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Abstract

This thesis treats neutron-antineutron oscillations in the framework of chiral
perturbation theory. An effective Lagrangian, using mesons and nucleons as
degrees of freedom, is constructed to capture the low-energy behavior of the
effective six-quark operators, which is the set of higher dimensional opera-
tors that can induce neutron to antineutron transitions at the quark level.
These operators have been used previously to model the oscillations using
lattice QCD simulations. This Lagrangian is used to compute the neutron
to antineutron transition amplitude at O(p?) in the chiral perturbation ex-
pansion. The resulting amplitude is given as a function of the pion mass and
could be of use for matching lattice simulations at unphysical quark masses
to the physical situation. Furthermore, the effect that finite lattice volume
has is estimated by using the difference between the known finite and infinite
volume versions of chiral perturbation theory.



Popularvetenskaplig sammanfattning

I partikelfysik beskrivs en partikel av en samling tal kallade kvanttal. Exem-
pel pa sadana inkluderar elektrisk laddning men dven andra som exempelvis
sa kallade smaker of farger. Bevarade kvanttal ar en speciellt viktig typ som
gar under det kollektiva namnet laddningar. Den viktigaste egenskapen som
sadana laddningar har ar att de ar bevarade, alltsa att de inte far forandras
med tiden. Ibland férekommer kvanttal som endast approximativt ar be-
varade. Med approximativt menas att de processer som kan dndra pa den
givna laddningen ar ovanligt forekommande.

Ett viktigt kvanttal i partikelfysik ar det sa kallade baryontalet vilket ar
definierat sa att protoner och neutroner har viardet ett medan deras antipar-
tiklar har vardet minus ett. Det finns anledningar att tro att baryontalet inte
ar exakt bevarat och att det saledes finns sédllsynta processer dar det dndras.
En experimentell anledning att tro att det borde finnas sadana forlopp ar
att vart universum verkar uppvisa i princip uteslutande materia och ingen
antimateria. Detta verkar bara vara forenligt med fysikaliska modeller om
baryontal far &ndras. En mojlig konsekvens av baryontalséndring i naturen
skulle vara sa kallade neutron-antineutronoscillationer vilket ar att neutroner
kan 6verga i att bli antineutroner, vilket sanker baryontalet med tva enheter.

Denna uppsats undersoker hur neutron-antineutronoscillationer kan mod-
elleras matematiskt pa laga energier under premissen att baryontalet far
andras med tva enheter. Metoden som anvands ar en, i andra sammanhang,
valtestad teori for hur protoner, neutroner och pioner véxelverkar vid laga
energier, och gar under namnet kiral storningsteori.
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Conventions and Notation

In this section some conventions that are used throughout the thesis are
introduced. This thesis uses natural units where h = ¢ = 1 and it employs
the standard Einstein summation convention for Lorentz as well as internal
space indices, meaning that every index that is repeated in an equation is
summed over. A fundamental representation, v, of a unitary group is denoted
with a lower index ; and transforms under the group as v; — Uij ;. Its
complex conjugate, ¥', has an upper index ¥ = (¢;)* and transforms as
Yl = (U])yl = (UT)j = (UT)jeh.

Representation (rep) is taken to mean a homomorphism from abstract
group elements to operators on some linear space. Homomorphisms to non-
linear transformations, such as exhibited by the meson and nucleon fields
will be referred to as (non-linear) realizations.

The Pauli matrices are denoted 7 and the SU(2) generators are normal-
ized 7% General SU(N) generators are denoted 7 and the general struc-
ture constants are denoted f¢ making the Lie algebra [T, T¢] = ifabeTe.
The general normalization is Tr(T%T?) = §9°/2.

The Minkowski metric is denoted n*” and the signature is chosen to be
(+ — ——). The number of spacetime dimensions is denoted by d = 4 —
e when doing dimensional regularization. Representations of a group are
denoted by their dimensionality® e.g. 2 and 3 for the fundamental and adjoint
representations of SU(2). Indices also get subscripts to denote in which space
they live. The subscripts are ¢, F' L, R and B (for color, flavor, left, right
and baryon).

For future convenience here follows a few conventions for notions that
are defined further on. Under group transformations (L, R) € SU(2), x
SU(2)r lower indices iy, and ip transform by Lff and ng respectively. For
instance the meson exponential transforms as U o ng U j}’; L;iL . Whenever
X appears as a subscript it stands for either L or R and is never summed
over. Since baryons transform by a non-linearly related unitary matrix, the
lower B-type indices transform according to v, — h(L,R,U )fB Y;,. More

B
on group theory, generators and upper /lower indices can be found in e.g. ref

13].

In the quantum mechanics of spin the representations are classified by their angular
momentum quantum number j. This classification describes them by 25 + 1 instead.
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1 Introduction

There are multiple reasons to investigate models in which the baryon num-
ber is broken. For instance, one of the Sakharov conditions for baryogenesis
- the origin of the observed matter-antimatter asymmetry of the universe
- requires’ Baryon Number Violation (BNV). Another reason is that the
Standard Model (SM) has baryon conservation only because of an accidental
symmetry since no renormalizable interactions can be formed from its fields
which break it. Finally, as a remark, all grand unified theories that put
quarks and leptons in the same gauge multiplet will violate baryon number
due to the exchange of gauge bosons. It should also be noted that baryon
number seems to be broken in the SM as well, due to non-perturbative tran-
sitions in the electroweak sector. This does, however, conserve baryon minus
lepton number (B — L). For neutron-antineutron oscillations to occur the
baryon number must be changed by two units (while lepton number remains
unchanged) and thus they are absent in theories that conserve B — L.

To the best of our understanding the theory for strong interactions is
Quantum Chromodynamics (QCD) which is a non-Abelian gauge theory
consisting of quarks and gluons. Due to a feature called asymptotic free-
dom the QCD gauge coupling decreases with energy which means that the
theory is weakly coupled at high energies. Running the argument the other
way, the coupling strength increases as the energy is lowered, and thus there
is a scale, Aqcp, where the coupling becomes sufficiently large that QCD is
non-perturbative.

At low energies the particle spectrum of QCD will not be the quarks and
gluons because all bound states, hadrons, are gauge singlets (colorless). The
asymptotic particle states consist of mesons (quark and antiquark states)

2 Asymmetric initial conditions is an alternative explanation.



and baryons (three quark states). One way to understand the physics of
QCD at these scales is to make an Effective Field Theory (EFT) where the
degrees of freedom are taken to be mesons and baryons instead. The EFT
studied here is called Chiral Perturbation Theory (ChPT) which is based on
the approximate flavor and chiral symmetries of QCD.

This thesis begins with an introduction to particle-antiparticle oscillations
and higher dimensional operators, which constitutes sec. 2. In sec. 3 the
approximate chiral structure of QCD, the technique of external field spurions,
and the higher dimensional six-quark operators inducing transitions n —
are discussed. Those topics lay the theoretical foundation of both ChPT and
effective neutron oscillations. This is followed, in sec. 4, by an introduction
to ChPT, the main tool of this thesis, including a short treatment of finite
volume effects. An effective Lagrangian for nn oscillation is constructed in
sec. 5. The relevant tree and loop order processes contributing to oscillations,
at O(p?) (which is next to leading order), are performed in sec. 6. The full
functional dependence of the neutron-antineutron transition amplitude on
the pion mass is given in sec. 7. The findings are summerized and conclusions
drawn in sec. 8.

2 Neutron-Antineutron Oscillations and Higher
Dimensional Operators

2.1 Neutron-Antineutron Oscillations

Neutron-antineutron oscillations can occur for models where the baryon sym-
metry is not exact, i.e. when its corresponding operator does not commute
with the Hamiltonian. As for e.g. kaon or neutrino oscillations, the oscil-
latory behaviour originates from the mass eigenstates not coinciding with
the eigenbasis of some other operator (strangeness and lepton flavor in the
examples given). The other operator of interest here is the baryon number
operator with the eigenbasis |n) and |n). If n — n transitions are allowed the
states of definite baryon number, |n) and |n), are not mass eigenstates (due
to the effective Majorana mass terms in the Lagrangian). To first approxi-
mation the mass eigenstates can be written [1] [n;) = cos(p)|n) + sin(p)|n)
and |ng) = —sin(p)|n) + cos(¢)|n) for mixing angle . For particles at rest
H|n;) = my|n;) and H|ny) = my|ng). By expanding |n) in the mass states
and time evolving (by e~*!) one gets the result that

e n) = e cos? i)+ sin () [m)-+e ™ sin(p) cos(i) 1A ),



where Am = mgy —m; is the oscillation frequency. The amplitude for having
an antineutron at time ¢, if the initial state was a neutron at time 0, is

<I—l’6—th|n> — e—z’mlt[l - e—iAmt] (21)

For further background see ref. [1]. An interesting discussion on how to make
this model slightly more sophisticated by including changes of the vacuum
state can be found in ref. [2]. The effect of this is to add a momentum
dependent term to eq. (2.1).

2.2 Higher Dimensional Operators

As stated previously baryon number is an accidental symmetry of the SM.
This means that there are no gauge invariant, Lorentz invariant product of
fields, of mass dimension < 4 (renormalizable), that can be written down,
using only SM fields, which violate baryon number3. However, there is noth-
ing prohibiting that terms which allow for baryon number breaking processes
to be introduced, in theories extending the SM, when more fields come into
play at higher energies. If there exits a more ultraviolet (UV) complete the-
ory that extends the SM, and that has baryon violation, the effect will show
up in the low-energy limit as higher dimensional operators, which are field
products of mass dimension > 4.

To illustrate how this works consider a theory containing higher dimen-
sional operators, with a known extension into a renormalizable theory (the
SM): Fermi’s theory of beta decay. In 4-Fermi theory we have (among oth-
ers) a vertex epy*VerV, i, where the fields are in order (all left-handed)
electron, electron neutrino, muon neutrino and muon. This is a mass dimen-
sion six operator that allows for muon decay and in order to make this into
a vertex one must multiply with a coupling of mass dimension —2, denoted
A2

In the SM this process is described by the propagation of a new field,
the W gauge field, which was absent in the low scale EFT. At energies far

below the mass of the W, My, this propagator can be approximated by Ml

2
15%
and two gauge couplings, one at emission and one at absorption of the W,
enter. At these energies the process of muon decay looks exactly like the

above four-fermion vertex with the prefactor* X‘ZTW where ayy is the weak fine
w

3There are non-perturbative electroweak transitions inducing BNV predicted by the
SM, called sphalerons. These conserve B — L which means that nii oscillations are not
induced by these.

4There are factors of 2, v/2 and 7 omitted to put focus on the overall reasoning.



structure constant. This allows as to identify the phenomenological scale A

of the EFT with
_ M,

aw

A? (2.2)
The muon decay rate is by dimensional analysis® 7;—5? where m,, is the muon
mass. This allows for the interpretation of A as a scale of new physics and
also explains why the process is rare at low energies: it is suppressed by
ratios of a low energy scale to an UV scale.

In this thesis the assumption is made that there exists a process that cul-
minates in a higher dimensional operator capable of inducing nn transitions
which consists of six-quark fields of correct quantum numbers. The coupling
of such a vertex can be written as A,>. Dimensional analysis predicts an
oscillation frequency of®

my
=
which gives a way to measure the scale of new physics if nn oscillations are
observed. The appearance of the (hypothetical) suppressing scale, and other
scales for BNV processes like proton decay, can therefore be related to the
accidental symmetries of the SM: the scale hierarchy makes them irrelevant
operators (or rather: much less relevant), in the language of EFT, at low
energies.

An example of a grand unified theory in which nn transitions occurs is
Georgi-Glashow’s SU(5) (see e.g. ref. [3]) extended to include an extra 15
dimensional Higgs multiplet [4]. The important feature is how the oscillations
appear in this model, namely through the diagram

>\/ < : (2.4)

where the solid lines are quarks and the dotted are Higgses. In a close
analogy with the 4-Fermi case the amplitude for this process at low energies
is 3 /MY where y is a Yukawa coupling, p is a Higgs cubic coupling and
My is the Higgs mass. One can then identify the scale as

Awn = (M—g)l/5 (2.5)

Wnn

(2.3)

Y3

’Squaring the amplitude for decay and using that the energy scale of phase space
integration etc. is the muon mass.

60scillations take place at the amplitude level and therefore the matrix element is not
squared.



and replace the process by the effective vertex

P (2.6)

Note that this effective vertex looks the same regardless of the underlying
UV scale theory.

In order to put limits on what the scale A,; can be, experimental bounds
on the mean neutron-antineutron oscillation time, 7,5, are needed. The best
data on this is currently [5] 7,5 > 2.7 - 10%s (Super-Kamiokande) from bound
neutron measurement and 7,; > 0.86 - 10%s (Institute Laue Langevin) from
free neutrons, yielding A,; = 10°GeV. There is a proposal to improve the ex-
perimental limits on neutron-antineutron oscillations at the European Spal-
lation Source (ESS) currently under construction in Lund. This experiment
could improve the limits by up to three orders of magnitude [6]. The stability
of oxygen nuclei (= 103!years) from proton decay experiments seems to put
rather strong constraints on 7,5. This is, however, not the case since there is
a strong suppression mechanism due to the fact that the n state has a rather
large annihilation width, I'y ~ 100MeV, with the neutrons in the nuclear
environment while the n state does not [7].

3 QCD, Spurions and Six-Quark Operators

This section deals with QCD and in particular the global, chiral flavor sym-
metries of the light quark sector which is the foundation of ChPT. The con-
cept of spurions, external source fields with symmetry group properties, is
introduced. This concept plays an important role in this thesis. Finally
the effective higher dimensional operators that are added to QCD in order
to allow for neutron-antineutron oscillations are presented and the spurions
allowing for treatment with ChPT techniques are introduced.

3.1 Chiral Symmetries of QCD

As mentioned previously, chiral perturbation theory relies on (approximate)
global flavor symmetries of QCD which are discussed briefly in this section.
Each quark field g;,;, has an index, i, in the triplet representation (rep) of
the gauge group SU(3)¢. The index i is a label for the flavor of the quark.
Here and onward ”quark” (and ”flavor”) is taken to mean those quarks (and
flavors) which are light compared to the QCD scale so for the purposes of
this thesis (u,d). The three flavors (u,d,s) can also be taken to be light. The

10



Lagrangian of QCD is given by

Lacp =GP (610, +igGo (T&) 1) i
i j 1 a Qe LV
—q""(My)]r g — ZG,fVG o (3.1)

where g is the gauge coupling, M, is the (diagonal) quark mass matrix and
Gje are the gluon gauge fields and G, the corresponding field strength.

As can be seen from eq. (3.1) the QCD gauge interaction (and the kinetic
term) treats all flavors identically, which is something that is not true for the
mass term. If the light quarks were massless, M, = 0, one would have an
exact continuous symmetry between the flavors. For massless fermions the
two chiralites q;, = %(1 —~%)q and qp = %(1 +75)q become independent fields.
The matrix” ¢ is defined by ¢ = (g1, - - - qn, )" where N is the number of light
flavors. After defining the gauge covariant derivative, D, = 0, + igG T,
the Lagrangian for massless QCD is

, . 1 v
Lqocp = @iy Duqr + qrin'' Dyuqr — ZG“VGM : (3.2)

This equation defines QCD in the chiral limit and it has an invariance under
group transformations, in U(1), x SU(N ) x U(1)g x SU(N)g, of the flavors
into each other:

i03 Ta

q. —Upq, =efte qr

qr — Upqr = e"re i gy, (3.3)
where e2/% is the transformation under U(1) r/r and where T7,, are the
generators of SU(N)p/g. This invariance is called the chiral symmetry of
QCD. An important subgroup is the SU (N )y vector subgroup, that is defined
by 0% = 0%, which can be associated with the (approximate) symmetry of
the hadron spectrum. If SU(N), x SU(N)g would be a symmetry of the
spectrum one would see a parity doubling in the hadron mass states, and
such doublings are absent in nature. This vector subgroup is the (strong)
isospin group in our two flavor case and it will play an important role in this
thesis. U(1)r x U(1)g is a symmetry of the classical theory only since loop
effects break this in the so-called axial anomaly, leaving only U(1)y, where
0, = 0r = —0/3, a symmetry. The conserved charge associated with U(1)y
is the baryon number.

Since the mass spectrum only shows symmetry under the vector SU(N )y
subgroup, while the Lagrangian is invariant under SU(N), x SU(N)g this

"Indices in color space are left implicit from here on.

11



suggests that a spontaneous symmetry breaking has occurred. Calculations
using lattice QCD in the chiral limit support this notion [8]. The assumption
is that non-perturbative QCD dynamics generates a quark condensate, i.e. a
non-zero vacuum expectation value (VEV) for the field operator ¢ ¢;,.. This
VEV is invariant under SU(N)y but not under the full group and is thus
a sufficient (but not necessary [9]) condition for a spontaneous breaking of
SU(N) x SU(N)g — SU(N)y, which is discussed further on.

The presence of quark masses breaks chiral symmetry explicitly, but the
energy scale for spontaneous chiral symmetry breaking (which is an effect
of QCD dynamics) is large compared to the quark masses. This allows for
a perturbative expansion around exact chiral symmetry in the symmetry
breaking parameter, i.e. the quark masses, which is called chiral perturbation
theory.

3.2 Chiral Ward Identities and Spurions

For our purposes it will be convenient to study the Lagrangian of chiral QCD
in the presence of the external source fields v*, a*, s, p which are all Hermitian
matrices acting on flavor space, where v and a are, in addition, traceless.
These sources couple to quark currents and densities in the following way:

1
L= Giv"Dug— {GG"

+q7, (V" + a"y®)q + g(—s + ipy°)q (3.4)

which, with [ = v — a and » = v + a can be written

— . — - 1 a v
L= @y"Duqr + ariv" Dugr — 1 GG

+qrvul"qr + qryutqr — qr(s +ip)qr — qu(s —ip)gr.  (3.5)

Chiral symmetry implies the existence of so-called chiral Ward identities
analogous to how gauge invariance implies the Ward identity of quantum
electrodynamics (QED). The chiral Ward identities are relations between
different Green’s functions composed of chiral quark currents. It is shown
in ref. [10] that the collection of Ward identities is equivalent to imposing a
local symmetry in such a way that the external sources absorb the extra terms
arising from the gradients in the kinetic terms, i.e. under the transformation
(L,R) € SU(N)L, x SU(N)g the sources are changed by

r, — Rr,R' +iRO,R"; 1, — LI,L" +iLd,L;
s+ip — R(s+ip)L'; s —ip — L(s —ip)R'. (3.6)

12



External source fields obeying group transformations, like the ones above,
are called spurions.

Note that if s+ip is set equal to the quark mass matrix M, then QCD with
real, non-zero, quark masses is recovered. Furthermore, when the effective
field theory ChPT is constructed, if the same spurions are included in the
Lagrangian one can retain the chiral symmetries in the EFT (which means
that all Ward identities hold). Hence, when an invariant Lagrangian has been
constructed, all that has to be done to introduce the explicit chiral symmetry
breaking is setting s+ ip = M,, which means that the corresponding explicit
breaking for adding quark masses appear both at the quark and hadron levels
automatically. In a very similar way the knowledge of how gauge fields couple
to the quark currents will allow for a direct coupling at the level of hadrons
by setting suitable combinations of v and a equal to the gauge field. This
is important e.g. for pion decay through the charged current of the weak
interaction.

3.3 Lattice QCD, Artifacts and Motivation

An alternative to making an effective field theory of the strong interaction,
is to attempt to solve QCD non-perturbatively. This can done numerically
using a discretized version of the QCD action using the path integral for-
mulation of QFT (see chapter 9 in ref [11]). For an introduction to lattice
QCD see e.g. chapter 13 of ref. [12]. The simulations are often performed
with unphysical quark masses, which will lead to unphysical pion masses®.
The main aim of this thesis is to guide such simulations by studying the
dependence of the nn oscillation amplitude on the pion mass using ChPT.

Another artifact of lattice QCD is that the simulations by necessity take
place at finite volume. There is no practical way of knowing exactly what
effect this finite volume has, since increasing the volume is incredibly com-
putationally costly. What can be done, however, is to take ChPT at finite
volume (since its infinite volume limit is known) and estimate the effect of
finite volume.

The matrix elements for the nn transition have been calculated using
effective higher dimensional operators in ref. [13]. There the pion mass
was set to the value m,; = 390 MeV and the lattice spacing was given by
my,L = 7.8. The effect of the unphysical pion mass and the finite volume is
investigated in this thesis.

8The pion mass squared is proportional to the quark masses as will be discussed below.
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3.4 Charge Conjugation on Quarks and Nucleons

In order to make a Lorentz scalar six-quark operator inducing particle to an-
tiparticle transitions, charge conjugated spinors are needed. The convention
taken here is that for any spinor £ its charge conjugate is defined by &¢ =
—iry?€*. All spinors will have a flavor group index like e.g. (qz);,. Charge
conjugation on such a multiplet will be defined by (%)t = —iv?[(qr)i,]*
so that it has an upper index (i.e. like a left space row matrix) making
(¢%)i, = [(¢5)]™7° have a lower index due to an extra complex conjugation
(i.e. a column matrix). In matrix notation, for the nucleon doublet

this can be written

and

3.5 Six-Quark Operators

At the level of quarks the transition from n to n is given by a multi quark field
operator, O. The operator should have a nonzero matrix element between an
initial neutron state and a final antineutron state, (fi|O|n). It will therefore
consist of six-quark fields, O = ¢°¢°q°qqq with appropriate spinor, color and
flavor contractions, in order to annihilate the three valence quarks of n and
create the three valence antiquarks of .

These six-quark operators can be expressed as terms which are all irre-
ducible representations (irreps) of the chiral group SU(2), x SU(2)g. The
gauge group properties of the operators are chosen in such a way that they
transform as singlets under SU(3)¢ X U(1)em. The full vertices, on the other
hand, will have to be singlets under the entire SU(3)c x SU(2)w x U(1)y
group of the SM but nothing prevents the effective couplings to encode
for high scale fields (which are integrated out) that are not singlets under
SU(2)w x U(1)y. However, since nii oscillations takes place below the elec-
troweak breaking scale, an EFT is created with six-quark operators that
are invariant under only SU(3)c X U(1)em. This EFT is matched to the
SU(3)c x SU(2)w x U(1)y invariant operators at the electroweak scale and
then run down to the neutron mass using the renormalization group [14].

14



The properties of these operators are taken from ref. [14]. The full set of
six-quark operators was first written down in ref. [15] and they are

Q1 = (¢hithar) (d5iThar) (dGiThm qr) T4
Q= (q4iTiaL) (dhiThar) (dhithThar) T
Qs = (¢¢itiar)(dSithar) (qhitamiar) T
Qi = (¢qithithar) (¢ ithmiar) (aGithTi ar) T°%°
1 s . a 70 .
—z (¢5iThTrar) (q5iThThar) (qRiThTh ar) T
Qs = (¢qiThTRar) (it ar) (LyitiTiqr) T
Qs = (q5ithmpar) (¢S itimiqL) (¢S it qr) T
Qr = (¢itimian)(dSitiTian) (qsitamiiar) T
1 - . a < a < -
—(giriiqr)(qsitiTian) (qhithiqr) T (3.10)

3
where 7% = (7! 4 72)/v/2, and T%% and T445 are color SU(3) tensor that
symmetrize (and/or antisymmetrize) the quark color indices so that the op-
erator is a color singlet. In the above expression (chXiTiqx) is shorthand for
(6 )i (i72)%(qy) ;.- The full model for neutron oscillations treated here is
given by the Lagrangian

Lefran = Locp + Y sm@mthec. (3.11)

It is of this model that an EFT limit will be constructed, using ChPT as
a basis. Note that these operators manifestly break chiral (and isospin)
symmetry by picking out special directions, like 7. This is analogous to
the quark masses and will be treated the same way: spurion fields will be
coupled to the six-quark operators, which is discussed in detail below.

3.6 Isospin of States, Operators and Spurions

The transformation properties of quantum states and field operators are im-
portant to the logic of this thesis, so here a quick review, focused on the
isospin of nucleon states and field operators, is given. Let t* be the gen-
erators of some symmetry group on the Hilbert space of states. Under a
transformation, |W) — |U') = ¢®**"| W) the operator matrix elements trans-
form as (®|O|¥) = (@[ Qe """ | W) = (¥'|O'|¥'). With infinitesimal
0° the operator transformation properties are O = O + i0*[t*, O]. If the
operator O is in a representation (with generators X and generic indices [
and J) of the symmetry group then

O) = O +i0°[t*, Of) = O; +i0*(X*)]1O,. (3.12)
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Here the t* are taken to be the isospin group generators resulting in the
following transformation properties for the nucleon field operators, ¢; and
(o A

[t 9] = (T%)j; and  [t%, '] = —(T)%7. (3.13)
A slightly subtle fact is that the nucleon states transform in a conjugate way
to the operators since a nucleon state can be written [N*) = ¢|0) and an
antinucleon |N;) = v;]0) which gives the following relation®

tN") = %'10) = [t*, ¥"]]0) = —(T");7|0) = —(T");|N7) (3.14)

and (analogously) .
N = (T*VIN). (3.15)

The isospin properties of the six-quark transition were an important con-
sideration when the operators were constructed [4, 15, 16]. The isospin 3-
component, I3, is the eigenvalue of the t* generator which makes the neutron
field operator, n = t¢_1s5, an I* = —1/2 object and its Dirac conjugate
n = ~Y2 a +1/2. Thus, a neutron state [n) = |[N~'/2) has isospin +1/2
while |n) has isospin —1/2. If there exists an operator, Q, such that (n|Q|n)
is non-zero then Q has to be an isospin > = —1 operator (so that the ten-
sor operator Q decreases the isospin and thus it can have overlap with the
isospin —1/2 state |n)).

An important case, for the six-quark operators and their spurions, will
be operators of the form ©% = (bZ(Ta)fz/)J Acting with t* yields

[t 6" (T ) = [t ' (T7) ]y + &' (TV)][t*, 5]
= — " (TRT)V by + & (TN (T (3.16)

which is exactly the transformation law of the adjoint rep since
(1, (T = —'[T°, Ty = —if™¢" (T} (3.17)

In the SU(2) case f®¢ = ¢ and in this representation the isospin +1, 0
and —1 states are ©~, ©3 and ©7 respectively, where OF = \%(@1 +i02).
(The deduction of the spin states for the adjoint is performed in app. B.1.)

The tensor contraction of two adjoint reps, ©Q°, is
(@++@_)Ql+\_/—;(@+—@_)Q2+@3Q3 =0T +0 O +0%0°.
(3.18)

1

@(IQ(I —
V2

9 Assuming the vacuum is a singlet i.e. t¢|0) = 0 (no spontaneous symmetry breaking).
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This will be used in the construction of the spurions that will be coupled to
the six-quark operators in the following. If one defines the index A running
over +, —, 3 and defines the lower version of these indices by ©. = ©T then
the contraction can be written

00" = 0,04 =0_0" +0,0" +0;0° (3.19)

This type of contractions will be useful when determining which components
of spurions to set to non-zero value.

3.7 Spurion Construction and Six-Quark Operators

In order to extract the spurions needed for the construction of the effective
vertices, some further study of the chiral transformation properties of the six-
quark operators is needed. Those properties are extracted below and chiral
group spurions are introduced.

The building blocks when constructing the six-quark operators are the
SU(2), spin zero and spin one quark bilinears

Dy = (@ )i (), and Df = (¢°)i, (T (), (3:20)

Dy transforms in the adjoint 3, but the states a = 1,2, 3 are not the SU(2),
3-component spin states. Those are given by D, Di, D;g . Higher isospin
operators are formed by Clebsch-Gordan decomposition!® of the product op-
erators, which was deduced in ref [14]:

XX’

1
DY = DYDY - S0"DD; (3.21)

1
abc ayb e abmy{cd d acy{byd d bey{ayd yd
Dy = DEDYDY = S[0DEDIDY + 6" DEDIDY + 3D DYDY,
which form the 5 and 7 reps of SU(2),, respectively. In this language the
six-quark operators can be written

Q1 =DgDrDy, Q2 =DiD.Dy, Qs =DrDgDy,

Qs = D?%H, Qs =DpDf", Qs = D%D%Jr,
Q: =D}DP and (L <+ R).

Using this, nn transition sector of the Lagrangian is

Lin = wrQ1+0rQ2 + rQ3 + QQ4 + (r1)@s + Cr2)Q6 + Cr(3 @7 + (R <+ L),
(3.22)

10Here braces around indices denoted total symmetrization of those indices e.g. ¢lip} =

a1 (697 +¢7Y") and GUPTEM = 5 (*YIEF + PFYIET + FTPRE + GIYIER PR PIE 1 PR,
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where the coefficients are effective interactions strengths.

As can be seen from this representation the six-quark operators are not
singlets under chiral transformations. In order to treat these operators with
the techniques of ChPT, which relies heavily on chiral symmetry, one will
need chirally symmetric interaction operators. The solution is analogous to
the introduction of the spurion s + ip in order to get the quark masses -
one introduces new spurions transforming under the chiral group in order to
form chiral singlet six-quark operators. That procedure allows us to add the
invariant operators to the Lagrangian of chiral QCD without removing any
chiral symmetries. This, in turn, allows for the use of ChPT at low energies
if one extends the existing ChPT Lagrangian to also include the most general
terms involving the same spurions.

Introduce five spurions w%, 0%, ¢%, Q%¢ and (%° and their parity con-
jugates (L <+ R), transforming under the chiral group. With those it is
possible to write down a set of chiral singlet six-quark operators with spuri-
ons:

Q1 =w'DRDrD%, Qs = 0D DDy, Qs = ¢"Dr DDy
Q, = QDb Qs = (¢*D4LDY  and (L < R). (3.23)
Here the important point is that if the spurions are set to suitable non-

transforming values then the Q operators reduce to the () operators. If one
starts with the chirally invariant Lagrangian with spurions,

LEPO™) — Q) Qy + Q5+ Qu + Qs + (L <+ R), (3.24)
and set the (only non-zero) spurion components to wp, = wg, 0, = 0Og,
or = vr Q5" = Qr, (7 = Crays - = Cre), and (3> = (res) then

the desired Lagrangian, eq. (3.22), is recovered. As an example consider the
operator Q; and write it in the form of eq (3.19): Q) = waDrDrDa. If w?
is set to w for A = —, and 0 otherwise, then Q; is identical to term w@;
term in eq. (3.22).

The fundamental building blocks at the hadron level will all be objects
with upper or lower 2, indices. This makes it desirable to express the higher
spin spurions as (properly symmetrized) multi-2, index objects e.g. #'ZIr
instead of 9, and (*rIrFRIRFLIL instead of (?*¢, which is done by a Clebsch-
Gordan expansion of a direct product of 2, reps (see app. B.2).

Hwa 0%, ¢% all transform as (1z,3g), Q% as (11, 7r), and (&¢ as (51,3r)-
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4 A Short Introduction to ChPT

A brief introduction to the field of ChPT is given since this thesis relies on
it as a foundation for the model of neutron-antineutron oscillations. Good
and more complete introductions are found in refs. [9, 17] (approximately
equivalent content) and ref. [18].

4.1 Light Mesons as Pseudo-Goldstone Bosons

This section introduces the notion of mesons being the pseudo-Goldstone
bosons from a spontaneous chiral symmetry breaking. Since the axial gener-
ators are broken, one expects a Goldstone boson for each of them living in
the adjoint representation of SU(N)y (see app. A.1). In the isospin case,
N = 2, these are the pion triplet (7%, 7°) and in the N = 3 case the meson
octet (7%, 7%, K*KYKO 7). This thesis works with N = 2.

The spontaneous chiral symmetry breaking should leave the SU(N)y
group as a symmetry of the vacuum. The breaking is through a quark con-
densate, (§'F ¢, ), which transforms under the vector subgroup, V- € SU(N)y,

into (V)" Vj}f(qkf“ ¢1)- There is only one rank two, SU(N) invariant tensor
(up to normalization), the Kronecker delta'?, which means that (77 ¢;,) =
<(jq>6;~£ where (qq) is the VEV for any specific flavor. Expanding the vacuum
in terms of chiral quarks yield (7'7q;,.) = (7" qrj.) + (7% qr;) and (non-
breaking of) parity symmetry implies that both terms give the contribution

L(Gq)o'r
2004) 055
The spontaneous breaking of chiral symmetry is now manifest since
(@ qrjr) = (LY)E RE (G qruye) (4.1)
which implies
i i L i L~ ird
(@i anse) = (L R0, 5 (Ga) = (LY R3E S {ga) = (RLD)E S (a) (4.2)

and RL' is not 1 unless R = L which is an SU(N)y transformation. As
the discussion in app. (A.1) suggests, doing a transformation in the broken
group on the vacuum will yield a configuration of Goldstone boson fields.
This means that the Goldstone fields can be characterized by the SU(N)
matrix field'® U(z) = R(z)Lf(z) for some (L, R) € SU(N)g x SU(N)g. The

12In SU(2) there is €7 and €;; as well but the index placements (and thus transformation
laws) do not fit our condensate.

13 A more rigorous argument for the parametrization and transformation properties of
the Goldstone configurations can be found in [9, 17]. In those, a one-to-one correspondence
between cosets of the unbroken subgroup with respect to the broken group elements is
established, resulting in the same conclusion as here.
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transformation properties for U should be the same as <(leF qrjp) 1€
U(x) — RU(z)L'. (4.3)

Like any special unitary matrix, U can be put in exponential parametriza-

tion
i 2
U(z) = exp (Fqﬁ(x)) = exp <F¢ (x)T ) (4.4)

where ¢%(z) are the Goldstone fields and the mass dimension one constant
F'is called the pion decay constant since it is the parameter determining the
pion decay rate to leading order'?. Under the vector subgroup the fields ¢
transform as ¢ — V¢V which is the (anticipated) adjoint representation.

For the effective Goldstone Lagrangian chiral invariant terms are needed.
Such terms can be constructed from U, U' and their derivatives. The in-
variants have all indices contracted: ()ZL% (*)ZLR = Tr[(-)(*)] which gives the
building blocks Tr(UTU), Tr(U19,U) and Tr(9,U'0,U) if derivatives higher
than two are ignored. Only Tr(9,U19,U) is non-trivial since UTU = 1 has
a constant trace, and since Tr(U'9,U) = [0, det(U)]/det(U) = 0, because
det(U) = 1 for SU(N). The Lagrangian with the lowest number of deriva-
tives is thus

F2 F2 4 ara brb
L = ITr[ﬁuUW”U] = 7T | 5 0ud T 0T + ...

= 0,¢" 0" " Tx[TT" + .. .] :% QPO+ (4.5)

In order to keep the chiral Ward identities (through the local invariance) 9,
should be replaced by D, in eq. (4.5) where D,U = 0,U —ir, U +iUl, is
the chirally covariant derivative.

Using the spurions s and p there are two further invariants namely Tr[(s+
ip)TU] and Tr[U'(s + ip)]. Adding terms proportional to these to eq. (4.5)
will allow the study of what happens to the Goldstone bosons in the presence
of explicit symmetry breaking when s+ p is set to M,. The new terms come
with a new coupling, B, which becomes a parameter in the Lagrangian and
it is convenient to define the combination y = 2B(s + ip). With said defini-
tions the Lagrangian for the Goldstone bosons in the presence of symmetry
breaking is

F2
Lo =T [DUTDU + xUT +XU]. (4.6)

Expanding out the exponential U and inserting into the yUT + Ux' trace,
one finds quadratic terms of the form %(b“(mQ)ab(bb, i.e. a mass term, in the

14The charged current that couples to the W boson is 2%/58“(& +i¢?) to lowest order.
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presence of quark masses, which makes the mesons into pseudo-Goldstone
bosons. The easiest case to show how this comes about is in the isospin limit,
where all quarks have identical mass: M, = m,1. The non-transforming
value of x is then 2Bm,1 and, using Tr(7%) = 0 and Tr(T*T") = 6°/2 , one
obtains

) 1
Tr[xU' + x'U] = 2Bm,Tr[U] + c.c. = 2Bm,Tr |1 + %(b — ﬁ¢2 + -
2Bm 4Bm
+c.c. = —T‘]Tr [?+--] = —chba(ba 4o o(47)

and thus one can identify the lowest order meson mass as m2 = 2Bm,,. This
thesis deals exclusively with the isospin limit, and hence the non-transforming
value is Y = m21.

4.2 Perturbative Expansion and Power Counting

Weinberg’s "folk theorem” states that if one writes down the most general
Lorentz invariant, local Lagrangian that respects assumed symmetry princi-
ples and computes diagrams from it then one gets the most general S matrix
obeying unitarity, Lorentz invariance, cluster decomposition and assumed
symmetries [19]. This is a cornerstone of EFT. The most general Lagrangian
in meson ChPT has the form £ = £y + L4+ L + ... where the subscript
either denotes the number of derivatives or half the powers of x occurring in
the term. With exact chiral symmetry all interactions are momentum depen-
dent (since eq. (4.5) only has gradients of U) which means that the effective
coupling vanish, for sufficiently small momenta!®. So, to what extent does
this hold true in the presence of small explicit breaking?

In order to have a predictive model in an EFT that includes all vertices
compatible with symmetry principles, there must be some way of picking
out the most important ones. This selection is performed by the use of
Weinberg’s Power Counting Scheme [19] in which a perturbative expansion
in meson masses and momenta is established.

ChPT is valid in the limits of small momentum scale and small explicit
chiral breaking. Thus the most important processes are those that go to zero
the slowest as the meson masses and momenta approach zero. To study this
consider the matrix element, M (p;, M?), for some process (e.g. meson-meson
scattering) with p; being the external momenta and M the meson mass. If
a rescaling, p; — tp; and M? +— t2M?, of the parameters is performed then

5Tn the chiral limit the pions are massless which means that p# — 0 as p — 0.
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the matrix element is rescaled by
M(tp27t2M2) = tDM(p’i7M2)J (48)

where D is called the chiral dimension of the diagram. Diagrams of dimension
D scale down more significantly (for small t) as D becomes larger which
means that the most significant processes are those of lowest D, assuming
sufficiently low energies and small explicit breaking. An equation for the
chiral dimension is [9]

D=2+ (d—2)N, + i 2(k — 1) Nay, (4.9)

k=1

where d is the number of spacetime dimensions, /Ny, is the number of loops
(independent undetermined momenta) and Ny, is the number of vertices from
£2k~

Each derivative of a meson field in a vertex counts as meson momentum
and is said to be at order p, O(p). Since p* = M? ~ m, each quark mass
counts at O(p?). The philosophy of ChPT is that if one wishes to know a
process at O(p™) one constructs the most general Lagrangian with terms of
O(p*), where k < n, and compute all diagrams with D < n from it.

4.3 Baryonic ChPT and Heavy Baryon ChPT

As is stated in ref. [20] the baryon fields can be chosen to have any trans-
formation properties under the chiral group as long as they have the correct
transformation properties under the vector subgroup, i.e. being an isospin
doublet for the SU(2). A further complication with baryons compared to
the pseudoscalar mesons is that baryons are not massless in the chiral limit
of QCD. But since ChPT is an expansion in meson momenta and masses
divided by the chiral symmetry breaking scale (~ 1 GeV) and the nucleon
momentum contains a mass (~ 1 GeV) the nucleon momenta do not behave
as meson momenta in power counting. This means that the mass has to be
extracted somehow from the momentum in order to establish a perturbative
expansion. This is done here by the application of Heavy Baryon ChPT
(HBChPT) [21, 22].

Now the nucleon transformation properties and their Lagrangian will be
treated briefly. It is here convenient to introduce the unitary matrix!® u =
VU. Since u*> — Ru’L' = Ruh~'huL' we have that u transforms either

16Using the exponential parametrization u = exp(i¢/2F) it becomes apparent that the
square root of a unitary matrix exists and is unitary.
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as u — Ruh™' or u — huL' where h is some nonlinerar matrix function
of L, R and wu such that the two transformations yield equal results. That
such a matrix is unique and existing is non-trivial, but it is deduced in the
general theory of non-linear realizations in ref. [23]. Since 1 = wu' and
wu! — huL'Lu'h! = hh' = 1 the matrix h is unitary. Note that under
an isospin transformation L = R = V we have h = V. The nucleons are
described by a spinor doublet ¢ which means that it is possible to pick the
nucleon transformation law

Y — e Ph(L, R, u)v, (4.10)

where 6 is the parameter of U(1)y. The transformation properties lead to
a covariant derivative of the form D, = (9, 4+ T,)1 where I’y = L[uf(9, —
ir,)u + u(9, —il,)u']. The lowest order Lagrangian is [9]

ES}, = (le —m+ %gv”v‘r’uu) Y, (4.11)
where u,, = i[u' (9, —ir,)u —u(d, —il,)ul] and g is the axial-vector coupling.
The field u, transforms under the chiral groups as u, — hu,hf. The matrix
u will also be useful in constructing vertices that transform as irreducible
representations of the chiral group since uy) — Ruh'hi) = Ruy and ufy) —
Luththap = Luf.

In Heavy Baryon Chiral Perturbation Theory (HBChPT) the large baryon
mass is extracted from the four momentum of the nucleon. In this limit a
forward, timelike vector v* is chosen (in practice this is the four-velocity of
the frame in which the baryon is slow) and a small momentum £ is introduced,
defined by p* = mov* 4 k*. This k behaves as a meson momentum in power
counting. When taking the nonrelativistic limit the spinors for the particle
and antiparticles should be separated and therefore the orthogonal projectors
Py = %(1 + ¢) are constructed as to separate the four degrees of freedom in
1 into two pairs. The light and heavy field respectively are defined by

N(x) =™ P, op(x) and H(x) = ™" P, _1)(z). (4.12)

Because of the derivative term in eq. (4.11) the mass dependence will vanish
from the equations of motion for N while the solution of H is suppressed by
a factor 1/m compared to N (see app. A.2). This allows us to recast eq.
(4.11) to its HBChPT analogue

LYY =N(iv-D+gS-u)N +0 (m™1) (4.13)

where SH = %750””211, is the spin four-vector, with o = %[’y“, 7]
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In this formalism the nucleon propagator becomes

iP,.
_— 4.14
v-k+ie ( )

which is most easily verified by expanding p = mwv + k in the Dirac propaga-
tor!”

p+m) ik +m+y)  ik/m+2Py) iPy
p2—m?+ie 2mu-k+k2+ie  2v-k+k2/m+ic  v-k+ie

(4.15)

assuming that k£ is a small deviation and dropping all terms suppressed by
powers of m.

In this thesis two separate heavy baryon expansions are needed since the
initial state is a non-relativistic neutron and the final state a non-relativistic
antineutron. This can be seen as an expansion for small & for both p* =
mo* 4+ k* and p* = —mot — k* of the Dirac field'®. The double expansions
are, however, not a double counting since both modes are present in the
Dirac field. The low energy limit will have two sectors: a neutron sector
for p* = mu* + k*, and an antineutron sector for p* = —muv* — k* where
both k£ are small. Those regions are well separated in momentum space.
The neutron sector is expanded in a heavy baryon limit around p#* = mu*
of 9 yielding the terms in eq. (4.13). The antineutron sector is created
with p* = —mo* — k* for v, or equivalently p* = muov* + k* for ¢¢ which
enables a HBChPT expansion for ¢¢. This is easiest to do by rewriting
VYilpy = 9% P1¢ and this yields terms identical to eq. (4.13) but with N
replaced by N¢. The Lagrangian for this double HBChPT expansion is thus

LY =N (w-D+gS-u)N +N¢(v-D+ gS-uy N+ 0 (m™') . (4.16)
Note that even though the two kinetic terms originate from the same term
in the relativistic Lagrangian there is no double counting having both terms
normalized to have a coefficient of 1. This is because the expansion is per-
formed, of the same Dirac kinetic term, around points in two disjoint regions
in p* space. Saying the same thing another way, when integrating over all
on-shell momenta in the Dirac kinetic term there exists two spots in momen-
tum space, around +m, where the kinetic term simplifies to a non-relativistic
fermion kinetic term, see fig. 1.

"There are more rigorous ways to derive this but they have the same conclusion.
18The sign convention for the negative mode, p* = —muv* — kH, is so that k (rather than
—k) comes out as the residual momentum of the antineutron.
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pt = mot + kH

<.> pM = —muvH — kH

Figure 1: The momentum space plane of the heavy baryon expansions. All
on-shell momenta are integrated over in the Dirac kinetic term. Each of the
gray circles corresponds to a HBChPT expansion.

4.4 Renormalization in ChPT

This thesis will treat loop diagram contributions to the neutron-antineutron
transition due to the exchange of virtual pions. These diagrams are diver-
gent and thus require renormalization. The specific scheme chosen here is
dimensional reqularization. A short discussion treating renormalization and
dimensional regularization can be found in app. C.1. A more complete anal-
ysis can be found in e.g. chapters 6, 7 and 10 of ref. [11].

It is worth mentioning that the renormalization of ChPT differs from the
one used in e.g. QED. QED is a renormalizable theory which means that all
divergences can be renormalized to finite values by absorbing all the infinities
occurring in diagrams by suitable definitions of the (bare) charge and mass.
ChPT, on the other hand, is a non-renormalizable theory which means that
all infinities from diagrams cannot be absorbed into a finite number of pa-
rameters. This is no problem in the practical case since one may cancel all
infinities from loop diagrams at O(p™) by a redefinition of the (finite number
of) coupling constants of the vertices at O(p™).

4.5 Loop Integrals at Finite Volume

In order to estimate the effects arising from the finite volume of lattice QCD
simulations, one can perform ChPT at finite volume and determine the differ-
ences from the infinite volume calculation. Loop integrals at finite volume are
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treated in ref. [24] and the integrals used here are taken from this reference.

At finite volume, of side length L, with periodic boundary conditions
momentum is quantized, p, = %T” for integer n, and thus loop integrals are
replaced by Riemann sums according to'?

/(;ld) L Z/ /V%F(p)- (4.17)

This section is using the Euclidean metric (i.e. after Wick rotation, see e.g.
app. C.1), where the metric g"” = 0" rather than g"” = n*. With t* = o}
we can define t"* = §* — t#t¥ the space part of the metric.

In app. D.2 and in ref. [24] it is shown that

ddpE ddpE inm-l
/(QW)dF(pE) = Z 271' dF(pE>€pE F

/< + T [

ElE

)eipE'lE’

where [g, is a four-vector of only spatial entries, each being an integer times
L. The first term, the [z = 0 mode, can be recognized as the infinite volume
version of the loop integral and thus the second term is the finite volume
correction. The Euclidean integrals at finite volume are denoted

n 2\ ddpE ddpE ipe-lg
X0 = | G Z/ e @)

where X is either 1, p* or p#p”. The [ = 0 term corresponds to the infinite
volume version, [X|" (M?). The full integral in finite volume can be written
[X]"(M?) = [X]™ (M?) + [X](M?) where the sum excluding [ = 0, denoted
by primed summation, is the finite volume correction

d pE .
2 ipElE
M E / M2) e . (419)

The integrals in eq. (4.19) can be expressed as integrals over special
functions, which was done in ref. [24] with the (for this thesis relevant)

Note that the volume of space is finite but time is kept infinite. That the time
dimension is larger is done in the lattice simulations as well. For the lattice used in ref.
[13] the dimensions are 323 x 256.
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results: the tadpole integral [1]7(M?) and the tensor integral [pp”](M?).
The result is that the tadpole integral is [24]

(L2/4)" "

n A2y _ = n—1—d/2 —AM2L2/4 —1/x)3
[I]V(M)_F(n)(47r)d/2/o AN / [930 (=) _1},
(4.20)
and the tensor integral is
L2/4)n7d/2 [e'e) -
L 1m (N2 _ ( / d)\/\n—2—d/2 —AM?2L?/4 491
[p p ]V( ) F(?’L)(47T)d/2 0 e ( )

o o

1 R B YN )

where 63, and 03y are Jacobi theta related functions, and are given in app.
D.4. For a vector, S,, with zero time component the contraction can be
written S,S, [p"p"]E (M?) = S?[p*]% (M?) where

(L2/4)"""
T(n)(4m)4/2

{% 030 (7)1 - % (030 (€77)" 0z () | }

[pQ]?,(M2) _ /0 d)\)\nf2fd/2ef)\M2L2/4 (4_22)

In order to translate from this section to Minkowski signature one can use
the substitutions

dlq =id%p, and q-k=—qg- ks (4.23)

5 Neutron-Antineutron Transition Terms

Below the construction of the Lagrangian of the ni oscillation sector in ChPT
is discussed. The degrees of freedom used are the nucleons, ¢, the antinu-
cleons ¢, the mesons, u, all spurions of chiral QCD, and the spurions of the
six-quark operator sector, and using those the most general Lagrangian is
constructed. This EFT, extending ChPT, should reproduce the same physics
at low energies as the theory of QCD with six-quark operators added. Fur-
thermore, the interactions that give relevant contributions to the oscillation
processes are listed and a power counting of the transition is performed.
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5.1 The Oscillation Lagrangian at O(p?)

The general Lagrangian allowing for neutron-antineutron oscillations at O(p?)
is of the form

2
2 1 k
O =L+ L0 5+ L) (5.1)
k=0

where Egc—n), the oscillation sector of O(p*), is the sum of all two unit-baryon
violating, Dirac bilinear vertices that can be coupled to the spurions, that
were introduced at the quark level, to form chiral singlets. In the following
the vertices that can enter will be discussed.

5.2 Transition Vertex Structure

When working on the level of nucleons, the operator that turns a neutron into
an antineutron is a bilinear of the form (1), (v);,. Since we wish to couple
chiral irrep spurions to these terms, the operators (u)i, = u;’ﬁ@/)ZB and
analogously (u');,, (uy®);, and (u'1));, are more useful building blocks.
Further building blocks are U and wu, and all possible derivatives D,. In
order to have a power counting scheme even when D,, acts on the nucleon
field, we write down the vertices using HBChPT. In the HBChPT formulation
the vertex (¢0°);,(1);, is replaced by (N©);,(N);,. Finally, any vertex can
include the quark mass spurion x or the field strength spurions [, = 9,1, —
Ol — il L], 7 = Oury — 01y — ilrp, )] and f1Y = ulul £ ulr,u.

In the construction of the terms, the lowest order equation of motion
can be substituted into the Lagrangian to eliminate some terms. This is
essentially done by non-linear field redefinition, as is done in ref. [25], in the
functional formulation of QFT, ¢ — ¢ + d¢. This redefinition induces the

0S
addition of a new term, / d‘%égb(x)%, to the action. The equations of
x
motion are 0 = #a) and thus terms proportional to e.g. %, the lowest

order equations of motion, can be removed by a redefinition of the fields and
a change of the higher order Lagrangian. For details see ref. [26] and app.
A of ref. [27]. The types of terms that are eliminated this way are those
proportional to v - DN, v - DN and D, u".

5.3 Mesons and Spurions: Independent Tensors

In order to form the higher isospin vertices, e.g. the (31,5r) or (71, 1g), more
open indices than the ones of (uf1°);, (u'¢));, will be needed. Those must be
supplied by either a U, a y or their hermitian conjugates. To simplify the
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procedure, all SU(2) indicies are lowered, so that the U is implemented as
(UiT%)igi, = Uj¥€j i, One might be tempted to think that (Uir?);,,, and
(U%i72);,:, are independent, but they are, in fact, linked by the identity
7972 = —7%(7%)*. This is easiest shown by iteratively using said identity in
the exponential parametrization:

[e.e]

1 <1
Uir? = g —!(i¢a7'a/F)Ni7'2 = ir? E m(_iﬁbaTG*/F)N’ (5.2)
N=0

N=0

and since (—i¢?7¥ /F)N = [(i¢*7%/F)N]* this can be written as
Uir? = ir? i i[(z’¢“7’a/}*—’)]\7]* = ir?U* = ir?[UT)" = —[UYir?]". (5.3)
- oV - - - ' '

Hence, (Uit?);,i, = —(UTit?);,:, and only one of them is needed.

In the discussion above the unitarity of U played an important role. This
suggests that (xiT2);,;, and (x'i7?);,;, might be independent objects and in
fact they are. To show this note that y is a general 2 x 2 complex matrix
and can thus be written as x = (a” 4 i°)1 + (a* + ib*)7* which leads to
' = (a® —ib%)1 + (a® — ib*) 7. But

ir?]" = [iT*(a® + ib")1 —ir?(a® + ib") T ]" (5.4)
= —(a” +ib")1iT* + (a* + ib*) 77, (5.5)

which is completely independent of x'i72. Therefore the new spurion ()Z)Zf =
(7’2XT7'2)Z§ = €i,iL X;LR €'®IE and its hermitian conjugate, are introduced. The
chiral transformation properties of y is as the index structure suggests, i.e.
like UT. Thus, when constructing the vertices x, x', ¥, and ¥ must be
treated as independent spurions?’. Note that the ¥ and Y do not give new

independent traces with U and U since e.g.

Tr[yU] = Tr[r2x"72U] = Te[x\' 72U 7% = —~Te[x*U*] = —Te[UTy].  (5.6)

5.4 The Vertices of the Oscillation Sector

A list of compatible vertices, constructed using the arguments above, can
be found in app. E. The list contains some 130 terms (depending on the
counting procedure since all terms in the (31, 1g) sector are coupled to all of
the three spurions wy, 0, and o). Furthermore the list given is only half of

20When Y is set to 2BM,;, which is real and symmetric, then all spurions acquire the
same value so the independence is only during the construction of the Lagrangian.
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the occurring vertices since there is an identical list that can be obtained by
the exchange L <+ R. However, as will be seen below, when power counting
and calculations are performed only a few of those vertices contribute to the
oscillation at O(p?) and the contributing ones often turn out to yield identical
results. All terms are not completely independent from each other because
of the fact that the model should be the limit of a relativistically covariant
theory, implying some relations between the couplings. This can be dealt
with by either writing down all vertices in the relativistic formalism (which
does not have a power counting) before taking the HBChPT limit, or by
reparametrization invariance [28].

5.5 Contributing Transition Vertices

As mentioned previously, not all the interaction terms, in the Lagrangian
for neutron oscillations up to O(p?), contribute to the oscillation, when it is
calculated at O(p?). Almost all vertices give vanishing contributions because
they either have the derivative of a meson field or a nucleon field. A derivative
of a meson field will cause a momentum dependent emission of a pion (which
is at least O(p)) and since the pion cannot be in the out state, it must be
part of a loop which will add an extra two powers of p. The nucleon field
derivative, on the other hand, brings down a residual nucleon momentum,
k* = p* —mu*, which is zero in the nucleon rest frame (where the amplitude
is evaluated).

Therefore the only contributing interaction terms to the O(p?) oscillation
will be the vertices of O(p°) (with O(p?) loops and field renormalization) and
the x type terms.

In the (3, 1g) spurion sector one has the following O(p°) terms

Aw i (N, (uf V),
A0 (WIN©),, (WIN);,
A @ (WN©);, (W), (5.7)
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and at O(p?) the following terms contribute:

(P + om0 + 7)) (WN)i, (XN,
(P + v " + Ta)p ”L)( Ny, (RuN)
(pyWit™ + v dEt + T(3)90 ) (N )i, (W) 5,

(prayw ]L—i—v 9L]L+T(4 L)(XUNC)ZL(U N)ju
(P + v 0" + 7o ) W N ), (UXu N,
(P ”L+U6)9 2+ 16 @) (WIN), (UT TN
( (
( (
( (

ni

N
N
powi o + e UTXUTN Vi, (WN);,,
p(s ”L+Us>9” + 7)) (U W), (u TN)]'La

P+ U + TG A, (i), S TEXU),
<p<w>w%“ D T ) N, (A, SO, (5.9
In the (31, 5g) sector the O(p®) term is given by
RGN (UN) s (N (U] gy, (U7 )i (5.9)

and at O(p?) the following terms contribute:
V)G RIRELE (N (TN ) (U] ey, (U771,
V(Q)CZR]RkRZRkLlL (XUTN‘C)zR (UN)JR<UZTL)kRkL (UZTL)lRlL7
V(G (W) (U (U] ke, (U7 )1
Al 0 TUT/\/C)ZR(U/\/) (U] ke, U7 i1,
V(o) G RFRIELL (W) (UXTUN) (U2 ) ity (U2 ) 1,

Ve G (U TN, (WN ) i (U7 kg, (U771

Yy G RREL I (UN®) (USUN ) (U7 ) ks, (U7 151,

V)G R (U UN )i (N 1 (U7 iy, (U i

Yoy G R (W), (N i OGTE Dk, (U g

V(a0) G (UN) s (N i (YT by, (U g

(N )i () (U7 i, (U7, 5 T U,

irJRKRIRKLIL

vanlr
iRj —rc . i 1
V(12)CLRJRleRkLlL (UN )iR (UN)jR (U”—g)kRkL (UZTL)lRlL §T1"[UTX] (510)

Note that at this stage, the parameters p, v, 7 and v all contain both finite
pieces (i.e. new low energy constants) and infinite pieces to cancel the one-
loop infinities of the O(p°) sector.
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In the isospin symmetry limit (m,, = m,) the isospin 3 operator Q4 does
not contribute. )4 transforms as a 7 and thus Q4n) transforms as a 7®2 =
8@6. Since this Clebsch-Gordan decomposition does not contain a 2 there can
be no overlap between Q4|n) and |n). This is a special case of the Wigner-
Eckart theorem, see chapter 4 of ref. [3]. Considering isospin symmetry
breaking this argument no longer holds and the operator can contribute. The
contribution is, however, still suppressed since the isospin breaking parameter
is the deviation of y from its isospin limit. This part transforms under isospin
as a 3 (since it has a 2;, and 2y index, so under isospin it isa 2® 2 =3 ® 1,
where 1 is the isospin limit version of x) and thus two powers of x, i.e.
O(p"), is required for a contribution of Q4. Therefore no terms from the
(71, 1g) sector can contribute since this thesis uses the isospin symmetry
approximation.

5.6 Power Counting for the nin Transition

Here a power counting for the nn transition process is performed using the
vertices from sec. 5.5. With an O(p?) calculation it is possible to have
tree order transition using O(p”) vertices, a transition using an O(p®) ver-
tex together with a p? meson loop, and finally the vertices at O(p?). One
further modification comes in when computing the O(p") tree level transi-
tion namely the field renormalization of the external legs in the Lehmann-
Symanzik-Zimmermann (LSZ) reduction formula as can be seen through eq.
(C.10). Field renormalization and the LSZ formula are briefly introduced in
apps. C.2 and C.3. The nucleon self-energy is an O(p?®) process but it adds
a nucleon propagator, eq. (4.14), at O(p™!), making field renormalization,
Zy, appear at O(p?). The contributing processes are best summarized by
the following diagrams (where each graph is a class of diagrams rather than
a process):

o) O(p’)
ow’ —»’—»*(—.—(— E/ ‘E
7 ®") + : ! + I
\\_:q K:‘ _/
q
V(2 O(l’”) O(P“)
L e e (B

The crossed vertices represent nii transition vertices and the non-crossed are
axial vector vertices from eq. (4.13). For future reference, the second term
in eq. (5.11) will be called a "loop across” diagram and the third term a
"vertex tadpole” diagram.
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6 Amplitude Calculations for ni Transitions

In this section the constructed Lagrangian is used to calculate the n — n
transition amplitude at O(p?). The loop integral calculations done in this
section rely on previously known one loop integrals in ChPT, and the source
used is appendix C of ref. [17]. The standard integrals used are listed in app.
D.1, for reference.

6.1 General Structure in Spinor and Isospin space

The Wick contraction of a field operator on the initial one neutron state is
Vi ()02 p, 5) = ' (p)e P76, %|0). (6.1)

The same equation holds for n with ¢ replaced by ¢

Y B ()] cp, s) = ut(p)e P70 ,[0), (6.2)
which turns into
(: p, s|0E, (x) = (0|a(p)e =, /2. (6.3)

In every transition amplitude the structure

(0 S5 i, (2)Oathy g (z) 02 p, ), (6.4)

will appear, where a and b are Dirac spinor indices and O is some operator
in spinor space (usually d,,). Using the fact that momentum and spin con-
serving deltas will always be multiplicative factors, the matrix element for
the transition can be written as?!

a

iM = —iAie g 251208 (0) O s (p), (6.5)

where A28 encapsulates the remaining dynamic of the amplitude. In the
frequently occurring special case Oy, = d,p this reduces to

iM = —iABiama; 2612, (6.6)

JB

In HBChPT the initial state contraction is

Nip(@)|n :p, s) = €™ Py by (1) |0 1 p, s) = Pyt (p)e ™6, 172(0). (6.7)
el I —

21No summation on s is intended here.
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By the choice v* = 4}, i.e choosing the rest frame of the initial n, and the
Dirac representation of the gamma matrices, the projected basis spinor can
be written as

P (p) = 1<1+v°>¢E+m( 5 ) (6.9

2 E+4+m
which, in the explicit Dirac basis becomes
s 10 £° £
P u’(p) =vVE+m 00 op o5 | = V2m K (6.9)
E+m

leading to the intuitive conclusion that the external on-shell spinor in the
non-relativistic limit is the two-component Pauli spinor (the factor v/2m is
present only due to the relativistic normalization of momentum states).

6.2 Axial Vertex Factors for Various Fields

In order to compute the loop diagrams, one will need the axial vector coupling
expressed for both A/ and N¢. The axial interaction comes from the term

%giﬁiv“ﬂuu)? ;. (6.10)

Since (for I = r = 0) u, = i[u'd,u — ud,ul], and u can be expanded in its
exponential parametrization yielding d,u = 8, (14 35¢+ ) = 5=0,0 +
- which in turn gives

1 1
u, = —Fau(b 4= _F(«)qu%a I (6.11)

The vertex factor of this interaction can be figured out, e.g. by computing
a momentum space three point function, and it is

oK) J

N = a0 s, (6.12)

v
ot
where a and (3 are spinor indices. Using the charge conjugation identity
Yty = () ;47 (1°)" the "antinucleon” version of this vertex is

NS = 3w e (6.13)
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In HBChPT the corresponding vertex factors can be obtained from the
above factors by multiplying with the projection operator P, from the left
and right and using P, y*y°P,, = 2S* yielding

NN N = —%qu(f“)?(s“)aﬁ (6.14)

and

ANV = () s (6.15)
f

6.3 Tree Order Transitions with (3., 15)
The simplest vertex that can induce transitions is
Awp? " (W N), (uTN);, (6.16)

Using the general form of eq. (6.6), and that to lowest order (uT)ZB = 5;5,
yields a matrix element of the form

o@°)

_.+._

The two further 6, and ¢, vertices have identical structure and the sum of
them can immediately be written down as

= iAg2m(wr) 6, 20 = —idg2mwr. (6.17)

All that remains now is to multiply with the field renormalization for the
nucleons in HBChPT [17]:

dasm?  9g*m? m?2 2
In=1 T — R+ 1In|—= - 6.19
NEIE T T aere T e ) ) (6.19)

where ag is a low energy constant of the O(p?®) Lagrangian and

2
R = m —|—’7E — 111(471') —1. (620)
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The full result is

0()0 .
Iy, xl ) = 2mAqywr + A@)br + Ag)er)
4azm?  9g*m? m?2 2
.<1+ = —4(47TF>2[R+1n 5 +§] . (6.21)

For the x type vertices one proceeds analogously with the result that

o)

10
= ZQTTLTTL?r Z(P(A)WL + U(A)QL + T(A)QOL). (6.22)
A=1

Notice that in this case, the tree order transitions are not multiplied by a
field renormalization, since it comes from a sector where the vertices are at
O(p?), and thus field renormalization enters only at higher orders for those.

6.4 Momentum Independent Pion Emission in a nn
Vertex

Every vertex has a factor (ufy°);, (uf¢);,, or (u)®);,(up);,, which means

that if one expands out the w as (1 + i¢/2F — ¢?/8F? + ---) it becomes

apparent that each vertex has the possibility of a momentum independent
pion emission. The diagrams arising from those emissions are

o) o)

’

The loop part of these processes includes an integral [17]

/g%q“f(f, v-q) ~ ot (6.24)

The other end of the pion line will be contracted into an axial vertex, which
means that it is multiplied by a S, giving v - S which is zero. Thus the
diagrams discussed in this section will have a vanishing contribution.

6.5 Loop Across the Transition Vertex in (37, 1g)

The first loop diagram that is evaluated here is the loop across type diagram
in the (31, 1) sector. The pion emitting vertices here are the axial vertices,
and thus the vertex factors in eqs. (6.14) and (6.15) will be used. For
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simplicity, the amplitude is calculated using only one of the 3, spurions but
since they all contribute in an identical fashion they can immediately be
summed up if one knows the amplitude for one of them. One of the loop
across diagrams has the amplitude

\ ¢
d? _ 1 7
Vamghut [ (LS, (),

(2r) (0 g tie) (7 = m2 +ie)
(i ijp Y (_9 v ay—1/2
(s (=S, ) (70, Vame

2
= 2mg! 58,6 25 (7)) P A

L JL

L A—d / dq 1 "¢
o @) w-q+ie)? (@2 — m2 +ie)
2
= 215, 8,6 (1) 2 A )R (0), (6:25)

where K!{\ is an integral defined in eq. (D.21). The value of this integral
is found in app. D.1. It has a piece proportional to »*¥ and one to vFv.
Because the spin S* is orthogonal to v#, only the n*” piece survises the
contraction. That piece is proportional to S,S* = (1 — d)/4 which can be
verified by the identity {S*, S} = (vFv” — n*)/2 inserted into

1 1 1
S S = M {5, 57 = 2 (0° = ™) = 21 =d) = 7 = 7. (6.26)
Note that the extra e term will give a contribution since eR = €(—2/¢ +
O(1)) = (=2 + O(€)). The Pauli matrices can be simplified by the Fierz
identity
(T)E (), = 26168 — 676, (6.27)

and these simplifications yield

_ 3mg?
TR = i (e + A+ Aaen)m?
322 F
\_, ¢
2 mfr

where the contributions from all three spurions have been added. Note that
the value of this diagram is proportional to the field renormalization. This
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is due to the fact that they are both derivatives of J*” type integrals, see
app. D.1. The difference of a factor of three between Zy and the loop
across diagram can be understood by the fact that for external legs 7 and
7% can all run in the loop while only 7° can run in the loop across diagram
since only neutrons can make transitions to antineutrons (and not protons to
antiprotons). The fact that these two contributions are proportional is used

when determining Zy in finite volume.

6.6 Vertex Tadpole in (3, 1r)

For diagrams of vertex tadpole type one needs the vertex factor for the emis-
sion of two momentum independent pions. This can be found by expanding
all factors of u to second order in ¢. In the (3.,1g) case, the factor is
(uh)f(ul)} and it can be expanded as

(), =( ——¢—8F2 )( ——¢—8F2 )

J

k l 2 2
= : o, (6.2
which can be further simplified using ¢ = ¢°7* and 77" = {7 7} +
[, 7] = 6%°1 + de**r°. Hence
W, =~ PR, + 20785
i€ (TO)F 0L 4 i (TO) LS + - (6.30)

and the vertex factor for two pion emissions (for one of three identical spu-
rions) is

)\1 irJ ab 51
TR = il 2 (Y + 205E
e (TO) B 61 i (r0)1E 6. (6.31)

The vertex tadpole diagram can be evaluated, using this vertex factor, to
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be

IR — iAWt “1/2, a\—1/2
& = meTET[Q(Ta)iL (7);,
d’q 7

2 T
* i O 1 /(27r)d q? —m2 +ie

—im)\(l)wiLjL —1/2 c—1/2 —1/2 ¢—1/2
= g 10,70, 430,78, I1:(0)
—12mA 1w,
—12mA (W, m? m?
— T |R4+1In | —= 6.32
o T |\ )] (632)

where [ is an integral defined in app. D.1. All contributions to the transition
through a vertex tadpole can now be added up to be

S

Y z‘m()\(l)wL + A2)fr + )\(3)<,OL) 9 m?r
K’:\ /) = — 87‘(2F2 m_ R"’hl F .

6.7 Tree Order Transitions with (3.,55)

The amplitudes for (31,5g) are calculated exactly as in the (31,1g) case
but the calculation is more involved due to the six indices of the (g spurion
(instead of the previous two):

o)

Zn EE

. 1/25,—1/2pkplrkLl
:ZKQmEkLkRElLZRC /2Rr,—1/2rkRIRkLIL

) 1 1
= iKk2m |Cp1) — EQR@) + %CR(S) Zn.(6.33)

The value of e,y €1,1,¢ /27 1/2rFRIRELLL hag heen determined from the de-
composition in app. B.2.

There is no further complication in calculating tree order x type vertices,
and they become

2 1 1
Oo@p?) . 2 _ _
E — ZAE V(a)2mm; {CR(I) — \/§CR(2) + \/ECR(g)
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6.8 Loop Across in (31,5R)

Completely analogously with the previous calculation in the (3, 1) case the
amplitude can be written down:

2
e 3MGT { 1 1
\ 1 e — _ +
\\\‘_;’Z]/ 32m2 F? CR() \/§CR(2) _\/ECR(S)

2 m?2
-m?2 {5 +R+1n (F)] . (6.34)

6.9 Vertex Tadpole in (3, 5R)

The calculation here follows the pervious vertex tadpole calculation except

that the two pion emission vertex, the quadratic term of (u)zg (u);g (U (U)yx,

is more complicated. It is expanded in an analogous way as in sec. 6.6, yield-
ing the vertex factor

—»%4— . 1K giRijRleLlL §5ab6?35j:36mL6nL
4 kr “lr

- _F2 €kpmp€lpng irYir

a\m ny, ¢t j 1 a\j ny ¢l $m 1 a\i n iB ¢m
) L<7'b)z,f§i§5§£ + 5(7' )zﬁ (Tb)z;@ﬁ%; + 5(7' )zi (Tb)z;5§§5kR,L
, 1

a\t m n a\J myr ¢ip SN 1 a\t mr, cn
(T )ii(Tb)kRLéﬁézRL + 5(7 );i(”h;@ﬁ@; + Z(T )z’i(Tb);i(skRLélRL

o 1 o
abe( e\nL §iB SIB SML SNL — abc(__c\mpr §iB SIB SR SNL
€ (T )lR 5iR5jR5kR 513 + 26 (T )kR 5iR5jR5nL51R

_l’_
=

>
-

+ o+
RO~ NI RN

_|_

abc/__c\JB SiB sML N 1 abc( __c\i iB sMmp n
Forming a tadpole of this vertex yields

% : irjrkrlrkLl
I —12MN€y i, €1,y R/ RIRIBRRLIL

U - F? 50

‘R JR

—1/2 ¢—1/2 ¢mp on —1/2 ¢—1/2 cny, ¢m —1/2 eng, emp, ¢—1/2
.{6‘ T S P e I et

‘R "JR R

ng s—1/2 ¢myp ¢—1/2 my s—1/2¢—1/2 n —1/2 omyp c—1/2¢n
e P i T e e P YA S N T P 5115},(6.36)
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which reduces the expression to
—»%(— .
N mis o 1 1
K"\ /) = _87T2F2 ma C(1) + EC(Q) + %C(S)

| Tnew(22)] o

This concludes the computation of diagrams that contribute to the nn os-
cillations. Now all the individual results can be summed up and the full
contribution can be obtained.

6.10 Finite Volume Corrections and Numerics

Here the finite volume corrections to the loop integrals are deduced. First
we must incorporate the nucleon propagator into the form of the standard
integrals of sec. 4.5. The procedure used here is similar to the infinite volume
analogue of appendix C in ref. [17].

The finite volume loop integrals of this thesis can be written, in the
notation of sec. 4.5, as

ddq 1 o ddQE 1 L
/\/(27T)d (@2 —m2) Z/V(QW)d (—¢% —m2) [1]"(m3),

diq q" o L o0 (2 )
/‘/(QW)d (q2 - m%) (U . q) N 2/0 dy y [1] ( Ty )7 (638)

[ L= i [y ol Pond + ) + e P 4 )
v2m) (¢ = m2) (v g o N SR
These integrals are deduced in app. D.3. Note that the middle line of eq.
(6.38) is still proportional to v* so the integrals of the type of sec. 6.4 are
still zero due to v - S = 0.

The finite volume corrections are

L(0) = [y (m3), (6.39)

™

5,5, Ky (0) = 85 / dy Yl P (m? + ) = KVyn(0).  (6.40)

0

IV gives a finite volume modification contribution to the vertex tadpoles
while KV modifies the loop across diagrams and the field renormalization.
The reason that it modifies the latter is that the nucleon self energy is, like
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S,.S, K v, proportional to the derivative of S, S, JEY, (where the derivative
comes from taking the residue).

Numerical evaluation of loop integrals, at finite and infinite volume, were
performed by implementing the C++ library CHIRON [29]. CHIRON is
designed to compute loop integrals (up to two loops) in ChPT. Nucleonic in-
tegrals are not contained in the library but they can be implemented by using

the integral form in eq. 6.40, and evaluated using the numerical quadrature
supplied by CHIRON.

7 The Dependence of the Transition Ampli-
tude on the Pion Mass and on the Volume

The amplitude for nn transitions can be found by combining all the pre-
viously calculated contributions. Especially interesting for guiding lattice
simulations will be the functional dependence on the value of the pion mass.
Three different types of dependencies on m, occur: independent of it, propor-
tional to m?2, and proportional to the chiral logarithm m2In(m?2). Therefore
the amplitude can be written as

m2

iM(n — 5i) = i2m | ar(G) + m2f.(G) + m2In (?) hL<g)1 + (L& R),

(7.1)
where G is the set of coupling constants and spurion values in the model. In
this amplitude, the infinities arising from loop momenta, the R terms, are
canceled against infinite pieces of the O(p?) couplings P(A); V(A), T(a) and
v(a)- Finite pieces of those coupling constants remain in the final amplitude
and thgy are denoted Plays V(ays T(a) and V(4)- The functional dependence
found is

ar(9) = (Aawr + A2)fr + Asyer)

1 1
+K {CR(I) — ECB(Z) + %CR(:&)} ) (7.2)

1 1
f(G) = (Aa)wL + AL + AL + K [CR(U — ECR(Q) + %CR(B):|>

dag g°
m?2  8m2[7?
12

1 1
+> v [CR(U - ECR(Q) + %CR@)} (7.3)

A=1

10
> + > (Playwr + Vb + Tlaypr)
A=1
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and

392 1 1
h = — A N A - — —
L(G) T ( MWL + A0 + A@)oL + K [CR(I) \/§CR(2) + \/ECR(3):|>
(/\ (,UL—I—)\QQL—’—)\;J,QDL) Tk 1 1
_ @ &) ©) (o) + —=C2) + —=Ca | - (T4)

1672 F2  16m2F? V2 V6

Note that, while a and f are free parameters, h is completely determined
by the lower order parameters. This makes the form of the chiral logarithm
coefficient a prediction of the effective ChPT model employed here. The
finite volume correction to eq. (7.1) is given by adding the extra term

2

39 1 1
by (G) = T2 (A(l)wL + A0 + AL + K {CR(I) - ﬁgR@) + %CR(?))D Klun

Awr + Ay + AL + 7k [CR(l) - %CR(Q) + \/LgCR(B)]
— 2 1Y (7.5)

Alternatively, the amplitude can be presented as

iMn —n) = i2m[(/\(1>wL + )01+ A@en) (1+ AP + A) (7.6)

1 1
+kK [CR(l) - ECR@) + %CR(ZS)} 1+ AP + AP +m2 ()

where A,, is the chiral logarithm dependence, Ay is the finite volume cor-
rection and the superscript indicate which class of six-quark operator that
gives the contribution (1 for Q1/2/3 and 5 for Q5/6/7). The dependence of A,,
on m2 can be found in fig. 2. Ay in as a function of volume is plotted in fig.
3.

8 Conclusions and Outlook

The main result of this thesis is the form of the a, f and h coefficients in the
amplitude in eq. (7.1), which can be of interest for improvement of lattice
QCD simulations, at unphysical quark masses, of the same matrix element.
By comparing the lattice calculated amplitude to the functional dependence
of the amplitude on m, which is deduced here using ChPT, the effect of the
quark mass scheme can be found and the results can be extrapolated to the
physical masses.

As can be seen in fig. 3 the finite volume effect at m,L = 7.8 is around
the percent level. This means that the finite volume effects are quite small
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Figure 2: Infinite volume loop integrals as a function of the pion mass.
stands for the contribution from operators of type Q1/2/3 and Qs for Q56,7
The numerical values used are F' = 92.2 MeV, g = 1.2694, and p = 770 MeV.

1

Figure 3: Finite volume correction to the infinite volume results for different
volumes. Q1 stands for the contribution from operators of type Q1,23 and
Qs for QQ5/6/7. The numerical values used are m, = 135 MeV, F' = 92.2 MeV,
and g = 1.2694. Note that the actual finite volume correction is negative so
what is plotted is the negative correction.
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at this box size. The unphysical pion mass, on the other hand, does appear
to have a more significant effect on the transition. The finding of this thesis
is that there is roughly a factor of two between the transition amplitude at
a pion mass of 390 MeV and the physical at 135 MeV, which can be seen in
fig. 2.

Ensuring that no vertices in the oscillation sector have been overlooked
is a formidable task and there is no guarantee that the list supplied here is
complete. For the purposes of this thesis, however, only the O(p°) (which
are all guaranteed to be found) and the x type vertices contribute. All the
X type vertices contribute identically, which means that for eq. (7.1) it is
only relevant to have sufficiently many x vertices for f to be an independent
parameter. This has certainly been achieved by the included vertices.

Furthermore, as an outlook, it is always possible to perform the ChPT
calculation at a higher order of perturbative expansion, e.g. O(p?®) or O(p?).
However, the number of contributing terms in the Lagrangian grows fast with
the order of perturbative expansion. The calculation can also be performed
using some other nucleon description (e.g. relativistic baryon ChPT) in order
to ensure the consistency of the results.
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A Further Background on ChPT

A.1 Symmetry, Charges and Goldstone Bosons

Noether’s theorem states that every continuous symmetry transformation
that leaves the Lagrangian invariant leads to a current, j#, that is conserved
d,j" = 0 (see e.g. chapter 2 of [11]). For the chiral symmetries of QCD these
currents are jy ¥ = ¢,7"T}q, where x is L or R. The conserved charges are

Q= /dgx Jx O(x) = /dgx q;r((x)T;qx(x) (A.1)

and since the charges are conserved by Heisenberg’s equations of motion (in
the Heisenberg picture) Q$(t) = i[H, Q5 (t)] = 0 so [H,Q%] = 0. But this
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commutation also implies that @ is a symmetry of the Hamiltonian. Fur-
thermore, it can be checked that the charges form a representation of the Lie
algebra, i.e. | v Qi’c] = ifach;. In fact, the charges are the representation
of the group generators acting on the Hilbert space of quantum states.

The Lie algebra for SU(N) x SU(N)g is

(T8, T?] = ifebeTse, [Te T =ifeeTs, and [T¢,T5] =0 (A.2)
which implies in the axial basis, T = T3 — T} and , Ty, = Th + 17, that
(T2, Ty = ifteTs, [Te, T4 =if®eTs, and [T$,Th] =if®Ts. (A.3)

with exactly the same equations holding for 7' replaced by ). From the
assumption of a quark condensate, it follows that the vacuum, |0}, is not in-
variant under axial transformations |0) — (14i0%Q%)|0) # |0) so Q%|0) # 0.
Since the charge operator Q% still commutes with the Hamiltonian, the state
Q4%]0) will be degenerate with the vacuum but is another independent state.
The only type of non-vacuum state that %|0) can have a non-zero overlap
with is a zero-momentum limit of a massless state. Hence the spontaneous
symmetry breaking implies the existence of massless Goldstone bosons with
the same quantum numbers as )%, and this is the essence of Goldstone’s the-
orem. That the massless states are scalar bosons can be understood from the
fact that Q9% is a Lorentz scalar operator. The bosons will be pseudoscalar
since a parity transformation interchanges left and right so Q% — —Q%.
The final conclusion about Goldstone bosons is that they live in the adjoint
representation of SU(N)y since they transform as 79 under vector trans-
formations and the middle equation of (A.3) is precisely the change of an
adjoint representation under infinitesimal transformations by 7.

A.2 The Lagrangian of HBChPT

In order to deduce the Lagrangian of HBChPT some properties of P, =
%(1 +9) are needed. It is easy to show that ¢ P,y = P19 = £P,.. From this
one can deduce that Py AP, = :i:PUiyéAPvi which can be anticommuted
using the Clifford algebra yielding £P, v, A, (20" — v"*)Pyr = £P,1(2v -
A — A¢)P,; which in turn equals £P,:2(v - A) — Pyr AP,+ s0

PviAPvi = :i:Pvi(’U : A) (A4)

Starting from the Lagrangian in eq. (4.11) one can expand the 1 field in
terms of the light and heavy components A" and H as

Y(r) = e N (@) + H(z)] , d(@) =N () + H(z)] (AD)
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In this expansion the kinetic term becomes
i = id{e” ™ N () + H(z)]} = e (id + mg) N (2) + H(z)] (A.6)
which can be further simplified to
e~ (id + m)N (z) + (i — m)H(z)]. (A7)

Using that P,4+P,~ = 0 (which means no cross terms between A and H) the
Lagrangian can be rewritten as

(i) — m)p = NiDN + H(il) — 2m)H. (A.8)

The fields N and H are coupled by the Dirac equation

0= (UD —m+ %gv“v%) (2 (A.9)

or

0=4iDN + (i) — 2m)H. (A.10)
Multiplying this equation with P,_ yields

0=4i) N + (—iv-D —2m)H, (A.11)
which has a solution that can be written formally as
H=(iv-D+2m) "D, N. (A.12)

This equation shows that # is suppressed by a factor 1/m compared to N
which means that it can be ignored in the Lagrangian. Using eq. (A.4) the
kinetic term can be simplified to

NilPN = NiP, DP,, N = Niv - DN. (A.13)

In an analogous fashion it can be shown that P, y*y°P,, = 25" from this
and the above deduction eq. (4.13) follows.

B Group Properties and Clebsch-Gordan Co-
efficients for Spurions

B.1 Adjoint representation and its Weights in SU(2)

Here the transformation properties of the adjoint rep, and in particular its
weights (spin projections) are discussed. Let §&' = —ip®(T*)ic* and dip; =
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ip®(T*)5 4. Then the contraction &(7T%)/0©%); is invariant if the field ©°
transforms as the adjoint rep. This yields the condition

0= 3(E(T7)]0";) = £'[00°(T")] + i O (T*)L(T")F — i ©"(T*)F (T )]y,

SO
50 (T°)] = i [T, T O = i i f*" O (T°)] = ip"if*"O°(T")].  (B.1)
Identifying the coefficients of 7% and using the antisymmetry of f results in
50 = i [—if]e°r, (B.2)

i.e. the structure constants are the (matrix elements of the) generators in
the adjoint rep. That those generators obey the Lie algebra can be deduced
from the fact that commutators obey the Jacobi identity, see e.g. ref [3].

In SU(2), due to i727% = —(7%)*i72, there is an isomorphism between the
2 and 2 reps. If 6; = igp“(%T“)flpj then ¢’ = (i72)9¢); = €71, so

i ; 17 al a : al : a\k : al ax*; ik
o) = (it?)"7igp 3 (1 )f Y = ip 3 (iT%7%), W = i 3 (—=7%im)" g
: al ax\J ,/j . al at\t g . al a\t .G
= it (P = gt () = it (), (B3)

that is ¢* transforms as 91" which motivates the index placement.

Equipped with this one can deduce the spin of the adjoint rep using the
fact that fi(Tb)f ©%y); transforms as a singlet, the spins must add up to zero.
Choosing both spins to be up, & = ¥, = 5;1/2, results in & = —5i1/2,
and thus the adjoint © should be in its spin —1 configuration, leading to
E(TY)]0y; = 0, ,(T)e%;'/? = (T%)!/7,0". Looking at the explicit
matrix elements of the Pauli matrices one finds that the spin down component
of © is proportional to

07! = (12,0 ~ ' +i0”. (B.4)

B.2 Clebsch-Gordan Coefficients

Instead of writing the spurions in the form of irreducible SU(2) tensors it is
convenient to write them as product tensors of 2:s with proper symmetriza-
tions. The translation between irreducible and product tensors is done by
Clebsch-Gordan decomposition. Let 6 be a 3 and = be a 5 rep. Then the
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Clebsch-Gordan decomposition is
(eiyj = 5i—1/2(si1/2

ij Lrg o i j
(0°)7 = 7 [ 120015 6519075

(0%)7 = &8, (B.5)
for the 3 and
(E)M 511/2511/2551/251_1/2
ENH = 2158 a8 o081 88,08 a0
+511/25J;1/25f/25171/2 + 511/2511/2551/2&/2]
=y~ g B L T L P LB 1P

V6

+511/25{/25f/25£1/2 + 511'/2511/2551/255/2

+01 967 1 150120010 + 61207 190% 120 1 o] - (B.6)
for the 5.

C Renormalization and the LSZ formula

C.1 Renormalization and Dimensional Regularization

Loop corrections in QFT almost always lead to divergent integrals contribut-
ing to physical observables. To make sense of these quantum corrections one
can use the techniques of renormalization. A good starting point for the
procedure is chapters 6, 7 and 10 of ref [11]. Here a quick overview of the
craft is given.

The first step of renormalization is a modification of the integral to make
it finite in such a way that low energy?? physics remains unmodified. This is
called regularization. The second step is to use a so-called renormalization
condition which is when the loop corrected amplitude is set equal to a finite
(and experimentally measured) quantity. In this stage the parameters ap-
pearing in the Lagrangian will have to be infinite in order to cancel the loop
divergence but this is no trouble because the Lagrangian does not have to be
physical; the only requirement on it is that it makes physical predictions.

22This is for so-called UV divergences when propagators at high energies cause infinities.
Infrared divergences, associated with low energies are a bit more subtle, see e.g. chapter
6 of ref. [11].
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In gauge theories it is important that the regularization procedure re-
spects the gauge symmetry of the theory so that quantum corrections will
not break gauge invariance. In ChPT the analogue symmetries that should
be preserved are the chiral Ward identities. Both those are respected by a
scheme called dimensional reqularization.

To illustrate how dimensional regularization works consider the integral

_ d4k (kQ)a
Ha.b,8) = /(27r)4 YN (C.1)

which is a form that any one-loop integral can be written as a linear com-
bination of, using a trick called Feynman parameters. Take for simplicity
1(0,1,A). Since the poles of the propagator at £A are shifted slightly into
the complex plane, the integration can be viewed as a complex line integral
along the real axis and can thus be deformed to lie on the imaginary axis
without crossing any pole. This is called a Wick rotation and is a general
procedure used in most regularization schemes. The Wick rotation turns
k° = ik} and k' = k%, and in particular it changes the Minkowski product
k* = (k)% — k? into the Euclidean —k% = —(k%)? — k2 hence the subscript
E. The reason for the Wick rotation is that it allows for evaluation using
d-dimensional spherical coordinates which is not possible in a Minkowski
signature. The integral is now

Yk 1
1018 =1 [k g

The idea of dimensional regularization is to analytically continue the in-
tegral as a function of (non-integer) spacetime dimension®, d = 4 — €. This
will induce a modification of the integral to

Cuia [d%E 1 it k41
10,8 =it fio -8 (20 | Ry Jio
(C.3)
where the change of variables to spherical coordinates has been performed
and a new arbitrary mass dimension one parameter, u, has been introduced
in order to preserve the mass dimension of the integral in all d.
The same procedure of Wick rotating can be performed in the more gen-
eral case of eq. (C.1). By studying the Jacobian under a change of variables
from Cartesian to spherical coordinate in Gaussian integrals one finds that

(C.2)

23Tt is not obvious that changing to fractal spacetime dimension is a modification of
high energy physics that leaves low energy phenomena invariant but a good justification
that this is the case is given in appendix A of ref [20].
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the integral over {2, is 13(”d—d//22). The radial part can be evaluated using clever

transformations and the Beta function, see e.g. ref [20] appendix A, and the
result is

p AN T (g + d/2)D (b — a — df2)
(4m)?/2 [(d/2)T(b) '
One of the most important cases is when the divergence is logarithmic
which is when 4 + 2a — 20 = 0. In that case I'(b—a — d/2) =T'(2 - d/2) =
['(¢/2). In order to evaluate one can use the ”factorial identity” and Taylor
expand

al(z)=T(1+2)=T01)+I'(1)z + O(z*) =1 —ypz + O(z*)  (C.5)

I(a,b,A) = i(—1) (C.4)

where g is the Euler-Mascheroni constant. Then
2
['(e/2) = - E + O(e). (C.6)

In the dimensionful prefactor the dependence on € can be taken care of
the following way:

2 2
MGA%/?(;M—)E/? = exp {E In (N—47T>:| =1+ ‘In (,u_47T> +0(e?). (C.7)
2 A 2 A

Multiplying eqs. (C.7) and (C.6) yields a factor of

2
% —vg — In(47) + In (%) + O(e). (C.8)
Next one must choose a subtraction scheme which is a way to absorb the %
pole into a redefinition of some coupling constant. The most common scheme
is modified minimal subtraction, (MS), in which the first three terms in eq.
(C.8) are absorbed. ChPT uses a slightly different scheme called MS where
these terms and an extra —1 are absorbed. This factor shows up frequently
and is given the name R:

2
—R=-—vg+In(4nr) + 1. (C.9)
€

The point of this procedure is that after the so-called subtraction, where
the couplings are redefined to absorb the infinities, every observable is finite
in the limit ¢ — 0 and the model makes finite predictions. Note that the
arbitrary scale y is not a cutoff scale?* that should be taken to be very large
or infinite.

24Cutoff regularization is a more intuitive but also a less useful regularization scheme. It

consists of simply integrating up to some maximum length of Euclidean four-momentum
k3 < A%
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C.2 The LSZ reduction formula

The LSZ (Lehmann-Symanzik-Zimmermann) reduction formula is one of the
cornerstones of quantum field theory. It relates momentum space S-matrix
elements (which are easy to measure) to time ordered field correlation func-
tions in momentum space (which are easy to compute). A discussion of the
formula can be found in e.g. chapter 7 of ref [11]. Here the result is just
stated

(H /d“a:iei““) (H /cl4yj6‘i'“j'yj> QT (1) ... d(@n)O(y1) - - - G(Ym)[€2)
~ (le — T Ze) (sz — T ZE) (p1...palSlky .. k)

where ~ means that the poles of both sides are identical. The constant Z
is called the field renormalization and is the residue at the mass pole of the
exact propagator. One of the strengths of this formula is that ¢ can be any
field operator, fundamental or composite, that has a nonzero overlap with
an asymptotic momentum state of the theory (p|¢(x)|Q) = v/Ze*. This
means that it holds equally well for e.g. electron fields as it does for meson
fields, which would be represented by ¢'(z)v*T%¢(x) in the more fundamental
degrees of freedom.

The special guise of the LSZ reduction formula that will be needed in this
thesis is the case of a nucleon in the in state and an antinucleon in the out
state.

(n:p,sout|n:p,s;in) = ZNﬂf)//u; @ (C.10)

where the blob labeled ” Amp” represents a sum of all amputated diagrams
and Zy is the field renormalization of the nucleon.

C.3 Field Renormalization

The neutron-antineutron transition element is calculated in bare perturba-
tion theory and in order to use the LSZ reduction formula for amputated
matrix elements (see eq. (C.10)), the self-energy, —i3(p), of the nucleons [30]
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will be needed. First a relativistic fermion is treated. The field renornomal-
ization can be calculated perturbatively by

O— = + @  + —@—)— +... (C.11)

which evaluates to

et T pomeril Ot (C.12)

These diagrams form a geometric progression and can be summed up (see
e.g. chapter 7 of [11])

i 1 i ’
which is
i 1 _ i (C.14)
— mg + i€ 1 Cp—mo — X(p) +ie '
y L ) e y g

The pole mass, m, can now be defined by m = mg+3(m). The field strength
renormalization, 7, is the residue of the propagator at the pole mass, which
is found by Taylor expanding X around m: X(p) = X(m) + X'(m)(p — m) +
O((p —m)?). Thus
1

S 1=Y(m)

For nucleons in ChPT the self-energy correction to the propagator can be
deduced the same way from eq. (4.14) and is

Z (C.15)

)
vk — (k) +ie

(C.16)

In the power counting of ChPT, X(p) is at O(p?), but acting on an external
leg (which is how it enters the LSZ formula), a new propagator, which is
O(p™'), is created. Thus, the field renormalization enters at O(p?).

D Integrals in Finite and Infinite Volumes

D.1 Standard Integrals

The standard integrals used are taken from appendix C of ref [17], where
more information and derivations can be found. The most fundamental ones
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of ChPT are the pion integral

d’q 1
I.(k) =L, (0) =i 4—d/ D.1
where
mi Tp oy (M O(d — 4 D.18
L.(0) = —= —r —4), i
and the nucleon integral
Jon(k,w) = Jin(0,w—v-k)

= 4—d/ddq ! ! (D.19)
@) (kg2 —m2+ie) (v-q+w+ie)

For w? < m? it can be evaluated to be

Tn(0w) == [RJrln (m—f) - 1]

82 1
1
—l—mwmi — w?arccos (_miﬂ) . (D.20)

For this thesis we will need the 7 NN tensor integral

dq 1 q"q”
KM = 4d/ . D.21
wvy (W) = in (2m)d (v - g+ w +i€)? (¢ — m2 + ie) ( )

this integral is not listed in ref [17] but can be computed by taking a derivative
of the listed standard integral

d’q ¢"q” 1
JE% (k,w :i4d/ , —.
w (@) = i (2m)¢ ((k 4 q)? — m2 +i€) (v - q + w + i€)
This integral can depend only on the rank two tensors v#v” and n** so

Jfg(,(k;,w) = quva(w) + " Cy (w)

For the purposes of this thesis only the Cy; is needed (since J* is contracted
with an S, and S - v = 0) which turns out to be
1

Corlw) = 5 [(m2 = ) Ja(0,0) + w(0)] - 1;2 (% - %) . (D.22)

In order to evaluate KXy one needs to compute —d.J"(w)/dw. This leads
to an expression of the form

K ) = - | 7 (R (72 ))] = vreren o) (D.23)
7NN n 167T2 n [,[,2 vTv 20 . .
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D.2 Loop Integrals at Finite Volume

Here some properties of loop integrals at finite volume are given as a quick
reference. The subject is treated more thoroughly in ref. [24]. As a proxy
for a loop integral consider the one dimensional integral

;l—f:ﬁ(p). (D.24)

In the finite volume, length L, this integral is replaced by a sum over all
momenta allowed by boundary conditions, which are chosen to be periodical,
restricting the momenta to p, = %” for integer n. Then the integral is
replaced by the Riemann sum

EG) > S F ) = 1 S P = [Fe. 02

27T V27T
neL nez

In order to proceed we use Poisson’s summation formula, which can be shown

by

> fn) /dxf Zdw—n /dwf )Y emm =" f(—m2r)

neZ meZ meZ

where f denotes the Fourier transform. This can be rewritten, by the scaling
rule, f(ax) — f(k)/|a|, and the sign flip symmetry of the sum as

S ) = o 3 Fom), (D.26)

nez mEZ

which is the Poisson formula. Using F(r) = f(7), which implies F(k) =
Lf(Lk), in this formula yields

1 ~ (27N dk + : dr 1 - ,

- Fl— | = = — KMo __ iy A KM

1P () =S =X [ e =5 [ ()
and by making the change of variables k = k/L this yields

—Z (2”") Z/dk‘” gikim. (D.27)

By defining [,, = mL the finite volume integral can be written

/V% LZF Pn) Z/dk © (k) etklm (D.28)
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Note that the [ = 0 mode of this expression is exactly eq. (D.24), i.e. the
integral in infinite volume. Therefor the primed sum, without this mode, is
the correction to the momentum integral due to finite volume

Z / dk p ) e'hlm. (D.29)

That this expression vanishes in the infinite volume limit can be guessed from
a naive application of the Riemann-Lebesgue lemma.

D.3 Nucleon Loop Integrals at Finite Volume

Here the nucleon integrals appearing in this thesis are evaluated at finite
volume. The procedure is analogous to what is done in appendix C of ref.
[17]. Start with the integral

d'q  ¢"q" 1
/‘/(277)4 (@2—A)(v-q+w) (D.30)

and use the Feynman trick (where y = ﬁ)

1 1 1 o0 1
i d =9 dy—m——. D.31
ab / “ra+ (1= 2 / Y(2ya + ) (D-31)

The integral can then be written on the form

/ d'q  q"¢" L / y / d’q q"q"

R (@ - D) wgtw) S SR (@ = A 2p0 - g+ 2yw)?
and by shifting the the integration variable by ¢* = ¢* 4+ yv* (and then
renaming the integration variable from ¢’ to ¢) we get

/ / q q"q” —yv“q — yu¥g" + yPorv” (D.32)
(¢ — A —y? 4 2yw)? '

and since the summation is over a symmetric interval the linear terms in ¢

vanish yielding
oo ddq ququ +y2vuvu
2| d . D.33
R (D53

The desired integrals of the expressions in eq. (6.38) can be found by applying
—d/dw to eq. (D.30) and evaluating in w = 0. This yields

diq 1 B ddq y(g"q” + y*vrv)
/v(??T) (2= A) (v-q)? 8/ / (> — A —y?)? (D-34)




which, when evaluated at A = m?, changed to Euclidean signature and

written in the notation of sec. 4.5 gives the expression

diq el 1 _ > P13 (m2 42 200 1113 (2 412
/‘/(27r)d(q2—m§r) w-q?F 8/Odyy([q ¢’ PP (m24+y?)+yP oo 1]} (m2 4y ))_

The integral linear in ¢ is evaluated analogously.

D.4 The Jacobi Theta function and Related Functions

In the expressions for the finite volume corrections the third Jacobi theta
function, #5, and related functions show up. This function is given by

Os(u,q) = Zq"QeiQ’T"“. (D.35)

nel

The related functions used here are

030(q) = 65(0,q) and 033(q) = qagqﬁg(O,q). (D.36)

E Vertices of the Oscillation Lagrangian

E.1 (31, 1p) vertices using HBChPT

Here follows a list of the types of terms that show up in the (31, 1g) sector.
Each term here couples to the spurions wy, 6, and ¢, with independent
coupling constants. At O(p°) we have

(UTNc)iL (uTN)J'L

and a O(p'), using derivatives
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and at O(p?) using the y spurion

Vis (XTUN)jL
Vir (XuN ),

)

and with the field strength spurion

M Te(f4p) (W N)i, S0 S (ulN) 1,
e Tr(f- ) (WN©)i, SaSp(uN);,
EO"BW(UT./\_/’C)Z‘LSaS/B(UTf—FWN)
eaﬁ#y(uTNc)iLSaSB(UTf—uVN)J
eo‘ﬁ“’j(quJrW./\_/’C)iL SaSs(ufN);,
P (uf f_ L N©)i, SaSs(ufN);,
6a6#l/Tr(f+ﬂV)(uTNc)iL vaSp(ulN)j,
PV () (WN)ip vaSp(uN ),
e (4T N°);, 0083 N,
P (uIN®) s, vaSp(ul f- /WN )i
EaﬁW(UTerW )m“ocsﬁ( )JL
P (ut L N)i vaSs(uf N,

and derivatives at O(p*) with u,, as the derivative of u

e (u' DuN©);i, va S5 (u! DN,
e (u! uuD N)i,vaSs(u'N);,
e (whu, N©)i, vaSs(u' DN,
€M (WIN)i, va Sp(u'u, DN ),
eI (uN)i va S (ulu, DN,
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uf DiqugyN ), 07 S (uN);,
ulug Do N©)i, vP S*(uIN);,
uug./\/'c)zL FSUut D N);,
ul ), 07 5% (u TD{auﬁ}N )it
utN);, 550“( ulugDoN);,

(
(
(
(
(
(uf DN, 0P S (uf ugN);,

(UTD2NC)Z'L (UTN)jL
(uf DLN©)i, (Wt DN,
(UTNC)Z'L (UTDQN)jL
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E.2

At O(p°

(31,5R) vertices using HBChPT

) we have the term

(UNC)iR (uN)jR (UiTg)kRkL (Uin)lRlL

and at O(p) using one derivative

at O(p?

(
(
(
(

JR( ; kRkL( lrlL

Uity) 77)
i U ) kky, (UITE )15,
) ( N in (DuUiTE ) ke, (U7 )i,
)inS* (UN) i (UirE ) kg, (DU ) 151,
Vi 0" (UN) o (DRUITE Yk, (UGTE i,
)igt" (uN); (UZTL)kRkL(D UZTL)

u/\_/'c)Z (uD N
S*(uN

IrlrL

u C)l ( TN)k?L(U‘D U iTIZ%)kR]R(UiTz)lRlL
UTNC) (UN) (UD UTZTR)ICRZR(U”—%)lRlL
ulN )l ( TN)’%(UD U ZTR)kR]R<U7’T[2/)lRlL
UTNC) UM(UN) (UDMU ZTR)kRZR(UiTg)lRlL

) with derivatives

uN )iy (WuN )JR(
wu N (uN ) (DU}
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and the O(p?) terms using x

(UN)i OCWIN ) (U7 )k, (U7 )11,
(XN )i (N ) i (U7 iy, (U7 ) 1
(N (XN (U] ) ke, (U7 )11,
(X UIN)i (N (U] ) ke, (U7 111,
(N )i (UXTUN ) i (Ui iy, (U7 ) 1,
(UXTUN )i (N ) i (U7 ke, (U7 )1,
(
(
(
(
(
(

Q

UN) i (UXUN ) (UGTE by, (U7 )1,

UXUNC) (uN) 5 (U] ko, (U )11,

N i T ke, (UATE )11,
C)zR(N)JR(UZTL)kRkL(X ints

UN)i (N i (77 ke, (U7 )15,

UN)ig (N i (U7 ke, (X977 ) 151,

IR

and some further derivatives at O(p?)

(uD,N°);

( a ( ZTf)kRkL(Uin)leL
(UDZN )in (UN>JR<UZTL)I€R"~'L(UZTL)lRlL

(UN )i, (DN ) (DuUTE ) ke, (U] )11,
(uDUN)i (N i (DU TE ) ke, (U] ) 151,
(UN )i (uN) o (D*Uit7) ke, (U] )11,
(UN©)i (uN ), (DFUIT] )k, (DpUiTT)

IRlL

QBHV<UNC>1RS Uﬁ(““uD N);j RrkL
P (uu N Savg(uD,N)
P (uD,N©); Savs (Ut N
P (urt, Dy N Savg (UN)
€ (AT} S (it N )5
€I it N ) S 03 (4N )1

AA\_/?)/\_/\_/
-
N TN N N
g
S N
VV\_/VV\_/
>
By c
B
N
g
h
N N e N N N
T
™
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and O(p?) using field strength spurions

P (UN®)i .S (U f 1N ) (UTE ) ey, (U7
P (UN®) i S (N ) 1y (UTE ) kb, (U7 i1,
Ea'BW(uf—i-W )'LRS vs(u )JR(UiTJ%>kRkL( 2)
eaﬁu'j(Uf uVN )inSavs UN)]R(UZTg)kRkL(UiTg)
€1 (UN) i Savs (UN ) 1 T2 ) 1ty T (ftpur)
e ( T ) 1t T (=)

( Ul 077 )ity
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S
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S
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S
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P (UN®);, SaSa(uf1wN

P (UN®)i, SaSa(uf_ N ;
Oéﬁl“/(uerw/ )irnSaSs(u )JR
aﬁw(uf—/w VinSa Sﬁ(UN
e (UN)i SaSp(UN ), (Uit

M (UN©);, S0 Sp(uN ), (Ui}
e (UN®)ip, SaSp(uN ) (Uit}
M (UN©);, S0 Sp(uN ), (Uir?
(uN)i 0" S” (DN (DpUTE )y, (Ui ity
(uDN)i 0" S (uN) o (DpUTE )iy, (Ui ity
(uN)i 0" S (uN ) o (D DL UTE ) ity (Ui it
(uN)i 00" (N ) (D Dy U] )iy, (Ui it
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and some further derivative terms at O(p?)

wtt, N)ig (w N)
UNC)zR (v, u N)]R(

UZTg)Msz( )lRlL

UiTg)kRkL (UZTL)lRlL
W N )i (WN) o (U7 )k, (UL ),
kr,

u, )lR (uN>jR<UZTL)kR UiTg)lRlLTr<uHuH)

(
(
(
(uN
(uu
(uu“uy N 0" (u
(
(uu
(
(

wtt, N )i 00" (w, N ) (DU 1) ke, (UG ) 151,
N i (U] ke, (UATE i,
uN )i 00" (Wt N ) (U7 iy, (UITE i
wtt, N©)i 0 S” (utty N ) o (UT] Yy, (U] )11,
UUWVNC)ZRS“ (N (U7 ey, (U] )15,
uN©) i 0 S” (Wit i, N ) o (UGTE Vb, (U )1,

(D N)ig 0" S” (UN) j (U] ) i, (U'iTE)
(UN )ZRUMS (UD{MUV}N)]R( IQJ)kRkL<UZ'Tg)

E.3 (71,1p) vertices using HBChPT
At O(p°) we have

(U’TNC)%'L (UTN)J'R (UT D#UiTIZ,)kRkL (UTD# UiTI%)lRZL’
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