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Abstract

This thesis treats neutron-antineutron oscillations in the framework of chiral
perturbation theory. An effective Lagrangian, using mesons and nucleons as
degrees of freedom, is constructed to capture the low-energy behavior of the
effective six-quark operators, which is the set of higher dimensional opera-
tors that can induce neutron to antineutron transitions at the quark level.
These operators have been used previously to model the oscillations using
lattice QCD simulations. This Lagrangian is used to compute the neutron
to antineutron transition amplitude at O(p2) in the chiral perturbation ex-
pansion. The resulting amplitude is given as a function of the pion mass and
could be of use for matching lattice simulations at unphysical quark masses
to the physical situation. Furthermore, the effect that finite lattice volume
has is estimated by using the difference between the known finite and infinite
volume versions of chiral perturbation theory.



Populärvetenskaplig sammanfattning

I partikelfysik beskrivs en partikel av en samling tal kallade kvanttal. Exem-
pel p̊a s̊adana inkluderar elektrisk laddning men även andra som exempelvis
s̊a kallade smaker of färger. Bevarade kvanttal är en speciellt viktig typ som
g̊ar under det kollektiva namnet laddningar. Den viktigaste egenskapen som
s̊adana laddningar har är att de är bevarade, allts̊a att de inte f̊ar förändras
med tiden. Ibland förekommer kvanttal som endast approximativt är be-
varade. Med approximativt menas att de processer som kan ändra p̊a den
givna laddningen är ovanligt förekommande.

Ett viktigt kvanttal i partikelfysik är det s̊a kallade baryontalet vilket är
definierat s̊a att protoner och neutroner har värdet ett medan deras antipar-
tiklar har värdet minus ett. Det finns anledningar att tro att baryontalet inte
är exakt bevarat och att det s̊aledes finns sällsynta processer där det ändras.
En experimentell anledning att tro att det borde finnas s̊adana förlopp är
att v̊art universum verkar uppvisa i princip uteslutande materia och ingen
antimateria. Detta verkar bara vara förenligt med fysikaliska modeller om
baryontal f̊ar ändras. En möjlig konsekvens av baryontalsändring i naturen
skulle vara s̊a kallade neutron-antineutronoscillationer vilket är att neutroner
kan överg̊a i att bli antineutroner, vilket sänker baryontalet med tv̊a enheter.

Denna uppsats undersöker hur neutron-antineutronoscillationer kan mod-
elleras matematiskt p̊a l̊aga energier under premissen att baryontalet f̊ar
ändras med tv̊a enheter. Metoden som används är en, i andra sammanhang,
vältestad teori för hur protoner, neutroner och pioner växelverkar vid l̊aga
energier, och g̊ar under namnet kiral störningsteori.
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Conventions and Notation

In this section some conventions that are used throughout the thesis are
introduced. This thesis uses natural units where ~ = c = 1 and it employs
the standard Einstein summation convention for Lorentz as well as internal
space indices, meaning that every index that is repeated in an equation is
summed over. A fundamental representation, ψ, of a unitary group is denoted
with a lower index ψi and transforms under the group as ψi → U j

i ψj. Its
complex conjugate, ψ†, has an upper index ψ†i ≡ (ψi)

∗ and transforms as
ψ†i → (U j

i )∗ψ†j = (U †T )jiψ
†j = (U †)ijψ

†j.
Representation (rep) is taken to mean a homomorphism from abstract

group elements to operators on some linear space. Homomorphisms to non-
linear transformations, such as exhibited by the meson and nucleon fields
will be referred to as (non-linear) realizations.

The Pauli matrices are denoted τa and the SU(2) generators are normal-
ized 1

2
τa. General SU(N) generators are denoted T a and the general struc-

ture constants are denoted fabc making the Lie algebra [T a, T c] = ifabcT c.
The general normalization is Tr(T aT b) = δab/2.

The Minkowski metric is denoted ηµν and the signature is chosen to be
(+ − −−). The number of spacetime dimensions is denoted by d = 4 −
ε when doing dimensional regularization. Representations of a group are
denoted by their dimensionality1 e.g. 2 and 3 for the fundamental and adjoint
representations of SU(2). Indices also get subscripts to denote in which space
they live. The subscripts are c, F L, R and B (for color, flavor, left, right
and baryon).

For future convenience here follows a few conventions for notions that
are defined further on. Under group transformations (L,R) ∈ SU(2)L ×
SU(2)R lower indices iL and iR transform by LjLiL and RjR

iR
respectively. For

instance the meson exponential transforms as U iL
iR
→ RjR

iR
U jL
jR
L†iLjL . Whenever

χ appears as a subscript it stands for either L or R and is never summed
over. Since baryons transform by a non-linearly related unitary matrix, the
lower B-type indices transform according to ψiB → h(L,R, U)jBiBψjB . More
on group theory, generators and upper/lower indices can be found in e.g. ref
[3].

1In the quantum mechanics of spin the representations are classified by their angular
momentum quantum number j. This classification describes them by 2j + 1 instead.
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fig. figure sec. section

1 Introduction

There are multiple reasons to investigate models in which the baryon num-
ber is broken. For instance, one of the Sakharov conditions for baryogenesis
- the origin of the observed matter-antimatter asymmetry of the universe
- requires2 Baryon Number Violation (BNV). Another reason is that the
Standard Model (SM) has baryon conservation only because of an accidental
symmetry since no renormalizable interactions can be formed from its fields
which break it. Finally, as a remark, all grand unified theories that put
quarks and leptons in the same gauge multiplet will violate baryon number
due to the exchange of gauge bosons. It should also be noted that baryon
number seems to be broken in the SM as well, due to non-perturbative tran-
sitions in the electroweak sector. This does, however, conserve baryon minus
lepton number (B − L). For neutron-antineutron oscillations to occur the
baryon number must be changed by two units (while lepton number remains
unchanged) and thus they are absent in theories that conserve B − L.

To the best of our understanding the theory for strong interactions is
Quantum Chromodynamics (QCD) which is a non-Abelian gauge theory
consisting of quarks and gluons. Due to a feature called asymptotic free-
dom the QCD gauge coupling decreases with energy which means that the
theory is weakly coupled at high energies. Running the argument the other
way, the coupling strength increases as the energy is lowered, and thus there
is a scale, ΛQCD, where the coupling becomes sufficiently large that QCD is
non-perturbative.

At low energies the particle spectrum of QCD will not be the quarks and
gluons because all bound states, hadrons, are gauge singlets (colorless). The
asymptotic particle states consist of mesons (quark and antiquark states)

2Asymmetric initial conditions is an alternative explanation.
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and baryons (three quark states). One way to understand the physics of
QCD at these scales is to make an Effective Field Theory (EFT) where the
degrees of freedom are taken to be mesons and baryons instead. The EFT
studied here is called Chiral Perturbation Theory (ChPT) which is based on
the approximate flavor and chiral symmetries of QCD.

This thesis begins with an introduction to particle-antiparticle oscillations
and higher dimensional operators, which constitutes sec. 2. In sec. 3 the
approximate chiral structure of QCD, the technique of external field spurions,
and the higher dimensional six-quark operators inducing transitions n→ n̄
are discussed. Those topics lay the theoretical foundation of both ChPT and
effective neutron oscillations. This is followed, in sec. 4, by an introduction
to ChPT, the main tool of this thesis, including a short treatment of finite
volume effects. An effective Lagrangian for nn̄ oscillation is constructed in
sec. 5. The relevant tree and loop order processes contributing to oscillations,
at O(p2) (which is next to leading order), are performed in sec. 6. The full
functional dependence of the neutron-antineutron transition amplitude on
the pion mass is given in sec. 7. The findings are summerized and conclusions
drawn in sec. 8.

2 Neutron-Antineutron Oscillations and Higher

Dimensional Operators

2.1 Neutron-Antineutron Oscillations

Neutron-antineutron oscillations can occur for models where the baryon sym-
metry is not exact, i.e. when its corresponding operator does not commute
with the Hamiltonian. As for e.g. kaon or neutrino oscillations, the oscil-
latory behaviour originates from the mass eigenstates not coinciding with
the eigenbasis of some other operator (strangeness and lepton flavor in the
examples given). The other operator of interest here is the baryon number
operator with the eigenbasis |n〉 and |n̄〉. If n→ n̄ transitions are allowed the
states of definite baryon number, |n〉 and |n̄〉, are not mass eigenstates (due
to the effective Majorana mass terms in the Lagrangian). To first approxi-
mation the mass eigenstates can be written [1] |n1〉 = cos(ϕ)|n〉 + sin(ϕ)|n̄〉
and |n2〉 = − sin(ϕ)|n〉 + cos(ϕ)|n̄〉 for mixing angle ϕ. For particles at rest
H|n1〉 = m1|n1〉 and H|n2〉 = m2|n2〉. By expanding |n〉 in the mass states
and time evolving (by e−iHt) one gets the result that

e−iHt|n〉 = e−im1t[cos2(ϕ)+e−i∆mt sin2(ϕ)]|n〉+e−im1t sin(ϕ) cos(ϕ)[1−e−i∆mt]|n̄〉,
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where ∆m = m2−m1 is the oscillation frequency. The amplitude for having
an antineutron at time t, if the initial state was a neutron at time 0, is

〈n̄|e−iHt|n〉 = e−im1t[1− e−i∆mt] (2.1)

For further background see ref. [1]. An interesting discussion on how to make
this model slightly more sophisticated by including changes of the vacuum
state can be found in ref. [2]. The effect of this is to add a momentum
dependent term to eq. (2.1).

2.2 Higher Dimensional Operators

As stated previously baryon number is an accidental symmetry of the SM.
This means that there are no gauge invariant, Lorentz invariant product of
fields, of mass dimension ≤ 4 (renormalizable), that can be written down,
using only SM fields, which violate baryon number3. However, there is noth-
ing prohibiting that terms which allow for baryon number breaking processes
to be introduced, in theories extending the SM, when more fields come into
play at higher energies. If there exits a more ultraviolet (UV) complete the-
ory that extends the SM, and that has baryon violation, the effect will show
up in the low-energy limit as higher dimensional operators, which are field
products of mass dimension > 4.

To illustrate how this works consider a theory containing higher dimen-
sional operators, with a known extension into a renormalizable theory (the
SM): Fermi’s theory of beta decay. In 4-Fermi theory we have (among oth-
ers) a vertex ēLγ

µνeLν̄µLγµµL where the fields are in order (all left-handed)
electron, electron neutrino, muon neutrino and muon. This is a mass dimen-
sion six operator that allows for muon decay and in order to make this into
a vertex one must multiply with a coupling of mass dimension −2, denoted
Λ−2.

In the SM this process is described by the propagation of a new field,
the W gauge field, which was absent in the low scale EFT. At energies far
below the mass of the W , MW , this propagator can be approximated by 1

M2
W

and two gauge couplings, one at emission and one at absorption of the W ,
enter. At these energies the process of muon decay looks exactly like the
above four-fermion vertex with the prefactor4 αW

M2
W

where αW is the weak fine

3There are non-perturbative electroweak transitions inducing BNV predicted by the
SM, called sphalerons. These conserve B − L which means that nn̄ oscillations are not
induced by these.

4There are factors of 2,
√

2 and π omitted to put focus on the overall reasoning.
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structure constant. This allows as to identify the phenomenological scale Λ
of the EFT with

Λ2 =
M2

W

αW
. (2.2)

The muon decay rate is by dimensional analysis5 m5
µ

Λ4 where mµ is the muon
mass. This allows for the interpretation of Λ as a scale of new physics and
also explains why the process is rare at low energies: it is suppressed by
ratios of a low energy scale to an UV scale.

In this thesis the assumption is made that there exists a process that cul-
minates in a higher dimensional operator capable of inducing nn̄ transitions
which consists of six-quark fields of correct quantum numbers. The coupling
of such a vertex can be written as Λ−5

nn̄ . Dimensional analysis predicts an
oscillation frequency of6

ωnn̄ =
m6

n

Λ5
nn̄

, (2.3)

which gives a way to measure the scale of new physics if nn̄ oscillations are
observed. The appearance of the (hypothetical) suppressing scale, and other
scales for BNV processes like proton decay, can therefore be related to the
accidental symmetries of the SM: the scale hierarchy makes them irrelevant
operators (or rather: much less relevant), in the language of EFT, at low
energies.

An example of a grand unified theory in which nn̄ transitions occurs is
Georgi-Glashow’s SU(5) (see e.g. ref. [3]) extended to include an extra 15
dimensional Higgs multiplet [4]. The important feature is how the oscillations
appear in this model, namely through the diagram

, (2.4)

where the solid lines are quarks and the dotted are Higgses. In a close
analogy with the 4-Fermi case the amplitude for this process at low energies
is y3µ/M6

H where y is a Yukawa coupling, µ is a Higgs cubic coupling and
MH is the Higgs mass. One can then identify the scale as

Λnn̄ =

(
M6

H

y3µ

)1/5

(2.5)

5Squaring the amplitude for decay and using that the energy scale of phase space
integration etc. is the muon mass.

6Oscillations take place at the amplitude level and therefore the matrix element is not
squared.
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and replace the process by the effective vertex

. (2.6)

Note that this effective vertex looks the same regardless of the underlying
UV scale theory.

In order to put limits on what the scale Λnn̄ can be, experimental bounds
on the mean neutron-antineutron oscillation time, τnn̄, are needed. The best
data on this is currently [5] τnn̄ > 2.7 · 108s (Super-Kamiokande) from bound
neutron measurement and τnn̄ > 0.86 · 108s (Institute Laue Langevin) from
free neutrons, yielding Λnn̄ & 106GeV. There is a proposal to improve the ex-
perimental limits on neutron-antineutron oscillations at the European Spal-
lation Source (ESS) currently under construction in Lund. This experiment
could improve the limits by up to three orders of magnitude [6]. The stability
of oxygen nuclei (& 1031years) from proton decay experiments seems to put
rather strong constraints on τnn̄. This is, however, not the case since there is
a strong suppression mechanism due to the fact that the n̄ state has a rather
large annihilation width, Γn̄ ∼ 100MeV, with the neutrons in the nuclear
environment while the n state does not [7].

3 QCD, Spurions and Six-Quark Operators

This section deals with QCD and in particular the global, chiral flavor sym-
metries of the light quark sector which is the foundation of ChPT. The con-
cept of spurions, external source fields with symmetry group properties, is
introduced. This concept plays an important role in this thesis. Finally
the effective higher dimensional operators that are added to QCD in order
to allow for neutron-antineutron oscillations are presented and the spurions
allowing for treatment with ChPT techniques are introduced.

3.1 Chiral Symmetries of QCD

As mentioned previously, chiral perturbation theory relies on (approximate)
global flavor symmetries of QCD which are discussed briefly in this section.
Each quark field qiF ic has an index, ic, in the triplet representation (rep) of
the gauge group SU(3)C . The index iF is a label for the flavor of the quark.
Here and onward ”quark” (and ”flavor”) is taken to mean those quarks (and
flavors) which are light compared to the QCD scale so for the purposes of
this thesis (u,d). The three flavors (u,d,s) can also be taken to be light. The
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Lagrangian of QCD is given by

LQCD = q̄iF iciγµ
[
δjcic ∂µ + igGac

µ (T acC )jcic
]
qiF jc

−q̄iF ic(Mq)
jF
iF
qjF jc −

1

4
Gac
µνG

acµν , (3.1)

where g is the gauge coupling, Mq is the (diagonal) quark mass matrix and
Gac
µ are the gluon gauge fields and Gac

µν the corresponding field strength.
As can be seen from eq. (3.1) the QCD gauge interaction (and the kinetic

term) treats all flavors identically, which is something that is not true for the
mass term. If the light quarks were massless, Mq = 0, one would have an
exact continuous symmetry between the flavors. For massless fermions the
two chiralites qL = 1

2
(1−γ5)q and qR = 1

2
(1+γ5)q become independent fields.

The matrix7 q is defined by q = (q1F · · · qNF )T where N is the number of light
flavors. After defining the gauge covariant derivative, Dµ = ∂µ + igGac

µ T
ac ,

the Lagrangian for massless QCD is

LQCD = q̄Liγ
µDµqL + q̄Riγ

µDµqR −
1

4
GµνG

µν . (3.2)

This equation defines QCD in the chiral limit and it has an invariance under
group transformations, in U(1)L×SU(N)L×U(1)R×SU(N)R, of the flavors
into each other:

qL 7→ ULqL = eiθLeiθ
a
LT

a
LqL

qR 7→ URqR = eiθReiθ
a
RT

a
RqR, (3.3)

where eiθL/R is the transformation under U(1)L/R and where T aL/R are the

generators of SU(N)L/R. This invariance is called the chiral symmetry of
QCD. An important subgroup is the SU(N)V vector subgroup, that is defined
by θaL = θaR, which can be associated with the (approximate) symmetry of
the hadron spectrum. If SU(N)L × SU(N)R would be a symmetry of the
spectrum one would see a parity doubling in the hadron mass states, and
such doublings are absent in nature. This vector subgroup is the (strong)
isospin group in our two flavor case and it will play an important role in this
thesis. U(1)L × U(1)R is a symmetry of the classical theory only since loop
effects break this in the so-called axial anomaly, leaving only U(1)V , where
θL = θR ≡ −θ/3, a symmetry. The conserved charge associated with U(1)V
is the baryon number.

Since the mass spectrum only shows symmetry under the vector SU(N)V
subgroup, while the Lagrangian is invariant under SU(N)L × SU(N)R this

7Indices in color space are left implicit from here on.
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suggests that a spontaneous symmetry breaking has occurred. Calculations
using lattice QCD in the chiral limit support this notion [8]. The assumption
is that non-perturbative QCD dynamics generates a quark condensate, i.e. a
non-zero vacuum expectation value (VEV) for the field operator q̄iF qjF . This
VEV is invariant under SU(N)V but not under the full group and is thus
a sufficient (but not necessary [9]) condition for a spontaneous breaking of
SU(N)L × SU(N)R → SU(N)V , which is discussed further on.

The presence of quark masses breaks chiral symmetry explicitly, but the
energy scale for spontaneous chiral symmetry breaking (which is an effect
of QCD dynamics) is large compared to the quark masses. This allows for
a perturbative expansion around exact chiral symmetry in the symmetry
breaking parameter, i.e. the quark masses, which is called chiral perturbation
theory.

3.2 Chiral Ward Identities and Spurions

For our purposes it will be convenient to study the Lagrangian of chiral QCD
in the presence of the external source fields vµ, aµ, s, p which are all Hermitian
matrices acting on flavor space, where v and a are, in addition, traceless.
These sources couple to quark currents and densities in the following way:

L = q̄iγµDµq −
1

4
Ga
µνG

aµν

+q̄γµ(vµ + aµγ5)q + q̄(−s+ ipγ5)q (3.4)

which, with l = v − a and r = v + a can be written

L = q̄Liγ
µDµqL + q̄Riγ

µDµqR −
1

4
Ga
µνG

aµν

+q̄Lγµl
µqL + q̄Rγµr

µqR − q̄R(s+ ip)qL − q̄L(s− ip)qR. (3.5)

Chiral symmetry implies the existence of so-called chiral Ward identities
analogous to how gauge invariance implies the Ward identity of quantum
electrodynamics (QED). The chiral Ward identities are relations between
different Green’s functions composed of chiral quark currents. It is shown
in ref. [10] that the collection of Ward identities is equivalent to imposing a
local symmetry in such a way that the external sources absorb the extra terms
arising from the gradients in the kinetic terms, i.e. under the transformation
(L,R) ∈ SU(N)L × SU(N)R the sources are changed by

rµ → RrµR
† + iR∂µR

†; lµ → LlµL
† + iL∂µL

†;

s+ ip→ R(s+ ip)L†; s− ip→ L(s− ip)R†. (3.6)
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External source fields obeying group transformations, like the ones above,
are called spurions.

Note that if s+ip is set equal to the quark mass matrix Mq then QCD with
real, non-zero, quark masses is recovered. Furthermore, when the effective
field theory ChPT is constructed, if the same spurions are included in the
Lagrangian one can retain the chiral symmetries in the EFT (which means
that all Ward identities hold). Hence, when an invariant Lagrangian has been
constructed, all that has to be done to introduce the explicit chiral symmetry
breaking is setting s+ ip = Mq, which means that the corresponding explicit
breaking for adding quark masses appear both at the quark and hadron levels
automatically. In a very similar way the knowledge of how gauge fields couple
to the quark currents will allow for a direct coupling at the level of hadrons
by setting suitable combinations of v and a equal to the gauge field. This
is important e.g. for pion decay through the charged current of the weak
interaction.

3.3 Lattice QCD, Artifacts and Motivation

An alternative to making an effective field theory of the strong interaction,
is to attempt to solve QCD non-perturbatively. This can done numerically
using a discretized version of the QCD action using the path integral for-
mulation of QFT (see chapter 9 in ref [11]). For an introduction to lattice
QCD see e.g. chapter 13 of ref. [12]. The simulations are often performed
with unphysical quark masses, which will lead to unphysical pion masses8.
The main aim of this thesis is to guide such simulations by studying the
dependence of the nn̄ oscillation amplitude on the pion mass using ChPT.

Another artifact of lattice QCD is that the simulations by necessity take
place at finite volume. There is no practical way of knowing exactly what
effect this finite volume has, since increasing the volume is incredibly com-
putationally costly. What can be done, however, is to take ChPT at finite
volume (since its infinite volume limit is known) and estimate the effect of
finite volume.

The matrix elements for the nn̄ transition have been calculated using
effective higher dimensional operators in ref. [13]. There the pion mass
was set to the value mπ = 390 MeV and the lattice spacing was given by
mπL = 7.8. The effect of the unphysical pion mass and the finite volume is
investigated in this thesis.

8The pion mass squared is proportional to the quark masses as will be discussed below.
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3.4 Charge Conjugation on Quarks and Nucleons

In order to make a Lorentz scalar six-quark operator inducing particle to an-
tiparticle transitions, charge conjugated spinors are needed. The convention
taken here is that for any spinor ξ its charge conjugate is defined by ξc =
−iγ2ξ∗. All spinors will have a flavor group index like e.g. (qL)iL . Charge
conjugation on such a multiplet will be defined by (qcL)iL = −iγ2[(qL)iL ]∗

so that it has an upper index (i.e. like a left space row matrix) making
(q̄cL)iL = [(qcL)iL ]†γ0 have a lower index due to an extra complex conjugation
(i.e. a column matrix). In matrix notation, for the nucleon doublet

ψ =

(
p
n

)
, (3.7)

this can be written
ψc = ( pc nc ) (3.8)

and

ψ̄c =

(
p̄c

n̄c

)
. (3.9)

3.5 Six-Quark Operators

At the level of quarks the transition from n to n̄ is given by a multi quark field
operator, O. The operator should have a nonzero matrix element between an
initial neutron state and a final antineutron state, 〈n̄|O|n〉. It will therefore
consist of six-quark fields, O = q̄cq̄cq̄cqqq with appropriate spinor, color and
flavor contractions, in order to annihilate the three valence quarks of n and
create the three valence antiquarks of n̄.

These six-quark operators can be expressed as terms which are all irre-
ducible representations (irreps) of the chiral group SU(2)L × SU(2)R. The
gauge group properties of the operators are chosen in such a way that they
transform as singlets under SU(3)C×U(1)em. The full vertices, on the other
hand, will have to be singlets under the entire SU(3)C × SU(2)W × U(1)Y

group of the SM but nothing prevents the effective couplings to encode
for high scale fields (which are integrated out) that are not singlets under
SU(2)W × U(1)Y. However, since nn̄ oscillations takes place below the elec-
troweak breaking scale, an EFT is created with six-quark operators that
are invariant under only SU(3)C × U(1)em. This EFT is matched to the
SU(3)C × SU(2)W × U(1)Y invariant operators at the electroweak scale and
then run down to the neutron mass using the renormalization group [14].
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The properties of these operators are taken from ref. [14]. The full set of
six-quark operators was first written down in ref. [15] and they are

Q1 = (q̄cRiτ
2
RqR)(q̄cRiτ

2
RqR)(q̄cRiτ

2
Rτ

+
R qR)TAAS

Q2 = (q̄cLiτ
2
LqL)(q̄cRiτ

2
RqR)(q̄cRiτ

2
Rτ

+
R qR)TAAS

Q3 = (q̄cLiτ
2
LqL)(q̄cLiτ

2
RqR)(q̄cRiτ

2
Rτ

+
R qR)TAAS

Q4 = (q̄cRiτ
2
Riτ

3
RqR)(q̄cLiτ

2
Rτ

3
RqR)(q̄cRiτ

2
Rτ

+
R qR)T SSS

−1

5
(q̄cRiτ

2
Rτ

a
RqR)(q̄cRiτ

2
Rτ

a
RqR)(q̄cRiτ

2
Rτ

+
R qR)T SSS

Q5 = (q̄cRiτ
2
Rτ
−
R qR)(q̄cLiτ

2
Rτ

+
R qR)(L̄cRiτ

2
Lτ

+
L qL)T SSS

Q6 = (q̄cRiτ
2
Rτ

3
RqR)(q̄cLiτ

2
Lτ

3
LqL)(q̄cLiτ

2
Lτ

+
L qL)T SSS

Q7 = (q̄cLiτ
2
Lτ

3
LqL)(q̄cLiτ

2
Lτ

3
LqL)(q̄cRiτ

2
Rτ

+
R qR)T SSS

−1

3
(q̄cLiτ

2
Lτ

a
LqL)(q̄cLiτ

2
Lτ

a
LqL)(q̄cRiτ

2
Rτ

+
R qR)T SSS (3.10)

where τ± = (τ 1 ± τ 2)/
√

2, and T SSS and TAAS are color SU(3) tensor that
symmetrize (and/or antisymmetrize) the quark color indices so that the op-
erator is a color singlet. In the above expression (q̄cχiτ

2
χqχ) is shorthand for

(q̄cχ)iχ(iτ 2
χ)iχjχ(qχ)jχ . The full model for neutron oscillations treated here is

given by the Lagrangian

Leff,nn̄ = LQCD +
∑
m

ςmQm+h.c. (3.11)

It is of this model that an EFT limit will be constructed, using ChPT as
a basis. Note that these operators manifestly break chiral (and isospin)
symmetry by picking out special directions, like τ+. This is analogous to
the quark masses and will be treated the same way: spurion fields will be
coupled to the six-quark operators, which is discussed in detail below.

3.6 Isospin of States, Operators and Spurions

The transformation properties of quantum states and field operators are im-
portant to the logic of this thesis, so here a quick review, focused on the
isospin of nucleon states and field operators, is given. Let ta be the gen-
erators of some symmetry group on the Hilbert space of states. Under a
transformation, |Ψ〉 → |Ψ′〉 = eiθ

ata |Ψ〉 the operator matrix elements trans-
form as 〈Φ|O|Ψ〉 = 〈Φ′|eiθataOe−iθata|Ψ′〉 = 〈Φ′|O′|Ψ′〉. With infinitesimal
θa the operator transformation properties are O′ = O + iθa[ta,O]. If the
operator O is in a representation (with generators Xa and generic indices I
and J) of the symmetry group then

O′I = OI + iθa[ta,OI ] = OI + iθa(Xa)JIOJ . (3.12)
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Here the ta are taken to be the isospin group generators resulting in the
following transformation properties for the nucleon field operators, ψi and
ψ̄i,

[ta, ψi] = (T a)jiψj and [ta, ψ̄i] = −(T a)ijψ̄
j. (3.13)

A slightly subtle fact is that the nucleon states transform in a conjugate way
to the operators since a nucleon state can be written |Ni〉 = ψ̄i|0〉 and an
antinucleon |N̄i〉 = ψi|0〉 which gives the following relation9

ta|Ni〉 = taψ̄i|0〉 = [ta, ψ̄i]|0〉 = −(T a)ijψ̄
j|0〉 = −(T a)ij|Nj〉 (3.14)

and (analogously)
ta|N̄i〉 = (T a)ji |N̄j〉. (3.15)

The isospin properties of the six-quark transition were an important con-
sideration when the operators were constructed [4, 15, 16]. The isospin 3-
component, I3, is the eigenvalue of the t3 generator which makes the neutron
field operator, n = ψ−1/2, an I3 = −1/2 object and its Dirac conjugate
n̄ = ψ̄−1/2 a +1/2. Thus, a neutron state |n〉 = |N−1/2〉 has isospin +1/2
while |n̄〉 has isospin −1/2. If there exists an operator, Q, such that 〈n̄|Q|n〉
is non-zero then Q has to be an isospin I3 = −1 operator (so that the ten-
sor operator Q decreases the isospin and thus it can have overlap with the
isospin −1/2 state |n̄〉).

An important case, for the six-quark operators and their spurions, will
be operators of the form Θa = φi(T a)jiψj. Acting with ta yields

[ta, φi(T b)jiψj] = [ta, φi](T b)jiψj + φi(T b)ji [t
a, ψj]

= −φk(T a)ik(T b)jiψj + φi(T b)ji (T
a)kjψk (3.16)

which is exactly the transformation law of the adjoint rep since

[ta, φi(T b)jiψj] = −φi[T a, T b]jiψj = −ifabcφi(T c)jiψj. (3.17)

In the SU(2) case fabc = εabc, and in this representation the isospin +1, 0
and −1 states are Θ−, Θ3 and Θ+ respectively, where Θ± = 1√

2
(Θ1 ± iΘ2).

(The deduction of the spin states for the adjoint is performed in app. B.1.)
The tensor contraction of two adjoint reps, ΘaΩa, is

ΘaΩa =
1√
2

(Θ++Θ−)Ω1+
−i√

2
(Θ+−Θ−)Ω2+Θ3Ω3 = Θ+Ω−+Θ−Ω++Θ3Ω3.

(3.18)

9Assuming the vacuum is a singlet i.e. ta|0〉 = 0 (no spontaneous symmetry breaking).
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This will be used in the construction of the spurions that will be coupled to
the six-quark operators in the following. If one defines the index A running
over +,−, 3 and defines the lower version of these indices by Θ± ≡ Θ∓ then
the contraction can be written

ΘaΩa = ΘAΩA = Θ−Ω− + Θ+Ω+ + Θ3Ω3. (3.19)

This type of contractions will be useful when determining which components
of spurions to set to non-zero value.

3.7 Spurion Construction and Six-Quark Operators

In order to extract the spurions needed for the construction of the effective
vertices, some further study of the chiral transformation properties of the six-
quark operators is needed. Those properties are extracted below and chiral
group spurions are introduced.

The building blocks when constructing the six-quark operators are the
SU(2)χ spin zero and spin one quark bilinears

Dχ = (q̄cχ)iχε
iχjχ(qχ)jχ and Daχ = (q̄cχ)iχε

iχjχ(τaχ)
kχ
jχ

(qχ)kχ . (3.20)

Daχ transforms in the adjoint 3χ but the states a = 1, 2, 3 are not the SU(2)χ
3-component spin states. Those are given by D−χ , D3

χ, D+
χ . Higher isospin

operators are formed by Clebsch-Gordan decomposition10 of the product op-
erators, which was deduced in ref [14]:

Dabχ = D{aχ Db}χ −
1

3
δabDcχDcχ, (3.21)

Dabcχ = D{aχ DbχDc}χ −
1

5
[δabD{cχ DdχDd}χ + δacD{bχ DdχDd}χ + δbcD{aχ DdχDd}χ ],

which form the 5 and 7 reps of SU(2)χ, respectively. In this language the
six-quark operators can be written

Q1 = DRDRD+
R , Q2 = DLDLD+

R , Q3 = DLDRD+
R ,

Q4 = D33+
R , Q5 = D−RD++

L , Q6 = D3
RD3+

L ,
Q7 = D+

RD33
L and (L↔ R).

Using this, nn̄ transition sector of the Lagrangian is

Lnn̄ = ωRQ1 + θRQ2 +ϕRQ3 + ΩQ4 + ζR(1)Q5 + ζR(2)Q6 + ζR(3)Q7 + (R↔ L),
(3.22)

10Here braces around indices denoted total symmetrization of those indices e.g. φ{iψj} =
1
2! (φ

iψj+φjψi) and φ{iψjξk} = 1
3! (φ

iψjξk+φkψiξj+φjψkξi+φjψiξk+φkψjξi+φiψkξj).
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where the coefficients are effective interactions strengths.
As can be seen from this representation the six-quark operators are not

singlets under chiral transformations. In order to treat these operators with
the techniques of ChPT, which relies heavily on chiral symmetry, one will
need chirally symmetric interaction operators. The solution is analogous to
the introduction of the spurion s + ip in order to get the quark masses -
one introduces new spurions transforming under the chiral group in order to
form chiral singlet six-quark operators. That procedure allows us to add the
invariant operators to the Lagrangian of chiral QCD without removing any
chiral symmetries. This, in turn, allows for the use of ChPT at low energies
if one extends the existing ChPT Lagrangian to also include the most general
terms involving the same spurions.

Introduce five spurions ωaR, θaR, ϕaR, Ωabc
R and ζabcR and their parity con-

jugates (L ↔ R), transforming under the chiral group11. With those it is
possible to write down a set of chiral singlet six-quark operators with spuri-
ons:

Q1 = ωaDRDRDaR, Q2 = θaDLDRDaR, Q3 = ϕaDLDLDaR
Q4 = ΩabcDabcR , Q5 = ζabcDaRDbcL and (L↔ R). (3.23)

Here the important point is that if the spurions are set to suitable non-
transforming values then the Q operators reduce to the Q operators. If one
starts with the chirally invariant Lagrangian with spurions,

L(spurions)
nn̄ = Q1 +Q2 +Q3 +Q4 +Q5 + (L↔ R), (3.24)

and set the (only non-zero) spurion components to ω−R = ωR, θ−R = θR,
ϕ−R = ϕR, Ω33−

R = ΩR, ζ+−−
R = ζR(1), ζ

33−
R = ζR(2), and ζ−33

R = ζR(3) then
the desired Lagrangian, eq. (3.22), is recovered. As an example consider the
operator Q1 and write it in the form of eq (3.19): Q1 = ωADRDRDAR. If ωA

is set to ω for A = −, and 0 otherwise, then Q1 is identical to term ωQ1

term in eq. (3.22).
The fundamental building blocks at the hadron level will all be objects

with upper or lower 2χ indices. This makes it desirable to express the higher
spin spurions as (properly symmetrized) multi-2χ index objects e.g. θiLjL

instead of θa, and ζ iRjRkRlRkLlL instead of ζabc, which is done by a Clebsch-
Gordan expansion of a direct product of 2χ reps (see app. B.2).

11ωaR, θaR, ϕaR all transform as (1L, 3R), ΩabcR as (1L, 7R), and ζabcR as (5L, 3R).
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4 A Short Introduction to ChPT

A brief introduction to the field of ChPT is given since this thesis relies on
it as a foundation for the model of neutron-antineutron oscillations. Good
and more complete introductions are found in refs. [9, 17] (approximately
equivalent content) and ref. [18].

4.1 Light Mesons as Pseudo-Goldstone Bosons

This section introduces the notion of mesons being the pseudo-Goldstone
bosons from a spontaneous chiral symmetry breaking. Since the axial gener-
ators are broken, one expects a Goldstone boson for each of them living in
the adjoint representation of SU(N)V (see app. A.1). In the isospin case,
N = 2, these are the pion triplet (π±, π0) and in the N = 3 case the meson
octet (π±, π0, K±K0K̄0, η). This thesis works with N = 2.

The spontaneous chiral symmetry breaking should leave the SU(N)V
group as a symmetry of the vacuum. The breaking is through a quark con-
densate, 〈q̄iF qjF 〉, which transforms under the vector subgroup, V ∈ SU(N)V ,
into (V †)iFkFV

lF
jF
〈q̄kF qlF 〉. There is only one rank two, SU(N) invariant tensor

(up to normalization), the Kronecker delta12, which means that 〈q̄iF qjF 〉 =
〈q̄q〉δiFjF where 〈q̄q〉 is the VEV for any specific flavor. Expanding the vacuum

in terms of chiral quarks yield 〈q̄iF qjF 〉 = 〈q̄iFL qRjF 〉 + 〈q̄iFR qLjF 〉 and (non-
breaking of) parity symmetry implies that both terms give the contribution
1
2
〈q̄q〉δiFjF .

The spontaneous breaking of chiral symmetry is now manifest since

〈q̄iFL qRjF 〉 → (L†)iFkFR
lF
jF
〈q̄kFL qRlF 〉 (4.1)

which implies

〈q̄iFL qRjF 〉 → (L†)iFkFR
lF
jF
δkFlF

1

2
〈q̄q〉 = (L†)iFkFR

kF
jF

1

2
〈q̄q〉 = (RL†)iFjF

1

2
〈q̄q〉 (4.2)

and RL† is not 1 unless R = L which is an SU(N)V transformation. As
the discussion in app. (A.1) suggests, doing a transformation in the broken
group on the vacuum will yield a configuration of Goldstone boson fields.
This means that the Goldstone fields can be characterized by the SU(N)
matrix field13 U(x) = R̃(x)L̃†(x) for some (L̃, R̃) ∈ SU(N)R×SU(N)R. The

12In SU(2) there is εij and εij as well but the index placements (and thus transformation
laws) do not fit our condensate.

13A more rigorous argument for the parametrization and transformation properties of
the Goldstone configurations can be found in [9, 17]. In those, a one-to-one correspondence
between cosets of the unbroken subgroup with respect to the broken group elements is
established, resulting in the same conclusion as here.
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transformation properties for U should be the same as 〈q̄iFL qRjF 〉 i.e.

U(x)→ RU(x)L†. (4.3)

Like any special unitary matrix, U can be put in exponential parametriza-
tion

U(x) = exp

(
i

F
φ(x)

)
= exp

(
i2

F
φa(x)T a

)
(4.4)

where φa(x) are the Goldstone fields and the mass dimension one constant
F is called the pion decay constant since it is the parameter determining the
pion decay rate to leading order14. Under the vector subgroup the fields φ
transform as φ→ V φV † which is the (anticipated) adjoint representation.

For the effective Goldstone Lagrangian chiral invariant terms are needed.
Such terms can be constructed from U , U † and their derivatives. The in-
variants have all indices contracted: (·)iLiR(∗)iRiL = Tr[(·)(∗)] which gives the
building blocks Tr(U †U), Tr(U †∂µU) and Tr(∂νU

†∂µU) if derivatives higher
than two are ignored. Only Tr(∂νU

†∂µU) is non-trivial since U †U = 1 has
a constant trace, and since Tr(U †∂µU) = [∂µ det(U)]/ det(U) = 0, because
det(U) = 1 for SU(N). The Lagrangian with the lowest number of deriva-
tives is thus

L =
F 2

4
Tr[∂µU

†∂µU ] =
F 2

4
Tr

[
4

F 2
∂µφ

aT a∂µφbT b + . . .

]
= ∂µφ

a∂µφbTr[T aT b + . . . ] =
1

2
∂µφ

a∂µφa + . . . (4.5)

In order to keep the chiral Ward identities (through the local invariance) ∂µ
should be replaced by Dµ in eq. (4.5) where DµU = ∂µU − irµU + iUlµ is
the chirally covariant derivative.

Using the spurions s and p there are two further invariants namely Tr[(s+
ip)†U ] and Tr[U †(s + ip)]. Adding terms proportional to these to eq. (4.5)
will allow the study of what happens to the Goldstone bosons in the presence
of explicit symmetry breaking when s+ ip is set to Mq. The new terms come
with a new coupling, B, which becomes a parameter in the Lagrangian and
it is convenient to define the combination χ = 2B(s+ ip). With said defini-
tions the Lagrangian for the Goldstone bosons in the presence of symmetry
breaking is

L2 =
F 2

4
Tr
[
DµU

†DµU + χU † + χ†U
]
. (4.6)

Expanding out the exponential U and inserting into the χU † + Uχ† trace,
one finds quadratic terms of the form 1

2
φa(m2)abφ

b, i.e. a mass term, in the

14The charged current that couples to the W± boson is F
2
√
2
∂µ(φ1± iφ2) to lowest order.
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presence of quark masses, which makes the mesons into pseudo-Goldstone
bosons. The easiest case to show how this comes about is in the isospin limit,
where all quarks have identical mass: Mq = mq1. The non-transforming
value of χ is then 2Bmq1 and, using Tr(T a) = 0 and Tr(T aT b) = δab/2 , one
obtains

Tr[χU † + χ†U ] = 2BmqTr[U ] + c.c. = 2BmqTr

[
1 +

i

F
φ− 1

2F 2
φ2 + · · ·

]
+c.c. = −2Bmq

F 2
Tr
[
φ2 + · · ·

]
= −4Bmq

F 2
φaφa + · · ·(4.7)

and thus one can identify the lowest order meson mass as m2
π = 2Bmq. This

thesis deals exclusively with the isospin limit, and hence the non-transforming
value is χ = m2

π1.

4.2 Perturbative Expansion and Power Counting

Weinberg’s ”folk theorem” states that if one writes down the most general
Lorentz invariant, local Lagrangian that respects assumed symmetry princi-
ples and computes diagrams from it then one gets the most general S matrix
obeying unitarity, Lorentz invariance, cluster decomposition and assumed
symmetries [19]. This is a cornerstone of EFT. The most general Lagrangian
in meson ChPT has the form L = L2 + L4 + L6 + . . . where the subscript
either denotes the number of derivatives or half the powers of χ occurring in
the term. With exact chiral symmetry all interactions are momentum depen-
dent (since eq. (4.5) only has gradients of U) which means that the effective
coupling vanish, for sufficiently small momenta15. So, to what extent does
this hold true in the presence of small explicit breaking?

In order to have a predictive model in an EFT that includes all vertices
compatible with symmetry principles, there must be some way of picking
out the most important ones. This selection is performed by the use of
Weinberg’s Power Counting Scheme [19] in which a perturbative expansion
in meson masses and momenta is established.

ChPT is valid in the limits of small momentum scale and small explicit
chiral breaking. Thus the most important processes are those that go to zero
the slowest as the meson masses and momenta approach zero. To study this
consider the matrix element,M(pi,M

2), for some process (e.g. meson-meson
scattering) with pi being the external momenta and M the meson mass. If
a rescaling, pi 7→ tpi and M2 7→ t2M2, of the parameters is performed then

15In the chiral limit the pions are massless which means that pµ → 0 as p→ 0.
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the matrix element is rescaled by

M(tpi, t
2M2) = tDM(pi,M

2), (4.8)

whereD is called the chiral dimension of the diagram. Diagrams of dimension
D scale down more significantly (for small t) as D becomes larger which
means that the most significant processes are those of lowest D, assuming
sufficiently low energies and small explicit breaking. An equation for the
chiral dimension is [9]

D = 2 + (d− 2)NL +
∞∑
k=1

2(k − 1)N2k, (4.9)

where d is the number of spacetime dimensions, NL is the number of loops
(independent undetermined momenta) and N2k is the number of vertices from
L2k.

Each derivative of a meson field in a vertex counts as meson momentum
and is said to be at order p, O(p). Since p2 = M2 ∼ mq each quark mass
counts at O(p2). The philosophy of ChPT is that if one wishes to know a
process at O(pn) one constructs the most general Lagrangian with terms of
O(pk), where k ≤ n, and compute all diagrams with D ≤ n from it.

4.3 Baryonic ChPT and Heavy Baryon ChPT

As is stated in ref. [20] the baryon fields can be chosen to have any trans-
formation properties under the chiral group as long as they have the correct
transformation properties under the vector subgroup, i.e. being an isospin
doublet for the SU(2). A further complication with baryons compared to
the pseudoscalar mesons is that baryons are not massless in the chiral limit
of QCD. But since ChPT is an expansion in meson momenta and masses
divided by the chiral symmetry breaking scale (∼ 1 GeV) and the nucleon
momentum contains a mass (∼ 1 GeV) the nucleon momenta do not behave
as meson momenta in power counting. This means that the mass has to be
extracted somehow from the momentum in order to establish a perturbative
expansion. This is done here by the application of Heavy Baryon ChPT
(HBChPT) [21, 22].

Now the nucleon transformation properties and their Lagrangian will be
treated briefly. It is here convenient to introduce the unitary matrix16 u =√
U . Since u2 → Ru2L† = Ruh−1huL† we have that u transforms either

16Using the exponential parametrization u = exp(iφ/2F ) it becomes apparent that the
square root of a unitary matrix exists and is unitary.
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as u → Ruh−1 or u → huL† where h is some nonlinerar matrix function
of L, R and u such that the two transformations yield equal results. That
such a matrix is unique and existing is non-trivial, but it is deduced in the
general theory of non-linear realizations in ref. [23]. Since 1 = uu† and
uu† → huL†Lu†h† = hh† = 1 the matrix h is unitary. Note that under
an isospin transformation L = R = V we have h = V . The nucleons are
described by a spinor doublet ψ which means that it is possible to pick the
nucleon transformation law

ψ → e−iθh(L,R, u)ψ, (4.10)

where θ is the parameter of U(1)V . The transformation properties lead to
a covariant derivative of the form Dµψ = (∂µ + Γµ)ψ where Γµ = 1

2
[u†(∂µ −

irµ)u+ u(∂µ − ilµ)u†]. The lowest order Lagrangian is [9]

L(1)
πN = ψ̄

(
i /D −m+

1

2
gγµγ5uµ

)
ψ, (4.11)

where uµ = i[u†(∂µ− irµ)u−u(∂µ− ilµ)u†] and g is the axial-vector coupling.
The field uµ transforms under the chiral groups as uµ → huµh

†. The matrix
u will also be useful in constructing vertices that transform as irreducible
representations of the chiral group since uψ → Ruh†hψ = Ruψ and u†ψ →
Lu†h†hψ = Lu†ψ.

In Heavy Baryon Chiral Perturbation Theory (HBChPT) the large baryon
mass is extracted from the four momentum of the nucleon. In this limit a
forward, timelike vector vµ is chosen (in practice this is the four-velocity of
the frame in which the baryon is slow) and a small momentum k is introduced,
defined by pµ = mvµ + kµ. This k behaves as a meson momentum in power
counting. When taking the nonrelativistic limit the spinors for the particle
and antiparticles should be separated and therefore the orthogonal projectors
Pv± = 1

2
(1± /v) are constructed as to separate the four degrees of freedom in

ψ into two pairs. The light and heavy field respectively are defined by

N (x) = eimv·xPv+ψ(x) and H(x) = eimv·xPv−ψ(x). (4.12)

Because of the derivative term in eq. (4.11) the mass dependence will vanish
from the equations of motion for N while the solution of H is suppressed by
a factor 1/m compared to N (see app. A.2). This allows us to recast eq.
(4.11) to its HBChPT analogue

L̂(1)
πN = N̄ (iv ·D + gS · u)N +O

(
m−1

)
(4.13)

where Sµ = i
2
γ5σµνvν is the spin four-vector, with σµν = i

2
[γµ, γν ].
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In this formalism the nucleon propagator becomes

iPv+

v · k + iε
, (4.14)

which is most easily verified by expanding p = mv+ k in the Dirac propaga-
tor17

i(/p+m)

p2 −m2 + iε
=

i(/k +m(1 + /v))

2mv · k + k2 + iε
=

i(/k/m+ 2Pv+)

2v · k + k2/m+ iε
=

iPv+

v · k + iε
(4.15)

assuming that k is a small deviation and dropping all terms suppressed by
powers of m.

In this thesis two separate heavy baryon expansions are needed since the
initial state is a non-relativistic neutron and the final state a non-relativistic
antineutron. This can be seen as an expansion for small k for both pµ =
mvµ + kµ and pµ = −mvµ − kµ of the Dirac field18. The double expansions
are, however, not a double counting since both modes are present in the
Dirac field. The low energy limit will have two sectors: a neutron sector
for pµ = mvµ + kµ, and an antineutron sector for pµ = −mvµ − kµ where
both k are small. Those regions are well separated in momentum space.
The neutron sector is expanded in a heavy baryon limit around pµ = mvµ

of ψ yielding the terms in eq. (4.13). The antineutron sector is created
with pµ = −mvµ − kµ for ψ, or equivalently pµ = mvµ + kµ for ψc which
enables a HBChPT expansion for ψc. This is easiest to do by rewriting
ψ̄i /Dψ = ψ̄ci /Dψc and this yields terms identical to eq. (4.13) but with N
replaced by N c. The Lagrangian for this double HBChPT expansion is thus

L̂(1)

πNN̄
= N̄ (iv ·D + gS · u)N + N̄ c (iv ·D + gS · u)N c +O

(
m−1

)
. (4.16)

Note that even though the two kinetic terms originate from the same term
in the relativistic Lagrangian there is no double counting having both terms
normalized to have a coefficient of 1. This is because the expansion is per-
formed, of the same Dirac kinetic term, around points in two disjoint regions
in pµ space. Saying the same thing another way, when integrating over all
on-shell momenta in the Dirac kinetic term there exists two spots in momen-
tum space, around ±m, where the kinetic term simplifies to a non-relativistic
fermion kinetic term, see fig. 1.

17There are more rigorous ways to derive this but they have the same conclusion.
18The sign convention for the negative mode, pµ = −mvµ−kµ, is so that k (rather than
−k) comes out as the residual momentum of the antineutron.
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p

p0

pµ = mvµ + kµ

pµ = −mvµ − kµ

Figure 1: The momentum space plane of the heavy baryon expansions. All
on-shell momenta are integrated over in the Dirac kinetic term. Each of the
gray circles corresponds to a HBChPT expansion.

4.4 Renormalization in ChPT

This thesis will treat loop diagram contributions to the neutron-antineutron
transition due to the exchange of virtual pions. These diagrams are diver-
gent and thus require renormalization. The specific scheme chosen here is
dimensional regularization. A short discussion treating renormalization and
dimensional regularization can be found in app. C.1. A more complete anal-
ysis can be found in e.g. chapters 6, 7 and 10 of ref. [11].

It is worth mentioning that the renormalization of ChPT differs from the
one used in e.g. QED. QED is a renormalizable theory which means that all
divergences can be renormalized to finite values by absorbing all the infinities
occurring in diagrams by suitable definitions of the (bare) charge and mass.
ChPT, on the other hand, is a non-renormalizable theory which means that
all infinities from diagrams cannot be absorbed into a finite number of pa-
rameters. This is no problem in the practical case since one may cancel all
infinities from loop diagrams at O(pn) by a redefinition of the (finite number
of) coupling constants of the vertices at O(pn).

4.5 Loop Integrals at Finite Volume

In order to estimate the effects arising from the finite volume of lattice QCD
simulations, one can perform ChPT at finite volume and determine the differ-
ences from the infinite volume calculation. Loop integrals at finite volume are
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treated in ref. [24] and the integrals used here are taken from this reference.
At finite volume, of side length L, with periodic boundary conditions

momentum is quantized, pn = 2πn
L

for integer n, and thus loop integrals are
replaced by Riemann sums according to19∫

ddp

(2π)d
F (p)→ 1

Ld−1

∑
p

∫
dp0

(2π)
F (p) ≡

∫
V

ddp

(2π)d
F (p). (4.17)

This section is using the Euclidean metric (i.e. after Wick rotation, see e.g.
app. C.1), where the metric gµν = δµν rather than gµν = ηµν . With tµ ≡ δµ0
we can define tµν = δµν − tµtν , the space part of the metric.

In app. D.2 and in ref. [24] it is shown that∫
V

ddpE
(2π)d

F (pE) =
∑
lE

∫
ddpE
(2π)d

F (pE)eipE ·lE

=

∫
ddpE
(2π)d

F (pE) +
∑

lE :lE 6=0

∫
ddpE
(2π)d

F (pE)eipE ·lE ,

where lEµ is a four-vector of only spatial entries, each being an integer times
L. The first term, the lE = 0 mode, can be recognized as the infinite volume
version of the loop integral and thus the second term is the finite volume
correction. The Euclidean integrals at finite volume are denoted

[X]n(M2) =

∫
V

ddpE
(2π)d

X

(p2
E +M2)n

=
∑
lE

∫
ddpE
(2π)d

X

(p2
E +M2)n

eipE ·lE , (4.18)

where X is either 1, pµ or pµpν . The l = 0 term corresponds to the infinite
volume version, [X]n∞(M2). The full integral in finite volume can be written
[X]n(M2) = [X]n∞(M2) + [X]nV (M2) where the sum excluding l = 0, denoted
by primed summation, is the finite volume correction

[X]nV (M2) =
′∑
lE

∫
ddpE
(2π)d

X

(p2
E +M2)n

eipE ·lE . (4.19)

The integrals in eq. (4.19) can be expressed as integrals over special
functions, which was done in ref. [24] with the (for this thesis relevant)

19Note that the volume of space is finite but time is kept infinite. That the time
dimension is larger is done in the lattice simulations as well. For the lattice used in ref.
[13] the dimensions are 323 × 256.
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results: the tadpole integral [1]nV (M2) and the tensor integral [pµpν ]nV (M2).
The result is that the tadpole integral is [24]

[1]nV (M2) =
(L2/4)

n−d/2

Γ(n)(4π)d/2

∫ ∞
0

dλλn−1−d/2e−λM
2L2/4

[
θ30

(
e−1/λ

)3 − 1
]
,

(4.20)
and the tensor integral is

[pµpν ]nV (M2) =
(L2/4)

n−d/2

Γ(n)(4π)d/2

∫ ∞
0

dλλn−2−d/2e−λM
2L2/4 (4.21)

·
{
δµν

2

[
θ30

(
e−1/λ

)3 − 1
]
− tµν

λ

[
θ30

(
e−1/λ

)2
θ32

(
e−1/λ

)]}
,

where θ30 and θ30 are Jacobi theta related functions, and are given in app.
D.4. For a vector, Sµ, with zero time component the contraction can be
written SµSν [p

µpν ]nV (M2) = S2[p2]nV (M2) where

[p2]nV (M2) =
(L2/4)

n−d/2

Γ(n)(4π)d/2

∫ ∞
0

dλλn−2−d/2e−λM
2L2/4 (4.22)

·
{

1

2

[
θ30

(
e−1/λ

)3 − 1
]
− 1

λ

[
θ30

(
e−1/λ

)2
θ32

(
e−1/λ

)]}
.

In order to translate from this section to Minkowski signature one can use
the substitutions

ddq = iddqE, and q · k = −qE · kE. (4.23)

5 Neutron-Antineutron Transition Terms

Below the construction of the Lagrangian of the nn̄ oscillation sector in ChPT
is discussed. The degrees of freedom used are the nucleons, ψ, the antinu-
cleons ψc, the mesons, u, all spurions of chiral QCD, and the spurions of the
six-quark operator sector, and using those the most general Lagrangian is
constructed. This EFT, extending ChPT, should reproduce the same physics
at low energies as the theory of QCD with six-quark operators added. Fur-
thermore, the interactions that give relevant contributions to the oscillation
processes are listed and a power counting of the transition is performed.

27



5.1 The Oscillation Lagrangian at O(p2)

The general Lagrangian allowing for neutron-antineutron oscillations atO(p2)
is of the form

L(2)
πnn̄ = L2 + L(1)

πNN̄
+

2∑
k=0

L(k)
nn̄ (5.1)

where L(k)
nn̄ , the oscillation sector of O(pk), is the sum of all two unit-baryon

violating, Dirac bilinear vertices that can be coupled to the spurions, that
were introduced at the quark level, to form chiral singlets. In the following
the vertices that can enter will be discussed.

5.2 Transition Vertex Structure

When working on the level of nucleons, the operator that turns a neutron into
an antineutron is a bilinear of the form (ψ̄c)iB(ψ)jB . Since we wish to couple
chiral irrep spurions to these terms, the operators (uψ)iR = uiBiRψiB and
analogously (u†ψ)iL , (uψ̄c)iR and (u†ψ̄c)iL are more useful building blocks.
Further building blocks are U and uµ and all possible derivatives Dµ. In
order to have a power counting scheme even when Dµ acts on the nucleon
field, we write down the vertices using HBChPT. In the HBChPT formulation
the vertex (ψ̄c)iB(ψ)jB is replaced by (N̄ c)iB(N )jB . Finally, any vertex can
include the quark mass spurion χ or the field strength spurions lµν = ∂µlν −
∂νlµ − i[lµ, lν ], rµν = ∂µrν − ∂νrµ − i[rµ, rν ] and fµν± = ulµνu

† ± u†rµνu.
In the construction of the terms, the lowest order equation of motion

can be substituted into the Lagrangian to eliminate some terms. This is
essentially done by non-linear field redefinition, as is done in ref. [25], in the
functional formulation of QFT, φ → φ + δφ. This redefinition induces the

addition of a new term,

∫
d4xδφ(x)

δS[φ]

δφ(x)
, to the action. The equations of

motion are 0 = δS
δφ(x)

and thus terms proportional to e.g. δL2
δφ(x)

, the lowest
order equations of motion, can be removed by a redefinition of the fields and
a change of the higher order Lagrangian. For details see ref. [26] and app.
A of ref. [27]. The types of terms that are eliminated this way are those
proportional to v ·DN , v ·DN c and Dµu

µ.

5.3 Mesons and Spurions: Independent Tensors

In order to form the higher isospin vertices, e.g. the (3L, 5R) or (7L, 1R), more
open indices than the ones of (u†ψ̄c)iL(u†ψ)jLwill be needed. Those must be
supplied by either a U , a χ or their hermitian conjugates. To simplify the

28



procedure, all SU(2) indicies are lowered, so that the U is implemented as
(Uiτ 2)iRiL = U jL

iR
εjLiL . One might be tempted to think that (Uiτ 2)iRiL and

(U †iτ 2)iLiR are independent, but they are, in fact, linked by the identity
τaτ 2 = −τ 2(τa)∗. This is easiest shown by iteratively using said identity in
the exponential parametrization:

Uiτ 2 =
∞∑
N=0

1

N !
(iφaτa/F )N iτ 2 = iτ 2

∞∑
N=0

1

N !
(−iφaτa∗/F )N , (5.2)

and since (−iφaτa∗/F )N = [(iφaτa/F )N ]∗ this can be written as

Uiτ 2 = iτ 2

∞∑
N=0

1

N !
[(iφaτa/F )N ]∗ = iτ 2U∗ = iτ 2[U †]T = −[U †iτ 2]T . (5.3)

Hence, (Uiτ 2)iRiL = −(U †iτ 2)iLiR and only one of them is needed.
In the discussion above the unitarity of U played an important role. This

suggests that (χiτ 2)iRiL and (χ†iτ 2)iLiR might be independent objects and in
fact they are. To show this note that χ is a general 2 × 2 complex matrix
and can thus be written as χ = (a0 + ib0)1 + (aa + iba)τa which leads to
χ† = (a0 − ib0)1 + (aa − iba)τa. But

[χiτ 2]T = [iτ 2(a0 + ib0)1− iτ 2(aa + iba)τa∗]T (5.4)

= −(a0 + ib0)1iτ 2 + (aa + iba)τaiτ 2, (5.5)

which is completely independent of χ†iτ 2. Therefore the new spurion (χ̃)iRiL =

(τ 2χT τ 2)iRiL = εiLjLχ
jL
jR
εiRjR , and its hermitian conjugate, are introduced. The

chiral transformation properties of χ̃ is as the index structure suggests, i.e.
like U †. Thus, when constructing the vertices χ, χ†, χ̃, and χ̃† must be
treated as independent spurions20. Note that the χ̃ and χ̃† do not give new
independent traces with U and U † since e.g.

Tr[χ̃U ] = Tr[τ 2χT τ 2U ] = Tr[χT τ 2Uτ 2] = −Tr[χTU∗] = −Tr[U †χ]. (5.6)

5.4 The Vertices of the Oscillation Sector

A list of compatible vertices, constructed using the arguments above, can
be found in app. E. The list contains some 130 terms (depending on the
counting procedure since all terms in the (3L, 1R) sector are coupled to all of
the three spurions ωL, θL and ϕL). Furthermore the list given is only half of

20When χ is set to 2BMq, which is real and symmetric, then all spurions acquire the
same value so the independence is only during the construction of the Lagrangian.
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the occurring vertices since there is an identical list that can be obtained by
the exchange L↔ R. However, as will be seen below, when power counting
and calculations are performed only a few of those vertices contribute to the
oscillation at O(p2) and the contributing ones often turn out to yield identical
results. All terms are not completely independent from each other because
of the fact that the model should be the limit of a relativistically covariant
theory, implying some relations between the couplings. This can be dealt
with by either writing down all vertices in the relativistic formalism (which
does not have a power counting) before taking the HBChPT limit, or by
reparametrization invariance [28].

5.5 Contributing Transition Vertices

As mentioned previously, not all the interaction terms, in the Lagrangian
for neutron oscillations up to O(p2), contribute to the oscillation, when it is
calculated at O(p2). Almost all vertices give vanishing contributions because
they either have the derivative of a meson field or a nucleon field. A derivative
of a meson field will cause a momentum dependent emission of a pion (which
is at least O(p)) and since the pion cannot be in the out state, it must be
part of a loop which will add an extra two powers of p. The nucleon field
derivative, on the other hand, brings down a residual nucleon momentum,
kµ = pµ−mvµ, which is zero in the nucleon rest frame (where the amplitude
is evaluated).

Therefore the only contributing interaction terms to the O(p2) oscillation
will be the vertices of O(p0) (with O(p2) loops and field renormalization) and
the χ type terms.

In the (3L, 1R) spurion sector one has the following O(p0) terms

λ(1)ω
iLjL
L (u†N̄ c)iL(u†N )jL

λ(2)θ
iLjL
L (u†N̄ c)iL(u†N )jL

λ(3)ϕ
iLjL
L (u†N̄ c)iL(u†N )jL , (5.7)
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and at O(p2) the following terms contribute:

(ρ(1)ω
iLjL
L + υ(1)θ

iLjL
L + τ(1)ϕ

iLjL
L )(u†N̄ c)iL(χ†uN )jL ,

(ρ(2)ω
iLjL
L + υ(2)θ

iLjL
L + τ(2)ϕ

iLjL
L )(u†N̄ c)iL(χ̃uN )jL ,

(ρ(3)ω
iLjL
L + υ(3)θ

iLjL
L + τ(3)ϕ

iLjL
L )(χ†uN̄ c)iL(u†N )jL

(ρ(4)ω
iLjL
L + υ(4)θ

iLjL
L + τ(4)ϕ

iLjL
L )(χ̃uN̄ c)iL(u†N )jL

(ρ(5)ω
iLjL
L + υ(5)θ

iLjL
L + τ(5)ϕ

iLjL
L )(u†N̄ c)iL(U †χu†N )jL ,

(ρ(6)ω
iLjL
L + υ(6)θ

iLjL
L + τ(6)ϕ

iLjL
L )(u†N̄ c)iL(U †χ̃†u†N )jL ,

(ρ(7)ω
iLjL
L + υ(7)θ

iLjL
L + τ(7)ϕ

iLjL
L )(U †χu†N̄ c)iL(u†N )jL ,

(ρ(8)ω
iLjL
L + υ(8)θ

iLjL
L + τ(8)ϕ

iLjL
L )(U †χ̃†u†N̄ c)iL(u†N )jL ,

(ρ(9)ω
iLjL
L + υ(9)θ

iLjL
L + τ(9)ϕ

iLjL
L )(u†N̄ c)iL(u†N )jL

1

2
Tr[χ†U ],

(ρ(10)ω
iLjL
L + υ(10)θ

iLjL
L + τ(10)ϕ

iLjL
L )(u†N̄ c)iL(u†N )jL

1

2
Tr[U †χ]. (5.8)

In the (3L, 5R) sector the O(p0) term is given by

κζ iRjRkRlRkLlLL (uN̄ c)iR(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL (5.9)

and at O(p2) the following terms contribute:

ν(1)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(χu†N )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

ν(2)ζ
iRjRkRlRkLlL
L (χu†N̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL ,

ν(3)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(χ̃†u†N )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL ,

ν(4)ζ
iRjRkRlRkLlL
L (χ̃†u†N̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

ν(5)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(Uχ†uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

ν(6)ζ
iRjRkRlRkLlL
L (Uχ†uN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

ν(7)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(Uχ̃uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

ν(8)ζ
iRjRkRlRkLlL
L (Uχ̃uN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL ,

ν(9)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(N )jR(χiτ 2

L)kRkL(Uiτ 2
L)lRlL ,

ν(10)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(N )jR(χ̃†iτ 2

L)kRkL(Uiτ 2
L)lRlL ,

ν(11)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

1

2
Tr[χ†U ],

ν(12)ζ
iRjRkRlRkLlL
L (uN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

1

2
Tr[U †χ].(5.10)

Note that at this stage, the parameters ρ, υ, τ and ν all contain both finite
pieces (i.e. new low energy constants) and infinite pieces to cancel the one-
loop infinities of the O(p0) sector.
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In the isospin symmetry limit (mu = md) the isospin 3 operator Q4 does
not contribute. Q4 transforms as a 7 and thus Q4|n〉 transforms as a 7⊗ 2 =
8⊕6. Since this Clebsch-Gordan decomposition does not contain a 2 there can
be no overlap between Q4|n〉 and |n̄〉. This is a special case of the Wigner-
Eckart theorem, see chapter 4 of ref. [3]. Considering isospin symmetry
breaking this argument no longer holds and the operator can contribute. The
contribution is, however, still suppressed since the isospin breaking parameter
is the deviation of χ from its isospin limit. This part transforms under isospin
as a 3 (since it has a 2L and 2R index, so under isospin it is a 2⊗ 2 = 3⊕ 1,
where 1 is the isospin limit version of χ) and thus two powers of χ, i.e.
O(p4), is required for a contribution of Q4. Therefore no terms from the
(7L, 1R) sector can contribute since this thesis uses the isospin symmetry
approximation.

5.6 Power Counting for the nn̄ Transition

Here a power counting for the nn̄ transition process is performed using the
vertices from sec. 5.5. With an O(p2) calculation it is possible to have
tree order transition using O(p0) vertices, a transition using an O(p0) ver-
tex together with a p2 meson loop, and finally the vertices at O(p2). One
further modification comes in when computing the O(p0) tree level transi-
tion namely the field renormalization of the external legs in the Lehmann-
Symanzik-Zimmermann (LSZ) reduction formula as can be seen through eq.
(C.10). Field renormalization and the LSZ formula are briefly introduced in
apps. C.2 and C.3. The nucleon self-energy is an O(p3) process but it adds
a nucleon propagator, eq. (4.14), at O(p−1), making field renormalization,
ZN , appear at O(p2). The contributing processes are best summarized by
the following diagrams (where each graph is a class of diagrams rather than
a process):

ZN
O(p0)

+

q

O(p0)

+

q

O(p0)

+
O(p2)

+
O(p0)

+
O(p0)

. (5.11)

The crossed vertices represent nn̄ transition vertices and the non-crossed are
axial vector vertices from eq. (4.13). For future reference, the second term
in eq. (5.11) will be called a ”loop across” diagram and the third term a
”vertex tadpole” diagram.
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6 Amplitude Calculations for nn̄ Transitions

In this section the constructed Lagrangian is used to calculate the n→ n̄
transition amplitude at O(p2). The loop integral calculations done in this
section rely on previously known one loop integrals in ChPT, and the source
used is appendix C of ref. [17]. The standard integrals used are listed in app.
D.1, for reference.

6.1 General Structure in Spinor and Isospin space

The Wick contraction of a field operator on the initial one neutron state is

ψiB(x)|n : p, s〉 = us(p)e−ip·xδ
−1/2
iB
|0〉. (6.1)

The same equation holds for n̄ with ψ replaced by ψc:

ψc iB(x)|n̄ : p, s〉 = us(p)e−ip·xδiB−1/2|0〉, (6.2)

which turns into

〈n̄ : p, s|ψ̄ciB(x) = 〈0|ūs(p)eip·xδ−1/2
iB

. (6.3)

In every transition amplitude the structure

〈n̄ : p′, s′|ψ̄ca iB
(x)Oabψb jB(x)|n : p, s〉, (6.4)

will appear, where a and b are Dirac spinor indices and O is some operator
in spinor space (usually δab). Using the fact that momentum and spin con-
serving deltas will always be multiplicative factors, the matrix element for
the transition can be written as21

iM = −iAiBjBδ−1/2
iB

δ
−1/2
jB

ūsa(p)Oabusb(p), (6.5)

where AiBjB encapsulates the remaining dynamic of the amplitude. In the
frequently occurring special case Oab = δab this reduces to

iM = −iAiBjB2mδ
−1/2
iB

δ
−1/2
jB

. (6.6)

In HBChPT the initial state contraction is

NiB(x)|n : p, s〉 = eimv·xPv+ ψiB(x)|n : p, s〉 = Pv+u
s(p)e−ik·xδ

−1/2
iB
|0〉. (6.7)

21No summation on s is intended here.
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By the choice vµ = δµ0 , i.e choosing the rest frame of the initial n, and the
Dirac representation of the gamma matrices, the projected basis spinor can
be written as

Pv+u
s(p) =

1

2
(1 + γ0)

√
E +m

(
ξs

σ·p
E+m

ξs

)
, (6.8)

which, in the explicit Dirac basis becomes

Pv+u
s(p) =

√
E +m

(
1 0
0 0

)(
ξs

σ·p
E+m

ξs

)
'
√

2m

(
ξs

0

)
, (6.9)

leading to the intuitive conclusion that the external on-shell spinor in the
non-relativistic limit is the two-component Pauli spinor (the factor

√
2m is

present only due to the relativistic normalization of momentum states).

6.2 Axial Vertex Factors for Various Fields

In order to compute the loop diagrams, one will need the axial vector coupling
expressed for both N and N c. The axial interaction comes from the term

1

2
gψ̄iγµγ5(uµ)jiψj. (6.10)

Since (for l = r = 0) uµ = i[u†∂µu − u∂µu†], and u can be expanded in its
exponential parametrization yielding ∂µu = ∂µ

(
1 + i

2F
φ+ · · ·

)
= i

2F
∂µφ +

· · · which in turn gives

uµ = − 1

F
∂µφ+ · · · = − 1

F
∂µφ

aτa + · · · . (6.11)

The vertex factor of this interaction can be figured out, e.g. by computing
a momentum space three point function, and it is

q

a

α βi j

ψ ψ = − g

2F
qµ(τa)ji (γ

µγ5)αβ, (6.12)

where α and β are spinor indices. Using the charge conjugation identity
ψ̄iγµγ5ψj = (ψ̄c)jγ

µγ5(ψc)i the ”antinucleon” version of this vertex is

q

a

α βi j

ψc ψc = − g

2F
qµ(τa)ij(γ

µγ5)αβ. (6.13)
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In HBChPT the corresponding vertex factors can be obtained from the
above factors by multiplying with the projection operator Pv+ from the left
and right and using Pv+γ

µγ5Pv+ = 2Sµ yielding

q

a

α βi j

N N = − g
F
qµ(τa)ji (S

µ)αβ (6.14)

and

q

a

α βi j

N c N c = − g
F
qµ(τa)ij(S

µ)αβ. (6.15)

6.3 Tree Order Transitions with (3L, 1R)

The simplest vertex that can induce transitions is

λ(1)ω
iLjL
L (u†N̄ c)iL(u†N )jL . (6.16)

Using the general form of eq. (6.6), and that to lowest order (u†)iBiL = δiBiL ,
yields a matrix element of the form

O(p0)
= iλ(1)2m(ωL)iLjLδ

−1/2
iL

δ
−1/2
jL

= −iλ(1)2mωL. (6.17)

The two further θL and ϕL vertices have identical structure and the sum of
them can immediately be written down as∑

O(p0)
= i2m(λ(1)ωL + λ(2)θL + λ(3)ϕL). (6.18)

All that remains now is to multiply with the field renormalization for the
nucleons in HBChPT [17]:

ZN = 1 +
4a3m

2
π

m2
− 9g2m2

π

4(4πF )2

[
R + ln

(
m2
π

µ2

)
+

2

3

]
, (6.19)

where a3 is a low energy constant of the O(p3) Lagrangian and

R =
2

d− 4
+ γE − ln(4π)− 1. (6.20)
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The full result is

ZN
∑

O(p0)
= i2m(λ(1)ωL + λ(2)θL + λ(3)ϕL)

·
(

1 +
4a3m

2
π

m2
− 9g2m2

π

4(4πF )2

[
R + ln

(
m2
π

µ2

)
+

2

3

])
. (6.21)

For the χ type vertices one proceeds analogously with the result that

O(p2)
= i2mm2

π

10∑
A=1

(ρ(A)ωL + υ(A)θL + τ(A)ϕL). (6.22)

Notice that in this case, the tree order transitions are not multiplied by a
field renormalization, since it comes from a sector where the vertices are at
O(p2), and thus field renormalization enters only at higher orders for those.

6.4 Momentum Independent Pion Emission in a nn̄
Vertex

Every vertex has a factor (u†ψ̄c)iL(u†ψ)jL , or (uψ̄c)iR(uψ)jR , which means
that if one expands out the u as (1 + iφ/2F − φ2/8F 2 + · · · ) it becomes
apparent that each vertex has the possibility of a momentum independent
pion emission. The diagrams arising from those emissions are

O(p0)

and
O(p0)

. (6.23)

The loop part of these processes includes an integral [17]∫
d4q

(2π)4
qµf(q2, v · q) ∼ vµ. (6.24)

The other end of the pion line will be contracted into an axial vertex, which
means that it is multiplied by a Sµ giving v · S which is zero. Thus the
diagrams discussed in this section will have a vanishing contribution.

6.5 Loop Across the Transition Vertex in (3L, 1R)

The first loop diagram that is evaluated here is the loop across type diagram
in the (3L, 1R) sector. The pion emitting vertices here are the axial vertices,
and thus the vertex factors in eqs. (6.14) and (6.15) will be used. For

36



simplicity, the amplitude is calculated using only one of the 3L spurions but
since they all contribute in an identical fashion they can immediately be
summed up if one knows the amplitude for one of them. One of the loop
across diagrams has the amplitude

q

=

√
2mξ†µ4−d

∫
ddq

(2π)d

( g
F
qµSµ

)
(τa)

−1/2
iL

i

(v · q + iε)

i

(q2 −m2
π + iε)

·(iλ(1))ω
iLjL

i

(v · q + iε)

(
− g
F
qνSν

)
(τa)

−1/2
jL

√
2mξ

= 2mξ†SµSνξ
g2

F 2
(τa)

−1/2
iL

(τa)
−1/2
jL

λ(1)ω
iLjL

·µ4−d
∫
ddq

(2π)d
1

(v · q + iε)2

qµqν

(q2 −m2
π + iε)

≡ 2mξ†SµSνξ
g2

F 2
(τa)

−1/2
iL

(τa)
−1/2
jL

λ(1)ω
iLjL(−i)Kµν

πNN(0), (6.25)

where Kµν
πNN is an integral defined in eq. (D.21). The value of this integral

is found in app. D.1. It has a piece proportional to ηµν and one to vµvν .
Because the spin Sµ is orthogonal to vµ, only the ηµν piece survises the
contraction. That piece is proportional to SµS

µ = (1 − d)/4 which can be
verified by the identity {Sµ, Sν} = (vµvν − ηµν)/2 inserted into

SµηµνS
ν = ηµν

1

2
{Sµ, Sν} =

1

4
(v2 − ηµνηµν) =

1

4
(1− d) =

ε

4
− 3

4
. (6.26)

Note that the extra ε term will give a contribution since εR = ε(−2/ε +
O(1)) = (−2 + O(ε)). The Pauli matrices can be simplified by the Fierz
identity

(τa)ki (τ
a)lj = 2δliδ

k
j − δki δlj, (6.27)

and these simplifications yield

q

= −i 3mg2

32π2F 2
(λ(1)ωL + λ(2)θL + λ(3)ϕL)m2

π

·
[

2

3
+R + ln

(
m2
π

µ2

)]
, (6.28)

where the contributions from all three spurions have been added. Note that
the value of this diagram is proportional to the field renormalization. This
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is due to the fact that they are both derivatives of Jµν type integrals, see
app. D.1. The difference of a factor of three between ZN and the loop
across diagram can be understood by the fact that for external legs π± and
π0 can all run in the loop while only π0 can run in the loop across diagram
since only neutrons can make transitions to antineutrons (and not protons to
antiprotons). The fact that these two contributions are proportional is used
when determining ZN in finite volume.

6.6 Vertex Tadpole in (3L, 1R)

For diagrams of vertex tadpole type one needs the vertex factor for the emis-
sion of two momentum independent pions. This can be found by expanding
all factors of u to second order in φ. In the (3L, 1R) case, the factor is
(u†)ki (u

†)lj and it can be expanded as

(u†)ki (u
†)lj =

(
1− i

2F
φ− 1

8F 2
φ2

)k
i

(
1− i

2F
φ− 1

8F 2
φ2

)l
j

= − 1

4F 2
φki φ

l
j −

1

8F 2
(φ2)ki δ

l
j −

1

8F 2
(φ2)ljδ

k
i + · · · , (6.29)

which can be further simplified using φ = φaτa and τaτ b = 1
2
{τa, τ b} +

1
2
[τa, τ b] = δab1 + iεabcτ c. Hence

(u†)ki (u
†)lj = − 1

8F 2
φaφb[2(τa)ki (τ

b)lj + 2δabδki δ
l
j

+iεabc(τ c)ki δ
l
j + iεabc(τ c)ljδ

k
i ] + · · · , (6.30)

and the vertex factor for two pion emissions (for one of three identical spu-
rions) is

= −i λ(1)

8F 2
ωiLjL [2(τa)iBiL (τ b)jBjL + 2δabδiBiL δ

jB
jL

+iεabc(τ c)iBiL δ
jB
jL

+ iεabc(τ c)jBjL δ
iB
iL

]. (6.31)

The vertex tadpole diagram can be evaluated, using this vertex factor, to
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be

q

= 2mξ†ξ
−iλ(1)ω

iljL
L

8F 2
[2(τa)

−1/2
iL

(τa)
−1/2
jL

+2δaaδiBiL δ
jB
jL

]µ4−d
∫
ddq

(2π)d
i

q2 −m2
π + iε

=
−imλ(1)ω

iLjL

2F 2
[δ
−1/2
iL

δ
−1/2
jL

+ 3δ
−1/2
iL

δ
−1/2
jL

]Iπ(0)

=
−i2mλ(1)ωL

F 2
Iπ(0)

=
−i2mλ(1)ωL

F 2

m2
π

16π2

[
R + ln

(
m2
π

µ2

)]
, (6.32)

where Iπ is an integral defined in app. D.1. All contributions to the transition
through a vertex tadpole can now be added up to be

q

= −im(λ(1)ωL + λ(2)θL + λ(3)ϕL)

8π2F 2
m2
π

[
R + ln

(
m2
π

µ2

)]
.

6.7 Tree Order Transitions with (3L, 5R)

The amplitudes for (3L, 5R) are calculated exactly as in the (3L, 1R) case
but the calculation is more involved due to the six indices of the ζR spurion
(instead of the previous two):

ZN
O(p0)

= iκ2mεkLkRεlLlRζ
−1/2R,−1/2RkRlRkLlL

= iκ2m

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

]
ZN .(6.33)

The value of εkLkRεlLlRζ
−1/2R,−1/2RkRlRkLlL has been determined from the de-

composition in app. B.2.
There is no further complication in calculating tree order χ type vertices,

and they become

∑
O(p2)

= i
12∑
A=1

ν(A)2mm
2
π

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

]
.
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6.8 Loop Across in (3L, 5R)

Completely analogously with the previous calculation in the (3L, 1R) case the
amplitude can be written down:

q

= −i 3mg2

32π2F 2
κ

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

]

·m2
π

[
2

3
+R + ln

(
m2
π

µ2

)]
. (6.34)

6.9 Vertex Tadpole in (3L, 5R)

The calculation here follows the pervious vertex tadpole calculation except
that the two pion emission vertex, the quadratic term of (u)iBiR(u)jBjR(U)mLkR (U)nLlR ,
is more complicated. It is expanded in an analogous way as in sec. 6.6, yield-
ing the vertex factor

= − iκ
F 2
εkLmLεlLnLζ

iRjRkRlRkLlL

{
5

4
δabδiBiR δ

jB
jR
δmLkR δ

nL
lR

+(τa)mLkR (τ b)nLlR δ
iB
iR
δjBjR +

1

2
(τa)jBjR(τ b)nLlR δ

iB
iR
δmLkR +

1

2
(τa)iBiR(τ b)nLlR δ

jB
jR
δmLkR

+
1

2
(τa)iBiR(τ b)mLkR δ

jB
jR
δnLlR +

1

2
(τa)jBjR(τ b)mLkR δ

iB
iR
δnLlR +

1

4
(τa)iBiR(τ b)jBjRδ

mL
kR
δnLlR

+
1

2
εabc(τ c)nLlR δ

iB
iR
δjBjR δ

mL
kR
δnLlR +

1

2
εabc(τ c)mLkR δ

iB
iR
δjBjR δ

lR
nL
δnLlR

+
1

8
εabc(τ c)jBjRδ

iB
iR
δmLkR δ

nL
lR

+
1

8
εabc(τ c)iBiRδ

jB
jR
δmLkR δ

nL
lR

}
. (6.35)

Forming a tadpole of this vertex yields

q

=
−i2mλεkLmLεlLnLζ iRjRkRlRkLlL

F 2
Iπ(0)

·
{
δ
−1/2
iR

δ
−1/2
jR

δmLkR δ
nL
lR

+ 2δ
−1/2
iR

δ
−1/2
jR

δnLkR δ
mL
lR

+ δ
−1/2
iR

δnLjR δ
mL
kR
δ
−1/2
lR

+δnLiR δ
−1/2
jR

δmLkR δ
−1/2
lR

+ δmLiR δ
−1/2
jR

δ
−1/2
kR

δnLlR + δ
−1/2
iR

δmLjR δ
−1/2
kR

δnLlR

}
,(6.36)
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which reduces the expression to

q

= − im7κ

8π2F 2
m2
π

[
ζ(1) +

1√
2
ζ(2) +

1√
6
ζ(3)

]

·
[
R + ln

(
m2
π

µ2

)]
. (6.37)

This concludes the computation of diagrams that contribute to the nn̄ os-
cillations. Now all the individual results can be summed up and the full
contribution can be obtained.

6.10 Finite Volume Corrections and Numerics

Here the finite volume corrections to the loop integrals are deduced. First
we must incorporate the nucleon propagator into the form of the standard
integrals of sec. 4.5. The procedure used here is similar to the infinite volume
analogue of appendix C in ref. [17].

The finite volume loop integrals of this thesis can be written, in the
notation of sec. 4.5, as∫

V

ddq

(2π)d
1

(q2 −m2
π)

= i

∫
V

ddqE
(2π)d

1

(−q2
E −m2

π)
= −i[1]1(m2

π),∫
V

ddq

(2π)d
qµ

(q2 −m2
π)

1

(v · q) = −i2
∫ ∞

0

dy yvµ[1]2(m2
π + y2), (6.38)∫

V

ddq

(2π)d
qµqν

(q2 −m2
π)

1

(v · q)2
= −i8

∫ ∞
0

dy y
(

[qµqν ]3(m2
π + y2) + y2vµvν [1]3(m2

π + y2)
)
.

These integrals are deduced in app. D.3. Note that the middle line of eq.
(6.38) is still proportional to vµ so the integrals of the type of sec. 6.4 are
still zero due to v · S = 0.

The finite volume corrections are

IVπ (0) = [1]1V (m2
π), (6.39)

SµSνK
V µν
πNN (0) = 8S2

∫ ∞
0

dy y[q2]3(m2
π + y2) ≡ KV

πNN(0). (6.40)

IVπ gives a finite volume modification contribution to the vertex tadpoles
while KV

πNN modifies the loop across diagrams and the field renormalization.
The reason that it modifies the latter is that the nucleon self energy is, like
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SµSνK
µν
πNN , proportional to the derivative of SµSνJ

µν
πN (where the derivative

comes from taking the residue).
Numerical evaluation of loop integrals, at finite and infinite volume, were

performed by implementing the C++ library CHIRON [29]. CHIRON is
designed to compute loop integrals (up to two loops) in ChPT. Nucleonic in-
tegrals are not contained in the library but they can be implemented by using
the integral form in eq. 6.40, and evaluated using the numerical quadrature
supplied by CHIRON.

7 The Dependence of the Transition Ampli-

tude on the Pion Mass and on the Volume

The amplitude for nn̄ transitions can be found by combining all the pre-
viously calculated contributions. Especially interesting for guiding lattice
simulations will be the functional dependence on the value of the pion mass.
Three different types of dependencies on mπ occur: independent of it, propor-
tional to m2

π, and proportional to the chiral logarithm m2
π ln(m2

π). Therefore
the amplitude can be written as

iM(n→ n̄) = i2m

[
aL(G) +m2

πfL(G) +m2
π ln

(
m2
π

µ2

)
hL(G)

]
+ (L↔ R),

(7.1)
where G is the set of coupling constants and spurion values in the model. In
this amplitude, the infinities arising from loop momenta, the R terms, are
canceled against infinite pieces of the O(p2) couplings ρ(A), υ(A), τ(A) and
ν(A). Finite pieces of those coupling constants remain in the final amplitude
and they are denoted ρr(A), υ

r
(A), τ

r
(A) and νr(A). The functional dependence

found is

aL(G) = (λ(1)ωL + λ(2)θL + λ(3)ϕL)

+κ

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

]
, (7.2)

fL(G) =

(
λ(1)ωL + λ(2)θL + λ(3)ϕL + κ

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

])
·
(

4a3

m2
− g2

8π2F 2

)
+

10∑
A=1

(ρr(A)ωL + υr(A)θL + τ r(A)ϕL)

+
12∑
A=1

νr(A)

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

]
(7.3)
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and

hL(G) = − 3g2

16π2F 2

(
λ(1)ωL + λ(2)θL + λ(3)ϕL + κ

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

])
−(λ(1)ωL + λ(2)θL + λ(3)ϕL)

16π2F 2
− 7κ

16π2F 2

[
ζ(1) +

1√
2
ζ(2) +

1√
6
ζ(3)

]
. (7.4)

Note that, while a and f are free parameters, h is completely determined
by the lower order parameters. This makes the form of the chiral logarithm
coefficient a prediction of the effective ChPT model employed here. The
finite volume correction to eq. (7.1) is given by adding the extra term

bVL (G) =
3g2

F 2

(
λ(1)ωL + λ(2)θL + λ(3)ϕL + κ

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

])
KV
πNN

−
λ(1)ωL + λ(2)θL + λ(3)ϕL + 7κ

[
ζR(1) − 1√

2
ζR(2) + 1√

6
ζR(3)

]
F 2

IVπ . (7.5)

Alternatively, the amplitude can be presented as

iM(n→ n̄) = i2m
[
(λ(1)ωL + λ(2)θL + λ(3)ϕL)(1 + ∆

(1)
V + ∆(1)

m ) (7.6)

+κ

[
ζR(1) −

1√
2
ζR(2) +

1√
6
ζR(3)

]
(1 + ∆

(5)
V + ∆(5)

m ) +m2
πfL(G)

]
where ∆m is the chiral logarithm dependence, ∆V is the finite volume cor-
rection and the superscript indicate which class of six-quark operator that
gives the contribution (1 for Q1/2/3 and 5 for Q5/6/7). The dependence of ∆m

on m2
π can be found in fig. 2. ∆V in as a function of volume is plotted in fig.

3.

8 Conclusions and Outlook

The main result of this thesis is the form of the a, f and h coefficients in the
amplitude in eq. (7.1), which can be of interest for improvement of lattice
QCD simulations, at unphysical quark masses, of the same matrix element.
By comparing the lattice calculated amplitude to the functional dependence
of the amplitude on mπ which is deduced here using ChPT, the effect of the
quark mass scheme can be found and the results can be extrapolated to the
physical masses.

As can be seen in fig. 3 the finite volume effect at mπL = 7.8 is around
the percent level. This means that the finite volume effects are quite small
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Figure 2: Infinite volume loop integrals as a function of the pion mass. Q1

stands for the contribution from operators of type Q1/2/3 and Q5 for Q5/6/7.
The numerical values used are F = 92.2 MeV, g = 1.2694, and µ = 770 MeV.
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Figure 3: Finite volume correction to the infinite volume results for different
volumes. Q1 stands for the contribution from operators of type Q1/2/3 and
Q5 for Q5/6/7. The numerical values used are mπ = 135 MeV, F = 92.2 MeV,
and g = 1.2694. Note that the actual finite volume correction is negative so
what is plotted is the negative correction.
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at this box size. The unphysical pion mass, on the other hand, does appear
to have a more significant effect on the transition. The finding of this thesis
is that there is roughly a factor of two between the transition amplitude at
a pion mass of 390 MeV and the physical at 135 MeV, which can be seen in
fig. 2.

Ensuring that no vertices in the oscillation sector have been overlooked
is a formidable task and there is no guarantee that the list supplied here is
complete. For the purposes of this thesis, however, only the O(p0) (which
are all guaranteed to be found) and the χ type vertices contribute. All the
χ type vertices contribute identically, which means that for eq. (7.1) it is
only relevant to have sufficiently many χ vertices for f to be an independent
parameter. This has certainly been achieved by the included vertices.

Furthermore, as an outlook, it is always possible to perform the ChPT
calculation at a higher order of perturbative expansion, e.g. O(p3) or O(p4).
However, the number of contributing terms in the Lagrangian grows fast with
the order of perturbative expansion. The calculation can also be performed
using some other nucleon description (e.g. relativistic baryon ChPT) in order
to ensure the consistency of the results.
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A Further Background on ChPT

A.1 Symmetry, Charges and Goldstone Bosons

Noether’s theorem states that every continuous symmetry transformation
that leaves the Lagrangian invariant leads to a current, jµ, that is conserved
∂µj

µ = 0 (see e.g. chapter 2 of [11]). For the chiral symmetries of QCD these
currents are ja µ

χ = q̄χγ
µT aχqχ where χ is L or R. The conserved charges are

Qa
χ =

∫
d3x ja 0

χ (x) =

∫
d3x q†χ(x)T aχqχ(x) (A.1)

and since the charges are conserved by Heisenberg’s equations of motion (in
the Heisenberg picture) Q̇a

χ(t) = i[H,Qa
χ(t)] = 0 so [H,Qa

χ] = 0. But this
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commutation also implies that Qa
χ is a symmetry of the Hamiltonian. Fur-

thermore, it can be checked that the charges form a representation of the Lie
algebra, i.e. [Qa

χ, Q
b
χ] = ifabcQc

χ. In fact, the charges are the representation
of the group generators acting on the Hilbert space of quantum states.

The Lie algebra for SU(N)L × SU(N)R is

[T aL, T
b
L] = ifabcT cL, [T aR, T

b
R] = ifabcT cR, and [T aL, T

b
R] = 0 (A.2)

which implies in the axial basis, T aA = T aR − T aL and , T aV = T aR + T aL, that

[T aV , T
b
V ] = ifabcT cV , [T aV , T

b
A] = ifabcT cA, and [T aA, T

b
A] = ifabcT cV . (A.3)

with exactly the same equations holding for T replaced by Q. From the
assumption of a quark condensate, it follows that the vacuum, |0〉, is not in-
variant under axial transformations |0〉 → (1+iθaAQ

a
A)|0〉 6= |0〉 so Qa

A|0〉 6= 0.
Since the charge operator Qa

A still commutes with the Hamiltonian, the state
Qa
A|0〉 will be degenerate with the vacuum but is another independent state.

The only type of non-vacuum state that Qa
A|0〉 can have a non-zero overlap

with is a zero-momentum limit of a massless state. Hence the spontaneous
symmetry breaking implies the existence of massless Goldstone bosons with
the same quantum numbers as Qa

A, and this is the essence of Goldstone’s the-
orem. That the massless states are scalar bosons can be understood from the
fact that Qa

A is a Lorentz scalar operator. The bosons will be pseudoscalar
since a parity transformation interchanges left and right so Qa

A → −Qa
A.

The final conclusion about Goldstone bosons is that they live in the adjoint
representation of SU(N)V since they transform as T aA under vector trans-
formations and the middle equation of (A.3) is precisely the change of an
adjoint representation under infinitesimal transformations by T aV .

A.2 The Lagrangian of HBChPT

In order to deduce the Lagrangian of HBChPT some properties of Pv± =
1
2
(1±/v) are needed. It is easy to show that /vPv± = Pv±/v = ±Pv±. From this

one can deduce that Pv± /APv± = ±Pv±/v /APv± which can be anticommuted
using the Clifford algebra yielding ±Pv±vµAν(2ηµν − γνγµ)Pv± = ±Pv±(2v ·
A− /A/v)Pv± which in turn equals ±Pv±2(v · A)− Pv± /APv± so

Pv± /APv± = ±Pv±(v · A). (A.4)

Starting from the Lagrangian in eq. (4.11) one can expand the ψ field in
terms of the light and heavy components N and H as

ψ(x) = e−imv·x[N (x) +H(x)] , ψ̄(x) = eimv·x[N̄ (x) + H̄(x)]. (A.5)
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In this expansion the kinetic term becomes

i/∂ψ = i/∂
{
e−imv·x[N (x) +H(x)]

}
= e−imv·x(i/∂ +m/v)[N (x) +H(x)] (A.6)

which can be further simplified to

e−imv·x[(i/∂ +m)N (x) + (i/∂ −m)H(x)]. (A.7)

Using that Pv±Pv∓ = 0 (which means no cross terms between N and H) the
Lagrangian can be rewritten as

ψ̄(i /D −m)ψ = N̄ i /DN + H̄(i /D − 2m)H. (A.8)

The fields N and H are coupled by the Dirac equation

0 =

(
i /D −m+

1

2
gγµγ5uµ

)
ψ (A.9)

or
0 = i /DN + (i /D − 2m)H. (A.10)

Multiplying this equation with Pv− yields

0 = i /D⊥N + (−iv ·D − 2m)H, (A.11)

which has a solution that can be written formally as

H = (iv ·D + 2m)−1i /D⊥N . (A.12)

This equation shows that H is suppressed by a factor 1/m compared to N
which means that it can be ignored in the Lagrangian. Using eq. (A.4) the
kinetic term can be simplified to

N̄ i /DN = N̄ iPv+ /DPv+N = N̄ iv ·DN . (A.13)

In an analogous fashion it can be shown that Pv+γ
µγ5Pv+ = 2Sµ from this

and the above deduction eq. (4.13) follows.

B Group Properties and Clebsch-Gordan Co-

efficients for Spurions

B.1 Adjoint representation and its Weights in SU(2)

Here the transformation properties of the adjoint rep, and in particular its
weights (spin projections) are discussed. Let δξi = −iϕa(T a)ikξk and δψj =
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iϕa(T a)kjψk. Then the contraction ξi(T b)jiΘ
bψj is invariant if the field Θa

transforms as the adjoint rep. This yields the condition

0 = δ(ξi(T b)jiΘ
bψj) = ξi[δΘb(T b)ji + iϕaΘb(T a)jk(T

b)ki − iϕaΘb(T a)ki (T
b)jk]ψj,

so

δΘb(T b)ji = iϕa[T a, T b]jiΘ
b = iϕaifabcΘb(T c)ji = iϕaifacbΘc(T b)ji . (B.1)

Identifying the coefficients of T b and using the antisymmetry of f results in

δΘb = iϕa[−ifabc]Θc, (B.2)

i.e. the structure constants are the (matrix elements of the) generators in
the adjoint rep. That those generators obey the Lie algebra can be deduced
from the fact that commutators obey the Jacobi identity, see e.g. ref [3].

In SU(2), due to iτ 2τa = −(τa)∗iτ 2, there is an isomorphism between the
2 and 2̄ reps. If δψi = iϕa(1

2
τa)jiψj then ψi ≡ (iτ 2)ijψj = εijψj so

δψi = (iτ 2)ijiϕa
1

2
(τa)kj ψk = iϕa

1

2

(
iτ 2τa

)k
i
ψk = iϕa

1

2

(
−τa∗iτ 2

)ik
ψk

= −iϕa1

2
(τa∗)ji ψ

j = −iϕa1

2

(
τa†
)i
j
ψj = −iϕa1

2
(τa)ij ψ

j, (B.3)

that is ψi transforms as ψ†
i

which motivates the index placement.
Equipped with this one can deduce the spin of the adjoint rep using the

fact that ξi(T b)jiΘ
bψj transforms as a singlet, the spins must add up to zero.

Choosing both spins to be up, ξi = ψi = δ
+1/2
i , results in ξi = −δi−1/2,

and thus the adjoint Θ should be in its spin −1 configuration, leading to
ξi(T b)jiΘ

bψj = −δi−1/2(T b)jiΘ
bδ

+1/2
i = (T b)

1/2
−1/2Θb. Looking at the explicit

matrix elements of the Pauli matrices one finds that the spin down component
of Θ is proportional to

Θ−1 = (T b)
1/2
−1/2Θb ∼ Θ1 + iΘ2. (B.4)

B.2 Clebsch-Gordan Coefficients

Instead of writing the spurions in the form of irreducible SU(2) tensors it is
convenient to write them as product tensors of 2:s with proper symmetriza-
tions. The translation between irreducible and product tensors is done by
Clebsch-Gordan decomposition. Let θ be a 3 and Ξ be a 5 rep. Then the
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Clebsch-Gordan decomposition is

(θ−)ij = δi−1/2δ
j
−1/2

(θ3)ij =
1√
2

[
δi1/2δ

j
−1/2 + δi−1/2δ

j
1/2

]
(θ+)ij = δi1/2δ

j
1/2 (B.5)

for the 3 and

(Ξ−−)ijkl = δi−1/2δ
j
−1/2δ

k
−1/2δ

l
−1/2

(Ξ{−3})ijkl =
1

2
[δi1/2δ

j
−1/2δ

k
−1/2δ

l
−1/2 + δi−1/2δ

j
1/2δ

k
−1/2δ

l
−1/2

+δi−1/2δ
j
−1/2δ

k
1/2δ

l
−1/2 + δi−1/2δ

j
−1/2δ

k
−1/2δ

l
1/2]

(Ξ33)ijkl =
1√
6

[δi−1/2δ
j
−1/2δ

k
1/2δ

l
1/2 + δi−1/2δ

j
1/2δ

k
−1/2δ

l
1/2

+δi−1/2δ
j
1/2δ

k
1/2δ

l
−1/2 + δi1/2δ

j
−1/2δ

k
−1/2δ

l
1/2

+δi1/2δ
j
−1/2δ

k
1/2δ

l
−1/2 + δi1/2δ

j
1/2δ

k
−1/2δ

l
−1/2] . . . (B.6)

for the 5.

C Renormalization and the LSZ formula

C.1 Renormalization and Dimensional Regularization

Loop corrections in QFT almost always lead to divergent integrals contribut-
ing to physical observables. To make sense of these quantum corrections one
can use the techniques of renormalization. A good starting point for the
procedure is chapters 6, 7 and 10 of ref [11]. Here a quick overview of the
craft is given.

The first step of renormalization is a modification of the integral to make
it finite in such a way that low energy22 physics remains unmodified. This is
called regularization. The second step is to use a so-called renormalization
condition which is when the loop corrected amplitude is set equal to a finite
(and experimentally measured) quantity. In this stage the parameters ap-
pearing in the Lagrangian will have to be infinite in order to cancel the loop
divergence but this is no trouble because the Lagrangian does not have to be
physical; the only requirement on it is that it makes physical predictions.

22This is for so-called UV divergences when propagators at high energies cause infinities.
Infrared divergences, associated with low energies are a bit more subtle, see e.g. chapter
6 of ref. [11].
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In gauge theories it is important that the regularization procedure re-
spects the gauge symmetry of the theory so that quantum corrections will
not break gauge invariance. In ChPT the analogue symmetries that should
be preserved are the chiral Ward identities. Both those are respected by a
scheme called dimensional regularization.

To illustrate how dimensional regularization works consider the integral

I(a, b,∆) =

∫
d4k

(2π)4

(k2)a

(k2 −∆ + iε)b
, (C.1)

which is a form that any one-loop integral can be written as a linear com-
bination of, using a trick called Feynman parameters. Take for simplicity
I(0, 1,∆). Since the poles of the propagator at ±∆ are shifted slightly into
the complex plane, the integration can be viewed as a complex line integral
along the real axis and can thus be deformed to lie on the imaginary axis
without crossing any pole. This is called a Wick rotation and is a general
procedure used in most regularization schemes. The Wick rotation turns
k0 = ik0

E and ki = kiE and in particular it changes the Minkowski product
k2 = (k0)2 − k2 into the Euclidean −k2

E = −(k0
E)2 − k2

E hence the subscript
E. The reason for the Wick rotation is that it allows for evaluation using
d-dimensional spherical coordinates which is not possible in a Minkowski
signature. The integral is now

I(0, 1,∆) = i

∫
d4kE
(2π)4

1

(−k2
E −∆)

. (C.2)

The idea of dimensional regularization is to analytically continue the in-
tegral as a function of (non-integer) spacetime dimension23, d = 4− ε. This
will induce a modification of the integral to

I(0, 1,∆) = iµ4−d
∫
ddkE
(2π)d

1

(−k2
E −∆)

=
iµ4−d

(2π)d

∫ ∞
0

dkE
kd−1
E

(−k2
E −∆)

∫
dΩd

(C.3)
where the change of variables to spherical coordinates has been performed
and a new arbitrary mass dimension one parameter, µ, has been introduced
in order to preserve the mass dimension of the integral in all d.

The same procedure of Wick rotating can be performed in the more gen-
eral case of eq. (C.1). By studying the Jacobian under a change of variables
from Cartesian to spherical coordinate in Gaussian integrals one finds that

23It is not obvious that changing to fractal spacetime dimension is a modification of
high energy physics that leaves low energy phenomena invariant but a good justification
that this is the case is given in appendix A of ref [20].
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the integral over Ωd is 2πd/2

Γ(d/2)
. The radial part can be evaluated using clever

transformations and the Beta function, see e.g. ref [20] appendix A, and the
result is

I(a, b,∆) = i(−1)b
µ4−d∆d/2+a−b

(4π)d/2
Γ(a+ d/2)Γ(b− a− d/2)

Γ(d/2)Γ(b)
. (C.4)

One of the most important cases is when the divergence is logarithmic
which is when 4 + 2a− 2b = 0. In that case Γ(b− a− d/2) = Γ(2− d/2) =
Γ(ε/2). In order to evaluate one can use the ”factorial identity” and Taylor
expand

xΓ(x) = Γ(1 + x) = Γ(1) + Γ′(1)x+O(x2) = 1− γEx+O(x2) (C.5)

where γE is the Euler-Mascheroni constant. Then

Γ(ε/2) =
2

ε
− γE +O(ε). (C.6)

In the dimensionful prefactor the dependence on ε can be taken care of
the following way:

µε∆−ε/2(4π)ε/2 = exp

[
ε

2
ln

(
µ2

∆
4π

)]
= 1 +

ε

2
ln

(
µ2

∆
4π

)
+O(ε2). (C.7)

Multiplying eqs. (C.7) and (C.6) yields a factor of

2

ε
− γE − ln(4π) + ln

(
µ2

∆

)
+O(ε). (C.8)

Next one must choose a subtraction scheme which is a way to absorb the 1
ε

pole into a redefinition of some coupling constant. The most common scheme
is modified minimal subtraction, (MS), in which the first three terms in eq.

(C.8) are absorbed. ChPT uses a slightly different scheme called M̃S where
these terms and an extra −1 are absorbed. This factor shows up frequently
and is given the name R:

−R ≡ 2

ε
− γE + ln(4π) + 1. (C.9)

The point of this procedure is that after the so-called subtraction, where
the couplings are redefined to absorb the infinities, every observable is finite
in the limit ε → 0 and the model makes finite predictions. Note that the
arbitrary scale µ is not a cutoff scale24 that should be taken to be very large
or infinite.

24Cutoff regularization is a more intuitive but also a less useful regularization scheme. It
consists of simply integrating up to some maximum length of Euclidean four-momentum
k2E ≤ Λ2.
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C.2 The LSZ reduction formula

The LSZ (Lehmann-Symanzik-Zimmermann) reduction formula is one of the
cornerstones of quantum field theory. It relates momentum space S-matrix
elements (which are easy to measure) to time ordered field correlation func-
tions in momentum space (which are easy to compute). A discussion of the
formula can be found in e.g. chapter 7 of ref [11]. Here the result is just
stated(

n∏
i=1

∫
d4xie

ipi·x

)(
m∏
j=1

∫
d4yje

−ikj ·yj

)
〈Ω|Tφ(x1) . . . φ(xn)φ(y1) . . . φ(ym)|Ω〉

'
(

n∏
i=1

i
√
Z

p2
i −m2 + iε

)(
n∏
j=1

i
√
Z

k2
j −m2 + iε

)
〈p1 . . . pn|S|k1 . . . km〉

where ' means that the poles of both sides are identical. The constant Z
is called the field renormalization and is the residue at the mass pole of the
exact propagator. One of the strengths of this formula is that φ can be any
field operator, fundamental or composite, that has a nonzero overlap with
an asymptotic momentum state of the theory 〈p|φ(x)|Ω〉 =

√
Zeip·x. This

means that it holds equally well for e.g. electron fields as it does for meson
fields, which would be represented by q†(x)γ5T aAq(x) in the more fundamental
degrees of freedom.

The special guise of the LSZ reduction formula that will be needed in this
thesis is the case of a nucleon in the in state and an antinucleon in the out
state.

〈n̄ : p′, s′; out|n : p, s; in〉 = ZN ū
s′

p′usp Amp (C.10)

where the blob labeled ”Amp” represents a sum of all amputated diagrams
and ZN is the field renormalization of the nucleon.

C.3 Field Renormalization

The neutron-antineutron transition element is calculated in bare perturba-
tion theory and in order to use the LSZ reduction formula for amputated
matrix elements (see eq. (C.10)), the self-energy, −iΣ(p), of the nucleons [30]
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will be needed. First a relativistic fermion is treated. The field renornomal-
ization can be calculated perturbatively by

= + 1PI + 1PI 1PI + . . . (C.11)

which evaluates to

i

/p−m0 + iε
+

i

/p−m0 + iε
[−iΣ(p)]

i

/p−m0 + iε
+ . . . . (C.12)

These diagrams form a geometric progression and can be summed up (see
e.g. chapter 7 of [11])

i

/p−m0 + iε

[
1 + Σ(/p)

1

/p−m0 + iε
+

(
Σ(/p)

i

/p−m0 + iε

)2

+ . . .

]
(C.13)

which is

i

/p−m0 + iε

1

1 + Σ(/p)
1

/p−m0 + iε

=
i

/p−m0 − Σ(/p) + iε
. (C.14)

The pole mass, m, can now be defined by m = m0 +Σ(m). The field strength
renormalization, Z, is the residue of the propagator at the pole mass, which
is found by Taylor expanding Σ around m: Σ(/p) = Σ(m) + Σ′(m)(/p−m) +
O((/p−m)2). Thus

Z =
1

1− Σ′(m)
. (C.15)

For nucleons in ChPT the self-energy correction to the propagator can be
deduced the same way from eq. (4.14) and is

i

v · k − Σ(k) + iε
. (C.16)

In the power counting of ChPT, Σ(p) is at O(p3), but acting on an external
leg (which is how it enters the LSZ formula), a new propagator, which is
O(p−1), is created. Thus, the field renormalization enters at O(p2).

D Integrals in Finite and Infinite Volumes

D.1 Standard Integrals

The standard integrals used are taken from appendix C of ref [17], where
more information and derivations can be found. The most fundamental ones
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of ChPT are the pion integral

Iπ(k) = Iπ(0) = iµ4−d
∫
ddq

(2π)d
1

((k + q)2 −m2
π + iε)

, (D.17)

where

Iπ(0) =
m2
π

16π2

[
R + ln

(
m2
π

µ2

)]
+O(d− 4), (D.18)

and the nucleon integral

JπN(k, ω) = JπN(0, ω − v · k)

= iµ4−d
∫
ddq

(2π)d
1

((k + q)2 −m2
π + iε)

1

(v · q + ω + iε)
.(D.19)

For ω2 < m2
π it can be evaluated to be

JπN(0, ω) =
ω

8π2

[
R + ln

(
m2
π

µ2

)
− 1

]
+

1

4π2

√
m2
π − ω2 arccos

(
− ω

mπ

)
. (D.20)

For this thesis we will need the πNN tensor integral

Kµν
πNN(ω) ≡ iµ4−d

∫
ddq

(2π)d
1

(v · q + ω + iε)2

qµqν

(q2 −m2
π + iε)

. (D.21)

this integral is not listed in ref [17] but can be computed by taking a derivative
of the listed standard integral

JµνπN(k, ω) = iµ4−d
∫
ddq

(2π)d
qµqν

((k + q)2 −m2
π + iε)

1

(v · q + ω + iε)
.

This integral can depend only on the rank two tensors vµvν and ηµν so

JµνπN(k, ω) = vµvνC20(ω) + ηµνC21(ω)

For the purposes of this thesis only the C21 is needed (since Jµν is contracted
with an Sµ and S · v = 0) which turns out to be

C21(ω) =
1

3

[
(m2

π − ω2)JπN(0, ω) + ωIπ(0)
]
− ω

12π2

(
m2
π

2
− ω

3

)
. (D.22)

In order to evaluate Kµν
πNN one needs to compute −dJµν(ω)/dω. This leads

to an expression of the form

Kµν
πNN(0) = −ηµν

[
m2
π

16π2

(
R + ln

(
m2
π

µ2

))]
− vµvνC ′20(0). (D.23)
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D.2 Loop Integrals at Finite Volume

Here some properties of loop integrals at finite volume are given as a quick
reference. The subject is treated more thoroughly in ref. [24]. As a proxy
for a loop integral consider the one dimensional integral∫

dp

2π
F̃ (p). (D.24)

In the finite volume, length L, this integral is replaced by a sum over all
momenta allowed by boundary conditions, which are chosen to be periodical,
restricting the momenta to pn = n2π

L
for integer n. Then the integral is

replaced by the Riemann sum∫
dp

2π
F̃ (p)→

∑
n∈Z

∆p

2π
F̃ (pn) =

1

L

∑
n∈Z

F̃ (pn) ≡
∫
V

dp

2π
F̃ (p). (D.25)

In order to proceed we use Poisson’s summation formula, which can be shown
by∑

n∈Z

f(n) =

∫
dxf(x)

∑
n

δ(x− n) =

∫
dxf(x)

∑
m∈Z

eim2π =
∑
m∈Z

f̃(−m2π)

where f̃ denotes the Fourier transform. This can be rewritten, by the scaling
rule, f(ax) 7→ f̃(k)/|a|, and the sign flip symmetry of the sum as∑

n∈Z

f(n) =
1

2π

∑
m∈Z

f̃(m), (D.26)

which is the Poisson formula. Using F (x) = f( x
L

), which implies F̃ (k) =

Lf̃(Lk), in this formula yields

1

L

∑
n

F̃

(
2πn

L

)
=
∑
m

f(m) =
∑
m

∫
dκ

2π
f̃(κ)eiκm =

∑
m

∫
dκ

2π

1

L
F̃
(κ
L

)
eiκm

and by making the change of variables k = κ/L this yields

1

L

∑
n

F̃

(
2πn

L

)
=
∑
m

∫
dk

2π
F̃ (k) eikLm. (D.27)

By defining lm = mL the finite volume integral can be written∫
V

dp

2π
F̃ (p) =

1

L

∑
n∈Z

F̃ (pn) =
∑
lm

∫
dk

2π
F̃ (k) eiklm . (D.28)
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Note that the l = 0 mode of this expression is exactly eq. (D.24), i.e. the
integral in infinite volume. Therefor the primed sum, without this mode, is
the correction to the momentum integral due to finite volume

′∑
lm

∫
dk

2π
F̃ (k) eiklm . (D.29)

That this expression vanishes in the infinite volume limit can be guessed from
a naive application of the Riemann-Lebesgue lemma.

D.3 Nucleon Loop Integrals at Finite Volume

Here the nucleon integrals appearing in this thesis are evaluated at finite
volume. The procedure is analogous to what is done in appendix C of ref.
[17]. Start with the integral∫

V

ddq

(2π)d
qµqν

(q2 −∆)

1

(v · q + ω)
(D.30)

and use the Feynman trick (where y = x
2(1−x)

)

1

ab
=

∫ 1

0

dx
1

[xa+ (1− x)b]2
= 2

∫ ∞
0

dy
1

(2ya+ b)2
. (D.31)

The integral can then be written on the form∫
V

ddq

(2π)d
qµqν

(q2 −∆)

1

(v · q + ω)
= 2

∫ ∞
0

dy

∫
V

ddq

(2π)d
qµqν

(q2 −∆ + 2yv · q + 2yω)2

and by shifting the the integration variable by q′µ = qµ + yvµ (and then
renaming the integration variable from q′ to q) we get

2

∫ ∞
0

dy

∫
V

ddq

(2π)d
qµqν − yvµqν − yvνqµ + y2vµvν

(q2 −∆− y2 + 2yω)2
(D.32)

and since the summation is over a symmetric interval the linear terms in q
vanish yielding

2

∫ ∞
0

dy

∫
V

ddq

(2π)d
qµqν + y2vµvν

(q2 −∆− y2 + 2yω)2
. (D.33)

The desired integrals of the expressions in eq. (6.38) can be found by applying
−d/dω to eq. (D.30) and evaluating in ω = 0. This yields∫

V

ddq

(2π)d
1

(q2 −∆)

1

(v · q)2
= 8

∫ ∞
0

dy

∫
V

ddq

(2π)d
y(qµqν + y2vµvν)

(q2 −∆− y2)3
(D.34)
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which, when evaluated at ∆ = m2
π, changed to Euclidean signature and

written in the notation of sec. 4.5 gives the expression∫
V

ddq

(2π)d
qµqν

(q2 −m2
π)

1

(v · q)2
= −i8

∫ ∞
0

dyy
(

[qµqν ]3(m2
π+y2)+y2vµvν [1]3(m2

π+y2)
)
.

The integral linear in q is evaluated analogously.

D.4 The Jacobi Theta function and Related Functions

In the expressions for the finite volume corrections the third Jacobi theta
function, θ3, and related functions show up. This function is given by

θ3(u, q) =
∑
n∈Z

qn
2

ei2πnu. (D.35)

The related functions used here are

θ30(q) ≡ θ3(0, q) and θ32(q) ≡ q
∂

∂q
θ3(0, q). (D.36)

E Vertices of the Oscillation Lagrangian

E.1 (3L, 1R) vertices using HBChPT

Here follows a list of the types of terms that show up in the (3L, 1R) sector.
Each term here couples to the spurions ωL, θL and ϕL with independent
coupling constants. At O(p0) we have

(u†N̄ c)iL(u†N )jL

and a O(p1), using derivatives

(u†N̄ c)iLS
µ(u†DµN )jL

(u†DµN̄ c)iLS
µ(u†N )jL

(u†N̄ c)iLv
µ(u†uµN )jL

(u†N̄ c)iLS
µ(u†uµN )jL

(u†uµN̄ c)iLv
µ(u†N )jL

(u†uµN̄ c)iLS
µ(u†N )jL
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and at O(p2) using the χ spurion

(u†N̄ c)iL(χ†uN )jL
(u†N̄ c)iL(χ̃uN )jL
(χ†uN̄ c)iL(u†N )jL
(χ̃uN̄ c)iL(u†N )jL
(u†N̄ c)iL(χ†uN )jL
(u†N̄ c)iL(U †χu†N )jL
(u†N̄ c)iL(U †χ̃†u†N )jL
(U †χu†N̄ c)iL(u†N )jL
(U †χ̃†u†N̄ c)iL(u†N )jL

and with the field strength spurion

εαβµνTr(f+µν)(u
†N̄ c)iLSαSβ(u†N )jL

εαβµνTr(f−µν)(u
†N̄ c)iLSαSβ(u†N )jL

εαβµν(u†N̄ c)iLSαSβ(u†f+µνN )jL
εαβµν(u†N̄ c)iLSαSβ(u†f−µνN )jL
εαβµν(u†f+µνN̄ c)iLSαSβ(u†N )jL
εαβµν(u†f−µνN̄ c)iLSαSβ(u†N )jL
εαβµνTr(f+µν)(u

†N̄ c)iLvαSβ(u†N )jL
εαβµνTr(f−µν)(u

†N̄ c)iLvαSβ(u†N )jL
εαβµν(u†N̄ c)iLvαSβ(u†f+µνN )jL
εαβµν(u†N̄ c)iLvαSβ(u†f−µνN )jL
εαβµν(u†f+µνN̄ c)iLvαSβ(u†N )jL
εαβµν(u†f−µνN̄ c)iLvαSβ(u†N )jL

and derivatives at O(p2) with uµ as the derivative of u

εαβµν(u†DµN̄ c)iLvαSβ(u†DνN )jL
εαβµν(u†uµDνN̄ c)iLvαSβ(u†N )jL
εαβµν(u†uµN̄ c)iLvαSβ(u†DνN )jL
εαβµν(u†N̄ c)iLvαSβ(u†uµDνN )jL
εαβµν(u†N̄ c)iLvαSβ(u†uµDνN )jL
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(u†D{αuβ}N̄ c)iLv
βSα(u†N )jL

(u†uβDαN̄ c)iLv
βSα(u†N )jL

(u†uβN̄ c)iLv
βSα(u†DαN )jL

(u†N̄ c)iLv
βSα(u†D{αuβ}N )jL

(u†N̄ c)iLv
βSα(u†uβDαN )jL

(u†DαN̄ c)iLv
βSα(u†uβN )jL

(u†uαuβN̄ c)iLv
βSα(u†N )jL

(u†uβuαN̄ c)iLv
βSα(u†N )jL

(u†uαN̄ c)iLv
βSα(u†uβN )jL

(u†uβN̄ c)iLv
βSα(u†uαN )jL

(u†N̄ c)iLv
βSα(u†uαuβN )jL

(u†N̄ c)iLv
βSα(u†uαuβN )jL

(u†N̄ c)iLv
βSα(u†N )jLTr(uαuβ)

(u†uµD
µN̄ c)iL(u†N )jL

(u†DµN̄ c)iL(u†uµN )jL
(u†uµN̄ c)iL(u†DµN )jL
(u†N̄ c)iL(u†uµD

µN )jL

(u†uµu
µN̄ c)iL(u†N )jL

(u†uµN̄ c)iL(u†uµN )jL
(u†N̄ c)iL(u†uµu

µN )jL
(u†N̄ c)iL(u†N )jLTr(uµu

µ)

(u†D2N̄ c)iL(u†N )jL
(u†DµN̄ c)iL(u†DµN )jL
(u†N̄ c)iL(u†D2N )jL
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E.2 (3L, 5R) vertices using HBChPT

At O(p0) we have the term

(uN̄ c)iR(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL

and at O(p) using one derivative

(uN̄ c)iRS
µ(uDµN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uDµN̄ c)iRS
µ(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iRS
µ(uN )jR(DµUiτ

2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iRS

µ(uN )jR(Uiτ 2
L)kRkL(DµUiτ

2
L)lRlL

(uN̄ c)iRv
µ(uN )jR(DµUiτ

2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iRv

µ(uN )jR(Uiτ 2
L)kRkL(DµUiτ

2
L)lRlL

(uN̄ c)iRS
µ(uuµN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uuµN̄ c)iRS
µ(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iRvµ(uuµN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uuµN̄ c)iRv

µ(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL

(uN̄ c)iRS
µ(u†N )kL(UDµU

†iτ 2
R)kRjR(Uiτ 2

L)lRlL
(u†N̄ c)kLS

µ(uN )jR(UDµU
†iτ 2

R)kRiR(Uiτ 2
L)lRlL

(uN̄ c)iRv
µ(u†N )kL(UDµU

†iτ 2
R)kRjR(Uiτ 2

L)lRlL
(u†N̄ c)kLv

µ(uN )jR(UDµU
†iτ 2

R)kRiR(Uiτ 2
L)lRlL

at O(p2) with derivatives

(uN̄ c)iR(uuµD
µN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uuµN̄ c)iR(uDµN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uDµN̄ c)iR(uuµN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uuµD
µN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iR(uuµN )jR(DµUiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uuµN̄ c)iR(uN )jR(DµUiτ 2

L)kRkL(Uiτ 2
L)lRlL
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and the O(p2) terms using χ

(uN̄ c)iR(χu†N )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(χu†N̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iR(χ̃†u†N )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(χ̃†u†N̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iR(Uχ†uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(Uχ†uN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iR(Uχ̃uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(Uχ̃uN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iR(N )jR(χiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iR(N )jR(Uiτ 2

L)kRkL(χiτ 2
L)lRlL

(uN̄ c)iR(N )jR(χ̃†iτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iR(N )jR(Uiτ 2

L)kRkL(χ̃†iτ 2
L)lRlL

and some further derivatives at O(p2)

(uDµN̄ c)iR(uDµN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iR(uD2N )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uD2N̄ c)iR(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iR(uDµN )jR(DµUiτ

2
L)kRkL(Uiτ 2

L)lRlL
(uDµN̄ c)iR(uN )jR(DµUiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iR(uN )jR(D2Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iR(uN )jR(DµUiτ 2

L)kRkL(DµUiτ
2
L)lRlL

εαβµν(uN̄ c)iRSαvβ(uuµDνN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
εαβµν(uuµN̄ c)iRSαvβ(uDνN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

εαβµν(uDνN̄ c)iRSαvβ(uuµN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
εαβµν(uuµDνN̄ c)iRSαvβ(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

εαβµν(uN̄ c)iRSαvβ(uuµN )jR(DνUiτ
2
L)kRkL(Uiτ 2

L)lRlL
εαβµν(uuµN̄ c)iRSαvβ(uN )jR(DνUiτ

2
L)kRkL(Uiτ 2

L)lRlL
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and O(p2) using field strength spurions

εαβµν(uN̄ c)iRSαvβ(uf+µνN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
εαβµν(uN̄ c)iRSαvβ(uf−µνN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

εαβµν(uf+µνN̄ c)iRSαvβ(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
εαβµν(uf−µνN̄ c)iRSαvβ(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

εαβµν(uN̄ c)iRSαvβ(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlLTr(f+µν)

εαβµν(uN̄ c)iRSαvβ(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlLTr(f−µν)

εαβµν(uN̄ c)iRSαvβ(uN )jR(Uiτ 2
L)kRkL(Ulµνiτ

2
L)lRlL

εαβµν(uN̄ c)iRSαvβ(uN )jR(Uiτ 2
L)kRkL(rµνU iτ

2
L)lRlL

εαβµν(uN̄ c)iRSαSβ(uf+µνN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
εαβµν(uN̄ c)iRSαSβ(uf−µνN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

εαβµν(uf+µνN̄ c)iRSαSβ(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
εαβµν(uf−µνN̄ c)iRSαSβ(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

εαβµν(uN̄ c)iRSαSβ(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlLTr(f+µν)

εαβµν(uN̄ c)iRSαSβ(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlLTr(f−µν)

εαβµν(uN̄ c)iRSαSβ(uN )jR(Uiτ 2
L)kRkL(Ulµνiτ

2
L)lRlL

εαβµν(uN̄ c)iRSαSβ(uN )jR(Uiτ 2
L)kRkL(rµνU iτ

2
L)lRlL

(uN̄ c)iRv
µSν(uDνN )jR(DµUiτ

2
L)kRkL(Uiτ 2

L)lRlL
(uDνN̄ c)iRv

µSν(uN )jR(DµUiτ
2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iRv

µSν(uN )jR(DµDνUiτ
2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iRv

µvν(uN )jR(DµDνUiτ
2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iRv

µvν(uN )jR(DµDνUiτ
2
L)kRkL(Uiτ 2

L)lRlL
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and some further derivative terms at O(p2)

(uuµN̄ c)iR(uuµN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iR(uuµu

µN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uuµu

µN̄ c)iR(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iR(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlLTr(uµu

µ)

(uuµN̄ c)iRv
µvν(uuνN )jR(DµUiτ

2
L)kRkL(Uiτ 2

L)lRlL
(uuµuνN̄ c)iRv

µvν(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iRv

µvν(uuµuνN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uuµN̄ c)iRv

µSν(uuνN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uuµuνN̄ c)iRS

µvν(uN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL
(uN̄ c)iRv

µSν(uuµuνN )jR(Uiτ 2
L)kRkL(Uiτ 2

L)lRlL

(uD{µuν}N̄ c)iRv
µSν(uN )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

(uN̄ c)iRv
µSν(uD{µuν}N )jR(Uiτ 2

L)kRkL(Uiτ 2
L)lRlL

E.3 (7L, 1R) vertices using HBChPT

At O(p0) we have

(u†N̄ c)iL(u†N )jR(U †DµUiτ
2
L)kRkL(U †DµUiτ 2

L)lRlL .
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