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Abstract
The Einstein-Hilbert Lagrangian for gravity is non-renormalizable at loop level. However,
it can be treated in the effective field theory framework which means that gravity as an
effective theory can be renormalized when a proper expansion of the effective Lagrangian is
made. At the same time, the Feynman rules for gravity are very complicated, although the
resulting amplitudes do not have the same complications. Therefore, in this thesis we want
to simplify the Feynman rules as much as possible by using the most general parameterized
gauge condition, adding all possible parameterized total derivative terms and redefining
the gravitational, ghosts and scalar fields in a general parameterization way. By choosing
the parameters in a specific way, we obtain simplified Feynman rules, especially the triple
and quadruple graviton vertices are simplified. In addition, we verify our simplified rules
by calculating the amplitudes of scalar-graviton and graviton-graviton scattering at tree
level using the simplified and standard Feynman rules. Finally, we show the utility of these
simplified rules by calculating some one-loop diagrams for scalar-graviton scattering and
comparing to the standard Feynman rules.



Popular Science Description

In physics, the story of gravity is still incomplete. It began under an apple tree when
Newton started his journey to discover his laws about the gravitational force, but these
laws were not enough to describe all the gravitational phenomena. To describe gravity
in a more accurate way, Einstein came with the theory of general relativity. This theory
treats the gravitational force as a consequence of the curvature of spacetime. This should
be compared with the other forces in nature (the electromagnetic, weak and strong force)
which are described by the standard model of particle physics. This model treats the forces
as a consequence of exchanging particles which are called quanta. There have been many
attempts in the last century to study gravity as a quantized theory, quantum gravity, where
the exchanged particles are called gravitons. Quantum gravity is still not fully understood
because of many obstacles, one of them being its complicated calculations.

The purpose of this thesis is to address this latter problem of complicated calculations,
following the belief that nature should be described in a beautiful and simple mathematical
way. Moreover, a simplified form with fewer terms that contribute to gravitational effects
can lead to a deeper understanding of gravity. To treat this problem, we want to find math-
ematical tools that can simplify the math of the theory without changing the information
that it contains. Fortunately, in quantum physics such tools exist as field redefinition which
means that we can redefine the gravitons in order to find a simpler expression that can
describe exchanging these particles. As a result of applying these mathematical tools, we
successfully simplify the math that describes the gravitational interaction between parti-
cles. In particular, we show that the interaction between three gravitons can be reduced
from 40 to just 4 terms, and the interaction between four gravitons can be reduced from
113 to 12 terms. Finally, we verify our simplification by comparing the results for physical
processes using the standard approach and using our simplified approach.
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1 Introduction

In physics, there have been many attempts to study the gravitational field as a quantized
field in order to unify the gravitational force, which is described by General Relativity (GR),
with the other forces in nature, which are described by the Standard Model (SM) using
the Quantum Field Theory (QFT) framework [1, 2]. These attempts have met various
obstacles, either the lack of experimental abilities to explore sufficiently high energy or
the lack of needed mathematical tools that allow the study of gravity as a quantized
theory, quantum gravity. The reason behind the latter problem is that the Einstein-
Hilbert Lagrangian of quantum gravity diverges at loop level so we consider it as a non-
renormalizable theory [3, 4]. Thus, such a quantum theory for gravity has not been solved
yet, and a full unified theory has not been found yet.

Even so, it is still possible to construct and solve a renormalizable effective theory for
gravity order by order by using the Effective Field Theory (EFT) framework [3, 5]. In this
framework, we can study gravity at a particular loop level by expanding the Lagrangian
in the energy expansion up to the relevant terms for this loop level. To determine which
terms are relevant, we use Weinberg’s power counting theorem [3]. These new terms in
the expansion contain new parameters which can absorb the divergences from the loop
diagrams, and at the same time can be measured experimentally. Therefore, gravity can
be renormalized at loop level when we make the proper expansion of the Lagrangian.

At the same time, the Einstein–Hilbert Lagrangian is very complicated and leads to
equally complicated Feynman rules as given in [6], which we will call the standard Feynman
rules. These rules give lengthy complicated calculations, but they also lead to scattering
amplitudes that are simple in general [7, 8]. Therefore, there is a strong indication that
manipulating this Lagrangian can lead to a simpler form which still gives the same scat-
tering amplitudes. In addition, when the Lagrangian contains fewer terms, it is possible
to understand the math in the theory better. Consequently, there has been some efforts
to simplify these rules as in [9], where a parameterized metric field was used.

As starting point for the simplification approach in this thesis, we derive the Lagrangian
for gravity, the Einstein–Hilbert Lagrangian, by using an analogy with the Yang-Mills
(YM) gauge theory. Then we construct the most general effective Lagrangian by using
Effective Field Theory (EFT). After that, we set out to simplify the Feynman rules as
much as possible by manipulating the Lagrangian for gravity using the three freedoms
[1, 3, 10]: choosing a gauge, adding total derivative terms to the Lagrangian and re-
parameterization of the fields (gravitational, scalar, ghost fields). In other words, we choose
the most general parameterized gauge condition, and we add a parameterization of all
possible total derivative terms. Then, we redefine the gravitational, ghosts and scalar fields
using a general parameterization. As a result of parameterizing the previous freedoms, we
efficiently reduce the problem of simplifying Feynman rules as much as possible to solve a
system of linear equations for eight sets of parameters.

In addition, for comparison and verification purposes, we perform the calculations in
two approaches. In the standard calculations, we use the de Donder gauge to obtain
the standard Feynman rules as shown in App. B, which agree with those in [6]. In the
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simplified calculations, we use the three freedoms that we mentioned before, and then
choose the parameters in order to obtain Feynman rules as simple as possible, especially
the triple and quadruple graviton vertices.

To check our simplified rules, we compare the resulting amplitudes of scalar-graviton
and graviton-graviton scattering at tree level using the standard rules and using the simpli-
fied ones [7, 8, 11]. Furthermore, to show the utility of these simplified rules, we compare
the standard and simplified calculations of some one-loop diagrams for scalar-graviton scat-
tering, where we use the dimensional regularization scheme with the Passarino-Veltman
method to calculate the loop integrals [12, 13]. Finally, since we are interested in the cal-
culations up to one-loop level for scalar-graviton scattering, we only simplified the lowest
order vertices.

In this thesis, we start in Sec. 2 by discussing the theoretical background for deriving
the Lagrangian for gravity and show the tools needed for manipulating the Lagrangian
and calculating scattering processes. Then in Sec. 3 we calculate the Feynman rules in the
standard and simplified way. After that, in Sec. 4 we use the Feynman rules to calculate the
amplitudes of scalar-graviton and graviton-graviton scattering at tree level in both ways.
Moreover, in Sec. 5 we show the usefulness of our Feynman rules by comparing calculations
of some one-loop diagrams for scalar-graviton scattering using both approaches. Finally,
the conclusions of our work is in Sec. 6.

Before we start, it is important to mention that we follow the conventions in [3] through-
out this thesis, such as the metric signature (+,−,−,−) and the natural units c = ~ = 1.
In addition, since the calculations of Feynman rules and the amplitudes are extremely
lengthy to do by hand, we use the FORM program [14, 15] to perform them.

2 Theoretical Background

In this section, we start by discussing our motivation behind choosing spin-2 for the graviton
[1, 2, 3, 4]. Then, we give the derivation of the Einstein–Hilbert Lagrangian using an
analogy with YM theory [2, 3]. After that, using the EFT framework, we build the most
general effective Lagrangian for gravity which is needed to study gravity at one-loop level
[3, 5]. In addition, we discuss the three freedoms that we use to simplify Feynman rules:
choosing the gauge [1, 3], adding total derivative terms [1], and field redefinitions [10].

2.1 Spin of Graviton

As in this thesis we want to quantize the gravitational field, let us start by discussing the
possible spins for its quanta, which are called gravitons [3]. Since the graviton is a boson,
its spin has to be an integer number. In this case, there are three possibilities: spin-0,
spin-1 and spin-2 while higher spins are not consistent with QFT for fundamental particles
with interactions [4]. Firstly, if we start with a spin-0 particle as the Higgs boson, the
scalar-scalar scattering via a spin-0 graviton, as shown in Fig. 1, leads to a Newtonian
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gravitational potential with the bare mass as the source [1, 3]. However, we know from
GR that the bare mass of an object is not the only source of the gravitational field [2].

Figure 1: Scalar-Scalar scattering at tree level.

Secondly, with a spin-1 particle as the photon, the scalar-scalar scattering leads to an
attractive or repulsive potential, so spin–1 particles are not appropriate to describe the
gravitational force [3]. Finally, in the case of a spin-2 particle, the scalar-scalar scattering
leads to a gravitational potential with the energy-momentum tensor Tµν as the source for
gravity, which is consistent with GR [2, 3].

From the above discussion, it is clear that the graviton should be a spin-2 boson in
order to be consistent with GR and QFT, and later on we will see more indications that
the graviton should be a spin-2 particle.

2.2 Analogy with Yang-Mills Theory

The main idea of a Yang-Mills (YM) theory is to search for an appropriate global symmetry
which is relevant to the force that we study. Then, we convert this symmetry to a local
or gauge symmetry, where this conversion is called gauging the symmetry. After that, to
preserve the local gauge invariance, we need to insert a new field which will be the field of
the gauge boson for this force.

For example, consider the following, matter Lagrangian for a massive real scalar field
φ:

LMatter =
1

2
ηab∂aφ∂bφ−

1

2
m2φ2 , (2.1)

where ηab is the Minkowski metric, and m is the mass. This Lagrangian is invariant under
the global translational symmetry

ya → y′a = ya + da . (2.2)

Then, we convert this global translational symmetry to a local translational symmetry,
where the latter is called the General Coordinate Transformations (GCT),

xµ → x′µ = xµ + dµ(x) , (2.3)

where Lorentz indices a, b, · · · in flat space-time have been replaced by world indices
µ, ν, · · · in curved space-time. In addition, we need to replace the Minkowski metric in flat
space ηab by the metric field in curved space gµν in order to make the Lagrangian Eq. (2.1)
invariant under GCT Eq. (2.3). Thus, the Lagrangian becomes
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LMatter =
1

2
gµν∂µφ∂νφ−

1

2
m2φ2 , (2.4)

which contains a new field, the metric field gµν , that represents the spin-2 gauge boson for
gravity (i.e., the graviton).

As with other gauge theories, we need to introduce a kinetic term for the gravitational
field gµν . We search for a quantity similar to the YM field strengh tensor Fµν , which we
recall is related to the commutator of covariant derivatives [Dµ, Dν ]. For gravity, with a
vector field V β, this commutator can be written as [3]

[Dµ, Dν ]V
β = R β

µνα V
α , (2.5)

where DνVβ = ∂νVβ −ΓγβνVγ is the covariant derivative, R β
µνα is the Riemann tensor given

by

R β
µνα = ∂µΓ β

να − ∂νΓ β
µα + Γ β

µσ Γ σ
να − Γ β

νσ Γ σ
µα , (2.6)

and Γ β
να is the Christoffel symbol given by

Γ β
να =

1

2
gβρ(∂νgρα + ∂αgρν − ∂ρgνα) . (2.7)

In addition, from the Riemann tensor we can also get the Ricci tensor Rνα and the scalar
curvature R as

Rνα = R µ
µνα , (2.8)

R = gναRνα = gναR µ
µνα . (2.9)

We also use the standard expansion of the weak gravitational field around the Minkowski
metric ηµν , that is used to raise or lower indices, given by

gµν = ηµν + κ hµν , (2.10)

where hµν is the canonical quantized gravitational field, and κ is the Newtonian strength
of gravitational interactions.

In this situation, we have three quantities: Rµναβ, Rνα and R that are related to the
commutator of covariant derivatives. One of them can be chosen as a field strengh tensor
for the gravitational field to build the kinetic term in analogy with L(Kin, YM) = −1

4
F µνFµν .

To do this, we use that the YM field strengh tensor is antisymmetric, Fµν = −Fνµ, and
has one partial derivative Fµν ∼ ∂A, while the Riemann tensor Rµναβ = Rαβµν and the
Ricci tensor Rνα = Rαν do not have the same symmetry property and have two partial
derivatives Rµναβ, Rµν ∼ ∂∂h. In addition, the kinetic term should be Lorentz invariant
and GCT invariant. So, the simplest combinations for the kinetic term are R ∼ ∂∂h as
well as RµναβR

µναβ, RµνR
µν ∼ ∂∂∂∂h. It follows that R is the most relevant one of them

for weak-field since it has only two partial derivatives while the other have four. Thus, we
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can write the kinetic term for the gravitational field in terms of the scalar curvature as the
Einstein-Hilbert Lagrangian for gravity [3]

LGravity = − 2

κ2
R . (2.11)

In addition, when we move from flat to curved space, there is a correction of the measure
d4y in the action S as

d4y =
√
− det(gµν) d

4x =
√
−g d4x , (2.12)

where
√
−g is the square root of the determinant of the metric tensor which is given by

√
−g =

√
− det(gµν) =

(
− det(ηµλ) det

(
δλν + κhλν + · · ·

))1/2

=
(
etr(ln(δλν+κhλν+···))

)1/2

=
∞∑
i=0

1

i!

(1

2

∞∑
j=1

(−1)j+1

j
(κhλλ + · · · )j

)i
, (2.13)

and we have used that the metric tensor can be written as gµν = ηµλ(δ
λ
ν + κhλν + · · · ).

In this thesis, we take the expansion in i and j up to four which is relevant to the lowest
order vertices as we will see later.

Summarizing, the actions of matter and gravity become

SMatter =

∫
d4x
√
−g
(1

2
gµν∂µφ∂νφ−

1

2
m2φ2

)
, (2.14)

SGravity =

∫
d4x
√
−g
(
− 2

κ2
R
)
. (2.15)

From the matter action, the variation with respect to gµν is

2√
−g

δSMatter

δgµν
= Tµν , (2.16)

where Tµν = ∂µφ∂νφ− 1
2
gµν(g

αβ∂αφ∂βφ−m2φ2) is the Energy-Momentum Tensor (EMT).
Thus, the EMT is the conserved current that follows from GCT which is consistent with
GR, where EMT is the source for gravity. This is an indication that we are dealing with
the correct symmetry for gravity. Moreover, the total action is

STotal =

∫
dx4
√
−g
(
− 2

κ2
R +

1

2
gµν∂µφ∂νφ−

1

2
m2φ2

)
. (2.17)

From this action, the equation of motion for gµν will be

δS =

∫
dx4
√
−g
(
− 2

κ2
Rµν +

2

κ2

1

2
gµνR +

1

2
Tµν
)
δgµν = 0 , (2.18)

⇒ Rµν −
1

2
gµνR =

κ2

4
Tµν , (2.19)
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This equation can be recognized from GR as Einstein’s field equation with κ2

4
= 8πG, where

G is the gravitational constant [2]. Reaching Einstein’s equation is another indication that
we are gauging the correct global symmetry for the gravitational force.

However, when we calculate scattering at loop level with this Lagrangian Eq. (2.11),
we get UV divergences. Therefore, we need to construct gravity as an effective field theory
in order to study this theory at loop level.

2.3 Effective Field Theory

Effective Field Theory (EFT) is a way to study physics in a particular range of energy
while neglecting the physics at higher energy. This can be done if the contributions from
high energy are small when the theory is studied in the low energy range. For example,
we can study the hydrogen atom using the Schrödinger equation, neglecting the quark and
gluon interactions inside the nucleus. Mathematically, it means that we need to expand
and organize the Lagrangian according to the dimension of the energy operators, where
in the case of gravity, the energy operators are just partial derivatives. This expansion
is called the energy expansion of the Lagrangian, and it separates the terms which are
relevant at high energy, from the terms which are relevant at low energy. In other words,
the effective Lagrangian can be written in the energy expansion as

Leff = L0 + L1 + L2 + L3 + · · · , (2.20)

where the term L0 does not contain any energy operator O(E0), and it is just a constant.
The term L1 contains energy operators of dimension one O(E1) and so on.

In the case of gravity, the quantities that can be used to construct the effective La-
grangian are: Rµναβ, Rνα and R, which as already mentioned are related to the commutator
of the covariant derivative Eq. (2.5). However, each of these quantities (Rµναβ, Rνα, R ∼
∂∂h) contain two partial derivatives, which as already mentioned are energy operators of
the gravitational field. Therefore, only even energy dimensions are possible in the energy
expansion

Leff = L0 + L2 + L4 + L6 + · · · . (2.21)

At the same time, since in this thesis we are only interested in studying gravity up to
one-loop order, it is useful to use Weinberg’s power counting theorem [3]. This theorem
can tell us how many terms in the energy expansion should be taken into account in
order that the theory can be renormalized at one-loop. According to this theorem, the
energy dimension D of a diagram with NL loops and Nn vertices arising from the effective
Lagrangian terms that contain n derivatives is given by

D = 2 +
∑
n

Nn(n− 2) + 2NL . (2.22)

In our case, we want to calculate the energy dimension D for gravity with n = 2 up to
one-loop order NL = 1. This gives D = 4, which means that gravity can be renormalized
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at one-loop, if we take into account terms up to energy dimension four O(E4) in the energy
expansion of the Lagrangian.

Let us discuss the possible terms that can be inserted into the effective Lagrangian for
gravity in more detail. First, the terms should be GCT invariant and Lorentz invariant.
Then we need to organize the terms according to the energy dimension as follows:

• L0: This is only a constant such as the Cosmological constant Λ.

• L2: The only possible term is R ∼ ∂∂.

• L4: There are three possible combinations: R2, RµνR
µν , RµναβR

µναβ ∼ ∂∂∂∂.

• L6: There are four possible combinations: R3, RRµνR
µν , RRµναβR

µναβ, RµνRαβRµναβ ∼
∂∂∂∂∂∂.

Thus, the most general effective Lagrangian in the energy expansion up to energy dimension
four is given by

Leff = L0 + L2 + L4 + · · ·

= −Λ− 2

κ2
R + c1R

2 + c2RµνR
µν + c3RµναβR

µναβ + · · · , (2.23)

where ci are numerical coefficients of the higher order corrections, which are called counter
terms. In addition, Λ is experimentally very small so we will neglect it as the following.

When we use the κ term (− 2
κ2
R) for one-loop calculations, we get UV divergences which

are absorbed by ci. The finite parts of ci have to be determined experimentally. Thus, the
theory can be renormalized at one-loop. In addition, when we calculate scalar-graviton
scattering up to one-loop order from the above Lagrangian, the κ term contributes to
one-loop diagrams while the κ and ci terms contribute to tree level diagrams.

Finally, let us discuss locality of the theory [3]. EFT is local if the higher order operators
in the energy expansion are taken into account. However, if we neglect these higher order
operators, the theory becomes non-local at high energy whereas locality will be restored
at low energy. For example, in the full theory, the one-loop diagram as shown in Fig. 2a is
local at large energy. On the other hand, in its corresponding EFT and after neglecting the
higher order operators, this diagram becomes non-local. However, locality will be restored
at low energy where this loop will be reduced to a vertex as shown in Fig. 2b. In addition,
using EFT the diagram becomes easier to calculate by reducing this loop to a vertex.

φ φ

φ φ

(a)
φ φ

φ φ

eff

(b)

Figure 2: (a) one-loop diagram at high energy in a full theory. (b) its corresponding vertex
diagram in its EFT at low energy when locality is restored.
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2.4 Lagrangians for Fixing Gauge and Ghosts

Since the Lagrangian for gravity has more degrees of freedom than its gauge boson, we need
to fix the gauge and introduce ghosts in order to get rid of the extra degrees of freedom.
The gauge boson in our case is a spin-2 massless graviton, which has a transverse, traceless,
symmetric polarization tensor, with two degrees of freedom.

Another way to see why we need to fix the gauge and introduce ghosts is by considering
the following GCT, where ξµ(x) is an infinitesimal translation,

xµ → x′µ = xµ − ξµ(x) . (2.24)

In this case, the metric gµν transforms as

gµν → g′µν(x
′) = gαβ(x)

( ∂xα
∂x′µ

)( ∂xβ
∂x′ν

)
= gαβ(x)

(
δαµ + ∂µξ

α(x)
)(
δβν + ∂νξ

β(x)
)
. (2.25)

We also consider the weak gravitational field expansion, Eq. (2.10), so the transformation
of the gravitational field hµν , the gauge transformation, is

hµν → h′µν = hµν + ∂µξν(x) + ∂νξµ(x) + hµσ∂νξ
σ(x) + hνσ∂µξ

σ(x) + ξσ(x)∂σhµν . (2.26)

However, since the Lagrangian for gravity is invariant under this transformation, we get a
redundancy in the description of the physical system. This redundancy can also be seen
from the path integral formulation of the generating functional

Z =

∫
D[h] exp(i S(h)) =

∫
D[h] exp

(
i

∫
d4xL(h)

)
, (2.27)

where the measure
∫
D[h] is performed over all configurations of h, including those config-

urations that are equivalent under the gauge transformation, Eq. (2.26).
Because of this, we need to choose a gauge condition to build two Lagrangians which

together can remove this redundancy. The first Lagrangian is to fix the gauge, and the
second Lagrangian is to correct the first one depending on the choice of the gauge condition.
In other words, we need to insert a Lagrangian for fixing the gauge LFG and a Lagrangian
for ghosts LGH into the Lagrangian for gravity in order to remove this redundancy. In the
path integral formalism, this means that using LFG and LGH will correct the measure

∫
D[h]

to be performed over the correct configurations of h. Next, we will follow the Faddeev-
Popov method to derive the Lagrangian for fixing the gauge LFG and the Lagrangian for
ghosts LGH.

The Faddeev-Popov method depends on multiplying the generating functional by two
identities and then performing the integral in order to get a new generating functional with
two new terms, where one of them is related to LFG and the other is related to LGH.

To do that, we use the following identity, always taking into account the gauge trans-
formation Eq. (2.26),

1 =

∫
D[ξ] δ

(
Cµ(h)− Fµ(x)

)
∆(h) , (2.28)
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where Cµ(h) = Fµ(x) is the gauge condition, and ∆(h) = det
(
∂Cα(h)
∂ξβ

)
is Faddeev-Popov

determinant.
Since the generating functional Eq. (2.27) does not depend on ξ, it is possible to insert the
above identity into it as

Z =

∫
D[h] D[ξ] δ

(
Cµ(h)− Fµ(x)

)
∆(h) exp(iS) . (2.29)

We also use the following identity

1 =N

∫
D[F ] exp

(
− i

2ε

∫
d4xFν(x)F ν(x)

)
, (2.30)

where N is a normalization constant, and ε is a parameter.
Again, since the generating functional Eq. (2.29) does not depend on F (x), it is also
possible to insert the above identity into it as

Z = N

∫
D[F ] D[h] D[ξ] δ

(
Cµ(h)− Fµ(x)

)
∆(h) exp

(
iS − i

2ε

∫
d4xFν(x)F ν(x)

)
.

(2.31)

Then, performing the integral over ξ, F (x) yields

Z = N ′
∫
D[h] ∆(h) exp

(
iS − i

2ε

∫
d4x Cν(h)Cν(h)

)
, (2.32)

where N ′ is a new normalization constant. However, the Faddeev-Popov determinant
∆(h) can be written in terms of an artificial vector fermion field χβ, the ghost field, and
an anti-fermion field χ̄α, the anti-ghost field, as

∆(h) = det
(∂Cα(h)

∂ξβ

)
=

∫
D[χ̄]D[χ] exp

(
i

∫
d4x χ̄α

∂Cα(h)

∂ξβ
χβ
)
. (2.33)

Thus, the generating functional becomes

Z = N ′
∫
D[h]D[χ̄]D[χ] exp

(
iS + i

∫
d4x
(
χ̄α

∂Cα(h)

∂ξβ
χβ
)
− i
∫
d4x
( 1

2ε
Cν(h)Cν(h)

))
,

where we have two new terms:

• Lagrangian for ghost fields:

Lghost(χ̄, χ, h) = χ̄α
∂Cα(h)

∂ξβ
χβ . (2.34)

• Lagrangian for fixing gauge:

LFG(h) =
1

2ε
Cν(h)Cν(h) , (2.35)

where ε is a parameter that can be chosen differently for different gauges. However,
Feynman–’t Hooft gauge, ε = 1 will be used throughout the thesis.
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Finally, we calculate LFG and Lghost in two approaches. In the standard approach, we use
the de Donder (harmonic) gauge condition

Cµ(h) = κ
[
∂νhµν −

1

2
∂µh

ν
ν

]
. (2.36)

In the simplified approach, we use a general parameterized gauge condition which contains
all possible combinations for (∂h, ∂hh, ∂hhh) as given below

Cµ(h) = κ
[
b1∂

νhµν + b2∂µh
ν
ν

]
+ κ2

[
b3∂µh

ν
ν h

α
α + b4∂µh

ναhνα + b5∂
νhµνh

α
α + b6∂νhµαh

να

+ b7∂νh
ναhµα + b8∂

νh α
α hµν

]
+ κ3

[
b9∂µh

ν
ν h

α
α h

β
β + b10∂µh

ν
ν h

αβhαβ + b11∂µh
ναhναh

β
β + b12∂µh

ναh β
α hβν

+ b13∂
νhµνh

α
α h

β
β + b14∂

νhµνh
αβhαβ + b15∂νhµαh

ναh β
β + b16∂

νhµαh
αβhβν

+ b17∂νh
ναhµαh

β
β + b18∂

νhαβhµαhνβ + b19∂
νhναhµβh

αβ + b20∂αh
ν
ν hµβh

αβ

+ b21∂
νh α

α hµνh
β
β + b22∂

νhαβhµνhαβ

]
+ · · · , (2.37)

where bi are the parameters that will be chosen later to simplify the Feynman rules as
much as possible. In addition, note that we consider only up to three powers of h which
are relevant to the lowest order vertices, that we need to calculate scalar-graviton scattering
to one-loop as will be shown later.

2.5 Total Derivative Lagrangians

In general, a transformation of the fields is a symmetry transformation if the Lagrangian
changes by a total derivative [1]. This means that adding total derivative terms to the
Lagrangian does not change the physics that it contains. We can see this from the principle
of least action. Adding a total derivative term to the Lagrangian

L → L̃ = L+ ∂µF
µ(h) , (2.38)

the variation of the action remains zero. Explicitly,

δS̃ = δ

∫
d4xL̃ = δ

∫
d4x
(
L+ ∂µF

µ(h)
)

= δ

∫
d4xL+ δ

∫
d4x∂µF

µ(h) = 0 , (2.39)

where δS = δ
∫
d4xL = 0, and the infinitesimal variation of the total derivative part

vanishes by the assumption that F vanishes at the boundary of integration.
In other words, adding total derivative terms to the Lagrangian is equivalent to doing

integration by parts. For example,∫
d4xφ ∂µ∂

µφ =

∫
d4x ∂µ(φ ∂µφ)−

∫
d4x ∂µφ ∂

µφ = φ ∂µφ
∣∣∣
δV
−
∫
d4x ∂µφ ∂

µφ

= −
∫
d4x ∂µφ ∂

µφ . (2.40)
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In addition, the freedom of adding total derivative terms can also be seen from applying
momentum conservation in a vertex in momentum space. For example, if we consider the
term φφ ∂µ∂µφ and then add the total derivative −∂µ(φφ ∂µφ), we get

φφ ∂µ∂µφ = φφ ∂µ∂µφ− ∂µ(φφ ∂µφ) = −2φ ∂µφ ∂µφ ,

⇒ φφ ∂µ∂µφ = −2φ ∂µφ ∂µφ . (2.41)

These partial derivatives give momenta in momentum space. So, assuming that all the
momenta in this vertex are ingoing, equation (2.41) can be represented in momentum
space as

2(p2
1 + p2

2 + p2
3) = −4(p1 · p2 + p1 · p3 + p2 · p3) . (2.42)

This result also agrees with momentum conservation in this vertex

p1 + p2 + p3 = 0 , ⇒ (p1 + p2 + p3)2 = 0 , ⇒ p2
1 + p2

2 + p2
3 = −2(p1 · p2 + p1 · p3 + p2 · p3) .

In this thesis, we use this freedom by adding a parameterization of all possible total
derivative terms which are relevant to the lowest order vertices. This means that we use
the expansion up to four h for the gravitational field,

LTD(h) =
1

κ2
∂µ

[
κ
[
a1∂µh

ν
ν + a2∂

νhµν

]
+ κ2

[
a3∂µh

α
α h

β
β + a4∂µh

ανhαν + a5∂
αhµαh

ν
ν

+ a6∂αhµνh
αν + a7hµν∂αh

αν + a8hµα∂
αh ν

ν

]
+ κ3

[
a9∂µh

ν
ν h

α
α h

β
β

+ a10∂µh
ν
ν h

αβhαβ + a11∂µhναh
ναh β

β + a12∂µh
ναh β

ν hαβ + a13∂
νhµνh

α
α h

β
β

+ a14∂
νhµνh

αβhαβ + a15∂νhµαh
ναh β

β + a16∂
νhµαhνβh

αβ + a17∂νh
ναhµαh

β
β

+ a18∂νh
ναhµβh

β
α + a19∂

νh α
α hµνh

β
β + a20∂

νhαβhµνhαβ + a21∂νh
α
α hµβh

νβ

+ a22∂
νhαβhµαhνβ

]
+ κ4

[
a23∂µh

α
α h

β
β h

γ
γ h

δ
δ + a24∂µh

α
α h

β
β h

γδhγδ

+ a25∂µh
α
α h

βγh δ
γ hδβ + a26∂

αhµαh
β
β h

γ
γ h

δ
δ + a27∂

αhµαh
β
β h

γδhγδ

+ a28∂
αhµαh

βγh δ
γ hδβ + a29∂µhαβh

αβh γ
γ h

δ
δ + a30∂µhαβh

αβhγδh
γδ

+ a31∂αhµβh
αβh γ

γ h
δ
δ + a32∂αhµβh

αβhγδhγδ + a33∂
βh α

α hµβh
γ
γ h

δ
δ

+ a34∂
βh α

α hµβh
γδhγδ + a35∂

βhαγhµβhαγh
δ
δ + a36∂

βhαγhµβh
δ
γ hδα

+ a37∂αh
βαhµβh

γ
γ h

δ
δ + a38∂αh

βαhµβh
γδhγδ + a39∂

αhβγhµβhαγh
δ
δ

+ a40∂
αhβγhµβh

δ
γ hδα + a41∂γh

α
α hµβh

βγh δ
δ + a42∂γh

αδhµβh
βγhαδ

+ a43∂
αhγαhµβh

βγh δ
δ + a44∂αhγδhµβh

βγhαδ + a45∂αh
δαhµβh

βγhγδ

+ a46∂
δh α

α hµβh
βγhγδ + a47∂

αhµβhαγh
βγh δ

δ + a48∂αhµβh
αγhβδhγδ

+ a49∂µh
αβh γ

α hβγh
δ
δ + a50∂µh

αβh γ
α h

δ
β hγδ

]]
+ · · · , (2.43)
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up to three h for the scalar field

LTD(φ, h) = ∂µ

[
d1φ∂µφ+ κ

[
d2φ

2∂µh
ν
ν + d3φ

2∂νhνµ + d4φ∂µφh
ν
ν + d5φ∂

νφhνµ

]
+ κ2

[
d6φ

2∂µh
ν
ν h

α
α + d7φ

2∂µh
ναhνα + d8φ

2∂νhµνh
α
α + d9φ

2∂νhµαh
να

+ d10φ
2∂νh

ναhµα + d11φ
2∂νh α

α hµν + d12φ∂µφh
ν
ν h

α
α + d13φ∂µφh

ναhνα

+ d14φ∂
νφhµνh

α
α + d15φ∂νφhµαh

να
]

+ κ3
[
d16φ

2∂µh
ναhναh

β
β

+ d17φ
2∂νhµνh

α
α h

β
β + d18φ

2∂νhµαh
ναh β

β + d19φ
2∂νh

ναhµαh
β
β

+ d20φ
2∂νh α

α hµνh
β
β + d21φ∂µφh

ν
ν h

α
α h

β
β + d22φ∂µφh

ναhναh
β
β

+ d23φ∂
νφhµνh

α
α h

β
β + d24φ∂νφhµαh

ναh β
β + d25φ

2∂µh
ν
ν h

α
α h

β
β

]]
+ · · · ,

(2.44)

and up to two h for the ghost and antighost fields

LTD(χ, χ̄, h) = ∂µ

[
h1χ̄

ν∂µχν + κ
[
h2h

ναχ̄ν∂µχα + h3χ̄ν∂αχµh
να + h4χ̄

ν∂µχνh
α
α

+ h5χ̄
ν∂νχµh

α
α + h6χ̄

ν∂αχαhµν + h7χ̄
ν∂αχνhµα + h8χ̄ν∂

νχαhµα

+ h9χ̄µ∂
νχνh

α
α + h10χ̄µ∂

νχαhνα + h11χ̄
ν∂αχνhµα + h12χ̄

ν∂αχαhνµ

+ h13χ̄ν∂µχαh
να + h14χ̄ν∂µχ

νh α
α + h15χ̄µ∂νχαh

να
]

+ κ2
[
h20χ̄µ∂

νχνh
α
α h

β
β + h21χ̄µ∂νχαh

ναh β
β + h22χ̄µ∂

νχαhνβh
αβ

+ h23χ̄ν∂µχ
νh α

α h
β
β + h24χ̄ν∂µχ

νhαβhαβ + h25χ̄ν∂µχαh
ναh β

β

+ h26χ̄
ν∂µχαhνβh

αβ + h27χ̄
ν∂αχνhµαh

β
β + h28χ̄

ν∂αχνhµβh
αβ

+ h29χ̄ν∂αχµh
ναh β

β + h30χ̄
ν∂αχµhνβh

αβ + h31χ̄
ν∂αχαhνµh

β
β

+ h32χ̄ν∂
αχαh

νβhµβ + h33χ̄
ν∂αχβhνµh

αβ + h34χ̄
ν∂αχβhναhµβ

+ h35χ̄ν∂
αχβh

νβhµα + h36χ̄µ∂
νχνh

αβhαβ

]]
+ · · · , (2.45)

where ai, di, hi are parameters that we choose later to simplify the Feynman rules. Mainly,
we use them to get rid of terms that have second order derivatives of the fields (e.g., ∂∂h)
as we show later in more detail.

2.6 Field Redefinition

The field redefinition freedom follows from the equivalence theorem [10] which states that
the S-matrix in quantum field theory remains unchanged under reparameterization of the
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field operators. We can illustrate this theorem by taking a scalar field φ as an example,
where the generating functional is given by

Z =

∫
D[φ] exp

(
i

∫
d4x L(φ, ∂µφ)

)
. (2.46)

Now, redefining the scalar field φ→ φ̃ = φ+ a1φ
2 + a2φ

3 + · · ·, we get

Z =

∫
D[φ̃] exp

(
i

∫
d4x L(φ̃, ∂µφ̃)

)
. (2.47)

This redefinition is allowed as long as the Jacobian of the integral is essentially one [10].
Similarly, we can also redefine the other fields: hµν , χ, and χ̄.

Now let us explain how the field redefinition can simplify the Lagrangian. Consider the
following field redefinition for the gravitational field

hµν → h′µν = hµν + κ
[
a1hµγh

γ
ν + a2hµνh

γ
γ

]
+ · · · . (2.48)

Inserting this into hµν ∂
µhνα∂αh

β
β , which is part of the triple graviton vertex, as an illus-

tration gives

hµν ∂
µhνα∂αh

β
β → hµν ∂

µhνα∂αh
β
β + a1 κhµγh

γ
ν ∂µhνα∂αh

β
β

+ a2 κhµνh
γ
γ ∂µhνα∂αh

β
β + · · · , (2.49)

Figure 3: Field redefinition for the triple graviton vertex.

Thus, the field redefinition generates an expansion of the triple graviton vertex as shown
in Fig. 3, giving two new contributions for the quadruple graviton vertex with the two
parameters (a1, a2). So, by choosing a proper value for these parameters, we can cancel
some of the contributions to the quadruple graviton vertex in the standard Lagrangian.

For our fields, we use the most general parameterized expansions which are relevant to
the lowest order vertices. This means that we write all possible parameterized combinations
up to four h for the gravitational field hµν as

h′µν = hµν + κ
[
c1hµαh

α
ν + c2hµνh

α
α

]
+ κ2

[
c3hµνh

α
α h

β
β + c4hµνh

αβhαβ + c5hµαh
α
ν h

β
β + c6hµαhνβh

αβ
]

+ κ3
[
c7hµνh

α
α h

β
β h

γ
γ + c8hµνh

α
α h

βγhβγ + c9hµνh
αβh γ

β hγα

+ c10hµαh
α
ν h

β
β h

γ
γ + c11hµαh

α
ν hβγh

βγ + c12hµαhνβh
αβh γ

γ

+ c13hµαh
β
ν h

αγhβγ

]
+ · · · , (2.50)

18



3 Feynman Rules

h [a\ g

up to three powers of h for the scalar field φ as

φ′ = φ+ κ
[
e1h

α
α φ
]

+ κ2
[
e2h

α
α h

β
β φ+ e3hαβh

αβφ
]

+ κ3
[
e4h

α
α h

β
β h

γ
γ φ+ e5hαβh

αβh γ
γ φ+ e6h

αβh γ
β hγαφ

]
+ · · · , (2.51)

up to two powers of h for the ghost field χµ as

χ′µ = χµ + κ
[
g1h

α
α χµ + g2hαµχ

α
]

+ κ2
[
g3h

α
α h

β
β χµ + g4h

αβhαβχµ + g5h
α
α hβµχβ + g6h

αβhαµχβ

]
+ · · · , (2.52)

and up to two powers of h for the anti-ghost field χ̄µ as

χ̄′µ = χ̄µ + κ
[
f1h

α
α χ̄µ + f2hαµχ̄

α
]

+ κ2
[
f3h

α
α h

β
β χ̄µ + f4h

αβhαβχ̄µ + f5h
α
α hβµχ̄

β + f6h
αβhαµχ̄β

]
+ · · · , (2.53)

where ci, ei, gi, fi are parameters that will be chosen later to simplify the Feynman rules.

3 Feynman Rules

In this section, we calculate the standard Feynman rules [6]. After that, we explain our
strategies to simplify the Feynman rules for gravity, and then we show the resulting sim-
plified Feynman rules.

To perform these calculations, we use the FORM program which is a symbolic manipu-
lation system that can manipulate symbolic expressions and do mathematical operations,
then return symbolic results [14, 15]. In addition, some short pieces of code that are
relevant to our calculations are shown in App. F.

3.1 The Standard Calculations

First, we calculate the Lagrangian for matter up to three powers of h and the Lagrangian
for gravity up to four powers of h from Eqs. (2.14, 2.15) respectively using the expansion
Eq. (2.13) and the definitions (2.6−2.10). Second, we calculate the Lagrangian for fixing
the gauge up to four h and the Lagrangian for ghosts up to two h from Eqs. (2.35, 2.34)
using the de Donder (harmonic) gauge condition Eq. (2.36) and the gauge transformation
Eq. (2.26). Thus, we get the total Lagrangian as

LTotal(h, φ, χ, χ̄) = LGravity(h) + LMatter(h, φ) + LFG(h) + LGhost(χ, χ̄, h) . (3.1)

From this total Lagrangian, we get the standard Feynman rules which are listed in App. B.
We have also verified that they agree with the Feynman rules in [6].
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3.2 The Simplified Calculations

Again, we calculate the Lagrangian for matter up to three powers of h and the Lagrangian
for gravity up to four powers of h from Eqs. (2.14, 2.15) respectively using the expansion
Eq. (2.13) and the definitions (2.6−2.10). Second, we calculate the Lagrangian for fixing
gauge up to four h and the Lagrangian for ghost up to two h from Eqs. (2.34, 2.35)
using the general parameterized gauge condition Eq. (2.37) and the gauge transformation
Eq. (2.26). Third, we add the total derivative Lagrangians Eqs. (2.43−2.45). Fourth, we
put the previous Lagrangians together to obtain the total Lagrangian as

LTotal(h, φ, χ, χ̄) = LGravity(h) + LMatter(h, φ) + LFG(h) + LGhost(χ, χ̄, h) (3.2)

+ LTD(h) + LTD(φ, h) + LTD(χ, χ̄, h) .

After that, we redefine all the fields in the general parameterized way as given in Eqs. (2.50−2.53).
Thus, we get the total Lagrangian Eq. (3.2) with eight sets of parameters:

h φ χ, χ̄

LTD (a1, · · · , a50) (d1, · · · , d25) (h1, · · · , h36)

Field Redefinition (c1, · · · , c13) (e1, · · · , e6) (f1, · · · , f6), (g1, · · · , g6)

Cµ(h) (b1, · · · , b22)

Finding the proper values of these parameters by inspection is what took the most time
in this thesis. In order to find suitable values for the parameters we used the following
strategies:

1. Ensuring the same propagators as in the standard calculations.

2. Minimizing the number of terms as much as possible, especially for the triple and
quadruple graviton vertices.

3. Cancelling all terms that have second order derivative of our fields as ∂∂h. Because
when we integrate by parts, the second order derivative of our fields as h∂∂h gives
two terms that have first order derivative of our fields as ∂h∂h. Some of these terms
can cancel terms in the standard Lagrangian.

4. Trying to keep terms that have the same indices for the partial derivatives, such as
∂µhνα∂

µhνα and not ∂µhνα∂
νhµα, in order to get simpler expressions in momentum

space.

Thus, we choose the parameters as given in App. A, where we list each set of the parameters
separately and we also show the parameters that contribute to each Feynman rule. These
parameters are the main results of our work.

To illustrate the simplified calculations, let us take an example of the triple graviton
vertex from our work. The FORM code for the total Lagrangian of this vertex is shown
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below, where only parameters from the following sets (c1, c2, · · · , c13), (a1, a2, · · · , a50),
(b1, b2, · · · , b22) can appear:

Result

1 LagT3 =

2 + H(mu,mu)*H(nu,nu)*H(al,al,be,be)*Fact(1 + 4*a9,4)

3 + H(mu,mu)*H(nu,nu)*H(al,be,al,be)*Fact( - 1 + 4*a13,4)

4 + H(mu,mu)*H(nu,nu,al)*H(al,be,be)*Fact( - 1 - b5 + 2*b3 + a19 + 2*a13,1)

5 + H(mu,mu)*H(nu,nu,al)*H(be,al,be)*Fact(1 + 2*b5 + a17,1)

6 + H(mu,mu)*H(nu,nu,al,be)*H(al,be)*Fact( - 1 + a11,1)

7 + H(mu,mu)*H(nu,al)*H(nu,al,be,be)*Fact( - 1 + a19,1)

8 + H(mu,mu)*H(nu,al)*H(nu,be,al,be)*Fact(2 + a17 + a15,2)

9 + H(mu,mu)*H(nu,al)*H(al,be,nu,be)*Fact(2 + a17 + a15,2)

10 + H(mu,mu)*H(nu,al,al)*H(nu,be,be)*Fact(1 - 4*c2 - 4*b3 + 8*a9,4)

11 + H(mu,mu)*H(nu,al,be)^2*Fact( - 3 + 4*c2 + 4*a11,4)

12 + H(mu,mu)*H(nu,al,be)*H(al,nu,be)*Fact(1 + 2*a15,2)

13 + H(mu,mu,nu)*H(nu,al)*H(al,be,be)*Fact(2 + 2*b8 - b7 + a21 + a17,2)

14 + H(mu,mu,nu)*H(nu,al,be)*H(al,be)*Fact(2 + 2*b4 + a20 + 2*a14,2)

15 + H(mu,mu,nu)*H(al,nu,be)*H(al,be)*Fact( - 4 + 2*b6 + a22 + a18,2)

16 + H(mu,mu,nu,nu)*H(al,be)^2*Fact( - 1 + 2*a10,2)

17 + H(mu,mu,nu,al)*H(nu,be)*H(al,be)*Fact(2 + a12,1)

18 + H(mu,nu)^2*H(al,be,al,be)*Fact(1 + 2*a14,2)

19 + H(mu,nu)*H(mu,nu,al)*H(al,be,be)*Fact(2 - b6 + a21 + a15,2)

20 + H(mu,nu)*H(mu,nu,al)*H(be,al,be)*Fact( - 4 + 2*b6 + a22 + a18,4)

21 + H(mu,nu)*H(mu,nu,al,be)*H(al,be)*Fact(2 + a20,1)

22 + H(mu,nu)*H(mu,al)*H(nu,al,be,be)*Fact(2 + a21,4)

23 + H(mu,nu)*H(mu,al)*H(nu,be,al,be)*Fact( - 4 + a18 + a16,1)

24 + H(mu,nu)*H(mu,al,nu,be)*H(al,be)*Fact( - 2 + a22,2)

25 + H(mu,nu)*H(mu,al,al)*H(nu,be,be)*Fact( - 1 - 2*b8 + 2*a19,2)

26 + H(mu,nu)*H(mu,al,al)*H(be,nu,be)*Fact(2 + 2*b8 - b7 + a21 + a17,4)

27 + H(mu,nu)*H(mu,al,be)*H(nu,al,be)*Fact(3 + 2*a20,2)

28 + H(mu,nu)*H(mu,al,be)*H(al,nu,be)*Fact( - 2 + a22 + a16,1)

29 + H(mu,nu)*H(mu,al,be,be)*H(nu,al)*Fact(6 + 3*a21,4)

30 + H(mu,nu)*H(nu,mu,al)*H(al,be,be)*Fact(2 - b6 + a21 + a15,2)

31 + H(mu,nu)*H(nu,mu,al)*H(be,al,be)*Fact( - 4 + 2*b6 + a22 + a18,4)

32 + H(mu,nu)*H(nu,al,mu,be)*H(al,be)*Fact( - 2 + a22,2)

33 + H(mu,nu)*H(nu,al,al)*H(be,mu,be)*Fact(2 + 2*b8 - b7 + a21 + a17,4)

34 + H(mu,nu)*H(al,mu,nu)*H(al,be,be)*Fact( - 1 + c2 - c1 - b4 + a11 + 2*a10,1)

35 + H(mu,nu)*H(al,mu,nu)*H(be,al,be)*Fact(2 + 2*b4 + a20 + 2*a14,2)

36 + H(mu,nu)*H(al,mu,al)*H(be,nu,be)*Fact( - 2 + 2*b7 + a18,1)

37 + H(mu,nu)*H(al,mu,be)*H(al,nu,be)*Fact(3 + 2*c1 + 2*a12,1)

38 + H(mu,nu)*H(al,mu,be)*H(be,nu,al)*Fact( - 1 + a16,1)

39 ;
Result
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Here Fact(x,y)= x
y
, H(mu,nu)= hµν , H(al,mu,nu)= ∂αhµν , H(al,be,mu,nu)= ∂α∂βhµν ,

and all the indices are contracted in the proper way.
Now, if we plug our choice of the parameters as shown in App. A, we get the following

simplified expression for this vertex:

Result

1 Time = 5.66 sec Generated terms = 4

2 LagT3 Terms in output = 4

3 Bytes used = 444

4

5 LagT3 =

6 + H(mu,mu)*H(nu,al,al)*H(nu,be,be)*Fact(1,8)

7 + H(mu,nu)*H(mu,al,be)*H(nu,al,be)*Fact(-1,2)

8 + H(mu,nu)*H(mu,al,be)*H(al,nu,be)*Fact(1,1)

9 + H(mu,nu)*H(al,mu,nu)*H(al,be,be)*Fact(-1,4)

10 ;
Result

As a result, we efficiently reduce the triple graviton vertex from 40 to 4 terms. In the next
subsection we will show all the simplified Feynman rules that we obtain.

3.3 The Simplified Feynman Rules

Here we present the simplified Feynman rules that we obtain from our choice of parameters,
in App. A, together with some comparisons with the standard Feynman rules that are given
in App. B. As already mentioned, our choice of parameters ensures the same propagators
as in the standard Feynman rules. For completeness, we give below the Lagrangian and
the corresponding propagator in momentum space for the scalar field φ(Q)

φ(Q) φ(Q)
Lφφ =

1

2
∂µφ∂

µφ− 1

2
m2φ2 , (3.3)

in momentum space

S{φφ}(Q,m) =
i

Q2 −m2 + iε
,

for the ghost field χ(Q)

χα(Q) χ̄β(Q)
L{χ̄χ} = −ηµν∂λχ̄µ∂λχν , (3.4)

in momentum space

Sαβ{χ̄χ}(Q) = − i

Q2
ηαβ ,

and for the gravitational field hαβ(Q)
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hαβ(Q) hγδ(Q)
Lhh =

1

2
∂µhνλ∂

µhνλ − 1

4
∂µh

ν
ν ∂

µh λ
λ , (3.5)

in momentum space

Sαβγδ{hh} (Q) =
i

Q2
Pαβγδ ,

where Pαβγδ =
1

2
(ηαγηβδ + ηαδηβγ − ηαβηγδ).

Turning now to the vertices, our choice of parameters successfully simplifies most of
them, comparing with the standard ones as listed in App. B. Here we discuss each vertex
separately. First, our main effort is to get the simplest form of the triple graviton vertex
V
{hhh}
γδρσηλ(q1, q2) since it can appear in many one-loop diagrams, as shown in Sec. 5, and its

standard expression has 40 terms, as shown in Eq. (B.6). This can lead to messy calcu-
lations when this vertex appears twice or more in a diagram. For example, a diagram
with three triple graviton vertices such as Fig. 12i can give about 64 000 terms. How-
ever, using our choice of parameters, we successfully reduce it to just four terms as follows

hρσ(q2) hηλ(q3)

hγδ(q1)

(
q3 = q1 − q2

)

Lhhh =
κ

2

(1

4
h µ
µ ∂νh

α
α ∂

νh β
β − h

µν∂µh
αβ∂νhαβ (3.6)

+ 2hµν∂µh
αβ∂αhνβ −

1

2
hµν∂αhµν∂

αh β
β

)
,

in momentum space

V
{hhh}
γδρσηλ(q1, q2) = i

κ

2

[ 1

2
q1.q2(ηρσηγδηηλ − ηρσηγηηδλ − ηρηησληγδ)

+
1

2
q1.q3(ηρσηγδηηλ − ηργησδηηλ − ηρηησληγδ)

+
1

2
q2.q3(−ηρσηγδηηλ + ηρσηγηηδλ + ηργησδηηλ)

− 2 ηργησδq1ηq2λ + ηργηση(q1λq2δ − q2λq3δ)

+ 2 ηρδηγη(q1σq2λ + q1λq3σ) + ηρηησλq2γq3δ

+ 2 ηρηηγλ(q1σq3δ − q2δq3σ)− ηγηηδλq1ρq3σ

]
.

Second, in addition to the triple graviton vertex, our main goal is to get the simplest form
of the quadruple graviton vertex V

{hhhh}
γδρσηλκε(q1, q2, q3). This vertex has a very complicated

standard form, 113 terms, as shown in Eq. (B.7). In our method, the parameters in App. A
successfully reduces the number of terms to just 12 as follows
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hρσ(q2) hκε(q4)

hηλ(q3)hγδ(q1)
Lhhhh =

κ2

4

(
− 5

16
h µ
µ h

ν
ν ∂αh

β
β ∂

αh τ
τ +

1

2
h µ
µ h

να∂νhβτ∂αh
βτ

− h µ
µ h

να∂νh
βτ∂βhατ + h µ

µ h
να∂βhντ∂

βh τ
α

− 1

8
hµνh

µν∂αh
β
β ∂

αh τ
τ + hµν∂µhνα∂

βhατhβτ

+
1

4
hµν∂µh

α
α hνβ∂

βh τ
τ − 2hµν∂µh

αβhνα∂
τhβτ

+ hµν∂µhαβhντ∂
τhαβ − 2hµν∂µhαβh

ατ∂τh
β
ν

+ hµνhνα∂βhµτ∂
βhατ + 2hµν∂νhαβh

αβ∂τhµτ

)
. (3.7)

Third, the scalar-scalar-graviton vertex V
{φφh}
αβ (p1, p2,m), which is the only vertex that has

the same expression as in the standard rules Eq. (B.2), is given by

φ(p1) φ(p2)

hαβ(q1) Lφφh =
κ

2

(
− 1

2
h µ
µ φ

2m2 +
1

2
h µ
µ ∂νφ∂

νφ− hµν∂µφ∂νφ
)
, (3.8)

in momentum space

V
{φφh}
αβ (p1, p2,m) = i

κ

2

[
(p1αp2β + p2αp1β)− ηαβ(p1.p2 −m2)

]
.

Fourth, as mentioned before, the parameters are chosen in order to get the triple graviton
and quadruple graviton vertices as simple as possible, but at the same time the scalar-
scalar-graviton-graviton vertex V

{φφhh}
γδρσ (p1, p2) is surprisingly reduced from six terms, as in

Eq. (B.3), to just two terms. Moreover, this vertex is now independent of the scalar mass
m as follows

hγδ(q1) hρσ(q2)

φ(p2)φ(p1)
Lφφhh =

κ2

4

(
hµνh α

ν ∂µφ∂αφ−
1

2
h µ
µ h

να∂νφ∂αφ
)
, (3.9)

in momentum space

V
{φφhh}
γδρσ (p1, p2) = i

κ2

8

[
− ηγδ(p1ρp2σ + p1σp2ρ) + ηγρ(p1δp2σ + p1σp2δ)

+ ηγσ(p1δp2ρ + p1ρp2δ) + ηδρ(p1γp2σ + p1σp2γ)

+ ηδσ(p1γp2ρ + p1ρp2γ)− ηρσ(p1γp2δ + p1δp2γ)
]
.

Fifth, the scalar-scalar-graviton-graviton-graviton vertex V
{φφhhh}
γδρσλε (p1, p2, q1, q2) is reduced

from 10 terms, as in Eq. (B.4), to seven terms in the simplified method, where this reduc-
tion is due to the choice of the redefinition parameters for scalar field e4, e6 as shown in
Tab. 8, as follows
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φ(p1) φ(p2)

hρσ(q2)

hγδ(q1) hλε(q3)

Lφφhhh =
κ3

8

[
− 1

4
m2φ2h µ

µ h
ναhνα −

1

16
φ ∂µφ∂

µh ν
ν h

α
α h

β
β

− 1

2
φ ∂µφ∂

µhναh β
ν hαβ +

1

4
∂µφ∂

µφh ν
ν h

αβhαβ

+
1

8
∂µφ∂νφh

µνh α
α h

β
β −

1

2
∂µφ∂

νφhµαhναh
β
β

− ∂µφ∂νφhµαhνβhαβ
]
. (3.10)

Sixth, the ghost-ghost-graviton vertex V
{χ̄χh}
ρσγδ (p1, p2) also appears in our one-loop diagrams

as shown in Sec. 5. It has 11 terms, compared to 8 in the standard vertex, and it takes the
form

χγ(p1) χδ(p2)

hρσ(q1) Lχ̄χh =
κ

2

(
− χ̄µχν∂µ∂νh α

α + χ̄µ∂
µχν∂αh

να + 2 χ̄µχ
ν∂ν∂αh

µα

− 1

2
χ̄µ∂νχ

ν∂µh α
α − χ̄µ∂νχα∂µhνα + χ̄µ∂νχα∂

αhµν

− ∂µχ̄µ∂νχαhνα − ∂µχ̄ν∂µχνh α
α − ∂µχ̄ν∂µχαhνα

+ ∂µχ̄ν∂αχ
νhµα − ∂µχ̄ν∂αχαhµν

)
. (3.11)

Seventh, the ghost-ghost-graviton-graviton vertex V
{χ̄χhh}
γδρσλε (p1, p2, q1) is the last vertex that

is needed in the calculations of our one-loop diagrams, where it appears in Fig. 12e. It has
29 terms while it vanishes in the standard rules. It can be written as

hγδ(q1) hρσ(q2)

χε(p2)χλ(p1)

Lχ̄χhh =
κ2

8

(
− χ̄µ∂νχνhµα∂βhαβ + χ̄µ∂

µχνhνα∂βh
αβ + 2 χ̄µ∂

µχν∂νh
αβhαβ

+ χ̄µ∂
µχν∂αhναh

β
β + 2 χ̄µχ

νhµα∂ν∂αh
β
β + χ̄µχν∂µh

α
α ∂νh

β
β

+ 2 χ̄µχν∂νhµα∂
αh β

β + 2 χ̄µχν∂ν∂
αhµαh

β
β + χ̄µ∂νχµhνα∂βh

αβ

+ χ̄µ∂
µχνh

να∂αh
β
β − χ̄

µ∂νχν∂αhµβh
αβ + χ̄µ∂νχαhµν∂αh

β
β

+ χ̄µ∂νχ
αhµν∂βhαβ − χ̄µ∂νχα∂µhναh β

β − χ̄
µ∂νχαhµα∂νh

β
β

+ χ̄µ∂νχαhµα∂
βhνβ − χ̄µ∂νχα∂µh β

β hνα − χ̄
µ∂νχα∂νhµαh

β
β

− 4 χ̄µ∂νχαhνα∂
βhµβ + χ̄µ∂νχα∂αhµνh

β
β − ∂

µχ̄µ∂
νχαhναh

β
β

− ∂µχ̄ν∂µχνhαβhαβ − 2 ∂µχ̄ν∂µχ
αhναh

β
β + ∂µχ̄ν∂αχνhµαh

β
β

− ∂µχ̄ν∂αχαhµνh β
β − ∂

µχ̄ν∂
αχαhµβh

νβ − 4 ∂µχ̄ν∂αχβhµνhαβ

+ 2 ∂µχ̄ν∂αχβhµαhνβ + 2 ∂µχ̄ν∂αχβhµβhνα

)
. (3.12)

Our ghost vertices above are more complicated than the standard ghost vertices because
our general parameterized gauge Eq. (2.37) is more complicated than the de Donder gauge
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Eq. (2.36). However, the ghost vertices just appear in few diagrams in scalar-graviton
scattering as shown in Sec. 5, so they do not affect our calculations so much if they have
slightly more complicated form.

Finally, after deriving the simplified Feynman rules, it is time to apply these rules on
scattering processes as shown in the next section.

4 Tree Level Scattering

Now all the ingredients are in place to start the calculations, but before diving into one-loop
diagrams, we calculate the amplitudes of scalar-graviton scattering and graviton-graviton
scattering at tree level. So, we first show how we use the helicity formalism [11] to express
the resulting amplitudes at tree level. After that, we calculate these amplitudes by using
the simplified Feynman rules, as shown in the previous section, then repeat the calculations
for the same amplitudes but using the standard Feynman rules, as shown in App. B. Finally,
we compare the results obtained in the two ways and check against published results where
available.

4.1 Helicity Amplitudes

A helicity amplitude is an amplitudeM that is evaluated for fixed helicity of the external
particles, where the helicity of a particle is the projection of its spin on its momentum.
Namely, if we consider the process: a1 + a2 → a3 + a4, then the total amplitude M will
be decomposed into helicity amplitudesM(λ1,λ2;λ3,λ4) each one representing the amplitude
of transition from a particular helicity state λ1, λ2 of the incoming particles a1, a2 to a
particular helicity state λ3, λ4 of the outgoing particles a3, a4.

In our case, the graviton has a polarization tensor ε±2
µν (p) for helicity ±2 which can be

written in terms of the polarization vector ε±1
µ (p) for helicity ±1 as

ε±2
µν (p) = ε±1

µ (p)ε±1
ν (p) .

In addition, the graviton is a spin-2 massless particle of a symmetric gravitational field
hµν . This implies that its polarization tensor εµν is transverse, traceless and symmetric
[11]:

pµε±2
µν (p) = pνε±2

µν (p) = 0 , (4.1)

ηµνε±2
µν (p) = ε±2 ν

ν (p) = 0 , (4.2)

ε±2
µν (p) = ε±2

νµ (p) , (4.3)

where our choice of polarization vectors and four momenta in the Center-of-Mass frame
(CM) are given in App. C together with other useful kinematic relations.

Finally, helicity amplitudes have some useful properties. For example, in general the
results are given by simple expressions and the total amplitude can be squared directly
without having to use the completeness relations. Above all, only some of the helicity

26



4.2 Scalar-Graviton Scattering 4 Tree Level Scattering

h [a\ g

amplitudes are actually independent. The others can be calculated by using various sym-
metries [7], such as parity

M(λ3,λ4;λ1,λ2) = (−1)m−nM(−λ3,−λ4;−λ1,−λ2) , (4.4)

time-reversal

M(λ3,λ4;λ1,λ2) = (−1)m−nM(λ1,λ2;λ3,λ4) , (4.5)

charge conjugation

M(λ3,λ4;λ1,λ2) = (−1)m−nM(λ4,λ3;λ2,λ1) , (4.6)

and exchanging bosons

M(λ3,λ4;λ1,λ2)(s, t, u) = (−1)m−2s1M(λ3,λ4;λ2,λ1)(s, u, t) , (4.7)

where m = λ1 − λ2, n = λ3 − λ4 and s1, s2, s3, s4 are the spin of the particles.

4.2 Scalar-Graviton Scattering

For this process, there are four possible diagrams at tree level as shown in Fig. 4. We
use the helicity amplitudes formalism, as discussed before, to write down the amplitudes.
For this process we have two independent helicity amplitudesM(0,+2;0,+2),M(0,+2;0,−2) and
the others can be obtained by applying the symmetries that are given in the previous
subsection.

(a)φ(p1) φ(p3)

hµν(p2) hαβ(p4)

(b) (c) (d)

Figure 4: Scalar-Graviton scattering at tree level, where (a), (b) and (c) represent s, t and
u-channels respectively, while (d) is just a simple scalar-scalar-graviton-graviton vertex.

The amplitudes of the respective diagrams in Fig. 4 can then be written as:

M(a) = εµν(p2) V {φφh}µν (p1, Q1,m) S(Q1,m) V
{φφh}
αβ (p3, Q1,m) ε∗αβ(p4) ,

M(b) = εµν(p2) V
{φφh}
γδ (p1, p3,m) Sγδρσ{hh}(Q2) V

{hhh}
µναβρσ(p2, p4) ε∗αβ(p4) ,

M(c) = εµν(p2) V {φφh}µν (p1, Q3,m) S(Q3,m) V
{φφh}
αβ (p3, Q3,m) ε∗αβ(p4) ,

M(d) = εµν(p2) V
{φφhh}
µναβ (p1, p3) ε∗αβ(p4) , (4.8)
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where Q1 = p1 + p2, Q2 = p1 − p3 and Q3 = p1 − p4.
Adding these amplitudes together, we get the total amplitude as

M(Total) =M(a) +M(b) +M(c) +M(d) . (4.9)

In the helicity formalism, this total amplitude can be written as

M(Total) =M(0,+2;0,+2) +M(0,−2;0,−2) +M(0,+2;0,−2) +M(0,−2;0,+2) . (4.10)

Using the simplified Feynman rules that we derived in the previous section and applying
kinematics in the CM frame according to the choice of momenta and polarization vectors
as shown in App. C, the two independent helicity amplitudes are given by

M(0,+2;0,+2) = κ2 k4

(s−m2)(u−m2)t

(
1 + cos(θ)

)2
[
m4 + 4km2E + 8k2m2 + 8k3E + 8k4

]
,

M(0,+2;0,−2) = κ2 k4m4

(s−m2)(u−m2)t

(
1− cos(θ)

)2
,

where θ is the scattering angle and k is the momentum of the incoming particles in the
CM frame.
However, in the CM frame, we have:

s = m2 + 2k2 + 2kE ,

E2 = m2 + k2 .

Then, the two independent helicity amplitudes can be written as:

M(0,+2;0,+2) = κ2 k4 s2

(s−m2)(u−m2)t

(
1 + cos(θ)

)2
, (4.11)

M(0,+2;0,−2) = κ2 k4m4

(s−m2)(u−m2)t

(
1− cos(θ)

)2
.

After obtaining the results with our simplified Feynman rules, we can start the process
of comparison and checking the results. First, we have verified that the standard Feynman
rules in App. B give the same results for the independent helicity amplitudes Eq. (4.11). In
addition, our results for the scalar-graviton scattering helicity amplitudes also agree with
the results of M. T. Grisaru and P. Van Nieuwenhuizen and C. C. Wu in [7].

4.3 Graviton-Graviton Scattering

For this process, there are also four possible diagrams at tree level as shown in Fig. 5, and
the helicity amplitude formalism is again used to express the final results. This process
has four independent helicity amplitudes M(+2,+2;+2,+2), M(+2,−2;+2,−2), M(+2,+2;+2,−2),
M(+2,+2;−2,−2).
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(a)hµν(p1) hγδ(p3)

hαβ(p2) hλρ(p4)

(b) (c) (d)

Figure 5: Graviton-Graviton scattering at tree level, where (a), (b) and (c) represent s, t
and u-channels respectively, while (d) is just a simple quadruple graviton vertex.

The amplitudes of the respective diagrams in Fig. 5 can then be written as:

M(a) = εµν(p1)εαβ(p2) V
{hhh}
µναβησ(p1, p2) Sησεκ{hh}(Q1) V

{hhh}
γδλρεκ(p3, p4) ε∗γδ(p3)ε∗λρ(p4) ,

M(b) = εµν(p1)εαβ(p2) V
{hhh}
µναβησ(p1, p3) Sησεκ{hh}(Q2) V

{hhh}
γδλρεκ(p2, p4) ε∗γδ(p3)ελρ(p4) ,

M(c) = εµν(p1)εαβ(p2) V
{hhh}
µναβησ(p1, p4) Sησεκ{hh}(Q3) V

{hhh}
γδλρεκ(p2, p3) ε∗γδ(p3)ε∗λρ(p4) ,

M(d) = εµν(p1)εαβ(p2) V
{hhhh}
µναβγδλρ(p1, p2, p3) ε∗γδ(p3)ε∗λρ(p4) , (4.12)

where Q1 = p1 + p2, Q2 = p1 − p3 and Q3 = p1 − p4.
Adding these amplitudes together, we get the total amplitude as

M(Total) =M(a) +M(b) +M(c) +M(d) . (4.13)

In the helicity formalism, this total amplitude can be written as

M(Total) = M(+2,+2;+2,+2) +M(−2,−2;−2,−2) +M(+2,−2;+2,−2) +M(−2,+2;−2,+2) +M(+2,−2;−2,+2)

+M(−2,+2;+2,−2) +M(+2,+2;+2,−2) +M(−2,−2;−2,+2) +M(+2,−2;+2,+2) +M(−2,+2;−2,−2)

+M(+2,+2;−2,+2) +M(−2,−2;+2,−2) +M(−2,+2;+2,+2) +M(+2,−2;−2,−2) +M(+2,+2;−2,−2)

+M(−2,−2;+2,+2) .

Again, using our simplified Feynman rules and applying kinematics in the CM frame gives
the four independent helicity amplitudes:

M(+2,+2;+2,+2) = κ2 1

4

s3

t u
,

M(+2,−2;+2,−2) = κ2 1

4

u3

s t
, (4.14)

M(+2,+2;+2,−2) = 0 ,

M(+2,+2;−2,−2) = 0 .
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Applying the symmetry relations Eqs. (4.4−4.7) gives all helicity amplitudes for graviton-
graviton scattering:

M(+2,+2;+2,+2) =M(−2,−2;−2,−2) = κ2 1

4

s3

t u
,

M(+2,−2;+2,−2) =M(−2,+2;−2,+2) = κ2 1

4

u3

s t
,

M(+2,−2;−2,+2) =M(−2,+2;+2,−2) = κ2 1

4

t3

s u
, (4.15)

M(+2,+2;+2,−2) =M(−2,−2;−2,+2) =M(+2,−2;+2,+2) =M(−2,+2;−2,−2) = 0 ,

M(+2,+2;−2,+2) =M(−2,−2;+2,−2) =M(−2,+2;+2,+2) =M(+2,−2;−2,−2) = 0 ,

M(+2,+2;−2,−2) =M(−2,−2;+2,+2) = 0 .

Once more, comparing with the standard Feynman rules, the same results are reached.
Our results for these helicity amplitudes also agree with the results of J. F. Donoghue and
T. Torma in their paper [8] and M. T. Grisaru, P. Van Nieuwenhuizen and C. C. Wu in
[7].

5 One-Loop Correction

While the goal in the previous section was to verify the simplified Feynman rules, the goal
in this section is to show the usefulness of these rules at loop level. So, we first show how
to treat the loop integrals in the loop calculations by using dimensional regularization and
the Passarino-Veltman method [1, 12, 13]. After that, we calculate some one-loop diagrams
for scalar-graviton scattering using the simplified rules, then repeat the calculations using
the standard rules, and finally compare the results obtained in the two ways.

5.1 Loop Integral

To calculate our loop integrals, we use dimensional regularization with Passarino-Veltman
reduction since it preserves gauge and Lorentz invariance [1, 13].

5.1.1 Dimensional Regularization

Dimensional regularization is widely used to regularize loop integrals and separate out the
UV divergences [1]. The main idea is to change the dimensionality of the loop integral
from the dimension where it diverges to a lower dimension d where the integral converges.

In our case, the loop integrals are in four-dimensional Minkowski space. So, we move
them to dimension d = 4 − 2ε, where ε is a parameter and the limit ε → 0 will be taken
at the end of the calculation. Then, we perform the integrals and go back to the original
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dimension by doing analytic continuation. Moreover, there are some considerations when
using d 6= 4 dimensions that have to be taken into account: the metric tensor becomes

gµν4 → gµνd , ⇒ gµνgµν = δµµ = d = 4− 2ε ,

and the measures become ∫
d4p

(2π)4
→

∫
(µ)2ε ddp

(2π)d
,

where µ is a regulator parameter with dimension [µ] = M .
Briefly, the standard procedure of this regularization is [1]: transfer to Euclidean space,

do the Wick rotation, apply Feynman parameters, shift the integration variable, perform
the integral, go back to Minkowski space. These steps will be explained in more detail and
applied in the next section.

5.1.2 Scalar Integrals

The general form of a scalar one-loop integral for a N-point function with external momenta
p1, · · · , pN−1 (with pN from momentum conservation) as shown in Fig. 6 is given by

IN(p1, · · · , pN−1,m0, · · · ,mN−1) ∼ (5.1)∫
ddk

(2π)d
1

(k2 −m2
0 + iε)((k + q1)2 −m2

1 + iε) · · · ((k + qN−1)2 −m2
N−1 + iε)

,

where k is the undefined momentum in the loop that will be integrated over, and q1, · · · , qN−1

are the internal momenta that are related to the external momenta by qi =
∑i

k=1 pk as
shown in Fig. 6, and m0, · · · ,mN−1 are the masses of the propagators involved in the loop.

m0

k

p1
m1

k +
q 1

pN−1

mN
−1

p3

m3

pN

p2

m2

k
+
q 2

Figure 6: Generic diagram of N-point function with N external momenta at one-loop.

In our case of scalar-graviton scattering to one-loop, only the scalar field propagator
has a mass m, so the masses m0, · · · ,mN−1 are either zero or m. In the following, we will
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only need one-loop diagrams up to the box diagrams with four propagators so we limit
ourselves to the following scalar integrals:

A0(m0) =

∫
ddk

(2π)d
1

(k2 −m2
0 + iε)

,

B0(p1,m0,m1) =

∫
ddk

(2π)d
1

(k2 −m2
0 + iε)((k + q1)2 −m2

1 + iε)
, (5.2)

C0(p1, p2,m0,m1,m2) =

∫
ddk

(2π)d
1

(k2 −m2
0 + iε)((k + q1)2 −m2

1 + iε)((k + q2)2 −m2
2 + iε)

,

D0(p1, p2, p3,m0,m1,m2,m3) =∫
ddk

(2π)d
1

(k2 −m2
0 + iε)((k + q1)2 −m2

1 + iε)((k + q2)2 −m2
2 + iε)((k + q3)2 −m2

3 + iε)
,

where the loop integrals are denoted with respect to the number of propagators involved
in the loop: (A0) for one propagator, (B0) for two propagators, (C0) for three propagators
and (D0) for four propagators.

Before continuing we note that as a result of the standard procedure of dimensional
regularization, all massless tad-pole diagrams, as illustrated in Fig. 7, vanish.

k

Figure 7: One-loop massless tad-pole diagram.

More specifically these diagrams correspond to the massless scalar integral A0 given by

A0(0) =

∫
ddk

(2π)d
1

(k2 + iε)
. (5.3)

As can be seen in App. D, this integral vanishes for all d since it is proportional to (M2)d/2−2

where in this case M2 = 0. Thus, the whole integral is zero. The general form of this result
can be written as ∫

ddk

(k2)α
= 0 for ∀α, d ∈ C , (5.4)

which is known as Veltman’s formula [12].
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5.1.3 Tensor Integrals

The general form of a tensor one-loop integral of rank-M for a N-point function with
external momenta p1, · · · , pN−1 (with pN from momentum conservation) as shown in Fig. 6
is given by

INµ1,··· ,µM (p1, · · · , pN−1,m0, · · · ,mN−1) ∼ (5.5)∫
ddk

(2π)d
kµ1 · · · kµM

(k2 −m2
0 + iε)((k + q1)2 −m2

1 + iε) · · · ((k + qN−1)2 −m2
N−1 + iε)

,

where µ1, · · · , µM are indices that represent the rank of the integral, and the rest is the
same as in Eq. (5.1).

In our case of scalar-graviton scattering to one-loop, the maximum number of indices
that can appear in the numerator for A and D integrals is four, for B is five, and C is six.
To calculate these tensor integrals, we will follow the Passarino-Veltman method, which
will be discussed in the next section.

5.1.4 Passarino-Veltman Reduction

The idea of the Passarino-Veltman method [13] is to write the tensor integrals in terms
of scalar integrals, Eq. (5.2), with the help of Passarino-Veltman reduction formula which
takes the general form

k · pi =
1

2
[((k + qi)

2 −m2
i )− ((k + qi−1)2 −m2

i−1) +m2
i −m2

i−1 − q2
i + q2

i−1] . (5.6)

To illustrate this idea, let us take an example of a rank-one tensor integral, a vector
integral, for a two-point function which is given by

I2
µ(p1,m0,m1) = Bµ(p1,m0,m1) =

∫
ddk

(2π)d
kµ

(k2 −m2
0)((k + q1)2 −m2

1)
, (5.7)

where q1 = p1. Since p1 is the only four vector in this integral which can carry the index
µ in the result, it follows that this integral can be written as p1µ multiplied by a scalar
function B1(p1,m0,m1)∫

ddk

(2π)d
kµ

(k2 −m2
0)((k + p1)2 −m2

1)
= p1µB1(p1,m0,m1) . (5.8)

Multiplying by pµ1 from both sides gives∫
ddk

(2π)d
k · p1

(k2 −m2
0)((k + p1)2 −m2

1)
= p1 · p1 B1(p1,m0,m1) . (5.9)

Now we can use the Passarino-Veltman reduction formula Eq. (5.6) which takes the fol-
lowing form in this example,

k · p1 =
1

2
[((k + p1)2 −m2

1)− (k2 −m2
0) +m2

1 −m2
0 − p2

1] . (5.10)
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Inserting Eq. (5.10) into Eq. (5.9) gives

p2
1B1(p1,m0,m1) =

1

2

[∫
ddk

(2π)d
1

(k2 −m2
0)
−
∫

ddk

(2π)d
1

((k + p1)2 −m2
1)

+ (m2
1 −m2

0 − p2
1)

∫
ddk

(2π)d
1

(k2 −m2
0)((k + p1)2 −m2

1)

]

=
1

2

[
A0(m0)− A0(m1)− (−m2

1 +m2
0 + p2

1)B0(p1,m0,m1)
]
.

From this it follows that

Bµ(p1,m0,m1) = p1µB1(p1,m0,m1) (5.11)

=
p1µ

2p2
1

[
A0(m0)− A0(m1)− (−m2

1 +m2
0 + p2

1)B0(p1,m0,m1)
]
.

As a result, the tensor integral Bµ(p1,m0,m1) can be written in terms of the scalar integrals
A0(m0), A0(m1) and B0(p1,m0,m1). This procedure can be generalized for any tensor
integral, and for completeness we give all relevant tensor integrals in App. E.

5.2 Scalar-Graviton Scattering to One-Loop Order

In order to study scalar-graviton scattering to one-loop order, we first need to draw all the
diagrams that can contribute to this process up to one-loop. We start with the tree level
diagrams as shown in Fig. 8. Then, we insert all possible one-loop corrections, as shown
in the next sections, into the tree level diagrams to get all possible one-loop diagrams
for scalar-graviton scattering. More specifically, in this case we need to insert the propa-
gator corrections, the triple graviton vertex corrections, the scalar-scalar-graviton vertex
corrections and the scalar-scalar-graviton-graviton vertex corrections.

(a)φ(p1) φ(p3)

hµν(p2) hαβ(p4)

(b) (c) (d)

Figure 8: scalar-graviton scattering at tree level.

Moreover, we need to take into account that there are permutations of external graviton
legs whenever it is possible. For example, the loop corrections to the scalar-scalar-graviton-
graviton vertex has a permutation in external graviton legs as shown in Fig. 9. In addition,
when dealing with loops, it is important to remember the minus sign that arises from
fermion loops.
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Figure 9: Permutation of external graviton legs.

The last point to describe before starting the calculations is how the graviton propa-
gator behaves in dimensional regularization at loop level. As starting point, we recall the
Lagrangian for the graviton propagator, Eq. (3.5), which can be written as

Lhh =
1

2
∂λhµν∂

λhµν − 1

4
∂λh

ν
ν ∂

λh µ
µ =

1

2
hµν∂

λ∂λ

(
Iµναβ − 1

2
ηµνηαβ

)
hαβ , (5.12)

where Iµναβ =
1

2
(ηµαηνβ + ηµβηνα) is the identity tensor.

Then, we solve the Green’s function equation in d dimensions(
Iµναβ − 1

2
ηµνηαβ

)
∂λ∂λSαβγδ(x− y) = −Iµνγδ δ

(d)(x− y) , (5.13)

to find the propagator. To solve this equation, we perform a Fourier transform which gives(
Iµναβ − 1

2
ηµνηαβ

)
(−k2)Sαβγδ(k) = −Iµνγδ . (5.14)

To solve this equation, we use the following ansatz

Sαβγδ(k) =
1

k2

(
aIαβγδ + bηαβηγδ

)
, (5.15)

which gives

a = 1 , b = − 1

d− 2
, (5.16)

where ηµνη
µν = δµµ = d = 4− 2ε.

Thus, the graviton propagator in momentum space in d dimensions is

Sµναβ(k) =
i

k2

(1

2
Iµναβ −

1

d− 2
ηµνηαβ

)
=

i

k2
Pµναβ , (5.17)

where Pµναβ =
1

2
Iµναβ −

1

d− 2
ηµνηαβ.
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5.2.1 Self-Energy Corrections

There are two types of propagators, scalar and graviton, in the tree level diagrams shown
in Fig. 8, and each one has different loop corrections. So, let us start with the graviton
propagator which has six one-loop diagrams as shown in Fig. 10.

(a)

k

hµν(P1) hαβ(P1)
(b) (c)

(d)

k

hµν(P1) hαβ(P1)

(e) (f)

Figure 10: The graviton propagator at one-loop level with: one (a-c), two (d-f) propagators.

In terms of the Feynman rules, the diagrams with one propagator in Fig. 10a-c can be
written as follows:

M(a)
µναβ =

1

2

∫
d4k

(2π)4
V
{φφhh}
µναβ (k) S{φφ}(k,m) , (5.18)

M(b)
µναβ =

∫
d4k

(2π)4
V
{χ̄χhh}
µναβρσ (P1, k) Sρσ{χ̄χ}(k) = 0 , (5.19)

M(c)
µναβ =

1

2

∫
d4k

(2π)4
V
{hhhh}
µναβρσγδ(P1, k) Sρσγδ{hh}(k) = 0 , (5.20)

where 1
2

is the symmetry factor. M(b)
µναβ and M(c)

µναβ vanish according to the relation
Eq. (5.4), which means that all massless tad-pole diagrams vanish. Using the simplified
rules, we get

M(a)
µναβ =

κ2

8

∫
ddk

(2π)d
1

k2 −m2

[
ηµνkαkβ − ηµαkνkβ − ηµβkνkα − ηναkµkβ − ηνβkµkα + ηαβkµkν

]
,

which can be written in terms of scalar integrals as

M(a)
µναβ = κ2 m

2

4d
A0(m)

[
ηµνηαβ − ηµαηνβ − ηµβηαν

]
. (5.21)
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On the other hand, if we use the standard Feynman rules to calculate the amplitude
M(a)

µναβ, then the calculation is slightly more complicated because the scalar-scalar-graviton-

graviton vertex V
{φφhh}
µναβ has six terms in the standard rules Eq. (B.2), compared to two

terms in the simplified rules Eq. (3.9).
Next we consider the diagrams with two propagators in the loop as in Fig. 10d-f, which
can be written as:

M(d)
µναβ =

1

2

∫
d4k

(2π)4
V {φφh}µν (k,Q1,m) S{φφ}(k,m) S{φφ}(Q1,m) V

{φφh}
αβ (k,Q1,m) ,

M(e)
µναβ =

∫
d4k

(2π)4
V {χ̄χh}µνργ (k,Q1) Sρσ{χ̄χ}(k) Sγδ{χ̄χ}(Q1) V

{χ̄χh}
σδαβ (k,Q1) ,

M(f)
µναβ =

1

2

∫
d4k

(2π)4
V
{hhh}
µνρσηλ(k,Q1) Sρσγδ{hh}(k) Sηλεκ{hh}(Q1) V

{hhh}
γδεκαβ(k,Q1) ,

where 1
2

is the symmetry factor and Q1 = k + P1.
Plugging in the Feynman rules will give lengthy expressions. Therefore, we only show

M(f)
µναβ, which has two triple graviton vertices, while the other amplitudes M(d)

µναβ,M
(e)
µναβ

are approximately the same in the standard and simplified rules. Using the simplified rules
and doing the Passarino-Veltman reduction, the amplitudeM(f)

µναβ can be written in terms
of the scalar integral B0(0, 0, P1) as

M(f)
µναβ =

κ2 B0(0, 0, P1)

64 d4 − 256 d3 + 192 d2 + 256 d− 256

[
+ P1µP1νP1αP1β

(
d6 − 2 d4 − 116 d3 + 312 d2 + 144 d− 256

)
+ ηµνηαβP

3
1

(
d6 − 5 d5 + 31 d3 + 6 d2 − 36 d− 8

)
+ P 2

1

(
ηµνP1αP1β + ηαβP1µP1ν

)(
64− d6 + 3 d5 + 13 d4 − 34 d3 − 76 d2 + 40 d

)]
+

κ2 B0(0, 0, P1)

64 d3 − 128 d2 − 64 d+ 128

[
+ P 3

1

(
ηµαηνβ + ηµβηνα

)(
3 d3 − 24 d2 − 8 d+ 16

)
+ P 2

1

(
ηµαP1νP1β + ηµβP1νP1α + ηναP1µP1β + ηνβP1µP1α

)(
32 d2 − 7 d3 + 20 d− 16

)]
.

Now, if we instead use the standard Feynman rules to calculate the amplitudeM(f)
µναβ,

then the calculation is more complicated because the triple graviton vertex V
{hhh}
µνρσηλ has 40

terms in the standard rules Eq. (B.6), compared to only four terms in the simplified rules
Eq. (3.6). In addition, this amplitude has two triple graviton vertices, so the number of
Lagrangian terms involved from the vertices in the standard rules is 1600, compared to
16 terms in the simplified rules. Since these calculations are very lengthy, we only show
the comparison between the running time in the FORM program, after doing Passarino-
Veltman reduction and writing the amplitude M(f)

µναβ in terms of scalar integrals:
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simplified way

1 WTime = 0.58 sec Generated terms = 10

2 HH2a Terms in output = 10

3 Bytes used = 4024
simplified way

standard way

1 WTime = 26.38 sec Generated terms = 10

2 HH2b Terms in output = 10

3 Bytes used = 3960
standard way

As shown above, there is a large difference in the running time. In addition, the running
time will increase considerably for more complicated diagrams as we will show in the next
sections.

k

φ(P1) φ(P1)
(a)

k

φ(P1) φ(P1)
(b)

Figure 11: The scalar propagator at one-loop level with: one (a), two (b) propagators.

Finally, we consider the scalar propagator which has just two diagrams that can con-
tribute as shown in Fig. 11. Again, the massless tad-pole in Fig. 11a vanishes. So, the
diagrams can be written as:

M(a) =
1

2

∫
d4k

(2π)4
V
{φφhh}
µναβ (P1) Sµναβ{hh} (k) = 0 , (5.22)

M(b) =

∫
d4k

(2π)4
V {φφh}µν (P1, Q1,m) Sµναβ{hh} (k) S{φφ}(Q1) V

{φφh}
αβ (P1, Q1,m) ,

where 1
2

is the symmetry factor and Q1 = k + P1.
Plugging the Feynman rules in M(b) gives

M(b) = κ2
[
P 2

1 +m2
] ∫ ddk

(2π)d
k · P1

k2((k + P1)2 −m2)

+ κ2 P
2
1

2

∫
ddk

(2π)d
k2

k2((k + P1)2 −m2)
(5.23)

+ κ2

[
−2P 4

1 − 4m2P 2
1 + d P 4

1 + 2d m2P 2
1 − d m4

2(d− 2)

]∫
ddk

(2π)d
1

k2((k + P1)2 −m2)
,
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which can be written in terms of scalar integrals as

M(b) = −κ2 m
2

2
A0(m) + κ2 m2

d− 2

[
d P 2

1 − 2P 2
1 −m2

]
B0(0,m, P1) . (5.24)

Both the simplified and the standard rules give the same results, since the scalar-scalar-
graviton vertex V

{φφh}
µν and the propagators are the same in both.

5.2.2 Triple Graviton Vertex Corrections

At tree level, the triple graviton vertex appears in the t-channel diagram as shown in
Fig. 8b, and it has nine one-loop contributions: three of them are tad-pole diagrams as in
Fig. 12a-c, three are bubble diagrams as in Fig. 12d-f and three are triangle diagrams as in
Fig. 12g-i. However, in this section we only discuss the bubble diagram with two graviton
propagators, as shown in Fig. 13f in detail, while we only give overall comparisons for the
other diagrams.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 12: Triple graviton vertex at one-loop level with: one (a-c), two (d-e), three (g-i)
propagators.
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k

Q1

hi1i2(P1)

hαβ(P3)

hµν(P2)

Figure 13: Triple graviton vertex at one-loop level with two graviton propagators.

Using the momentum assignments in Fig. 13, the amplitude of this diagram can be written
as

Mµναβ i1i2 =
1

2

∫
d4k

(2π)4
V
{hhh}
µνρσηλ(k,Q1) Sρσγδ{hh}(k) Sηλεκ{hh}(Q1) V

{hhhh}
γδεκαβ i1i2

(k,Q1, P2) ,

where 1
2

is the symmetry factor and Q1 = k + P1.

In this case, we note that the standard triple graviton vertex V
{hhh}
µνρσηλ Eq. (B.6) has

40 terms and the standard quadruple graviton vertex V
{hhhh}
γδεκαβ i1i2

Eq. (B.7) has 113 terms
whereas the simplified ones Eqs. (3.6, 3.7) have only 4 and 12 terms respectively. Thus, for
this diagram, the number of Lagrangian terms involved from the vertices in the standard
way is 4520, compared to 48 terms in the simplified way. To compare the two, we again
consider the running time in FORM, after doing Passarino-Veltman reduction and writing
the amplitude in terms of scalar integrals:

simplified way

1 WTime = 20.15 sec Generated terms = 99

2 V3HH2a Terms in output = 99

3 Bytes used = 32776
simplified way

standard way

1 WTime = 803.35 sec Generated terms = 99

2 V3HH2b Terms in output = 99

3 Bytes used = 34184
standard way

which shows that the running time in the standard way is about 40 times the running time
in the simplified way. Similarly, for the diagram in Fig 12i the running time is about seven
minutes in the simplified way while in the standard way it is more than two hours.

Finally, we list, in Tab. 1, the number of Lagrangian terms for all one-loop corrections
to the triple graviton vertex in the standard and simplified ways.
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Table 1: The number of Lagrangian terms when using the standard rules and the simplified
ones for calculating the one-loop corrections to the triple graviton vertex as shown in
Fig. 12.

Diagram The standard way1 The simplified way1

(a) 10 7

(b) The amplitude vanishes2 The amplitude vanishes2

(c) The amplitude vanishes2 The amplitude vanishes2

(d) 18 6

(e) The amplitude vanishes 319

(f) 4 520 48

(g) 27 27

(h) 512 1 331

(i) 64 000 64
1

Since the propagators are the same in the standard and simplified rules, we only con-
sider the terms of the vertices in all our comparisons of the numbers of the Lagrangian
terms.

2 all massless tad-pole diagrams vanish according to the relation Eq. (5.4).

5.2.3 Scalar-Scalar-Graviton Vertex Corrections

At tree level, the scalar-scalar-graviton vertex appears twice in the s and u-channel dia-
grams and once in the t-channel as shown in Fig. 8, and it has six one-loop diagrams as
shown in Fig. 14: the tad-pole diagram in Fig. 14a, the three bubble diagrams in Fig. 14b-d
and the two triangle diagrams in Fig. 14e-f.

(a) (b) (c)

(d) (e) (f)

Figure 14: Scalar-Scalar-Graviton vertex at one-loop level with: one (a), two (b-d), three
(e-f) propagators.
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Again, we list in Tab. 2 the comparison of the number of Lagrangian terms using the
standard and simplified rules to show the usefulness of the simplified rules and how the
number of Lagrangian terms can be reduced by a factor 30 for some of the diagrams in
Fig. 14.

Table 2: The number of Lagrangian terms when using the standard rules and the simplified
ones for calculating the one-loop corrections to the scalar-scalar-graviton vertex as shown
in Fig. 14.

Diagram The standard way The simplified way

(a) The amplitude vanishes1 The amplitude vanishes1

(b) 240 8

(c) 18 6

(d) 18 6

(e) 360 36

(f) 27 27
1

all massless tad-pole diagrams vanish according to the relation Eq. (5.4).

5.2.4 Scalar-Scalar-Graviton-Graviton Vertex Corrections

The scalar-scalar-graviton-graviton vertex also appears once at tree level in the last diagram
in Fig. 8. However, it has 16 one-loop diagrams as shown in Fig. 15: the tad-pole diagram
in Fig. 15a, the five bubble diagrams in Fig. 15b-f, the seven triangle diagrams in Fig. 15g-m
and the three box diagrams in Fig. 15n-p.

Again, since the aim of this section is to show the usefulness of the simplified rules,
we only discuss the statistics of the results for the diagram in Fig. 15h. For this diagram,
the number of Lagrangian terms involved from the vertices in the standard way is 9 600,
compared to 32 terms in the simplified way. To compare the two, we again consider the
running time in FORM, after doing Passarino-Veltman reduction and writing the amplitude
in terms of scalar integrals:

simplified way

1 WTime = 91.16 sec Generated terms = 21830

2 V2phi2H3a Terms in output = 116

3 Bytes used = 1786232
simplified way

standard way

1 WTime = 3940.32 sec Generated terms = 34572

2 V2phi2H3b Terms in output = 116

3 Bytes used = 1823344
standard way
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which shows that the running time in the simplified way is less than two minutes while in
the standard way it is more than one hour.

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Figure 15: Scalar-Scalar-Graviton-Graviton vertex at one-loop level with: one (a), two
(b-f), three (g-m), four (n-p) propagators.

Finally, we list, in Tab. 3, the number of Lagrangian terms for all one-loop corrections
to the triple graviton vertex in the standard and simplified ways.
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Table 3: The number of Lagrangian terms when using the standard rules and the simplified
ones for calculating the one-loop corrections to the scalar-scalar-graviton-graviton vertex
as shown in Fig. 15.

Diagram The standard way The simplified way

(a) The amplitude vanishes1 The amplitude vanishes1

(b) 678 24

(c) 400 28

(d) 30 21

(e) 30 21

(f) 36 4

(g) 1 017 108

(h) 9 600 32

(i) 720 24

(j) 720 24

(k) 54 18

(l) 54 18

(m) 54 18

(n) 14 400 144

(o) 1 080 108

(p) 81 81
1

all massless tad-pole diagrams vanish according to the relation Eq. (5.4).

6 Conclusions

In this work we have shown how it is possible to simplify the Feynman rules for gravity by
using the freedom of choosing the gauge, adding total derivative terms and redefining the
fields, which can change the form of Lagrangian without changing the information that it
contains. In particular, the triple graviton and quadruple graviton vertices were reduced
from 40 to 4 terms and from 113 to 12 terms respectively.

In order to check our simplified Feynman rules, we have compared the resulting ampli-
tudes from the simplified rules with the resulting amplitudes from the standard rules for
scalar-graviton and graviton-graviton scattering at tree level, and we indeed found that
the resulting amplitudes are in agreement. In addition, our results at tree level also agree
with the results of M. T. Grisaru, P. Van Nieuwenhuizen and C. C. Wu [7] as well as J. F.
Donoghue and T. Torma [8].

Besides tree level amplitudes, we have also calculated some one-loop diagrams for scalar-
graviton scattering, and we have shown how the calculations become simpler by using the
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simplified Feynman rules. In particular, for those diagrams that have triple or quadruple
graviton vertices. Moreover, we have shown how the running time in the FORM pro-
gram can be considerably reduced, up to 40 times faster for some diagrams, by using the
simplified Feynman rules to calculate the amplitudes.

These simplified rules can also be used to simplify the calculations of more complicated
diagrams such as the quadruple graviton vertex at one-loop level in graviton-graviton
scattering with four propagators. In the latter example, the number of Lagrangian terms
involved from the vertices in the standard way is 2 560 000 terms, compared to 256 terms in
the simplified way. In addition, our aim was to simplify the lowest order vertices. However,
this technique can also be used to simplify higher order vertices. Finally, this thesis may
open the door to finding more freedoms and tools to further manipulate the Lagrangian in
order to reach even simpler Feynman rules for gravity.
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A Parameters

Table 4-10 in this appendix shows the values of the parameters that were chosen to obtain
the simplified Feynman rules as shown in Sec. 3.

Table 4: The parameters of the total derivative Lagrangian for the gravitational field
Eq. (2.43) that remove all second order derivative terms for the propagator Shh and the
vertices Vhhh, Vhhhh.

Propagator/Vertex Parameter Value Parameter Value Parameter Value

a1 -2 a2 2

Shh a3 -1 a4 2 a5 1

a6 -1 a7 -3 a8 2

Vhhh a9 -1/4 a10 1/2 a11 1

a12 -2 a13 1/4 a14 -1/2

a15 -1/2 a16 1 a17 -3/2

a18 3 a19 1 a20 -2

a21 -2 a22 2

Vhhhh a23 -1/24 a24 1/4 a25 -1/3

a26 1/24 a27 -1/4 a28 1/3

a29 1/4 a30 -1/2 a31 -1/8

a32 1/4 a33 1/4 a34 -1/2

a35 -1 a36 2 a37 -3/8

a38 3/4 a39 1 a40 -2

a41 -1 a42 2 a43 3/2

a44 -2 a45 -3 a46 2

a47 1/2 a48 -1 a49 -1

a50 2

Table 5: The parameters of the gravitational field redefinition Eq. (2.50) that reduce the
number of Lagrangian terms for the vertices Vhhh and Vhhhh.

Vertex Parameter Value Parameter Value Parameter Value

Vhhh c1 1/2 c2 -1/4

Vhhhh c3 3/32 c4 0 c5 -1/8

c6 1/4
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Table 6: The parameters of the gauge condition Eq. (2.37), where the values of b1, b2 ensure
the same de Donder propagator Shh Eq. (B.5) as in the standard gauge Eq. (2.36), and
the other b’s parameters reduce the number of Largrangian terms for the vertices Vhhh and
Vhhhh.

Propagator/Vertex Parameter Value Parameter Value Parameter Value

Shh b1 1 b2 -1/2

Vhhh b3 -1/8 b4 1/2 b5 1/4

b6 -1/2 b7 -1/2 b8 1/2

Vhhhh b9 -1/64 b10 1/16 b11 1/8

b12 -1/2 b13 1/32 b14 -1/8

b15 -1/8 b16 1/4 b17 -1/8

b18 1/4 b19 3/8 b20 -1/4

b21 1/8 b22 -1/4

Table 7: The parameters of the total derivative Lagrangian for the scalar field Eq. (2.44)
that remove all second order derivative terms for the propagator Sφφ and the vertices Vφφh,
Vφφhh, Vφφhhh.

Propagator/Vertex Parameter Value

Sφφ d1 0

Vφφh d2, · · · , d5 0

Vφφhh d6, · · · , d14 0

Vφφhhh d15, · · · , d22 0

Table 8: The parameters of the scalar field redefinition Eq. (2.51) that reduce the number
of Lagrangian terms for the vertices Vφφh, Vφφhh and Vφφhhh.

Vertex Parameter Value Parameter Value Parameter Value

Vφφh e1 0

Vφφhh e2 0 e3 0

Vφφhhh e4 -1/384 e5 0 e6 -1/48
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Table 9: The parameters of the total derivative Lagrangian for the ghost and antighost
fields Eq. (2.45) that remove all second order derivative terms for the propagator Sχ̄χ and
the vertices Vχ̄χh, Vχ̄χhh, Vχ̄χhhh.

Propagator/Vertex Parameter Value Parameter Value Parameter Value

Sχ̄χ h1 -1

Vχ̄χh h2, · · · , h10 0 h11 1/2 h12 -1/2

h13 -1/2 h14 -1/4 h15 -1/2

Vχ̄χhh h20 0 h21 -1/8 h22 1/4

h23 -1/32 h24 1/8 h25 -1/8

h26 1/8 h27 1/8 h28 -1/4

h29 0 h30 0 h31 -1/8

h32 1/8 h33 -1/2 h34 1/4

h35 1/4 h36 0

Table 10: The parameters of the ghost and antighost field redefinition Eqs. (2.52, 2.53)
that reduce the number of Lagrangian terms for the vertices Vχ̄χh and Vχ̄χhh.

Vertex Parameter Value Parameter Value Parameter Value

Vχ̄χh f1 1/4 f2 0 g1, g2 0

Vχ̄χhh f3 -1/32 f4 1/8 f5 1/8

f6 -1/8 g3, · · · , g6 0
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B Standard Feynman Rules

For completeness we give here the standard Feynman rules that we derived using the weak
gravitational field expansion Eq. (2.10) and de Donder gauge Eq. (2.36):

• The scalar propagator:

Lφφ =
1

2

(
∂µφ∂µφ− φ2m2

)
. (B.1)

• The scalar-scalar-graviton vertex:

Lφφh =
κ

4

(
− φ2h µ

µ m
2 + ∂µφ∂µφh

ν
ν − 2 ∂µφ∂νφh

µν
)
. (B.2)

• The scalar-scalar-graviton-graviton vertex:

Lφφhh =
κ2

8

(
− 1

2
φ2h µ

µ h
ν
ν m

2 + φ2hµνhµνm
2 +

1

2
∂µφ∂µφh

ν
ν h

α
α − ∂µφ∂µφhναhνα

− 2 ∂µφ∂νφh
µνh α

α + 4 ∂µφ∂νφhµαh
να
)
. (B.3)

• The scalar-scalar-graviton-graviton-graviton vertex:

Lφφhhh =
κ3

16

(
− 1

6
h µ
µ h

ν
ν h

α
α φ

2m2 +
1

6
h µ
µ h

ν
ν h

α
α ∂

βφ∂βφ− h µ
µ h

ν
ν h

αβ∂αφ∂βφ

+ h µ
µ h

ναhναφ
2m2 − h µ

µ h
ναhνα∂

βφ∂βφ+ 4h µ
µ h

ναhαβ∂νφ∂
βφ

+ 2hµνhµνh
αβ∂αφ∂βφ−

4

3
hµνh α

µ hναφ
2m2 +

4

3
hµνh α

µ hνα∂
βφ∂βφ

− 8hµνhναh
αβ∂µφ∂βφ

)
. (B.4)

• The graviton propagator:

Lhh =
1

2

(
− 1

2
∂µh ν

ν ∂µh
α
α + ∂µhνα∂µhνα

)
. (B.5)

• The triple graviton vertex:

Lhhh = κ
(
− 1

4
h µ
µ h

ν
ν ∂

α∂βhαβ +
1

4
h µ
µ h

ν
ν ∂

α∂αh
β
β − h

µ
µ ∂

νhνα∂
αh β

β + h µ
µ ∂νh

να∂βhαβ

− h µ
µ ∂

ν∂νh
αβhαβ − h µ

µ h
να∂ν∂αh

β
β + h µ

µ h
να∂ν∂

βhαβ + h µ
µ h

να∂α∂
βhνβ

+
1

4
h µ
µ ∂

νh α
α ∂νh

β
β −

3

4
h µ
µ ∂

νhαβ∂νhαβ +
1

2
h µ
µ ∂

νhαβ∂αhνβ + ∂µhµνh
να∂αh

β
β
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− 3

2
∂µh

µνhνα∂βh
αβ + ∂µh

µν∂νhαβh
αβ − 2∂µh

µν∂αhνβh
αβ − 1

2
∂µ∂µh

ν
ν h

αβhαβ

+ 2∂µ∂µh
ναhνβh

β
α +

1

2
hµνhµν∂α∂βh

αβ + hµν∂µhνα∂
αh β

β − h
µν∂µhνα∂βh

αβ

+ 2hµν∂µ∂νh
αβhαβ +

1

2
hµνhµα∂ν∂

αh β
β − h

µνhµα∂ν∂βh
αβ − hµν∂µ∂αhνβhαβ

− 1

2
hµν∂µh

α
α ∂νh

β
β +

1

2
hµν∂µh

α
α ∂

βhνβ − 2hµν∂µ∂αh
αβhνβ +

3

2
hµν∂µh

αβ∂νhαβ

− 2hµν∂µh
αβ∂αhνβ +

3

2
hµν∂µ∂

αh β
β hνα + hµν∂νhµα∂

αh β
β − h

µν∂νhµα∂βh
αβ

− hµνhνα∂α∂βhµβ − hµν∂ν∂αhµβhαβ +
1

2
hµν∂νh

α
α ∂

βhµβ − hµν∂αhµν∂αh β
β

+ hµν∂αhµν∂βh
αβ − 1

2
hµν∂αhµα∂

βhνβ + 3hµν∂αh β
µ ∂αhνβ − hµν∂αhµβ∂βhνα

)
.

(B.6)

• The quadruple graviton vertex:

Lhhhh = κ2
(
− 2hµµhννhαα∂β∂γhβγ + 2hµµhννhαα∂β∂βhγγ −

1

4
hµµhννhαβ∂α∂βhγγ

+
1

4
hµµhννhαβ∂α∂γhβγ +

1

4
hµµhννhαβ∂β∂γhαγ −

1

4
hµµhνν∂αhαβ∂βhγγ

+
1

4
hµµhνν∂αhαβ∂γhβγ +

1

16
hµµhνν∂αhββ∂αhγγ −

3

16
hµµhνν∂αhβγ∂αhβγ

+
1

8
hµµhνν∂αhβγ∂βhαγ −

1

4
hµµhνν∂α∂αhβγhβγ +

1

4
hµµhναhνα∂β∂γhβγ

+
1

4
hµµhναhνβ∂α∂βhγγ −

1

2
hµµhναhνβ∂α∂γhβγ −

1

2
hµµhναhαβ∂β∂γhνγ

+
1

2
hµµhνα∂νhαβ∂βhγγ −

1

2
hµµhνα∂νhαβ∂γhβγ −

1

4
hµµhνα∂νhββ∂αhγγ

+
1

4
hµµhνα∂νhββ∂γhαγ +

3

4
hµµhνα∂νhβγ∂αhβγ − hµµhνα∂νhβγ∂βhαγ

+ hµµhνα∂ν∂αhβγhβγ −
1

2
hµµhνα∂ν∂βhαγhβγ − hµµhνα∂ν∂βhβγhαγ

+
3

4
hµµhνα∂ν∂βhγγhαβ +

1

2
hµµhνα∂αhνβ∂βhγγ −

1

2
hµµhνα∂αhνβ∂γhβγ

+
1

4
hµµhνα∂αhββ∂γhνγ −

1

2
hµµhνα∂α∂βhνγhβγ −

1

2
hµµhνα∂βhνα∂βhγγ

+
1

2
hµµhνα∂βhνα∂γhβγ −

1

4
hµµhνα∂βhνβ∂γhαγ +

3

2
hµµhνα∂βhνγ∂βhαγ

− 1

2
hµµhνα∂βhνγ∂γhαβ +

1

2
hµµ∂νhναhαβ∂βhγγ −

3

4
hµµ∂νhναhαβ∂γhβγ
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+
1

2
hµµ∂νhνα∂αhβγhβγ − hµµ∂νhνα∂βhαγhβγ −

1

4
hµµ∂ν∂νhααhβγhβγ

+ hµµ∂ν∂νhαβhαγhβγ +
1

2
hµνhµνhαβ∂α∂βhγγ −

1

2
hµνhµνhαβ∂α∂γhβγ

− 1

2
hµνhµνhαβ∂β∂γhαγ −

1

8
hµνhµν∂αhββ∂αhγγ +

3

8
hµνhµν∂αhβγ∂αhβγ

− 1

4
hµνhµν∂αhβγ∂βhαγ −

1

3
hµνhµαhνα∂β∂γhβγ − hµνhµαhνβ∂α∂βhγγ

+
3

4
hµνhµαhνβ∂α∂γhβγ +

1

4
hµνhµαhνβ∂α∂γhγβ + hµνhµαhνβ∂β∂γhαγ

− 1

2
hµνhµα∂νhαβ∂βhγγ +

1

8
hµνhµα∂νhββ∂αhγγ −

3

2
hµνhµα∂νhβγ∂αhβγ

+
1

4
hµνhµα∂νhβγ∂βhαγ +

1

4
hµνhµα∂νhβγ∂γhαβ −

1

2
hµνhµα∂ν∂αhβγhβγ

+ hµνhµα∂ν∂βhαγhβγ +
1

4
hµνhµα∂βhνα∂βhγγ +

1

8
hµνhµα∂βhνβ∂γhαγ

− 3hµνhµα∂βhνγ∂βhαγ +
1

4
hµνhµα∂βhνγ∂γhαβ +

3

4
hµνhναhαβ∂β∂γhµγ

− 1

2
hµνhνα∂αhµβ∂βhγγ +

1

4
hµνhνα∂αhβγ∂βhµγ +

1

4
hµνhνα∂αhβγ∂γhµβ

+
3

4
hµνhνα∂α∂βhµγhβγ +

3

4
hµνhνα∂βhµα∂βhγγ +

3

8
hµνhνα∂βhµβ∂γhαγ

+
3

4
hµνhνα∂βhµγ∂γhαβ −

5

4
hµν∂µhναhαβ∂βhγγ + hµν∂µhναhαβ∂γhβγ

− hµν∂µhνα∂αhβγhβγ + 2hµν∂µhνα∂βhαγhβγ +
3

8
hµν∂µhααhνβ∂βhγγ

+
1

2
hµν∂µhαα∂νhβγhβγ −

1

4
hµν∂µhαα∂βhνγhβγ −

1

2
hµν∂µhαβhνα∂βhγγ

− 1

2
hµν∂µhαβhνβ∂αhγγ +

1

2
hµν∂µhαβhνγ∂αhβγ +

1

2
hµν∂µhαβhνγ∂βhαγ

+
1

2
hµν∂µhαβhαγ∂βhνγ + hµν∂µhαβhαγ∂γhνβ −

3

2
hµν∂µhαβ∂νhαγhβγ

− 3

2
hµν∂µhαβ∂νhβγhαγ +

1

2
hµν∂µhαβ∂νhγγhαβ +

1

2
hµν∂µhαβ∂αhνγhβγ

− 2hµν∂µ∂νhαβhαγhβγ +
3

4
hµν∂µ∂αhνβhαγhβγ +

5

4
hµν∂µ∂αhαβhνγhβγ

− hµν∂µ∂αhββhνγhαγ −
3

2
hµν∂µ∂αhβγhναhβγ +

5

8
hµν∂µ∂αhβγhνβhαγ

+
5

8
hµν∂µ∂αhβγhνγhαβ −

1

2
hµν∂νhµαhαβ∂βhγγ + hµν∂νhµαhαβ∂γhβγ

− hµν∂νhµα∂αhβγhβγ +
1

2
hµν∂νhαβhαγ∂βhµγ +

1

2
hµν∂νhαβ∂αhµγhβγ

+
1

4
hµν∂ν∂αhµβhαγhβγ +

1

2
hµν∂αhµν∂αhβγhβγ −

3

2
hµν∂αhµβ∂αhνγhβγ

51



B Standard Feynman Rules

h [a\ g

− 2∂µhµνhναhαβ∂βhγγ +
3

2
∂µhµνhναhαβ∂γhβγ − 2∂µhµνhνα∂αhβγhβγ

+ 2∂µhµνhνα∂βhαγhβγ +
1

2
∂µhµν∂νhααhβγhβγ − 2∂µhµν∂νhαβhαγhβγ

− 1

2
∂µhµν∂αhναhβγhβγ + 4∂µhµν∂αhνβhαγhβγ +

1

3
∂µ∂µhννhαβhαγhβγ

+
1

2
∂µ∂µhναhναhβγhβγ − 2∂µ∂µhναhνβhαγhβγ

)
. (B.7)

• The ghost propagator:

Lχ̄χ =χ̄µ∂ν∂νχµ . (B.8)

• The ghost-ghost-graviton vertex:

Lχ̄χh = κ
(
− 1

2
χ̄µ∂µχ

ν∂νh
α
α + χ̄µ∂µχ

ν∂αhνα −
1

2
χ̄µχν∂µ∂νh

α
α + χ̄µχν∂ν∂

αhµα

+ χ̄µ∂ν∂νχ
αhµα − χ̄µ∂νχα∂µhνα + χ̄µ∂νχα∂νhµα + χ̄µ∂νχα∂αhµν

)
.

(B.9)

• The ghost-ghost-graviton-graviton vertex vanishes.
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C Kinematics

C.1 Scalar-Graviton Scattering (φ(p1)hµν(p2)→ φ(p3)hαβ(p4)):

There are four diagrams for this process as shown in Fig. 4, three of them (a, b, c) repre-
senting s, t and u-channels respectively. According to the conventions that we use in this
thesis, the Mandelstam variables are given by

s = (p1 + p2)2 = (p3 + p4)2 ,

t = (p1 − p3)2 = (p2 − p4)2 ,

u = (p1 − p4)2 = (p2 − p3)2 ,

s+ t+ u =
∑
i

M2
i = 2m2 , (C.1)

where m is the mass of scalar field φ.
In the CM frame, with the incoming particles along the z-axis, the momenta and the

polarization vector can be chosen as:

p1 = (E, 0, 0,−k) ,

p2 = (k, 0, 0, k) , (C.2)

ε±1
µ (p2) =

(
0, 1√

2
,± i√

2
, 0
)
.

Choosing the outgoing particles to be in the yz-plane, the momenta and the complex
conjugate polarization vector are:

p3 = (E, 0,−k sin(θ),−k cos(θ)) ,

p4 = (k, 0, k sin(θ), k cos(θ)) , (C.3)

ε∗±1
α (p4) =

(
0,

1√
2
,
∓i cos(θ)√

2
,
±i sin(θ)√

2

)
,

where θ is the scattering angle and ε±1
α (p4) = R µ

α (p̂4) ε±1
µ (p2) where R µ

α (p̂4) is a rotation.
It is also possible to write the graviton polarization directly as a tensor:

ε±2
µν (p2) =


0 0 0 0

0 1
2
± i

2
0

0 ± i
2
−1

2
0

0 0 0 0

 , (C.4)

ε∗±2
αβ (p4) =


0 0 0 0

0 1
2

∓ i
2

cos(θ) ± i
2

sin(θ)

0 ∓ i
2

cos(θ) −1
2

cos2(θ) 1
2

sin(θ) cos(θ)

0 ± i
2

sin(θ) 1
2

sin(θ) cos(θ) −1
2

sin2(θ)

 , (C.5)
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where ε±2
αβ(p4) = R µ

α (p̂4) R ν
β (p̂4) ε±2

µν (p2) where again R µ
α (p̂4), R ν

β (p̂4) are rotation matri-
ces. Finally, the following useful relations are valid in the CM frame:

pµ1ε
±1
µ (p2) = 0 , (C.6)

pµ3ε
±1
µ (p4) = 0 . (C.7)

C.2 Graviton-Graviton Scattering (hµν(p1)h
αβ(p2)→ hγδ(p3)h

λρ(p4)):

There are also four diagrams for this process as shown in Fig. 5, but the relation between
Mandelstam variables for this process is now

s+ t+ u = 0 . (C.8)

In the CM frame, with the incoming particles, along the z-axis, the momenta and the
polarization vectors can be chosen as:

p1 = (k, 0, 0, k) ,

p2 = (k, 0, 0,−k) ,

ε±1
µ (p1) =

(
0, 1√

2
,± i√

2
, 0
)
, (C.9)

ε±1
α (p2) =

(
0, 1√

2
,∓ i√

2
, 0
)
.

Choosing the outgoing particles to be in the yz-plane, the momenta and the complex
conjugate polarization vectors are:

p3 = (k, 0, k sin(θ), k cos(θ)) ,

p4 = (k, 0,−k sin(θ),−k cos(θ)) ,

ε∗±1
γ (p3) =

(
0,

1√
2
,
∓i cos(θ)√

2
,
±i sin(θ)√

2

)
, (C.10)

ε∗±1
λ (p4) =

(
0,

1√
2
,
±i cos(θ)√

2
,
∓i sin(θ)√

2

)
,

where θ is the scattering angle.
Finally, the following useful relations are valid in the CM frame:

pµ1ε
±1
µ (p2) = 0 ,

pµ3ε
±1
µ (p4) = 0 , (C.11)

pµ4ε
±1
µ (p1) = −pµ3ε±1

µ (p1) , pµ4ε
±1
µ (p2) = −pµ3ε±1

µ (p2) ,

pµ2ε
±1
µ (p3) = −pµ1ε±1

µ (p3) , pµ2ε
±1
µ (p4) = −pµ1ε±1

µ (p4) .
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D Dimensional Regularization of Scalar Integrals

To illustrate how the scalar integrals are calculated in dimensional regularization, let us
take as an example the scalar integral B0 Eq. (5.2) and then follow the standard procedure
of dimensional regularization [1]. First, we move the loop integral from Minkowski space to
Euclidean space by replacing the zeroth component of momentum in Minkowski space k0

by the imaginary fourth component in Euclidean space ik4. As a result of this replacement
k0 → ik4:

k2 = k2
0 − ~k2 → −k2

E = −k2
4 − ~k2 , (D.1)

d4k → id4kE . (D.2)

Then, the scalar integral B0 for m0 = m1 = m and q1 = p1 becomes

B0(p1,m,m) =

∫
iddkE
(2π)d

1

(−k2
E −m2 + iε)(−(k + p1)2

E −m2 + iε)

=

∫
iddkE
(2π)d

1

(k2
E +m2 − iε)((k + p1)2

E +m2 − iε)
. (D.3)

Second, since the integration over the fourth component of the momentum goes along the
imaginary axis ik4, we need to perform a Wick rotation to move to the integration along the
real axis, making sure that the contour does not cross the poles of 1

(k2E+m2−iε)((k+p1)2E+m2−iε) .

Third, in order to transform the product of several brackets in the denominator into a
single bracket, we use the Feynman parameterization

1

Aα1
1 A

α2
2 · · ·Aαnn

=
Γ(α1 + α2 + · · ·+ αn)

Γ(α1)Γ(α2) · · ·Γ(αn)
(D.4)

∫
dx1dx2 · · · dxn

δ(1− x1 − x2 − · · · − xn)xα1−1
1 xα2−1

2 · · ·xαn−1
n

[A1x1 + A2x2 + · · ·+ Anxn]α1+α2+···+αn
,

where Γ is the gamma function.
In our case, α1 = α2 = 1, n = 2, and the integral becomes

B0 =
i

(2π)d

∫
ddkE

1

k2
E +m2 − iε

1

(k + p1)2
E +m2 − iε

=
i

(2π)d

∫
ddkE

Γ(2)

Γ(1)Γ(1)

∫ 1

0

dx1dx2 δ(1− x1 − x2)

[[k2
E +m2 − iε]x1 + [(k + p1)2

E +m2 − iε]x2]2

=
i

(2π)d

∫
ddkE

∫ 1

0

dx

[k2
E + 2(k · p1)E x+ p2

1E x+m2 − iε]2
, (D.5)

where Γ(1) = Γ(2) = 1, and from the second line to the third we used the delta function
to do the integration over x1 and finally renamed x2 to x.
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Fourth, to complete the square of kE in the denominator, we need to shift the integration
variable kE → kE − p1E x to absorb the term (k · p1)E and obtain

B0 =
i

(2π)d

∫ 1

0

dx

∫
ddkE

[k2
E + p2

1E x(1− x) +m2 − iε]2
=

i

(2π)d

∫ 1

0

dx

∫
ddkE

[k2
E +M2 − iε]2

,

where M2 = p2
1E x(1− x) +m2 .

Fifth, we perform the momentum integral in Euclidean space, using spherical coordinates
as follows

B0 =
i

(2π)d

∫ 1

0

dx Ωd

∫ ∞
0

dkE kE
(k2
E)d/2−1

[k2
E +M2]2

=
i

(2π)d

∫ 1

0

dx Ωd

∫ ∞
0

dk2
E

2

(k2
E)d/2−1

[k2
E +M2]2

=
i

(2π)d

∫ 1

0

dx
Ωd

2
(M2)d/2−2

∫ ∞
0

dx xd/2−1

[x+ 1]2

=
i

(4π)d/2

∫ 1

0

dx (M2)d/2−2 Γ(2− d/2) , (D.6)

where Ωd = 2πd/2

Γ(d/2)
follows from the angular integration, and from the second line to the

third k2
E → k2

EM
2 is used, and then k2

E → x. However, we note that the gamma function
Γ(2− d/2) still diverges in the last result if we are in 4-dimensions.
Sixth, we transform back into Minkowski space by replacing again d = 4 − 2ε and doing
an expansion in ε using the following relation [1]:

Γ(2− d/2)

(4π)d/2

(
1

M2

)2−d/2

=
1

16π2

(
1

ε
− γ + log(4π)− log

(
M2
)

+O(ε)

)
. (D.7)

Finally, we get

B0(p1,m,m) =
i

16π2

(
1

ε
− γ + log(4π)−

∫ 1

0

dx log[m2 − p2
1x(1− x)]

)
, (D.8)

where M2 = p2
1E x(1− x) +m2 = −p2

1 x(1− x) +m2. The integral still blows up for ε→ 0
but now the divergent part is separated from the finite terms. Similarly, we can calculate
the other scalar integrals.
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E Passarino-Veltman Reduction of Tensor Integrals

In the Passarino-Veltman method, the tensorial integrals can be written in terms of scalar
functions as listed below. However, we only include the cases that are relevant to the
scalar-graviton scattering to one-loop order (i.e., A and D integrals up to four indices, B
integrals up to five indices and C integrals up to six indices in the numerator). In addition,
all scalar functions C,D are symmetric under i, j, k, l,m, n indices in our notation below
(e.g., C21 = C12), and iε was dropped for simplicity:

A =

∫
ddk

(2π)d
1

(k2 −m2
0)

= A0(m0) , (E.1)

Aµ =

∫
ddk

(2π)d
kµ

(k2 −m2
0)

= 0 , (E.2)

Aµν =

∫
ddk

(2π)d
kµkν

(k2 −m2
0)

= ηµνA00(m0) , (E.3)

Aµνα =

∫
ddk

(2π)d
kµkνkα

(k2 −m2
0)

= 0 , (E.4)

Aµναβ =

∫
ddk

(2π)d
kµkνkαkβ

(k2 −m2
0)

=
[
ηµνηαβ + ηµαηνβ + ηµβηνα

]
A0000(m0) , (E.5)

B =

∫
ddk

(2π)d
1

(k2 −m2
0)((k + q1)2 −m2

1)
= B0(p1,m0,m1) , (E.6)

Bµ =

∫
ddk

(2π)d
kµ

(k2 −m2
0)((k + q1)2 −m2

1)
= pµ1 B1(p1,m0,m1) , (E.7)

Bµν =

∫
ddk

(2π)d
kµkν

(k2 −m2
0)((k + q1)2 −m2

1)
(E.8)

=
[
pµ1 p

ν
1

]
B11(p1,m0,m1) + ηµνB00(p1,m0,m1) ,

Bµνα =

∫
ddk

(2π)d
kµkνkα

(k2 −m2
0)((k + q1)2 −m2

1)
(E.9)

=
[
pµ1 p

ν
1 p

α
1

]
B111(p1,m0,m1) +

[
ηµνpα1 + ηµαpν1 + ηναpµ1

]
B001(p1,m0,m1) ,

Bµναβ =

∫
ddk

(2π)d
kµkνkαkβ

(k2 −m2
0)((k + q1)2 −m2

1)
(E.10)
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=
[
pµ1p

ν
1p
α
1p

β
1

]
B1111(p1,m0,m1) +

[
ηµνηαβ + ηµαηνβ + ηµβηνα

]
B0000(p1,m0,m1)

+
[
ηµνpα1p

β
1 + ηµαpν1p

β
1 + ηναpµ1p

β
1 + ηβνpα1p

µ
1 + ηβαpν1p

µ
1 + ηµβpν1p

α
1

]
B0011(p1,m0,m1) ,

Bµναβρ =

∫
ddk

(2π)d
kµkνkαkβkρ

(k2 −m2
0)((k + q1)2 −m2

1)
(E.11)

= pµ1p
ν
1p
α
1p

β
1p

ρ
1 B11111(p1,m0,m1)

+
[
ηµνpα1p

β
1p

ρ
1 + ηµαpν1p

β
1p

ρ
1 + ηναpµ1p

β
1p

ρ
1 + ηβνpα1p

µ
1p

ρ
1 + ηβαpν1p

µ
1p

ρ
1 + ηµβpν1p

α
1p

ρ
1

+ ηρµpα1p
β
1p

ν
1 + ηρνpα1p

β
1p

µ
1 + ηραpν1p

β
1p

µ
1 + ηρβpν1p

α
1p

µ
1

]
B00111(p1,m0,m1)

+
[
ηµνηαβpρ1 + ηµαηνβpρ1 + ηµβηναpρ1 + ηρνηαβpµ1 + ηραηνβpµ1 + ηρβηναpµ1

+ ηµρηαβpν1 + ηµαηρβpν1 + ηµβηραpν1 + ηµνηρβpα1 + ηµρηνβpα1 + ηµβηνρpα1

+ ηµνηαρpβ1 + ηµαηνρpβ1 + ηµρηναpβ1

]
B00001(p1,m0,m1) ,

C =

∫
ddk

(2π)d
1

(k2 −m2
0)((k + q1)2 −m2

1)((k + q2)2 −m2
2)

(E.12)

= C0(p1, p2,m0,m1,m2) ,

Cµ =

∫
ddk

(2π)d
kµ

(k2 −m2
0)((k + q1)2 −m2

1)((k + q2)2 −m2
2)

(E.13)

=
2∑
i=1

pµi Ci(p1, p2,m0,m1,m2) ,

Cµν =

∫
ddk

(2π)d
kµkν

(k2 −m2
0)((k + q1)2 −m2

1)((k + q2)2 −m2
2)

(E.14)

=
2∑

i,j=1

pµi p
ν
j Cij(p1, p2,m0,m1,m2) + ηµνC00(p1, p2,m0,m1,m2) ,

Cµνα =

∫
ddk

(2π)d
kµkνkα

(k2 −m2
0)((k + q1)2 −m2

1)((k + q2)2 −m2
2)

(E.15)

=
2∑

i,j,k=1

pµi p
ν
j p

α
k Cijk(p1, p2,m0,m1,m2)

+
2∑
i=1

[
ηµνpαi + ηµαpνi + ηναpµi

]
C00i(p1, p2,m0,m1,m2) ,
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Cµναβ =

∫
ddk

(2π)d
kµkνkαkβ

(k2 −m2
0)((k + q1)2 −m2

1)((k + q2)2 −m2
2)

(E.16)

=
2∑

i,j,k,l=1

pµi p
ν
jp
α
kp

β
l Cijkl(p1, p2,m0,m1,m2)

+
2∑

i,j=1

[
ηµνpαi p

β
j + ηµαpνi p

β
j + ηναpµi p

β
j + ηβνpαi p

µ
j + ηβαpνi p

µ
j

+ ηµβpνi p
α
j

]
C00ij(p1, p2,m0,m1,m2)

+
[
ηµνηαβ + ηµαηνβ + ηµβηνα

]
C0000(p1, p2,m0,m1,m2) ,

Cµναβρ =

∫
ddk

(2π)d
kµkνkαkβkρ

(k2 −m2
0)((k + q1)2 −m2

1)((k + q2)2 −m2
2)

=
2∑

i,j,k,l,m=1

pµi p
ν
jp
α
kp

β
l p

ρ
m Cijklm(p1, p2,m0,m1,m2)

+
2∑

i,j,k=1

[
ηµνpαi p

β
j p

ρ
k + ηµαpνi p

β
j p

ρ
k + ηναpµi p

β
j p

ρ
k + ηβνpαi p

µ
j p

ρ
k + ηβαpνi p

µ
j p

ρ
k + ηµβpνi p

α
j p

ρ
k

+ ηρµpαi p
β
j p

ν
k + ηρνpαi p

β
j p

µ
k + ηραpνi p

β
j p

µ
k + ηρβpνi p

α
j p

µ
k

]
C00ijk(p1, p2,m0,m1,m2)

+
2∑
i=1

[
ηµνηαβpρi + ηµαηνβpρi + ηµβηναpρi + ηρνηαβpµi + ηραηνβpµi + ηρβηναpµi

+ ηµρηαβpνi + ηµαηρβpνi + ηµβηραpνi + ηµνηρβpαi + ηµρηνβpαi + ηµβηνρpαi

+ ηµνηαρpβi + ηµαηνρpβi + ηµρηναpβi

]
C0000i(p1, p2,m0,m1,m2) ,

Cµναβρσ =

∫
ddk

(2π)d
kµkνkαkβkρkσ

(k2 −m2
0)((k + q1)2 −m2

1)((k + q2)2 −m2
2)

=
2∑

i,j,k,l,m,n=1

pµi p
ν
jp
α
kp

β
l p

ρ
mp

σ
n Cijklmn(p1, p2,m0,m1,m2)

+
2∑

i,j,k,l=1

[
ηµνpαi p

β
j p

ρ
kp
σ
l + ηµαpνi p

β
j p

ρ
kp
σ
l + ηναpµi p

β
j p

ρ
kp
σ
l + ηβνpαi p

µ
j p

ρ
kp
σ
l + ηβαpνi p

µ
j p

ρ
kp
σ
l

+ ηµβpνi p
α
j p

ρ
kp
σ
l + ηρµpαi p

β
j p

ν
kp
σ
l + ηρνpαi p

β
j p

µ
kp

σ
l + ηραpνi p

β
j p

µ
kp

σ
l + ηρβpνi p

α
j p

µ
kp

σ
l

+ ησµpαi p
β
j p

ρ
kp
ν
l + ησνpαi p

β
j p

ρ
kp
µ
l + ησαpνi p

β
j p

ρ
kp
µ
l + ησβpαi p

ν
jp
ρ
kp
µ
l

+ ησρpαi p
β
j p

ν
kp
µ
l

]
C00ijkl(p1, p2,m0,m1,m2)
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+
2∑

i,j=1

[
ηµνηαβpρi p

σ
j + ηµαηνβpρi p

σ
j + ηµβηναpρi p

σ
j + ηρνηαβpµi p

σ
j + ηραηνβpµi p

σ
j

+ ηρβηναpµi p
σ
j + ηµρηαβpνi p

σ
j + ηµαηρβpνi p

σ
j + ηµβηραpνi p

σ
j + ηµνηρβpαi p

σ
j

+ ηµρηνβpαi p
σ
j + ηµβηνρpαi p

σ
j + ηµνηαρpβi p

σ
j + ηµαηνρpβi p

σ
j + ηµρηναpβi p

σ
j

+ ησνηαβpρi p
µ
j + ησαηνβpρi p

µ
j + ησβηναpρi p

µ
j + ηµσηαβpρi p

ν
j + ηµαησβpρi p

ν
j

+ ηµβησαpρi p
ν
j + ηµνησβpρi p

α
j + ηµσηνβpρi p

α
j + ηµβηνσpρi p

α
j + ηµνηασpρi p

β
j

+ ηµαηνσpρi p
β
j + ηµσηναpρi p

β
j + ησνηαρpβi p

µ
j + ησαηνρpβi p

µ
j + ησρηναpβi p

µ
j

+ ηµσηαρpβi p
ν
j + ηµαησρpβi p

ν
j + ηµρησαpβi p

ν
j + ηµνησρpβi p

α
j + ηµσηνρpβi p

α
j

+ ηµρηνσpβi p
α
j + ησνηβρpαi p

µ
j + ησβηνρpαi p

µ
j + ησρηνβpαi p

µ
j + ηµσηβρpαi p

ν
j

+ ηµβησρpαi p
ν
j + ηµρησβpαi p

ν
j + ησαηβρpνi p

µ
j + ησβηαρpνi p

µ
j

+ ησρηαβpνi p
µ
j

]
C0000ij(p1, p2,m0,m1,m2)

+
[
ηµνηαβηρσ + ηµαηνβηρσ + ηµβηναηρσ + ησνηαβηρµ + ησαηνβηρµ + ησβηναηρµ

+ ηµσηαβηρν + ηµαησβηρν + ηµβησαηρν + ηµνησβηρα + ηµσηνβηρα + ηµβηνσηρα

+ ηµνηασηρβ + ηµαηνσηρβ + ηµσηναηρβ
]
C000000(p1, p2,m0,m1,m2) ,

D =

∫
ddk

(2π)d
1

(k2 −m2
0)
(
(k + q1)2 −m2

1

)(
(k + q2)2 −m2

2

)(
(k + q3)2 −m2

3

) (E.17)

= D0(p1, p2, p3,m0,m1,m2,m3) ,

Dµ =

∫
ddk

(2π)d
kµ

(k2 −m2
0)
(
(k + q1)2 −m2

1

)(
(k + q2)2 −m2

2

)(
(k + q3)2 −m2

3

) (E.18)

=
3∑
i=1

pµi Di(p1, p2, p3,m0,m1,m2,m3) ,

Dµν =

∫
ddk

(2π)d
kµkν

(k2 −m2
0)
(
(k + q1)2 −m2

1

)(
(k + q2)2 −m2

2

)(
(k + q3)2 −m2

3

) (E.19)

= ηµνD00(p1, p2, p3,m0,m1,m2,m3) +
3∑

i,j=1

pµi p
ν
j Dij(p1, p2, p3,m0,m1,m2,m3) ,

Dµνα =

∫
ddk

(2π)d
kµkνkα

(k2 −m2
0)
(
(k + q1)2 −m2

1

)(
(k + q2)2 −m2

2

)(
(k + q3)2 −m2

3

) (E.20)

=
3∑
i=1

[
ηµνpαi + ηµαpνi + ηναpµi

]
D00i(p1, p2, p3,m0,m1,m2,m3)
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+
3∑

i,j,k=1

pµi p
ν
jp
α
j Dijk(p1, p2, p3,m0,m1,m2,m3) ,

Dµναβ =

∫
ddk

(2π)d
kµkνkαkβ

(k2 −m2
0)
(
(k + q1)2 −m2

1

)(
(k + q2)2 −m2

2

)(
(k + q3)2 −m2

3

) (E.21)

=
[
ηµνηαβ + ηµαηνβ + ηµβηαν

]
D0000(p1, p2, p3,m0,m1,m2,m3)

+
3∑

i,j=1

[
ηµνpαi p

β
j + ηµαpνi p

β
j + ηναpµi p

β
j + ηµβpαi p

ν
j + ηνβpαi p

µ
j

+ ηαβpµi p
ν
j

]
D00ij(p1, p2, p3,m0,m1,m2,m3)

+
3∑

i,j,k,l=1

pµi p
ν
jp
α
kp

β
l Dijkl(p1, p2, p3,m0,m1,m2,m3) .

Also, we use the following reduction formulas

k.pi =
1

2

[
((k + qi)

2 −m2
i )− ((k + qi−1)2 −m2

i−1) +m2
i −m2

i−1 − q2
i + q2

i−1

]
, (E.22)

pi.Qi =
1

2

[
(Q2

i −m2
i )− (Q2

i−1 −m2
i−1) +m2

i −m2
i−1 + p2

i

]
, (E.23)

pi.Qi−1 =
1

2

[
(Q2

i −m2
i )− (Q2

i−1 −m2
i−1) +m2

i −m2
i−1 − p2

i

]
, (E.24)

pi.Qi−2 =
1

2

[
(Q2

i −m2
i )− (Q2

i−1 −m2
i−1) +m2

i −m2
i−1 − p2

i − 2pi−1.pi

]
, (E.25)

pi.k =
1

2

[
(Q2

i −m2
i )− (Q2

i−1 −m2
i−1) +m2

i −m2
i−1 − 2qi.pi + p2

i

]
, (E.26)

pi.k =
1

2

[
(Q′′ 2i −m2

i )− (Q′ 2i−1 −m2
i−1) +m2

i −m2
i−1 − p2

i − 2pi.pi−1

]
, (E.27)

pi.k =
1

2

[
(Q′ 2i −m2

i )− (k2 −m2
0) +m2

i −m2
0 − p2

i

]
, (E.28)

where the relations between the momenta are:

Qi = k + p1 + · · ·+ pi = k + qi ,

qi = p1 + · · ·+ pi ,

Q′i = k + pi ,

Q′′i = k + pi−1 + pi .

Finally, we follow the Passarino-Veltman method as explained in Sec. 5.1.4 using the
reduction formulas Eqs. (E.22−E.28) and other integral tools such as change of variables.
As a result, we write all above scalar functions A00, A0000, B1, B00, . . . in terms of the scalar
functions A0, B0, C0 and D0.
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F The FORM Program

In this appendix, we show short pieces of our code to illustrate as much as possible how we
perform the calculations in the FORM program. At the same time, we ensure that all the
indices are contracted in a proper way in the code. However, let us start by introducing
some notations in Tab. 11.

Table 11: Some notations that we use in our code.

hµν = H(mu,nu) ∂αhµν = H(al,mu,nu) ∂α∂βhµν = H(al,be,mu,nu)

gµν = GL(mu,nu) ∂αgµν = GL(al,mu,nu) ∂α∂βgµν = GL(al,be,mu,nu)

gµν = GU(mu,nu) ∂αg
µν = GU(al,mu,nu) ∂α∂βg

µν = GU(al,be,mu,nu)

φ = phi ∂αφ = phi(al) ∂α∂βφ = phi(al,be)

∂αΓµνβ = Gamma(al,mu,nu,be) δµν = d (mu,nu) MAXH1 = 4
1

Since our calculations are up to the quadruple graviton vertex.

As an example, the square root of the determinant of metric
√
−g = SQRTMG can be

calculated from the relation Eq. (2.13) as:
Code

1 Local SQRTMG = 1+sum_(n,1,‘MAXH’,invfac_(n)/2^n*trlng^n);

2 #do i=1,‘MAXH’

3 id,once trlng = -sum_(n,1,‘MAXH’

4 ,sign_(n)/n*epsh^n*kappa^n*HH(n,i‘i’x1,i‘i’x1));

5 id epsh^{‘MAXH’+1} = 0;

6 #enddo

7 #do i=1,‘MAXH’

8 #do j=2,‘MAXH’

9 id,once HH(n?,mu?,nu?) = H(mu,i‘i’x‘j’)*HH(n-1,i‘i’x‘j’,nu);

10 id HH(0,mu?,nu?) = d_(mu,nu);

11 #enddo

12 #enddo
Code

In addition, the field redefinition can be done by replacing each field and its deriva-
tives with the proper expansion. The code below shows the gravitational field redefinition
Eq. (2.50), where the other fields were treated in the same way:

Code

1 #do i=1,‘MAXH’

2 multiply aa;

3 id,once aa*H(?a,mu?,nu?) = a1*Der(?a,H(mu,nu))

4 +kappa*epsh*(a3*Der(?a,H(mu,i{‘i’+1}x1),

5 H(i{‘i’+1}x1,nu))+a2*Der(?a,H(mu,nu),H(i{‘i’+1}x1,i{‘i’+1}x1)))

6 +kappa^2*epsh^2*(a4*Der(?a,H(mu,nu),H(i{‘i’+1}x1,i{‘i’+1}x1),
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7 H(i{‘i’+1}x2,i{‘i’+1}x2))+a5*Der(?a,H(mu,nu),H(i{‘i’+1}x1,i{‘i’+1}x2),

8 H(i{‘i’+1}x1,i{‘i’+1}x2))+a6*Der(?a,H(mu,i{‘i’+1}x1),H(nu,i{‘i’+1}x1),

9 H(i{‘i’+1}x2,i{‘i’+1}x2))+a7*Der(?a,H(mu,i{‘i’+1}x1),H(nu,i{‘i’+1}x2),

10 H(i{‘i’+1}x1,i{‘i’+1}x2)))

11 +kappa^3*epsh^3*(a8*Der(?a,H(mu,nu),H(i{‘i’+1}x1,i{‘i’+1}x1),

12 H(i{‘i’+1}x2,i{‘i’+1}x2),H(i{‘i’+1}x3,i{‘i’+1}x3))+a9*Der(?a,H(mu,nu),

13 H(i{‘i’+1}x1,i{‘i’+1}x1),H(i{‘i’+1}x2,i{‘i’+1}x3),

14 H(i{‘i’+1}x2,i{‘i’+1}x3))+a10*Der(?a,H(mu,nu),H(i{‘i’+1}x1,i{‘i’+1}x2),

15 H(i{‘i’+1}x2,i{‘i’+1}x3),H(i{‘i’+1}x3,i{‘i’+1}x1))+a11*Der(?a,

16 H(mu,i{‘i’+1}x1),H(nu,i{‘i’+1}x1),H(i{‘i’+1}x2,i{‘i’+1}x2),

17 H(i{‘i’+1}x3,i{‘i’+1}x3))+a12*Der(?a,H(mu,i{‘i’+1}x1),H(nu,i{‘i’+1}x1),

18 H(i{‘i’+1}x2,i{‘i’+1}x3),H(i{‘i’+1}x2,i{‘i’+1}x3))+a13*Der(?a,

19 H(mu,i{‘i’+1}x1),H(nu,i{‘i’+1}x2),H(i{‘i’+1}x1,i{‘i’+1}x2),

20 H(i{‘i’+1}x3,i{‘i’+1}x3))+a14*Der(?a,H(mu,i{‘i’+1}x1),H(nu,i{‘i’+1}x2),

21 H(i{‘i’+1}x1,i{‘i’+1}x3),H(i{‘i’+1}x2,i{‘i’+1}x3)));

22 id aa = 1;

23 id epsh^‘MAXH’ = 0;

24 .sort

25 #enddo
Code

Taking a derivative in our notation can also be achieved in FORM with the following
procedure:

Code

1 repeat;

2 id Deriv(H?fields(?a),?b) = H(?a)*Deriv(?b);

3 id Deriv(mu?,H?fields(?a),?b) = H(mu,?a)*Deriv(?b)

4 +H(?a)*Deriv(mu,?b);

5 id Deriv(mu?,nu?,H?fields(?a),?b) = H(mu,nu,?a)*Deriv(?b)

6 +H(mu,?a)*Deriv(nu,?b)

7 +H(nu,?a)*Deriv(mu,?b)

8 +H(?a)*Deriv(mu,nu,?b);

9 id Deriv(mu?) = 0;

10 id Deriv(mu?,nu?) = 0;

11 id Deriv = 1;

12 endrepeat;
Code

Finally, the amplitude of a Feynman diagram can be calculated in FORM as shown below
for the s-channel diagram in scalar-graviton scattering:

Code

1 * S-channel in scalar-graviton scattering:

2 *

3 * p2-> x x p4->
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4 * mu,nu x x al,be

5 * x x

6 * aaaaaaaXaaaaaaaYaaaaaaaa

7 * p1-> P1-> p3->

8 *

9 * X=p1x,i1x Y=p2x,i2x

10

11 #include vertexprocedures.hf

12 #include symbols.hf

13 #include setexternal.hf

14 .sort

15 L Vleft =

16 #call vertex2phi1H‘VERTEXTYPE’

17 ;

18 #call setmom(p1x,3)

19 #call takederiv

20 print +s;

21 .sort

22 skip;

23 L Vright =

24 #call vertex2phi1H‘VERTEXTYPE’

25 ;

26 #call relabelindexij(1,2)

27 #call setmom(p2x,3)

28 #call takederiv

29 print +s;

30 .sort

31 #call pickoutphiin(p1,p1x,p1xp1x,2,Vleft)

32 #call pickoutphiout(p3,p2x,p2xp2x,2,Vright)

33 #call pickoutHin(mu,nu,p2,p1x,p1xp1x,2,Vleft)

34 #call pickoutHout(al,be,p4,p2x,p2xp2x,1,Vright)

35 .sort

36 drop Vleft,Vright;

37 G PPHH1‘VERTEXTYPE’ = i_^3*Vleft*Vright;

38 #call connectphi(P1,p1x,p1xp1x,1,p2x,p2xp2x,1,PPHH1‘VERTEXTYPE’)

39 print +s;

40 .store

41 save save/PPHH1‘VERTEXTYPE’.sav PPHH1‘VERTEXTYPE’;

42 .end
Code

Where we start the code by defining the vertices and importing their corresponding ex-
pressions. In the example above, the left vertex defined in lines 15 and 16 is a scalar-
scalar-graviton vertex, with its corresponding expression given by Eq. (3.8). Then in lines
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18, 19, 31 and 33, we convert this vertex to momentum space. After that in line 37, we
put all together and multiply by (i) for each vertex and propagator. Finally in line 38,
we connect the two vertices by calling the propagator procedure, which also contains the
pickoutphiin and pickoutphiout procedures.
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Acronyms

CM Center-of-Mass frame. 26, 28, 29, 53, 54

EFT Effective Field Theory. 6, 7, 11, 12

EMT Energy-Momentum Tensor. 10

GCT General Coordinate Transformations. 8–10, 12, 13

GR General Relativity. 6, 8, 10, 11

QFT Quantum Field Theory. 6–8

SM Standard Model. 6

YM Yang-Mills gauge theory. 6–9
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