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Abstract

This thesis discusses an extension of the classical maximum modulus prin-
ciple to unbounded domains, called the Phragmén-Lindelof principle. The
principle is illustrated in strips, half planes and sectors, as well as through the
related Hadamard theorems. The thesis is concluded by proving applications of
the Phragmén-Lindeldf principle within Fourier analysis and operator theory.
The applications within Fourier analysis are the Hausdorft-Young inequality
and Hardy’s uncertainty principle, and the application within operator theory
is the Riesz-Thorin interpolation theorem.






Populirvetenskaplig
sammanfattning

Komplexa tal kom till som ett verktyg for att 16sa andra- och tredjegradsekvationer.
Till en bérjan sigs de som virdelosa utanfor det specifika anvindningsomradet, men
har sedan dess visat sig vara mycket anvindbara inom flera matematiska filt och 4dven
utanfoér matematiken. Ett sadant exempel 4r kvantmekanik inom fysiken.

Den gren av matematiken som tagit de komplexa talen frin ekvationslosning till de
manga tillimpningar vi kinner till idag kallas f6r komplex analys. Detta filt studerar
funktioner av komplexa tal. Funktioner av sirskild betydelse ir sa kallade holomor-
fa funktioner, vilket 4r funktioner som ir deriverbara i komplex mening. Holomor-
fa funktioner har visat sig ha manga egenskaper som generellt inte delas med reella
differentierbara funktioner. Exempelvis kan holomorfa funktioner deriveras oindligt
manga ganger, medan det finns reella differentierbara funktioner som inte kan det.

Detta arbete behandlar en metod f6r att avgéra om en holomorf funktion 4r be-
grinsad i en obegrinsad domin. En klassisk sats inom komplex analys siger att i en be-
grinsad domin ir en holomorf funktion begrinsad av sitt maximala absolutbelopp pa
dominens rand. Phragmén-Lindel6f-principen beskriver en metod som utvidgar den-
na sats till att gilla i obegrinsade dominer. Mer specifikt, om en holomorf funktion
ir begrinsad pa randen av en obegrinsad domin och funktionen uppfyller en restrik-
tiv tillvixt i dominen sa 4r funktionen begrinsad i hela dominen. Tekniken som Ph-
ragmén-Lindelof-principen beskriver anvinds for att bevisa detta for olika dominer.

Phragmén-Lindelof-principen har flera tillimpningar, bade inom komplex analys
och andra filt. I detta arbete diskuteras bland annat tillimpningar inom Fourierana-
lys, som dven det 4r en matematisk gren med ménga tillimpningar, till exempel inom

tysik och kemi.
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Introduction

A classical result within complex analysis is the maximum modulus principle. Inform-
ally, the principle states that a holomorphic function in abounded domain is bounded
in magnitude by its maximum modulus on the boundary of the domain. See Theorem
1.5 for a more precise statement. The assumption that the domain is bounded cannot
be removed. The following example shows an instance where the principle fails when
applied to an unbounded domain [1, Chapter 12].

Example. Consider the horizontal strip Q = {z € C: —7/2 < Im(z) < 7/2}. Then
we have that 0Q = {z € C : |Im(z)| = 7/2}. Let £ () = exp (exp (2)).

Consider a point on the boundary x + 77/2, where x is a real number. Then we
have that

f(x+im/2) = exp (exp (x £ im/2)) = exp (£ie").

Since x is real, we get that | f (z)| = 1forz € Q2. However, if we consider a real point
x, which lies in ©, we have that £ (x) = exp (exp (x)), which is unbounded on the real
axis.

Thus, |f | is bounded by 1 on the boundary of €, but unbounded in €, which

shows that the maximum modulus principle does not hold in unbounded domains.

It is then natural to ask if it is possible to formulate a principle similar to that
of the maximum modulus principle, that holds for unbounded domains. Indeed,
in 1908, Edvard Phragmén and Ernst Lindeldf [2] presented a method to extend the
principle to unbounded domains, called the Phragmén-Lindelof principle. In short,
the Phragmén-Lindeldf principle describes a technique where the use of an auxiliary
function allows us to find a bounded subset where we can apply the maximum mod-
ulus principle, while bounding the function outside of this subset. This means that
the function is bounded overall. In Chapter 2, we will formally describe the principle,
as well as illustrate the technique in a few special domains. In Chapter 3, we discuss
applications of the principle within Fourier analysis. More specifically, we prove the
Hausdorff-Young inequality and Hardy’s uncertainty principle using the Phragmén-
Lindelof principle. Lastly, in Chapter 4, we prove an application within operator the-
ory, namely the Riesz-Thorin interpolation theorem.
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CHAPTER 1

Preliminaries

In this chapter, we state definitions and results that are either important for under-
standing the context of the thesis, or will be used directly in later chapters. We omit
proofs of the theorems, but the reader can find those in the relevant citations.

1.1 Holomorphic Functions

In this section, we explain the basics of holomorphic functions, as well as a few related
results that will be used later. We begin by defining domains.

Definition r.r.1. A set Q C Cisadomain in Cif it is open and connected in C.

Here, that Q is open means that for any point z € Q, there exists a disc centred
at g that is contained in €. In this context,  being connected means that any two
points in £ can be joined by a continuous curve contained in £2.

An important definition is the complex derivative [1, Chapter 10].

Definition r.1.2. Let f be a complex-valued function defined in a domain Q c C. If
a € Q and the limit
@)@
im————
>4 Z—a
exists, then the limit is the complex derivative of f at a, denoted f” (a).
Here we defined the complex derivative at a point in the complex plane. However,

it is useful to have a notion of when the complex derivative exists in a set as well [1,

Chapter 10].

Definition 1.1.3. Let / be a complex-valued function defined in a domain Q C C. If
f'(a) exists for all 2 in Q, then £ is holomorphic in Q.



I. PRELIMINARIES

A function that is holomorphic in the whole complex plane is called entire. An
important property of entire functions in the following theorem [3, Chapter 4].

Theorem 1.1.4 (Liouville’s theorem). If f is a bounded entire function, then f is con-
stant.

As stated in the Introduction, the Phragmén-Lindel6f principle can be viewed as
an extension of the maximum modulus principle, which states that a holomorphic
function in a bounded domain attains its maximum modulus on the boundary of the
domain [1, Chapter 12].

Theorem 1.1.5 (Maximum modulus principle). Let Q C C be a bounded domain. If
[ is holomorphic in Q and continuous in Q, then

max|f(2)] = max |f (2)].

We define the complex line integral [1, Chapter 10].

Definition r.1.6. Let y be a C'-curve parametrised by y(¢), fora < ¢ < b. Suppose
that /" is a complex function that is continuous on the range of y. Then we define the
complex line integral as

b
/f(z)dz = / Fr ()Y (2)d.
V4 a
An important theorem about line integrals of holomorphic functions is Cauchy’s
theorem [3, Chapter 4].

Theorem 1.1.7 (Cauchy’s theorem). Let Q be a bounded domain with piecewise smooth
boundary. If f is holomorphic in Q and continuous in Q, then

/a f@dz=o0

As a converse of Cauchy’s theorem, Morera’s theorem states that line integrals
can be used to determine if a continuous function is holomorphic in an open set [1,
Theorem 10.17].

Theorem 1.1.8 (Morera’s theorem). Lez Q be an open set and suppose that f is continu-

ous in Q. If
/ f(2)dz=0
oT

for every closed triangle T C Q, then f is holomorphic in Q.



1.2. Measure Theory

Lastly, we state two theorems that will be used in later chapters. The first of those
is a uniqueness theorem [1, Theorem 10.18].

Theorem r.1.9 (Uniqueness of analytic continuation). Suppose that & is a domain
and f is holomorphic in Q. If the zero set Z = {z €Q:f(z) = 0} bas a limit point in
Q, then f(z) = 0 forall z € Q.

That Z has alimit point in Q means that there exists a point 2 in Q and a sequence
{a,} of distinct points in Z such thatz, — a when n — oo. In other words, the
function f has non-isolated zeroes in €2, which for instance occurs when Z includes a
curve [3, Chapter s].

Lastly, we state the Schwarz reflection principle [1, Theorem 1r.17]. Here, we let
IT" = {z € C: Im(zg) > 0} denote the upper half plane. Similarly, we let II™ denote
the lower half plane. We denote the ball with radius 7 centred at 4 as B,.(a).

Theorem 1.1.10 (The Schwarz reflection principle). Lez L be a segment of R. Ler Q* be
a subset of 1™ with the property that for all t € L, there exists € > 0 such that B (¢) NIT*
liesin QF. Let Q~ = {z : z € Q"} denote the reflection of Q. Suppose that f = u+ivis
holomorphicin QF andlim,_,« v(z,) = 0 foreach sequence {2, } in Q* which converges
to a point in L. Then there exists a function F that is holomorphic in Q* U LU Q~, with

F(2) = f(2) in Q* and F(3) = F(z) forallz € Q* ULU Q™.

1.2 Measure Theory

This section concerns the basics of measure theory needed to understand the gener-
alised Hausdorft-Young inequality (Theorem 3.1.6). In particular, we aim to define
measurable functions, measure spaces and integrals over a measurable set with respect
to a measure. Moreover, we state some important results. This section is based on
Rudin’s chapter on the topic [1, Chapter 1].

Definition 1.2.1. Let X be a set. A collection of subsets Z of X is a 7-algebra if the
following conditions hold:

(i) X e Z.
(ii) If 4 € Z, then the complement of A relative to X is in Z.
(iif) If 4 = U A,, where 4, € Z forall n, then 4 € %.
o-algebras are used to define measurable spaces and sets.

Definition 1.2.2. A pair (X, %) is a measurable space if % is a 7-algebra in X. Mem-
bers of Z are called measurable setsin (X, XZ).



I. PRELIMINARIES

As we have defined measurable spaces, it is natural to consider functions on those.
In particular, we will consider measurable functions.

Definition 1.2.3. Let (X, %) be a measurable space. A functionf : X — Cis
complex measurable if f~' (V) is a measurable set in (X, %) for every open set V" in C,

A special function that will be of importance is the positive measure.

Definition r.2.4. A function y is a positive measure on a g-algebra % if the following

hold:
(i) The range of p isin [0, oo].

(ii) u(@) = 0.

(iif) If {4} is a disjoint countable collection of members in %, then we have that

/J(UAZ‘) = Z /J(Az)

A measurable space (X, #) with a positive measure u defined on the s-algebra
of its measurable sets is said to be a measure space and is denoted (X, Z#, pt). In later
chapters, we will for instance often use the classical Lebesgue measure ([0, 1), &, dx),
where .Z is the o-algebra of Lebesgue measurable sets. We will also use the counting
measure on Z, where the o-algebra is the collection of all subsets of Z.

For the remainder of this section, we let (X, %, i) denote a measure space with
positive measure y. A function that needs to be defined before we can define the
integral is the characteristic function.

Definition r.2.5. Let £ be a measurable set in (X, %, u). We define the characteristic

function of E as
1 ifxeE
XE(x) = {

0 otherwise

Defining the general integral requires us to first define the integral of a simple
measurable function, which is a function on a measurable space which its range being
finitely many points in [0, 00).

Definition 1.2.6. Let s be a simple measurable function on (X, %, u) that is on the
forms = X, a;74,, where the a; are the distinct values of sand 4; = {x : s5(x) = a;}.

Suppose that £ € #. Then we define

n

/sdﬂ = Z a;u(A; N E).

E =1



1.3. Lebesgue spaces

Note that here we use the convention that 0 - co = 0, as we may have thate, = 0
and u(A4; N E) = co.
Now we can define the general integral of positive measurable functions.

Definition 1.2.7. Letf : X — [0, o] be a measurable function and let £ € Z. We

define
/fd/J :sup/Jd,u,
E E

where the supremum is taken over all simple measurable functions s with 0 < s < £.

Defining the integral of a complex function is now a matter of breaking up the
function into real and imaginary parts, which are then divided into positive and neg-
ative parts. If ¢ is a real function, then the positive part of g is g* = max {g, 0} and the
negative partis g~ = —min { % 0}.

Definition 1.2.8. Let/ = #+:vbe a complex function, where # and v are real measur-
able functions on (X, Z, u). If/X |f| du < oo and F is a measurable set in (X, Z, u),
then we define

/fd,u=/u+d,u—/u_dy+z'/v+dﬂ—z'/v_du.
E E E E E

Lastly, we state Fatou’s lemma [1, Theorem 1.28].

Lemma 1.2.9 (Fatou’s lemma). Iff, : X — [0, co] is measurable for each positive
integer n, then

/lim inf f,du < liminf /fndu.
X n—o0 n—oo .X

1.3 Lebesgue spaces

In this section, we let (X, %, u) denote an arbitrary measure space with a positive
measure fi.

Definition 1.3.1. Let 0 < p < o0 and let f be a complex measurable function on

(X, Z, u). The LP-norm of f is defined as

T ( / |deﬂ)W.

Then we define I7(u) = {f complex measurable : || £1|, < 00}.
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If p is the counting measure on Z, then the corresponding I7-space is denoted
¢?(Z). An element of ¢#(Z) is a complex sequence x = {£,}. The ’-norm is then

0 1/p
lll, = (Z |fn|ﬁ) :
n=1

In order to define L*-spaces, we must first define the essential supremum.

Definition 1.3.2. Let /' : X — [0, o] be a measurable function on (X, %, ) and
define S = {az eR:u(f (a4 ])) = O}. If§ = @,set B = oo. Otherwise, set
B = inf S. Then fis called the essential supremum of f.

The essential supremum is then used to define the L*-norm.

Definition 1.3.3. Let f be a complex measurable function on (X, %, 1). We define
|| /|l co as the essential supremum of | f | and define the corresponding Lebesgue space
as L= (u) = {f complex measurable : || /1l < 00}.

To conclude this section, we state a few important results. The first of those is
Holder’s inequality [1, Theorem 3.5].

Theorem 1.3.4 (Holder’s inequality). Suppose that1 < p < 0o and q = p/(p —1). If
[ and g are measurable functions on (X, %, ), then || fglli < || f1l,lgll4-

We state a result about the density of simple functions in L7 () [1, Theorem 3.13].

Theorem 1.3.5. Let S be the class of complex measurable simple functions on (X, %, 1)
with u({x : s(x) # 0}) < co. If1 < p < oo, then S is dense in LP ().

A consequence of this theorem is that any function / € L7 () can be approxim-
ated arbitrarily well in the ZZ-norm by simple functions. In other words, there exists
a sequence of simple functions {f;} such that lim; , || /; = fll, = 0.

Lastly, we state a result about the duality of Z7 [1].

Lemma 1.3.6. Let1 < p < coand g = p/(p — 1). Then for any function f on any
measure space (X, X, 1), it holds that
/ fgdﬂ‘,
X

where the supremum is taken over all simple functions g with || g||, = 1. In other words,
the L1-norm of any function on any measure space equals its norm as a linear functional

on IP.

I/l = sup




1.4. Fourier Analysis

1.4 Fourier Analysis

As we will discuss applications of the Phragmén-Lindel6f principle within Fourier
analysis, we use this section to state a few important related definitions and results.
This section is based on Chapters 4 and 7 on Vretblad’s book on the topic [4].

A central concept in Fourier analysis is Fourier series. However, as we will only
use Fourier coefficients, we only define those.

Definition 1.4.1. Let f be a function with period 2 that is Lebesgue integrable over
a period. For each integer 7, the Fourier coefficients of f are defined as

2P

a 1 —in%t
f(n) = >p f(t)e dt.

0

Another important concept is the Fourier transform.

Definition 1.4.2. Let f be a function so that fR | f (t)| dr is convergent. The Fourier
transform of f is defined as

f(f) — '/R:f(t)e—flm'ftdt

The Fourier transform can also refer to the mapping F : f f . Using this
notation, the Fourier transform defined above is written as f (&) = FIfx)](£). An
important fact is that F is a linear mapping. Moreover, a result that will be used
while proving Hardy’s uncertainty principle (Theorem 3.2.14) is the following the-
orem about the Fourier transform of a Gaussian.

Lemma 1.4.3. Let a be a constant. Then T[e‘“"z] (&) =A/7n/a- 8,

In other words, the Fourier transform of a Gaussian is a Gaussian itself. Con-
sequently, the inverse Fourier transform of a Gaussian is also a Gaussian.

L5 Operator Theory

Let (M, A, i) and (N, .4, v) denote arbitrary measure spaces and let Z”(u) and
17 (v) be Lebesgue spaces on those respectively. We begin by defining the (p, 4)-norm,
where 1 < p, g < oo [5, Chapter s].

Definition r.5.1. Let 7 be a linear operator mapping simple functions in 7 () into
L9(»). It there exists a constant £ > 0 such that || 7f{|, < &l| f||, for all simple func-
tions £ € L7(), then T is said to be of type (p, g). The least £ for which this holds is
called the (p, q)—norm of T.
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By Theorem 1.3.5, the subspace of simple functions in L7 is dense in 7. Moreover,
the space is clearly linear. Thus, if the estimate above holds for simple functions, then
the following result states that 7" can be extended to all of 7 (1) so that the estimate
still holds [6, Chapter 1, Proposition s.4]. Stein formulates this result for the more
general Banach space, but as we are only concerned with Z/-spaces in this context, we
state a less general version.

Theorem 1.5.2. Let S C LP(u) be a dense linear subspace of IF (1). Let Tj be a linear
operator mapping S to L1(v) that satisfies | Tof |, < Cl f ||, for all f € S, where C is
a constant independent of f. Then Ty has a unique extension T to all of L () so that
1TFlly < Cllfll forallf € 12 (u).



CHAPTER 2

The Phragmén-Lindelof Principle

The goal of the Phragmén-Lindel6f principle is to extend the maximum modulus
principle to unbounded domains. In general, this can be done if the growth of the
holomorphic function in question is restricted, however, the exact growth restriction
depends on the domain [1, Chapter 12]. In this chapter, we will examine this in more
detail. We begin by describing the general Phragmén-Lindel6f principle, and then we
illustrate the technique in a few special domains. We conclude with two more refined
Phragmén-Lindel6f results, namely the Hadamard theorems.

2.1 Outline of the General Principle

As previously mentioned, the principle was first described by Phragmén and Lindel6f
in 1908 [2]. The method that they described is formulated a little differently than the
one that we will include here. We choose a formulation that is more aligned with how
the technique is performed in the following sections.

Let Q C C be an unbounded domain. Suppose that /" is a holomorphic func-
tion in Q that is continuous in Q, with | f | < 1on dQ. Our goal is to show that
| f | < 1in Q. To do so, we introduce an auxiliary function b, with the property that
limg—,0 he(2) = 1forall z € Q. Moreover, for each € > 0, we require that b, satisfies
the following conditions:

(i) /s is holomorphic in © and continuous in Q.

(ii) There exists a bounded subset Qg4 of Q such that | ﬂog| < 1 on 0Qpgq and
|j%g| <1inQ\ Qpgq.

For a fixed &, conditions (i) and (ii) allow us to apply the maximum modulus principle
to conclude that |ﬂog| < 1in Qpgq. Since |f7i78| < lalsoin Q\ Qpg4q4, we conclude that
| ﬂogl < 1in Q. Since the above conditions hold for each & > 0, the same argument

9
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can be made foreach € > 0, so |ﬂog| < 1linQforalle > 0. Bylettinge — 0, we
finally arrive at the conclusion that | f | <1inQ.

While the Phragmén-Lindel6f principle might not be that complicated in theory,
we will throughout this thesis see that the principle can be used as a quite powerful
tool in proving important results.

2.2 'The Principle in Special Domains

To illustrate the technique that the Phragmén-Lindelof principle describes, we will
in this section give examples of applying the principle in vertical strips, the half plane
and sectors in the complex plane. We begin by considering vertical strips [7, Chapter
12, Theorem 6.1].

Theorem 2.2.1. Consider the vertical stripQ = {z € C : =7 /2 < Re(z) < 7/2}, and
a function f that is holomorphic in Q and continnous in Q, with | f | < 1on Q. Suppose
that there exist constants a € (0,1) and C > 0 such that | f(z)| < exp (Cexp («z]))
forzin Q. Then |f| <1inQ.

As seen in the Introduction, the condition that # < 1 is sharp, since the theorem
does not hold if # = 1. We turn to proving the theorem.

Proof. Letfbeaconstant witha < 8 < 1,andlete > 0. Define the auxiliary function
he(2) = exp (—28 cosﬂz). Note that by — lase — 0. Set gz = fh,.

Notice that by writing z = x + 7y, where x and y are real numbers, and using the
addition formula for cosine, we have that

&+ B & — B

cos Bz = 5 cos Bx + Z'T sin Ax.

Hence, we have that 2Re(cos ﬂz) = (@89’ +e b ) cos Bx . Moreover, since 0 < 8 < 1,
there exists ¢ > 0 such that
¢ < cosfx (2.2.2)

forallx € [-7/2, =/2].
We now consider |g8| on Q. With y € R, we have that

|g,s(i7r/2+z'y)| = |f(i7r/2+z'y)| |exp (—28cosﬁ(i7r/2+z'y))|.

Since | £ (£7/2 + iy)| < 1 by assumption, and by using 2.2.2, we get that

exp (—68(6@' + e_/’)}'))‘ <1

|ge (£7/2 + )| <

since & + ¢ > 0 for all ¥, hence | g,9| < 1 on the sides of the strip.



2.2. The Principle in Special Domains

Our goal is now to construct a bounded rectangle R in Q so that |gs| < 1 on the
boundary of R and outside of R. Then we can apply the maximum modulus principle
to conclude that | g8| < lalso in R, which implies that | g8| <1in Q.

To do this, we show that we can draw horizontal lines that form the rectangle R
together with the sides of the strip, so that the formed R satisfies the requirements.
Note that /, can be written as b (z) = exp (—2&Re(cos 5z)) - exp (—2&7Im(cos z)).
This gives that

|he(z)| = exp (—2&Re(cos fz))
= exp (—8(6‘6}/ +e P ) cos {Bx)
< exp (—cs (659' + e_‘gy)).

By using this, we get that

|g8(z)| < exp (Celezl) - exp (—68 (Cﬁy + e‘zg}’))
= exp (Ce”"z' - 68(6@ + 6‘_@))

< exp (Ce“|7|+“”/2 —ce (eﬂ}' + e_fgy)),

where the last step follows from the fact that |z| < b/| +7/2 by the triangle inequality.
The exponent in the last expression above is negative for large enough |y| since 4 > «,
and thus | & (z)| — 0 as |z| — oo. Therefore, we can choose to draw horizontal lines
sufficiently far out to get the desired rectangle R with | gg| < 1 on the boundary of R,
and | g8| < 1in Q\ R. By the maximum modulus principle, we get that | gg| <linR.
It follows that | gg| <1in Q.

Finally, since & was arbitrary, we have that | gg| < lin Qforall & > 0. By letting
& — 0, we get that | f | < 1in Q, which concludes the proof. O

Itis now straightforward to generalise the statement to any vertical strip by means
of applying an appropriate linear transformation. The theorem and proof is provided
by the author.

Theorem 2.2.3 (Phragmén-Lindelof for vertical strips). Consider the vertical strip
Q = {2€C:a < Re(z) < b}, and a function f that is holomorphic in Q and con-
tinuous in Q, with | f | < 1on 0Q. Suppose that there exist constants & € (0,1) and
C > 0 such that

|f(z)| < exp (Cexp (bﬂ_ﬂﬂ |z|))
forzin Q. Then |f| <1inQ.

II
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Proof. The linear function

b—a a+b
zZ+

¢(z) - T 2

maps thestrip U = {z € C: —7/2 < Re(z) < 7/2} to Q bijectively. Wesetg = f o ¢
and shall apply the previous theorem to g. It is clear that g is holomorphic in U and
continuous in U, since f and ¢ are so in their respective domains. Moreover, we see
that [¢g| < 10n @U. By using the assumed growth restriction on £, we have that

b— b
lg(2)| < exp (Cexp (;_ﬂﬂ( ”ﬂ |z| + lﬂ; l))) = exp (Dexp («]z])),

where D = Cexp (|a + 6| /2). Thus, we can apply Theorem 2.2.1 to g, which gives
the desired conclusion. O

We now consider the right half plane {z € C : Re(z) > 0} [7, Exercise 12.1]. The
proof is provided by the author.

Theorem 2.2.4 (Phragmén-Lindelof for half planes). Ler U = {z € C: Re(z) > 0}
be the right balf plane, and let  be a function that is holomorphic in U and continuous
up to the boundary of U. Suppose that there exist real constants C > 0 and 0 < a < 1
such that |f(z)| < Cexp (|2|%) forall zin U. ]f|f| < 1on the imaginary axis, then
| f | <1linU.

The bound on « is sharp. This is for instance seen if we let g(z) = ¢°. Then we
have that | g| < 1on the imaginary axis, but g is not bounded in U. We turn to proving
the theorem.

Proof. Let 8 be a constant such thate < 8 < 1, and let & > 0. Define the func-
tion bg(2) = exp (—szﬂ) and set gz = fhs. Note that g is holomorphic in U and
continuous in U, since f and b, are.

Firstly, we show that | g8| < 1 on the imaginary axis. Indeed, if we let y be a real
number, then we have that

exp (- ()

since |f(zy)| < 1 by assumption. Writing (z'y)ﬂ = b/|[g (cos (£78/2) + 7 sin (£75/2))
yields that

g (29)] <

|g(9 (zy)| < exp (—g Mﬁ cos (igﬂ)) <1

where the last inequality follows from the fact that the exponent is non-positive, since
0<B<1



2.2. The Principle in Special Domains

Now, we want to find a half circle Cz = {Re"t eC:—-7/2<t< 7:/2} with ra-
dius R so that |gg| <lon Cgand |gg(z)| < lin U for |z| > R. We see that

= (Re")| = [ £ (Re")| [ oo (Re")]
< Cexp (R®) - exp (—sRﬂ cos (gﬂ) ),

by using the growth assumption on f in the last step. The last expression can be re-
written as

C exp (—Rﬁ(s cos (87 /2) — R"‘_ﬂ)).

Since & < j3, it follows that R — 0as R — oo, and hence the exponent is non-
positive for large enough R. Thus, |g. (Re‘"[ )| < 1 for sufficiently large R, so we can
choose an R so that |gg(z)| < 1lon Cgand |g8(z)| < 1for|z| > R.

Consider the region enclosed by the imaginary axis and Cz. As shown above,
| ggl < 1 on the boundary of this region. The maximum modulus principle gives
that | gg| < 1lin the interior of the region as well. Since we also showed that | g,9| <1
outside this region, we can conclude that | gg| <1linU.

Lastly, since & was arbitrary, the above holds for each & > 0. By letting & — 0 and
noting that |h;| — las& — 0, we conclude that |f| < 1lin U, as desired. O

The final domain we shall consider is the sector. A sector § in the complex plane
that is centred at the positive real axis with angle 2« is defined as

Sz{zEC:|argz|<a},

where 0 < « < 7. While it is possible to perform an argument similar to that of
the proof of Theorem 2.2.4 to apply the Phragmén-Lindel6f principle in a sector, we
instead note that we can regard the right half plane as a sector with = #/2. Using
this fact, we can quite easily use the above result to get a Phragmén-Lindel6f result for
sectors arbitrarily close to the full plane [7, Exercise 12.2]. The proof is provided by
the author.

Theorem 2.2.5 (Phragmén-Lindelof for sectors). Let S = {z eC: |arg z| <zl 218}

be a sector with opening angle 7 [B, where B > 1/2. Let f be a holomorphic function

in S that is continuous in S. Assume that there exist C > 0 and 0 < a < f8 such that
|f(z)| < Cexp (|2%) forall z in U. ]f|f| < 1 on the boundary of S, then |f| <l1lin
U.

An example illustration of the domain can be seen in Figure 2.1.

13
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Figure 2.1: The sector considered in Theorem 2.2.5.

Proof. Let U denote the right half plane, as in Theorem 2.2.4. Consider the function
#(z) = 2!/8, where we consider the principal branch * of /e, ¢ is holomorphic in U
and maps U to S bijectively.

Define g = f o ¢, which is holomorphic in U, since f and ¢ are holomorphic in
their respective domains. Moreover, ¢ is continuous in U by a similar argument.

We verify that g satisfies the conditions of Theorem 2.2.4. Let y be a real number
and consider | (%) | Since ¢ maps AU to 4§ and | f | < 1on S by assumption, we
have that | g(zy)| < 1. Now, let 2 € U. Using the growth assumption on f gives that

lg(2)| < Cexp (|¢(z)|“) = Cexp (|z|“/ﬁ).

Note that 2/8 € (0, 1), since # < . Therefore, we see that g satisfies the conditions
of Theorem 2.2.4, so we can apply it. Doing so yields that | g| < lin U, and it then
follows that | f | < 1in S, which concludes the proof. O

The theorem can be generalised to other rotated sectors. The following theorem

and proof is provided by the author.

Theorem 2.2.6. Let S = {z € C: 6y <argz < b} where 6 — by = 7/B for some

B >1/2. Let f be a holomorphic function in S that is continuous in S. Assume that there
exist C> 0and 0 < a < B such that |f(z)| < Cexp (|2|%) forall zin U. [f|f| <lon
the boundary of S, then | f| < 1in U.

Proof. The function ¢(z) = exp (¢(7/28 + b))z maps {z eC: |argz| < W/Zﬂ} toS
bijectively. Applying Theorem 2.2.5 to f o ¢ gives the desired conclusion. O

"This means that /¢ = exp (}3 (log |2] + 7 arg z)), where -7 < argz < 7.



2.3. Hadamard Theorems

2.3 Hadamard Theorems

A version of the Phragmén-Lindel6f principle applied to strips is the Hadamard three
lines theorem. In this case, we assume that a holomorphic function f is bounded in a
vertical strip. The Hadamard three lines theorem can be viewed as a more refined ver-
sion of the Phragmén-Lindel6f theorem (Theorem 2.2.3) with more explicit bounds.
In particular, the supremum of | f | taken over a vertical line in the domain is related
to the supremums of | f | taken over the sides of the strip, hence the “three lines”. The
theorem is proven using a Phragmén-Lindelof technique, and will later be used when
proving the Hausdorff-Young inequality (Theorem 3.1.1) and the Riesz-Thorin inter-
polation theorem (Theorem 4.1.1). We begin by proving a special case of the Hadam-
ard three lines theorem, which we will then use to prove the general case.

Lemma 2.3.1. Let U = {2 € C: 0 < Re(z) < 1} be a vertical strip. Suppose that
is a holomorphic function in U that is continuous in U, with | f | < Bin U, where B
is a constant. Define M(x) = sup {|f(x + zy)l 1y € R} where 0 < x < 1. Then
M(x) < M(O)l_xM(l)xforallO <x<1

Proof. We first consider the case when A4(0) = A1(1) = 1. The desired inequality
is equivalent to showing that | f | < lin U, and we will use a Phragmén-Lindel6f
argument to do so. Let & > 0 and define

1

b -
¢(2) 1+ &z

forz € U. Note that |h;| < 1in U, since Re(1+¢&z) > 1forallz € U. Thus,
| ﬂ?gl < 1 on dU. Now, we want to find a rectangle R enclosed by the sides of the
strip and two horizontal lines for which | ﬂog| <londRand | ﬂng <1linU\R. By
noting that [1 + ez > & [y , where z = x + 7y € U, we see that

|f(@he(2)] < i

forall z = x + 7y € U. Therefore, we can let R be the rectangle enclosed by the sides
of the strip and the horizontal lines determined by y = +B/&. Then we have that
|ﬂog| < londR and |j%g| < 1in U \ R. Hence, |ﬂﬂg| < lin R by the maximum
modulus principle, and we conclude that | ﬂﬂg| < lin U. Since & was arbitrary, this
holds for each & > 0. By letting & — 0 and noting that |h;| — 1ase — 0, we finally
conclude that | f | < lin U as desired.

We now consider the case when AM(0) > 0 and M (1) > 0. Define the function
g(2) = M(0)17*M(1)%, which is defined since M(0) > 0 and M (1) > 0. Note
that g is entire and has no zeroes and hence 1/g is bounded in U. By simply using the

I5
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definition of g, we see that |g(zy)| = M (0) and |g(1 + zy)| = M (1). This allows us to
apply the first case to £ /g, and we conclude that | £/¢| < 1in U, which is equivalent
to | f (z)| < | g(z)|. This gives the desired inequality.

Finally, we consider the case when A4(0) = 0. In this case, the inequality is equi-
valent to f(z) = Oforallz € U. Let Q" = {z € C: 0 <Im(z) <1}. The linear
function ¢(z) = —7z maps Q* to U bijectively. Let ¢ = f o ¢. Since f and ¢ are holo-
morphic and continuous in their respective domains, it follows that g is holomorphic
in Q* and continuous up to the boundary of Q*. Since ¢ maps the real axis to the
imaginary axis, we have that g(x) = 0, where x is a real number, by the assumption
that M(0) = 0. Hence, we can apply the Schwarz reflection principle (Theorem
1..10) to get that there exists a function G that is holomorphic in Q" U R U Q7 such
that G(z) = g(z) forall z € Q*. Furthermore, G(x) = 0 for x € R as well. By the
uniqueness of analytic continuation (Theorem 1.1.9), we have that G(z) = 0 for all
z € Q" URUQ7, and hence g(z) = 0in Q*. Finally, we conclude that this implies
that f(z) = 0forz € U.

By symmetry, we can make a similar argument in the case when A4(1) = 0, and
so we conclude the proof. O

The general theorem now follows quite easily from the special case.

Theorem 2.3.2 (The Hadamard three lines theorem). Consider the strip defined by
U ={z¢€C:a<Re(z) < b}, wherea < b. Suppose that [ is a holomorphic function
in U that is continuous in U with | f | < Bin U, where B is a constant. Fora < x < b,
define M (x) = sup {|f(x + zy)| 1y € R}. Then M(x)"™* < M(d)b_xM(b)x_“for
alla < x < b.

Note that the inequality is equivalent to log A1 (7) being convex on (4, b).

Proof. Let Uy = {z € C: 0 < Re(z) < 1}. Note that¢(z) = (b — a)z+aisalinear
function that maps U to U bijectively. We set ¢ = f o ¢, which is holomorphic
in Uy, and continuous in Uy since £ and ¢ are so in their respective domains. By
applying Lemma 2.3.1 to g, we immediately get the general conclusion with / in U, ;
by rewriting the inequality using the definition of g. O

A corollary of the Hadamard three lines theorem is the following result [7, Chapter
12, Theorem 6.5].

Corollary 2.3.3 (The Hadamard three circle theorem). Suppose that f is a holomorphic
Sfunction on the annulus A(a, B) = {z eC:a<lz < ‘8} Let M(r) = Sup,-, |f(z)
fora < r < p. Then

)

log(8/r)
log(8/«)

log(r/a)

log(8/2)

logM(r) <

log M(a) +

log M (f). (2.3.4)

16
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Similarly to the Hadamard three lines theorem, the inequality 2.3.4 is equivalent
to log M (7) being a convex function of log 7.

Proof. Let g(z) = f(¢°). We wish to apply Theorem 2.3.2 to g, as 2.3.4 then follows
directly. We verify that the conditions of the theorem hold.

Firstly, let 2 and & be real numbers so that¢* = z and el = £ and consider the strip
U = {z € C:a < Re(z) < b}. Note that ¢ maps U to A(a, B) bijectively. Thus, ¢
is holomorphic in U. Moreover, f is bounded in 4(«, £) by the maximum modulus
principle. It then follows that ¢ is bounded in U. Hence, we can apply the theorem
to ¢ and the desired inequality follows. O

7






CHAPTER 3

Applications to Fourier Analysis

In this chapter, we discuss applications of the Phragmén-Lindeldf principle within
Fourier analysis.

3.1 The Hausdorft-Young Inequality

Assume that £ € L'((0, 1)), where (0, 1) denotes the measure space on [0, 1) with the
classical Lebesgue measure dx. Consider its Fourier coefficients f (7). For any integer
n, we have that

‘ f(n)‘ < /0 1| £l dr < /0 1| f(0)|ds,

where we used the definition of f (n) along with the triangle inequality in the first

step. Thus, we see that ||f||oo < [ f1l-
Now, assume that # € L*((0, 1)). In this case, we have that

SEPYNCER S 2 ! 2
> [ = Y < [lrofa,

n=—oo n=—oo

/lf(t)e—Zm‘m‘dt
0

where Bessel’s inequality is used in the last step. This inequality is equivalently written
s Al < £l

This raises the question of whether it is possible to make a similar estimate when
1 < p < 2. The Hausdorft-Young inequality shows that it is indeed possible. We shall
see that this belongs to a larger family of complex interpolation results in operator
theory. Here, "complex” refers to the use of complex methods. The proof is a modi-
fication of Rudin’s general proof [1, Theorem 12.11] to suit this version of the theorem.
Later in this section, we will discuss the general version of the theorem.

19
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Theorem 3.1.1 (The Hausdorff-Young inequality). Let1 < p < 2andq=p/(p - 1).
Iff € 22((0,1)), then || fll; < || 1l

To prove the theorem, we first state and prove a lemma.

Lemma 3.1.2. If Theorem 3.1.1 holds for simple complex functions f with || f1, = 1,
then it holds for any f € LP((0, 1)).

Proof. Let f € IP((0,1)). It follows from Theorem 1.3.5 that there exists a sequence
of simple functions {f;} such that || ; = f1[, — O as;j — co.

Next, we aim to show that if we let f]( n) denote the Fourier coefficients of /;, then

we have thatfj(n) — f(n) asj — oo uniformly in 7. By using the definition of the
Fourier coefficients and the triangle inequality for integrals, we get that

‘f'](n) —f(n)‘ < /01 |(j§(t) _f(l‘))f_zm'nt|dt

for each n. Since f; — f € L7((0,1)) and e2mn € 14((0,1)), we can apply Hélder’s
inequality (Theorem 1.3.4). Doing so, and noting that ||e=27"|| g = 1, yields that

[F,00 = F | < 15 = 1l

Since the right-hand side is independent of  and || /; = fll, — 0as;j — oo, we
conclude thatfj(n) —>f(n) asj — oo uniformly in 7.

Lastly, we show that || f l; < Il £1l,- We can write that

q
>

A ST PN R o B
117 = 3, imint |/, < timinf 3, 100

where Fatou’s lemma (Lemma 1.2.9) was used in the last step. Hence, we have that
AN, < liminf; e ”fqu‘ It follows from the assumption that ”fj”q < 1Al
holds for each f; that

1A lly < limsup | £ll, < limsup | = £ll, + 1L£1l, = A1l
J—

j—)OO

where we used that || /; — f|, — 0asj — oo in the last step, which concludes the
proof. O

We now turn to proving Theorem 3.1.1.



3.1. The Hausdorft-Young Inequality

Proof. Fix1 < p < 2. We consider the case when f is a simple complex function, i.e.
that /" takes a finite number of values in C, with [| /]|, = 1. Our goal is to show that

[l ¢ < L, as then we can apply the lemma. We fix an arbitrary positive integer N.

Note that
N g 1/q
(Z ‘f(n) ) = sup
n=—N

where the supremum is taken over the collection of sets {6_pn, b_n41,...,bn} C C
for which 3 16,f = 1. This follows from Lemma 1.3.6. Thus, we shall show that

‘z bnf(n)‘ < 1foreachset {b_n,..., by} with 3 |6l = 1.

Let b_p;, ..., by be complex numbers such that Y |5,” = 1. We define F = |f|‘ﬂ
and B, = |b,|7. Note that

N A
D bf )

n=—N

J

1
/0 F(t)dt =1, (3.1.3)

since || £, = 1, and
N

Z B, =1, (3.1.4)

n=—

by assumption. Moreover, there exists a function ¢ such that f = F 1p ¢ and |¢| =1,
which we see by rewriting £ (¢) = | f (t)| dae(f(0) By a similar procedure, there exist
complex numbers B_p;, ..., Bn such that b, = Bi/‘bﬁn and |{8n| = 1 for each n. By
using these equalities to rewrite b, and £ (7), we get that

N

D, bfm) = i B8 / (F) Pp( s
n 7 n o .

n=—N n=—N
Therefore, we define the function

N

1
(@)= Y Bb [ FOrs0a

n=—N 0

The complex powers exist since ' > 0 and B, > 0, and thus ¢ is entire as it is a linear
combination of those powers. By using the properties that |ﬂn| = land |¢| =1, we
can see that ¢ is bounded in any vertical strip {z € C : 2 < Re(2) < b}, wherez and b
are finite real numbers.

Consider the strip {z € C: 1/2 < Re(z) < 1}. We intend to use the Hadamard
three lines theorem (Theorem 2.3.2) to show that | g| < linthestrip, and consequently
| 7(1/ p)l < 1. To do so, we must verify that | g| < 1 on the boundary of the strip.

21
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Firstly, we consider | 7(1/2 + ) |, where y € R. Define

1
bb) = [ @) EEO 0

By using Bessel’s inequality, and simplifying, we get that

N
Z ()| < 1. (3.15)
n=—N

Using the triangle inequality followed by the Cauchy-Schwarz inequality yields that

‘g(%ﬂ'y) < i B |ba(y)] < i Bn)( ]:V|bn(y)|2) <1

n=—N n=—N n=
where we used 3.1.4 and 3.1.5 in the last step.
To show that | g(l + zy)| < 1, where y € R, is quite straightforward, as we simply
use the triangle inequality, the properties that |18n| = land |¢| = 1, as well as 3.1.3
and 3.1.4. Hence, we can apply the Hadamard three lines theorem to conclude that
| 7(1/ p)| < 1, which gives the desired result. Since /N was arbitrary, we conclude that
the theorem holds for .

Lastly, we can apply Lemma 3.1.2 to conclude the proof. O

The Hausdorff-Young inequality can be generalised to a more general framework,
where Theorem 3.1.1is a special case. Let (X, %, () be a measure space with a positive
measure 4, and {;,,} an orthonormal set of functions in L>(u), i.e.

/ = 1 ifm=n
X%Z%m H= 0 otherwise

forn =1,2,3.... Assume that {, } is a bounded sequence in L (u), i.e. there exists
M < oo such that |¢n| < M forall n. Let f € L7(u), where1 < p < 2. We define

f(”) = fo%d,u forn=1,273....
Assume that £ € L'(p). Then it follows from the boundedness of {y;} that

1/ lleo < M1 £l
We now consider £ € L*(u). Then we have that

00 5 1/2 00
||f||2=(2=; \ﬂn)\) =(Zl Ji;i2

From this, Bessel’s inequality gives that || f 2 < IL£1l2
Analogous to Theorem 3.1.1, we wish interpolate p between 1 and 2.

5 \1/2
d,u) .




3.2. Hardy’s Uncertainty Principle

Theorem 3.1.6 (General Hausdorft-Young inequality). Under the above assumptions,
supposethatl < p < 2andq = p/(p —1). Iff € LP(p), then ||f||q < M(z—l’)/ﬁ||f||p.

It turns out that the technicality in the generalisation mainly concerns notation,
and the proof is identical to the proof of Theorem 3.1.1, in the sense that we only need
to change the notation. Since the exact same argument can be made in this case, we
omit the proof of the general theorem. We will outline a similar argument in the final
chapter.

3.2 Hardy’s Uncertainty Principle

Let £ be a function such that f(x) = O(exp (—ax?)), with its Fourier transform

f (£) = O(exp (—b£?)), where 2 and b are positive real constants. Define the function
f5(x) = f(9x), where & > 0. Then we have that f3(x) = O(exp (—452362)). Through

the definition of the Fourier transform and a change of variables, we see that the Four-

ier transform of f; satisfies /3(£) = O(exp (=b£2/6%)). Thus, the dilation of f by 3
illustrates that if we try to make f decay faster, then its Fourier transform must decay
slower. This suggests the existence of some kind of uncertainty principle [8, Chapter
1]. Indeed, Hardy’s uncertainty principle deals with this setting. We begin by proving
a special case of the theorem, which we will then use to prove the general case.

Theorem 3.2.x. Let f be a measurable function with the property that | f (x)| < e
and ‘ f (f)‘ < for all real x and £. Then f(x) = Ce™™", where C is some real

constant.

The proof is based on Terence Tao’s proof given in a blog post about the theorem
[9], which we aim to formalise here. The proof will be divided into a number of lem-
mas.

Lemma 3.2.2. Under the assumptions of the theorem, the Fourier transform f can be
extended to the complex plane by

f‘(f " 1’7) _ Af(x)€—2ﬁ1'5x62ﬁ7xd%

where & and y are real numbers. Furthermore, this extension of f is entire.

Proof. We aim to show that the integral converges. This is done by showing that

/ |f(x)| ™ dx < oo,
R

23
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By using the growth bound on £, we have that

/ |f ()] &7 dx < / e (22) gy = 77 / (1) g
R R R

where we completed the square in the last step. The integrand is now a Gaussian, so
the integral converges.

Secondly, to show that f is entire, we will use Morera’s theorem (Theorem 1.1.8).
Let T C C be a closed triangle. For convenience, we will now set z = £ + 5. We

shall show that /0T f (2)dz = 0. Firstly, it is trivial that for each real x, we have that
F(x)e="% is entire. By using the definition of £, we get that

/6Tf(z)dz = /ﬁT(/Rf(x)e_zmxdx)dz
_ /R ( /6 ) f(x)e—zmdz)dx.

The change of order of integration is allowed by Fubini’s theorem (see for instance [1,
Theorem 7.8]). The innermost integral is equal to 0 by Cauchy’s theorem (Theorem

1.1.7). Hence, we have that /6T f (2)dz = 0. Since T was arbitrary, we can apply

Morera’s theorem and conclude that /s entire. O

Lemma 3.2.3. For every real £ and y, we bave that

fig i) <o

Proof. By using the definition of f and the triangle inequality for integrals, we get that

)f(f+z‘;7)‘ < /R|f(x)|ez”’7xdx.

Using the assumed bound on £ yields that

Fevi] < [

and by completing the square and simplifying, we have that

‘f(f+z’;7)‘ < /e”(x_V)zdx.

R

Performing a change of variables and using the fact that /R e dx = \/7 evaluates the
above integral to 1, which gives the desired inequality. O
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Lemma 3.2.4. Let F(2) = s f (2) and define Fy(z) = ¢ F (), for d > 0. Consider
the sector Sg = {z € C: 0 < argz < 6}, where 0 < 6 < w/2. If 6 is sufficiently close to
7 [2, depending on 9, then |Fy| < 1in Sp.

Remark 3.2.5. If & > 0, then ¢ can for instance be chosen so that the inequality
—J'sin 20+ 7 cos® 8 < 0 holds. This fact will be motivated in the proof. Note that this
means that if 9 is small, then § must be close to /2.

Proof. Using Lemma 3.2.3 immediately gives that || < 1 on the real axis. By using
the same lemma and simplifying, we get that

|F(£ +i7)| < =) 77" = 78 (3.2.6)

for all real £ and . Let Sy = {z €eC:0<argz< 5},where 0<f<z/2.

Let 0 > 0 and consider the function F(z). We aim to show that if ¢ is sufficiently
close to 7/2, then |F3(2)| < 1on the boundary of Ss. Note that a point 2z in Sp can
be written as z = 7¢! = rcost + irsint, where 7 > 0and 0 < # < 8. If » = 0, then
the bound holds trivially. Let us now consider points on the boundary, where we let
r > 0 be arbitrary. If # = 0, then the bound follows from the fact that [F| < 1 on the
real axis. If # = 0, then by simplifying we have that

exp (137267 =|exp (3721 cos 26 = sin 20))| = exp (-7 sin26).  (32.7)
By using 3.2.6, we have that

|F(rcos 6+ irsin §)| < exp (mr* cos” ). (3.2.8)
Multiplying 3.2.7 and 3.2.8 yields that

|F5(r cos 8 + irsin 6)| < exp (r*(—9'sin 26 + 7 cos” §) ).
If 8 is sufficiently close to /2, then —9'sin 26 + 7 cos* 6 < 0, and therefore
|F5l <1 (3.2.9)

on the boundary of S;.

Now we are in a position to introduce the auxiliary function which we want to use
to apply the Phragmén-Lindelof principle. For & > 0, define b (2) = exp (z’se"8z2+8) ,
where we use the principal branch of z%*¢. We show that |h.F3| < 1 on the boundary

of S, for sufficiently small €. By using 3.2.9, we have that

|he (2)F3(2)| < |exp (z’se"gzzw) R (3.2.10)
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for any point z on 95y. As before, a point in Sp can be written on the form z = r¢,
where » > 0and 0 < # < . Again, it » = 0, then the bound is trivial. Thus, we let
7> 0 be arbitrary and first consider the case when # = 0. Note that

e _2+e 2+&

|exp (i£¢2%*%)| = |exp (7€ cos (¢)z e

)| |exp (—&sin (£)2
Since 7 is a positive real number, it follows immediately that
|exp (7€ cos (8)7‘2+8)| |exp (—&sin (8)}"2+8)| <1

¢

Now, let # = 8. Inserting z = 7¢”” in 3.2.10 gives that

exp (1-861'8V2+s€z'(2+8)6)‘

2+e ez’(2€+89+8))

exp (z’er
= exp (—87‘2+8 sin (26 + g6 + €)),

where we wrote exp (7(20 + €0 + €)) = cos (20 + €0 + &) +isin (20 + 0 + €) in the
last step. As 0 < 6 < 7/2, we have that 0 < 26 + €0 + & < 7 for sufficiently small &,
and thus exp (—&7**¢ sin (20 + €6 + €)) < 1as desired.

Lastly, to conclude a Phragmén-Lindel6f argument, we need to find a bounded
subset of Sy for which |h¢Fy| < 1 on the boundary and outside of the region. To do
so, we show that |hoFy| — 0as |z| — o0 in.Sy. Then we can find a circular sector that
tulfils the requirements.

Let 7, where 0 < ¢ < @ be a point in Sp. Using techniques similar to the above,
we can write

exp (z’sel“gr‘z”c‘l’(z“)t) = exp (—87‘2+8 sin (€ + 2t + &t)). (3.2.11)
Similarly, we have that
|exp (z'Srzel.Zt)l = exp (—372 sin 2¢). (3.2.12)
Using 3.2.6, we have that
|F(r€lht)| < exp (71'72 cos’ t). (3.2.13)

By multiplying 3.2.11, 3.2.12 and 3.2.13, we get that
|heF3| < exp (Vz(—ars sin (€ + 2¢ + &) — J'sin 2¢ + 7 cos” t)).

Again, 0 < 26 + €6 + & < = for sufficiently small &. As »° eventually will be the
dominant term within the parentheses, we get that |h.F3] — 0as» — oo. Thus,
we can find a bounded region for which |h¢Fy| < 1 on the boundary and outside the

region.
Finally, we can apply a Phragmén-Lindelf argument to conclude that | b Fy| < 1
in Sp. By letting & — 0, we get that |F3| < 1in Sp. |



3.2. Hardy’s Uncertainty Principle

We can now prove Theorem 3.2.1.

Proof. By Lemma 3.2.2, we can extend f to the complex plane by

f(f"‘ 1;7) _ /Rf(x)e—Zm‘ferm;xd%

where £ and 7 are real numbers.

Define F(z) = i f (z). We aim to show that F is bounded in C. As shown in
the proof of Lemma 3.2.4, we have that |F| is bounded by 1 on the real axis. By using
Lemma 3.2.3, it is also immediate that |F| is bounded by 1 on the imaginary axis.

Let us now consider the upper right quadrant I" = {z €eC:0<argz< 7/ 2}.
This is a sector for which |[F| < 1 on the boundary. However, we cannot directly
use the previously proven Phragmén-Lindeldf principle applied to a sector (Theorem
2.2.6) as it assumes less than quadratic-exponential growth in this domain, while F
has quadratic-exponential growth. Still, we can show that |F| < 1in the quadrant by
introducing a suitable auxiliary function and employing a Phragmén-Lindel6f argu-
ment.

Define Fj(z) and Sy as in Lemma 3.2.4. The lemma shows that F; is bounded in
magnitude by 1in Sy, where ¢ is sufficiently close to 7 /2, which depends on 9. We will
use this to show that |[F| < 1inT.

Since d was arbitrary, we have that for each § > 0, there exists a 6 € (0, 7/2) so
that [F3| < 1in Sp,. Let {J,} be a sequence such that 9, — 0as#z — oco. Then
by Remark 3.2.5, we have that {¢,} defined as 8, = 0, for each # is a sequence with
8, — m/2asn — o0. By assumption, we have that |F; | < 1on Sp,.

Let K C I be compact. Since ¢, — /2, there exists an N such that K C Sy, for
n > N. For such 7, we have that

IF(2)| = [ F;, (2)

By writing z = 7 cos ¢ + 7 sin £ and using that |F3ﬂ| < 1on Sy,, we get that
|[F(2)] < exp (Snrz sin’ t)

forall z > N. Note that exp (3,/2 sin® t) — 1 uniformly on K as » — oo. Since
K was arbitrary, we can conclude that exp (3n72 sin? t) converges uniformly to 1 as
n — o0. This implies that |[F| < 1in each compact subset of T".

Note that I" can be covered by an increasing sequence of compact subsets defined
Ky ¢ K, C ... with UJ‘:IKJ- = I'. An example of such sequence is the sequence

defined by the subsets K; = {z €C:1/j<argz<7w/2 - l/j}. On each of these
subsets, we have that |F| < 1. Since the K exhaust I', this means that |F| < 1in T, as
desired.
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Since |F| < 1 on the real and imaginary axes, a similar argument can be made in
the other quadrants, so [F| < 1in C. Since F is bounded and entire, it is constant
by Liouville’s theorem (Theorem 1.1.4). Thus, we have that f (&) = C™ * for all
£ € R, where C is some constant. Finally, applying Lemma 1.4.3 to calculate the

inverse Fourier transform of f gives the desired conclusion. O
The general theorem now follows directly.

Theorem 3.2.14 (Hardy’s uncertainty principle). Lez f be a measurable function such
that |f(x)| < Cre ™ and ‘f(f)’ < Cze_”fz/“forﬂll real x and &, where Cy, Cy and

o, . —_— 2 .
a are positive constants. Then f(x) = De™™, where D is some real constant.

Proof. Without loss of generality, the constants &, C and C, can be normalised to 1.
By contracting / by 1/+/#, and thus dilating f by v/, we see that we can normalise « to
1. By multiplying f by a small constant, we may also normalise C; and C, to 1. Thus,
it is sufficient to prove the theorem for these normalised constants, which is exactly
Theorem 3.2.1. O



CHAPTER 4

An Application to Operator Theory

In this chapter, we shall prove an application of the Phragmén-Lindel6f principle
within operator theory.

4.1 The Riesz-Thorin Interpolation Theorem

In this section, we will prove the Riesz-Thorin interpolation theorem, which is a result
about interpolation of operators. The result is also known as the Riesz-Thorin con-
vexity theorem. This section is based on Stein’s chapter about the theorem [5, Chapter

s].

Theorem 4.1.1 (The Riesz-Thorin interpolation theorem). Let (M, A, ) be a meas-
ure space and let T be a linear operaror mapping the linear space of all simple meas-
urable functions on (M, M, 1) into measurable functions on another measure space
(N, A, ). Suppose that 1 < po, p1, g0, q1 < 0. Assume that T is of type (p,-, q,‘) with
(pl-, ql~) -norm k;, wherei = 0,1. For 0 < t < 1, define

1 1-¢ ¢ 1 1-¢ ¢
—=—+4— and —=——+—.

P po P q: q0 q1

Then T is of type (pt, q[) with (pt, qt)—norm k, < /e(l)_t /el{.

Note that if po, p1, go or g; is 0o, then we use the convention that 1/co = 0. It
follows from Theorem 1.5.2 that any linear operator 7" for which the theorem holds
can be uniquely extended to all of 27 (u) so that the estimate of the (p;, g,)-norm still
holds.

The proof of this theorem is very similar to the proof of the Hausdorff-Young
inequality (Theorem 3.1.1).

29



4. AN APPLICATION TO OPERATOR THEORY

30

Proof. Fix0 < ¢ < 1. Lete; = 1/p;and §; = 1/g;forj = 0,1, and letz = 1/p,
and 8 = 1/g,. Define a(z) = (1 — 2)ay + za; and B(z) = (1 —2)Bo + 2f;. Note that
a(f) = 2 and A(7) = giforj=0,1,and a(z) = «and B(z) = &.

We will first consider the case when & > 0 and 8 < 1. We estimate || 7f | ;, where f
is a simple function. By Lemma 1.3.6, we have that

1ZFllg, = sup

J

[ (@)

where the supremum is taken over all simple functions g with ||g||,; = 1, where we
define g, = ¢,/ (q[ - 1). If we let /, denote the above integral for a fixed such g, then
we want to show that |1g| < k%)_t k1|l £ 1|, independent of g as above. By dividing by
Il /11, if it is non-zero, we may assume, without loss of generality, that || f]|,, = 1.

Assume that f = 3 J’.Zl ajxr, and g = 24y biyr, are simple functions satisfying
the above. Write 2; = |aj| ¢% and by, = |by| ¢#*. From this, define

S s i0; o)
fz:Z|d]-“ef;(Ej and g, = Z|bk|1ﬂe’e
j=1

for z € C. Division by zero in the exponents is avoided since # > 0 and 8 < 1. Let

F@ = [ (1F)gd

which is entire since each complex power is defined. Note that it follows from the
definitions of z(z) and £(z2) that F(z) = 1,
Consider the strip Q {z € C : 0 < Re(z) < 1}. By using the definitions of /; and

g5 as well as the linearity of 7', we can rewrite

F(z) = Z

7=l k=1

)
|bk| T g / Txr, szdV

Since each |ﬂj| and |&y| is positive, we have that each summand is bounded in € and
thus £ is bounded in Q. Our goal is to apply the Hadamard three lines theorem (The-
orem 2.3.2). We shall show that |F (zy)| < ko and |F (1 + zy)l < ki, for each real y, as
the desired inequality then follows directly.

Let y € R. We show that |F (zy)| < ko. Note that zz(z'y) = ay + y(a1 — ap) and
B(iy) =1 - Lo — iy(B1 — Bo). Moreover, we can write

) i G)
P C’Z argﬁy and gl_)’ — |g| -8 fl arggzy'

fo=If



4.1. The Riesz-Thorin Interpolation Theorem

By using this and simplifying, we get that

AP =1/ and gy

By using Hélder’s inequality (Theorem 1.3.4), we get that

9% _ |q£.

|g (4.1.2)

PO < [ 1ol < Vgl
Since 7 is of type (po, qo), we have that

[F(iy)| < koll fillpollgiy L

These norms can then be rewritten to p,- and g,-norms respectively, using 4.1.2. Then
as desired, we have that

[(59)] < koll £GP g7 = ko,

where the last step follows from the fact that || /||, = 1 and || gl = L.

A similar procedure can be used to show that |[F(1+4y)| < k. Applying the
Hadamard three lines theorem immediately gives the desired inequality, which proves
the theorem forz > 0 and 8 < 1.

To conclude the proof, we must consider the other possible values of « and . If
a = 0and 8 = 1, then at least one of (po, qo) and (pl, ql) is (00, 1), and the inequality
is trivial. If # = 0 and £ < 1, then the above proof is still valid by instead defining
fz =fforallz € C. Similarly, if z > 0 and 8 = 1, then the above still holds if we define
g.=gforalz eC. |
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