
inre punkt i C(t). Det skall nu visas att impulsvektorn p(t) for alla
t dr den till C(t) utatriktade normalen i x(t).

For att bevisa detta betraktas ater systemet (1.3)

9% - Ax + Bu (2.18)
dt

med begynnelsetillstandet x(0).

De adjungerade variablerna bestdmmes av

d - _ ATp p(0) = a (2.19)
dt

Maximiprincipen ger u = ulx,p), det vill sdga (2.18) kan skrivas

dxi
—= = f; (x,p) i=1...n (2.20)

dt



PA samma sdtt kan (2.19) skrivas

dp.
—= = g; (x,p) al

dt

n
[

Infér stérningsmatrisen Y och Z

dal da2 dah
dx
y =| 2
day
dxy, ax)
dal dah
¢, 9 dp,
day 2 h
dp .
z = | =2 :
day
dpn dpn
dal dan _J

(2.21)

(2,22)

(2.23)



Fér Y och Z gidller foljande differentialekvationer ({3})

ay

= £ Y+E Z Y(0) = 0
dt p
och
9—2-=ng+ng 7¢0) = I
dt

dar fx’ fp, gp och g, & matriserna

af2 ax2 axn
of
£,=| =2 .o |=ayE =
' axl 4 p
L axl axn
3 » %8
axl ax2 axn
2 .
- ——— . g =4
Ex - : P
%, %,
axl X

agl
apl
ag2

apl

agn

apl

(2.24)

(2.25)

of

L ]

8p2

(2.26)

agl

ap2

of

apn




Lat nu C(t) enligt ovan vara den slutna konvexa méngd av punkter
som kan nds frén x(0) pd tiden t. Randen &r de punkter som nds med
en optimal styrning. Genom x(t) kan man dd ldgga ett ndstan Overallt
entydigt tangentplan och vektorerna

dxl dx2 dxn ) dxl dX2 dxn
(_,_, -.-—)-(Y ,Y 9 no-Y ) s o0 (-_,_', o-o—')
da, da da el nl da_ da da
1 1 1 n n n

dr da vektorer i detta plan.

Betrakta skaldrprodukterna
< (py(t), py(t), +ov p (1)) | ( Yiis Yous eoe Y20 > (2.27)

i=1...n

Dessa utgér kolonnerna i radmatrisen pTY. Bilda tidsderivatan —2 (pTY)

dt
d Ty _d ,T T
;(pY)';(P)'Y‘LP Ko )T . ysplh & (2.28)
dt  dt dt
Men for ( %2 )T gdller
dt
& T = _ @, = - pta (2.29)
dt
Med (2.29) och (2.24) insatt i (2.28) fas
4 (ply) = - play + pay + PTpr - prpz (2.30)

dt



Matrisen fP kan skrivas

ou apl ou apn
i
au apl ou apn

temet). Samtliga rader i fp utom rad j dr da noll. Man far

prp=(pj'bj'-a—u, bjit-l,..,pjbj—ag)
apl ap2 apn

Maximiprincipen ger u

Derivatan du
dpj

- gt—l

dp.
P3
i det linjdra fallet

Py

“Z . (At

dt

<
I gp.
P

s, 0, «o. 0)

Z(0) = I

sign (pj), och (2.32) kan skrivas

u su
b . — o b . T
1 1
apl apn
u ou
bn'_ Pe e bn'—
apEL apn
(2.31)

dér bi dr elementen i B. Antag nu samtliga bi utom b. lika med noll.
(kan i det linjdra fallet alltid fas genom en transformering av sys-

(2.32)

(2.33)

dr noll 6verallt utom i pj:s nollgencmgangar.

dr alltsd en distribution. Fér stérningsmatrisen Z gdller

(2.3%)



Stérningselementen Z s ar alltsd kontinuerliga och dndliga for &ndliga
t, och termen PTpr som konintegreras i distributionsteorins mening

ger
ph(t) - Y(£) = pr(0) + Y(0) (2.35)

Nu gdller Y(0) = 0, och sdlunda

ol (t) Y(t) = 0 (2.36)

Dirmed har det bevisats att p(t) &r normal till C(t)-ytan for alla t.

Att p(t) dr utdtriktad féljer slutligen ur maximiprincipen.

Detta resultat far nu en del intressanta konsekvenser ndr det gdller
tidsoptimal styrning. Antag exempelvis att man sldpper efter lite pa
kravet att exakt trdffa sluttillstandet x(T), utan dr ndjd om man blott
kan nd ett sadant x sé& att (x - x(T))2 < 52. Betrakta specialfallet
n = 2, 1 vilket fall det alltsa gdller att nd en cirkelformig omgiv-
ning till x(T). Det maste da gdlla att den C(t)-kontur som represen-
terar den minimala tiden tangerar denna cirkel, och p(t) miste vid

sluttidpunkten vara normal inte bara till C(t) utan dven till cirkeln.

x (0)

C (11)
C(tz)



Om x(T) inte &r begrdnsad till en punkt utan exempelvis &r nagot
plan med normalriktningen c = (cl, Cp ae- cn) maste pd samma sdtt
gdlla att p(T) = (cys Cps eee cn). (eventuellt minustecken).

Det &4 nu mdjligt att ge en direkt geometrisk teckning at maximi-
principen. Beteckna som férut med C(t) de punkter som pd tiden t

kan nds frén x(0), och beteckna med S(t) de punkter fran vilka man
pa tiden t kan nd x(T). Vi forutsdtter att det existerar en stkt
minimaltid T. Med samma resonemang som ovan dr det uppenbart att
C(‘tl) tangerar S(T - tl), och p(tl) 4r foljaktligen normal till bada

dessa ytor i tangeringspunkten.

\ \\
N
\\ \
AN \
\\ \ %
\ \\
\\ \ %
\ dx \
x(t) \ & \
P (tg)
x(0) l Pty ,’ }
/ / 5(T-t,)
/ / !
y / S(T-t,)
/ / /
C(tT) / /
/C (t2) /C (£3)

ty> {:2_>t1



Om ytorna S(t) tillskrives en skaldr funktion g(t) = t, lika med den
minimala tid pd vilken man kan na x(T), blir alltsa S iso-ytor

till g.och p har dd gradientens riktning. Att forscka fora systemet

i p-riktningen, det vill sdga maximera A =< %% | p > ; innebér

da att man pa sa kort tid dt som mbjligt stker nd nigon innanfér
liggande yta S(t - At). Detta motiverar varfér en optimal styrning

kan sdgas vara "stdndigt optimal", och inte karakteristisk for speciel-
la val av x(0) och x(T). Problemet &terstar dock att finna det ini-
tialvarde for p(t) for vilket den optimala trajektorian gar genom det

avsedda sluttillstdndet x(T).

Slutligen skall géras en kommentar betrdffande adjungeradé vektorn

p(t). p(t) har definitionsmidssigt inférts som lésningen till systemet
(2.3), i det linjdra fallet (2.4), och visar sig sedan vara den utat-
riktade normalen till ytor som kan nas pa tiden t. Det &r emellertid

just ur ett sadant villkor som (2.3) och (2.4) kan hdrledas. Om man
tanker sig ha funnit en optimal trajektoria x(t) som man pa nagot sdtt
stor infinitesimalt, exempelvis i u(t), fér man ndgon storning § x(t) som

om systemekvationerna dr linjdra uppfyller

d n afi
S (8x%x.)= ¢ —= §x i=1...n (2.37)
dt & 8=1 %, J

Sokes sedan en vektor p(t) sadan att

< § x(t) | p(t) > = konstant (2.38)

finner man att p(t) miste uppfylla (2.3) och (2.4). Se {1}.



3. NUMERISK LUSNING AV MINIMALTIDSPROBLEMET

I detta avsnitt skall presenteras tva olika metoder att numeriskt
losa minimaltidsproblemet. Med initialtillstand x(0), sluttillstand
x(T) samt systemekvationerna (1.1) givna, &r &ven ekvationerna for

de adjungerade variablerna givna, och s@ snart initialvérdet

a = (al am. an) fastlagts &r styrsignalen entydigt bestédmd ur maxi-
miprincipen. Beroende pd valet av a kommer systemtrajektoriorna att
vid nagon tidpunkt T passera olika punkter i fasrymden. Har man fun-
nit ett a sddant att trajektorian gar genom x(T) har man foljaktligen
bestamt den sokta optimala styrsignalen, och den sockta optimaltrajek-
torian. Hir existerar emellertid en oklarhet, satillvida att dessa
begynnelsevdrde dr inte explicit givna av de 6vriga villkoren, utan
man dr hdnvisad till ett sokande bland mdngden av alla mojliga be-
gynnelsevidrden. Det gdller naturligtvis da att systematisera detta
sokande, det vill sdga skapa ndgon algoritm som fran en i ndgon me-
ning "vettig" forsta gissning pd a, leder fram till de stkta begynnelse-
vdrdena. Vad som menas med '"vettig" gissning kommer att preciseras

ldngre fram.

Tva olika algoritmer skall hdr presenteras. Den férsta metoden hdar-
stammar fran Levine {3}, och férutsdtter i det skick densamme presen-
terat den inte ndgon apriori kidnnedom om den sokta minimaltiden T. Det
kommer emellertid att visa sig att detta inte dr helt korrekt, utan man
dr i de flesta fall tvungen att forutsdtta tiden T kdnd for att meto-
den skall fungera. Detta kommer att motiveras och exemplificeras.

Metod tva baserar sig pa en metod av Neustadt {4}, dér man anvdnder sig
av de i foregdende avsnitt visade egenskaperna hos optimal styrning,

och kan sdgas vara en variant av denna metod. Den fOrutsdtter inte ndgon
kdnnedom om tiden T.



3.1 Algoritm for numerisk lésning av tidsoptimal styrning av ként T

Infor en skaldr funktion V

. T 2
V(t) = izl ( X" - xi(t)) (3.1)
For att undvika missforstidnd betecknas nu sluttillstandet xT, och &r
alltsd endast i det optimala fallet lika med x(T) som vi ldter beteckna
systemets tillstand vid tiden T. V som i det foljande bendmnes forlust-
funktion, beror explicit av systemets tillstand, men beror implicit
av tiden och av begynnelsevdrdet for adjungerade vektorn. V &r alltid
icke negativ och har minimum lika med noll da systemets tillstdnd vid
tiden T dr lika med det avsedda sluttillstandet. Detta svarar mot ett
speciellt val av a = (al, ay eee an) och V:s implicita beroende av a

kan ddrfér askadliggsras enligt figuren.

aq



Antag nu en forsta gissning pa a och integrera systemet fram till
tiden T. Man ndr da en punkt pa férlustytan, och med kdnnedom om a
och ndgon egenskap hos ytan skall man da kunna bestdmma nagot nytt a
som ger mindre virde 4t forlustfunktionen vid ndsta integration. Om
man kdnner gradienten %‘;— i varje punkt dr uppenbarligen en enkel
metod att dstadkomma denna minskning genom att ge a ett tillskett i
negativa gradientriktningen ( steepest descent ) . For gradienten

gdller

¥ =L . .E () (3.2)
da dx da
dar
dav _ , 4V dv dv av _ , dv dv dv
—_(——,—,..’_),'—'- '—',—,ooo_)
da dal da2 dan dx dxl dx2 dxn
och K den tidigare inforda storningsmatrisen
da

o dal dah
— = =Y
da

n P

_dal dan_

P4 samma sdtt inféres dter storningsmatrisen

! !
dal dan
512 = =1 P
da
Py Pn
. dal dan |




Y och Z satisfierar differentialekvationerna

dy

= f Y+ Z Y(0) =0

dt ® P
(3.3)
dz
— = Z + Y Z2(0) = I
a0 P
. dv dx . . . " g "

Da = och = i varje tidpunkt &r bestdmda ur (3.1) resp. (3.3) &r

det alltsa mdjligt att for varje punkt pd forlustytan bestdmma gradienten.
Initialvadrdet for p(t) dateras upp enligt

“x - Yo (3.4)
da

%new - 2o1d
dir k dr nagon konstant. Under forutsdttning att V inte har nagot annat
minimum d4n det ovan foérutsatta, garanterar (3.4) att man stdndigt minskar
forlustfunktionen och slutligen finner det a for vilket optimaltrajek-

; T
torian passerar x .

Man kan nu skissera fen algoritm.

1) Gissa ett vdrde pa a och vdlj ett k.

2) Integrera systemekvationerna, adjungerade ekvationerna

och stoérningsekvationerna fram till tiden T.
3) Berdkna V(T). Om V(T) = 0 eller V(T) < e &r problemet lost.

) Om V # 0, underssk om det nya vdrdet pa V dr mindre &n forra
vdrdet pa V. Om inte har man allts& passerat minimat och "gatt
for langt Sver pd andra sidan". Halvera da k och anvand det
lagrade 9% till att finna ett nytt a och atervand till 2. Detta

d
upprepas tills det nya vdrdet pd V & mindre &n det lagrade.

5) Om 4 &r uppfyllt berdkna %% och uppdatera a. Atervand till 2.



3 -

Steg 4 skulle kunna undvikas om man valde ett tillrdckligt litet
virde pd k. Detta skulle emellertid krdva ett mycket stdrre antal

iterationer. 1-5 sammanfattas i ett flddesschema

Nytt
a

Gissa a
v&%j k
> 1 V] < ]
In’czrgrera. 5 st Finn nytt a
ey adjungerade med de lagrade
storningsekv. Vgrdenn. po-
fram il biden T 8 och a.
A4
ONIENe
optimal A
kontroll \ )
Ar V< forra
vardet Pa v
L
av - k = l;:-
da.> V » &




Levine infér nu en gissad minimaltid te och gradienten %% (tf).
Genom att interera pa tf pd samma sdtt som for a det vill sdga

3 av
te new - tFold T k (tf) (3.5)
dt
dr meningen att man skall kunna finna dven den sokta minimaltiden T.
Detta krdver att %% dr skild frén noll utom for t = T da g% = 0.

Detta ar emellertid inte fallet. Inte ens for ett optimalt val av a
kommer V att for vissa system blir en kontinuerligt avtagande funktion
av tiden. V berdknas for varje punkt ldngs den trajektoria systemet
beskriver, och det &r dd uppenbart att for en icke-optimal trajektoria
som vid nagon tidpunkt har ett minsta avstand till xT, g% =0 wvid

en tidpunkt som inte behéver vara den sokta minimaltiden. Om vi antar
att iterationerna givit en sadan tidpunkt T” med g% (T”) = 0, kommer
tiden att till nidsta iteration vara oférdndrad T”, och problemet &r da
reducerat till att vdlja a s& att V pa denna tid blir sa liten som
mojligt. Man kan da inte forutsdtta att det val av a som pa tiden T”
ger minimalt vdrde &t V 4r detsamma som ger minimalt vdrde at V pa
tiden T, det vill sdga det a som ldser problemet. Forlustfunktionen V
som funktion av a och t &r alltsad sidkerligen inte nagon enkel funktion
med ndgot entydigt minimum som man med "steepest descent" alltid garan-
teras falla ner i, utan kan sdkerligen uppvisa en stor mingd singuldra
punkter. P4 tva olika testexempel skall nu visas anvdndning av den
forslagna algoritmen med fixt T, och vad som kommer att hdnda om man

forstker iterera dven pa tiden.



Testexempel

a) Dubbelintegrator

Givet systemekvationerna

__lzxz
dt

dx2 )
—= = u
dt

sok styrsignalen u(t) sd att systemet pd minimal tid overfores fran
(1,0) till origo. T forutsdttes kidnd = 2.0. Adjungerade ekvationerna

EEL = 0 p,(0) = a
dt 1 1
dp2

5;— = -py p2(0) = a,

och man far alltsa Hamiltonfunktionen
] +
H P1¥ * pyu
u vdljes sa att H maximeras, det vill sadga
u = sign (pl)
Storningsekvationerna satisfierar enligt tidigare

ay
dt

]
(e

f Y+f Z Y(0)
X p

dZ

dt

1]
H

g, Z+tg Y Z(0)



eller utskrivet

26

(ax, ax | [or, of) | [ag ax [or, of) | [ap; b,

4 dal da2 axl ax2 dal da2 apl 8p2 dal dal
S; dx2 dx, of, of dx, dx, of, of, dp; dp,
dal da2 axl 8x2 dal da2 apl 8p2 da2 da2

och

del dpiu _5gl aglﬁ _dpl dpl_ 08 agl_ ‘AXI dxl-

4 dal da2 9p; 3P, dal da2 0%, X, dal da2
dt dp2 dp2 8g2 g, dp2 dp2 38, 3g2 dx2 dx2
dal da2 9p; 9P, dal da, 9%y 9, dal da2

I de numeriska rdkningarna approximeras
(p(t) - p(t - h)) dér h &ar integrationsléngaen. Stérningskomponenterna

satisfierar alltsa

lel

dt

dY12

dt

dY21

dt

dY22

dt

21

22

(u(t) - u(t - h)) /

(u(t) - u(t - h)) /

Y, (0)

le(O)

1]
o

1
[}

(p(t) - p(t - h)) + Z,

(p(t) - p(t - M) + Z,,

of
op

Y

22

(0)

(0)

—2 med (u(t) - utt - h)) /



12

samt
dZu
—= = 0 Z..(0) =1
at 11
dz
12 . 7,,(0) = 0
dt
dz
21
— S 7 Z,,(0) =0
dt 11 21
dz
22
—== = -7 Z,n(0) =1
dt 12 22
Forlustfunktion V valdes som
_ 2 2
vV = X (T) + X, (T)
vilket ger
Y Y
v _ fav av \_ [av 2V 11
= - y T = = I
da dal da2 axl ax2 Y21 v

22

{ 2x1 Y11 + 2x2 Y21, 2xl Y12 + 2x2 Y22 }

a, och a, skall alltsa uppdateras enligt

A new - 31 old ~ 2k - ( Xl(T) . Yll(T) + X2(T) . YZl(T))

3 rew - 32 old ~ 2k - ( xl(T) . le(T) + xz(T) . Y22(T))



Problemet programmerades i ALGOL for kdrning pa SMIL, och programmet
dterfinnes i appendix 1. Som integrationsrutin anvidndes en fjdrde
ordningens Runge-Kutta med justering av integrationsintervallet da
u byter tecken. Matrisen A har endast reella egenvarden, och som ti-

digare papekats kan u dd inte dndra tecken mer &n en gang.

Problemet ansdgs 1ldsts da V < e . Mark att i programmet har ndgot oegent-
ligt anvants u = - sign (p2). Detta medfér i det linjdra fallet att
adjungerade variablerna byter tecken medan tillstandsvariablerna blir
oforédndrade. Programmet testades for en del olika kombinationer pa be-

gynnelsevdrdena a, och a, och visade inga svarigheter betrdffande kon-

vergensen mot optimalt a. Exempelvis med a; = 1.0, a, = 0, k =0.1 cch

e = 0.005 ndddes ¢nskad noggrannhet redan efter tre iterationer. Det
optimala vdrdet pd a visade sig vara a) = 1.63 och a, = 1.65. Fig. 1
visar tillstdndsvariablerna lings optimaltrajektorian, och fig. 2 ad-
jungerade variablerna med den optimala styrsignalen. I fig. 3 har plottats

storningsparametrarna Z och i fig. 4 Y.

+’]_{\

x4 (t)

Xgo (%)

..‘I._

Figur 1 - Tillstandsvariabler



e Py ()
(¢
o — )
P2 (+)
T T
Figur 2 - Adjungerade variabler och styrsignal
)
‘ Z,1(6), Zgg(b)
212('&) 1 ~ t
._']_
Z 54 (%)
-2
Figur 3 - Stérningsvariabler Z
N\
Yep (%)
1.20 -
Yi7 ()
‘ >
\qg(t)
"1020"
Yoe (4

Figur 4

- Stdrningsvariabler Y



I fasplanet far optimaltrajektorian utseendet.

N X,

-1+

Figur 5 - Fasplan for dubbelintegratorn

Karakteristisk data for andra gissade vérden pa a; och a, framgar
ur foljande tabell

Gissat k € antal itera- v a; a,
tioner
o | 49
10.0 0.5 4,0 0.01 by 0.,00002 11.05 11.05
2.0 1.0 0.1 0.01 3 0.001 1.63 1.65
1.5 0.5 0.1 0.005 4 0.002 1.55 1.57

Det &r alltsd uppenbart att a endast &r bestdmd till sin riktning, och
kan godtyckligt multipliceras med niagon positiv konstant. Foérlustfunk-
tionen V har alltsa inget entydigt bestdmt minimum, utan antar virdet
noll om a har riktningen (1,1). Som tumregel for valet av k kan man siga
att ju mer den gissade riktningen avviker fran den optimala, desto stdrre

maste k vara for att fa snabb konvergens.



b) Oscillator

Givet systemekvationerna

- %X tu
1

s6k en styrsignal sd att systemet pd minimaltid, T = 5» , &verfores
frén (10,0) till origo. Adjungerade ekvationerna blir

dpl

g‘ = Py pl(O) = ay

dp2

E;— = -p p2(0) = a,
Hamiltonfunktionen

H o= P%p — Pp¥p * U

Maximum fés da

u = sign (p2)

Man har alltsa

=% g = P
£, = -x + sign (p2) g = -DP

vilket ger stdrningsekvationerna



S/

21

d

—_— Y = Y Y..(0) =0

= u 21 11

ey Y, = Y, ¥,,(0) = 0

dt

d _ _

;; Y21 = —Yll + (u(t) - ult - h)) / (p(t) - p(t - h))

d _

Sy =Ygy D) - uE = )/ () - Bl - 1) -y,
of

dir —2% har approximerats med (u(t) - u(t - h)) / (p(t) - p(t -h)) .

sz

Y, (0)

21

Y22(O)

h dr som forut steglédngden i Runge-Kutta-rutinen. For den andra upp-

sdttningen stdrningsekvationer fas

iz Zy, = Iy Z,,(0) = 1
iz Zi, = Iy Z,,(0) = 0
ig Z, = - Zp Z,,(0) = 0
iz Zpy = = Iy 2,,(0) = 1

Som forut vdljes forlustfunktionen

_ 2 2
Vv = X, (T) + X, (T)
och alltsa
av & @ W v 11
—_ = (= , = ) = (= ,— )
da da da IxX X Y

il 2 1 2 21

12

22



a, och a, skall alltsa uppdateras enligt

1 2

2 new - 3 old T 2k - (xl(T) i Yll(T) * x2(T) . Y21(T))

8y rew - 3 o1q - 2K ¢ (xl(T) T Y, (T 4 %, (T) - Y22(T))

Matrisen A har i detta fall rent imagindra egenvdrden, varfGr man
inte kan sdga ndgot om hur mdnga gdnger styrsignalen kan byta tecken.
Liksom for dubbelintegratorn har i programmet u valts = - sign(p?),
vilket ger minimum i stdllet for maximum &t Hamiltonfunktionen. Ad-
jungerade variablerna har alltsda dven hdr motsatt tecken.

Med initialgissningar a, = 2.0, ay = 1.0 och k = 0.1 hade efter
fyra iterationer erhdllits a, = 3.12 och a, = 0.06 vilket gav

1l 2
V = 0.04,

I fig. 1 visas tillstandsvariablerna som funktion av tiden, och i

fig 2 adjungerade variablerna med den optimala styrsignalen.

10-
8- :
X1 (t) Xz(t)
6_
4 -
/\\
2 - \
N4 51
/ / T P

~ -

Figur 1 - Tillstandsvariabler xl(t) och x2(t)



Figur 2 - Adjungerade variabler med optimal styrsignal

N
+ 14 — - —_ i
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Figur 3 - Stérningsvariabler Z.. och Z,, (heldragen), Z,, (langstreckad)
b s 11 22 12
samt Z,, (kortstreckad)
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-1 le(t)
-2 4
Yipo Yo =0
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Figur 4 - Storningsvariabler Y
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P4 samma sdtt som i férra exemplet visar det sig att V inte har ett
entydigt bestidmt minimum, utan a &r endast bestdmd till sin riktning.
Denna riktning sammanfaller med positiva a2—axelns. Nagra konvergens-
svarigheter uppstod inte for val av a som skiljde sig mycket frdn de
optimala, utan efter 4-5 iterationer hade i regel Snskad noggrannhet
uppnatts.

Med kénnedom om optimaltrajektoriernas utseende dr det nu mojligt att
forklara varfor metoden med ieration dven pa tiden inte fungerar.
Betrakta exempelvis oscillatorn. Det gdller da

av

= 2%, u
dt 2
dv v o " .
— &r alltsa noll for x2 lika med noll.
dt

I det optimala fallet da u véxlar tecken samtidigt som X, dr tydligen
de singuldra punkterna terasspunkter med avseende pd t vid fixa a,
och a,. fAr emellertid styrningen blott ndstan optimal, kan foljande

2
situation foreligga.

N\ Xy
omslag i w
\ V- cirkel
™
A

v

B X4
iahﬂenn'

\\\‘\ {radcktorux




V har nu ett minimum med avseende pd t. Att vid iterationen ha kommit

till ett lage A innebdr di att tiden tf minskas, samtidigt som dndringarna
i a strivar att pd denna tid gbra forlustfunktionen sa liten som m&jligt.
Det a som minimerar V &r emellertid lika med det optimala vdrdet pa a

vilket inses av att i det optimala fallet alltid gores sd negativ

av
dt
som mojligt. Omslagspunkten for u kommer alltsd att rbra sig mot B.

V som funktion'av t lidngs trajektorian kommer alltsd att fa foéljande

utseende med &kat antal iterationer.

V
a
~N > o2
e N 1
N N
Y A > _
‘3

For att minimat skall omvandlas till terasspunkt och saledes m&jlig-
gora en okning av tf, krdvs alltsd att man ndstan exakt uppscker de
vdrden pid tf och a som ger minimat, vilket mdste innebdra en successiv
minskning av konstanten k. Nir man vdl foérvandlat minimat till en

punkt &r alltsa k sd liten att den &dr verkningslos.

Med mycket goda initialgissningar pa a och tf &r det emellertid mbjligt
att fa systemet att gd in mot en sddan hér kritisk punkt som samtidigt
4r det stkta sluttillsténdet. Det krdver emellertid att man praktiskt
taget kdnner den stkta minimaltiden.



3.2 Algoritm for numerisk l6sning av tidsoptimal styrning med
icke-kdnt T.

Betrakta dter den tidigare definierade mingden C(t). Det visades att
C(t) &r konvex och sluten, samt att randpunkterna utgjordes av punkter
som natts genom optimal styrning. Vidare visades att adjungerade
variabeln p(t) i varje ogonblick &r den utdtriktade normalen till C(t).
Har man funnit den optimala styrsignal som 6verfor systemet till x(T)
har man da foljande

~—
=

Bt p(T)
o

XCT) ) ™~

Y

X (0

Grundidén som anknyter sig till foregdende algoritm &r nu foljande.

Antag att man i stdllet for att integrera tiden T integrerar systemet
till dess att man trdffar nagon linje genom x(T) och sedan ldngs denna
linje definierar en forlustfunktion som férut. Med storningsekvationerna
skulle det dad vara mbjligt att avgbra hur begynnelsevdrdet a skall dndras
for att man vid ndsta integration skall trdffa denna linje ndrmare det
sokta sluttillstandet x(T). Betrakta exempelvis dubbelintegratorn, och
antag att det gdller att styra systemet frén origo till punkten (1,0).



(1,0) X4

Ett mojligt val vore da linjen X) = 1, det vill sdga integrera varije
gang systemet till dess att X = 1 och modifiera sedan a sd att man
nista gang trdffar linjen ndrmare (1,0). Vid ett sadant val har man
emellertid inte garderat sig mot mbjligheten att den sckta optimal-
trajektorian vid nagon tidpunkt dr sadan att x,(t) > 1. Lr detta fallet
dr det uppenbart att resonemanget ovan inte fungerar. Ur konvexiteten
hos C(t) foljer emellertid att det existerar en linje sdadan att optimal-
trajektorian forléper helt mellan x(0) och denna linje genom x(T). Denna
linje &r uppenbarligen tangenten till C(t) i x(T).

A

C(T)

4
4
/
y

X (0) X(T)

"/ P(T)
4

>,




Genom att utnyttja konvexiteten hos C(t) kan man nu ange en algoritm
som med utgdngspunkt fran en gissad initialtangent, exempelvis

1 F ¥, (T), ger den sokta tangenten i x(T). Det kommer da att visa sig
att man dven 1l6st problemet, det vill sdga funnit det a som implicit
overfor systemet till x(T), utan att behtva tillgripa ytterligare itera-
tion med hjdlp av en forlustfunktion. Antag forst tiden fixerad till t¥,

X

och att foljande situation rdder
A I

X (%)

P(t¥)

X (0) =

7

Om konturen C(t*) vet man att den dr konvex, och det val av a som gor
avstandet frén x(t*) till x(T) si litet som m&jligt, &r uppenbarligen
det som gor att p(t¥) sammanfaller med x(T) - x(t*). For att fa dessa
riktningar att sammanfalla bor alltsa p(t¥) uppdateras enligt

YV

X(T)

#

c(t*)

PR S| e N

- *
p(t*)new = p(t*)Old -k o (x(t*) - x(T)) (3.6)

Observera att p(t*) &r intressant endast till sin riktning och inte till
sin storlek. Sldpp nu kravet att tiden &r fixerad till t¥ och vdlj i
stdllet att integrera systemet fram till ett forsta stoppvillkor

xl(t) 2 xl(T). Datera upp p(t) enligt (3.6) och stk med hjdlp av stor-

ningselementen dpi det a som ger p(t) new
da.
J



Om det skulle slumpa sig sd vdl att detta a &r det sokta optimala,
miste uppenbarligen stopplinjen &dndras for att man skall kunna vara
sdker pa att hela optimaltrajektorian ligger mellan x(0) och linjen.
Den enda linje som garanterar detta é&r linjen vinkelrdt mot p(t)n
och detta blir alltsd det nya stoppvillkoret. Detta kan skrivas

ew

< (x(t) - x(T)) | (pCt) ) 2 0 (3.7)

x(t)

x(t)~ x(T) / P pew

Y

Tiden t kommer nu inte att vara densamma, och det dr inte sjdlvklart
att metoden konvergerar mot det minsta avstdndet till x(T), det vill
sdga just x(T). Neustadt {4} visar emellertid att om den konvergerar,
ger den en riktning &t p(0) = a, sadan att motsvarande styrsignal
given ur maximiprincipen, &r den optimala. Vi sammanfattar ovanstdende

i foljande algoritm .



Vdlj ett stoppvillker, xi(t) 2 xi(T), och ett a sa att systemet
trdffar linjen.
Integrera systemekvationerna, adjungerade ekvationerna och

storningsekvationerna tills stoppvillkoret uppfyllts. Norma-
len till C(t) ges da av pz(t).

Bilda en forlustfunktion V = (x(t) - x(T))z. OmV < e &r
problemet 10st.

p(t) &ndras enligt =plt) 14 - k(x(t) - x(T)) =

Pnew

p(t) g - k- ap(t)
For att orsaka Ap(t) skall a uppdateras. Det gdller
Ap = Z ¢ Aa

eller i komponentform (n = Z)

) dp1 dp:L ) .
4p; = — -+ b3 t—= b3, = le © bay 212 * ba,
dal da2 .
' (3.7)
_ dp2 N sz N
4p, = :;—— tha) t— ha, = Z21 - bay 222 . La,
a da
1 2
Los ut Aal och Aa2
_ Zyp t Bpy - 29y - Bpy
Aal =
211 " Zgp ~ Zp1 * 2y
- Z1y " 8Py = Zpp " BPy
a, =

Z1y * 2oy = 1t Dy

Detta kraver alltsd det Z # 0, och i det allmdnna fallet (n > 2)
inversion av matrisen Z. p(0) = a modifieras sedan enligt

= +
anew aold ha



6. Nytt stopvillkor gives av

< (x(t) - x(T)) | p . >

7= Atervand till 2.

Som kommer att visas i testexemplen &dr ett nodvdandigt krav att sys-
temets begynnelsetillstdnd x(0) &r sddant att Ax(0) = 0. Styrsignalen
u(t) = 0 orsakar di ingen &ndring i systemet och man vet att x(0) alltid
tillhér C(t), som da blir en mingd som kan sdgas sprida sig runt x(0).

Testexempel

a) Dubbelintegrator

Givet systemekvationerna

i N
dt 2
ax,
— = u
at

Sok styrsignalen u(t) si att systemet pd minimal tid overfores fran
(1,0) till origo. Villkoret A + x(0) = 0 &r uppfyllt. Adjungerade

ekvationerna fds som férut

dpl

= 0 p,(0)
at 1

n
\]

dp2
dt

=-p p2(0)
Hamiltonfunktionen
H = Py¥Xq + Pyu

ger u = sign (p2)



Storningselementen satisfierar

dz

1L _ g 7,,(0) = 1
dat
dz
—12 _ 4 2,,(0) = 0
dt
az
21
cllim . 7 Z..(0) = 0
" 11 21
daz
22
22 . _ g Z..(0) = 1
- 12 22
Det gdller
a
- (2,, 2,, -1 Zna) =
At ta
_dgyy dz,, dZ;, dz,)
= Zog * 29y ¢ - "y~ Zyp =0
dat at  dt dt

Med Z(0) = I foljer da det(Z) = 1 for alla t.

Forlustfunktionen V som nu endast har till uppgift att tala om hur
ndra det onskade sluttillstandet systemet befinner sig vdljes

2

p (1)

Vo= a0 +x
Programmet aterfinnes i appendix 2.

Konvergensen for olika initialgissningar pd a och for olika K

redovisas i fig. 1-3.



Fig. 1
a initial = (-1, -2), K = 0.1, € = 0.001, h = 0.1

Iterationerna 1-4 ligger pd den parabel i fasplanet som svarar mot

u = -1. Detta beror pd att initialgissningen &r sadan att det behdvs
en ganska stor dndring av riktningen for att u skall byta tecken. Detta
sker inte forrdn efter tredje iterationen. Den optimala riktningen pd
a blev (-0.71, -0.70), och den stkta minimaltiden som vantat approxi-
mativt T = 2.0 (2.005). En begrédnsning i noggrannheten &r naturligtvis
den relativt stora integrationslingden. Detta &r emellertid tyvédrr nod-
véndigt pa grund av langsamheten hos SMIL.



Fig. 2
a; ipiap = (-1.05 1.5), K = 0.05, € 0.01, h = 0.1

a;.itigq1 har hir valts sa att man undviker atergdngen langs
parabelbagen, och iterationerna for stadigt systemet mot origo.

En minskning av K i fig. 1 medfor iteration enligt fig. 3.



11e
10®

Fig. 3

as +i: = (-1.0, -2.0), K = 0.05, ¢ 0.01, h = 0.1

Det krdvs alltsd betydligt fler iterationer for att fa en sddan
riktning pad a att u byter tecken. En C(2) - kontur till punkten
(1,0) berdknades och visas i figur 4. Denna forklarar varfor sys-

temet ndrmar sig origo frén tredje kvadranten.



v

%9

Fig. u
C(2) - kontur till punkten (1,0) och optimaltrajektoria.

Kravet att A * x(0) = 0 antyder att metoden bdr vara mera ldmpad

for att berdkna optimal styrning for system med begynnelsetillstdnd
(0,0). Visserligen &dr A - x(0) = 0 uppenbarligen ett alltfor starkt
krav, det dr tillrdckligt att det finns ett admissibelt u sa att

A * x(0) + Bu = 0, men de mdjliga begynmnelsetillstdnden &r likvdl
begrdnsade. Detta dr skillnaden mellan Neustadts {4} metod, och den
ovan redovisade. Neustadt &r begrdnsad till att sluttillstandet miste
vara origo, medan det hdr krdvs att begynnelsetillstdndet mdste vara
sddant att A » x(0) + Bu = 0 dir u € U, och under forutsdttning att U
innehaller origo dr origo alltid ett mojligt sluttillsténd.



I fig. 5 visas iterationer vid styrning frén origo till (1.0) och i
fig. 6 C(2) - kontur till origo med optimaltrajektoria. Den optimala
riktningen pa a blev a = (0.69, 0.71) och tiden T = 2.0.

/sz
o1
o2
1.04 °?
o4
'Y
o6
Y4
o]
.09 ~
1.0 -y
Fig. 5
ainitial = (1.0, 1.5), X =0.05, ¢ = 0.01, h = 0.1
Xy
1 -
-12 -1 ) -
T 0 1 2 T Xy
1 -4
Fig. 6

C(2) - kontur till (0,0) och optimaltrajektoria.



Fér att studera inverkan av krékningen hos C(t) - konturen stktes
optimala styrningen frdn origo till punkten (1,1). C(t) - kurvorna
kan analytiskt visas vara parabler, och iterationerna bér da ligga
pa en skarpare kxokt del av C(t) &n vid styrning till (1,0). Detta
visade sig ocksd vara riktigt sitillvida att man med samma k(0.05)
behtvde minga iterationer for att nd fram.Med en fordubbling av

k till 0.1 naddes emellertid sluttillstdndet efter 8 iterationer,
och med k = 0.2 redan efter 4 iterationer. Man kan alltsa inte s&gas
ha nigra storre svdrigheter att védlja k vid sa relativt gynnsamma
C(t) - ytor som det hdr &r fréga om. Resultaten visas i fig. 7 och 8.
Tiden bestiamdes till T = 1.45 och a = (0.63, 0.77)

X
K 2
17 o
5
4
23
1
0 1 7 x
Fig. 7
a. = (1.0, 1.05), k = 0.1, € = 0.001, h = 0.04



Fig. 8

Anitial -

b) Oscillator

Givet systemekvationerna

— = X2

-x%x, +tu

X4

= (1.0, 1.05), K = 0.2, ¢ = 0.001, h = 0.04



Stk styrsignal u(t) s& att systemet pa minimaltid éverféres frén
origo till (6.0). Adjungerade ekvationerna

1 )
— = P P =a
at 2 1 1
.d£2. = - Pl p2(0) = a2
dt
Hamiltonfunktionen
H = pj¥Xy - py¥p + U
ger
u = sign (pz)
Storningsekvationerna
dz

11
—_— = 7 Z..(0) =1
dt 21 11
dz
12 . g Z,,(0) = 0
dt
dz

21
—t= = - 7 Z..(0) =0
dt 11 21
dz

22
—== = -2 Z,,(0) =1
dt 12 22
Forlustfunktionen

Vs (o) - 6)2 + x2(t)2



Gissad initialriktning var a = (1.0, 0.5). K valdes lika med 0.2
och problemet ansdgs 1ost d& V < 0.01l. Konvergensen framgar ur fig. 1.

A X
5.0+
o1
de
02
5 o
o+ ‘. .‘
ao"’
o 3.0 6.0 T %y
AXe
o 12
o1
0.3 T
Te 14
15 °9
[ et0
t ) } 4 ’ + >X
6-0 el6 6-5 1
6?3
Fig. 1

Konvergens mot (6.0), h = 0.2



Efter 16 steg var V = 0.003 och a hade modifierats till a = (-0.99,
-0.09), vilket dr praktiskt taget motriktat den gissade initialrikt-
ningen. En god initialgissning &r alltsd inte nédvéndigt, vilket ju
ocksd foljer av det faktum att adjungerade ekvationerna &r periodiska
och att sdlunda systemet alltid kommer att nd den forsta stopplinjen
x, 3 6. T bestamdes till 9.52 (=3m). Optimaltrajektoria och C(3w)-
kontur framgar ur fig. 2.

N XZ

/ C(3w)

(6:0) "%

Fig. 2
Optimaltrajektoria och C(3w)-kontur.

C(t)-konturen blir for alla t en cirkel, och detta far foljder for
valet av K. Antag exempelvis att man vid en forsta integration nar
stopplinjen ldngt frén punkten (6.0). p(t) kan da vara ndra samman-
fallande med linjen, och denna kommer di att &ndras till ndsta itera-
tion pd ett sidant sidtt att man stdndigt minskar tiden (se fig. 3)
om K vdljes for liten.



Pt)
P()
C 7 P(t) new

Fig. 3

Vdljes & andra sidan K for stor kommer stopplinjen att oscillera kring
den stkta tangentriktningen. Man dr alltsa mera begrdnsad i sitt val

av K for oscillatorn dn for dubbelintegratorn.

En annan uppenbar svarighet dr att optimaltrajektorian tangerar C(3w)-
konturen i (6.0). Eftersom man vid den numeriska losningen ar hdnvisad
till ndgorlunda stora integrationsldngder, kan det for en ndstan opti-
mal 1osning intrdffa att da man befinner sig ndra sluttillsténdet, men
dock icke sa att stoppvillkoret uppfyllts, under ndsta integration pas-
serar stopplinjen och kommer tillbaka till den sida dar <(x(t) - x(T))|
p(t)> <0, Detta skedde ocksd da forlustfunktionen forstktes goras sa
liten som 0.0001 och med en stegldngd h = 0.1, Detta bdr naturligtvis
kunna lésas genom att ytterligare minska integrationsintervallets ldngd
men detta skulle innebdra orimligt langa kértider pa SMIL.
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Appendix 1:1

Reeln Integer ntot,np,p,antit,i,m,q,r;
regl tin,te,t,tf,hin,h,v,vVold,eps,delta;
array vin,ve,v,z[1:25],Va,ka,a,a01d[1:5];

9



Appendix 1:2

proecedure RKIST(t,y,h,te,ye,p); walue t; loteger p; real t,te,h;
BLXAY Y,ye;
Legin iuteger J,k,n; real p2old,u,uold,sigma; axray z,w[1:25],a[1:5];
procedure Fkt(x,y,z,konst); walue x,konst; real x,konst; axray y,z;
hegin comuent systemckvationerna z[1] och z[2], adjungerade ekvationerma
(3] och z[l4];
(1] :=y[2];
2] :=-s1gn(y[ 4] );
3] =03

[1] =y [ 3]
cognent storningsekvationerna Y11,Y12,Y21,Y22;

:ﬁ]==yFT};

6=yl 8]

71:=?onstxy 11%;

[ 3] :="-onstecy[ 12]

gg%p st8rningsexvationerna 711,212,721,722;
Q) =23

N NN NN
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S NN 9N
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i!-).
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]
(5]

!

P
na
==

il

1

S ]

-ty

o
—d
el

gnd FKT;
comgent nu bdrjar proceduren FK1ST;
sigmai=0; n:=0;
B: a[1]:=a[2]:=a[5] :=h/2; a[*]:=a[l]:i=h; te:=t;
for %:=1 step 1 untll ntot dg yel%]:=w[k]:=y[k];
prold:=y[L]; voldi=-sign(pPold);
for J:=1 step 1 until M do
begin
Fkt(te,v,z,sigm); te:=t+al J];
for k:=1 gtep 1 wntll ntot 4o

ATy ol Sherl ]
Wl K= 18, xZ H
] et oL el /5
eud k

ui=-sign(yell]);
if abs(u-uold 0.5"r=0 then begin r:=1; h:=hin/m; go to B end;
if abs(u-uo0ld 0.5 r=1 then
Legin
if n=0 then

in
1f ye[l4]-p2014=0 then sigma:=0 glse sigma:=(u-uold)/(ye[k]-p2old);
n:=n+l; go to B

end
elge
begin
n:=0; r:=0; h:i=hins; gg %o C
gnd
end;
C: if =1 then
bezin

print(2,b4,te); punch(8); print(2,2,u); punch(8);
for j:=1 gtep 1 until ntot do

kegin print(2,2,vel J]); punch(0) end J;
punch(1);

end p
end RK1ST;

’



Appendix 1:3

procedure FORIUST(V,n,A); value n; loteger n; real Vi array A;
begiy lnteger 1;

V:=0; for i:=1 gtep 1 untll n do V:=V+A[1]xA[1]
end FORIUST;

procedure GRAD(V,Vold,Va,ka,y,n,B); value V,n; lateger n;
real V,Vold; armay Ve,ka,y; lahel B;
kegin integer i;
1f n=1 then go_tQ Aj;
if Wvold then go.tQ A
for i:=1 step 1 until np do kal1]:=kali]/2;
Q_%Q B;
A: Vold:=V;
Va 1}:=2x((y 11xy 51 )+(y Q}XyF'?}
val27 =25 ((v] 1 Ixy[ 6] )+(v]2 ><y_8
end procedure GRAD;

procedure NEWat(Va,ka,a,n); value n; integer n;
aray Va,ka.e;
bezin integer 1i;

for i:=1 step ! until n do ali]:=a[1]-xali]xvali];
engd NEWat;

procedure SKRIV(a,n! ,b,n2,c,n%,d,e,f,g); value nl,n2,n%d,e,f,g;
integer n1,n2,n%,f,2; real d,e; array a,b,c;
comment proceduren skriver ut de nl forsta komponenterna 1 vektorn a, de n2
f8rsta i vektorn b, de n3 fOrsta i vektorn ¢, Vidare skrives de reella talen
d och e ut, Allt med f heltal och g decimaler;
begin lateger i;

for i:=1 step ' watll n1 do

kegin print(f,g,8[1]); punch(0)

end;

punch(8);

for i:=1 gtep 1 watll n2 do
kegin print(f,g,b[1]); punch(0)
end;

punch(3);

for 1:=1 gtep 1 untll n% dQ
kegin print(f,g,c[1i]); punch(0)

end;
punch(8);
print(f,g,d); punch(8); print(f,g,e); punch(1)
end SKRIV;

»
b/



Appendix 1:4

comygent nmu borjar sjdlve programmet;

ntot:=read; np:=read; tin:=read; hin:=read; eps:=read; delta:=read;
p:=0; antit:=1; q:=1;r:=0;

for 1:=1 step 1 ugtil ntot do yin[1]:=read;

for i:=1 gtep 1 uatll np do ka[1]:=read;

tfi=read; mi:=read;

a[1]:=yin[3]; a[2] :=yin[k];

INITIAL:

print(3,0,antit); punch(1); print(1,5,hin); punch(3);
print(2,5,a[1]); punch(0); print(2,5,a[2]);punch(1);

hi=hin; t:i=tin;

for i:=1 step 1 wntll ntot do y[i]:=yin[1]; y[3]:=a[1]; y[4]:=al2];
if p=! then begin RKIST(t,y,0,te,ye,p) end;

Al

RK1ST(t,y,h,te,ye,p);

if (tf-te Xh theq hi:=tf-te;

1f te2tf then go._tQ A2;

t:=te; for i:=1 step 1 wnkil ntot do y[i]:=ye[1]; go_to Al;
A2:

if =1 then go_to OPTIMAL;

FORIUST(V,np,ye );

print(2,5,V); punch(1);

if(q=1)"(®Wdelta) then begin q:=q+!; hin:=hin/2 end;

1f Weps then bealn pi:=1; punch(1); punch(1); go to INTTIAL end;
GRAD(V,Vold,Va,ka,ye,antit,A%);

for i:=1 step 1 until np do aold[1]:=al1];

go ko Al

A=

for 1:=1 step ! until np do af1):=aoldi];
Ak

NEWat(Va,a,a,np);
SKRIV(ve,k,2,2,%0,2,7,7,2,2);
antit:=antit+l; go _to INITIAL;
OFTIMAL:

end



Appenle 2:1

begin integer ntot,np,m,entit,q,p,1,b,r,s,m!;
real t,te,tin,h,hin,eps,delta,X,c1,c2,d,V,det;
array v,ve,vin,z[1:25],a,norm, slut,da,dp[1:5];

1



Appendix 2:2

procedure RK1ST(t,y,h,te,ve,p); value t; inkeger p; real t,te,h;

array v,ve;
begin integer Jj,k,n; real p2old,u,uold,sigma; array z,w[1:25],a[1:5];

procedure Fit(x,v,z,%onst); value x,%<onst; real x,konst; array y,z;
berin comment systemevetionerna z[1] och z[2], adjungerade ekvationerna
z{ 2] och z[U];
z[1]:=y[2];
z[ 2] s=sipn(v[ 4] );

gy )
z[ 1] :=-y[ 2]
comuent stdrningsekvationerna 711,712,721,722;

72l 5[ 1=03
zl O] :=0,
zi 712

-y

commpent mu borjar proceduren RK1ST;
sigma:=0; n:=0;
B: a[1]:=a[2]:=a[5]:=h/2; a[3]:=a[l]:=h; te:=t;
for k:=1 step 1 until ntot do ye[k]:=w[k]:=y[k];
pPold:=y[L]; uold:=-sign(p2014d);
for j:=1 step ' wntil  do
kezin
Fkt(te,w,z,sigm); te:=t+al j];
for k:=1 step 1 until ntot do

i) 1=yl sal g e ]
kis=ylk |+l Jixz| k|3
ye[k]:=ye8k]+agj+4]xz[k]/3
end k
ui=-sign(yell]);
if abs(u-u0ld»0.5"r=0 then begin r:=1; h:=hin/m; go tQ B end;
if abs(u-u01d)>0.5"r=1 then
Regin
1f n=0 then
keain
1T ve[l]-p2018=0 then sigma:=0 glse sigma:=(u-uold)/(yellk]-p2old);
n:=n+l; gg to B

end
else
begin
n:=2; r:=0; hi=hiny; gQ to C
engd
end;
C: if r=1 then

Reglin
print(2,4,te); punch(8); print(2,2,u); punch(S);
for j:=1 gtep 1 until ntot dQ

kegin print(2,2,yel j]); punch(0) end J;
punch(1);
gnd p
end RK1ST;

.
?



Appendix 2:3

coment nu bOrjar programmet;
A1
comuent inl8snings
ntot t=read;
np:i=read;
tini=read;
hini=read;
eps:=read;
delta:=read;
K:=read;
m:=read;
ml :=read;
bi=read;
for i:=1 gtep 1 until ntot dg yin[1i]:=read;
for 1:=1 step 1 until np do slut[1i]:=read;
A2:
a[1]:=yin[3]; a[2]:=yin[4];
antit:=1; p:=0; q:=1;
INITIAL:
print(3,0,antit); punch(1);
print(1,5,hin); punch(8);
for i:=1 gten 1 until np do begln rrint(2,5,a[1]); panch(0) end;
punch(1);
UTSKRIFT:
hi=hin; t:i:=tin; s:=1;
for 1:=1 gtep ! wntll ntot do y[i]:=yinfi];
v[73]:=a[1]; y[4]:=a[2];
i.f. p=1 then kezin RK1ST(t:yJO’te;yer) end;

3
comment integrering;
RK1ST(t,y,h,te,ye,p);
if antit=1 then

begin

Lf velb]2s1utlb] then go_to AL2 else
Regin
ti=te; for i:=1 step 1 wugtll ntot do yli]:=ye[i];
g2e_tg A=
gnd

engd;
if (norm[1]<(yel1]-s1ut[1] )+norm[ 2]=(ye[2]~sut[2]))20%s=1 then begin hin:=hin/ml;
h:=hin; s:=s+1; gQ_to A% and;
1f norm[1]x(ye[1]-sut[1] )+norm[ 2] (ye[2]-s1ut[2] )20 then o _to AM1 else

begin

ti=te; for i:=1 step 1 until ntot dg y[1]:=ye[i];
go 1o A7
engd;

Al e

copment utskrift av tiden och tillstdndsvariablerna 1-8;
hint=hinml

Al2:

iIf =1 then 2o to OPTIMAL;

print(2,5,te); punch(1);

for 1:=1 gtep 1 until ntot do bezlu print(2,2,ye[1]); punch(0); end;
punch(1);

3



Appendix 2:4

A5:

couuent understkning av forlustfunktionen Vi
Vi=(ye[1]-slut[1])12+(ye[2]-s1ut[2] )12;

print(2,5,V); panch(1);

if (q=1)"(Wdelta) then kegin q:=q+!; hin:=hin/2 end;

ig Veps then kegin p:=1; punch(1); punch(1); go_to UTSKRIFT eud;
A\-

comment berikning av normerade normalen p(T);

cl:=sqrt(yel 3] 12+ye[4]12);

norm[1]:=ye 3] fets

norny 2 | i=ye[ 4] fe1;

print(?,%,norm(1]); punch(0); print(2,5,noml2]); punch(1);
AT:

comuent berdkning av Zndringen 1 normalen dps

ap[1] :=-K<(ye 1}-slut 1%);

ap[2] :=-K<(yel2]-s1ut[2]);

pgint(z,s,dp[1]); punch(0); print(2,5,dp[2]); punch(1);
AS:

coument uppdatering av normalen;g
normF1}:=normE1}+dpr1%

norm| 2| t=norm{ 2 ]+dp[ 2
print(2,%5,norm[1]); punch(0); print(2,5,norm[2]); punch(1);
AQ:

comuent bergkning av vektorn da;

det:=ye[5]xyeg3]-ye[6 ~<ye[ 713

print(2,%5,det); punch(1);
daE1%:=(ye[8]xdp{1%-ye{6}xdp[2%)/det;
dal2]:=(yel5]xap{2]-yel 7]<dp[1])/det;

print(2,5,da81]); punch(0); print(2,5,da[2]); punch(?);
A10:

comuent bergkning av normerat nytt a;

al1]=al1l+dal1|;

a{2}:=a[2}+daF2};

c2:=sqrt(a[1]124a[2]12);

a[1]:=a[1] Jc2; a{?]::a%2]/b2;

print(2,5,a[1]); punch(0); print(2,5,a[2]); punch(1);

At

antit:=antit+; go_to INITIAL;

OPTIMAL:

gad

we ‘s



Anvindning av Pontryagins Maximumprincip pd malstkningsproblem.

Examensarbete i regleringsteknik av Krister Mirtensson.

Milsgkare har traditionellt dimensionerats med utgdngspunkt frén

VJ.ssa s.k. styr'prmuper t.ex. styrm.ng utan felpekning,. styrning
1'ned konstant . framforhallnmg, styrm.ng med s;}fi:ﬁérmgsprmmpen. '
I detta arbete. undersekes mo;] llgheter'na att i ett enkelt fall
formulera nalso]mmgsproblen som extrcmalpmblem. I forsta etappen
undersskes det fall da roboten pa Kortast mojliga tid skall triffa
malet under fomtsattnmgen att nobotens tvédracceleration &r be-
gransad, I férsta handl studeras endast det plana fallet med
forenklad robotdynamik. 'Ett nédvindigt villkor for den optimala
styrningen- erhalles i detta fall ur Pontryagins Maximumprineip.
Villkoret &r i form av ett randvardespmble:n fér en ordindr differen-
tialekvation. For att ldsa detta problem skall en ALGOL ‘algoritm
utarbetas. Denna algoritm boér vara si flexibel att andra problem
kan behandlas utan omfattande omprogrammering. Det ingdr &ven i
arbetet att orientera s';‘ug om optimeringsmetoder och robotstyrning.



1. Orientering om optiméringsmetoder.

Lis grunderna i

(L) Pontryagin, L.S. et al "The Mathematical Theory of

Optimal Processes"

(2) Notori, A.R. "Introduction to Variational Methods in
Control Engineering"

|
I

2. Numerisk losning av optimeringsproblem.

Gor en kortfattad oversikt av de metoder som finnes. Begrdnsa
sedan arbetet till att %terera pd initialvillkor. '

I
(1)  Bryson, A.E. "Optimal Programming and Control"

IBM Scientific Computing Symposium, New York 1964
(2) levine, M.D. Tva bifogade artiklar

(3) Balakrishnan, A.V., Neustadt, L.W. "Computing
Methods in Optimization Problems"

Utarbeta sjdlv ett. ALGOL program for 18sning av Eulerekvationerna
med hjdlp av iteration pd begynnelsevillkoren. Programmet bor vara
flexibelt och uppbyggt av procedurer. Standardprocedurer for 18sning
av ekvationssystem och integration av ordindra differential-
ekvationer tages ur litteraturen.



Skiss av programmet:

1. Gissa initialvilikorlz(O)

2. Integrera Eu1er?kvationerna
i
dz

— = f(2)
" f(z ‘\\

och stdrningsekTationerna

4 (s2) = £, ¢z

dt
\
3. Avbryt integrationen da slutvillkoret &r uppfyllt

4, Undersdk randvillkoren

5. Modifiera initialvillkoren sé att felet i randvillkoren
minskaxr.

6. Insdtt de nya %nitialvillkoren och upprepa frén L.

Forslag till testexempel

Exempel: Betrakta systemet

Bestdm en styrnlng sadan att systenet pa kortast mojliga tid
forflyttar sig frén (0, 0) i1l °,0).



Hamiltonfunktionen lyder
H (x,p,u) = p?f(x,d) +1 = p%, tpputl

Mina med avseende pa u '

u = = 8gh b, f\
dp
.J_—]- - 0 ll
dt
dp2
——— — p
at 1
dx
dt
d
2.y
dt
Randvillkor:
‘ xl(O) = 0
x2(0) = 0
xl(T) = x°
= 0

x2(T)



3. Orientering av robotstyrning.

Gér en litteraturdversikt. Rékma igenom foljande fall:

Styrning av felpekniné.

Antag att roboten styrs sd att ¢ = 6 alltid. Integrera ban-
ekvationerna for detta fall och berdkmna tiden och understk den

maximala accelerationen.
i )

Styrning med konstant felpekning

Antag att roboten.styrs sa att

I

6 -6 = ¢(0) - 0(0) =:fkonstant |

Integrera banekvationerna fér detta fall, bestdm tiden till tré&ff

och understk den maximala tviraccelerationen.

Syftbdringsstyrning  ( Syftbédringskonstant = 2 )
Antag att roboten styrs ;54 att foéljande samband gdller

gi:c-.d_S.

dt dt

Bestim banorna for C = 2. Undersck tiden till trdff och den

maximala tviracceleraticnen. ‘

4, Optimal robotstyrning

Vilj parametrar for typfall med ledning av de data som erhtlls
under 3. Bestdm de oqtimala banorna och den optimala styrsignal.
Berdkna syftbdringskonstant m.m. |

{ ,
!
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PAPER VI

TRAJECTORY OPTIMIZATION USING THE
NEWTON-RAPHSON METHOD

M. D. LEVINE

1. INTRODUCTION

CONSIDERABLE work has been directed towards solving the two point boundary value
problem which arises in the determination of optimal control functions. However, a great
deal of research on this subject still remains to be done since sufficient experience with this
type of problem has not been accumulated and many difficulties have yet to be sorted out.
In particular, there is great hesitance about using the so-called boundary value iteration
techniques although in practice these require the least computer time and storage facilities
when compared with other more sophisticated methods. Also, for most problems these
techniques are simpler to handle as well as to program.

In a previous paper [1], the author described such a method based on the concept of
manipulating optimal trajectories by hillclimbing on the initial conditions of the adjoint
equation. Although in many cases this procedure was considered to be adequate, the
method described here provides much faster convergence. The latter uses a classical
Newton-Raphson Method to perform the up-dating of the initial conditions for the
successive iterations. Thus it does not require the programmer to guess at any constants
save the initial values of the boundary conditions.

Two non-linear examples are presented and many of the difficulties which arise in
doing this type of computation aire discussed in detail.

2. FORMULATION OF THE PROBLEM
Given a dynamic system described by the vector differential equation
" J.C=f(x, u, t)s x(t0)=xo (1)

where x is the n-dimensional state vector and u is the r-dimensional control vector. The
problem is to choose the control function u(¢) over the time interval #,<?<1?, to minimize
the cost functional

0 =f’fo(x, u, 1) dt | @

and to satisfy the terminal conditions
S_,[x(tf), tf]=0’j=1’ ...q<n+l. (3)

{1] M. D. LevINE: A Steepest Descent Method for Synthesizing Optimal Control Programmes, presented to
the Inst. of Mech. Engineers’ Conveqtvion on ‘Advances in Automatic Control’, University of Nottingham,
April (1965). ‘ d
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204 M. D. LEVINE

If a Hamiltonian function H is defined as
i

H=—fo+pf @
. r f
where p is the n-dimensional adjoint vector, then PONTRYAGIN’S Maximum Principle {2]
requires that for optimality:

, OH _ 5
S= &)
s —OH _
p=—5—-=4 ©
0H
E=° : 0]
[H dt—pdx]),.,,=0 ‘ (8)

The control u may be determined as a function of x, p, and t by invoking equation
(7): substituting into equations (5) and (6), the following set of 2n differential equations
may be derived:

%=f(x, p, ] w : O
p=4(, p, 1). (10)

The transversality condition of equation (8) applied to equation (3) yields 7+ 1 relationships
which must be satisfied at #=¢,. Hence

¢,x, p, )=0,j=1,...,n+1. o (11

The vectors x and p (referred to as the canonical variables) plus the independent variable
¢ constitute 2n+1 variables. The 2n+1 boundary values are specified by the # initial
conditions of the staqe equations, x,, and the n+1 equations (11). Since half these con-
ditions are given at #=¢, and the other half at t=¢, this is a two point boundary value
problem.

To perform the integration of equations (9) and (10), it is necessary to have an integra-
tion stopping function. It is convenient to choose a function W such that

W(x, Ds t)—d’m(x’ D, t)=0’ l<m<n+1. (12)

|
Since the above ccit:ation will always be satisfied at #=t,, only n terminal conditions of
the type described by equation (11) remain to be satisfied.

The problem ay now be stated as follows: Find the value of the n-dimensional
vector -

p(t)=a 13)

such that when equations (9) and (10) are integrated until #=¢, defined by equation (12),
the n relations of equation (6) will also be satisfied. The solution of equation (9) is then
the required optimal trajectory in phase space.

[2] L. S. PONTRYAGIN, V. G. BoLTYANSKD, R. V. GAMKRELIDZE and E. F. MISHCHENKO: The Mathematical
Theory of Optimal Processes. Interscience, New York (1962). :
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|
3. THE COMPUTATIONAL ALGORITHM
In order to derive a digitall computation scheme, define a vector ¥ such that
p,=¢2, i=1,...,n (14)

If the optimum value of the initial condition of the adjoint equation is referred to as a*,
it is obvious that .
¥,>0 for a#a* ;
¥,=0 for a=a* i=1,...,n (15)
Consequently, if it is assumed that
Y.(ay, a3 -+ @) =0

\Pz(al, Aoy 000y a,,)=0

) \Yn(als [T a")=0 (16)

then it follows that the value of @ which satisfies these equations is a=a*.
Using a Taylor Series expansiori for the above n equations and discarding all terms of
order greater than one, it can be shown that

' oyt
Apew=9la— l:'a;:l v. (17)

This linear approximation is the Newton-Raphson Method in # dimensions. It is interesting
to note that while here the correction is inversely proportional to the slope, in general,
hillclimbing schemes up-date by correcting by an amount directly proportional to the
slope.

Differentiating equations (14) with respect to a yields

0¥ [a¢ ox 09 op 09 a_u] (18)

% =29 5 50 3p bt o1, da

Define sensitivity matrices ¥=0x/3a and Z=3Jp/0a. It can be shown that [1] these functions

may be determined along any trajectory by the integration of the following accessory

equations: ; .
dy of of ‘ ‘
5 =7 Y+ ap Z, Y(t5)=0 | (19)
dZz og._ of
e 5172 + o Y, Z(ty)=1 . (20)




206 " . M. D. LEVINE

Also, with the aid of Equation @)

FEY-F?EZ:I '
ot | Ox ap ‘ (1)
a oW, oW oW

Wt

Hence 8%/da in equation (18) can be calculated for W=0 with a knowle?lge of x, p, t;,
Y and Z at t=1,.

The computational algorithm may be outlined as follows:

1. Guess a value of a. ‘ ‘

2. Integrate equations (9), (10), (19) and (20) until W(t,)=0.

3. Evaluate V=:§1\Pi' If ¥V <e¢, where.¢ is some predetérmined small positive number,

the optimal @ =a* has been found. |
4, If V>e, up-date the value of a according to equation (18).
5. Return to step 2.

Examples demonstrating the use of this technique are presented in the next two sections.

4. THE TUBULAR REACTOR DESIGN PROBLEM

For this problem, it isirequired to determine the optimum temperature gradient in a
chemical reactor [3]. The order of the reactor is A—»B—C where the product of interest
is B, Both reactions are assumed to be of the first order.

Let the concentrations lof 4 and B be x, and x, respectively. The nonlinear dynamics
of the reactions may be described by the following equations:

) %y =—kyx1, ¥,(0)=X10 (22)
| %y =kyxy —ky%z, X2(0)=%20 (23
where !

ky=G, exp [%], k, =G exp l:':R%]

are the rate constants of the reactions. The independent variable is # which is the holding
time of the reactor up to a given point. The temperature at that point is #(f) which is

treated as the control function in this problem. The constants in the above equations are
chosen as: '

G, =0-535x 10** min™"
G, =0-461x 108 iiin~*
E, =18000§ca1./mole |
E, =30000 cal./mole

{3] E. S. Lee: Optimization by Pontryagin's Maximum Principle on the Analog Computer. 1963 Joint Auto-
matic Control Confere?ce. ‘ ' i
| .
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R=2 cal./mole—-°K
X10=0:53 mole/l.

X,0=0-43 mole/l.
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The problem is to maximize the yield of B defined as x,, over the total holding time

t=t, where ¢, =8 min.
By applying equations (5), (6) and (7), the control is found to be

Ez “'El
i u=[—-R—:|Inac

a=[E262][ P2X; :l
EGyJ (pa—p)x. |

b1=ky(p1—p3), p1(0)=a,
Dy=kyps, p2(0)=a,.
The transversality condition of equation (8) yields the requirement that
®1 =pi(t;) |
¢2=p,(tp)—1.

where

the adjoint equations become

Thus it is necessary to define
Y1(a1, a)=p}
¥o(ay, a2)=(p,—1)%

; @9

(25)
(26)

@7
28)

(29)
(30)

|
Since a Newton—-Raphson Method was used to solve this problem, a; and a, were up-dated

by invoking equation (17) for the two dimensional case:

1fow,. ov
A 1new =q101d _Z[éa_j\yl —a:‘l’z]

|
1 v 0¥
Q2new™= 2014 —Z[—ﬁ: ¥+ Ez‘:\yz ]

where

ALY 0%, 3¥, 0%,
~8a, da, 0a, Oay

o,

o= 20iZu 'i i=1,2
il g i
—2=2(p2—1)22‘, i=1, 2-

oq,

@31

(32)
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The variables Z,; and Z,; are calculated by integrating the accessory equations. These
are given in Appendix A.
An integration sti'p length of 1=0-08 was chosen and the integration stopping condition
was obviously
W=t-38. (33
A fourth order Runge-Kutta integration method was used. The iterations were begun with
initial guesses of @; =2 and a, =3, It took 14 iterations, 4 sec on the London Atlas Com-
puter, to reduce the magnitude of ¥'=¥;+¥, below &= 10~ ¢, The optimal values of the
initial conditions of the adjoint equation were found to be a; =0-610126 and a, =0-828495.
The optimum temperature profile is shown in Fig. 1; the concentrations are plotted as a
function of ¢ in Fig. 2; the solution of the accessory equations along the optimal trajectory

[ ‘

. X,
L
E
o
o
=

%
ol
| 1 ! L
0 2 4 6

t, min

F1G6. 1. Reactor concentrations.

w
2
J

f, min
Fic. 2. Temperative profile.

has been plotted in Figs. 3a, b. For this problem it was found that the Method of Steepest
Descent as described in Reference [1] converged considerably slower than the method
described here.

One of the arguments often put forth against an initial condition variation technique
is that a good estimate of a is required to achieve reasonable convergence. This does not
seem to be a valid point for the general case. In fact, depending on the problem, this may
or may not hold true. It does not seem possible to predict this before the actual computa-
tions are performed. ‘
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Y
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To investigate the performance of this method, the Tubular Reactor problem was
solved for varying starting values of @. The results are given in Table 1. Each iteration
took about 4 sec computing time on the Atlas. It is interesting to note that although the
value of @, and a, varied slightly from test to test, the values of x,(8) and X,(8) remained
unaltered. In general, the farther from the optimal solution the problem was commenced,
the more iterations were required, Thus for this nonlinear problem the method used
converged without difficylty to the solution with the initial guesses well off the correct
value.

\
TABLE 1. EXPERIMENTAL CALCULATIONS FOR THE TUBULAR REACTOR PROBLEM.

initial
* * no. of
ay as ai az iterations  x1(8) x2(8)

, 2 3 0-610126 0828495 14 0:1704 0-6794
2%101 . 3'%x101 0610248 0-828673 17 0-1704 0-6794
2%x102 3% 102 0-610155 0-828519 21 0-1704 0-6794
2x103 3x103 0-610198 0-828589 24 0-1704 0:6794
2% 104 3% 104 0-610251 0-828675 27 0-1704 0-67%4
2x103 3><1p5 0:610151 0-828514 31 0-1704 0:6794
2 % 106 3x106 0-610193 0-828581 34 0-1704 0:6794

-2 —3 0:609658 0827909 15 0-1703 0-6794

—2%101 —3x101 0-609645 0-827898 18 0-1703 0-6794

—2%x102 —3x102 0-609530 0-827625 20 0-1704 0:6794

|

| 5. THE INTERCEPTION PROBLEM

This problem is described in Reference [4]. It is required to choose the thrust program
u(?) for a rocket which is to intercept and match the speed of an orbiting vehicle travelling
on a known path. In addition, it is desirable that the rocket should achieve contact with
the burning of a minimum amount of fuel.

The state equations for the motion in a single dimension are

-98

(2x1)7
v

= T ({1+10x,)8

(1+e'1°‘)"1[10x1e"1°‘ +u:|,x1(0)=0 (34)

%=, m(0)=0 69
where x; and x, are the roci(et velocity and position, respectively. The orbiting vehicle
follows the trajectory

x,(H=2t—1 (36)
x,()=12—1+0-35 (37

in phase space. The control »(z) must be chosen to minimize

P(u)= J 2t ' (38)

fy
[4] W. KieiNtak: Dynamic Optimization and Control. MIT Press and Wiley, New York (1961).

\
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|

Invoking equations (5), (6) and (7); the control for the optimal trajectory is found to be

‘1u(t) =0.5p; (39)
where the adjoint equations are:

. _.[14p,(2x,)°

pr=(1+e*i) [(T-’L%Z;—‘P] P(O=a, (40)
| R

19:6(1+e~1%)  80(2x,)’
hy = — 0)=a,. * 41
p2 pl[ (1+le)3 +(1+10x2)9 H p2( ) a2 ( )

Using the transversality condition of equation (8), the terminal conditions become

b, =x,— 12 +1—0:35 @
b2 =ps(¥1=2) P26y ~2t+1)=0:25p,> @
G3=x=2t+]. 44)
The stopping condition is chosen as |

W= - (45)

so that the following implicit equations remain: i
i\P1(axs a)=¢;>=0 (46)
W¥,(a;, @) =¢,2=0. (CY))

As was done in section 4, the Newton-Raphson Method was used to up-date @, and
a,. Equation (17) requires 8'¥/da: referring to equations (42), (43), (46) and (47) yields:

ov

—2=20,[Y5+©5-)Yy], =12 (48)
i

oY, _ L _

—5=2¢2[Zu(x1—2)+p1G,+Z|2,(x2-2t+1)—0-5p121,], i=1,2 (49)
i .

|
where !

Gy=(Ayy +0-5G5) Yyt Ayy Y, +0-5(1 471012y, i=1, 2

10e ~1%* Qx,) 100x,e ~ 1%
Gy=| —— Ox.e” tor 17 - —= g 50
3 [(1+e'1°‘)2:”:1 M Tty T e 50
Again to evaluate Y and Z, it is necessary to integrate the accessory equations. These are
given in Appendix B for the canonical equations (34), (35), (40) and (41).
The computations were begun with starting values a, =40 and @, =250. The integration
step length was chosen as ¢=0-001. To reduce V=¥, +¥,toe=10"6required 45 iterations
—this took 28 sec on the Atlas Computer. The results were: ‘
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a’t =47.2609
ay =320-242
t,=0-399118 sec
x(t ;) =0-202029
| x,(t;)=0-110113.

The trajectory in phase space, the control function, and the accessory variables along the
optimal trajectory are plotted in Figs. 4, 5, 6a and 6b respectively. Since the above accuracy
is not usually required, the program could have been terminated when V<e, 8=1072
which would he?vc given after 26 iterations

a; =47-2647
a¥=320-312
t,=0.398985 sec -
| x4(t;)=0-201762
' x,(t,)=0-110176.

Orbiting vehicle fz

=1 1 | | | 1 =X
-02 -0l o ol 02 03 04 05 y

FIG. 4. Rocket trajectory in phase space.

t, sec

FiG. 5. Thrust programme.
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Y, ' Ya
I2“ ‘L
08 | -

o7
06
0-5)
04
03
02

Fi1G. 6a. The accessory variable Y.

| | 1 -

9 ol o0z 03 = sec
-0f- -4
=02+ -{-8
-03f : -{-12
=041 -|-16

zzl

-0-5}- 7o 120
=06 =

¢- z 12 24
Z2 Za

FiG. 6b. The accessory variable Z,
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The final time in this case differs only in the fourth decimal place. This brings up an
important practical point: it is difficult to decide a priori on a magnitude of e. In the above
problem very little is gained by running the program for the extra 12 sec. |

As opposed to the Tubular Reactor Problem, in this case the adjoint equations (40)
and (41) became unstable for values of different from a* by more tﬂan about 25%. Con-
sequently, without any approximate knowledge of a*, a preliminary computer search would
be necessary to determine a suitable neighbourhood of the optimal trajectory.

6. CONCLUSIONS

A method for solving the two point boundary value problems using the Newton-
Raphson iteration technique has been described. One of the main advantages of employing
this method for determining the optimal trajectory is that it usually requires less computer
storage and time than other techniques such as those based on the successive approximation
of the control function [5].

It has been shown that it is difficult to discern at the outset how stable the adjoint
equations will be for a given guess of the initial conditions. This may or may not be of
consequence, depending on the problem. Probably the most fruitful procedure for the
general case would be one which used a crude successive approximation technique to find
a suitable neighbourhood of the optimum trajectory and then switched over a method of
the type described here.

APPENDIX A

Accessory Equations for the Tubular Reactor Problem,

In order to utilize the technique described, it is necessary to determine the sensitivity
matrices. ’ ;

| Y. Y2 Zyy Zys
| Y= and Z=
| Yy Y2 Zyy Zy

i
These may be evaluated for the Tubular Reactor Problem by integrating the following
accessory equations: i

Y=AY+BZ, Y(0)=0
Z=CZ+ DY, Z(0)=I

where the matrices 4, B, C, D are defined as

[5] H. J. KELLEY: Method of Gradients, in: Optimisation Techniques, Chap. 6, ed. by G. LEITMANN.
Academic Press, New York (1962).
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B ok, ok, ;
~kyj—x; — —-Xx; —

1771 6x, ox,
A= ; '
5":: 5k2 6k1 ak2
k —_——X, — — —ky—Xx,—
1+x1 axi *2 ax1 x13x2 o xzaxz
_ | _
ok, ' ok,
—x r— —‘x p—
' ap, “* 8p,
B=
aky ok, ok, ok,
Xy ——X; — Xy = —Xy —
1 apy G op, ! op, 2 0op,
B ok ok, |
ki+(p1—p2) ;7—1 —k1+(P1—P2)a_1‘
C= P1 D2
ok, ok,
s | +k
_Pz ap, P20p, 2 |
Wy 0k, ok,
I(171 p2) 0%, (p1=p2) E
D=
ok, j dk, i
2 axl P2 axZ |
Also
ok, ok
— = qz, i=1,2;j=1,2
Op; 0u p;
dk; 0dk :
——‘=—‘a—°‘, i=1,2;j=1,2
axj aa x_,
) where
3_k1 _ 1-5k;
do o«
ﬂ‘},_ —2-5k,
o o

0o (Esz)l: P1%2 ]
dp1 \E;Gy)| (p2—p1)*x,

e
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ﬁ_(ﬁzcz)—' Xz DX
0p; \E;1Gy /| (p2—p1)*: (Pz""P1)2x1

det H(EZGZ)" PaXs ]
dx; \E;G, _(Pz_Px)sxiz

E‘E_(Ez(;z)— P2 ]
0x; \E1Gy /[ (P2—Ps)%;

|
|

/1cce.s'sory Equations for the Interception Problem -

The accessory equations for the canonical equations (34), (35), (40) and (41) of the

Interception Problem are .

.

Yi1=A31 Y1+ A1, Y21 +0:5B,Z,4, ¥1,(0)=0
Lo v

Yio=A1; Y1+ A41,Y2,+0:5B(Z;5, ¥;,(0)=0

APPENDIX B

Y21;= Y4 Y,:(0)=0
Yzz =Ys Yzz(o) =0

2y1=C1Zy;—B11Z21+ D11 Y11+ D1, Y34, Z1,(0)=1
Z13=C11Z12—=B1Z3,+ D11 Y12+ D13 Y33, Z15(0)=0
Z31=C31Z11+ D21 Y11+ D;3 ¥y, Z54(0)=0
Zy3=C31Z134 D31 Y13+ D33 Y33, Z55(0) =1

where

7]
A11=[103“10r“-—‘14(2x1) ]Bll

(1+10x5)®

196 80(2x,)”
Amﬂ(1+xz)3+[(l+wxz)g Bus

Byy=(l+e1%)!

14B,,(2x,)°

Cu= (1+10x,)°

~19. 2%,) 7
. 9.6 80(2x,)

TBL(+x)°  (1+10x)°

- 168(2x1)5
Dxx—[(1+10x2)3 P1B1s

]

— T L R AL

N e e

e e ——— . -
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_ 112(2x,)°
Dyy= -[(1+10x2)9 ;P1Bu

10Dy,
21 B.11

- 588 +7200(2x1)7
27| B (L+x,)* | (1410x,)"° t
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Paper 4

A STEEPEST DESCENT METHOD FOR SYNTHESIZING

OPTIMAL COIJSITROL PROGRAMMES

By M. D. Levine*

INTRODUCTION 1'
» 4E BASIC CONTROL ENGINEERING PROBLEM involves the

operation of a given system in some optimal or best .

fashion. Since most systems are subject to both internal
and external random disturbances it is necessary to make
a proper identification of the system and subsequently
take these disturbances into account when devising the
controller. Thus it is possible to consider two separate
problems:

(i) the determination of the optimal control, and
(ii) the identification of the system parameters. -

Very generally, we may depict this type of control system
in a block diagram as shown in Fig. 4.1.

The second problem will not be considered here: an
interesting survey may be found in (x)f. It will be assumed
throughout that all variables and parameters are deter-
ministic. This in effect assumes the identification problem
ks been solved. Thus, at any given time during the
__<ration of the system, it is required to synthesize a
control programme for a given time interval in the future.
This is accomplished by finding the solution to a two-
point boundary value problem, using a method based on
the manipulation of the initial conditions of adjoint

Jlations. .

Note that in all probability the controller in Fig. 4.1
would have to be a special purpose digital computer
which would sample the system and perform the compu-
tations involved in the calculation of the control function.
The identification of the system parameters could also be
done by the same machine. Thus, in the figure, the blocks
enclosed by the broken line could be replaced by a single
block representing a digital computer. g

The MS. of this paper was first received at the Institution on 18th
June 1964 and in its revised form, as accepted by the Council for
publication, on 10th November 1964. . -

* Electrical Engineering Department, Irf}perial College, London.

+ References are given in Appendix 4.1V, : n

i

~ %'SI'E“UI?“‘*‘E % Sy w

Notation

' A vector matrix notation is used throughout. No attempt

has been made to differentiate between row and column
vectors as the usage is obvious from the context. Partial
derivatives are shown as subscripts: for example, f..

a Vector initial condition of the adjoint equation.
C(x, u, t) Vector control constraint.
c Vector ‘slack’ variable.
E* Optimal trajectory.
Lagrange multiplier.
Lagrangian.
Vector function specifying the derivative of the
state variable.
‘Vector function specifying the derivative of the
adjoint variable.
Hamiltonian.
Integration step length.
Hill climbing constant, ' . ,
Set of all possible values of the adjoint variable.
Performance criterion.
Adjoint vector.
Vector function prescribing the terminal con-
ditions of the trajectory in phase space.
- Set of all time instants.
Time.
Set of all possible Fontrols.
"Control vector.
Terminal computation error criterion.
Scalar function determining the stopping con~
_dition for the integration.
Set of all possible states.
State vector.
Matrix accessory variable, x,.
Matrix accessory variable, p,.
Time at which a control discontinuity occurs.
Vector function specifying the terminal boun-
" dary conditions of the canonical equations.

8
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SYSTEM QUTPUT

Fig. 4.1. Block diagram of a control system

THE CONTROL PROBLEM

The dynamic system in Fig. 4.1 may be described by the
following differential equation:
dx ‘
a?=f(x,u,t) R N ¢
where x is an n-dimensional state vector, # is an r-dimen-
sional control vector, and ¢ is the independent variable
time. Let f be of class C' in x and u, and of class D° in 2.
“It is assumed that xe€ X and is continuous in r€ T,
where X is the state space and ¢ is the set of values of time
at which the behaviour of the system is defined. Also
u € U, where U, the control space, is defined as the set of
all possible values which #(z) can assume at any time ¢ € 7.
The set defining U may be described by

Clx,u,t)y 20 . . . . (2

where C is a k-dimensional vector. Equation (2) describes
a state-dependent control constraint. In some cases C is
a function of # and 7 only and so the set U is independent
of the state x. Note that C must be such that if 2 > 7,
then at most only » components of C can vanish at any
time ¢. To ensure that the constraints are compatible, it
is necessary at each ¢ for the matrix C, taken over all

C = 0 to have maximum rank. If ¥ € U and is of class D°.

it shall be referred to as an admissible control.
The optimization of the system requires the specifica-

tion of a performance index or cost function, P(x), which

must be extremized (maximized or minimized) by the
proper choice of the control function #(z). Thus define

P@) = Gt 114 Gamuwde ()

where G, and G, are scalar functions. Assume that P(u)
is of class C! in x and , and of class D° in 7. Equation (3)
is the so-called formulation of the Problem of Bolza (2).
It will be found convenient to convert every Problem of
Bolza into an equivalent Problem of Lagrange where the
cost function is of the form.

P = [ fiewid . . . (@)

Equation (3) may be easily transformed into one of the

form of equation (4) by defining an additional state

equation x,.; (3). Let
|

|don s

-Gy t.‘x(t,), 2]
de i

=0;  xmu() = 5

b=t

|

then :
fo . Gz(x; U, t)+xn+1(t) L (6)
In general it will be assumed that the initial state x(z)
and the initial time r, are given. However, it will also be
required that the trajectory of x(¢) in the phase space
X x T satisfies the following terminal conditions:
Six(e) =0, j=1,..,9<n+1 (7)
If ¢, is known, then ¢ < n. This is the problem with
variable endpoints. The ¢ equations in equation (7) define
g hypersurfaces in the phase space. Consequently if the
rank of the matrix [S;, | §,]is g, then the intersection
of these surfaces forms an (n—g)-dimensional terminal
manifold, M,,. It is required that [x(z,), ¢,] € M,,.
The basic control problem which will be treated is now
" stated: Find the control 4 € U which extremizes

Pw) = [ o u, 1) de

~ for the system described by the dynamics dx/dt =

f(x, u, 1), x € X, given the initial condition in phase space,
[x(zo) 25], and the requirement that x must terminate
on M,,.

In order to synthesize the optimal control programme
u(t), the Theory of the Calculus of Variations must be
invoked. The necessary conditions for a maximum of P(u)
are well known (3) (4) (5) (6) (7); Hestenes (7) seems to
have been the first person to solve this type of problem
using the formulation of the Calculus of Variations. With
this approach it is possible to outline the necessary con-
ditions for an optimal control and subsequently derive
the following equations (see Appendix 4.I):

d
d_f = f(x, ps t)_ N )

dp
ar =gxpt) - . . . 9

The vector p is the so-called adjoint variable and is
defined in Appendix 4.1

There are (2n+41) variables and so (2n+1) boundary
conditions are required. The 7 initial conditions for
equation (8), x(z,), are presumed given, and equations (7)
and (59) provide the (n+1) additional conditions. Note
that half the conditions are known at ¢ = ¢, and the other
half at z = ¢,. The latter may be described by

¢j(x> pt)=0, j=1,..,n+1 . (1‘0)

The computational scheme to be described later
requires a stopping condition to terminate the integration
of equations (8) and (9); thus it is necessary to define a
function W such that the integration is ended when

W, p,)=0 . . . . (11

It is convenient to choose one of the ¢, in equation (10)
as the stopping condition. Hence,

Wi(x, p,t) = Pu(xspy ) =0 . . (12)

* if the mth terminal constraint is used. A practical choice

for ¢,, is one which explicitly involves the indeper{dent

¢
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THE COMPUTATIONAL TECHNIQUE

Using the terminal conditions of equation (13) it is possible
to construct a scalar terminal error criterion, V. Define

V(o) = Viste s e 0 1@) = 3 WA (19)

Note that V(t,) may be an explicit function of x, p, ¢, but
is an implicit function of #; and a. It is 2 positive semi-
definite function with a minimum value of zero. For
example, in a two-dimensional problem a, and a, are
considered as the co-ordinates of a plane and V(z,) is
plotted on the vertical axis. Then the criterion function
will appear as a ‘valley’ in an (n+1)-dimensional hyper-
space as shown in Fig. 4.2.

It is possible to assume a value for the vector @ and then
integrate equations (8) and (9) until W = 0. This defines
a ¢ = t; for which V(z,) may be determined from equation
(14). This value may then be plotted as a point on the
error hypersurface. Obviously, in order to .solve the
problem, it is necessary to determine the value of @ which
makes ¥(z,) vanish. This can be accomplished by choosing
an initial point on the hypersurface and then descending
the ‘valley’ in small steps by moving in the direction of
steepest descent. Hence, the gradient of the hypersurface
at any point on it is required; in other words, for a given
a, a knowledge of V, is desired. Choosing

S v, ... . (15)

eg

where ¢ is a parameter and % is a constant, ensures con- -

tinuous descent of the hill. Because of the discrete nature
of the digital computation, equation (15) must be re-
written as ‘
Qpew = aold_kVa<tf) o e e (16)

Now

Va(ty) = Valt)xa(t) +Vi(tpalt) + Vi@t (A7)
where the functions V., V,, and V;, may be found directly
by differentiation. It is still necessary to derive values for
x4(ty)s paoty), and f;,; note that ‘x.(t;) and pg(r;) are
Jacobean matrices of the form: ] |

1., (27) . xln,,(tf)]
x(t) = | - 3 il .. (18)
_xﬂal(tf) o xnan(tf) )
: [P1a,(8) -+ P1a,(t) .
piy =] T e
* _Pnal(tf) vee Pna,,(tf)

' Assuming Y =%, and Z = p, it can be shown that
(see Appendix 4.1I) '
ay

5 =/ Y+/o2Z,

and

dz
'a = ng+ng>

Equations'? (20) and (21) will be referred to.as the accessory
equations. For the particular case of bang bang control,

ZO=1 . (@

|

T

Y0) =0 . (20)

M. D. LEVINE

wit,)

Fig. 4.2. The error criterion depicted as a ‘valley’

equation (20) must be handled in a special manner but
this presents no difficulties (see Appendix 4.1II). The
variables Y and Z may be considered as mapping func-
tions: they describe the transformation of a at ¢ = ¢, into
x and p at r = 1;, Hence,

x(t) = Y@) . . . . (22)

Pt =20ty - . . . (23)
To determine ¢,,; differentiating equation (11) with
respect to a yields

and

dw

—a?:o. T 2]
or
' aw .
Wxxa+Tt- . +Wopa=0 . . (25
But :
aw _ dx dp ‘
T W, E+W" E;+W" .. (26)
Substituting equation (26) into equation (25) gives
_ — xxa+WnPu
Yo = W dxjdct W, dpjdct @, D
or using equations (22) and (23)
—W )Y )+ W, (1) Y(e
(1) Y()+ W) V(e -

e = Wey) Qale) it Wy(e7) dp(e)/de+ W (er)
Substituting equations (22), (23), and (28) into equation
(17), it is now possible, with a knowledge of #, p, ¢, Y,
and Z, to calculate V.

The computational technique may be outlined with
reference to the flow chart in Fig. 4.3:

(1) Assume a value of @ and choose Z.

(2) Integrate equations (8), (9), (20), and (21) until
W = 0. Note that this involves the integration of
2(n?+-n) equations, :

(3) Calculate the value of V(z) in equation (14) and
ascertain if ¥V = 0. If it is, then the problem has been
solved.

(4) If V 3 0, check if the new value is smaller than
the stored value of V., If not, halve the value of 2 and
find a new value for a using the stored V,. This is
repeated until the new V determined falls below the
value of the stored V.

. (5) If step 4 has been satisfied, calculate V,(¢,) from
equation (17) and update a by using equation (16).

~
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GUESS
a AND k

INTEGRATE THE CANONICAL
AND ACCESSORY EQUATIONS

A

CALCULATE A NEW
VALUE FOR a USING
THE STORED V¥, AND
THE NEW &

FIND A NEW
VALUE FOR g
1S ¥< STORED
LU A

A IEPTIMALCONTR;I VALUE OF ¥ 2

STORE
V, Vas @

it is required to find the control «(z) which will transfer
the system from the point (—5, —1) to the origin in
minimum time. An application of equations (56), (57),
and (58) yields the adjoint equations

dp,

< =0lps

d
%_ = —p1i 2:(0) = a,

21(0) = q,

and the control
u(t) = sgn [pa(t)]

Thus we have -

Ji= 2%,

Jfa = —0-1x;+sgn (p,)
& = 01p,

g2=—P

Using equations (20) and (21), the accessory equations
become

! K
! - =
—Q—é NO 3

Fig. 4.3. Flow chart for computer progranime

(6) Return to step 2 and repeat steps 2, 3, 4, 5, and
6 until V' = 0.

Step 4 is necessary since it is not known what value of
k to choose initially. Thus it seems best to commepce
with a ‘large’ value and reduce as required.

For time optimal problems it is possible to vary slightly
the above procedure. Instead of choosing only the value
of a for a minimum of V, it is possible to steepest descend
by choosing a and ¢, the optimal time. This requires the
value of the gradient of V with respect to z;: thus

|
S = vty B v B4 v, 6) @)

The time #, is updated at each stage (along with-a) by
chr -ing

—de(t’) L 60

tfnew = tfold

In this case an ‘artificial’ stoppmg condxtlon must be
chosen on the first run and

) W=t—t, . . ....(3D
must then be used on all successive runs. !

EXAMPLES
(i) Harmonic oscillator
Given a system described by the equations
dx,
dr
dx,
dr

=x2

= —0-1%,+u

dY. ’
d[ll = Y21 Yll(o) = 0
dy ' ‘
ey, 0 =
dY. 2(—1Y sgn (ay)8, , Z.
dY,; 2(—1Y sgn (a5)8,,y,Z32
e —0-1Y,,+ dpg)ds Yp0(0) = 0
dz
d;l = 012, Z,(0) =
dz
Clz12 = 01Z,, Zy5(0) =0
dz
dzz1 = -le Z2(0) =0
dz
. dfz = —Z, Zzz(o) =1

Note that in the computer programme, the expression

2(—1) sgn (ay)8;,, was approximated by u(t)—u(t—h),

where 4 is the sampling time of the integration procedure.
The error function was defined as .

V= xl(t,)2+x2(t,)2
so that the following equations must be chosen
V Aipew = Q1ga—2R[%1(8) Y11 (tr)+%2(2,) You ()]
Aaow = Qoora—2Kk[%1(2) Y12(2r) +23() Yao(2))]
Unow = Lroa—2k[x1(8) f1(2) +22(2/) fa(2)]
To begin the computation -

\a]_ = 0'2
Qg = 1
k=10
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were chosen. It was also necessary to define an ‘artificial’ (ii) Rayleigh's equation ‘
stopping condition for the first run: The dynamic equations of the system are:
W=1t—(1+: ‘ dx :
( + 1) ’ T]'.:xg x1(0)=_5
-where ¢ = ¢, is defined by the equation d ‘ /
T dx
Y12(t:)—001 =0 ‘d—: = —x;+14x,— 0 14x,° +4u  x,(0) = —5
The so.lutiog was found after 33 steps (about 30 min it is required to minimize

computation time on the Mercury) when ¥V < 0:005. In ' y
order to speed up the convergence when V changed little : C Pu) = fo (%2 4u?) de
from iteration to iteration, it was found useful to slightly where £, = 100 msec. Using equations (56), (57), and (58)

perturb ay, a,, and ¢, arbitrarily in an attempt to get off

the computation ‘plateau’. Fig. 4.4 is a plot of the state yiclds) ehe followinhiac)pintiequations;

variables along the optimal trajectory; Fig. 4.5 shows the dpy _ +2x

adjoint variables and the desired optimal control function. ar ~ PaTen

The solution to the accessory equations for the optimal dp, ; :
control are shown in Figs 4.6 and 4.7. T —p1—14p,+0-42p,x5%,  py(0) = a,

the control function is found to be
u(t) = 2p,(2)

d |
1 Z11:%22
212
o i t + t }
1 2,3 4 5
-1
2 721
3 =

Fig. 4.4. The state variables

Fig. 4.6. The Z accessory extremals

i ~ 2
N 004 |-
1 u
Y22
o + t
= \p‘l 1 5
—
Y,
opb——f—t+—+—+— =
1 2 3 4 ¢ 5 ¥ 008 — i
P, =
-1
-016 |- J. 1"
Fig. 4.5. The adjoint variables and the control function _ Fig. 4.7. The Y accessory extremals
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An application of equations (20) and (21) yxelds the
accessory equations,

dYy,

d[ = Y22 Yll(o) = 0
dY

dtm = Y., Y12(0) =0

Y.
d_dzz—1 = =Y +14Y,—042x,>Y;, +8Zy; Y3,(0) =0

N |
dd:2 = — Y15+ 14Y 0 —042x,° Y5, +8Z;,  Y5,(0) =0
dz

dtll — Z21+2Y11 le(o) = 1
dz ‘

d;z = Zy+2Y:, Z;3(0) =0
% — —211—1'4221+0'42x22221

+0-84p,x, Vs Z5:(0) =0

d_dZtE’  —Zi— 142,042,227,

+0-84pax, Yoy  Zpy(0) = 1
The function ¥ may be defined as
V= p"+p,"
so that we must choose

Ainew = F101a—2K[21(8)Z11(t1) + P2(8)Z1(2)]

Aonew = Bag1a—2K[P1(81)Z1(tr) +P2(2)Z2o(2/)]
Initially, a, = @, = 0-2 and % = 1-0. After 19 computa-
tional runs (about 20 min on the Mercury) V < 1075,
The optimal values of the initial conditions for the adjoint

equation were found to be a; = 1:05495 and a, = 0-04266.
The control function is plotted in Fig. 4.8.

CONCLUSIONS !

A method for finding the solution of the two-point
bow ry value problem which arises in the optimal con-
trol of systems has been described. The main advantage

T

-0-02

Fig. 4.8. The control function

of this method is its inherent simplicity and low storage
and time requirements on the digital computer.

In addition to the work reported here, the important
control problem with state inequality constraints is being
considered. Calculations are also being performed which
demonstrate that by using a sensitivity matrix derived
from the solution of the accessory equations, it is possible
to synthesize a linear or non-linear feed-back controller
which could operate in the region of an optimal trajectory.
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APPENDIX 4.I

THE NECESSARY CONDITIONS FOR AN OPTIMAL CONTROL

With respect to the formulation of the control problem as described
under the heading ‘The control problem’, it is required to examine
the necessary conditions for an optimal control in respect of the
Theory of the Calculus of Variations. The trajectory in phase
space which satisfies these conditions will be referred.to as an
optimal trajectory, E*.

To handle the control constraints, it is necessary to define a
‘slack’ variable, ¢,(z), { = 1,..., & such that )

Clx,u,t)—c2=0 . . . . (32

the magnitude of c¢(z) is chosen continuously to arbitrarily con-
struct this equality constraint from the original inequality con-
straint, equation (2), Thus in addition to the » dynamic constraints
of equation (1), the % equations of equation (32) must also be

satisfied.
The problem may be solved by utilizing the Multiplier Rule (3)

and the pertinent corollaries:

(i) For an optimal trajectory, there exists a constant 20 <0,
an n-dimensional vector multiplier p(¢) such that pe P, a k-
dimensional vector multiplier ¢(¢) such that

Po(t)
pe) | #0 . . . . . (33
e(r)

the multipliers are continuous except possibly at corners of E*

where they have unique and well defined right and left limits. In
addition, there exists a scalar function

. d . ¢
F(t: Xy €y 3‘;’ Uy Pos P> e) = pofo +P(f—d—f)+e(0—cz) . (39

which must satisfy the following Euler-Lagrange equations:

dF,.
- T (35)
F,=constant . . . . . . (36)
Fo=0. . . . . . . (3

(x’ = dx/d¢). Equation (35) may be considered as the basic
Euler-Lagrange equation if x is treated as a dummy variable.
Note that since u is actually a control on the time derivative of x,
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it must be handled in the same manner as dx/dz. As a consequence
of this, if : )

v=f'udt, Wojde =w) . . . (38)
to

then an application of equation (35) yields .
F,=0 . . R €1%))
and equation (36) results. On the other hand, ¢ is treated in the

same way as X, and since de¢/ds does not appear in equation (34),
then F,. = 0 and equation (39) results.

(ii) At the termination of E*, in additio:fx to the p equations of
equation (7), the following transversality condition must also hold:
[(F—Qf Fx.) dt+F, de+F, dé]
de ] Clde=y
since v is not fixed at ¢ = t;, F, must vanigh. Equations (36) and
(40) may now be rewritten as r
F,=0 . J . « « =« (41)

=0 . (40)

[(F—gﬁFx-)dt+F; dx] A )
. L t=1lf

respectively.

(iif) In addition to the basic continuity requiréments stated
under the heading “The control problem’, the Weicrstrass—
Erdmann corner condition also holds at a discontinuity t = ¥y,
i=1,2,..., the functions Fy, Fy, and [F—(dx/df)F,] are con=
tinuous or .

Fo(y;=0) = Fu*(n+0) . . . (43)
P~ (y;=0) = F.,*(y;+0) . . . (49

. dx(y,—0
F-(y,~0) 28D 5 ~(,—0)
dx
= P40 -ZUED vy, 10) @5)

Note that for many problems, points (i), (ii), and (iii) plus physical
reasoning are sufficient to ensure that in fact the trajectory is
optimal. ‘

(iv) Every normal (3) maximizing trajectory E* must satisfy
the necessary conditions of Weierstrass: For every eclement
(1, %, ¢, dx[dt, u, po, p, ) of E* and for all admissible sets

(t, %, & ax[de, @) 7 (& %, ¢, dx/dt, w) which satisfy equation (1),
E(t, X5 €5 g_;c-’ Uy Pos Ps e) <0 . . . (46)

where
& d i
E= F(t) Xs f: i’ iy Pos D> e) _F(ts X5 Cs 5’/“: Dos > e)
N (§_d_x
de dz
An application of equation (35) to equation (34) yields

d
E? = —pofo,—bfx—eCx. - .. . (48)

these are the so-called adjoint equations. From equations (35) and
(37) it can be seen that '

)Lx,—(ﬁ—u>Lu (a7)

Fo=—2e6=0 . . . . (49

Multiplying both sides of equation (32) by ¢, yields
* eCi=0, i=1,...,k N 610))

Thus it may be deduced that off a boundary of U, ¢ = 0, while
on a boundary, C; = 0. .
Equations (36) and (34) give

Pofo,+ofuteCa=0 . . . . (1)

The & equations of equation (50) and the r equations of equation
(51) are sufficient to determine the k-r variables e and u.
Applying the Weierstrass—Erdmann  corner condition of
equation (43) to equation (34) yields
_ Py =0) = p*(y+0) . . . (52)
or equivalently p is continuous in t. Similarly, from equations (46)
and (47) it is found that the expressions (pofo, +pfu+eC.) and
(pofo-pf) are continuous.
The transversality condition of equation (42) yields
[(pofot+pf) dt—p dx)iae, =0 . (5%
It is convenient to express these results in the form of Pontry-
agin’s Maximum Principle (8). For a minimum of P(u) we must
now set pp = —1; also let
-1 Xo Jo

p = p‘l x=| % [= f.; . 59

Pn Xn Ia
and define a Hamiltonian function :
V H = pf . . . . . . (55)
Then the conditions for optimality become

dx
a—t =f . . . . . . . . (56)

- _yg.—
£ = H.~eCe . a ww & w (5T

Hy4eCo=0 . . . . . . (58

and
[Hdt—pdx)izyy =0 . . - . €3]

Lastly, the Weierstrass condition yields for every (¢, x*, u*, p)
where x* and »* are optimal functions and for any « € U, .
H@, x*su, p) < H, x%u%,p) « .« (60)

Note that H is continuous. Also x and p are called the canonical
variables and equations (56) and (57) are the canonical equations.

Using equations (58), (60), and (50), it is possible to eliminate
u and e from equations (56) and (57); the equations (8) and (9)
are thus obtained. :

APPENDIX 4.II

THE ACCESSORY EQUATIONS

From the analysis of Appendix 4.I the optimization problem of
choosing a control function when the latter is constrained, was
reduced to finding a solution to the two-point boundary value
problem. In the computational scheme described under the
heading ‘“The computational technique’, it was found necessary
to evaluate x, and p, as continuous functions of time. By treating
a as a parameter in the functions f and g of equations (8) and (9),
we may examine the differentiability properties of the trajectory
x[2; to, x(to); Ps a] and p(z; 7o, a3 x). The former will be considered
first. It will be required to prove that the solution of the state
equations (8) is of class C* in a.

Basically, the proof depends on Gronwall’s Lemma (21) (22)
(23) (24). Because this lemma is not commonly familiar, a proof
will be given which follows closely Lefschetz (24).

GRONWALL’S LEMMA: Let f(¢) be a vector function such that
t
0<fO <bit [ [Baf@+blds . . (6
0

where b, and b are n-dimensional positive vector constants and
B, is an # X7 constant matrix with all its elements positive. The
function f(¢) is continuous in the range Zo < < Iy Ifey—t, = p,
then

f() € (bap+bi)ea?, to Kt Lty - . (62)
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Proof: Let 2
f&) = b2t~ . . . L (63)
so that b(¢) is continuous for #, < ¢ < ¢ If

by =supb(t) . . . . . (69 ‘
in this interval of time, b(t) has the value b, for some ¢ = Im.
Equation (61) gives

l"l
b eB2tn=t0) & b‘+f (Byby, ¢P36 100 +-bg) ds
to

= by +bo(tm—1t0) +bn(e®2ln 0 —1)  (65)
or by < bitbs “

Thus @) < (baptbi)eP2?y, to <<t !

and the lemma is proved.

Now suppose that |
S0 = bt [ 1Baf@ b1 ds (60
Using the Schwartz inequality it can be shown that
0 < /I < Iouf+ [ 1Bl F@I+lbsl) ds - (6T

A direct application of the lemma yields
[F@] < (balp+ba])et®2le . . . (68)

It can be shown that if f(x,p, £) is piecewise continuous in
X x P and bounded in X xPx T, and satisfies a Lipschitz con-
dition, then the solution of the dynamic equations x[t; 205 %(20);
b, a] is continuous. Another important property of the trajectory,
is uniqueness: only one solution of equation (8) can pass throughl
a given point in X X P x T (25). In order to demonstrate that x is;
of class C! it is necessary to show that the function x, exists and
is continuous in a. It is assumed that the time interval involved
is finite so that [t—2| < p. '

Equation (8) and the corresponding initial conditions are
equivalent to ‘

) = s+ | ‘epds .. . (69)
to "

Using a Taylor series expansion of equation (69) and dividing both
sides of the equation by da yields

dx [t Adx Adp

£ [ ta)a . o
where 8, is a remainder term such that §; =>Qasa— 0 uniformly
in z for |t—2,] < p. To proceed further it is necessary to examine
the  )wing differential equation: gd

Y ¥4 Y =0. . . (D

This matrix differential equation is linear in Y, and because of the
assumptions on f, it has a solution which is unique and continuous
in ¢ T}}e solution of equation (71) may Pe represented as

vo = [ (LYo ds (D),

Subtracting equation (72) from equation (70) and defining
g, = Ax[da—Y, gives

oi(t) = f“ (feor48)ds . . . (73)

Owing to the continuity assumptions on f, it may be stated that
7» has an upper bound B, in |t—t,| < p. Applying equation (68)
directly yields

|o@)] € d1peB2?. . . . . (74)

Since 8, — 0 as da — 0, it is obvious that |a1(2)] = 0 as da— 0.
Thus x, > Y as da — 0 and x, exists and is continuous in ¢ in
|t=25] < p. The solution of equation (71) yields x, as a function of
time. The extension to class C' is obvious and so the theorem is
proved.

If Z = p,, equation (42) becomes
Y _f¥4hz Y =0 - - o 0D

It still remains to examine the differentiability properties -of
equation (9). Analogous reasoning as before yields

p.,=1+f; (g,,j,lﬁ+ng—2+sz) ds . . (0
where a is treated as a parameter. Also .
Y o gzt L= . o o (D
or
20 =1+ [ ez 4gadds o 09 |

may be considered. Again

log| =

Vi)
Z%—Zl<azpe”2" N ()]

and oz —> 0 as da — 0. Thus equation (77) may be used to deter-
mine p, as a continuous function of time. Equation (77) may be
rewritten as

o pzte, Zw=1 . . - @0

Equations (71) and (80) are called the accessory equations. It is
interesting to note that the latter are equivalent to the Jacobi
differential equations which are the extremals arising out of the
problem of extremizing the second variation of P(u) (3). Thus,
the solutions of these equations are called the accessory extremals.

APPENDIX 4.IIT

THE EFFECT OF A BANG BANG CONTROL FUNCTION ON THE
ACCESSORY EQUATIONS

For many problems the control which arises out of the optimization
procedure is piecewise continuous or, equivalently, bang bang.

Thus, as an example,

u(t) = sgn [R(p)] ... . (81)
may occur as the control; u is plotted as a function of R in Fig. 4.9.
This u will be used to demonstrate the technique. Some difficulty
results as far as the functions f, and g, in equations (20) and (21)
are concerned. The following discussion holds for both functions
although only the former will be considered.

Writing
fo = futinR S ¢ 7))

thére is no difficulty in finding f, and R, directly by differentiation;
the problem involves #,. Equation (20) may be rewritten as

vo = [ hyHDd . 6

however, being interested only in the second term of the integrand
and using equation (82) in equation (83) an integral I is con-
sidered such that ‘ : :

‘I=fl/(fuuﬂRLZ)ds L. (8
to : R

—=R

-1

Fig. 4.9. The variable u as a function of R
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;
Fig. 4.10. The control, function

Let y; be a switching point in the tme interval (¢, ¢,). The
extension to the case of more than one switchover will be obvious.
Fig. 4.10 shows the variable u as a function of time z.

Using equations (81) and (84)

. sgn(R+§1—e)—sgn(Ri—E
73 . 2 b2
1=["¢\ tim
to SR—>0 oR

)) SR % (R,Z) ds
| .@®)
)—1](R,,Z) .. (86)

=(fw [2(—1) sgn [R(t0)]5:. , (dlz(;}ﬁ)

where 8, ,, is the Kronecker delta fuhction, If switching occurs at
Y13 = 1,2,..., then

I = 3 (o(2=1Y sgn (RGNS, LI ViR, (rpzer) o)
Substituting equation (87) into equation (83) yields

Y(z)=f/(f,,Y)ds+I ... (88)

APPENDIX 4.1V
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