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Abstract

This study investigates the interaction problem between a differential-
drive mobile manipulator and one-degree-of-freedom (1-DoF) mecha-
nisms. While previous research has focused on stationary robotic plat-
forms, this work puts emphasis on mobile interaction.

Building upon a previously proposed adaptive control strategy for
fixed-base manipulators, a holistic control framework is developed to co-
ordinate the motion of the mobile base and the manipulator. The adaptive
control strategy is extended to mobile robots, enabling repositioning dur-
ing interaction to achieve larger door opening angles and avoid collisions.
A nonlinear velocity controller is designed to guide the differential-drive
mobile base to a suitable position for initiating interaction. To achieve si-
multaneous motion between the mobile base and the manipulator, an ex-
tended Jacobian matrix formulation is employed, integrating both forward
and inverse kinematics of the base and arm.

To maintain a safe distance between the manipulator and the mobile
base, a null-space optimization method is integrated. By modifying the
base orientation in accordance with the direction of motion, this method
also compensates for the non-holonomic restrictions of differential-drive
platforms. Additionally, to improve manipulability and prevent kinematic
singularities during the door-opening job, an adaptive damping factor is
incorporated. Furthermore, building upon previously recorded motion tra-
jectories, an online estimator is introduced, allowing the robot to learn the
rotational axis, the door’s rotation radius, and the expected motion direc-
tion.

Simulation and real robot experiments are conducted to evaluate the
suggested control framework in a range of door-opening scenarios. The re-
sults demonstrate that the proposed framework achieves robust coordina-
tion between the mobile base and manipulator, enabling safe and efficient
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interaction with various 1-DoF mechanisms. The findings confirm the ap-
plicability of the approach for real-world mobile manipulation tasks under
kinematic uncertainties.
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1
Introduction

1.1 Background

In both domestic and industrial environments, robots are frequently re-
quired to interact with mechanisms that have one degree of freedom (1-
DoF), such as doors, drawers, and windows. These mechanisms are ubiqui-
tous in homes, offices, hospitals, and factories, serving essential functions
in accessing storage, partitioning spaces, and securing environments. Ef-
fective and autonomous interaction with such mechanisms is a prerequisite
for service robots to operate robustly in unstructured human environments.

However, a significant challenge arises from the fact that the kinematic
parameters of these mechanisms—such as the orientation of the rotational
axis, the rotation radius, or whether the joint is prismatic or revolute—are
typically unknown beforehand. Conventional sensing approaches, such as
visual perception or manual modeling, often fall short because of occlu-
sions, sensor noise, or environmental variability. These uncertainties make
it difficult for robots to plan appropriate motion trajectories and ensure safe
and efficient physical interaction.

While many researchers have explored the challenges of interacting
with unknown single-DOF mechanisms, most assume that the manipulator
is fixed [1] [2]. This simplification ignores the mobility of service robots,
which is critical when the target mechanism is distributed across different
locations. The inclusion of mobility increases the complexity of planning
and control as the robot must simultaneously manage whole-body coor-
dination, base positioning, and safe interaction with the mechanism. In
addition, the motion of the mobile base must obey non-holonomic con-
straints and limited actuation capabilities, which pose further challenges
for reliable and adaptive interaction. This thesis focuses on extending the
interaction strategy to mobile manipulators to address the unique difficul-
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Chapter 1. Introduction

ties and opportunities that arise when the robot needs to approach, align,
and manipulate single-DOF mechanisms during motion.

In this thesis, we aim to extend the adaptive control framework orig-
inally proposed for fixed-base manipulators by Karayiannidis et al. [3]
to mobile manipulators, thereby enabling a differential-drive platform to
(i) reposition itself during the task, (ii) exploit arm-base coordination
to enlarge the attainable workspace, and (iii) estimate the mechanism’s
kinematic properties online during the interaction. Compared with fixed
bases, mobile platforms introduce non-holonomic constraints and under-
actuation that fundamentally change the inverse kinematics problem and
call for a holistic whole-body approach.

The structure of this thesis is organized as follows: In the next section,
we provide an overview of related work on mobile manipulators. Chapter 2
presents the kinematic model of the system and formulates the problem.
Chapter 3 introduces the strategy for guiding the mobile base to a desig-
nated position in preparation for door manipulation. The proposed whole-
body control method and an optimization approach for ensuring safe and
smooth motion are detailed in Chapter 4, followed by an online estimator
developed to learn the kinematic constraint parameters during interaction
in Chapter 5. Chapter 6 evaluates the performance of the overall control
framework, and concluding remarks are provided in Chapter 7.

1.2 Related Work and Objectives

Research on robotic door-opening has converged on two complementary
themes: (i) perceiving and modeling the unknown kinematic constraints,
and (ii) executing compliant motions that respect those constraints while
remaining safe and efficient.

Niemeyer and Slotine proposed a minimization strategy for interacting
with a door without prior knowledge of its kinematic structure [4]. Their
approach exploits the "follow the path of least resistance" principle, allow-
ing the mechanism to correct its direction of motion during interaction.
The control framework consists of a controller for the drive system and
a filter that incrementally estimates the direction of motion. Rather than
knowing the planned trajectory or estimating the precise joint configura-
tion of the mechanism, the robot applies compliant forces and dynamically
adjusts its motion based on the observed end-effector velocity. The system
is able to explore and adaptively follow constrained paths even when faced
with sharp turns or uncertainties.
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1.2 Related Work and Objectives

Karayiannidis et al. treats the task as a model-free, adaptive interaction
problem [3]. Their controller simultaneously estimates whether the joint
is prismatic or revolute and learns the corresponding motion axis, relying
solely on wrist force/torque signals. A force-velocity scheme drives the
end-effector so that tangential motion accomplishes the task, while forces
in the constrained directions are suppressed.

The study of mobile manipulators, which combine robotic arms with
wheeled platforms, is key to extending the adaptive control method to mo-
bile robots. Several works focus on control frameworks that tightly inte-
grate the base and manipulator dynamics. In [5], a quadratic-programming
framework treats the wheels and arm as a single kinematic chain, bal-
ancing end-effector tracking with joint-limit, velocity, and non-holonomic
constraints to yield fluid “whole-body” motions. The paper [6] proposes a
slack-based QP that maximizes manipulability and steers the robot away
from singularities without relying on redundancy alone. Classical insights
are provided by [7], which unifies the kinematics of wheeled platforms
and serial arms and adapts reduced gradient schemes for redundancy res-
olution under non-holonomic restrictions. The paper [8] further quantifies
how adding a mobile base reshapes the manipulability ellipsoid and guides
criterion-driven path generation. A task-priority perspective is taken in [3],
where a hybrid switching law guarantees bounded joint speeds, detours
around singular configurations, and preserves the primary end-effector ob-
jective.

Complementing these controller designs, a number of works address
the broader integration and real-world applicability of mobile manipula-
tion systems. For instance, [9] introduces an architecture that performs
pick-and-place actions while the base moves towards the next goal, us-
ing behavior trees and a holistic velocity controller to exceed 99 % success
in real runs. When grasps fail, the reactive base placement strategy in [10]
prolongs the time the object stays within reach, recovering without sac-
rificing the speed gains of on-the-move manipulation. Obstacle-rich envi-
ronments are considered in [11], which augments the holistic QP with arm
and base avoidance constraints and integrates a short-horizon A* planner
to allow the robot to weave past static and dynamic hazards while manip-
ulating. Finally, the survey in [12] highlights how compliant, impedance-
based behaviors are increasingly fused with such reactive schemes to han-
dle force-critical tasks, underscoring the trend towards fast, adaptable, and
principled control solutions for mobile manipulation.

To address these challenges, this thesis proposes a unified control and
estimation framework that enables a differential-drive mobile manipulator
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Chapter 1. Introduction

to robustly interact with 1-DoF mechanisms of unknown kinematic struc-
ture. Building upon the adaptive control approach introduced by Karayian-
nidis et al. [3], we formulate the following key research objectives:

• Objective 1: How can a differential-drive mobile manipulator au-
tonomously navigate to suitable pre-interaction poses and achieve
coordinated whole-body motion that ensures safe, smooth, and effi-
cient execution of manipulation tasks with 1-DoF mechanisms?

• Objective 2: How can an online estimation framework be developed
to reliably learn the kinematic properties—such as motion direction
and curvature—of unknown 1-DoF mechanisms during interaction,
and how can this estimation enhance task execution?

Our contribution is to embed mobility into the interaction process, turn-
ing base motion into an integral part of the manipulation strategy. All ob-
jectives are evaluated through extensive simulations and real-world exper-
iments across a diverse set of 1-DoF mechanism types.
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2
System and Problem
Description

The complete door-opening mission executed by the mobile manipulator
can be divided as: (i) autonomously navigating from an arbitrary start pose
to a pre-grasp way point in front of the door handle, (ii) opening the door
by grasping the handle and coordinating the motions of the differential-
drive base and 6-DoF arm, and (iii) continuously estimating the door’s
unknown kinematic parameters. During the opening phase, we employ the
adaptive velocity controller proposed in [3]. We now define the problem
in detail, following the three functional blocks—navigation, whole body
control, and online estimator.

2.1 Frames and Notation

We introduce the following notation for coordinate frames:

• The world/inertial frame is denoted by {W}. It serves as the
fixed inertial reference frame for all transformations and is typically
aligned with the ground or the environment.

• The mobile base frame is denoted by {MB}. This frame is rigidly
attached to the mobile base, located at the geometric center between
the drive wheels.

• The arm base frame is denoted by {AB}. It is attached to the mount-
ing point of the robotic arm on the mobile base.

• The end-effector frame is denoted by {E}. This frame is attached
to the tool center point (TCP) of the manipulator.
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Chapter 2. System and Problem Description

Figure 2.1 Four different frames

Figure 2.1 shows the frames. The transformation from one frame to another
is described using the standard notation:

• i· represents a variable expressed in frame {i}. For example, it ∈
R3 is a 3D position vector and iR ∈ SO(3) is a 3D rotation matrix
described in frame {i}.

• jti ∈ R3 is the transition vector from frame { j} to frame {i}, ex-
pressed in frame { j}.

• jRi ∈ SO(3) is the rotation matrix that transforms vectors from frame
{i} to frame { j}.

For example, given a pose described in the arm base frame by ABp and
ABR, the same pose can be represented in the world frame as follows:

W p = W RAB · ABp+W tAB (2.1)
W R = W RAB · ABR (2.2)

We introduce some other notation:

• [·]× denotes the skew-symmetric matrix operator. For a vector ω =[
ωx ωy ωz

]T ∈ R3, the corresponding skew-symmetric matrix
[ω]× is given by:

[ω]× =

 0 −ωz ωy
ωz 0 −ωx
−ωy ωx 0

 (2.3)
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2.2 Navigation

• P(·) denotes the projection matrix operator. For a unit vector x ∈R3,
the corresponding skew-symmetric matrix P(x) is given as follows:

P(x) = I3 −xxT (2.4)

• Throughout this paper, the spatial twist is consistently represented
as V =

[
ωT vT ]T , with angular velocity preceding linear velocity.

2.2 Navigation

Inverse kinematics (IK) is widely used in robotic manipulators where the
mapping between control inputs and task-space motion is well-defined and
fully actuated [12]. Classical inverse kinematics assumes a linear, differen-
tiable relationship between joint velocities and end-effector motion.

A differential-drive mobile base differs fundamentally from a normal
manipulator because of its underactuated and nonholonomic nature. The
robot configuration is typically described by the state vector q = (x,y,θ),
but only two control inputs—the left and right wheel velocities or, equiva-
lently, the turning and forward velocities (ω,v)—can be commanded. The
constraint leads to the base being unable to move sideways (along its local
y-axis). Lateral movements must be achieved via a sequence of forward
motions and rotations. This violates a fundamental assumption in inverse
kinematics, which requires a full-rank Jacobian that maps task space ve-
locities to control inputs.

Rather than relying on direct IK solutions, differential-drive bases re-
quire nonlinear feedback controllers to ensure smooth convergence to tar-
get poses. These controllers account for both position and orientation, over-
coming the limitations of linear IK solvers.

2.3 Whole Body Control (WBC)

As mentioned above, IK implicitly assumes that every task-space DoF
is backed by an independent control input. In a mobile manipulator, this
premise is broken in two ways: (i) the differential-drive base is under-
actuated and non-holonomic, and (ii) the arm joints, together with the
wheels, provide more actuators than the task actually requires. WBC there-
fore reforms the control objective from “solve a square IK” to “coordinate
a redundant but partly uncontrollable system so that primary tasks are met
and leftover freedom is steered towards optimal secondary goals.” This
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Chapter 2. System and Problem Description

perspective is consistent with findings in humanoid robotics [13], where
opening a heavy swing door requires the robot to exploit whole-body mo-
mentum transfer and coordinated arm-base motion. Static manipulation
with the arm alone was insufficient; instead, stability and task feasibility
could only be ensured through carefully planned whole-body actions that
balance locomotion, impact generation, and post-impact support.

Primary Goal: Task Feasibility under Under-Actuation
The combined configuration vector can be represented as follows:

q =
[
xr yr θr θ1 θ2 θ3 θ4 θ5 θ6

]T (2.5)

where xr,yr,θr denote the planar position and orientation of the
differential-drive base, and θ1, . . . ,θ6 are the joint angles of the 6-DoF
manipulator arm. The configuration vector thus contains 9 DoF, but only
8 independent control inputs are available, consisting of 2 inputs from
the mobile base—the forward velocity vb and the angular velocity ωb—
together with 6 inputs θ̇1, . . . , θ̇6 from the manipulator joints.

To capture the coupled kinematics of the 6-DoF manipulator and the
differential-drive base, the end-effector twist in frame {W}, expressed as
W Vee ≜

[W ωT
ee

W vT
ee
]T ∈R6 (W ωee ∈R3 and W vee ∈R3 denote the rota-

tional and translational velocity respectively), is obtained from joint space
through the following mapping relationship:

W Vee = J∗
[

q̇
W u

]
(2.6)

where q̇ ∈ R6 represents the joint velocities of the 6-DOF robotic arm,
W u ≜

[W ωb
W vb

]T ∈ R2 (W ωb ∈ R and W vb ∈ R denote the turning ve-
locity and forward velocity of the mobile base respectively), and J∗ ∈R6×8

is the extended Jacobian matrix.
Then we can implement inverse kinematics as follows:[

q̇
W u

]
= J+ W Vee (2.7)

with J+ = J∗T [J∗J∗T ]−1 being the pseudo-inverse.

Redundancy: Using Extra Freedom
When the number of controllable degrees of freedom (DoFs) exceeds the
number of task-space constraints, the robotic system is kinematically re-
dundant [14]. Mathematically, because J∗ ∈ R6×8 in (2.6) is tall, infinitely
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2.3 Whole Body Control (WBC)

many q̇ and W u satisfy the same W Vee. Redundancy is not a burden; it is
latent freedom that can be organised so the robot simultaneously fulfils the
primary task and optimises additional criteria (e.g., joint-limit avoidance,
manipulability, collision avoidance) without disturbing the primary task. In

Figure 2.2 The definitions of d and θ . The green and black arrows represent the
velocity directions of the base and the end-effector, respectively. The white arrow is
parallel to the black arrow, indicating the intended direction of end-effector motion.

the proposed framework, two key secondary objectives are considered to
ensure safe and feasible motion coordination: maintaining a safe distance
between the base and the end-effector, and aligning the base’s heading with
the end-effector’s motion direction. The two quantities that need to be con-
trolled are shown in Figure 2.2.

(i) Maintaining a Safe Base-to-End-Effector Distance: To avoid self-
collision and maintain spatial coordination, the Euclidean distance be-
tween the base and the end-effector is defined as follows:

d =
√
(xe − xb)2 +(ye − yb)2 (2.8)

where (xe,ye) and (xb,yb) denote the positions of the end-effector and the
base in {W} , respectively. The objective is to ensure that d converges to
the pre-defined target value dtarget.

(ii) Aligning the Base’s Heading with the End-effector’s Motion Di-
rection: By aligning the base orientation with the end-effector velocity, the
system avoids excessive arm compensation and enhances overall task feasi-
bility, taking into account the underactuated nature of the differential-drive
base.
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Chapter 2. System and Problem Description

Since the differential-drive base can only move along its forward di-
rection, its heading always coincides with the direction of its velocity. Let
ve = [ẋe, ẏe]

T be the end-effector’s planar velocity, and vb = [ẋb, ẏb]
T the

forward motion components of the base. The misalignment angle is com-
puted as follows:

θ = arccos
(

ve ·vb

∥ve∥∥vb∥

)
(2.9)

This task-priority strategy guarantees that the robot achieves its main ob-
jectives while utilizing redundancy to satisfy additional constraints that im-
prove safety and motion feasibility.

2.4 Online Estimator

While whole-body control solves the problem of coordinating an underac-
tuated mobile base and redundant manipulators, it does so given a reference
velocity of the end-effector. However, the reference velocity is given by an
adaptive velocity controller [3], which assumes that the constraint param-
eters of the mechanism are known. To address this problem, we introduce
an online estimator that continuously learns these constraints during the
task by observing the velocity magnitude and direction over time.

(a) Force-Feedback Architecture (b) Decoupled Architecture

Figure 2.3 Comparison between force-feedback-based and decoupled control ar-
chitectures.

The estimator computes the constraint parameters, e.g., motion axis
and curvature, based on past velocity information of the end-effector.
These estimated parameters are then passed to the adaptive velocity con-
troller. By combining them with the interaction forces measured at the end-
effector, the adaptive velocity controller gives a reference velocity, which
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2.4 Online Estimator

ensures the motion of the end-effector in the allowed direction by suppress-
ing the force component in the constrained direction. Ideally, the estimated
parameters converge to the true values under the assumption of continuous
execution and valid grasping.

However, this thesis does not incorporate any form of force feedback.
Therefore, to verify the performance of the estimator, we completely de-
couple the online estimator from the controller. We compute the reference
velocity using the real (assumed) kinematic constraints and feed it directly
into the whole-body control module. In this setup, the estimator runs in par-
allel with the controller. We evaluate its performance by observing whether
it can successfully converge to known kinematic constraints, thereby ver-
ifying its accuracy and robustness when out of the force feedback control
loop. Figure 2.3 shows the difference between force-feedback-based and
decoupled control architectures.
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3
Navigation

To enable the mobile base to autonomously reach a desired pose in front of
the door, we adopt a nonlinear feedback controller tailored for differential-
drive robots [12]. This approach respects the underactuated and non-
holonomic nature of the platform, and computes a velocity command that
ensures convergence in both position and orientation.

Control Law Formulation
The configuration of the mobile base is described in the world frame by
the vector

W qbase = (xr,yr,θr) (3.1)

where xr,yr denotes the base’s Cartesian coordinates in the world frame,
and θr is its heading angle. The goal is to design a control law that drives
the base to a target pose (xt ,yt ,θt) by generating appropriate forward and
turning velocities.

To begin with, we define a polar coordinate transformation centered on
the target pose, which can easily represent relative position and orientation.
As is shown in Figure 3.1:

• ρ is the Euclidean distance between the robot and the goal,

• γ is the angular deviation between the direction to the target and the
robot’s forward-facing direction,

• δ is the angular deviation between the direction to the target and the
target’s forward-facing direction.

20



Chapter 3. Navigation

Figure 3.1 Definition of polar coordinates for the differential drive base

These parameters are computed as follows:

ρ =
√

(xr − xt)2 +(yr − yt)2 (3.2)

γ = arctan2(yr − yt ,xr − xt)−θr (3.3)
δ = γ +θr −θt (3.4)

The control law is given as follows [12]:

v = k1ρ cosγ (3.5)

ω = k2γ + k1

(
sinγ cosγ

γ

)
(γ + k3δ ) (3.6)

where:

• v is the commanded forward velocity,

• ω is the commanded turning velocity,

• k1,k2,k3 are positive control gains that regulate convergence rate and
stability.

The forward speed command (3.5) can be interpreted as the projection
of the translational error ρ onto the robot’s forward-facing direction.

When the heading error γ is small, cosγ ≈ 1 and the robot advances
almost at the full rate k1ρ , maximizing navigation progress. On the con-
trary, as |γ| grows, the cosine term decreases, limiting forward motion and
causing the base to rotate first before reaching the destination.
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Chapter 3. Navigation

Figure 3.2 Function graph of y = sinxcosx
x for x ∈ (−π,π).

This design prevents the robot from turning too early or too sharply
near the goal and consequently missing the intended final orientation.

Figure 3.3 Comparison of turning velocity ω under nonlinear and linear con-
trollers with fixed δ = π/6.

The turning speed command (3.6) consists of two parts. The first term,
k2γ is a standard proportional correction. The second term introduces a
smooth gain scheduler through the term sinγ cosγ

γ
. As is shown in Figure 3.2,

when γ is relatively large,
∣∣∣ sinγ cosγ

γ

∣∣∣ tends to be small, which helps to sup-
press overcorrections in case of large errors. From Figure 3.3 we can see
that, at this time, k2γ dominates the control of ω .
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Chapter 3. Navigation

As γ decreases from a large value to near zero, sinγ cosγ

γ
approaches

1, in which case the contribution of the term (γ + k3δ ) that combines the
heading error with the final pose orientation error, allowing the robot to
gradually adjust to the desired heading as it approaches the target, becomes
relatively more significant.

The design of the controller balances responsiveness and smoothness,
prevents overshoot, and ensures convergence of position and orientation
targets, thus forming the basis for the first phase of the door-opening task.
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4
Whole Body Control

4.1 Extended Jacobian

Here we describe how to compute the J∗ in (2.6). W Vee can be decom-
posed into the contributions of the manipulator joints and the mobile base.
Mathematically, we can rewrite (2.6) into:

W Vee =
[
J∗1 J∗2

][ q̇
W u

]
−→ W Vee = J∗1q̇+J∗2

W u = W V′
ee +

W Vb (4.1)

Specifically, J∗1 maps the joint velocity vector q̇ ∈ R6 to the end-effector
twist, while J∗2 maps the base control input W u ∈ R2 (i.e., turning and for-
ward velocities) into the same twist space.

It should be noted that the decomposition W Vee =
W V′

ee +
W Vb should

not be interpreted as an accumulation of relative motion. Instead, it repre-
sents a linear superposition of two twist components, both expressed in the
same inertial frame {W}. The term W V′

ee = J∗1q̇ corresponds to the twist
from the arm’s joint motion, while W Vb = J∗2

W u accounts for the contri-
bution from the base motion. Since both components are transformed into
the inertial frame, their sum yields the true end-effector twist in {W}.

Computation of J∗1
In the manipulator base frame, the standard geometric Jacobian is

ABVee = Jmq̇ (4.2)

where Jm represents the manipulator Jacobian defined in the local frame
of the manipulator base. Because Jm only maps the joint velocities q̇ to
the end-effector twist, Jm depends only on the manipulator’s kinematics,
which do not change unless the joint configuration q changes.
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4.1 Extended Jacobian

In fact, ABVee in (4.2) is exactly the same twist as W V′
ee in (4.1), which

accounts for the contribution of the arm joints to the end-effector twist, but
just expressed in different frames. Because the conventional manipulator
Jacobian Jm is derived in the arm base frame {AB}, a change of coordi-
nates is required. Thus, the mapping relationship between Jm and J∗1 is
established through the transformation of ABVee to W V′

ee.
The adjoint transformation matrix is often used to transform twists in

different reference frames [14]. Let the homogeneous transformation ma-
trix from {AB} (arm base) to the world frame {W} be

W TAB =

[WRAB
W tAB

01×3 1

]
(4.3)

However, we can not get WRAB and W tAB directly. Another transformation
is needed:

WTAB = WTMB ·MBTAB (4.4)

Then we get:

WRAB = WRMB ·MBRAB,
WtAB = WRMB ·MBtAB +

WtMB (4.5)

where

• WRMB and WtMB represent the mobile base’s current pose, typically
derived from a localization system.

• MBRAB and MBtAB define the static transformation from the arm base
frame {AB} to the mobile base frame {MB}, which is determined
by the mechanical configuration of the mobile manipulator.

The corresponding adjoint matrix reads:

Ad(W TAB)
=

[ WRAB 03×3[
WpAB

]
×

WRAB
WRAB

]
(4.6)

The twist of the end-effector generated by joint motion alone can now be
mapped into {W} as follows:

W V′
ee = Ad(W TAB)

ABVee ⇐⇒ W V′
ee = Ad(W TAB)

Jmq̇ (4.7)

Hence
J∗1 = Ad(W TAB)

Jm (4.8)

Concretely, we can view the adjoint matrix as
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Chapter 4. Whole Body Control

• It applies a 1:1 linear transformation (i.e., rotation) to the angular
velocity ω .

• It not only rotates the linear velocity, but also adds a coupling term
determined by the position vector p and the ω after rotation.

It may sound a bit strange that the contribution of linear velocity is affected
by angular velocity. While the angular velocity of a rigid body is invariant
with respect to the point of observation, the linear velocity depends on the
chosen reference point as a result of the term ω × r, which captures how
rotational motion induces different tangential speeds at different positions.
This position dependence is precisely why the adjoint matrix includes a
coupling term in the linear velocity component.

Computation of J∗2
In this thesis, we directly command forward and turning velocities, so it is
quite simple to model the control system. Figure 4.1 shows a differential
drive robot.

Figure 4.1 A differential drive robot [14]

Select the point in the middle of the two wheels as the reference point.
We have:

W Vb =


0 0
0 0
1 0
0 cosθr
0 sinθr
0 0


[W ωb

W vb

]
(4.9)
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4.1 Extended Jacobian

Hence

J∗2 =


0 0
0 0
1 0
0 cosθr
0 sinθr
0 0

 (4.10)

Summary
The extended Jacobian J∗ maps the generalized velocities (including both
manipulator joint velocities and base velocities) to the end-effector twist in
the world frame. It is defined as follows:

J∗ =
[
J∗1 J∗2

]
(4.11)

where:

• J∗1 ∈ R6×6 is the contribution of the manipulator arm,

• J∗2 ∈ R6×2 is the contribution of the differential-drive mobile base.

Manipulator contribution:

J∗1 =
[ WRAB 03×3[

WpAB
]
×

WRAB
WRAB

]
Jm (4.12)

where:

• Jm: geometric Jacobian of the manipulator (expressed in the arm
base frame {AB}),

• WRAB: rotation from frame {AB} (manipulator base) to world frame
{W},

• WpAB: position of frame {AB} in frame {W},

• [·]×: skew-symmetric matrix operator (used to compute cross prod-
ucts).

Base contribution:

J∗2 =


0 0
0 0
1 0
0 cosθr
0 sinθr
0 0

 (4.13)
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Chapter 4. Whole Body Control

where:

• θr: heading angle of the differential-drive base (orientation around
the vertical axis).

4.2 Optimization

Primary Task-Level Kinematic Optimization
The primary task is to realize the desired spatial velocity vref ∈R6 of the
end-effector. In a mobile robot with redundant degrees of freedom, the
same end-effector velocity can be achieved by an infinite number of joint
speed/angle combinations. Since the robotic arm has more accurate po-
sitioning and lower energy consumption, the control strategy prioritizes
achieving the task through the manipulator, reserving base movement only
when necessary.

We adopt a weighted damped pseudo-inverse that produces the veloc-
ity command q̇task ∈R8 as the least-squares solution of the following con-
strained optimization problem [15]:

min
q̇task

∥∥W
1
2 q̇task

∥∥2 s. t. J∗q̇task = vref (4.14)

where W∈R8×8 is a symmetric positive-definite weight matrix.
This problem seeks the joint velocity vector q̇ that achieves the ex-

act desired end-effector velocity while minimizing the weighted 2-norm
∥W

1
2 q̇task∥2 = q̇T

taskWq̇task. The solution favors configurations where joints
or actuators with smaller weights move more than those with higher
weights, thereby optimizing control effort under specified priorities.

The corresponding solution is given by the weighted damped pseudo-
inverse [16]:

J+W = W−1J∗T(J∗W−1J∗T +λ I6
)−1 (4.15)

where λ is an adaptive damping factor that improves robustness near sin-
gular configurations. The commanded joint velocity is then

q̇task = J+W vref (4.16)

Choice of the Weight Matrix W We partition the 8 controllable DoFs
into the 6 DoFs of the manipulator arm and the 2 DoFs of the mobile base.
Accordingly,

W = diag
(
waI6, wbI2

)
, wb ≫ wa > 0 (4.17)

28



4.2 Optimization

Because (4.15) minimizes the weighted 2-norm ∥W
1
2 q̇∥, large coefficients

wb penalize base motions far more than arm motions. Therefore, the robot
will always prioritize mobilizing the robotic arm to complete the task.

Adaptive Damping Factor λ When it is close to the singular configura-
tion det(JJT )→0, the undamped pseudoinverse will produce excessively
high joint velocities. We approach this with an adaptive Tikhonov term

µ =
√

det
(
JJT

)
(4.18)

λ =
λ0

µ + ε
(4.19)

where µ is Yoshikawa’s manipulability index [8], λ0 > 0 a positive gain
parameter and ε > 0 prevents division by zero. As the singularity is ap-
proached, µ decreases, leading to λ rising smoothly, increasing the diago-
nal of (4.15) and modulating the joint velocities in (4.16). This preserves
numerical stability without sacrificing responsiveness away from the sin-
gularity region.

Equations (4.14) – (4.19) achieve a weighted damped pseudo-inverse
that prioritizes arm motion over base movement and ensures stability near
singularities with an adaptive damping strategy.

Null-Space Optimization
In the previous section, we minimized the base motion while accomplish-
ing the primary task. However, beyond fulfilling the main objective, it is
vital to fully exploit the redundant degrees of freedom. By doing so, we
can improve posture, avoid collisions, or enhance manipulability. We refer
to these optimization goals as secondary tasks. These secondary tasks must
be accomplished without interfering with the motion of the end-effector.

Null Space of the Jacobian The null space of the Jacobian matrix J∗
is a fundamental concept in the control of redundant robotic systems. It
is defined as the set of all joint velocity vectors that do not produce any
end-effector motion [17], i.e.,

N(J∗) = {q̇null ∈ Rn | J∗q̇null = 0} (4.20)

Geometrically, the null space can be interpreted as the directions in the
joint velocity space that are "invisible" to the task space; in other words,
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Chapter 4. Whole Body Control

motion along these directions does not affect the end-effector velocity. This
property is particularly useful in the context of kinematically redundant
systems, such as mobile manipulators, where the number of control inputs
exceeds the dimension of the task.

In practical terms, any joint velocity vector q̇null that lies in N(J∗)
can be exploited to achieve secondary objectives without interfering with
the primary task execution. The general solution to the inverse kinematics
problem in the presence of redundancy takes the following form [17]:

q̇∗ = J∗+W vref︸ ︷︷ ︸
q̇task

+
(
I−J∗+J∗

)
z︸ ︷︷ ︸

q̇null

(4.21)

where q̇∗ ∈ R8 is the overall velocity command sent to the robot and the
vector z ∈ R8 is an arbitrary design parameter that can be selected to drive
the system toward desirable configurations based on secondary criteria.
The projection matrix

N(q)≜ I−J∗+J∗ (4.22)

acts as a null-space projector that filters out the components of any velocity
vector that would interfere with the primary task.

This formulation ensures that the contribution of the secondary objec-
tive is orthogonal to the task Jacobian, thereby preserving the desired end-
effector behavior.

Through (4.21), the coordinated motion between the base and the ma-
nipulator is achieved: the primary task is maintained by the pseudo-inverse
term, while redundant motions (such as optimizing the base motion or the
arm posture) can be injected through the null space component. This ap-
proach achieves the optimization of the secondary task during the execu-
tion of the primary task.

Choice of the secondary velocity z A commonly used strategy is the
projected-gradient method, which sets [18]:

z =−α∇q f (q) (4.23)

where f (q) is the cost function that encodes the secondary objective and
α > 0 is a gain parameter. (4.23) is motivated by the fact that the gradient
∇q f (q) points in the direction of rising cost function. Thus, the negative
gradient −∇q f (q) provides a descent direction that can be used to mini-
mize f (q).
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4.2 Optimization

z1: keeping a safe distance between the arm and base. The cost function
in (4.23) is defined as follows:

f (q) =
1
2
(d −dtarget)

2 (4.24)

where the term d denotes the Euclidean distance between the mobile base
and the end-effector measured in (2.8), while dtarget is the desired reference
distance. According to chain rule

∇q f (q) = (d −dtarget)
∂d
∂q

(4.25)

since d = d(q(t)) depends on the generalized coordinates, its time deriva-
tive satisfies

ḋ =
∂d
∂q

q̇ (4.26)

which implies
∂d
∂q

=
∂ ḋ
∂ q̇

(4.27)

Substituting (4.27) into (4.25) gives:

∇q f (q) = (d −dtarget)
∂ ḋ
∂ q̇

(4.28)

Differentiating d with respect to time gives:

ḋ =
(xe − xb)(ẋe − ẋb)+(ye − yb)(ẏe − ẏb)

d
(4.29)

which couples the linear velocities of the end-effector, ẋe, ẏe, and of the
mobile base, ẋb, ẏb. Introducing the shorthand dx= xe−xb and dy= ye−yb
we rewrite (4.29) as follows:

ḋ =
dx(ẋe − ẋb)+dy(ẏe − ẏb)

d
(4.30)

The Cartesian velocities of the end-effector are obtained from the first
two rows of the whole-body Jacobian,[

ẋe

ẏe

]
=

[
J∗x
J∗y

]
q̇ (4.31)
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where q̇ ∈R8 concatenates the joint-rate vector of the six-DoF arm and the
planar twist W u = [Wωb

Wvb]
T of the differential drive.

The Cartesian velocities of the base can be obtained from (4.9):[
ẋb

ẏb

]
=

[
0 0 · · · 0 cosθr

0 0 · · · 0 sinθr

]
q̇ (4.32)

Substituting (4.31) – (4.32) into (4.30) yields

ḋ =
1
d

[
dx dy

]([J∗x
J∗y

]
−
[

0 · · · 0 cosθr
0 · · · 0 sinθr

])
q̇ ≜ Jd q̇ (4.33)

where Jd =
∂d
∂q ∈R1×8 is the gradient of the scalar distance with respect to

the generalized velocities. Then we have:

∇q f (q) = (d −dtarget)JT
d (4.34)

Substituting (4.34) into (4.23) gives the secondary velocity command:

z1 = −α1 (d −dtarget)JT
d (4.35)

where Jd = 1
d

[
dx dy

]([J∗x
J∗y

]
−
[

0 · · · 0 cosθr
0 · · · 0 sinθr

])
and the positive

gain α1 tunes the convergence speed. The term (4.35) reduces the arm-
base distance whenever d > dtarget and increases it whenever d < dtarget.

z2: aligning base direction with end-effector motion. In mobile manipu-
lation tasks, especially in the case of differential drive bases, lateral move-
ment cannot be achieved because of insufficient drive. Consequently, the
task may fail if the robot reaches a configuration that requires sideways
movement of the mobile base to continue. To avoid the risk, it is best to
align the direction of the end-effector’s motion with the base’s forward or
backward direction. This alignment can maximize the likelihood that the
task will not fail because of insufficient drive when the base needs to move
to reach a target position.

The expression (2.9) measures how far the base heading deviates from
the direction of the end-effector movement. When θ = 0, the base moves
exactly in line with the end-effector.

Since the base velocity direction is controlled via its angular veloc-
ity ωb, a correction strategy is introduced through the null-space velocity
component:

z2 =−α2 θ · eθ −α3

∫ t

0
θ(τ)dτ · eθ (4.36)
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where α2 > 0 and α3 > 0 are tunable gains, and eθ ∈R8 is a selector vector
defined as follows:

eθ =
[
0 0 0 0 0 0 1 0

]T (4.37)

The vector eθ penalizes yaw deviation by assigning 1 to the base yaw joint
q2, thereby generating a corrective torque for reorientation. (4.36) is a PI
controller with respect to θ . If only the instantaneous angle error θ is used,
the reference alignment may lag. Introducing the integral term helps ac-
cumulate past orientation errors and gradually eliminate steady-state mis-
alignment, achieving more consistent convergence even in the presence of
delayed response.

Final control law
The composite control command becomes:

q̇ = q̇task + q̇null = J∗+W vref +
(
I−J∗+J∗

)
(z1 + z2) (4.38)

where:

• q̇task = J∗+W vref: primary task velocity ensuring the desired end-
effector velocity vref ∈ R6,

• q̇null = (I−J∗+J∗)(z1 + z2): secondary objectives projected in the
null space of the Jacobian.

The null-space components are defined as follows:
Distance regulation:

z1 =−α1(d −dtarget)JT
d (4.39)

where:

• d =
√
(xe − xb)2 +(ye − yb)2: horizontal distance between end-

effector and base,

• Jd : Jacobian of d with respect to generalized coordinates q, given
by:

Jd =
1
d

[
dx dy

]([J∗x
J∗y

]
−
[

0 · · · 0 cosθr
0 · · · 0 sinθr

])
(4.40)
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with dx = xe − xb, dy = ye − yb, and θr denoting the base orientation.
Base-end-effector alignment:

z2 =−α2 θ · eθ −α3

∫ t

0
θ(τ)dτ · eθ (4.41)

where:

• θ : angle between base velocity and end-effector velocity,

• eθ =
[
0 0 0 0 0 0 1 0

]T : unit vector selecting the rota-
tional velocity of the base in q.
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5
Online Estimator

While the previous chapters presented a whole-body control scheme ca-
pable of executing coordinated motions, the controller assumes that cer-
tain kinematic properties of the mechanism, such as motion direction and
curvature, are available. This chapter describes an online estimator that
enables the system to autonomously learn these parameters during inter-
action. Rather than relying on predefined or manually tuned constraint in-
formation, the estimator progressively updates its internal representation
of the mechanism’s motion characteristics by observing the end-effector
velocity.

The following update laws introduced in [3] are used to estimate the
direction of motion x̂h and the curvature vector κ̂ of the mechanism:

˙̂xh =−γvrefP(x̂h)v f − vrefx̂h × κ̂ (5.1)

where:

• γ > 0: adaptation gain determining convergence speed.

• x̂h ∈ R3: unit vector estimating the motion direction of the handle.

• vref ∈ R: reference velocity magnitude along the estimated motion
direction, defined below.

• P(x̂h) = I3 − x̂hx̂T
h : projection matrix onto the orthogonal comple-

ment of x̂h.

• v f ∈R3: PI force feedback control term compensating the constraint
directions.

• κ̂ ∈ R3: estimate of the rotational axis scaled by curvature.
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The adaptation law for the curvature vector is given by:

˙̂κ = Γκ x̂h ×vref, (5.2)

where:

• Γκ ∈ R3×3: a positive-definite matrix determining the curvature
adaptation rate.

• vref ∈ R3: reference velocity vector of the end-effector given by an
adaptive velocity controller based on v f and x̂h.

To resolve the directional ambiguity, the signed magnitude of the ve-
locity along x̂h is computed as follows:

vref = sgn
(
x̂T

h vref
)
∥vref∥ . (5.3)

where:

• sgn(·): sign function indicating alignment of x̂h and vref.

• ∥vref∥: Euclidean norm of the reference velocity vector.

The estimator updates two time-varying quantities: (i) the unit vector
x̂h(t) that tracks the true motion direction of the handle (i.e., where the end-
effector should go), and (ii) the vector κ̂(t) indicates the axis of rotation
and the curvature (the curvature vanishes in the prismatic motion).

Step 1 - determine the moving direction (Eq. (5.3)).

vref = sgn
(
x̂T

hvref
)
∥vref∥

This scalar redefinition ensures that the positive direction of the command
magnitude vref is always consistent with the current direction estimate x̂h.

Step 2 - direction update (Eq. (5.1)).

˙̂xh =−γvrefP(x̂h)v f − vrefx̂h × κ̂

• The projector P(x̂h) = I− x̂hx̂T
h removes the component of the force-

feedback vector v f that is parallel to x̂h, leaving only the constraint
directions and −γvref determines the speed of convergence. By re-
ducing the force in the constraint direction, the end-effector and the
mechanism are prevented from resisting each other, so that x̂h con-
verges to the true direction.
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• The cross product x̂h × κ̂ lies in the tangent space of the unit sphere
S2. Therefore, adding (and scaling) this term will keep ∥x̂h∥=1 time-
invariant, thus preventing numerical drift in the estimated norm.

Step 3 - curvature update (Eq. (5.2)).

˙̂κ = Γκ

(
x̂h ×vref

)
.

Because the inner product x̂T
hvref = vref, the vector x̂h × vref = x̂h ×

(vrefx̂h) = 0 when x̂h is aligned with the true direction. Otherwise, it pro-
duces a rotation of κ̂ around the instantaneous error axis so that, once con-
vergence of x̂h is achieved, κ̂ also aligns with its physical counterpart κ .

In summary, the estimator "listens" to the force/torque feedback: any
velocity component that causes a non-zero force on the motion direction’s
subspace is interpreted as the end-effector interacting with the mechanism
in the wrong direction, and is therefore used to rotate x̂h (and indirectly κ̂)
until the unwanted force disappears. For a detailed mathematical proof, see
the original paper [3].

Implementation in the Absence of Force Feedback
Due to time limitations, force/torque sensors are not used in this thesis.
Instead, we adopt the control structure illustrated in Figure 2.3b, which
bypasses the need for force feedback.

Instead of using the PI force feedback term v f defined in (5.1) to gen-
erate the reference velocity vref, we directly specified vref based on prior
knowledge of the task constraints, such as the assumed revolving axis of
the door. This predefined vref is aligned with the actual unconstrained mo-
tion direction of the mechanism, which ensures the end-effector will al-
ways move along the correct trajectory.

Formally, we replace (5.1) – (5.3) with:

˙̂xh =−γvrefP(x̂h)v∗ref − vrefx̂h × κ̂ (5.4)

˙̂κ = Γκ x̂h ×v∗ref (5.5)

vref = sgn
(
x̂T

h v∗ref
)
∥v∗ref∥ (5.6)

where v∗ref is the predefined velocity that meets the constraints.
This simplification allows us to isolate and test the estimation dynamics

of the update laws. In particular, we compare the estimated motion direc-
tion x̂h and curvature vector κ̂ against the true constraint parameters we
pre-assumed.
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This setup enables us to evaluate the convergence properties of the esti-
mators under ideal motion conditions and their ability to correctly identify
the underlying constraint geometry of the mechanism.
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6
Results and Discussion

This chapter presents simulation and real-world experimental results using
a Heron robot that integrates a 6-DOF UR5e manipulator and a differen-
tially driven MiR base, as is shown in Figure 6.1. The new joint velocities
were calculated at 500 Hz, and commands are sent to the robot at 500 Hz in
simulation and 50 Hz (approximate value) in actual experiments. Through-
out the process, the robot first navigates to a predefined pose in front of the
mechanism and then attempts to execute a predefined trajectory with the
end-effector to simulate an opening motion.

Figure 6.1 Heron robot

6.1 Navigation to Pre-Interaction Pose

To evaluate the navigation performance, we analyze the tracking errors
of position and orientation during the trajectory from the initial config-
uration [0m, 0m, 0rad] to the goal position [−1.5m,−1.15m, 0rad], as
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shown in Figure 6.2. This goal corresponds to a displacement in the x-
and y-directions while maintaining the same orientation, indicating that
the robot is required to translate without rotating. The velocity gains are
set as follows: k1 = k3 = 1.0, k2 = 2.0.

Figure 6.2 During navigation, the errors in x, y, and θ are plotted as three separate
curves, with the blue lines representing the real robot and the red dashed lines
representing the simulation results.

Figure 6.3 The trajectory of the base during navigation; the arrows at the start
and end positions indicate the robot’s starting and final orientations.
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Figure 6.3 shows the trajectory of the base during navigation. We can
divide the navigation process into the following stages:

• 0 – 2 s: In the initial stage, the control law generates a small nega-
tive linear velocity v, which causes the robot to adjust the heading
angle by reversing a short distance and point its nose toward the final
position.

• 2 – 11 s: As the robot follows the S-shaped trajectory, the errors
in x and y begin to decrease rapidly. Initially, the robot turns right,
following approximately a quarter circle. During this phase, the ori-
entation error increases and peaks at about 180 degrees at about 6.5
seconds — indicating that the robot is temporarily facing the oppo-
site direction of the target heading. The robot then turns left, com-
pletes another quarter circle, and eventually reaches its destination.

• 11 – 13 s: When the robot reaches the target, ρ becomes small
enough, leading the linear velocity term in the control law to di-
minish. Thereby, the robot effectively reduces the orientation error
to zero through in-place rotation.

Figure 6.4 Errors in x, y, and θ for different target configurations.
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Due to laboratory space limitations, we only performed more tests in
simulation. Figure 6.4 verifies that the robot can always reach the target
position under different target configurations. The results validate the con-
troller design given by (3.5) and (3.6). The absence of oscillations in the
direction tracking indicates that the nonlinear damping term sinγ cosγ

γ
sup-

presses overtuning when γ is large and linearizes the controller around
γ = 0, thus stabilizing the angular motion. In summary, the results show
that the proposed navigation controller is capable of reliably driving the
robot to the desired pose with high accuracy.

6.2 Whole Body Control

For both simulation and real-world experiments, we used the control
framework in Figure 2.3b, i.e., without force feedback and the adaptive
velocity controller. We focus on evaluating the performance of the pro-
posed full-body controller in four representative 1-DOF mechanisms, as is
demonstrated in Figure 6.5:

• Type I: Rotational door with vertical axis (common door).

• Type II: Rotational door with horizontal axis (e.g., oven door).

• Type III: Sliding door with lateral translation.

• Type IV: Pull-out drawer.

The end-effector is controlled to follow a predefined trajectory by assign-
ing it a velocity in its local frame {E}. There are two main benefits to this
strategy. First, trajectory generation is straightforward and reliable since
circular motion is the natural result of a constant local velocity. Second,
the end-effector rapidly deviates from the intended route if its pose devi-
ates because the velocity is applied in the mismatched local frame. This
error amplification makes it easier to assess the performance of the whole-
body controller.

The simulation parameters are set as follows: dtarget = 0.75 m, α1 = 20,
α2 = 2, α3 = 0.1.
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6.2 Whole Body Control

(a) Rotational door with vertical axis (b) Rotational door with horizontal
axis

(c) Sliding door (d) Pull-out drawer

Figure 6.5 Four different types of 1-DOF mechanisms and the desired trajecto-
ries.

Type I: Rotational door with vertical axis
The rotation radius is set to 0.8 m.

Figure 6.6 demonstrates the effectiveness of different null-space opti-
mizers in regulating the coordinated motion between the base and the end-
effector during door-opening tasks. When the full optimizer is employed,
the end-effector follows the desired trajectory closely throughout the en-
tire motion, confirming the correctness of the extended Jacobian computa-
tion and the effectiveness of the optimizer. In contrast, without the angular
alignment optimizer z2, the non-holonomic constraint of the differential-
drive base causes the manipulator to quickly reach joint limits. As a result,
the end-effector deviates from the trajectory. Despite the presence of the
distance-maintaining optimizer z1, the base-to-end-effector distance still
drops below the safety threshold.
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(a) Distance between the base and
the end-effector projected onto the xy
plane.

(b) Orientation difference between the
base heading and the end-effector direc-
tion.

(c) Trajectories of the end-effector and the base in the xy plane.

Figure 6.6 Comparison of end-effector motion, base distance, and orientation
alignment under three control strategies with r = 0.8m: (1) full optimizer, (2) with
angle alignment optimizer but only proportional control, and (3) no angle alignment
optimizer (distance optimizer included in all cases). Markers with the same indicate
key positions at specific time points when using proportional control only.

Figure 6.7 compares the actual trajectories of the base and the end-
effector under two configurations of the optimizer z2. The end-effector
trajectory is shown in yellow, while the base trajectory is shown in red.
A purple dashed curve represents the ideal trajectory that the base would
follow if the direction and magnitude of its velocity are perfectly the same
as those of the end-effector. At several instances, a black line connects the
base and the end-effector positions: dashed lines show the ideal situation,
when the distance is constant, while solid lines show the actual system be-
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havior. The instantaneous distance between the base and the end-effector
is reflected in the length of each line.

(a) (b)

Figure 6.7 Comparison of the actual trajectories of the base and the end-effector
under two configurations of the optimizer z2: one using only a proportional term
(left), and the other using the complete controller with both proportional and inte-
gral components (right).

Figure 6.8 Distance between the base and the end-effector when the yaw correc-
tion z2 includes an integral term. A small velocity mismatch causes near-sinusoidal
oscillations in the distance.

When z2 contains only proportional terms, the trajectory is tracked well
initially, but then still drifts. Ideally, both the base and the end-effector
should follow circular trajectories with the same radius and angular veloc-
ity. However, under purely proportional control, a steady-state angular er-
ror of about 8◦ remains between the two velocity directions (Figure 6.6b),
leading to increasing trajectory divergence. Before the blue marker, z1 still
maintains a safe distance by adjusting the speed of the base. However, after
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reaching the blue marker, the end-effector is on the side of the base, leading
to the base losing control of the distance because it cannot move sideways.
Between the blue marker and red marker, the manipulator compensates for
the growing distance by stretching, but after the red marker, joint limits are
hit, resulting in tracking failure, as visualized in Figure 6.6c.

The residual angular error is eliminated by introducing an integral term
in the yaw correction of z2, so that the base and end-effector velocities are
fully aligned. At this time, the trajectory of the base is circular, and in order
to maintain a constant distance, the trajectories of the base and the end-
effector must have equal radii, which means the same linear velocity in the
world frame {W}. However, the inverse kinematics based on the Jacobian
matrix prioritizes the matching of angular velocities rather than the match-
ing of spatial velocities. Figure 6.7b shows the trajectory change caused by
a 6% velocity deviation. Figure 6.8 shows that despite the small deviation,
the distance change still shows obvious near-sinusoidal oscillations, which
can also be observed in the red area of Figure 6.6a. However, although
the distance could not be preserved, the end-effector keeps moving on the
set path, which confirms that the null-space optimization framework can
maintain the integrity of the primary task even when some secondary goals
cannot be achieved.

Type II: Rotational Door with Horizontal Axis
The rotation radius is set to 0.4 m and 0.5 m.

Figure 6.9 shows the motion at different radii. Due to the limited length
of the Heron robot arm, the end-effector is easy to collide with the base
when moving downward, so its range of motion is very limited. This is
illustrated in Figure 6.10, where the points where collisions are most likely
to occur are marked.

In Figure 6.9b, the sharp corner at about 2 corresponds to the over-
shoot introduced by the PI controller. Figure 6.9a shows that the distance
between the base and the end-effector fails to converge to the expected
value of 0.75 m. The reason for this phenomenon is similar to which in
Type I, that there is a conflict between the secondary task and the primary
task. In this case, the null-space optimization prioritizes the primary task
and sacrifices the secondary goal when necessary. Nevertheless, the end-
effector can successfully follow the desired trajectory under both radius
settings.
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6.2 Whole Body Control

(a) Distance between the base and
the end-effector projected onto the xy
plane.

(b) Orientation difference between the
base heading and the end-effector direc-
tion.

(c) Trajectories of the end-effector and the base
in the xz plane.

Figure 6.9 Comparison of end-effector motion, base distance, and orientation
alignment using full optimizer with r = 0.4m and 0.5m.

Figure 6.10 The yellow circle shows the most likely collision position.
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Type III & IV: Sliding Door and Pull-out Drawer

Figure 6.11 The angle λ between the base heading and the desired trajectory.

Since in both Type III and Type IV scenarios the end-effector moves along
a straight line in the xy plane, they can be discussed together. The exper-
imental results reveal a key factor that affects the performance: the initial
angle λ between the base heading and the desired trajectory, as shown in
Figure 6.11.

Figure 6.12 shows the motion of the end-effector and the base for dif-
ferent values of λ . As shown in Figure 6.12a, regardless of the initial angle
λ , the distance between the base and the end-effector cannot converge to
the desired value. This is primarily because of the non-holonomic con-
straints imposed by the differential-drive base, which limit the motion of
the end-effector that remains almost constantly at the lateral side of the
base. Nevertheless, once the motion stabilizes, the end-effector’s veloc-
ity is predominantly contributed by the translational velocity of the base,
while the manipulator joints remain stationary. As a result, there is no risk
of collision after the system reaches steady-state motion.

From Figure 6.12c, it can be seen that when λ < 45◦, the end-effector
can accurately move along the desired path. However, as λ increases, the
deviation between the actual trajectory and the desired trajectory increases
significantly. It can be further observed that the trajectory of the base re-
mains linear regardless of λ . This means that the base always rotates in
place before moving forward to align its heading with the direction of mo-
tion of the end-effector. In addition, in the second half of the motion, the
base and the end-effector always move along parallel paths. These two
facts indicate that all trajectory deviations are introduced during the ini-
tial heading adjustment of the base, and the larger the required adjustment
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angle, the larger the error.

(a) Distance between the base and the
end-effector projected onto the xy plane.

(b) Orientation difference between the
base heading and the end-effector direc-
tion.

(c) Trajectories of the end-effector and
the base in the xy plane.

Figure 6.12 Comparison of end-effector motion, base distance, and orientation
alignment under varying initial heading angles. All runs use the full controller.

The root cause of this phenomenon lies in the misalignment between
the rotation axes of the moblie base and the manipulator base, as is shown
in Figure 6.13. Specifically, the projection of the vector MBtAB on the xy
plane is not zero. Therefore, even a pure rotational motion of the base
will introduce a linear velocity component of the end-effector in the xy
plane. The advantage of this configuration is that the angular velocity ω of
the base can contribute to the linear velocity planning of the end-effector,
thereby improving reachability. However, when λ is large, the inverse kine-
matics solution requires too much compensation in the joint space to offset
the linear velocity brought by ω , which may become infeasible. As a result,
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the end-effector cannot move smoothly in the desired direction.

Figure 6.13 The rotation axes of the moblie base (green) and the manipulator
base (yellow).

(a) Distance between the base and the
end-effector projected onto the xy plane.

(b) Orientation difference between the
base heading and the end-effector direc-
tion.

(c) Paths of the end-effector and the
base in the xy plane.

Figure 6.14 End-effector motion, base distance, and orientation alignment with
r = 0.8m.
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(a) Distance between the base and
the end-effector projected onto the xy
plane.

(b) Orientation difference between the
base heading and the end-effector direc-
tion.

(c) Paths of the end-effector and the base in the xz plane.

Figure 6.15 End-effector motion, base distance, and orientation alignment with
r = 0.5m.

Real Robot Experiment
The parameters are set as follows: dtarget = 0.75 m, α1 = 20, α2 = 2,
α3 = 1.

Figure 6.14 – Figure 6.16 show the experimental data of the actual
robot running Type I – III trajectories, respectively. Compared with the
simulation experiment, the operation of the robot is greatly limited by the
control frequency.
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(a) Distance between the base and
the end-effector projected onto the xy
plane.

(b) Orientation difference between the
base heading and the end-effector direc-
tion.

(c) Paths of the end-effector and the base in the xy plane.

Figure 6.16 End-effector motion, base distance, and orientation alignment with
initial heading angles = 5◦.

The initial peak in the angle difference in Figure 6.14b is mainly be-
cause of the lower control frequency of the real robot (only one-tenth of the
simulation frequency). The reduced frequency causes a significant delay in
the base heading adjustment. As a result, the angle deviation increases tem-
porarily in the initial stage. However, because of the integral component of
the heading alignment controller, the system gradually accumulates the er-
ror and strengthens the correction torque over time. Eventually, the angle
difference decays smoothly and finally converges.

When the initial heading error is large, this delay can not only result in
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a slow response but can also cause the system to overshoot, causing the er-
ror to exceed the stabilization capacity of the proportional term itself. For
example, the steady-state error observed in Figure 6.15b and the overshoot
observed in Figure 6.16b illustrate this behavior. This performance degra-
dation requires tighter control of the initial alignment between the robot’s
heading and the initial motion direction of the manipulator. Experimental
results show that the robot will experience significant trajectory deviations
in Type II and Type III tasks when the initial alignment error exceeds 15°
and 10°, respectively.

Summary
This section systematically evaluates the performance of the proposed
whole-body control framework in four representative single-degree-of-
freedom mechanisms. By assigning velocity commands in the local coor-
dinate system of the end-effector, the method allows both intuitive trajec-
tory generation and natural error amplification for performance evaluation.
Extensive simulation results show that the null-space optimization strat-
egy is effective in ensuring the execution of the primary task even in the
presence of secondary objective conflicts (such as the distance adjustment
from the base to the end-effector). This also reflects that the extended Jaco-
bian matrix is calculated correctly. The results also highlight the limitations
brought by non-holonomic constraints, especially when the base needs to
make large heading corrections. Overall, the framework shows excellent
adaptability and robustness in various operating scenarios.

6.3 Online Estimator

To evaluate the performance of the proposed online estimator, we moni-
tor whether the estimated curvature κ̂ and the estimated motion direction
x̂h converge to the actual curvature κ and the desired direction vref, re-
spectively. The angle between the unit vectors x̂h and vref can be used as
a metric to assess the alignment, while the curvature error is defined as
|κ̂| − |κ|. For Type I and Type II mechanisms (revolving doors), the true
curvature is represented by the inverse of the radius, |κ| = 1

r . For Type-
III and Type IV mechanisms (sliding doors and drawers), the curvature is
zero, i.e., |κ|= 0, corresponding to an infinite radius.
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(a) Angle difference between estimated heading and reference velocity.

(b) Curvature error relative to desired radius.

Figure 6.17 Comparison of heading alignment and curvature convergence across
motion types.

The plots in Figure 6.17 show the convergence behavior of the on-
line estimator for the four different 1-DOF mechanism types. Figure 6.17a
shows that the error between the estimated heading and the reference ve-
locity direction always decreases to zero in all cases, and the convergence
process is fast and smooth. Figure 6.17b shows that the curvature esti-
mate κ̂ decays correctly to zero, confirming that the estimator can reliably
distinguish between curved and straight trajectories. Overall, the results
verify that the proposed adaptive estimation scheme can ensure orienta-
tion alignment and curvature recognition in a variety of door and drawer
mechanisms.

It is worth noting that even though the initial estimate of κ̂ matches the
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true value exactly, it still exhibits significant fluctuations before finally con-
verging. This is mainly because of the large initial heading misalignment,
which causes the deviation of x̂h to introduce curvature estimation errors
through the cross-product term x̂h × v∗ref in (5.5). Combining the two fig-
ures in Figure 6.17, it can be clearly seen that after about 0.25 seconds, x̂h
is aligned with the true heading direction, thus eliminating the disturbing
term and allowing κ̂ to converge steadily to its true value. This interaction
highlights the mutual influence between heading estimation and curvature
correction, further validating the robustness of the proposed estimator in
dealing with transient misalignment.

To sum up, the simulation results in Figure 6.17 demonstrate the ef-
fectiveness and robustness of the proposed online estimation framework.
Specifically, Figure 6.17a confirms that the heading estimate x̂h consis-
tently aligns with the reference direction vref in all cases, with a rapid and
monotonic decay of angular error. Meanwhile, Figure 6.17b indicates that
the curvature estimate κ̂ successfully converges to the correct value, dis-
tinguishing between revolute and prismatic mechanisms.
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7
Conclusion

By combining navigation, whole-body control, and online estimation, we
extended previous work on fixed-base manipulators and created a unified
system that allows differential-drive mobile manipulators to interact with
one-degree-of-freedom (1-DoF) mechanisms.

We first developed a nonlinear feedback controller that guides the robot
to an appropriate pre-interaction pose. Its ability to achieve precise con-
vergence in both position and orientation, even in the presence of non-
holonomic restrictions, was validated by simulation and hardware experi-
ments.

We then created a whole-body control scheme for an integrated 6-DOF
manipulator and a differentially-driven base using an extended Jacobian
formulation. Through null-space optimization, the controller ensures the
execution of the primary end-effector task while regulating secondary ob-
jectives, such as maintaining a safe base-arm distance and aligning the base
heading with the end-effector motion. Simulation results based on four 1-
DOF mechanisms show that the controller achieves robust and smooth co-
ordination. In scenarios with conflicting secondary objectives, the frame-
work prioritizes task feasibility while ensuring safety, thus verifying the
correctness of the extended Jacobian and the effectiveness of the null-space
design.

Finally, we integrated an online estimator to autonomously learn the
mechanism’s curvature and motion direction during interaction. The esti-
mator reliably converged to the correct constraint parameters based on ob-
served motion, validating its applicability in real-world deployments where
sensing may be limited.

Overall, the proposed framework successfully addresses the key issues
of mobile manipulation interacting with 1-DoF mechanisms. While the
proposed framework demonstrates robust performance in simulation and
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experiments, several promising directions remain open. First, integrating
real force/torque feedback into the online estimator would allow the sys-
tem to adapt more effectively under physical uncertainties and external
disturbances. Second, extending the control scheme to multi-DoF mech-
anisms or to tasks involving sequential interactions (e.g., opening a door
and manipulating objects behind it) would broaden applicability. Finally,
incorporating learning-based components, such as reinforcement learning
for secondary task optimization, could enhance adaptability to complex
and cluttered environments.
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