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Abstract

The Einstein-Hilbert Lagrangian for gravity is non-renormalizable at loop level. However,
it can be treated in the effective field theory framework which means that gravity as an
effective theory can be renormalized when a proper expansion of the effective Lagrangian is
made. At the same time, the Feynman rules for gravity are very complicated, although the
resulting amplitudes do not have the same complications. Therefore, in this thesis we want
to simplify the Feynman rules as much as possible by using the most general parameterized
gauge condition, adding all possible parameterized total derivative terms and redefining
the gravitational, ghosts and scalar fields in a general parameterization way. By choosing
the parameters in a specific way, we obtain simplified Feynman rules, especially the triple
and quadruple graviton vertices are simplified. In addition, we verify our simplified rules
by calculating the amplitudes of scalar-graviton and graviton-graviton scattering at tree
level using the simplified and standard Feynman rules. Finally, we show the utility of these
simplified rules by calculating some one-loop diagrams for scalar-graviton scattering and
comparing to the standard Feynman rules.



Popular Science Description

In physics, the story of gravity is still incomplete. It began under an apple tree when
Newton started his journey to discover his laws about the gravitational force, but these
laws were not enough to describe all the gravitational phenomena. To describe gravity
in a more accurate way, Einstein came with the theory of general relativity. This theory
treats the gravitational force as a consequence of the curvature of spacetime. This should
be compared with the other forces in nature (the electromagnetic, weak and strong force)
which are described by the standard model of particle physics. This model treats the forces
as a consequence of exchanging particles which are called quanta. There have been many
attempts in the last century to study gravity as a quantized theory, quantum gravity, where
the exchanged particles are called gravitons. Quantum gravity is still not fully understood
because of many obstacles, one of them being its complicated calculations.

The purpose of this thesis is to address this latter problem of complicated calculations,
following the belief that nature should be described in a beautiful and simple mathematical
way. Moreover, a simplified form with fewer terms that contribute to gravitational effects
can lead to a deeper understanding of gravity. To treat this problem, we want to find math-
ematical tools that can simplify the math of the theory without changing the information
that it contains. Fortunately, in quantum physics such tools exist as field redefinition which
means that we can redefine the gravitons in order to find a simpler expression that can
describe exchanging these particles. As a result of applying these mathematical tools, we
successfully simplify the math that describes the gravitational interaction between parti-
cles. In particular, we show that the interaction between three gravitons can be reduced
from 40 to just 4 terms, and the interaction between four gravitons can be reduced from
113 to 12 terms. Finally, we verify our simplification by comparing the results for physical
processes using the standard approach and using our simplified approach.
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1 Introduction

In physics, there have been many attempts to study the gravitational field as a quantized
field in order to unify the gravitational force, which is described by General Relativity (GR),
with the other forces in nature, which are described by the Standard Model (SM) using
the Quantum Field Theory (QFT) framework [I, 2]. These attempts have met various
obstacles, either the lack of experimental abilities to explore sufficiently high energy or
the lack of needed mathematical tools that allow the study of gravity as a quantized
theory, quantum gravity. The reason behind the latter problem is that the Einstein-
Hilbert Lagrangian of quantum gravity diverges at loop level so we consider it as a non-
renormalizable theory [3, 4]. Thus, such a quantum theory for gravity has not been solved
yet, and a full unified theory has not been found yet.

Even so, it is still possible to construct and solve a renormalizable effective theory for
gravity order by order by using the Effective Field Theory (EFT) framework [3, 5]. In this
framework, we can study gravity at a particular loop level by expanding the Lagrangian
in the energy expansion up to the relevant terms for this loop level. To determine which
terms are relevant, we use Weinberg’s power counting theorem [3]. These new terms in
the expansion contain new parameters which can absorb the divergences from the loop
diagrams, and at the same time can be measured experimentally. Therefore, gravity can
be renormalized at loop level when we make the proper expansion of the Lagrangian.

At the same time, the Einstein—Hilbert Lagrangian is very complicated and leads to
equally complicated Feynman rules as given in [6], which we will call the standard Feynman
rules. These rules give lengthy complicated calculations, but they also lead to scattering
amplitudes that are simple in general [7, 8]. Therefore, there is a strong indication that
manipulating this Lagrangian can lead to a simpler form which still gives the same scat-
tering amplitudes. In addition, when the Lagrangian contains fewer terms, it is possible
to understand the math in the theory better. Consequently, there has been some efforts
to simplify these rules as in [9], where a parameterized metric field was used.

As starting point for the simplification approach in this thesis, we derive the Lagrangian
for gravity, the Einstein—Hilbert Lagrangian, by using an analogy with the Yang-Mills
(YM) gauge theory. Then we construct the most general effective Lagrangian by using
Effective Field Theory (EFT). After that, we set out to simplify the Feynman rules as
much as possible by manipulating the Lagrangian for gravity using the three freedoms
[1, 3, 10]: choosing a gauge, adding total derivative terms to the Lagrangian and re-
parameterization of the fields (gravitational, scalar, ghost fields). In other words, we choose
the most general parameterized gauge condition, and we add a parameterization of all
possible total derivative terms. Then, we redefine the gravitational, ghosts and scalar fields
using a general parameterization. As a result of parameterizing the previous freedoms, we
efficiently reduce the problem of simplifying Feynman rules as much as possible to solve a
system of linear equations for eight sets of parameters.

In addition, for comparison and verification purposes, we perform the calculations in
two approaches. In the standard calculations, we use the de Donder gauge to obtain
the standard Feynman rules as shown in App. B, which agree with those in [6]. In the
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2 Theoretical Background

simplified calculations, we use the three freedoms that we mentioned before, and then
choose the parameters in order to obtain Feynman rules as simple as possible, especially
the triple and quadruple graviton vertices.

To check our simplified rules, we compare the resulting amplitudes of scalar-graviton
and graviton-graviton scattering at tree level using the standard rules and using the simpli-
fied ones [7, 8, 11]. Furthermore, to show the utility of these simplified rules, we compare
the standard and simplified calculations of some one-loop diagrams for scalar-graviton scat-
tering, where we use the dimensional regularization scheme with the Passarino-Veltman
method to calculate the loop integrals [12, 13]. Finally, since we are interested in the cal-
culations up to one-loop level for scalar-graviton scattering, we only simplified the lowest
order vertices.

In this thesis, we start in Sec. 2 by discussing the theoretical background for deriving
the Lagrangian for gravity and show the tools needed for manipulating the Lagrangian
and calculating scattering processes. Then in Sec. 3 we calculate the Feynman rules in the
standard and simplified way. After that, in Sec. 4 we use the Feynman rules to calculate the
amplitudes of scalar-graviton and graviton-graviton scattering at tree level in both ways.
Moreover, in Sec. 5 we show the usefulness of our Feynman rules by comparing calculations
of some one-loop diagrams for scalar-graviton scattering using both approaches. Finally,
the conclusions of our work is in Sec. 6.

Before we start, it is important to mention that we follow the conventions in [3] through-
out this thesis, such as the metric signature (4, —, —, —) and the natural units ¢ = h = 1.
In addition, since the calculations of Feynman rules and the amplitudes are extremely
lengthy to do by hand, we use the FORM program [14, 15] to perform them.

2 Theoretical Background

In this section, we start by discussing our motivation behind choosing spin-2 for the graviton
[1, 2, 3, 4. Then, we give the derivation of the Einstein—Hilbert Lagrangian using an
analogy with YM theory [2, 3]. After that, using the EFT framework, we build the most
general effective Lagrangian for gravity which is needed to study gravity at one-loop level
[3, 5]. In addition, we discuss the three freedoms that we use to simplify Feynman rules:
choosing the gauge [1, 3], adding total derivative terms [1], and field redefinitions [10].

2.1 Spin of Graviton

As in this thesis we want to quantize the gravitational field, let us start by discussing the
possible spins for its quanta, which are called gravitons [3]. Since the graviton is a boson,
its spin has to be an integer number. In this case, there are three possibilities: spin-0,
spin-1 and spin-2 while higher spins are not consistent with QFT for fundamental particles
with interactions [1]. Firstly, if we start with a spin-0 particle as the Higgs boson, the
scalar-scalar scattering via a spin-0 graviton, as shown in Fig. 1, leads to a Newtonian



2.2 Analogy with Yang-Mills Theory 2 Theoretical Background

gravitational potential with the bare mass as the source [I, 3]. However, we know from
GR that the bare mass of an object is not the only source of the gravitational field [2].

Figure 1: Scalar-Scalar scattering at tree level.

Secondly, with a spin-1 particle as the photon, the scalar-scalar scattering leads to an
attractive or repulsive potential, so spin—1 particles are not appropriate to describe the
gravitational force [3]. Finally, in the case of a spin-2 particle, the scalar-scalar scattering
leads to a gravitational potential with the energy-momentum tensor 7,, as the source for
gravity, which is consistent with GR [2, 3].

From the above discussion, it is clear that the graviton should be a spin-2 boson in
order to be consistent with GR and QFT, and later on we will see more indications that
the graviton should be a spin-2 particle.

2.2 Analogy with Yang-Mills Theory

The main idea of a Yang-Mills (YM) theory is to search for an appropriate global symmetry
which is relevant to the force that we study. Then, we convert this symmetry to a local
or gauge symmetry, where this conversion is called gauging the symmetry. After that, to
preserve the local gauge invariance, we need to insert a new field which will be the field of
the gauge boson for this force.

For example, consider the following, matter Lagrangian for a massive real scalar field

o:
1 1
»CMatter - énabaagbabqs - §m2¢27 (21)

where 7% is the Minkowski metric, and m is the mass. This Lagrangian is invariant under
the global translational symmetry

ya - y/a — ya + da. (22)

Then, we convert this global translational symmetry to a local translational symmetry,
where the latter is called the General Coordinate Transformations (GCT),

ot = 2 =t + d(x), (2.3)
where Lorentz indices a,b,--- in flat space-time have been replaced by world indices
W, v, -+ in curved space-time. In addition, we need to replace the Minkowski metric in flat

space 1), by the metric field in curved space g, in order to make the Lagrangian Eq. (2.1)
invariant under GCT Eq. (2.3). Thus, the Lagrangian becomes

8



2.2 Analogy with Yang-Mills Theory 2 Theoretical Background
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EMatter = %guyau¢au¢ - %m2¢2 ) (24)
which contains a new field, the metric field g*”, that represents the spin-2 gauge boson for
gravity (i.e., the graviton).

As with other gauge theories, we need to introduce a kinetic term for the gravitational
field g". We search for a quantity similar to the YM field strengh tensor F),,, which we
recall is related to the commutator of covariant derivatives [D,, D,|. For gravity, with a

vector field V?, this commutator can be written as [3]

D, D)V’ =R, V", (2.5)

where D, Vg = 0,V — l“gVVAY is the covariant derivative, RWQB is the Riemann tensor given
by
B8 _ B B B8 o B o
Rw/a - aﬂrl/a - al/rpa + F/w' Fuoz - Fua F,ua ) (26)

and I', 2 is the Christoffel symbol given by

1
Fl/aﬂ = §gﬁp(augpa + aagpl/ - ale/Oz) : (2'7)

In addition, from the Riemann tensor we can also get the Ricci tensor R, and the scalar
curvature R as

Ro=R,.", (2.8)
R=9¢""R,o=9""R,,.". (2.9)

We also use the standard expansion of the weak gravitational field around the Minkowski
metric 7, that is used to raise or lower indices, given by

G = M + K Ay (2.10)

where h,, is the canonical quantized gravitational field, and & is the Newtonian strength
of gravitational interactions.

In this situation, we have three quantities: R,,.3, R, and R that are related to the
commutator of covariant derivatives. One of them can be chosen as a field strengh tensor
for the gravitational field to build the kinetic term in analogy with £in, yam) = —%F W E .
To do this, we use that the YM field strengh tensor is antisymmetric, F),, = —F,,, and
has one partial derivative F),, ~ A, while the Riemann tensor R,,.s = Rapu and the
Ricci tensor R,, = R,, do not have the same symmetry property and have two partial
derivatives R,,q8, R, ~ 00h. In addition, the kinetic term should be Lorentz invariant
and GCT invariant. So, the simplest combinations for the kinetic term are R ~ 00h as
well as Rung“”aﬁ , R RM ~ 0000h. Tt follows that R is the most relevant one of them
for weak-field since it has only two partial derivatives while the other have four. Thus, we

9



2.2 Analogy with Yang-Mills Theory 2 Theoretical Background
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can write the kinetic term for the gravitational field in terms of the scalar curvature as the
Einstein-Hilbert Lagrangian for gravity [3]
2
LGravity = _?R' (2.11)

In addition, when we move from flat to curved space, there is a correction of the measure

d*y in the action S as
d'y = /—det(g,,) d'r = /—gd'z, (2.12)

where /—g is the square root of the determinant of the metric tensor which is given by

7T = /= etlap) = (  detlag) det(5} -+t +--)) " = (o))

and we have used that the metric tensor can be written as g,, = 7, (5, + kh?, +-+).
In this thesis, we take the expansion in ¢ and j up to four which is relevant to the lowest
order vertices as we will see later.

Summarizing, the actions of matter and gravity become

1 1
SMatter - /d4$\/ _g(§gwjaﬂ¢au¢ - §m2¢2> ) (214)

2
SGravity = /d4w\/ _g( - _2R> . (215)
K
From the matter action, the variation with respect to g is

2 58Matter

V=g 0g"
where 7, = 0,00,¢ — 59,,(9*° 0003 — m*$?) is the Energy-Momentum Tensor (EMT).
Thus, the EMT is the conserved current that follows from GCT which is consistent with

GR, where EMT is the source for gravity. This is an indication that we are dealing with
the correct symmetry for gravity. Moreover, the total action is

=T, (2.16)

2 1 1

Snaat = [ da'v=g( SR+ 59" 0,60,6 — Jme?) (217)
K
From this action, the equation of motion for ¢g" will be
6S = [ da*y/ 2 R 2l R+ T \eg =0 2.18
- T —9g _? uu_‘_?iguu +§ w )0Gg = U, ( )
1 K2

= ij — éguuR = Z,]:“/ , (219)
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This equation can be recognized from GR as Einstein’s field equation with %2 = 877, where
G is the gravitational constant [2]. Reaching Einstein’s equation is another indication that
we are gauging the correct global symmetry for the gravitational force.

However, when we calculate scattering at loop level with this Lagrangian Eq. (2.11),
we get UV divergences. Therefore, we need to construct gravity as an effective field theory
in order to study this theory at loop level.

2.3 Effective Field Theory

Effective Field Theory (EFT) is a way to study physics in a particular range of energy
while neglecting the physics at higher energy. This can be done if the contributions from
high energy are small when the theory is studied in the low energy range. For example,
we can study the hydrogen atom using the Schrodinger equation, neglecting the quark and
gluon interactions inside the nucleus. Mathematically, it means that we need to expand
and organize the Lagrangian according to the dimension of the energy operators, where
in the case of gravity, the energy operators are just partial derivatives. This expansion
is called the energy expansion of the Lagrangian, and it separates the terms which are
relevant at high energy, from the terms which are relevant at low energy. In other words,
the effective Lagrangian can be written in the energy expansion as

Leg= Lo+ L1+ Lo+ L+ -+, (2.20)

where the term £y does not contain any energy operator O(E°), and it is just a constant.
The term £; contains energy operators of dimension one O(E") and so on.

In the case of gravity, the quantities that can be used to construct the effective La-
grangian are: I?,,,3, Il,o and R, which as already mentioned are related to the commutator
of the covariant derivative Eq. (2.5). However, each of these quantities (R a3, Rva, R ~
00h) contain two partial derivatives, which as already mentioned are energy operators of
the gravitational field. Therefore, only even energy dimensions are possible in the energy
expansion

Lot = Lo+ Lo+ Lo+ Lo+ . (2.21)

At the same time, since in this thesis we are only interested in studying gravity up to
one-loop order, it is useful to use Weinberg’s power counting theorem [3]. This theorem
can tell us how many terms in the energy expansion should be taken into account in
order that the theory can be renormalized at one-loop. According to this theorem, the
energy dimension D of a diagram with Ny loops and N,, vertices arising from the effective
Lagrangian terms that contain n derivatives is given by

D=2+ Nu(n—2)+2N.. (2.22)

In our case, we want to calculate the energy dimension D for gravity with n = 2 up to
one-loop order Ny = 1. This gives D = 4, which means that gravity can be renormalized

11



2.3  Effective Field Theory 2 Theoretical Background

at one-loop, if we take into account terms up to energy dimension four O(E%) in the energy
expansion of the Lagrangian.

Let us discuss the possible terms that can be inserted into the effective Lagrangian for
gravity in more detail. First, the terms should be GCT invariant and Lorentz invariant.
Then we need to organize the terms according to the energy dimension as follows:

e Ly: This is only a constant such as the Cosmological constant A.
e [5: The only possible term is R ~ 00.
e L4: There are three possible combinations: R?, R, R", R,asR"*" ~ 0000.

e Lg: There are four possible combinations: R®, R R, R", RR#WBR“”O‘B , R RSB Rvap ~
000000.

Thus, the most general effective Lagrangian in the energy expansion up to energy dimension
four is given by

£eg:£0+£2+£4+"'
2
=—A-— ER + 01R2 + CQR,“,RMV + CngjaﬁRuyaﬁ + - s (223)

where ¢; are numerical coefficients of the higher order corrections, which are called counter
terms. In addition, A is experimentally very small so we will neglect it as the following.

When we use the s term (—%R) for one-loop calculations, we get UV divergences which
are absorbed by ¢;. The finite parts of ¢; have to be determined experimentally. Thus, the
theory can be renormalized at one-loop. In addition, when we calculate scalar-graviton
scattering up to one-loop order from the above Lagrangian, the s term contributes to
one-loop diagrams while the x and ¢; terms contribute to tree level diagrams.

Finally, let us discuss locality of the theory [3]. EFT is local if the higher order operators
in the energy expansion are taken into account. However, if we neglect these higher order
operators, the theory becomes non-local at high energy whereas locality will be restored
at low energy. For example, in the full theory, the one-loop diagram as shown in Fig. 2a is
local at large energy. On the other hand, in its corresponding EFT and after neglecting the
higher order operators, this diagram becomes non-local. However, locality will be restored
at low energy where this loop will be reduced to a vertex as shown in Fig. 2b. In addition,
using EFT the diagram becomes easier to calculate by reducing this loop to a vertex.

¢ ¢ ¢ ¢
eff

(a) (b)

Figure 2: (a) one-loop diagram at high energy in a full theory. (b) its corresponding vertex
diagram in its EFT at low energy when locality is restored.
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2.4 Lagrangians for Fizing Gauge and Ghosts 2 Theoretical Background

2.4 Lagrangians for Fixing Gauge and Ghosts

Since the Lagrangian for gravity has more degrees of freedom than its gauge boson, we need
to fix the gauge and introduce ghosts in order to get rid of the extra degrees of freedom.
The gauge boson in our case is a spin-2 massless graviton, which has a transverse, traceless,
symmetric polarization tensor, with two degrees of freedom.

Another way to see why we need to fix the gauge and introduce ghosts is by considering
the following GCT, where £#(x) is an infinitesimal translation,

= M=ot — (). (2.24)

In this case, the metric g, transforms as

gz) (g;:/ﬁ> = Jas(2) (55 + %E“(w)) (55 +08,¢° (x)) . (2.25)

We also consider the weak gravitational field expansion, Eq. (2.10), so the transformation
of the gravitational field h,,, the gauge transformation, is

P = Wy = Ty, 4 0,80 () 4 0,6,u(2) 4 e 0,87 () + o 0,E° () 4 €7 () g Py - (2.26)

9 = Ghu@) = gapla)(

However, since the Lagrangian for gravity is invariant under this transformation, we get a
redundancy in the description of the physical system. This redundancy can also be seen
from the path integral formulation of the generating functional

z- / D[h] exp(i S(h)) = / DI exp(i / d%ﬁ(h)), (2.27)

where the measure [ D[h] is performed over all configurations of h, including those config-
urations that are equivalent under the gauge transformation, Eq. (2.26).

Because of this, we need to choose a gauge condition to build two Lagrangians which
together can remove this redundancy. The first Lagrangian is to fix the gauge, and the
second Lagrangian is to correct the first one depending on the choice of the gauge condition.
In other words, we need to insert a Lagrangian for fixing the gauge Lrg and a Lagrangian
for ghosts Lqp into the Lagrangian for gravity in order to remove this redundancy. In the
path integral formalism, this means that using Lpg and Lgy will correct the measure [ D[h]
to be performed over the correct configurations of h. Next, we will follow the Faddeev-
Popov method to derive the Lagrangian for fixing the gauge Lrg and the Lagrangian for
ghosts Lgp.

The Faddeev-Popov method depends on multiplying the generating functional by two
identities and then performing the integral in order to get a new generating functional with
two new terms, where one of them is related to Lrg and the other is related to Lag.

To do that, we use the following identity, always taking into account the gauge trans-
formation Eq. (2.26),

1= [ DI §(C.l1) - Fuw) A(w). (2.28)

13



2.4 Lagrangians for Fizing Gauge and Ghosts 2 Theoretical Background

where C,(h) = F,(x) is the gauge condition, and A(h) = det (%gﬂ) is Faddeev-Popov
determinant.

Since the generating functional Eq. (2.27) does not depend on &, it is possible to insert the
above identity into it as

z- / DI DIE) 6(Cuh) — Fy(a)) A(h) explis). (2.29)

We also use the following identity

1 =N / DIF] exp< - 216 / d4xFl,(x)F”(x)), (2.30)

where N is a normalization constant, and € is a parameter.
Again, since the generating functional Eq. (2.29) does not depend on F(z), it is also
possible to insert the above identity into it as

Z-N / DIF) D[R] DIe] 5(C,(h) ~ Fy(x)) A(h) exp (iS5 — i / A2 F, (1) ().
(2.31)

Then, performing the integral over &, F/(z) yields

Z_N / DI A(h) exp (i85 - i / a' C, (e (1)) (2.32)

where N’ is a new normalization constant. However, the Faddeev-Popov determinant
A(h) can be written in terms of an artificial vector fermion field yg, the ghost field, and
an anti-fermion field y,, the anti-ghost field, as

A(h) = det (%) = /D[X]D[)(] exp (i/d4x X % X’8> . (2.33)

Thus, the generating functional becomes

Z=N' / D[] D[x] D[x] exp <zs+z’ / d4x<>‘<"‘ acazih) Xﬁ) — / d%(%cy(h)@’(h))) ,

where we have two new terms:

e Lagrangian for ghost fields:

ICq(h
Eghost(j(» X5 h) = on ( ) Xﬁ . (234)
9¢s
e Lagrangian for fixing gauge:
1

where € is a parameter that can be chosen differently for different gauges. However,
Feynman—'t Hooft gauge, ¢ = 1 will be used throughout the thesis.

14



2.5 Total Deriwative Lagrangians 2 Theoretical Background

Finally, we calculate Lrg and Lgpest in two approaches. In the standard approach, we use
the de Donder (harmonic) gauge condition

Culh) = K| By — %aﬂh;] . (2.36)

In the simplified approach, we use a general parameterized gauge condition which contains
all possible combinations for (0h, Ohh, Ohhh) as given below

C.(h) = & [bla“h,w + anﬂh,/}
+ K2 [bgauhl,”ha“ + byDph" Py + 050" By b & + by By h”®
1O e+ 05D BBy |
+ K [bgauh,j’haahﬁﬁ + 100,40, B hag + 110, B hyahy + D120, b PR,
+ 130" hywho Ry’ + 0140” huh hag + bisdyhuah”* by + b160” huah® s,
+ bir0 0 huahy” + 0150 B huahup + b190” huahyush®® + bagah,” hysh®”
+ 0210"h hyhy” + b0 B P hyhag | + - (2.37)

where b; are the parameters that will be chosen later to simplify the Feynman rules as
much as possible. In addition, note that we consider only up to three powers of h which
are relevant to the lowest order vertices, that we need to calculate scalar-graviton scattering
to one-loop as will be shown later.

2.5 Total Derivative Lagrangians

In general, a transformation of the fields is a symmetry transformation if the Lagrangian
changes by a total derivative [1]. This means that adding total derivative terms to the
Lagrangian does not change the physics that it contains. We can see this from the principle
of least action. Adding a total derivative term to the Lagrangian

L = L=L+0,Fh), (2.38)

the variation of the action remains zero. Explicitly,
65 = 5/d4m/f = 6/d4:c(£ + 0, F"(h)) = §/d4x£ + 6/d4x8HF“(h) =0, (239

where 65 = § [d*zL = 0, and the infinitesimal variation of the total derivative part
vanishes by the assumption that F' vanishes at the boundary of integration.

In other words, adding total derivative terms to the Lagrangian is equivalent to doing
integration by parts. For example,

/ d*z ¢ 0,0"p = / d*z 0,(¢ 0"¢) — / d'z 0,0 0'p = 0"

— / d*z 0,0 09

6V

=— / d'r 9,0 0"¢p. (2.40)
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2.5 Total Deriwative Lagrangians 2 Theoretical Background

<- AGRe -~

In addition, the freedom of adding total derivative terms can also be seen from applying
momentum conservation in a vertex in momentum space. For example, if we consider the

term ¢ ¢ 0"0,,¢ and then add the total derivative —0"(¢ ¢ 0,¢), we get
¢ 0"0up = ¢ 00y — 0" (9§ D) = —2¢ 0" D0,
= ¢ ¢ "0 = —2¢ 0") 9. (2.41)

These partial derivatives give momenta in momentum space. So, assuming that all the
momenta in this vertex are ingoing, equation (2.41) can be represented in momentum
space as

207 + 5 +15) = —4(p1 - p2+p1 s+ p2 - p3)- (2.42)

This result also agrees with momentum conservation in this vertex

PLtpe+tps=0, = (Di+p2a+p3)? =0, = pl+ps+p;=—2(p1-p2+Dp1- ps+ps-p3)-

In this thesis, we use this freedom by adding a parameterization of all possible total
derivative terms which are relevant to the lowest order vertices. This means that we use
the expansion up to four h for the gravitational field,

1
Lrp(h) = —0" [m [alaﬂh; + agé’”hw] + K2 [agauh;*hﬁﬁ + @10, h hay + a50%hah,”

o oD h® + a7l 0uh + ashyadh,*| + 5 [asduh, o h

+ a100,h, B hag + anOuhuahhy + a120,h" ", hag + 130" hyh "y
+ a100" hy h*Phag + a150, huah”*hy + a160" hyahysh® + ai70,h*hyhy
+ a180, B hyugh,” + a190"h, byl + a200” W by hag + a210,h*hysh””
o a0 D hyahys| + 5 [0l g + i@t 1 s

+ 42500, B hss + a260° huah B s 4 agr0 hyuah B hos

+ @280 hyuhPh P hisg + 290, haph™ b Thy + azo0,hash® hysh ™

+ a3100 50" B hs® + 3200 R, 5h PR b + a330°h, hygh.

+ @340 0, hugh P hos + azs0P Ry ghan by’ + azed’h* hysh. hsa

+ @370, 8 hyuph Ths® + azsOahhysh P hog + azg0“ W hyghay b

+ a0 W hyugh Chsa + an b hugh® h® + a1p0,h* by gh? heg

+ 4430 hoalsh hs® + a4400hashsh? R 4 a4505h° hysh P hoys

+ ag6’ h,hush hos + a0 hyghan B hs® + a4g0ah,sh® WP hos

+ aiodh™ R b + asoduh T o | 4 (2.43)
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Q0

<- NGO =

up to three h for the scalar field

Lrp(p, h) = 0" [dﬂﬁ@,ﬁﬁ +K [dﬂp?auh; + d30*0" hyyy, + dadD, 00, + dsdpd” dh,,,

+ K2 [d6¢26uhu"hof‘ + d720, 1 hyey + dg 0" By b, + dod? O,y
+ diod? 0 h Py, + di1 870" Rl + di2¢0,0h, hS + di3$0, P iy
+ dyy 0" Shyh,® + d15¢au¢huah”a} + K [dqu?auhmhmh e

+ dir ¢ hyh " hy + disd* 0, huahhy + digd*0,h" huah g’

+ dao¢?0 hohyhy + do1d0,0h, 1, by + doad0u R hyohy

+ dp300” Ohyu b, hy + doad, dhyuah’ b’ + @@%ﬁ/hﬂﬂ e

(2.44)
and up to two h for the ghost and antighost fields

Lrp(x, X, h) = 0" [hlx”auxu + k| hah"* X, 0uXa + haXuOaXuh™™ + haX” Opuxhy”
+ hs X" O xphe™ + heX 0 Xalyw + he X" 0" X o + hs X0 X hyua
+ hoX 0" xvho™ + hioXu0" X  hua + 11X 0% Xu e + P12 X" 0% Xa Py
+ hisXoOuXa "™ + hiaXuOux ™ + hisX 0 Xxah”
+ K2 [hm)@@”xyh;“hf + h21>_<u3uXahmh5ﬁ + hoa X0 Xahugh™”
+ hosXu X o hg” + hoa X0 X B hag + has X0 xah"hy’
+ hooX" O Xahush®™ + har X/ 0 Xuhuahy” + hosX” OaXuhysh™®

+ hQQXuaathyahﬁﬁ + hSOXVaathuﬂhaﬁ + h31>_CyaaXahu,uh55
+ h32XVaaXahVBh,uﬁ + hBSXVaaX,BhV,uhaﬁ + h34>zyaaxﬁhuo¢h,u6

B0 X5 e + Py X0 Xh™has | | 4+ (2.45)

where a;, d;, h; are parameters that we choose later to simplify the Feynman rules. Mainly,
we use them to get rid of terms that have second order derivatives of the fields (e.g., d0h)
as we show later in more detail.

2.6 Field Redefinition

The field redefinition freedom follows from the equivalence theorem [10] which states that
the S-matrix in quantum field theory remains unchanged under reparameterization of the
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2.6 Field Redefinition 2 Theoretical Background

field operators. We can illustrate this theorem by taking a scalar field ¢ as an example,
where the generating functional is given by

Z = / D[#] exp (z / d'z L(o, Qﬂb)). (2.46)
Now, redefining the scalar field ¢ — ¢ = ¢ + a1¢* + a2 + - - -, we get
Z = /D[gz;] exp (z /d4x L(, 8,@5)) : (2.47)

This redefinition is allowed as long as the Jacobian of the integral is essentially one [10)].
Similarly, we can also redefine the other fields: h,,, x, and ¥.

Now let us explain how the field redefinition can simplify the Lagrangian. Consider the
following field redefinition for the gravitational field

Buas = Wy = i+ 5 @by, + arhyh | 4 (2.48)

Inserting this into A, aﬂh”o‘&lhﬁﬁ , which is part of the triple graviton vertex, as an illus-
tration gives

hyw O"h"*Oh — hyw "W 0uhy + ay k hyyh,) MR Oohy’

+ asKhuh) "R 0h + -, (2.49)

— - —

Figure 3: Field redefinition for the triple graviton vertex.

Thus, the field redefinition generates an expansion of the triple graviton vertex as shown
in Fig. 3, giving two new contributions for the quadruple graviton vertex with the two
parameters (ai,az). So, by choosing a proper value for these parameters, we can cancel
some of the contributions to the quadruple graviton vertex in the standard Lagrangian.

For our fields, we use the most general parameterized expansions which are relevant to
the lowest order vertices. This means that we write all possible parameterized combinations
up to four A for the gravitational field h,, as

B = hyy + 5 [clhwhﬁ + CQhWhaa]
+ K [03h,whaah &+ cahuwh®hag + cshuah, g + cohyuah,sh™®
1 et B+ by hot W i + oy h® T R
+ crohuahy, i B + crihuah, hay T + ciahyah, sh h.)
+ c13huah PR he | + - (2.50)
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up to three powers of h for the scalar field ¢ as
¢ =¢+ K[elhaaqS]

e [egh;hﬂ% + eghaﬂha%}

e [e4ha“hﬂﬁhg¢ + eshash®®h. 76 + e6ha5h;hm¢] b (2.51)
up to two powers of h for the ghost field y,, as

Xp = Xu+ K [glhof“xu + gghauxo‘}
+ K2 [ggha‘"hﬂﬁxu + 91h P hapx + gsho " heuxs + gﬁhaﬁhwxg} +e (2.52)

and up to two powers of h for the anti-ghost field x, as

XL =Xpt+HK [flhaaiu + fzhaux"}
52| faho ™ X+ Fih s+ fsh b X+ fsh™ hauXs] + -+ (2:53)

where ¢;, e;, g;, f; are parameters that will be chosen later to simplify the Feynman rules.

3 Feynman Rules

In this section, we calculate the standard Feynman rules [0]. After that, we explain our
strategies to simplify the Feynman rules for gravity, and then we show the resulting sim-
plified Feynman rules.

To perform these calculations, we use the FORM program which is a symbolic manipu-
lation system that can manipulate symbolic expressions and do mathematical operations,
then return symbolic results [14, 15]. In addition, some short pieces of code that are
relevant to our calculations are shown in App. F.

3.1 The Standard Calculations

First, we calculate the Lagrangian for matter up to three powers of A and the Lagrangian
for gravity up to four powers of h from Eqgs. (2.14, 2.15) respectively using the expansion
Eq. (2.13) and the definitions (2.6—2.10). Second, we calculate the Lagrangian for fixing
the gauge up to four h and the Lagrangian for ghosts up to two h from Egs. (2.35, 2.34)
using the de Donder (harmonic) gauge condition Eq. (2.36) and the gauge transformation
Eq. (2.26). Thus, we get the total Lagrangian as

'CTotal(ha ¢7 X5 X) - LGravity(h) + ﬁMatter(h7 ¢) + £FG(h> + EGhost(X; >_(7 h) . (31)

From this total Lagrangian, we get the standard Feynman rules which are listed in App. B.
We have also verified that they agree with the Feynman rules in [0].
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3.2 The Simplified Calculations

Again, we calculate the Lagrangian for matter up to three powers of A and the Lagrangian
for gravity up to four powers of h from Egs. (2.14, 2.15) respectively using the expansion
Eq. (2.13) and the definitions (2.6—2.10). Second, we calculate the Lagrangian for fixing
gauge up to four h and the Lagrangian for ghost up to two h from Egs. (2.34, 2.35)
using the general parameterized gauge condition Eq. (2.37) and the gauge transformation
Eq. (2.26). Third, we add the total derivative Lagrangians Eqs. (2.43—2.45). Fourth, we
put the previous Lagrangians together to obtain the total Lagrangian as

ETotal<h7 ¢7 X >_<> - ‘CGravity(h) + EMatter(ha ¢) + EFG(h) + ﬁGhost(Xa X? h) (32)
+ Lrp(h) + Lrp(é, h) + Lop(x, X h) -

After that, we redefine all the fields in the general parameterized way as given in Eqgs. (2.50—2.53).
Thus, we get the total Lagrangian Eq. (3.2) with eight sets of parameters:

h ¢ X X
Lrp (al,"' ,a5o) (dh“' ,d25) (hla"‘ 7h36)
Field Redefinition | (¢p,---,c13) | (e1,-+-,e6) | (f1,- 5 f6)s (g1, , 6)
Cu(h) (b, -+, ba)

Finding the proper values of these parameters by inspection is what took the most time
in this thesis. In order to find suitable values for the parameters we used the following
strategies:

1. Ensuring the same propagators as in the standard calculations.

2. Minimizing the number of terms as much as possible, especially for the triple and
quadruple graviton vertices.

3. Cancelling all terms that have second order derivative of our fields as d0h. Because
when we integrate by parts, the second order derivative of our fields as hd0h gives
two terms that have first order derivative of our fields as 0hdh. Some of these terms
can cancel terms in the standard Lagrangian.

4. Trying to keep terms that have the same indices for the partial derivatives, such as
OuhyoO*hY and not 9,h,,0"h**, in order to get simpler expressions in momentum
space.

Thus, we choose the parameters as given in App. A, where we list each set of the parameters
separately and we also show the parameters that contribute to each Feynman rule. These
parameters are the main results of our work.

To illustrate the simplified calculations, let us take an example of the triple graviton
vertex from our work. The FORM code for the total Lagrangian of this vertex is shown
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3.2 The Simplified Calculations 3 Feynman Rules
below, where only parameters from the following sets (cq,co, -+ ,13), (a1, a9, -+, aso),
(by,ba, -+, byg) can appear:
Result
LagT3 =
+ H(mu,mu)*H(nu,nu)*H(al,al,be,be)*Fact (1 + 4*a9,4)

+ + + + + +++ 4+ 4+ ++++++F+ A+ + 4+

-

H(mu,mu)*H(nu,nu) *H(al,be,al,be)*Fact( - 1 + 4x*xal3,4)
H(mu,mu)*H(nu,nu,al)*H(al,be,be)*Fact( - 1 - b5 + 2%b3 + al9 + 2x*al3,1
H(mu,mu)*H(nu,nu,al)*H(be,al,be)*Fact (1 + 2%b5 + al7,1)
H(mu,mu)*H(nu,nu,al,be)*H(al,be)*Fact( - 1 + all,1)
H(mu,mu)*H(nu,al)*H(nu,al,be,be)*Fact( - 1 + al19,1)
H(mu,mu)*H(nu,al)*H(nu,be,al,be)*Fact(2 + al7 + al5,2)
H(mu,mu)*H(nu,al)*H(al,be,nu,be)*Fact(2 + al7 + al5,2)
H(mu,mu)*H(nu,al,al)*H(nu,be,be) *Fact (1 - 4*c2 - 4*xb3 + 8*a9,4)
H(mu,mu)*H(nu,al,be) "2*¥Fact( - 3 + 4*c2 + 4x*all,4)
H(mu,mu)*H(nu,al,be)*H(al,nu,be)*Fact(1l + 2*al5,2)
H(mu,mu,nu)*H(nu,al)*H(al,be,be)*Fact(2 + 2*b8 - b7 + a2l + al7,2)
H(mu,mu,nu)*H(nu,al,be)*H(al,be)*Fact(2 + 2*xb4 + a20 + 2x*al4,2)
H(mu,mu,nu)*H(al,nu,be)*H(al,be)*Fact( - 4 + 2*b6 + a22 + al8,2)
H(mu,mu,nu,nu)*H(al,be) "2*Fact( - 1 + 2*xal0,2)
H(mu,mu,nu,al)*H(nu,be)*H(al,be)*Fact(2 + al2,1)

H(mu,nu) "2*H(al,be,al,be)*Fact (1 + 2*xal4d,2)
H(mu,nu)*H(mu,nu,al)*H(al,be,be)*Fact(2 - b6 + a2l + al5,2)
H(mu,nu)*H(mu,nu,al)*H(be,al,be)*Fact( - 4 + 2*b6 + a22 + al8,4)
H(mu,nu)*H(mu,nu,al,be)*H(al,be)*Fact(2 + a20,1)
H(mu,nu)*H(mu,al)*H(nu,al,be,be)*Fact(2 + a21,4)
H(mu,nu)*H(mu,al)*H(nu,be,al,be)*Fact( - 4 + al8 + al6,1)
H(mu,nu)*H(mu,al,nu,be)*H(al,be)*Fact( - 2 + a22,2)
H(mu,nu)*H(mu,al,al)*H(nu,be,be)*Fact( - 1 - 2*b8 + 2*al9,2)
H(mu,nu)*H(mu,al,al)*H(be,nu,be)*Fact(2 + 2¥b8 - b7 + a2l + al7,4)
H(mu,nu)*H(mu,al,be)*H(nu,al,be)*Fact(3 + 2*a20,2)
H(mu,nu)*H(mu,al,be)*H(al,nu,be)*Fact( - 2 + a22 + al6,1)
H(mu,nu)*H(mu,al,be,be)*H(nu,al)*Fact(6 + 3*a21,4)
H(mu,nu)*H(nu,mu,al)*H(al,be,be)*Fact(2 - b6 + a2l + alb,2)
H(mu,nu)*H(nu,mu,al)*H(be,al,be)*Fact( - 4 + 2*xb6 + a22 + al8,4)
H(mu,nu)*H(nu,al,mu,be)*H(al,be)*Fact( - 2 + a22,2)
H(mu,nu)*H(nu,al,al)*H(be,mu,be)*Fact(2 + 2*¥b8 - b7 + a2l + al7,4)
H(mu,nu)*H(al,mu,nu)*H(al,be,be)*Fact( - 1 + c2 - c1 - b4 + all + 2xal(
H(mu,nu)*H(al,mu,nu)*H(be,al,be)*Fact(2 + 2xb4d + a20 + 2*al4d,2)
H(mu,nu)*H(al,mu,al)*H(be,nu,be)*Fact( - 2 + 2*xb7 + al8,1)
H(mu,nu)*H(al,mu,be)*H(al,nu,be)*Fact(3 + 2*cl + 2%al2,1)
H(mu,nu)*H(al,mu,be)*H(be,nu,al)*Fact( - 1 + al6,1)

Result
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Here Fact (x,y)= i, H(mu,nu)= h,,, H(al,mu,nu)= d,h,, H(al,be,mu,nu)= 0,03h,. ,
and all the indices are contracted in the proper way.

Now, if we plug our choice of the parameters as shown in App. A, we get the following
simplified expression for this vertex:

Result
Time = 5.66 sec Generated terms = 4
LagT3 Terms in output = 4
Bytes used = 444

LagT3 =
+ H(mu,mu)*H(nu,al,al)*H(nu,be,be)*Fact(1,8)
+ H(mu,nu)*H(mu,al,be)*H(nu,al,be)*Fact(-1,2)
+ H(mu,nu)*H(mu,al,be)*H(al,nu,be)*Fact(1,1)
+ H(mu,nu)*H(al,mu,nu)*H(al,be,be)*Fact(-1,4)

b

Result

As a result, we efficiently reduce the triple graviton vertex from 40 to 4 terms. In the next
subsection we will show all the simplified Feynman rules that we obtain.

3.3 The Simplified Feynman Rules

Here we present the simplified Feynman rules that we obtain from our choice of parameters,
in App. A, together with some comparisons with the standard Feynman rules that are given
in App. B. As already mentioned, our choice of parameters ensures the same propagators
as in the standard Feynman rules. For completeness, we give below the Lagrangian and
the corresponding propagator in momentum space for the scalar field ¢(Q)

1 1
Lyy = BY 90" ) — §m2gb2 ’ (3.3)
6(Q) o ¢(Q)
in momentum space
7
Stoay(@m) = Sy s e
for the ghost field x(Q)
Lizxy = —UW&X"@A 7, (34)
X“Q) . xX*(Q)
a in momentum space

af o { o
S{gx}(Q) - _@77 7,

and for the gravitational field h*%(Q)
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<- NGO =

Loy = %auhmﬁ“h” - iauh,,”a“hg, (3.5)
hf(Q) o h(Q)

NN 1
AN In momentum space

2 PP
S{mj} (Q)—@P e

1
where P87 — 5(770477756 + @pPT — By,

Turning now to the vertices, our choice of parameters successfully simplifies most of
them, comparing with the standard ones as listed in App. B. Here we discuss each vertex
separately. First, our main effort is to get the simplest form of the triple graviton vertex
Vvéhp};};};\(ql, @o) since it can appear in many one-loop diagrams, as shown in Sec. 5, and its
standard expression has 40 terms, as shown in Eq. (B.6). This can lead to messy calcu-
lations when this vertex appears twice or more in a diagram. For example, a diagram
with three triple graviton vertices such as Fig. 12i can give about 64 000 terms. How-

ever, using our choice of parameters, we successfully reduce it to just four terms as follows
Kol o aquy B uv aB
Lo = §<Zhu Dh O h S — WD, hP 0, s (3.6)

1
+ 2D, Dy — §h“”8ahm,8ahﬂ6> ,

+ fixs (1) in momentum space
{hhh} K1
y N Vispom (a1, @2) = i5 | 512 (MpoThysTlon = Moo ThnTlsx = NpnTloaThs)
1
+ §Q1-q3(77pcr77'y§77n)\ — Nor Mo Inx — TpyTloATlvs)
hpa(QQ) hn)x(qS)
1
+ §q2-q3(—npawnm + NpoThmsx + MpyNosTinn)
<Q3 =G — QQ>

— 20 Mosq1n@2x + NpyNon (G225 — G22q35)

+ 2050y (Q1oG2x + G10G30) + NppNord2yq3s

+2 77,07777%((110%5 — §26030) — 77’771775)\q1pQ3o':| .

Second, in addition to the triple graviton vertex, our main goal is to get the simplest form
of the quadruple graviton vertex V'y{ﬁhp}gz};\};{e(QM ¢2,q3). This vertex has a very complicated
standard form, 113 terms, as shown in Eq. (B.7). In our method, the parameters in App. A

successfully reduces the number of terms to just 12 as follows
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Q0

<- NGO =

5 v Baag, T 1 va BT
D ORS00l

— h AR 0,0 Oghar + hFh*ghy, 0",

2
K
L = —
hoole) — hogp(gs) ™ 4<

1
— ghwhwaahﬁﬁaah; + 7 Dby RO h,

1
+ Zhﬂ"auhaahyﬂaﬁhTT — 20", h P o0 g,
+ W 0y haphy 0"h? — 2 B 0, hash® 0, b,

o (g2) Pie(qa)
’ B R Dshur O + 2 WD, hash ™ O Ry ) . (3)

Third, the scalar-scalar-graviton vertex Va{g oh} (p1,p2, m), which is the only vertex that has
the same expression as in the standard rules Eq. (B.2), is given by

K 1 1 4 174
+ Pasl@) Loy = (= Ih 6t + 10, 0,00°0 — W0,00,0) (3.8)
in momentum space
Vig¢h}

o(p1) P(p2)

K
(p1,p27 m) = 35 |:(p1ap2,5 + Pzaplﬁ) - naﬁ(pl-p2 - m2)] .

Fourth, as mentioned before, the parameters are chosen in order to get the triple graviton
and quadruple graviton vertices as simple as possible, but at the same time the scalar-
scalar-graviton-graviton vertex Vv{fpﬁhh} (p1, p2) is surprisingly reduced from six terms, as in
Eq. (B.3), to just two terms. Moreover, this vertex is now independent of the scalar mass

m as follows

I<02

1
o(p1) B(p2) L pphh = 1 (hw/hua P00 — §hu“h”“8,,¢8a¢> , (3.9)

in momentum space

A7 4 2

hh .
A N VPO (py, o) = ry [ — N6 (P1pP20 + ProP2p) + Myp(P16P20 + ProP2s)
+ o (P15D2p + P1pP26) + N5p(P14D20 + DioP2y)
has(ar) hpo(g2) + Nso (P14P2p + P1pD2+) — Npo (D1P26 + P16P2+) | -

Fifth, the scalar-scalar-graviton-graviton-graviton vertex Vv{gi(i’;}zh} (p1, P2, q1, q2) is reduced

from 10 terms, as in Eq. (B.4), to seven terms in the simplified method, where this reduc-
tion is due to the choice of the redefinition parameters for scalar field ey, eg as shown in
Tab. 8, as follows
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Q0

<- NGO =

hpU(QQ)

K311 1
‘C¢¢>hhh = g [ - Zm2¢2huﬂhllahua - 1_6¢ 6M¢6#huyhaahﬂﬁ
1 1
h»yé ((h) h)\e(Q3) o §¢ au¢8uhuahyﬂhaﬁ + Zauﬁba“(bhyyhaﬂhaﬁ

1 1
+ gﬁugbaygbh“"hao‘hﬁﬁ — §8M¢8”¢h“°‘hmhﬂ5

o(p1) 6(p2) — 060" $hyahysh™ | (3.10)
Sixth, the ghost-ghost-graviton vertex %g%h} (p1,p2) also appears in our one-loop diagrams

as shown in Sec. 5. It has 11 terms, compared to 8 in the standard vertex, and it takes the
form

hoo (1) Loy = g( — X700 h "+ Xu 0" X O™ + 2 XX 0y O0uht®
1

- éiuauxyauhaa - XuauXaa'uhVa + )ZuaVXaaath
- aMXMaVXahVa - a”féyauthaa _ ,uXVaMXahVa
+ 8, Oax” he — 0u>zyaaxah“”> . (3.11)

X~(p1) Xs(p2)

Seventh, the ghost-ghost-graviton-graviton vertex ‘/fa’ﬁ’é}iﬁ}(pl, P2, q1) is the last vertex that
is needed in the calculations of our one-loop diagrams, where it appears in Fig. 12e. It has
29 terms while it vanishes in the standard rules. It can be written as

K,2

Lo = g( 0N a5 + XWX hyadsh®P + 2 X, 0" X" O, h P B
+ X" X O huahy” + 2 X, X W0, 00 + XX Ouh, "0,
+ 20X O hua 0" + 2 XX 0, 0% hal + X0 X uhuaOh”
+ X0 X B 0ahy” — X"0" X0 Oahush® + X' 0 X By Oah s’
+ XuO X P hop — XPOX Ouhuahy” — XM O X MOy hs’
+ X0 X N0 ® hg — X OXOuhg e — X0 X Oy huahs’
— AN X P00’ s + X0 X Oubywhy — 0%, 0" X Puahy’
— "X 0 X h ™ hap — 20" X" 0 X huahs” + 0" X" O Xyl
— "X 0" Xahyuhs” — 0" X0 Xahyush® — 40" X" 0°X My has
+ 2045 0°X Rl + 2 aﬂx”aaxﬂhwhm) . (312)

xXa(p1) Xe(P2)

hw (Q1 ) hpa (q2)

Our ghost vertices above are more complicated than the standard ghost vertices because
our general parameterized gauge Eq. (2.37) is more complicated than the de Donder gauge
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4 Tree Level Scattering

Eq. (2.36). However, the ghost vertices just appear in few diagrams in scalar-graviton
scattering as shown in Sec. 5, so they do not affect our calculations so much if they have
slightly more complicated form.

Finally, after deriving the simplified Feynman rules, it is time to apply these rules on
scattering processes as shown in the next section.

4 'Tree Level Scattering

Now all the ingredients are in place to start the calculations, but before diving into one-loop
diagrams, we calculate the amplitudes of scalar-graviton scattering and graviton-graviton
scattering at tree level. So, we first show how we use the helicity formalism [11] to express
the resulting amplitudes at tree level. After that, we calculate these amplitudes by using
the simplified Feynman rules, as shown in the previous section, then repeat the calculations
for the same amplitudes but using the standard Feynman rules, as shown in App. B. Finally,
we compare the results obtained in the two ways and check against published results where
available.

4.1 Helicity Amplitudes

A helicity amplitude is an amplitude M that is evaluated for fixed helicity of the external
particles, where the helicity of a particle is the projection of its spin on its momentum.
Namely, if we consider the process: a; + as — as + a4, then the total amplitude M will
be decomposed into helicity amplitudes My, x,:x;,0,) €ach one representing the amplitude
of transition from a particular helicity state i, Ao of the incoming particles a,,as to a
particular helicity state A3, A4 of the outgoing particles as, ay.

In our case, the graviton has a polarization tensor efff (p) for helicity +2 which can be
written in terms of the polarization vector e;'(p) for helicity +1 as

6 (p) =€, (p)e, (D).

In addition, the graviton is a spin-2 massless particle of a symmetric gravitational field
hyw. This implies that its polarization tensor €,, is transverse, traceless and symmetric
[11]:

pres(p) =p’e(p) =0,
e (p) =€ (p) =0,

€ (p) = €5, (D)

where our choice of polarization vectors and four momenta in the Center-of-Mass frame
(CM) are given in App. C together with other useful kinematic relations.

Finally, helicity amplitudes have some useful properties. For example, in general the
results are given by simple expressions and the total amplitude can be squared directly
without having to use the completeness relations. Above all, only some of the helicity
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4.2 Scalar-Graviton Scattering 4 Tree Level Scattering

amplitudes are actually independent. The others can be calculated by using various sym-
metries [7], such as parity

M ainng) = (D™ Mag—xi—a-x) (4.4)
time-reversal
Mg ranag) = (D™ "M aanana) » (4.5)
charge conjugation
Mg ranag) = (D™ " Moy asne ) » (4.6)

and exchanging bosons
M s i) (8:8,1) = (1) Mg ) (5,1, 1) (4.7)
where m = A\ — Ay, n = A3 — \; and sq, s9, S3, S4 are the spin of the particles.

4.2 Scalar-Graviton Scattering

For this process, there are four possible diagrams at tree level as shown in Fig. 4. We
use the helicity amplitudes formalism, as discussed before, to write down the amplitudes.
For this process we have two independent helicity amplitudes Mo 42.0,42), M 0,+2:0,—2) and
the others can be obtained by applying the symmetries that are given in the previous
subsection.

,uu p2 aB p4

Dl AT ol e

Flgure 4: Scalar—Grawton scattering at tree level, where (a), (b) and (c) represent s, t and
u-channels respectively, while (d) is just a simple scalar-scalar-graviton-graviton vertex.

The amplitudes of the respective diagrams in Fig. 4 can then be written as:
My = e (p2) Vi (pr, Quom) S(Qum) Vg™ (ps, Qrm) < (p),
My = e (p2) V5" (pr,ps,m) Sons(Q2) VUM (p2.pa)  €P(pa),
M) = " (p2) V{zibth} (p1,Q3,m) S(Q3,m) ng)d)h}(p:s, Q3,m) *Q’B(pz;)

Ma) = ¢(p2) ijjﬁ Ypips)  (pa), (4.8)
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4.3 Graviton-Graviton Scattering 4 Tree Level Scattering

where ()1 = p1 + p2, Q2 = p1 — p3 and Q3 = p1 — pa.
Adding these amplitudes together, we get the total amplitude as

M Total) = Ma) + M) + M) + Mq) - (4.9)
In the helicity formalism, this total amplitude can be written as
M (Totat) = M(0,420,+2) + M(0,-20,—2) + M0 42:0,—2) + M0,-2:0,+2) - (4.10)

Using the simplified Feynman rules that we derived in the previous section and applying
kinematics in the CM frame according to the choice of momenta and polarization vectors
as shown in App. C, the two independent helicity amplitudes are given by

k}4
Miozosn = H oy (14 cos(8))” [m" + 4km®E + 8k*m? + SK°E + Sk']
) k* m?

Mo420,-2) = K i (1 — COS(Q))2 ,

(s —m?)(u—m?

where 6 is the scattering angle and £ is the momentum of the incoming particles in the
CM frame.
However, in the CM frame, we have:
2 2
s =m"+2k” + 2kE,
E?*=m?+ k.

Then, the two independent helicity amplitudes can be written as:

k* s? 2
. = K? 1 4.11
M(0,+270,+2) K (S — m2>(u _ m2)t( + COS(@)) s ( )
E*m* 2
2
M, 420,-2) = K (5 — m?)(u — m2)t (1~ cos(9))".

After obtaining the results with our simplified Feynman rules, we can start the process
of comparison and checking the results. First, we have verified that the standard Feynman
rules in App. B give the same results for the independent helicity amplitudes Eq. (4.11). In
addition, our results for the scalar-graviton scattering helicity amplitudes also agree with
the results of M. T. Grisaru and P. Van Nieuwenhuizen and C. C. Wu in [7].

4.3 Graviton-Graviton Scattering

For this process, there are also four possible diagrams at tree level as shown in Fig. 5, and
the helicity amplitude formalism is again used to express the final results. This process
has four independent helicity amplitudes Mo 19,19 12y, M(42,-2.42.-2), MG24242,-2)
My2,42,-2,-2)-
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4.3 Graviton-Graviton Scattering 4 Tree Level Scattering

-— Q0

< AFRe .
h)\p P4
/,w pl 75 p3

Figure 5: Graviton-Graviton scattering at tree level, where (a), (b) and (c) represent s, t
and u-channels respectively, while (d) is just a simple quadruple graviton vertex.

The amplitudes of the respective diagrams in Fig. 5 can then be written as:

v h oeR hhh} % %

M(a) =€ (pl) ( ) Vjuaﬂna(Z?l?pQ) ?hh} (Ql) ’7{5)\pel€(p37p4) € 75(p3)€ Ap(p4) )
v hh TER hhh} *

My = & (01’ (02) Vipniino(01,03) S{ii(Q2) Vigsek (p2,pa) €7 (03)e¥ (pa)
v hh TER hhh} * *

M(C) = ¢ (pl) ( ) Vjuaﬂga<pl7p4) S?hh} (Q?)) 7{5)\pen(p27 p3) € 76(p3)€ )\P(p4) ’

Mgy = " (p1)eP (pa) VIS (b1, p2.p3) €7 (p3)e™ (pa), (4.12)

where )1 = p1 + p2, Q2 =p1 — p3 and Q3 = p1 — pa.
Adding these amplitudes together, we get the total amplitude as

M (Totar) = Ma) + M) + M) + Mgy . (4.13)
In the helicity formalism, this total amplitude can be written as

Mtotal) =  Mqa4242,42) + M(2,—2,—2,—2) + M(42, 242 —2) + M2 42,2 42) + M2 2212
+ Mo q2.40,-2) + Mo yoqo o) + Mo oo 10y + Mo 040 10) + M2 10,0 9
+ Mo q2—2,40) + Mo 040 o) + M2 o0 10) + Myo 20 0) + M(42 12,2 2
+./\/l(

2,-2;42,42) -

Again, using our simplified Feynman rules and applying kinematics in the CM frame gives
the four independent helicity amplitudes:

M 215
. =K - —
(+2,42;+2,+2) 1tu’
1 u?
M(+2,—2;+2,—2) = K’ 4_1 E ) (4-14)

M(+2,+2;+2,—2) =0,

M 42,49-2,-9) = 0.
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5 Omne-Loop Correction

Applying the symmetry relations Eqs. (4.4—4.7) gives all helicity amplitudes for graviton-
graviton scattering:

1 s

J— — 2 —_—

M(+2,+2;+2,+2) = M(—2,—2;—2,—2) K At
1 u?

Mso—s4a—2 = Mg 40919 = K~ —
(+2,—2;4+2,—2) (—2,42;—2,42) = R 1st

, 1

Ms2,-2-2.42) = M(-22i42-9 = K7 7 — (4.15)

M(+2,+2;+2,72) = M(72,72;72,+2) = M(+2,72;+2,+2) = M(—2,+2;—2,72) =0,
M(+2,+2;72,+2) = M(,27,2;+27,2) = M(—2,+2;+2,+2) = M(+2,—2;72,72) =0,
M(+2,+2;—2,—2) = M(—2,—2;+2,+2) =0.

Once more, comparing with the standard Feynman rules, the same results are reached.
Our results for these helicity amplitudes also agree with the results of J. F. Donoghue and
T. Torma in their paper [8] and M. T. Grisaru, P. Van Nieuwenhuizen and C. C. Wu in

[7]-

5 Omne-Loop Correction

While the goal in the previous section was to verify the simplified Feynman rules, the goal
in this section is to show the usefulness of these rules at loop level. So, we first show how
to treat the loop integrals in the loop calculations by using dimensional regularization and
the Passarino-Veltman method [1, 12, 13]. After that, we calculate some one-loop diagrams
for scalar-graviton scattering using the simplified rules, then repeat the calculations using
the standard rules, and finally compare the results obtained in the two ways.

5.1 Loop Integral

To calculate our loop integrals, we use dimensional regularization with Passarino-Veltman
reduction since it preserves gauge and Lorentz invariance [1, 13].

5.1.1 Dimensional Regularization

Dimensional regularization is widely used to regularize loop integrals and separate out the
UV divergences [1]. The main idea is to change the dimensionality of the loop integral
from the dimension where it diverges to a lower dimension d where the integral converges.

In our case, the loop integrals are in four-dimensional Minkowski space. So, we move
them to dimension d = 4 — 2¢, where € is a parameter and the limit ¢ — 0 will be taken
at the end of the calculation. Then, we perform the integrals and go back to the original
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5.1 Loop Integral 5 Omne-Loop Correction

dimension by doing analytic continuation. Moreover, there are some considerations when
using d # 4 dimensions that have to be taken into account: the metric tensor becomes

g = gy, = 9" g =0 =d =4 —2¢,

d4 2e¢ jd
/ p . / ()™ dp |
(2m)* (2m)
where 1 is a regulator parameter with dimension [u] = M.
Briefly, the standard procedure of this regularization is [1]: transfer to Euclidean space,
do the Wick rotation, apply Feynman parameters, shift the integration variable, perform

the integral, go back to Minkowski space. These steps will be explained in more detail and
applied in the next section.

and the measures become

5.1.2 Scalar Integrals

The general form of a scalar one-loop integral for a N-point function with external momenta
P1, -+, pN—1 (With py from momentum conservation) as shown in Fig. 6 is given by

IN(pla"' yPN—1,Mg, " -+ amN—1>N (51)

d°k 1
/ 2m)® (k2 —md +ie)(k +q)? —m3 +ie) -+ (k4 qy-1)> —m3%_, +i€)’

where £ is the undefined momentum in the loop that will be integrated over, and ¢, - -+ , g1
are the internal momenta that are related to the external momenta by ¢; = >, _, pi as
shown in Fig. 6, and my,--- ,my_1 are the masses of the propagators involved in the loop.

Figure 6: Generic diagram of N-point function with N external momenta at one-loop.

In our case of scalar-graviton scattering to one-loop, only the scalar field propagator
has a mass m, so the masses mg,--- ,my_1 are either zero or m. In the following, we will
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5.1 Loop Integral 5 Omne-Loop Correction

<- AGRe -~

only need one-loop diagrams up to the box diagrams with four propagators so we limit
ourselves to the following scalar integrals:

Ao(mo) :/(ddk 1

2m)® (k2 — m3 + ie)’

dk 1
(2m) (k? — mig +ie)((k + @) — mF +ie)

Bo(pr, o) = [ (5.2)

dk 1
(2m)? (k2 — mg +ie)((k + q1)? — mi +ie)((k + g2)* — m3 + ie)

9

Co(p17p27 mo, My, m2) = /

DO(plaanp?n mqg, My, M2, m3) =

d®k 1
/@ﬂ%ﬁ—m%HM%+mP—m%HM%+%P—m%%M%+%P~%+kV

where the loop integrals are denoted with respect to the number of propagators involved
in the loop: (Ay) for one propagator, (By) for two propagators, (Cy) for three propagators
and (Dy) for four propagators.

Before continuing we note that as a result of the standard procedure of dimensional
regularization, all massless tad-pole diagrams, as illustrated in Fig. 7, vanish.

k

/«

Figure 7: One-loop massless tad-pole diagram.
More specifically these diagrams correspond to the massless scalar integral Ag given by

A(0) = / (;lwl;d = 1+ 0 (5:3)

d/2—2

As can be seen in App. D, this integral vanishes for all d since it is proportional to (M?)
where in this case M? = 0. Thus, the whole integral is zero. The general form of this result
can be written as

d?k
/W_O for Va,d e C, (54)

which is known as Veltman’s formula [12].
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<- NGO =

5.1.3 Tensor Integrals

The general form of a tensor one-loop integral of rank-M for a N-point function with

external momenta py,- -+, py_1 (with py from momentum conservation) as shown in Fig. 6
is given by
L o (P1y o PN Mg, - M) (5.5)

/ dk [EERY
(2m) (k2 — md +ie)((k 4+ q1)? — m3 +i€) - (k + qn-1)? — mi_, + i€)’

where p1q,--- , pups are indices that represent the rank of the integral, and the rest is the
same as in Eq. (5.1).

In our case of scalar-graviton scattering to one-loop, the maximum number of indices
that can appear in the numerator for A and D integrals is four, for B is five, and C' is six.
To calculate these tensor integrals, we will follow the Passarino-Veltman method, which
will be discussed in the next section.

5.1.4 Passarino-Veltman Reduction

The idea of the Passarino-Veltman method [13] is to write the tensor integrals in terms
of scalar integrals, Eq. (5.2), with the help of Passarino-Veltman reduction formula which
takes the general form

1
k-p; = 5[(% + @) —mi) = ((k+q1)* —mi) +mi—mi —q +q 4. (5.6)

To illustrate this idea, let us take an example of a rank-one tensor integral, a vector
integral, for a two-point function which is given by
d?k K,
(2m)* (k* = mg)((k + q1)* —mi)’
where ¢; = p;. Since p; is the only four vector in this integral which can carry the index

i in the result, it follows that this integral can be written as p;, multiplied by a scalar
function By (py, mg, m1)

Ii(thmmﬂ = B, (p1, mo,m1) = / (5.7)

d’k k,
| Gy~ ) (5.8

Multiplying by pi from both sides gives

dk k- py
| o T ey~ B ). (5.9)

Now we can use the Passarino-Veltman reduction formula Eq. (5.6) which takes the fol-
lowing form in this example,

1
B = (U p)? = md) = (7 = md) 4+ ok = i — ] (510)
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Inserting Eq. (5.10) into Eq. (5.9) gives

, i fdk 1 d% 1
Pi Bu(pr, mo, ) = 2[/(27r)d(k2—m(2)) /(27r)d((k+p1)2—m%>

- m2 e dd/{? 1
—+ (ml 0 pl) / (27T)d (k»? — mg)((k’ +p1)2 - m%)]

1
= 5| Ao(mo) = Ao(my) = (=m3 + mf + %) Bo(pr, mo, mu)|
From this it follows that
B/.L(plam07m1) :pl,uBl(p17m07m1) (511)

P

2p2 |:A0<m0) Ao(ml) — (—m? -+ mg +p%)Bo(p1, myo, ml)} .

As aresult, the tensor integral B, (p1, mg, m1) can be written in terms of the scalar integrals
Ap(mg), Ag(my) and By(py,mg,m1). This procedure can be generalized for any tensor
integral, and for completeness we give all relevant tensor integrals in App. E.

5.2 Scalar-Graviton Scattering to One-Loop Order

In order to study scalar-graviton scattering to one-loop order, we first need to draw all the
diagrams that can contribute to this process up to one-loop. We start with the tree level
diagrams as shown in Fig. 8. Then, we insert all possible one-loop corrections, as shown
in the next sections, into the tree level diagrams to get all possible one-loop diagrams
for scalar-graviton scattering. More specifically, in this case we need to insert the propa-
gator corrections, the triple graviton vertex corrections, the scalar-scalar-graviton vertex
corrections and the scalar-scalar-graviton-graviton vertex corrections.

/u/ p2 aﬁ p4

P A

Flgure 8: scalar-graviton scattering at tree level.

Moreover, we need to take into account that there are permutations of external graviton
legs whenever it is possible. For example, the loop corrections to the scalar-scalar-graviton-
graviton vertex has a permutation in external graviton legs as shown in Fig. 9. In addition,
when dealing with loops, it is important to remember the minus sign that arises from
fermion loops.
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I
+

Figure 9: Permutation of external graviton legs.

The last point to describe before starting the calculations is how the graviton propa-
gator behaves in dimensional regularization at loop level. As starting point, we recall the
Lagrangian for the graviton propagator, Eq. (3.5), which can be written as

1 1 1 1
Ehh = 58,\]1“1/8/\]1”” — Za)\hl,ya)\hu'u — éhuva)\ak (Iuyaﬂ - 57]“1/77&6)%& ) (512)

1
where JHF = 5(7)“0‘7]”6 + n*"n") is the identity tensor.

Then, we solve the Green’s function equation in d dimensions
rvo 1 v, v
(128 = S0 n? ) rSagralw = y) = =15 69 (@ — ), (5.13)
to find the propagator. To solve this equation, we perform a Fourier transform which gives
rvo 1 vV, 14
(197 = S0 ) (—k?) Sags (k) = =" . (5.14)
To solve this equation, we use the following ansatz
1
Saprs(k) = 15 (afaﬁws + bna,@ma) : (5.15)
which gives
a=1, b= ——, (5.16)

where 77“1,’]7“” = 55 =d =4 — 2e.
Thus, the graviton propagator in momentum space in d dimensions is

v 1 1 [
Suvap(k) = p(ifwaﬁ - mnm/naﬂ> = 75 was (5.17)

1 1

where P,uuaﬁ - §]uuaﬁ - mn;wnaﬁ'
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5.2.1 Self-Energy Corrections

There are two types of propagators, scalar and graviton, in the tree level diagrams shown
in Fig. 8, and each one has different loop corrections. So, let us start with the graviton
propagator which has six one-loop diagrams as shown in Fig. 10.

k
—

h;w(Pl) haﬁ(Pl)
(a) (b) ()

K
By (P1) < ) s (P1) ( ) Wﬁm
(d) (e) (f)

Figure 10: The graviton propagator at one-loop level with: one (a-c), two (d-f) propagators.

In terms of the Feynman rules, the diagrams with one propagator in Fig. 10a-c can be
written as follows:

a 1 d*k
M =5 | GV ) Sea(m). (5.18)
MmO [ LE pankp g gy — (5.19)
o = | (o) T mvabpe L {xx} - '
. 1 d*k o
MLy =5 | GiViiiis (PR SE G =0, (5.20)

where % is the symmetry factor. MS)V)aﬁ and ./\/lffy)aﬂ vanish according to the relation

Eq. (5.4), which means that all massless tad-pole diagrams vanish. Using the simplified
rules, we get

a K2 d?k 1
M,(W)aﬁ =3 / @r 2 —m? [uwkaks — Nuakvks — Nuskvka — Muakuks — Nugkuka + Nagkuk,]

which can be written in terms of scalar integrals as

2
a m
M,Ew)aﬁ = "4'2 4_d Ao(m) [%zﬁ?aﬁ — Nupalvg — n#ﬁnalj] . (521)
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On the other hand, if we use the standard Feynman rules to calculate the amplitude

./\/ll(jj)a 5, then the calculation is slightly more complicated because the scalar-scalar-graviton-

graviton vertex ij fﬂh "} has six terms in the standard rules Eq. (B.2), compared to two
terms in the simplified rules Eq. (3.9).

Next we consider the diagrams with two propagators in the loop as in Fig. 10d-f, which
can be written as:

1 d*k
Miions =5 / iV, Quum) Siaay (k) Stoay (@um) Vg™ (k Qum),

e d4k X o 6 Xxh
Ml = [ GV EQ) STy SyQ) VIR,

4

w _1 A’k thhny oyé Aek {hhh}
M/Waﬁ _5 / (27T)4 Vuupan)\<kv Ql) Sf{)hlZ} (k) S?hh} (Ql) V’yéenaﬂ(k7 Ql) )

where % is the symmetry factor and Q1 = k + P;.

Plugging in the Feynman rules will give lengthy expressions. Therefore, we only show
Mfflzaﬂ, which has two triple graviton vertices, while the other amplitudes ./\/lgi)aﬂ, MEZE&B
are approximately the same in the standard and simplified rules. Using the simplified rules
and doing the Passarino-Veltman reduction, the amplitude Mgga 5 can be written in terms
of the scalar integral By(0,0, P;) as
M(f) _ 52 BO(070>p1) |:

wol 64 dt — 256 d3 + 192 d2 + 256 d — 256

+ PP, PioPig(d® — 2 d* — 116 d® + 312 d* + 144 d — 256)
+ Nutlap Py (d° =5 d° +31 d° + 6 d* — 36 d - 8)

+ P (N PraPrg + agPruPry) (64 — d®+3 d° +13 d* — 34 d* — 76 d” 4 40 d)]

k2 By(0,0, Py) [
64 d® — 128 d? — 64 d + 128
+ P (Nuatlog + Mgt ) (3 @° — 24 d* — 8 d + 16)

+ P} (MuaPrvPig + 18 PrvPra + Moo PrpPis + upPrpPra) (32 d* — 7 d* +20 d — 16)} .

+

Now, if we instead use the standard Feynman rules to calculate the amplitude Mfgaﬂ,

then the calculation is more complicated because the triple graviton vertex ij p}Z;}/\ has 40
terms in the standard rules Eq. (B.6), compared to only four terms in the simplified rules
Eq. (3.6). In addition, this amplitude has two triple graviton vertices, so the number of
Lagrangian terms involved from the vertices in the standard rules is 1600, compared to
16 terms in the simplified rules. Since these calculations are very lengthy, we only show
the comparison between the running time in the FORM program, after doing Passarino-

Veltman reduction and writing the amplitude Mfgaﬂ in terms of scalar integrals:
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simplified way
WTime = 0.58 sec Generated terms = 10
HH2a Terms in output = 10
Bytes used = 4024

simplified way

standard way
WTime = 26.38 sec Generated terms = 10
HH2b Terms in output = 10
Bytes used = 3960

standard way

As shown above, there is a large difference in the running time. In addition, the running
time will increase considerably for more complicated diagrams as we will show in the next

k
o Kk
o(P1) ﬁ oP) o) —& o(P1)
(2) (b)

Figure 11: The scalar propagator at one-loop level with: one (a), two (b) propagators.

sections.

Finally, we consider the scalar propagator which has just two diagrams that can con-
tribute as shown in Fig. 11. Again, the massless tad-pole in Fig. 11a vanishes. So, the
diagrams can be written as:

a d4k vo
M® == / (%)4&/,}555;’1}(131) stelk) =0, (5.22)

2

d*k va
MO = [ SV Qum) S () S (@) V(L Qum),

where % is the symmetry factor and Q1 = k + P;.
Plugging the Feynman rules in M®) gives

dk k- P

2m) k2 ((k + Pp)? — m?)

MO = ren?] [

P? d?k k?
2 1
— 2
TS | @i R+ P = ) (5:23)
Lo |2 AmPPE 4 d Pl 4 2d m?PE — dm' / dik 1
CED) 2r) Rkt P2 —m?)
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which can be written in terms of scalar integrals as
2

m
d—2

M<b>__,£22214( 2
= 5 o(m)+k

[d P2 — 2P} — m?]| By(0,m, P). (5.24)

Both the simplified and the standard rules give the same results, since the scalar-scalar-
graviton vertex ij "} and the propagators are the same in both.

5.2.2 Triple Graviton Vertex Corrections

At tree level, the triple graviton vertex appears in the t-channel diagram as shown in
Fig. 8b, and it has nine one-loop contributions: three of them are tad-pole diagrams as in
Fig. 12a-c, three are bubble diagrams as in Fig. 12d-f and three are triangle diagrams as in
Fig. 12g-i. However, in this section we only discuss the bubble diagram with two graviton
propagators, as shown in Fig. 13f in detail, while we only give overall comparisons for the
other diagrams.

(a) (b) (c)
() l (e) 2 (f) 2
() ; (h) ; (i) ;

Figure 12: Triple graviton vertex at one-loop level with: one (a-c), two (d-e), three (g-i)
propagators.
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ko g has(Ps)
hivis(P1) VR

r: \ huV(P2)

1

Figure 13: Triple graviton vertex at one-loop level with two graviton propagators.

Using the momentum assignments in Fig. 13, the amplitude of this diagram can be written
as

1 d*k _— Aek hhhh
MNVaBiﬂ'z :é/ (2 )4 M{Vpan})\(k Ql) fhi?}( ) ?hh}(Q1> 'y{&naﬁ}nzz<k7Q17P2)’

where % is the symmetry factor and Q1 = k + P;.

In this case, we note that the standard triple graviton vertex Vj: phghn}/\ Eq. (B.6) has

40 terms and the standard quadruple graviton vertex V{(SZZZ%}MQ Eq. (B.7) has 113 terms
whereas the simplified ones Egs. (3.6, 3.7) have only 4 and 12 terms respectively. Thus, for
this diagram, the number of Lagrangian terms involved from the vertices in the standard
way is 4520, compared to 48 terms in the simplified way. To compare the two, we again
consider the running time in FORM, after doing Passarino-Veltman reduction and writing

the amplitude in terms of scalar integrals:

simplified way

WTime = 20.15 sec Generated terms = 99
V3HH2a Terms in output = 99
Bytes used = 32776

simplified way

standard way
WTime = 803.35 sec Generated terms = 99
V3HH2b Terms in output = 99
Bytes used = 34184

standard way

which shows that the running time in the standard way is about 40 times the running time
in the simplified way. Similarly, for the diagram in Fig 12i the running time is about seven
minutes in the simplified way while in the standard way it is more than two hours.

Finally, we list, in Tab. 1, the number of Lagrangian terms for all one-loop corrections
to the triple graviton vertex in the standard and simplified ways.
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Table 1: The number of Lagrangian terms when using the standard rules and the simplified
ones for calculating the one-loop corrections to the triple graviton vertex as shown in

Fig. 12.

Diagram

The standard way!

The simplified way*

10

7

The amplitude vanishes?

The amplitude vanishes?

(c) The amplitude vanishes?| The amplitude vanishes?
(d) 18 6

(e) The amplitude vanishes 319

(f) 4 520 48

(g) 27 27

(1) 512 1331

(i) 64 000 64

1 Since the propagators are the same in the standard and simplified rules, we only con-
sider the terms of the vertices in all our comparisons of the numbers of the Lagrangian

terms.

2 all massless tad-pole diagrams vanish according to the relation Eq. (5.4).

5.2.3 Scalar-Scalar-Graviton Vertex Corrections

At tree level, the scalar-scalar-graviton vertex appears twice in the s and u-channel dia-
grams and once in the t-channel as shown in Fig. 8, and it has six one-loop diagrams as
shown in Fig. 14: the tad-pole diagram in Fig. 14a, the three bubble diagrams in Fig. 14b-d
and the two triangle diagrams in Fig. 14e-f.

(a) (b) ()
(d) (e) (f)

Figure 14: Scalar-Scalar-Graviton vertex at one-loop level with: one (a), two (b-d), three

(e-f) propagators.
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Again, we list in Tab. 2 the comparison of the number of Lagrangian terms using the
standard and simplified rules to show the usefulness of the simplified rules and how the
number of Lagrangian terms can be reduced by a factor 30 for some of the diagrams in
Fig. 14.

Table 2: The number of Lagrangian terms when using the standard rules and the simplified
ones for calculating the one-loop corrections to the scalar-scalar-graviton vertex as shown
in Fig. 14.

Diagram The standard way The simplified way
(a) The amplitude vanishes'| The amplitude vanishes'
(b) 240 8
(c) 18 6
(d) 18 6
() 360 36
(1) 27 27

! all massless tad-pole diagrams vanish according to the relation Eq. (5.4).

5.2.4 Scalar-Scalar-Graviton-Graviton Vertex Corrections

The scalar-scalar-graviton-graviton vertex also appears once at tree level in the last diagram
in Fig. 8. However, it has 16 one-loop diagrams as shown in Fig. 15: the tad-pole diagram
in Fig. 15a, the five bubble diagrams in Fig. 15b-f, the seven triangle diagrams in Fig. 15g-m
and the three box diagrams in Fig. 15n-p.

Again, since the aim of this section is to show the usefulness of the simplified rules,
we only discuss the statistics of the results for the diagram in Fig. 15h. For this diagram,
the number of Lagrangian terms involved from the vertices in the standard way is 9 600,
compared to 32 terms in the simplified way. To compare the two, we again consider the
running time in FORM, after doing Passarino-Veltman reduction and writing the amplitude
in terms of scalar integrals:
simplified way

WTime = 91.16 sec  Generated terms = 21830
V2phi2H3a Terms in output = 116
Bytes used = 1786232

simplified way

standard way
WTime = 3940.32 sec  Generated terms = 34572
V2phi2H3b Terms in output = 116
Bytes used = 1823344

standard way
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which shows that the running time in the simplified way is less than two minutes while in

the standard way it is more than one hour.

Qo A

(a)

(e) () (h)

(f)

(i) () (k) (1)
(m) (n) (0) (p)

Figure 15: Scalar-Scalar-Graviton-Graviton vertex at one-loop level with: one (a), two

(b-f), three (g-m), four (n-p) propagators.

Finally, we list, in Tab. 3, the number of Lagrangian terms for all one-loop corrections

to the triple graviton vertex in the standard and simplified ways.
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Table 3: The number of Lagrangian terms when using the standard rules and the simplified
ones for calculating the one-loop corrections to the scalar-scalar-graviton-graviton vertex
as shown in Fig. 15.

Diagram The standard way The simplified way
(a) The amplitude vanishes'| The amplitude vanishes'
(b) 678 24
() 400 28
(d) 30 21
(e) 30 21
() 36 4
(2) 1017 108
(h) 9 600 3
(i) 720 24
i) 720 24
®) 54 18
0 54 18
(m) 54 18
(n) 14 400 144
(0) 1080 108
(p) 81 81

1 all massless tad-pole diagrams vanish according to the relation Eq. (5.4).

6 Conclusions

In this work we have shown how it is possible to simplify the Feynman rules for gravity by
using the freedom of choosing the gauge, adding total derivative terms and redefining the
fields, which can change the form of Lagrangian without changing the information that it
contains. In particular, the triple graviton and quadruple graviton vertices were reduced
from 40 to 4 terms and from 113 to 12 terms respectively.

In order to check our simplified Feynman rules, we have compared the resulting ampli-
tudes from the simplified rules with the resulting amplitudes from the standard rules for
scalar-graviton and graviton-graviton scattering at tree level, and we indeed found that
the resulting amplitudes are in agreement. In addition, our results at tree level also agree
with the results of M. T. Grisaru, P. Van Nieuwenhuizen and C. C. Wu [7] as well as J. F.
Donoghue and T. Torma [3].

Besides tree level amplitudes, we have also calculated some one-loop diagrams for scalar-
graviton scattering, and we have shown how the calculations become simpler by using the
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simplified Feynman rules. In particular, for those diagrams that have triple or quadruple
graviton vertices. Moreover, we have shown how the running time in the FORM pro-
gram can be considerably reduced, up to 40 times faster for some diagrams, by using the
simplified Feynman rules to calculate the amplitudes.

These simplified rules can also be used to simplify the calculations of more complicated
diagrams such as the quadruple graviton vertex at one-loop level in graviton-graviton
scattering with four propagators. In the latter example, the number of Lagrangian terms
involved from the vertices in the standard way is 2 560 000 terms, compared to 256 terms in
the simplified way. In addition, our aim was to simplify the lowest order vertices. However,
this technique can also be used to simplify higher order vertices. Finally, this thesis may
open the door to finding more freedoms and tools to further manipulate the Lagrangian in
order to reach even simpler Feynman rules for gravity.
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Table 4-10 in this appendix shows the values of the parameters that were chosen to obtain
the simplified Feynman rules as shown in Sec. 3.

Table 4: The parameters of the total derivative Lagrangian for the gravitational field
Eq. (2.43) that remove all second order derivative terms for the propagator Sy, and the
vertices Vinn, Vinnh-

Propagator/Vertex | Parameter Value | Parameter Value | Parameter Value
a -2 a9 2

Shh as -1 ay 2 as 1
ag -1 ar -3 as 2

Vih ag -1/4 a 1/2 a 1
a -2 as 1/4 a4 -1/2
as -1/2 a1e 1 air -3/2
als 3 a1g 1 a2 -2
91 -2 99 2

Vihih (93 -1/24 (94 1/4 Q95 -1/3
g 1/24 asr -1/4 aos 1/3
as9 1/4 asp -1/2 as; -1/8
a32 1/4 as3 1/4 a34 -1/2
ass -1 ase 2 asy -3/8
asg 3/4 a3y 1 a40 -2
a1 -1 Q49 2 Q43 3/2
(44 -2 45 -3 46 2
Qa7 1/2 a4 -1 Qg -1
aso 2

Table 5: The parameters of the gravitational field redefinition Eq. (2.50) that reduce the
number of Lagrangian terms for the vertices Vi, and Vippn.

Vertex | Parameter Value | Parameter Value | Parameter Value
Vinn c1 1/2 Co -1/4
Vibhh Cs 3/32 Cy 0 cs

Co 1/4
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Table 6: The parameters of the gauge condition Eq. (2.37), where the values of by, by ensure
the same de Donder propagator Sy, Eq. (B.5) as in the standard gauge Eq. (2.36), and
the other b’s parameters reduce the number of Largrangian terms for the vertices V5, and
Vinnh-

Propagator/Vertex | Parameter Value | Parameter Value | Parameter Value

Shh by 1 by -1/2

Vihn b3 -1/8 by 1/2 bs 1/4
be -1/2 bs -1/2 bs 1/2

Vihnn by -1/64 bio 1/16 bi1 1/8
b2 -1/2 b1 1/32 b14 -1/8
bis -1/8 bis 1/4 bi7 -1/8
bis 1/4 big 3/8 bao -1/4
ba1 1/8 bao -1/4

Table 7: The parameters of the total derivative Lagrangian for the scalar field Eq. (2.44)
that remove all second order derivative terms for the propagator Sy, and the vertices Vg,
Vaonhs Voohnn-

Propagator/Vertex | Parameter Value
Ses dy 0
Vion do,--- ,ds 0
Vonh de,- - ,dia 0
Vshnh dis, - ,dyy 0

Table 8: The parameters of the scalar field redefinition Eq. (2.51) that reduce the number
of Lagrangian terms for the vertices Viyon, Vignn and Vignnn.

Vertex | Parameter Value | Parameter Value | Parameter Value
Von el 0

Vohh €2 0 €3

Vishnn €4 -1/384 es 0 €6 -1/48
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Table 9: The parameters of the total derivative Lagrangian for the ghost and antighost
fields Eq. (2.45) that remove all second order derivative terms for the propagator Sy, and

the vertices Viyn, Vi, Vixhih-

Propagator/Vertex | Parameter — Value | Parameter Value | Parameter Value

Sy hy -1

Vixh ha, -+ hig 0 hia 1/2 hia -1/2
his -1/2 hi4 -1/4 his -1/2

Vixhh hao 0 hay -1/8 haa 1/4
has -1/32 hay 1/8 haos -1/8
hag 1/8 ha7 1/8 haog -1/4
hag 0 hso 0 ha -1/8
hsa 1/8 hs3 -1/2 hs4 1/4
hss 1/4 hse 0

Table 10: The parameters of the ghost and antighost field redefinition Eqgs. (2.52, 2.53)
that reduce the number of Lagrangian terms for the vertices Vg, and Viynn.

Vertex | Parameter Value | Parameter Value | Parameter Value

Vi h 1/4 f2 0 91, 92 0

Vixhh 3 -1/32 Ja 1/8 5 1/8
Jo -1/8 | g3, , 6 0
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< m‘%’c\g =

B Standard Feynman Rules

For completeness we give here the standard Feynman rules that we derived using the weak
gravitational field expansion Eq. (2.10) and de Donder gauge Eq. (2.36):

e The scalar propagator:
1
Loo =5 (60,0 — ¢*m?) . (B.1)

e The scalar-scalar-graviton vertex:

K 14 v
Lo = Z( — D m? + 0" 6D, b, — 20,40, 5h" ) . (B.2)
e The scalar-scalar-graviton-graviton vertex:

/‘i2

1 1
Looin = (= 3000,/ + G hym? 4 S0 60,00, B2 = 60,00y

—20,60,6h"h,* + 4 8“¢8nghwh”o‘) . (B.3)

e The scalar-scalar-graviton-graviton-graviton vertex:

K3 1

1
Lpohhn = E( 6hu“hy”ha°‘q§2m2 + ghu"hy”h;‘(‘?ﬁ ¢3¢ — hl'h,” B 00pDs)
+ BB hyad®m® — h a0’ 9050 + A h R hapd,$0° b
4 4
+ 2 h" h,, h*P 0, ¢0p0 — gh“”h;hmgb?m? + gh“”hu"hm(?%aﬁgb

—8 h“”hmho‘ﬁau¢0g¢> . (B.4)

e The graviton propagator:

1/ 1
— —( _ZAarp v a U va
Li 2( 500, Dby + Oh 8uhm). (B.5)

e The triple graviton vertex:

1 VvV Qo 1 [ZA 187 v (67 ro
Lhnn = /<a< = Il 00 e + Jhy/h,"D Oahg” = 0" huad*hy + 1,0, B 0P hag
— h,F 0" 0,0 hag — B B0,00h" + B 20,0 hag + 1R 050 g

m
1 vy o B 3 vy af 1 vy af va B8
OO — PO RO, o+ S PR Dby + Ry D

I
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Q0

m?(-\g =

1
— ;a#hﬂ"hmaﬁhaﬁ + 0" 0, hash™® — 20,0 Oohysh™ — iﬁuauhy”ho‘ﬁhag
1
+20"9,h"*h,zh,” + §h"”hu,,8a85h"ﬁ + 1 0uhyad®hy” — W0, hya0h™®
1
+ 20 0,0,h*P hap + 31 a0 & = 1 hya, 050 — W 0,00hysh™"
3
2
3
— 2R 0, h*P Ophyp + §hwaﬂaahﬂﬂhm + 1000 hy” — WO, hya0sh™®

1 1

— §h"”8ﬂhoﬁﬁyh55 + 511“"8“/1;3%5 — 20" 0,00 h®P s + S0, R0, by
B 00 — 0, Duhsh™ + ~h O, h C0P hys — WO By Db

- vo wB vWallpp "‘5 vita wB uallg

1
+ W O hy, 0ghP — §h“”6ahwaﬁhyg + 30" 0, Dahug — h“l’&“huﬁaﬁhm> :
(B.6)

e The quadruple graviton vertex:

1
Comnn = /4;2( = 2 b haadsd: b, + 2 gl haadsOshey, = Jhudihapdadshs,

+ %hwhwhwaa(%hm + }lhwhwflaﬁaﬁayhcw - }lhwh,,ya,lhwaﬂhW
+ ihwhwaawam7 + %hwhw&ahﬁgaahw - %hwh,,,,aafwaahﬁ7
+ éhwhw&ahm@ﬁhm - ihwhwc‘?aaahmhm + }Lh,mhmhmaﬁ(%hﬁ7
+ ihwhmhyﬁaaaﬁmW - %hwhmh,,ﬁaaayhﬂ7 - %hwhmhaﬁaﬂavhw
+ %hwhm&,hag@ghw - %h,mhuoﬁthéwﬁ7 —~ %hwhm@hwa@hw

1 3
+ Zhwhmﬁyhﬁg&hm + Zhuuhvaavhﬂvaahﬁv — hyphuaOyhgy0ghay

1
+ hyphua 0,00 hsyhgy — ihwhm&,@ﬂhmhm — hyuphua0,08hg hay

3 1 1
+ S huntad st has + S huuhuaduhusdshoy = Shuhuadahysdyhs,

4
1 1 1

+ Zhwhmﬁahm&hw — Ehwhl,aaaﬁghwhm — §hwhm85hm85hw
1 1 3

+ §huuhvaaﬁhmawhﬁv - Zhuuhvaaﬁhwavhow + §huuhvaaﬁhwaﬁhw
1 3

1
zh##hya85hy787ha5 + §hu“ayhyahaﬁagh77 — Zhw&,hyahagawhm
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{0 =

1 1
+ St vadahi sy = Dy hadshan i = Thunddihaahs, s,
1 1
o hunuBuhashan s, + S My hasdadsho, = S husltuhasdadshs,
1 1 3
= 5050 hary = <y Dahigpduhon + ShyuhyuahsyOahs,

1 1
- Z h;w hlwaa hﬂvaﬁ how - g h/w huahva 85 av hﬁ'y - h/w hua hVﬂ aaaﬁ h'w

3 1
S hrhiuahi 00,1, + S g6y hos + hyhyahy050; has
1 1 3
~ S huadhasDshon + Ghuhaduhasdahon — 5 huhuaduha dahs,
1 1 1
+ Jurhiuadihs, Oshan + 7 Muhuaduhs 0 has = Shyuhyad,Oahis hs,

1 1
+ h“l,h“a&,@ghmhm + Zhuyhuaﬁﬂhm(%hw + éhwh”aagh,,gé%hm
1 3
- Shwhwﬁghw(%hw + L—lhwh,m@gh,w@vhag + Zhw,hmhag@g&,hw

1 1 1
= 5hhvadausDshon + S husltuadahissdshun, + 3 husuadahis,dyhus

3 3 3
i huaDadshun i, + Sy huaDshuadshoy + = huhuadshsdhay

3 5
T huadshyn 0y hag = < hiwOyduahasOl + hywOyhuahasd: hs,

3
— hu,,auh,,aaahg,yhm -+ 2hu,,8ﬂhl,a8/3hmhm -+ ghwauhmh,,g@ﬁhw
1 1 1
+ §huvauhocaavhﬂvhﬁv - Zhuuauhaaaﬁhwhﬁv - §huvauhaﬂhvocaﬁ hw
1 1 1
— ihwﬁuhagh,,gﬁahw —+ §h“ya”ha5hy’yaah57 + ihwja‘uhaghwyaghav
1 3
+ §huvauhaﬁhavaﬁ hw + h/wauhaﬁ howathB - §huvauhoaﬁavhowhﬁv
3
2
3 5
— 20 haghanhsn + T hwDualushan s, + T huwdahaphishs,

1 1
hyusBuhasOu s, + 5y Buhasdlihas + 5 hyuBuhasdahis s,

3 5)
- hwaﬁt»a&hﬂﬁhwhw - éhuvauaahﬂvhvahﬁv + ghuvguaahﬁvhwhav

5 1
+ 5 OyDahis s e — 5RO Muahiaahor + Do hyahonsdy g,

1 1
— hy 0y hyaOahpyhsy + ihwc‘?yhaghwﬁﬁhw + éhwayhaﬁ@ahwhm

1 1 3
- 2R Dalyshan gy + 5Py OalunDabisy sy — 5 huDahysOahushay
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TR <
—20,hhyahagOshe., + gauhwhmhag&yhm — 20,hyhyaOahgyhgy
+ 20, hhyaOghayhsy + %@hw&,hwhmhm — 20,10, haghayhsy
- %(‘Lhw@ahmhmhm + 40,1, 00 b ghoy By + %aﬂauhwhaﬁhmhm
+ %8M0Mhmhmh57hm = 20,0hualusharhss) (B.7)
e The ghost propagator:
Loow =000, (B)
e The ghost-ghost-graviton vertex:
Lyh = m( - %X“ X Ok + X O X 0% hya — %X“X”auayh;‘ + X"X"0,0%hyq

+ X0 O X P — XM X Ol + X" O X O e + x“a”xaaah,w) .
(B.9)

e The ghost-ghost-graviton-graviton vertex vanishes.
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C Kinematics

C.1 Scalar-Graviton Scattering (¢(p1)h,,(p2) = ¢(p3)has(ps)):

There are four diagrams for this process as shown in Fig. 4, three of them (a, b, ¢) repre-
senting s, t and u-channels respectively. According to the conventions that we use in this
thesis, the Mandelstam variables are given by

s = (m +p2) (ps +p4)2,

= (p —p3)* = (P2 — pa)?,
= (p1 — ) (P2 —P3)27
s+t—|—u:ZMf:2m2, (C.1)

where m is the mass of scalar field ¢.
In the CM frame, with the incoming particles along the z-axis, the momenta and the
polarization vector can be chosen as:
b1 = (anvoa _k)a
= (k,0,0,k), (C.2)

+1 _ 1 i

E,LL (p2) - <07 _27:tﬁ70) .
Choosing the outgoing particles to be in the yz-plane, the momenta and the complex
conjugate polarization vector are:

ps = (E,0,—ksin(0), —k cos(0)) ,
= (k,0, ksin(d), k cos(0)), (C.3)
el 1 Ficos(f) Lisin(f)
(p4) < a%v \/5 ) \/§ ) )
where 6 is the scattering angle and €;'(ps) = R, (ps) €' (p2) where R (p4) is a rotation.
It is also possible to write the graviton polarization directly as a tensor:

0 0 0 0
0 3 x££ 0
:t?( 2 2
v p2) i ) (04)
g 0 5 —3 0
0 0 0 0
0 0 0 0
e 0 : Ficos(6) +1 sin(6)
5 (pa) = 0 :F% cos(6) —% cos?(0) % sin(#) cos(9) | - (C.5)
0 +isin(d) 3sin(f)cos(d)  —1sin?(6)
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where 6332 (pa) = R (Ps) Rs"(pa) €57 (p2) where again R *(ps), Rg"(ps) are rotation matri-
ces. Finally, the following useful relations are valid in the CM frame:

Pl (p2) =0, (C.6)
phe; (pa) = 0. (C.7)

C.2 Graviton-Graviton Scattering (2" (p))h®’(p2) — K (p3)h* (p4)):

There are also four diagrams for this process as shown in Fig. 5, but the relation between
Mandelstam variables for this process is now

s+t+u=0. (C.8)

In the CM frame, with the incoming particles, along the z-axis, the momenta and the
polarization vectors can be chosen as:

b1 = (k 07 Oa k) 9
b2 = (ka 07 Oa _k) )
+1 7
€ (pl) - 07 %7 :l:jiv 0) ) (09)

(p) = (0. 25, ¥ 25.0) -

Choosing the outgoing particles to be in the yz-plane, the momenta and the complex
conjugate polarization vectors are:

p3 = (k,0, ksin(0), k cos(0)) ,
py = (k,0, —ksin(0), —k cos(0)) ,

€+ (pg) = (07 i) Fi cos 9)7 +i Sln(9)> 7 (C.10)
V2 \/5 V2
1 (p (0 1 o] 9) Fi sin(é’))
Y Y \/§ Y
where 6 is the scattering angle.
Finally, the following useful relations are valid in the CM frame:
V4 iﬂ( ) =0,
pie, (pa) =0, (C.11)
pies (o) = —phe (p) . phe(p2) = —pher (pa),
phe(ps) = —phe (ps) . phe (pa) = —ple; (pa).
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D Dimensional Regularization of Scalar Integrals
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D Dimensional Regularization of Scalar Integrals

To illustrate how the scalar integrals are calculated in dimensional regularization, let us
take as an example the scalar integral By Eq. (5.2) and then follow the standard procedure
of dimensional regularization [1]. First, we move the loop integral from Minkowski space to
Euclidean space by replacing the zeroth component of momentum in Minkowski space kg
by the imaginary fourth component in Euclidean space iks. As a result of this replacement
k?o — 1ky:

=k -k - —k=-k-k, (D.1)
Ak — id'kg. (D.2)
Then, the scalar integral By for mg = m; = m and ¢; = p; becomes
id%k g 1
(2m)® (—k% — m? +i€)(—(k + p1)% — m? + ie)

(2m) (k% 4+ m? — ie)((k + p1)% + m? — ie)

Bo(p1,m, m) :/

Second, since the integration over the fourth component of the momentum goes along the
imaginary axis 1k, we need to perform a Wick rotation to move to the integration along the
real axis, making sure that the contour does not cross the poles of =i (kl g R
Third, in order to transform the product of several brackets in the denominator into a

single bracket, we use the Feynman parameterization

1 T+ ag+ -+ ay) (D)
APAR - Age T(en)T(ag) - Tay) '
6(1 =y — @9 — -+ — xp)ad g2t gonl
dzidzy - - - dr,, n
/ L1022 & [A1$1 4+ Aoxg + -+ Anxn]a1+a2+~~-+an
where I' is the gamma function.
In our case, a; = oy = 1,n = 2, and the integral becomes
7 1 1
By = A’k
0 (27T)d/ PR+ m2 —ie (k+p1)% +m? —ic
_ /ddkE I'(2) /1 drydxs (1 — 21 — 29)
(2m) PI() Jo [k + m? — ielwy + [(k + p1)E +m? — ie]ao]?
. 1
1 dx
= —— [ dk D.5
(27r)d/ g /0 k%, +2(k-p1)px+plgr +m? —ie?’ (D-5)

where I'(1) = I'(2) = 1, and from the second line to the third we used the delta function
to do the integration over x; and finally renamed x5 to x.
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Fourth, to complete the square of kg in the denominator, we need to shift the integration
variable kg — kg — p1g x to absorb the term (k- p;)g and obtain

dkp / / dkp
(k2 + p?p (1 — x) + m2 — ie]? 27r (k% 4+ M? — ie]?

where M? = p?pz(1 —x) + m? .
Fifth, we perform the momentum integral in Euclidean space, using spherical coordinates

as follows
i k,? )d/2 1
BO = (27r)d / dx Qd/ dkE kE M2]

: 2 2\d/2—1
_ 1 / dr O, / dkz, (k%)
(2m)? 2 k2 + M2

7 Qy dx z4/?-1
_ d M2V 2/ axr " -
(27r)d/0 v 5 (M) o [rr 1P

- <47f>d/2 / de (M2 (2 — dJ2). (D.6)

where Q; = ( v /2) follows from the angular integration, and from the second line to the
third k% — k% M? is used, and then k% — z. However, we note that the gamma function
I'(2 — d/2) still diverges in the last result if we are in 4-dimensions.

Sixth, we transform back into Minkowski space by replacing again d = 4 — 2¢ and doing
an expansion in € using the following relation [1]:

_ 2-d/2
F((iﬂ)j//f) (W) 1617r2 (1 — v+ log(4m) — log(Mz) + O(e)) . (D.7)

Finally, we get

i (1 !
By(p1, m,m) = 162 (E — v + log(4m) — /0 dxlog[m?® — p*x(1 — a:)]) , (D.8)

where M? = p?p x(1 — 2) + m? = —p? (1 — ) + m?. The integral still blows up for € — 0
but now the divergent part is separated from the finite terms. Similarly, we can calculate
the other scalar integrals.
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In the Passarino-Veltman method, the tensorial integrals can be written in terms of scalar
functions as listed below. However, we only include the cases that are relevant to the
scalar-graviton scattering to one-loop order (i.e., A and D integrals up to four indices, B
integrals up to five indices and C integrals up to six indices in the numerator). In addition,
all scalar functions C, D are symmetric under i, j, k, [, m,n indices in our notation below

(e.g., Cy1 = C42), and ie was dropped for simplicity:

d?k 1
4= =A E.1
/(QW)d 2 —m2) o(mo) , (E.1)
Ak ke
At = =0 E.2
/ 2m) (k2 —m2) (E.2)
I T
A= =" A E.3
/ Cri e =gy " Awlmo) (.3)
A%k kRS
A= / =0, (E.4)
(2m)4 (k2 —md)
A,uuaﬁ _/ ddk k#kukakﬂ B I aﬂ+ e yﬁ+ wi ua]A (m) (E 5)
) ok —md) mn U e 0000(70) ; :
dek 1
B = =B E.6
/(ZW)d (k2 —m2)((k + q1)2 —m?) olp1, mo, 1), (E-6)
po= - - By ) (B.7)
= = mo, M .
(2m)e (k2 — m2)((k + q1)? — m2) by Bi(p1, Mo, M)
B _ / d’k ket Es)
(2m)d (k2 —mg)((k + q1)? — m3) '
— [p’fp'f] By1(p1, mo, my) + 0" Boo(p1, mo, my) ,
dk kr kY k>
) (2 — ) (& + 4 — ) (E9)
= [p’f pr‘f‘} Biii(p1, mo,ma) + |0"py + 0Py + 0| Booi(p1, mo, m1) ,
dk Kk ke kP
B = / E.10
) (82— ) (k + 41 — 1) (E.10)
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= [p’fpip?pf] Bi111(p1, mo, my) + [n’“’n"‘ﬂ + P+ nhh n”o‘] Boooo(p1, mo, mq)

+ [n“”pi“pf + Py + Pl + P el + e piph + n“ﬁp?pﬂ Booii (pr, mo, m1)

BHvabp

d KV Lo LB L.p
:/dk kFEVECEP K (B.11)

(2m) (k2 —mg)((k + q1)? — m})
= PiPiSpir! B (b1, mo, ma)

« o, v By, a Ba, v «

e pl Py A el ph el P St 4 0P py !+ Pt

pv, o poe, v

PSPy A PSP+ Pl A Pt ps | Booini (pr, mo, ma)

+ | PPl 4 non PPl + P Dl 4+ P Pl 4 PPl 4 Pl
+ 0P pt + ntonPPpt + pPnrep 4+ PPt + P pg + PP ps
+ U“Vnappf + n“aﬁyppf + U“pﬁmpf Boooo1 (p1, mo, m1) ,

d?k 1
C N / (2m) (k2 —m2)((k + q1)2 — m3)((k + ¢2)? — m3) (E.12)

= Cﬂ(pl>p27 Mo, M1, mz) ’

i B d?k e
" = | T T (E13)

2
- pr Oi(p17p27 mg, My, m2) )
=1

o / dik itk _—

(2m)® (k2 —mg)((k + q1)? — m?)((k + ¢2)? — m3) '

2
= Z Py P Cij(p1, p2, mo, ma, ma) + 0 Coo(p1, pa, mo, ma, ma)
ij=1

dk kFEY BY
o _ / E.15

@n)d 2~ md)((k + a1 — ) (k + @) —md) (E.15)

2
- Z pitp_l;pg Oijk(plaP?am07mlvm2)
g k=1
2
+ [n“”p?‘ + 0" pf + 0ol | Cooi(p1, P2, Mo, M1, ma)
=1
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CrveB / dk krEY kKB (F.16)
(2m) (k2 —mg)((k + q1)* — m7)((k + g2)* — m3) '
2
= Z pé‘pj”-pz‘pf Cijri(p1, p2, Mo, M, M)
ik l=1
2
+ [n“”p?pf + Pl + el e+ 0P pspl + nPepll
ij—=1

+ 77”5]9;-’29?} Cooij (P1, P2, Mo, M1, M2)

+ [77“”7]&6 + P + U”BUW] Coooo(p1, P2, Mo, M1, m2)

et _ / d kPR R P kP
2m)® (k% = mg)((k + q1)* — mi)((k + g2)? — m3)
2
= > PP Pk Cijrim(p1, p2y Mo, ma, M)
i,4,k,0,m=1
2
+ ) [n“”p?pf- A 0 A e U e VS i ) VA e el A L S ey
ij k=1
+ el py + el pl + Pl + npﬁp?p?p’é] Cooij (P1; P2, Mo, My, Ma)
2
+)° [n’”n“ﬁ A o e AR L T R T e A e T e
i=1
+ Pl ol + Pl + s + Pl 4 g
+ Uuynappf + U”anyppf + n“”n”apf] Cooooi (plu b2, Mg, M1, m2) )
oo _ / e ek R K kP ke
2m)® (k% — mg)((k + q1)? — mi)((k + g2)? — m3)
2
= Y PP Pl Cigktmn(p1, D2, o, My, )
i,4,k,l,m,n=1
2
+ ) [n"”p?pf pRpy + Dol + e pl) ol + 0 pi kel + 0 pl i}
ik l=1

R 8 Y R i el e R g o e T S o e R R S o i
oV, a oo, v o, a, v

+ Py 0Pl + Rl et + n” sl

+ n”pp?pfp,ipf‘] Cooijrr(P1, P2, Mo, M1, Ma)
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<- AGRe -~

2
[ e e g + el
ij=1

+ 070l p] + Pl 4 0t ol pg + Pl g 4 0t s g

+ 0o P pep? + P e + e pl pg A+ 0t Pl p? + 0ty pl g
+ 07l + 0T PPl 4 P ol + Y 4 P pl Y
+ 0P plpY + PPl + 0P plpS + 0Pl + 0t plp]
+ 0ty plp] + ] 4 T pl + 0 Pl pl 4 el

+ 0PIy ] Py + TPl + 0 PPl + ] pe

+ 0P TPl + 0T PRl + P e+ P e + e Y

+ 7"l + il + 0l pl + 0"y pl plt
+ n”pnaﬁpz-”pﬁ’ Coo00ij (P1, P2, Mo, M1, M)
+ [nwnaﬁnpa + nuanwnpa + 77“’8 nenPe + navnaﬁnpu + nvanVﬁnpu + nvﬁnmnpu
+ nwnaﬁnpv + n#ancfﬁ’npv + n#ﬁnmnw + nuvnaﬁnm 4 nuanwnpa + nuﬁnwnpa

+ 0"’ + oy TP + U”oﬁmﬁpﬁ] Coo0000 (D1, P2, M0, M1, m2)

Ak 1
D = / @) (k2 — md) ((k + q1)? — m2) ((k + q2)® — m2) ((k + g3)? — m2) (E.17)

= Do(p1, p2, p3, Mo, m1, Mo, m3) ,

d?k Kk

Dho— / E.18
) (7~ ) (K + a0 — ) (b + P — ) (kv g —m)
3
= pr Di(p1, pa; p3, Mo, my, ma, m3)
=1
=[5 i B.10)
2m)* (k2 = mg) ((k + q1)? = m3) ((k + g2)* — m3) ((k + g3)? — m3) '
3
= 1" Doo(p1, P2, P3, Mo, M, M2, m3) + Z pipj Dij(p1,p2, p3, mo, ma, ma, ms)
ij=1
o= [ 5 G mon)
(2m)? (k2 = mg) ((k + a1)? — mi) ((k + g2)? — m3) ((k + g3)* — m3) '

3
= Z [UWP? + 0" pi + Uyapﬂ Dooi(p1, P2, p3; Mo, ma, ma, m3)
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<- AGRe -~

+ Z Pipip§ Diji(p1, p2, p3, mo, ma, ma, ms)

praB ddk kukvkakﬁ
’ /k%wﬁg_m@«h+%V—m®«k+%y—m@«k+%y—m@ (E:21)

= [ﬁ“yﬁaﬂ + nton? + W“an] Doooo(p1, p2, p3, mo, my, ma, ms3)

+ Z [n“”pf‘pf 7plp] + el + 0t pspY + 0 pspl
3,j=1

+ naﬁpfpj] Dooij(p1, P2, P3, Mo, M, Ma, M3)

+ Z pzp]pkpl Dijia(p1. p2, p3, mo, ma, ma, ms) .
1,5,k,l=1

Also, we use the following reduction formulas

b= 5[t 6 = ) = (b g =)+ =iy — 2+ ], (B22)
peQi = 5[(@2 =) — (@2, — i)+ md =, + 7] (£.23)
pe@ur = 5[(@ =) — (@ —mt )+~ 2] (E.24)
peQia = 3[(@2 = m?) = (@, — )+ —mdy — 2], (B.25
ik = 5[(QF = m) = (@2 = mt) +m = mt 2+ 2], (£:20)
pi-k = % :(qu —m;) — Q2 —miy) +mi —mi_ —p; = 2ppi- 1] , (E.27)
pﬂz{@“ﬂﬂ%ﬁﬂ@+ﬁ—%—ﬁ, (E.28)

where the relations between the momenta are:

Qi=k+p+-+pi=k+aq,
g =p1+-+pi,
Qi =k+pi,
Qi =k +pi1+pi.
Finally, we follow the Passarino-Veltman method as explained in Sec. 5.1.4 using the
reduction formulas Egs. (E.22—E.28) and other integral tools such as change of variables.

As a result, we write all above scalar functions Agg, Agooo, B1, Boo, - - - in terms of the scalar
functions Ao, Bo, CO and Do.
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In this appendix, we show short pieces of our code to illustrate as much as possible how we
perform the calculations in the FORM program. At the same time, we ensure that all the
indices are contracted in a proper way in the code. However, let us start by introducing
some notations in Tab. 11.

Table 11: Some notations that we use in our code.

hy = H(mu,nu) Oqhyy = H(al,mu,nu) | 0,03h,, = H(al,be,mu,nu)
G = GL(mu,nu) Oaguy = GL(al,mu,nu) | 0,039, = GL(al,be,mu,nu)
g" = GU(mu,nu) 0a9" = GU(al,mu,nu) | 0,03¢"" = GU(al,be,mu,nu)
¢ = phi 0,¢ = phi(al) 0,03¢ = phi(al,be)
6@1%% — Gamma(al,mu,nu,be) 0 = d_(mu,nu) MAXH! = 4

Since our calculations are up to the quadruple graviton vertex.

As an example, the square root of the determinant of metric /—g = SQRTMG can be

calculated from the relation Eq. (2.13) as:
Code

Local SQRTMG = 1+sum_(n,1, ‘MAXH’,invfac_(n)/2 n*trlng n);
#do i=1, ‘MAXH’
id,once trlng = -sum_(n,1, ‘MAXH’
,sign_(n)/n*epsh n¥kappa™n*HH(n,i‘i’x1,i‘i’x1));
id epsh”{‘MAXH’+1} = 0;
#enddo
#do i=1, ‘MAXH’
#do j=2, ‘MAXH’
id,once HH(n?,mu?,nu?) = H(mu,i‘i’x‘j’)*HH(n-1,ii’x‘j’,nu);
id HH(O,mu?,nu?) = d_(mu,nu);
#enddo
#enddo

Code

In addition, the field redefinition can be done by replacing each field and its deriva-
tives with the proper expansion. The code below shows the gravitational field redefinition

Eq. (2.50), where the other fields were treated in the same way:
Code

#do i=1, ‘MAXH’
multiply aa;
id,once aa*H(?7a,mu?,nu?) = al*Der(?a,H(mu,nu))
+kappa*epsh*(a3*Der (?7a,H(mu,i{‘i’+1}x1),
H(i{‘i’+1}x1,nu))+a2*Der (?a,H(mu,nu) ,H(i{ ‘i +1}x1,i{‘i’+1}x1)))
+kappa”2*epsh”2* (a4*Der (7a,H(mu,nu) ,H(i{‘i’+1}x1,i{‘i’+1}x1),
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0

HGE{ 1> +1x2,i{ ‘1’ +1}x2) ) +ab*Der(7a,H(mu,nu) ,H(A{ 1’ +1}x1,i{‘i’+1}x2),
HGA{ 1> +1Fx1,i{“1’+1}x2) ) +ab6*Der(?a,H(mu,i{ ‘1’ +1}x1) ,H(nu,i{‘i’+1}x1),
H(A{‘1>+1}x2,i{ ‘1’ +1}x2))+a7*Der(?a,H(mu,i{ ‘1’ +1}x1) ,H(nu,i{‘i’+1}x2),
HG{ 12+ x1,i{17+13x2)))

+kappa~3*epsh”~3*(a8*Der(?a,H(mu,nu) ,H(i{‘i’+1}x1,i{‘i’+1}x1),
HGE{ 12 +13x2,i{1’+1}x2) ,H(G{ 1’ +1}x3,i{ 1’ +1}x3) ) +a9*Der(?a,H(mu,nu) ,
HGE{ 12+ x1,i{1°+1 x1) ,HGE{ 1’ +1}x2,i{ ‘i’ +1}x3),
H(i{‘1>+1}x2,i{“1’+1}x3))+al0*Der(?a,H(mu,nu) ,H(i{ ‘1’ +1}x1,i{ i’ +1}x2)
HGA{1>+1x2,i{“1°+1}x3) ,H(A{ ‘1’ +1}x3,i{‘i’+1}x1))+allxDer(?a,
H(mu,i{‘i’+1}x1) ,H(au,i{‘i’+1}x1) ,H@EA{‘i’+1}x2,i{‘1’+1}x2),
HGE{1>+1}x3,i{ ‘1’ +1}x3))+al2*Der(?a,H(mu,i{‘i’+1}x1) ,H(nu,i{ ‘i’ +1}x1) |
HEA{ 12 +13x2,i{ 1> +1}x3) ,H(i{ i’ +1}x2,i{“1’+1}x3))+al3*Der(?a,
H(mu,i{‘i’+1}x1) ,H(au,i{‘1’+1}x2) ,H(A{ ‘1 +1}x1,i{‘1’>+1}x2),
HGE{12+1}x3,i{“1’+1}x3))+ald*Der(7a,H(mu,i{‘i’+1}x1) ,H(nu,i{ ‘i’ +1}x2)
HG{ 4 +1 x1,i{17+13x3) , HG{ i’ +1}x2,i{‘1’+1}x3)));

id aa = 1;

id epsh™ ‘MAXH’ = 0;
.sort

#enddo

Code

Taking a derivative in our notation can also be achieved in FORM with the following

procedure:
Code

repeat;

id Deriv(H?fields(?a),?b) = H(?a)*Deriv(?b);

id Deriv(mu?,H?fields(?a),?b) = H(mu,?a)*Deriv(?b)

+H(?a)*Deriv(mu, ?b) ;

id Deriv(mu?,nu?,H?fields(?7a),?b) = H(mu,nu,?a)*Deriv(?b)
+H(mu, ?a) *Deriv(nu, ?b)
+H(nu, ?a)*Deriv(mu, 7b)
+H(?a)*Deriv(mu,nu, ?b) ;

id Deriv(mu?) = 0;

id Deriv(mu?,nu?) = 0;

id Deriv = 1;

endrepeat;

Code

Finally, the amplitude of a Feynman diagram can be calculated in FORM as shown below
for the s-channel diagram in scalar-graviton scattering:

Code
* S-channel in scalar-graviton scattering:
*
* p2-> X X p4—>
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P
g

< {0
¥ mu,nu X x al,be
* X X
* aaaaaaaXaaaaaaaYaaaaaaaa
* pl—> P1-> p3->
*
*  X=plx,ilx Y=p2x,i2x

#include vertexprocedures.hf

#include symbols.hf

#include setexternal.hf

.sort

L Vleft =

#call vertex2philH‘VERTEXTYPE’

#call setmom(plx,3)

#call takederiv

print +s;

.sort

skip;

L Vright =

#call vertex2philH‘VERTEXTYPE’

#call relabelindexij(1,2)

#call setmom(p2x,3)

#call takederiv

print +s;

.sort

#call pickoutphiin(pl,plx,plxplx,2,Vieft)
#call pickoutphiout(p3,p2x,p2xp2x,2,Vright)
#call pickoutHin(mu,nu,p2,plx,plxplx,2,Vleft)
#call pickoutHout(al,be,p4,p2x,p2xp2x,1,Vright)
.sort

drop Vleft,Vright;

G PPHH1‘VERTEXTYPE’ = i_"3x*Vleft*Vright;

#call connectphi(P1,plx,plxplx,1,p2x,p2xp2x,1,PPHH1 ‘VERTEXTYPE’)

print +s;
.store

save save/PPHH1‘VERTEXTYPE’.sav PPHH1‘VERTEXTYPE’;

.end

Code

Where we start the code by defining the vertices and importing their corresponding ex-
pressions. In the example above, the left vertex defined in lines 15 and 16 is a scalar-
scalar-graviton vertex, with its corresponding expression given by Eq. (3.8). Then in lines
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18, 19, 31 and 33, we convert this vertex to momentum space. After that in line 37, we
put all together and multiply by (i) for each vertex and propagator. Finally in line 38,
we connect the two vertices by calling the propagator procedure, which also contains the

pickoutphiin and pickoutphiout procedures.
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Acronyms

CM Center-of-Mass frame. 26, 28, 29, 53, 54

EFT Effective Field Theory. 6, 7, 11, 12

EMT Energy-Momentum Tensor. 10

GCT General Coordinate Transformations. 8-10, 12, 13

GR General Relativity. 6, 8, 10, 11
QFT Quantum Field Theory. 6-8
SM Standard Model. 6

YM Yang-Mills gauge theory. 6-9
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