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Abstract

In this thesis, an experimental scheme to probe deformations to Heisenberg’s uncertainty
relation between position and momentum for an object of mass similar to the Planck mass
is designed. This will allow experimental bounds to be put on deformation parameters for
three different models proposed to explain quantum gravity. The scheme is based on existing
ideas to couple a micron-sized harmonic oscillator to a field of light to probe the uncertainty
relation, as well as exploiting a dispersive coupling between a cantilevered beam doped with
Europium atoms and the phase of light traveling through a spectral hole burnt into the
structure. Design parameters for the probing and coupling scheme are determined in such
a way that the interaction strength is large enough to probe the three different models of
the deformed uncertainty relation down to order unity in each of the models’ deformation
parameters. Sources of noise and a cooling scheme to reduce them are investigated to allow
for a measurement uncertainty much smaller than the measured values of the deformation
parameters.



Popularvetenskaplig sammanfattning

Nér foremal blir tillrackligt sméa borjar de bete sig annorlunda fran hur de vanligtvis beter sig. Effekter,
som att foremal kan vara pa flera stéllen samtidigt eller vara osynligt sammankopplade 6ver stora avstand,
borjar istéllet att ske. Inom fysiken brukar dessa effekter beskrivas av kvantmekanik, en teori som har varit
valdigt framgangsrik med att forklara var virld. En annan effekt som dyker upp inom kvantmekaniken
ar att vissa egenskaper hos ett foremal inte gar att méita utan att samtidigt paverka vad som ar majligt
att veta om andra egenskaper hos foremalet. Detta ar en véalkdnd effekt inom fysiken och kallas for
Heisenberg’s obestambarhetsrelation.

Trots att kvantmekaniken valdigt val beskriver hur sma bestandsdelar interagerar, &r det en inkomplett
teori dar gravitationen &n sa lange inte har lyckats forenas med resten av teorin. For vardagliga objekt &r
denna kraft vél studerad, men pa den mest fundamentala nivan saknas en forstaelse for hur gravitation
beter sig. Flertalet modeller for att battre beskriva denna kraft har tagits fram, nagot som ofta refereras
till som teorier om kvantgravitation. For att en del av dessa teorier ska fungera behover obestambarhet-
srelationen for vissa egenskaper att anpassas. Bland dessa egenskaper dr position och momentum, dér
obestdmbarhetsrelationen sidger att en béttre métnoggranhet av var ett objekt ar leder till en storre
osékerhet 1 hur snabbt det ror sig. Storleken pa foréndringen av obestdmbarhetsrelationen ar inte kant
och att hitta ett experiment som kan méta detta skulle vara valdigt vardefullt. Detta hade i sin tur
kunnat begrénsa nuvarande teorier och bidragit till en béttre forstaelse av gravitation.

I den hir uppsatsen tas ett forslag till en experimentell uppstéllning for att méta moéjliga forandringar i
obestambarhetsrelationen fram. Uppstéllningen ar baserad pa en kombination av tidigare forslag till att
méta position och momentum pa ett foremal med lag massa. Detta gors genom att ljus fran en laser far
interagera med foremalet pa ett sdtt som tidigare inte har understkts. Forhoppningen &r att den nya
interaktionen &r starkare och uppstéallningen mer littillverkad &n vad som tidigare foreslagits. Resultaten
visar att experimentet &r mojligt att genomfora, men att det kommer att vara utmanande. Déaremot ser
méatnoggrannheten mycket lovande ut jamfort med tidigare forslag.
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1 INTRODUCTION

1 Introduction

One of the most successful theories to describe how microscopic objects behave is quantum mechanics, a
theory describing several new concepts that are not observable for everyday objects. One such concept is
complementarity, where some properties of quantum objects are not possible to measure without at the
same time altering what is possible to know about other properties of the same object. A famous example
of this effect is measuring the two properties position and momentum, where the act of measuring where
a quantum object is increases the uncertainty of what can be known about its’ velocity and therefore
momentum. This is a well-studied concept that is governed by Heisenberg’s uncertainty principle.

Although successful on the microscopic scale, quantum mechanics is still an incomplete theory that can
not describe how gravity behaves, a force that dominates the behavior of macroscopic objects such as
planets or other objects in space. The current best approach to treat these objects is by using Einstein’s
theory of general relativity, merging the theories of special relativity and Newton’s classical treatment
of gravity. However, for extreme objects such as black holes, general relativity is not enough. As a
result, there have been several attempts to incorporate the behavior of gravity into quantum mechanics
for a theory of quantum gravity. Due to the complexity of measuring the effects emerging from these
theories, there is still much debate about what effects occur and how significant they are. However, with
a steady advance of technological development, objects small enough to be in the border region where
both quantum mechanical effects and gravity affects the objects can be studied.

Among the proposed models for quantum gravity, a reoccurring effect is an alteration to Heisenberg’s
uncertainty principle between position and momentum for objects with mass around the Planck mass [1].
The Planck mass itself is rather large (~ 2-107% kg) and the effect should, if it exists, be measurable for
objects on the micrometer scale. There have been several attempts at measuring the effect. Examples
include: Lamb shift measurements in hydrogen and electron tunneling experiments to highlight a few [2].
However, the measurement uncertainty for the current best experimental setups are still tens of orders
of magnitude larger than what the proposed size of the effect is [1]. As a result, there is still much work
to be done to find an experimental setup that can measure the effect at a scale where it is theoretically
relevant. Measuring it could in turn provide valuable insights into the validity of different quantum
gravity proposals even in the case of the effect not existing.

1.1 Thesis scope and outline

This thesis aims to propose an experimentally viable setup which could probe the proposed deformation
to the uncertainty principle between position and momentum for a micron-sized harmonic oscillator. The
experimental setup will be based on previous work to measure the deformation via the phase of a probing
light pulse [1]. However, the idea for coupling the light to the harmonic oscillator is inherently different
and will be studied in detail [3]. In addition, the oscillator will be designed in a way that allows for
accurate measurements considering sources of noise such as thermal- and shot-noise. The focus of this
thesis will be to compare the strengths of the new coupling scheme to the original experimental setup
and to see what changes to the initial scheme are needed to make it experimentally viable.

1.2 Report structure

The thesis will start out with a theory chapter to give a sufficient background into the problem of measur-
ing the proposed effect, as well as the necessary background of light-matter interactions to understand the
alternate coupling scheme. The third chapter describes the coupling scheme in detail. These two chapters
are based on previous work, primarily in References [1} 3, 4], although many of the derivations have been
derived from first principles since this proved important in order to be able to fully integrate the different
methodologies. Following the coupling scheme is a chapter describing the methodology of measuring the
proposed effect. Lastly, results on the viability of the experimental setup using rare-earth-ion based sys-
tems are discussed and a discussion is held regarding the design of the experimental setup before ending
with conclusions drawn from the thesis. It is important to note that several chapters contains results due
to new theory being derived from first principle, primarily in chapter three and onward. Theory derived
in this thesis is often denoted with a footnote.



2 THEORY

2 Theory

To understand the problem of probing the proposed deformation to Heisenberg’s uncertainty principle
between position and momentum, this chapter aims to give the reader a sufficient background into har-
monic oscillators, as well as the necessary light-matter interactions needed to create the desired interaction
between an optical field and the oscillator.

2.1 The deformed Heisenberg’s uncertainty principle

Heisenberg’s uncertainty principle tells how accurately a property of a quantum object, referred to as an
observable, can be determined given some known information about another observable that is comple-
mentary to the first. For two observables determined by the operators A and B acting on a quantum
state, their corresponding uncertainties o4 and op follow the relation [5]:

TATE > %MABM (2.1.1)

where A,B — AB — BA is the commutator between the two operators. This operation effectively

checks whether the order of operations for two operators matters. In the case of two properties that are
not complementary, the operations are independent of each other and the order does not matter. As

a result, the commutator [/l, E} = 0 and the uncertainties o4 and op can be infinitely small without

altering the other. However, in the case of two complementary operations, the order matters and the
operation AB is not the same as the operation BA. Subsequently, the commutator is non-zero and the
uncertainty of one observable has a lower bound proportional to the inverse of the uncertainty of the
other. Consequently, the more precise the measurement of one observable in the complementary pair,
the less precise our knowledge can be about the other.

This is of special interest for the observables of position & and momentum p, which together form a com-
plementary pair with the commutator [, p] = i%, where £ is Planck’s reduced constant. The uncertainty
for these two properties can then be determined by [6]:

Op0p > (2.1.2)

-2
However, it has been hypothesized that this expression is slightly deformed for quantum objects with
mass on the scale of the Planck mass M,. This thesis will concern itself with three different models of this
deformation, referred to in this thesis as the §y-deformation, the ~y-deformation and the pg-deformation,
matching the terminology used in Ref. |1]. The commutators of these deformations are given by:

N 2
. . b
=ih|1 2.1.
[2,p]5, = ih|1+ Bo(Mpc> (2.1.3a)
~ ~ 2
PN . _ p 2 p
[#,p],, = ih ll 073 + 7% (pc) ] (2.1.3b)
. . (B/c)” +m? m?
[0, = il [ 1+ 20— ~ih( 1+ pogms |, ple<m S M, (2.1.3¢)
p p

for the three different deformations respectively. In the regime m < p/c < M, the pg-deformation instead
approaches the value of the By-deformation. However, this corresponds to a relativistic momentum that
is difficult to achieve and therefore the regime described by the approximation in Equation is the
only po-deformation being considered in the thesis [1]. In the proposed models, deformation parameters
of order unity, i.e close to ~ (’)(100), are of interest, which compared to the current best experimental
bounds, By < O(10%) and 79 < O(10'), is far from being achieved experimentally [1]. Ultimately, a
more accurate measurement of the commutator could reduce the experimental bounds on Sy, py and 7o,
as well as put limits on the quantum gravity models using these deformationsﬂ

1 Although much of the upcoming theory in this chapter is based on work made in Ref. |1], especially in the case of the
Bo-deformation, much work in this thesis has been put into deriving the expressions for the remaining two deformations for
completeness and to allow the incorporation of the methodology in the thesis.



2.2 Quantum harmonic oscillators 2 THEORY

2.2 Quantum harmonic oscillators

To describe an object oscillating with a certain angular frequency in one dimension, the one-dimensional
harmonic oscillator model can be used. For a quantum mechanical object of angular frequency wy; and
effective mass m, this is expressed by the Hamiltonian:

N PN 1 N
Hy = hwyy (b*b + 2) Ho|n) = E, |n) (2.2.1)

where b' and b are the phonon creation- and annihilation operators describing the vibrational modes with
corresponding eigenstates |n), containing n phonons detemined by the phonon number operator 7 = bih
and with eigenenergy F, = hwas (n + %) [7]. The position and momentum operators of this oscillator
can be described by [1]:

N N 1 /- ~
P = - T
s A A _ L 53
p=poPn, Pu \/§<b b) (2.2.3)

where xg = /hA/mwy and py = Vhmwys being the conversion between the operators and their corre-
sponding unitless quadratures X v and PM [7]. From these expressions, it can in addition be seen that
the vacuum state, i.e the lowest vibrational state with zero phonons |0), results in a position variance
rzpr = /{0]22|0) = x0/v/2, commonly referred to as the zero-point fluctuation which defines the
amplitude spread in position of the vacuum state [7].

In the Heisenberg picture of quantum mechanics, the time dependence of a quantum state is moved to the
operators acting on the state, resulting in the quadratures described in Equations (2.2.2))-(2.2.3)) evolving
harmonically with the frequency of the oscillator. This is described by transforming the phonon creation-
and annihilation operators with the transformation [§]:

b(t) = e1t/Mpe =1t/ = f(0)e ot (2.2.4a)

b (t) = (zS(())e—WMt)T = b (0)einmt (2.2.4D)

Solving for the position and momentum quadratures X/ (¢) and Py (t) of the oscillator, it can be found
that they evolve according to:

Xa(t) =2 (b1(#) +b(t)) = Xpr(0)cos(wart) + Par(0)sin(wast)

) 25 ) ) ) (2.2.5)

Py(t) = -=(bT(t) = b(t) ) = Par(0)cos(wart) — Xar(0)sin(wart)
and will oscillate in a circle with a radius depending on the amplitude of the oscillations and frequency was,
as illustrated in Figure [I} X3/(0) = X and Py(0) = Py are synonymous with the time-independent
quadratures in the Schrédinger picture, as described in Equations (2.2.2)-(2.2.3).

However, this model is based on the non-deformed Heisenberg’s uncertainty principle. The Hamiltonian
is thus adapted to the format H = Hy+ H’ where H' is given by the contributions from the deformation
of the commutator defined in Equations —. To solve for each Hamiltonian, the momentum
quadrature is adapted to contain the deformations by performing the following variable substitutions
[9]:

Py (1 + %50%wa), Bo-deformation
pc
. A A 2,
Py — { Py (1 — Jopo Py, + %(7&@) P@)7 ~o-deformation (2.2.6)
Py (1 + po %), po-deformation
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Figure 1: Temporal evolution of the harmonic oscillator position quadrature X,;(t) with variance 6X;(t).

With these substitutions, the commutator [, p] follows the deformed commutators in Equations (2.1.3a)-
(2.1.3¢) and for the general Hamiltonian H = p?/2m+V (), the deformations contribute to the additional
Hamiltonian [1):

2 _ Pg 3%
Héo - 50 3m(]\91p30)2 PM
H’/YO = 7')/0#]?4’30)P]%/[ (227)

Hllm = 'uolMg PM

to first order in each deformation parametetﬂ The quadratures can then be determined in a frame rotating
at wys by performing the transformation X, = e*fot/h X e=iHot/h and similarly for Pys, moving the
time dependence of the non-deformed Hamiltonian Hj to the operators. The temporal evolution of the
quadratures in this frame is then given by [§]:

0N, i,

L 2.2.8

M — |0}, (2.2.8)

where H’ defined as in Equation ([2.2.7) with X7, Pay — X Mo ]51’\/[ and O§\/1 being any of the two quadra-
ture operators in the rotating frame [1]. Solving for the momentum quadrature in this frame of reference,
it can be seen that it is constant in time Pj,(t) = P;;(0) and the Hamiltonian H' for the three different
deformations, as well as the corresponding commutators with X}, are time-independent. Subsequently, it

is possible to solve for the position quadratures and transform back into their original frame of reference,
which yields:

% % ~ 2
XJ@O (t) = XM(t) + dﬁUWJy[tP]?/I(t), dﬁu = 503(;\2%

X30(t) = X (8) + doowrtt P (), duy = =0 30825 (2.2.9)
X % » 2
X7 (8) = X () + dugwntPar(t), dyug = pro 32

which in the limits of the deformation parameters approaching zero equals the regular harmonic oscillator
description in Equation . It is in addition noted that for an object around the Planck mass, it
is safe to assume that dg, < 1 and d,, < 1 due to upper experimental bounds on the deformation
parameters and the size of py, as well as d,,, S 1 [1]. In the case of the po-deformation it is clearly seen
that the deformation does not add any higher orders of quadrature terms than what was initially in the
non-deformed commutator. This behavior is expected as this model acts as a mass dependent rescaling

of Planck’s constant when close to the Planck mass [1].

2The deformed Hamiltonian for the Bo-deformation is derived in Ref. [1], while the deformed Hamiltonians for the ~o-
and po-deformations, as well as derivations using it are made in this thesis.
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2.3 Coherent states of light

A coherent state of light is a quantum state that is the eigenstate of the photon annihilation operator
a with eigenvalue o = |ale’?, ¢ being a phase and « being related to the field amplitude. In addi-
tion, it describes a quantum state with minimal uncertainty for two orthogonal field quadratures [10].
Subsequently, it is a good description of a Gaussian mode of a monochromatic laser, since both the posi-
tion and momentum quadratures of the field, Xph and Pph respectively, are orthogonal and of minimum
uncertainty [8]. The state is defined as [10]:

ja) = e~z 37 2y, ala) = ala) (2.3.1)

described in a basis of Fock states |n), each with n photons. Subsequently, the average number of photons
7 in the state can be determined by the photon number operator 72 = afa, for which the coherent state
la) is an eigenstate with eigenvalue i = |a|®. The coherent state position and momentum quadratures
X, and Py, can in addition be described by [10):

{Xph =3(0"+a) (2.3.2)

Pon = %(df—d)

and will oscillate similarly to the quadratures of the non-deformed harmonic oscillator in Figure[l} Going
forward, any deformation to the photonic field quadratures will be neglected, as it is assumed that these
are negligible compared to the deformations of the harmonic oscillator quadratures |1]. The electric field
from the coherent state is in turn given by the electric field operator £ (t) acting on the coherent state
|or), defined as [|10]:

Et) =& (ae™" +ale ™), E(t) o) = 2|a|Ecos(wt — @) |a) (2.3.3)

2.4 Probing the commutator between position and momentum

Measuring commutators is in general tricky due to them being a result of performing operations on a
quantum state in a specific order. However, as originally proposed in Ref. [1], one can note that a
phase shift acting on a photon field described by a coherent state |«) is equivalent to a phase shift acting
on each of the photons in the coherent state. Given a phase shift ¢ that is linear with the position
quadrature of a harmonic oscillator, i.e p = AX (t) for an interaction strength A, a coupling between
the harmonic oscillator and the optical field is created, described by the interaction e?A"Xnm®) acting on
the coherent state. Probing the oscillator with this interaction four times, spaced with a quarter of an
oscillation period as illustrated in Figure 2] creates four interactions at the position quadrature values:
XM(to), X]\/[(to + T/4) = PM(to), XM(to + T/2) = 7XM(t0) and X]V](to + 3T/4) = 7PM(to). Here,
T = 27 /wyy is the period time of the oscillator and ¢y is the first interaction probe time. This creates
the total interaction operator &:

é— — e—iAflPA4(to)e—iAﬁXA4(to)eiAfLPM (to)eiA’fLij (t()) (24.1)

given the non-deformed temporal evolution of a harmonic oscillator in accordance with Equation .
In the classical limit, the position and momentum of the oscillator do not form a complementary pair and
the ordering of these operations does not matter. Subsequently, as there are both positive and negative
contributions to X » and PM, the interactions cancel each other out and the total interaction in Equation
is equivalent to performing a unitary operation on the coherent state. However, in the quantum
regime, position and momentum are complementary and the ordering does matter. By expanding the
total interaction in terms of the commutator between the position and momentum quadratures, the

interaction ¢ in Equation (2.4.1) can, in accordance with Ref. 1], be reduced to:

(AP

€= e S S0 o — il £0,00), C,H}, Co = Py (0) (2.4.2)

by noting that the position-momentum quadrature commutator stays constant in time, i.e {X M (), Py (t)
Xu (0),]3M (0)}7 V t. In the case of no deformation to the uncertainty principle, the interaction sim-

ply converges to & = e~ However, in the case of a deformed commutator, the expression yields
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Probing at tp =0

Figure 2: Probing of the oscillator four times spaced with a quarter of an oscillation period for o = 0. Red
dots illustrates probed quadratures and will drift counter-clockwise for later probing times tg > 0.

an additional phase term proportional to the deformation parameter strength |1]. Subsequently, if one
could couple an optical field to the oscillator with this interaction scheme, the commutator and thus the
deformation parameters would be measurable. This is exactly what was proposed in Ref. [1], where
it was investigated if the radiation pressure of light in an optical cavity interacting with an oscillating
mirror could result in a phase shift following this linear interaction with the oscillator quadrature. They
determined this interaction to be possible and concluded that the total interaction strength is given
by:

for a cavity of finesse F and laser wavelength Ar. To be able to probe the deformation parameters to
order unity, they in addition concluded that a cavity of F = 0(105) would in the worst case be necessary
which, although well within what is possible with cavities today, is difficult to achieve [1]. Finding an
alternate coupling mechanism with higher interaction strength than the radiation pressure of light can
thus reduce the need for such a high finesse cavity.

It is worth noting that the introduction of the deformation of Heisenberg’s uncertainty relation will alter
the interaction as described in Equation due to the deformation of the harmonic evolution of the
position quadrature. However, as noted by Ref. [1], an interaction of the same form will occur, although
the interaction strength will be rescaled slightly within the same order of magnitude. Calculating the
exact interaction strength by taking into account the small deviation to the harmonic evolution is time
consuming and requires calculating several nestled commutators between position and momentum, as well
as reordering many operations by expanding them in terms of these commutators. Thus, for simplicity,
the interactions considered ignore the deformations to the harmonic evolution and only show the general
behavior and size of the interaction. The total interaction can thus, to first order in each deformation
parameter, be approximated as [1]:

¢~ o—iAA? p—i§day (A2R PY+ NSRS Pay+ 5 AMRY) iM% o—idda, (AR)Y g deformation
o = e ih0? i g (A%A7 Pt 3 A%R%) o e‘mzﬁze_i%d“o(/\ﬁ)'g, yo-deformation  (2.4.4)
Ero py oI iRy g-deformation
where the last approximation holds in the limit ﬁ;{imm < AN, Miphonon being the average number of
phonons in the oscillator. As a comparison, by taking the deformation of the position quadrature into
account, the interaction for the By-deformation is given by %0 ~ e~ AR g—idsy AR iy the same limit,
which yields an identical interaction of similar interaction strength [1]. To find an exact value to the
deformations, this interaction needs to be carefully studied. However, to see the effect of the originally
proposed scheme, Equation is sufficient.
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a) g b) 4

w 2)

'y

wo w

wi + 1) wlo w

Figure 3: a) Optical transition between ground state |1) and excited state |2) driven by a laser of angular
frequency w with detuning § with regards to the transition resonance frequency wo = w2 —wi. b) Absorption
« in an atom with homogeneous linewidth I'y centered around the resonance frequency wy.

In accordance with Ref. [1], the interaction as described by Equation (2.4.4]) results in a phase shift that
is deformation independent, as well as an additional phase to the mean of the optical field caused by the
deformation and given by:

O(By) =~ dg, n3A%e=2° B _deformation
O(v) =~dy, R2ZA3e—t4A? ,  "Yo-deformation (2.4.5)
O(o) =~ dy, 2nA2e=28 0 deformation

for an average number of photons 7 >> 1 in the optical field and |©| < 1. The approximation holds for
ﬁ;{fmons < An in the case of the By and ~o-deformations, as well as d,, < 1 for the po-deformation [1).
Given a reasonably sized phase shift, the deformation parameters will be measurable via interferometry.
However, due to the scaling of dg, o< p3 and d., o< py with py < 1 in Equation (2.2.9)), the difficulty to
probe the parameters to order unity will range from 5y being the most difficult to probe and pg being

the easiest for any realistic choice of interaction strengths A and average number of photons 7 [1].

2.5 Detuning of optical transitions

To allow for an alternate coupling scheme later in this thesis, there is a need to explain a few concepts
in light-matter interactions, as well as how the phase of light is affected by traveling through a material.
In an atom, each optical transition has a resonance frequency wy = wy — wy corresponding to the energy
fuwg needed to excite an electron from a ground state |1) into an excited state |2) with corresponding
eigenenergies £y = fiw; and Es = hws respectively. An optical field of frequency w interacting with an
atom’s optical transition of resonance frequency wy thus experiences a detuning 6 = w — wg, with absorp-
tion being the largest at § = 0. For a lifetime limited state, the decay rate also gives the homogeneous
linewidth Ty of the transition, illustrated in Figure 3| [11]. There are several factors that can affect the
energy levels in an atom, which in turn will change the resonance frequency wg of the transition and
result in additional detuning. This thesis will limit itself to the effects from material stress and strain, as
well as the effect from magnetic fields.

A common source of strain is doping ions into a crystal structure, where the dopants will take the place
of another ion in the original crystal structure and in turn introduce strain in the lattice. This strain is
slightly different for each ion depending on where in the crystal it is introduced and the concentration of
dopants in that specific area. As a result, each ion’s transition frequency is shifted slightly differently from
the other ions. Summing up the total material absorption as the contribution from each of these ions, the
different shifts of resonance frequency will broaden the total absorption profile spectrally, a phenomena
called inhomogeneous broadening [12]. The broadening then results in a final inhomogeneous absorption
profile decaying with the inhomogeneous linewidth I';y, a parameter that is heavily dependent on e.g
the concentration of dopants in the material [13]. It is important to note that by introducing a source of
detuning into a material that affects each ion in the same manner, no broadening occurs and instead the
resonance frequency of an optical transition can be moved and tailored to a desired value. This important
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property is used later in the thesis, where the primary sources of detuning being investigated are external
magnetic fields and stress induced in atoms during the deformation of a material.

2.6 Susceptibility and dispersion

Light that is interacting with a material by passing through it will accumulate a phase shift that is
proportional to the refractive index of the material, a property that is heavily material dependent [6]. A
material that has a frequency-dependent refractive index is said to be dispersive. The wavenumber &k of
a field of light traveling through a dispersive material is in turn determined by the susceptibility of the
material. Given a host material of base refractive index ng, doped with ions that add a susceptibility
X(w), the wavenumber is given by [6]:

k= kov/no + x(w), x(w) =x'(w) +ix"(w) (2.6.1)
where ko = i—’or is the vacuum wavenumber for a wave of vacuum wavelength )\g. Considering a plane
wave propagating in the #-direction, the spatial component E(z) = Epe’*® will change o e** =

. ; x(w)
etkoy/motx(@)z o ko (n°+ 20 )17 where the last approximation holds for a material doped into a host
material of refractive index ng such that y(w) < 1. The refractive index n(w) and absorption a(w) are
thus approximately given by [6]:

X' (w)
70+ g (2.6.2)

n(w)

ofw) ~ 2" (w)
Subsequently, the real part of the susceptibility x’(w) is related to the refractive index of the material
and thus the phase change of the plane wave traveling through the material. The imaginary part x"(w)

on the other hand is related to the absorption of the material. In addition, the real and imaginary parts
of the susceptibility are related by the Kramers-Kronig relation [6):

Q

X (w) = %7’ /OO % ds (2.6.3a)
X' (w) = —%7’ /w % ds (2.6.3b)

where P denotes the Cauchy principal value. Consequently, any modifications to x”(w) by modifying the
absorption of the material will directly affect x/(w) and thus the refractive index and the phase of light
traveling through the material.
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Figure 4: Spectral hole of width I', as well as absorption a(w) and refractive index n(w) as described by

Equations (2.7.1) and (2.7.3).

2.7 Spectral hole burning

Photons from a laser field close to or on resonance with an optical transition will have a certain probability
of being absorbed, exciting an electron. The excited electron will then decay down to the original state or
any other allowed transition by spontaneous or stimulated emission [11]. By continuously driving the laser
field at the same frequency, the electrons that de-excited back to their original state will be reabsorbed
and de-excite again, until all electrons have moved away from the original state and no electrons remain
to be excited at that specific frequency. As a result, there is no longer any absorption in the material
at this specific frequency. By scanning a certain frequency range within an inhomogeneously broadened
optical transition with a laser, the absorption of the ions within that range will be removed. This spectral
range of no absorption is called a spectral hole [6]. Due to the change in absorption, the refractive index
changes according to the Kramers-Kronig relation and spectral hole burning can thus be used to tailor
the frequency-dependence of the refractive index to a desired spectral shape.

The inhomogeneous absorption profile of the optical transition can be approximated as a constant ab-
sorption aq around the center frequency given that the inhomogeneous linewidth I';y of the transition
is wide compared to the frequency range that is being observed. Subsequently, a spectral hole can be
approximated as a square well with zero absorption inside the well and constant absorption ag outside
the well, given that the spectral width of the hole T fulfills Ty < T' < T';y [14]. In the case of ions
doped into a crystal lattice, the added susceptibility fulfills y(w) < 1 and the imaginary part of the
susceptibility x(w) can around the spectral hole be described by:

0 , — <TI/2
V@)= -aw =40 el </ @71)
7EO[O 9 |w7w0|ZF/2

Solving for x'(w) with the Kramers-Kronig relation in Equation (2.6.3a)) results in [14]:

1 aono wo — ' —w 1 aono ) + 7 2'fL() (%)) I
== 1 = - 1 = — —arctanh| — 2.7.2
T ko n<w0—|—7rf‘—w> T ko n<(5—7rF ko M TS ( )

X' (w)

™ Ko

with x/(wg) = 0. Thus, the total refractive index is given by:

X' (w) ag 7l
_ _ 3 ™ 2.7.
n(w) =mng + 51g ng + . arctanh( 5 (2.7.3)

with n(wg) = no, as illustrated in Figure |4l By performing a first order Taylor expansion around § = 0
of the refractive index in Equation ([2.7.3), it can be seen that it is approximately equal to:

on apd

+ % 5o . (5 =Ny + W (274)

n(w) = n(wo)

for small detunings § compared to the width of the spectral hole T.



3 COUPLING SCHEME
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Figure 5: a) & X 2 cross-section of cantilevered beam displaced by X. b) § X 2 cross-section of cantilevered
beam displaced by X. c¢) Cantilevered beam oscillating at angular frequency w); interacting with a field of
light with frequency w.

3 Coupling scheme

As an alternative to coupling the phase of light to a harmonic oscillator via radiation pressure, another
interaction scheme, as proposed in Ref. 3], based on dispersive coupling between a material under stress
and the light traveling through it is considere

3.1 Induced stress in a cantilevered beam under free vibration

To create an oscillator for the coupling scheme, a cantilevered beam interacting with light passing through
it, as illustrated in Figure [5] is considered. According to the Euler-Bernoulli beam theory, the displaced
path of the & X ¢ cross-section of a beam at a certain height w,, = w,(z) can be determined with the
Euler-Bernoulli beam equation [15]:

4 2\ 1/4
88;” M, =0, A, = (’jgj") (3.1.1)

for a certain resonance frequency w, of the beam with mode number J\,,, Young’s modulus E, mass per
unit length ¢ = m/L and second moment of area I. The mode numbers ), corresponds to a value
representing each of the n discrete resonance frequencies in the beam and is a purely geometry dependent
number, in contrast to the resonance frequency, which in addition will depend on u, E and I. Given
Equation , the displaced path w,, of the n:th mode has the general solution:

wp(2) = Apcosh(Anz) + Bpcos(Anz)
+ Cpsin(Apz) + Dypsinh(A,2) (3.1.2)

Considering a cantilevered beam of size w X e X L that is clamped at one end at z = 0, as illustrated in
Figure [5 the following boundary conditions can be determined [15]:

w =0, 2| =0
{;JZ—O T =0 (3.1.3)
022 |z—L = 07 023 |z=L =0

Solving for the unknown parameters, the displaced path w,, of the cantilevered beam can be described
by:

cos (A, L) + cosh (A, L)

wy(2) = Ay, [cosh(Apz) — cos(Anz) + y(sin(A\,2) — sinh(A,2)) |, v = S (0 L)+ simh (W) (3.1.4)

3The following chapter is based on the idea proposed in Ref. [3]. However, a new derivation with an approach grounded
in experimentally measured values of absorption in spectral holes is used, yielding a result synonymous to Ref. 3], although
different in magnitude to the theoretically pure two-level system being considered in the original article. This is important,
as the original derivation severely overestimates the coupling strength that is possible to achieve experimentally.

10
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Considering the first vibrational mode n = 1 and normalizing it to have a specific displacement X at
the tip of the cantilever at z = L further results in A; = X/wi(L), as illustrated in Figure |5 When the
cantilever is displaced, stress is introduced throughout the cantilever proportional to how far away the
point is from the displaced path described by Equation . More specifically, the stress ¢ induced
at a certain distance x from w1 (z) equals o = —#, where M = —FET 8622“;1 is the torque applied on the
cantilever [15]. As a result, the stress in the first vibrational mode, displaced by X is given by:

o xEﬁazﬂgl — wale\i) l(cosh (A1z) + cos (A12)) — y(sin (A12) + sinh (/\12))]
EX | (o)™ (A2)* !
=X ;;) ((ék)n (1+ D) = Gk 1 (=" +1)
B EX2 2 (A2)? Az ~ EX?
= 23:Xw1 ) kZOZ(;@Qn k)] (1 BT 1) ~ Qwal(L) [1—~vAi2] (3.1.5)

where the last approximation holds for \)\12|4 < 1, equivalent to a first order Taylor expansion around
z = 0. Some materials, such as Europium, experiences a stress-detuning to its’ optical transitions that is
linear with the pressure it is exposed to [16]. For such a material doped into the cantilever with detuning
strength k' [Hz/Pa], the total detuning at position z, z in the crystal lattice is thus given by:

2EN2

6stress 2) = klo_ ~ k/J?X
(2) (D)

[1— 7\ 7] (3.1.6)

given that |[A;z|* < 1. Tt can thus be seen that the stress maximizes in the bottom of the cantilever
and close enough to the bottom of it, the z-dependence of the stress can be neglected. The average
detuning §5!7¢%$ in the bottom cross-sections of the cantilever 0 < z < TLO and —5 <y < 7, which fulfills

mean

|)\12\4 < 1, can then be approximated by:

, 2EX? [ [(1—~Xz) dydz 2EN? 10 [10
gstress — plo X L =KX L= / 1—~\2) dz
e wiL) ] dydz o L Jy M)
L
2EX? 10 AL L]0 2EN? ML
=kzX L2 — 2222 =FaX Li1— = kaX 3.1.7
(D) L {Z 2 ZL (L) 20 v (3.17)

with k being the average strength parameter for detuning caused by stress in the base of the cantilever.
It is worth noting that the stress-detuning strength k is a value which is heavily material dependent and
should be measured for every unique experimental setup. However, the expression in Equation
acts as a reasonable placeholder value on what order of magnitude the strength can be expected to be. In
addition, the stress-detuning is linear with the displacement of the tip of the cantilever X and depth =x.
By oscillating the cantilever tip harmonically at an angular frequency wp; = wy, the position quadrature
of the oscillating cantilever translates linearly directly into the stress of the material.

For a cantilever of size w X e X L, the boundary conditions in Equation yields the solution for
the mode numbers A, from the equation cos(A,L)cosh(A,L) +1 = 0 and the first vibrational mode
number A; can numerically be determined to be equal to A\; = 0.5968647 /L. From the expression in
Equation , it can be seen that the average stress-detuning in the bottom of the cantilever thus
scales quadratically with decreased cantilever lengths due to k& oc A2 oc L=2. Consequently, a shorter
cantilever will result in the same stress being induced for a much lower displacement X. Furthermore, it
is noted that the second moment of area I = we3/12 and the mass m = pweL for a homogeneous density
p |17). The oscillation frequency of the cantilever w,, can thus, together with the definition of the mode
number A, in Equation , be determined by:

F e E e
n= M0 == =1.01 —— 1.
w "3,3 = w 0150 P (3.1.8)

and is in addition to the material parameters purely geometry dependent. The resonance frequency of the
first vibrational mode can thus be altered by changing the ratio eL ~2 when designing the cantilever.

11
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Asymmetric hole burning sequence
a) +al2 VB=+VB b)

+el2

w 0 i 0
-e/2 -el2
0 +3A
)
c) VB=-VB, d)
+el2 +el2
» 0 " 0

-e/2 -el2
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Figure 6: Spectral hole burning scheme to create an asymmetric spectral hole. Gray denotes outside of
burnt spectral hole. a) The magnetic field gradient is applied and a spectral hole is burnt in the range
v € [vo — A, 10 + 3A]. b) The magnetic field gradient is removed. ¢) An equal magnitude and opposite sign
magnetic field gradient is applied and a spectral hole is burnt in the range v € [vg —3A,v9 + A]l. d) The
magnetic field gradient is turned off.

3.2 Spatially asymmetric spectral hole

Let’s consider a cantilevered beam doped with rare-earth ions in accordance with Figure 5} By applying
a magnetic field gradient VB over the depth of the cantilever (in the #-direction), each homogeneous
linewidth within the cantilever will be detuned proportional to the field affecting the cantilever at a depth
2 and a proportionality constant g, resulting in the total detuning §™®9"¢!¢ = gV Bx . Consequently, if
the cantilever is affected by a positive magnetic field gradient V By, the inhomogeneous absorption profile
at each & X 2 cross-section is shifted a different amount, linear with = and being zero in the center of the
cantilever. By burning a spectral hole, as described in section 2.7, around a center frequency of vy with
this magnetic field gradient, a regular spectral hole is created with each cross-section still detuned. By
turning off the magnetic field gradient after the burning sequence, the detuning will be removed and each
cross-section is shifted back, resulting in a final spectral hole with the center frequency drifting along the
line v(x) = vy — gV Box traveling through the cantilever from x = —e/2 to = +e/2. Repeating this
process with the same but negative magnetic field gradient —V By and scanning a frequency range lower
in frequency, the opposite tilt is applied for the new scanning range and creates a hole that drifts along
the line v(x) = vy + gV Bgz. By choosing the scanning ranges for the two burn sequences such that they
overlap at vy, the final spectral hole can be designed such that it is wider at = —e/2 and becomes
narrower the further into the material the light has traveled. The exact scheme, proposed in Ref. and
illustrated in Figure [6] is performed by scanning a range [vy — A, vy + 3A] with VB = VB, and then
scanning the range [vp — 3A, vy + A] with VB = —V By, for a hole burning parameter A that determines
the width of the spectral hole. As a result, the final spectral hole will have a width I" = T'(z) given by

[3]:
['(z) = 6A — 29V Box — 2kX|z| ~ 6A — 29V Box (3.2.1)

for Brownian motion of atoms in the crystal of magnitude X and the approximation holding in the limit
where changes to the hole width due to Brownian motion is negligible [3]. Given z € [—e/2,+¢/2], the
approximation holds in the limit kXe < gVBge. By in addition limiting the magnetic field gradient
to VBy < A/ge, the requirement introduces the constraint that the change in hole width due to the
magnetic field gradient is less than 1/6:th of the entire hole width, allowing for a wide region of refractive
index linear with detuning and I'(x) > 5A V = € [—¢/2, +¢/2].

12
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3.3 Refractive index and phase shift in asymmetric spectral holes

Let’s consider an asymmetric spectral hole of width I'" as described previously by Equation and
assume that the amplitude of Brownian motion of atoms during the hole burning scheme is negligible.
When the structure is burnt, the magnetic field gradient is turned off and the total detuning § of the
laser frequency w compared to the resonance frequency wy is then purely given by the difference between
the laser and the non-detuned resonance frequency, as well as the stress detuning §5t"¢** introduced by
the oscillating cantilever. The total detuning in angular frequency is thus:

§=w — (wo + 2w = 271(8' — kXx) (3.3.1)

for a frequency detuning 6’ = v — vy = (w — wp)/27. Together with Equation (2.7.3), the refractive index
n = n(v, X) in the spectral hole at a certain depth  and displacement X in the cantilever becomes:

o O —kXz
X)= —arctanh| —————
n(v, X) =ng + Wkoarc an <3A gVBgfL’>
ag O —kXzx
U e IO
wko 3A — gV By
where the last approximation holds in the regime of refractive index linear with §, as described by

Equation (2.7.4). A field of light traveling through the cantilever thus experiences a total phase shift
» = p(v, X) equal to:

~n (3.3.2)

+e/2
o, X) = k:o/ n(v, X) dx (3.3.3)
—e/2
Solving for the Taylor expanded expression of the refractive index in Equation (3.3.2) yields the phase
shift ¢:

® = o+ Y1+ P2

o = konge

1 =140

oy = BXs (3.3.4)
Ty = Tr;g%o arctanh(igvﬁgoe)

B = 777?:5?332 (GAarctanh(igzi‘)ﬁ — gVBoe)

with Xj; being the position quadrature of the harmonic oscillator created by the oscillations of the
cantilever in accordance with Equation and 3, 74 being constants. In the case of cantilevers
with mass around the Planck mass, it is reasonable to assume that the position quadrature will include
the defects from the deformed Heisenberg’s uncertainty principle, as described by Equation . It
can easily be seen that ¢y equals the contribution to the phase that would normally be expected when
traveling through the host material of refractive index ng [6]. ¢1 and @9 on the other hand arise from the
susceptibility of the rare-earth ions and the spatially asymmetric spectral hole. By performing a third
order Taylor expansion of the parameters in arctanh(z) ~ x + 2°/3 around x = 0, the coupling strength
parameters § and 7, can in turn be approximated by:

2
ape V Bope
7o = 3ra (1 +3(25) ) (3.3.5)
3
B = —kaom 3528

It can thus be seen that the strength of the interaction can be amplified either by increasing the asymmetry
of the spectral hole by increasing the magnetic field gradient VBy or by increasing the depth of the
cantilever e, allowing the light to accumulate a phase in the material for longer. In addition, reducing A
will in turn result in a more narrow spectral hole and a refractive index that changes more drastically
with the detuning, equivalent to a larger accumulated phase in the material due to stress detuning. This
result is synonymous to a similar derivation made in Ref. [3]. The key difference is the use of the peak
absorption «ag, an experimental value, in contrast to the use of the theoretical value from a pure two-
level system. By modifying the result from their two-level system with appropriate branching ratios and
experimental radiative decay rates both approaches will then yield a similar coupling strength § as in

Equation (3.3.5).
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4 Methodology

To accurately probe the deformation to the position-momentum commutator with the scheme proposed
in the previous chapter, there will be fundamental restrictions both in terms of the hole burning scheme,
as well as the geometry of the cantilever when optical pulses are used. To combat these limitations,
this chapter aims to propose an alternate, experimentally viable setup to probe the commutator with
continuous, monochromatic light and show why it is beneficial to the coupling scheme compared to the
use of optical pulses.

4.1 Probing with an optical pulse

A large advantage to the phase shift component ¢ in Equation is that it is independent of the
frequency detuning 4’, given that the detuning is small. This ensures that each frequency component
in an optical pulse traveling through the cantilever is affected by the same phase change due to the
change in position quadrature X of the oscillator, ensuring that the pulse will not be distorted by the
interaction. There will however be distortions to the shape of the pulse due to ¢; being linear with the
frequency detuning §’. By applying this phase shift to a complex electric field and performing an inverse
Fourier transform, it can be seen that this linearity will cause the phase shift to occur as a temporal
delay of the pulse envelope, henceforth referred to as a group delay, with value % = 74 and will not
alter the shape of the pulse [6]. The total interaction can thus be seen as a pulse that gains a static phase
change ¢ due to the host crystal, a static phase change due to the group delay 7, of the pulse induced
by traveling through the spectral hole and a dynamic phase o linear with the quadrature X of the
oscillating cantilever.

To be able to probe the potential deformation to Heisenberg’s uncertainty principle as described by
Equation , an interaction linear with the position quadrature Xy is needed. Subsequently, the
entire pulse must be within the region of linear refractive index centered around § = 0 in accordance with
Equation . For an asymmetric spectral hole of width according to Equation and assuming
that T'(z) > 5A Y x € [—e/2,4€/2], an adequate choice of the pulse bandwidth is thus vpwpy < A,
keeping the Full-Width Half-Maximum (FWHM) of the pulse within 20% of the hole width. This is
already large enough that some higher order terms of the phase shift will show, although for the sake of
arguing for the use of pulses with the scheme, it will act as a benchmark of an achievable value when
pushing the parameters of the model. Let’s first consider the case where each part of the pulse probes
the same cantilever position quadrature, synonymous to a pulse length much shorter than the temporal
evolution of the cantilever or equivalently wys /27 < vew - In this regime, the resulting requirement
wrp /21 L vpwaym < A s found. It can be seen from this condition that some restrictions on possible
cantilever geometries are introduced from the definition of the oscillator frequency in Equation 7

resulting in the condition:
WM E e
A>— =0.1615,/ —— 4.1.1
> \/ pE (4.1.1)

By observing the coupling strength in Equation , it can be seen that the coupling is maximized
when A is minimized. Together with the requirement in Equation , the minimum allowed selection
is A &~ 100w, /27. By maximizing the magnetic field gradient V By and selection of A, it can be seen
that the coupling strength from Equation will be upper bounded by an expression that can be
expanded into a geometric proportionality Bmae x L'/2w™1/2. Subsequently, the maximum possible
interaction strength for the scheme will be reduced for smaller cantilevers that keep the same geometric
proportionality. One can circumvent this by making an increasingly thinner cantilever of large length,
although it will quickly become non-physical. It can then be shown that the maximum feasible coupling
strength will not be large enough to probe the deformation parameters of all three models properly,
except for objects with mass much smaller than the Planck mass. This will in turn fundamentally limit
the coupling scheme’s ability to probe a mass range surrounding the Planck mass.
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To combat these geometric limitations, it is worth looking into pulses of length comparable to the oscil-
lations of the cantilever. However, this means that different parts of the pulse envelope will be affected
by different phase shifts @5 due to the temporal evolution of the quadrature in accordance with Equa-
tion . Although this will affect each part of the pulse differently for each interaction, it can be
seen, as described by Equation that the total interaction is independent of the temporal evolu-
tion of the cantilever, meaning that each part of the pulse still experiences the same total phase shift
regardless of probe time. Thus, it is still possible to detect the deformation-induced phase shift on this
time-scale. However, it is noted that the increased pulse length means that a pulse sent through the
cantilever every quarter of an oscillation period risks clipping into its’ own tail from the previous inter-
action. Consequently, any manipulation of the pulse during one interaction without affecting the pulse
in the previous interaction is impossible. This is problematic, as it means that any manipulation of the
pulse to couple it out of an experimental setup, as originally proposed in Ref. [1], will out-couple a part
of the pulse that has yet to perform the last interaction. To prevent this, the additional requirement
that three temporal FWHM of the pulse can at most pass through the cantilever every quarter of an
oscillation period is added, i.e vpwma > 12wp/27. Thus, a Gaussian pulse with standard deviation
0 = Vpwgar/2/2in(2)) fulfills that the field within £3.530 standard deviations can not clip into it-
self, guaranteeing that at most 0(10’6) of the field amplitude clips through itself. Together with the
remaining pulse requirement vpw gy < A, the pulse FWHM is bounded by 12wp /27 < vpwam < A.
The parameter A is thus again lower bounded by the oscillator frequency and reintroduces the scaling
problem from only considering pulses of length much smaller than the oscillator frequency. The problem
is however reduced by roughly one order of magnitude and the coupling strength § maximizes for the
selection A = vpw gy = 12wy /27, resulting in an approximately two orders of magnitude larger cou-
pling strength than in the previous limit. As a result, the interaction strength in the originally proposed
probing scheme in Ref. [1] is severely limited by the use of optical pulses considering the new coupling
scheme. It is therefore advantageous to change the probing scheme to allow for smaller spectral pulse
widths or even the use of monochromatic light with a singular frequency if the new coupling scheme is
to be used to its’ full extent.

4.2 Probing with a continuous laser field

Given the problematic upper bound for interaction strengths for optical pulses, a continuous monochro-
matic Gaussian beam will instead be considered. As the light is continuous, the light from all four
interactions will clip through each other and an alternate experimental setup must be designed. How-
ever, this is difficult to implement due to the number of interactions and to allow for a suggestion later
in this thesis, an alternate probing scheme will first be constructed by probing the cantilever two times,
spaced with half an oscillation period. This is possible if the deformed oscillation in Equation is
being considerecﬂ It is then noted that:

X(to+T/2) = —X(t) - dﬁo QPM@)‘“’
X37(to +T/2) = X35 (6) — dyy T Ps(1)? (4.2.1)
X4 (to + T/2) = —X42 (1) — dpuy T Pus (t)

and the interaction ¢ = A X (to+T/2) giAn X nr (to) can, for the three deformation models be expanded

into:
P ~1-— iNadg, Te —iAﬁXf:;)(tO)PM(tO)SeiAﬁxzfzp (to)
£ ~1—iAnd, Se —iAnX O(tU)PM(tO)QeMﬁXL‘)(tO) (4.2.2)
o 1 — ZATLd 71' 71AnXMO (to)P (to)eiAﬁXxf (to)
to first order in each deformation parameter. Expanding the expression in terms of commutators, similar
to Equation (2.4.2)), then yields:
550 ~ efidgo%(AﬁPM(to)3+3(Aﬁ)21§M(t0)2+3(Aﬁ)3}5M(to))+(Aﬁ)4) ~ e—ids, 5(AR)*
€10 v =0 F (AP (10) 4 2(A0) Pas 10)+(AR)") 1y p—idyg F (AR)° (4.2.3)

2
€10 g o 3 ((AR)" Pas (to)+(AM)?) o o—idyy 3 (A)°

4The following interaction scheme is fully derived in this thesis and is based on the interaction scheme in Ref. [1].
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where the last approximations holds in the limit ﬁ;éinons < An for the three deformation models.

Similarly to Ref. [1], the deformation-induced phase shifts are then, for |©| < 1, given by:

O(B0) ~ dg, TP A4
O(10) ~ dy, Tn2A® (4.2.4)
O(10) = dyyy THA?

in the same limit and is of the same form and scaling as the original interaction scheme described by
Equation . In addition, there is no contribution from the non-deformed commutator between the
quadratures, making this interaction purely taking the deformed dynamics into account up to first order
in each deformation parameter. Due to the reduction in the number of interactions from the original four
down to two interactions, the monochromatic light can be sent through the cantilever once and then back
through the cantilever with a delay line between, before being sent to an interferometric measurement of
the phase. This will in turn allow probing the cantilever with monochromatic light instead of pulses. As
the light is monochromatic, it will have a well defined frequency and can be placed into the center of the
spectral hole, allowing for much smaller spectral hole widths while maintaining the coupling scheme linear
with the oscillator quadrature X . This will in turn allow for much larger coupling strengths between
the oscillator and the optical field due to the scaling 8 o« A~2 in Equation . In addition, the
optical field will not gain a phase contribution from ¢; in Equation due to & = 0 and the entire
interaction with the cantilever is given by g and 5. Subsequently, the only limitation for the coupling
scheme is that the maximum induced stress-detuning must be within the region for a coupling linear with
the oscillator quadrature, which is now given by the more strict requirement |kX,,q.€| < 0.1A, keeping
the maximum stress-detuning within 4% of the hole width at all times. By performing a higher order
Taylor-expansion around &’ = #+0.14, it can be seen that the higher order terms are negligible and the
linear approximation holds. Consequently, A is lower bounded again, albeit much lower than in the case
of using optical pulses in the scheme.

4.3 Interaction strength and cavity enhancement

Considering an optical field described by a coherent state |a) with a = |a|e’?, an additional phase shift
(2 in accordance with Equation is equivalent to an interaction %2 = XM (t) acting on each
of the Fock states |n) in the photon field, similarly to the original proposition of probing a harmonic
oscillator in Equation . The total interaction strength per pass through the cantilever is thus
purely given by the coupling coefficient 3:

QVB063

A =B = —kagd Y20
b A0T087A2 "0

(4.3.1)
To further enhance the interaction strength, it is possible to add an optical cavity around the cantilever to
allow the light to pass through it multiple times to accumulate a larger phase shift. It can be noted that
if the light enters the cantilever from the opposite direction, each cross-section of the cantilever still adds
the same phase onto the light, although in the opposite order from the original direction. Consequently,
the accumulated phase is equal traveling through the cantilever in either of the two directions. The total
interaction strength A in Equation then scales with the number of interactions, which for a cavity
of finesse F is approximately given by 2F. Fulfilling this requirement, the interaction strength A in
Equation can then be modified into:

A= Qﬁf = —ka()i]:x() (432)
From this expression it can clearly be seen that it is of the same form and scaling as the initially proposed
interaction in Equation (2.4.3)). However, the key difference is the possibility of tuning the interaction
with the magnetic field gradient V By and the hole burning parameter A, as well as the heavy impact that
the choice of cantilever geometry and dopant peak absorption g has on the interaction strength.
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4.4 Forces and cooling

To probe the commutator of the oscillator, it is important that there is a reliable way of starting exact
oscillations of the cantilever from thermal equilibrium. Similarly to Ref. |4], the interaction between the
cantilever and the coherent state is governed by the interaction e?AXm®) = ¢iHlint()t/h ~ Qubsequently,
there is one part of the interaction that is governed by a coupling between the photon and oscillator
position quadratures. More specifically, the interaction is at a probe time ¢y governed by the interaction
hamiltonian [4]:

Hini(to) = @ﬁXM(tO) (4.4.1)

for a short interaction time segment 7. The force F'(tg) acting upon the cantilever is then given by
7):

. OHimi(t A o
F(to) |a) = —# la) = —TTCOCOS(wMtO)aTa |cr)
hA hA®
= ———cos(wato)|a)? o) = — cos(wartp) |a) = F(to) |a) (4.4.2)
TX0 X0

for a coherent field amplitude || = v/®7 and a photon flux ®. It can in addition be seen that the
magnitude of this force |F'(to)| is constant for a certain photon flux and probing time. This is of special
interest in the case of a symmetric cavity, where the intra-cavity field is symmetric around the center of
the cavity for a Gaussian mode [6]. By placing the cantilever in the center, the forces in the cavity will
be of equal magnitude and opposite direction at each end of the cantilever at all times throughout the
oscillation period. As the number of interactions per round-trip and side of the cantilever is equal, the
forces cancel out and the rest position of the cantilever is not shifted. The oscillator can thus oscillate
centered around Xj; = 0. By instead mounting the cantilever slightly off-center in the cavity with regards
to the propagation direction of the light, there will be a net force acting on the cantilever due to the
difference in photon flux at each side, allowing manipulation of the oscillator swing amplitude. This is
further explored in Ref. [4], where the manipulation of the photon flux could be used to either dampen
or amplify the oscillations in a feed-forward control system.

However, due to the proposed deformation there will be a second coupling between the photonic field and
the mechanical oscillator due to the deformation to the harmonic evolution of the position quadrature,
as described in Equation (2.2.9), and will be of form:

H,(t0) = d, Ahwarn Py (to)
H}(to) = dyy Awnin PRy (to) (4.4.3)
Hi b (to) = dyg Ahwnn Py (to)

Similarly, by solving for the forces of these deformed interaction hamiltonians it is possible to see that the
force for each deformation can be expressed < F(tp) and is symmetric around the center of a symmetric
cavity and behaves similarly to the undeformed force contribution.
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One feature of the non-deformed coupling in Equation , as described in Ref. [4], is that a continuous
measurement of the photon field quadrature Pph results in a reduction of the variance of the quadrature
and thus localizes the variances of the mechanical quadratures Xy and Py to a random, but known,
phase and amplitude. The steady state solution of this phenomena when coupled to a thermal bath of
coupling strength Ty is given by [4]:

o —Tar+/Tar + 20202720 + 2Ty (274, + 1)) 1 ¢ T o
s — ~ 1 2 1 4.4.4
M AnA2d 2,/m + A2<I>( ien + 1) ( )

for a photon detector efficiency 7, photon flux ® and average number of initial thermal phonons 7i4,.
The last approximation holds for I'y; < +/2®A. This reduction in variance is equivalent to forcing
thermal phonons to coherently oscillate with the oscillator, projecting the mechanical state closer to a
coherent state of minimum uncertainty. Effectively, this acts as a cooling mechanism and is referred
to as measurement induced cooling [4]. However, as no phonons have been removed from the system,
the mechanical energy of the oscillator remains the same, making this scheme inherently different from
other cooling schemes. The new steady state variance corresponds to a new, effective, thermal phonon
count ngeoled = 6Xn — 1/2 [4]. In the ideal case of n = 1 and an interaction strength and photon
flux dominating the heating from the thermal phonons, the variances approach one half, the minimum
uncertainty for a Gaussian state, and results in an effective thermal phonon count of zero. Considering the
additional deformed interaction hamiltonian in Equation , this derivation does not hold. However,
it can be noted that for short interaction time segments 7, the deformed interaction hamiltonians in
Equation are much smaller then the non-deformed interaction hamiltonian in Equation .
As the steady state solution in Equation is based on taking the continuous limit of interactions
of these small time segments, it is safe to assume that the general cooling mechanism will work even
in the case of an existing deformation to the position-momentum commutator. It will however not be
able to reduce the variance below the deformed commutator minimum uncertainty, although a cooling
scheme being able to cool the non-deformed quadrature down to minimum uncertainty will reasonable
cool the deformed quadrature to a similar thermal phonon count. The exact cooling mechanism for the
deformed commutator should be explored for more exact results, however it will be outside the scope of
this thesis.

When the cantilever is cooled down to as far as possible, the cantilever will start heating due to interactions
with the surroundings. The rate at for which one phonon is changed in the vibrational mode due to the
thermal coupling is given by the thermal decoherence rate, which for an average number of phonons 7,
as well as average number of thermal phonons 7, = ’gg;, coupled to a high-temperature bath with

coupling strength I'yy, is given by [7]:

%ﬁ(t =0) = -Ty(R — ) (4.4.5)

for a bath temperature T" and kp being Boltzmann’s constant. From this expression it can be seen that
it is desirable to design an oscillator with high oscillator frequency (resulting in a lower nyy), together
with a low coupling strength I"3; to the bath. To be able to comfortably probe the oscillator during a
time segment 7, the number of coherent phonons lost during this time due to heating of the cantilever
must be negligible, i.e 7 - 4T pr /27 < 7.

18



4.5 Interference measurement 4 METHODOLOGY
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Figure 7: Experimental setup probing the deformation parameter of the position-momentum commutator
using two interactions between a monochromatic laser source and the cantilever inside of a cavity. A
combination of half-wave plates and polarizing beam splitters, denoted as A\/2 and PBS respectively in the
figure, alters the beam path to the desired path. M1 denotes in-coupling mirror in the cavity, M2 denotes
the out-coupling mirror, BS denotes beam-splitter and FOM denotes electro-optical modifier.

4.5 Interference measurement

To accurately measure the phase contribution from the interaction, the optical field is first sent through a
50/50 beam splitter, allowing one arm to go through the interaction scheme and one through a delay line.
They are then recombined after the interaction has occurred. By tuning the optical length of the delay
line such that the light interfere destructively for zero deformation-induced phase, a non-zero interference
pattern between the optical fields will then purely be a result of the deformation-induced phase © in
Equation . More specifically, given that the fields are Gaussian and described by coherent states
|a) with complex electric field operators ég(f, t), the total electric field E (7,t) from the interference is
given by:

E(r,1) o) = (AO(F, t) — o7, t)g) ) = (é’o(f’ t) — &o(F, t)e—z@) )
= &(r D)1~ 7] o) = 20y (7, 1)sin(0/2)e O/ |a) ~ i (r. )OO/ a)  (15.1)

where the last approximation holds for small phase shifts |©| < 1, readily fulfilled for the three deforma-
tion models. Consequently, the expectation value for the measured interference intensity I(7,t) is given
by:

I(7 1) = ‘<é(r, t)>]2 - ’<a| £ 1) || = 4l t)m?(?) ~ Iy(7, 1)02, Iy(F,t) = ]<50(f, t)>‘2
(4.5.2)

Similarly, the measured power P(¢) for optical fields of power Py(t) can be found by integrating over the
cross-sectional area A of the optical field:

P(t) = /I(F, t) dA = 4sm2<(3> /Io(f, t) dA = 4P0(t)sm2<(;) ~ Py(t)©?%, Py(t) = Io(t)——
(4.5.3)

where w is the focused beam radius of the Gaussian field at the detector, resulting in an effective cross-
sectional area A = mw?/2 @ Iy(t) is the time-varying intensity envelope of the field. In the case of

continuous monochromatic light, the intensity and thus power of the Gaussian field is constant in time
with Py(t) = Py = ®phwp for a constant photon flux ®g and photon energy fiwg @
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4.6 Experimental setup

To measure the deformation parameters, the original experimental setup needs to be changed to allow
the use of continuous, monochromatic light. Subsequently, the following probing scheme is proposed,
based on the two-pulse scheme previously discussed and illustrated in Figure (7l Light is sent into a 50/50
beam splitter, where one arm creates a reference field to later make an interferometric measurement of
the phase. The other arm is sent into the interaction scheme, interacting with the cantilever 2F times
before leaving the cavity and being sent through a delay line tuned to exactly half an oscillation period.
It is important to take the static phase contributions from the interaction with the cantilever into account
when tuning this delay line to isolate the desired interaction £ governed by the phase shift o in Equation
(13.3.4). The light is then sent back into the cavity and the second interaction with the cantilever occurs.
It is then sent out to the detector, where an interferometric measurement of the phase is conducted
by recombining the reference field with the field that has gone through the interaction and tuning the
reference pulse delay line such that the fields interfere destructively for no deformation-induced phase
shift. Any contribution to the deformed phase shift, as described by Equation will then show
as a non-zero intensity in the interference measurement. To cool the cantilever with the scheme for
measurement induced cooling, the electro-optical modulator (EOM) between the half-wave plate and the
last polarizing beam splitter in Figure [7] can be used to act as an additional half-wave plate, resulting
in the light skipping the delay line and only interacting with the cantilever once before having it’s phase
measured. The continuous measurement of this phase will in turn yield information on the photon field
quadrature P, cooling the cantilever in accordance with the scheme proposed in Ref. [4]. When the
cantilever is sufficiently cooled and a desired swing amplitude has been created, the EoM can be turned
off, allowing the light to probe the cantilever twice in accordance with the probing scheme.

Thus to measure the commutator, the following scheme is proposed:

1. Cool down the cantilever to as low initial temperature as possible with a cryostat to reduce Brownian
motion before the hole burning scheme.

2. Burn an asymmetric spectral hole into the base of the cantilever with the help of a temporary
B-field to create the desired coupling.

3. Measure the commutator:

e Turn on the EOM and continuously probe the photon field quadrature Pph by measuring the
phase after one interaction until steady state variance has been reached, thereby lowering the
thermal occupation of the oscillator.

o After the cooling has concluded, the oscillation amplitude can be altered by manipulating the
photon flux of the probing laser. The EOM is then turned off.

e Measure the interference amplitude between the reference field and the optical field sent
through the interaction scheme to determine the deformation-induced phase shift.

4. If the spectral hole has degraded due to the interaction and the measurement uncertainty is still
too large, step 2-3 can be repeated as many times as needed to reduce the uncertainty of the
measurement.

The uncertainty of the measurement yields an additional term to the phase given by the fundamental
variance 6 X5y, scaled with the statistical uncertainty in photon count of the measurement, i.e scaled with
the average number of photons 72 and number of measurement runs N in accordance with Ref. |1]:

60 = 6Xn/VNR (4.6.1)

where the variance of the position quadrature is approximated with the cooled expression in Equation
(14.4.4)).
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5 Expected outcome using rare-earth-ions

Let’s consider a cantilever made of Yttrium Orthosilicate (YSO) doped with 0.1% Europium and the
optical transition of interest being the D1 Line of the Dy —7 F, hyperfine transition at Site 1 in the
crystal, centered around the wavelength A\g = 580 nm. The material parameters are then given by:
ap =350 m~!, E = 134.8 GPa, p = 4440 kg/m?, k' = —211.4 Hz/Pa, g = 38 MHz/T |13} 18| [19} [16]. In
addition, let’s consider a cantilever of size w X e X L in the mass regime O(107*) < m/Mp < O(10*)
surrounding the Planck mass. To construct a cantilever that is physically feasible to construct and will
allow for probing of the bottom ten percent of the cantilever height, a geometric requirement of the length
L being ten times the w X e cross-section is being considered, i.e L = 10w = 10e. For this selection, the
interaction strength in Equation scales in accordance with A oc m=1/3,

A thermal bath coupling of I'y; = 27 - 10 Hz, as proposed in Ref. [4], in a thermal bath of initial
temperature 7' = 3 K will be considered, resulting in an initial average number of thermal phonons
fgn ~ 7.02 - 10°. Cooling the cantilever down to this temperature is possible with a regular cryostat,
allowing this scheme to be implemented without the use of a dilution refrigerator. The Brownian motion
at this temperature is thus of size X = xgy/ns, and the expression kXe < gVBpe < A, discussed in
section 3.1, thus holds for spectral hole widths I'(x) > 5A with the selection A > kxge\/Tiy, allowing
for Brownian motion during the hole burning sequence to be neglected. Given the small homogeneous
linewidth of 'y = 27 - 122 Hz at T' = 3 K in the selected Europium transition, burning a spectral hole
of width larger than a few kilohertz is well within what is possible and the bound A > 10 kHz is added
to fulfill the hole width I'(z) > 5A > 'y /27 [4]. Similarly, the upper bound A < 1.0 MHz is added,
although wider spectral holes can be burnt into this transition’} The oscillator quadrature will reach it’s
maximum at g, for a value Xp(0) = |Xpmaz|/Zos |Xmaz| <€ 0.1A/ke being maximum oscillator swing
amplitude, resulting in the average number of coherent phonons 7iphonon = (Xmas /xo)2 in the oscillator
mode. If larger swing amplitudes or magnetic field gradients needs to be considered, the width of the
spectral hole can be increased, increasing the bounds for VB and |X,,..| respectively, although the
maximum possible interaction strength will be decreased, in accordance with Equation .

For the cooling scheme, a probe laser centered around Ay and constant power Py can be used and
depending on the desired temperature, the power can be tuned to change the photon flux of the laser and
thus affect the cooling. When the cantilever is cooled down, the interaction scheme is performed using
the same beam of power Py. Considering a short measurement time segment 7, the resulting average
number of photons in this segment is given by the energy in the segment divided by the photon energy,
i.e i = Py /hwgy = ®o7. The main limiting factor for this integration time stems from the homogeneous
linewidth from the ions in the spectral hole. Due to their Lorentzian shape, there will be a small, although
negligible, number of off-resonant excitations even if the laser is placed in the center of the spectral hole.
The longer the laser is running, the more off-resonant excitations occur and could contribute to absorption
being burnt back into the spectral hole and thus destroy it. It has been suggested in Ref. [3] that this
is not a problem until 7 = 47 /Ty even in the case of large field strengths. Given the selected Europium
transition’s small homogeneous linewidth of 'y = 27 - 122 Hz at T' = 3 K, off-resonant excitations will
not become a problem in the range 7 < 164 ms and is selected to be the integration time limit.

By maximizing the number of photons with the selection 7 = 164 ms, the maximum reachable interaction
strength can be calculated for each possible selection of mass by minimizing A and maximizing V By.
The probe power P, is in addition limited to Py < 1 mW, which would still allow for a phase resolution
|©] > 1.0 urad, given that it is possible to detect a power of P = 1 fW in accordance with Equation
(4.5.3)). This can be done with e.g a single photon counter and is a reasonable approximation given that
the power contribution of a singular photon during the time segment 7 is given by Awg/7 &~ 2.09 aW.
This is illustrated in Figure [8] where the deformation limits denote the minimal interaction strength
needed for a deformation induced phase |©] > 1.0 urad to be detected for deformation parameters of
order unity.

5Based on discussions with Adam Kinos on the topic of simulating spectral hole widths in the given transition.
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Figure 8: Maximum reachable interaction strength as a function of mass for the selected parameters and
cantilever geometry ratio for no cavity, as well as two different cavities of finesse F = 10°> and F = 10°
respectively. Spectral hole width 5A < I'(z) < 7A bounded by 10 kHz < A < 1.0 MHz and dashed lines
represent maximum interaction strength for which Brownian motion during the hole burning scheme can
be neglected at initial temperature 7' = 3 K. In light gray area, contributions from coherent phonons to the

1/2 _ . . .
p{wnom < nA and in dark gray area, contributions are comparable

~ nA. Py =1 mW, 7 = 164 ms. Deformation limits denote the minimum interaction strength
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_1/2
phonons
required for a phase contribution |©| > 1.0 um per unit deformation parameter to be detected in accordance

with Equation (4.2.4)

5.1 Probing the py-deformation

In the case of the pg-deformation, it is possible to select several different sets of parameters to probe the
deformation, as seen in Figure One such selection is the cantilever geometry w = e¢ = 100 pm and
L = 1.00 mm, resulting in a mass m = 44.4 ug ~ 2.04- M, and angular frequency wy; ~ 27-89.1 kHz. For
this selection, it can be seen in Figure [8| that it is possible to probe the pg-deformation even in the case
of no cavity surrounding the cantilever. To be able to achieve a good resolution it is still advantageous to
keep a cavity and the selection F = 103 can be selected. By selecting the spectral hole width parameter to
be A = 100 kHz, selecting VBy = 1.0 T/m and 7 = 200 us, the deformation induced phase contribution
is given by |©] & pg - 8.67 mrad. The maximum allowed oscillator swing amplitude is in turn given by
| Xmaz| < 10.7 fm, which results in the coherent phonon number Mphonon < 2.71 - 10* which still fulfills
‘;{li" on K A and oscillates well above the zero-point fluctuation zzppr ~ 46.1 am. As it is assumed
that d,, <1, the deformation parameter g should be around order unity or smaller in size at this mass.
Subsequently, the deformation induced phase shift will be easily detectable and in the case of ug < 1,
there is much room to increase the magnetic field gradient to compensate. In the case of pg > 1, the
interaction strength or cavity finesse can be decreased to limit the phase response within |@| < 27. It
should be noted that the selection of parameters in this section are chosen such that the mass is close to
the Planck mass, while fulfilling the requirements discussed in this section. Any selection fulfilling the
same requirements is able to probe the deformation parameter to order unity.

The number of thermal phonons left after the cooling scheme is given by ﬁfZ"lmg ~ 1.82-103, corresponding
to an additional loss of approximately I" Mngﬁ"ledT/ 2m =~ 3.64 < Nphonons coherent phonons during the
integration time, allowing for a negligible level of thermal interference during the measurement. It can thus
be seen that for a singular measurement, the integrated phase due to the uncertainty of the measurement
is given by 00 ~ 2.38 mrad in accordance with Equation , which is low enough to observe the
deformation induced phase with pio of order unity. In addition, at N = 103 measurements the uncertainty
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has dropped to d0 ~ 75.4 urad and is below two orders of magnitude smaller than the readout phase.
Thus, there should be no difficulty to probe the deformation to order unity. By further increasing the
number of measurements, it is possible to probe this deformation well beyond order unity. Similarly,
reducing A could increase the interaction strength and thus increase the cooling capacity, reducing the
number of measurements needed. However, for A < 51 kHz, the requirement A > kXe is no longer
fulfilled and would require taking Brownian motion into account in the model. It should be noted that a
value of pg of order unity or larger would require higher order terms than O(u(l)) to be taken into account
into the model for the selected cantilever mass. Alternatively, the mass could be decreased, allowing
for d,, < 1 and higher order terms could once again be neglected. Both alternatives would not be
detrimental to the interaction strength and would still allow for order unity probing of the deformation
parameter.

5.2 Probing the yj,-deformation

As seen in Figure the maximum phase readout when probing the ~y-deformation is more limited
than for the po-deformation, although it is still possible to probe the parameter to order unity on a
wide mass range around m/M, =~ 50 for F = 10® while keeping Brownian motion during the hole
burning scheme negligible. Alternatively, a slightly higher cavity finesse of F = 10* would result in the
ability to probe the parameter down to order unity around m/M, ~ O(10°) for the same cantilever
geometry suggested to probe the pp-deformation. Furthermore, by pushing the finesse of the cavity up
to F = 10°, the deformation parameter v could be probed down to order unity on the entire mass
range where Brownian motion can be neglected. In an attempt to keep the finesse low at the value
F = 103, the cantilever geometry w = e = 300 ym and L = 3.00 mm can be considered, resulting in
the mass m ~ 1.20 mg ~ 55.1 - M}, and oscillator frequency wy; = 27 - 29.7 kHz. With the selection
A =10kHz, VBy = 1.31 T/m and 7 = 164 ms, the deformation induced phase shift is |O| = vy-29.4 urad
with uncertainty §© =~ 260 nrad, less than two orders of magnitude smaller than the readout phase for
N = 40 measurements and allowing order unity probing of the parameter «y. As the current best upper
bound of the 7y parameter is given by vy < (9(1010) in Ref. [1], the parameter can be probed all the
way up to the upper bound by reducing the interaction time or alternatively burning a wider spectral
hole to decrease the interaction strength. The wider spectral hole width would in addition contribute
to a larger allowed swing amplitude which currently is bounded by |X4.| < 3.21 fm, barely enough
to properly differentiate from the zero-point fluctuation of size xzpr =~ 15.4 am. With the maximum
allowed oscillator amplitude, the average number of coherent phonons would be fphonons = 2.19 - 10%.
The number of thermal phonons left after the cooling scheme is in turn equal to ﬁfﬁdmg ~ 35.5 and will
contribute to the loss of approximately I' Mﬁfﬁ"ZEdT/ 2m ~ 58.2 K Nphonons coherent phonons during the
interaction, similar to the pg-deformation and still negligible. This solution thus works, albeit a cavity
of higher finesse could result in a larger phase readout.
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5.3 Probing the [5;,-deformation

In the case of the By-deformation, the given cantilever geometry makes it impossible to measure the
deformation down to order unity for a finesse F = 103. However, as seen in Figure [, by pushing the
parameters to their extreme and increasing the finesse to F = 10°, the deformation parameter could be
probed down to order unity for masses m/M, < (9(102). Brownian motion of atoms during the hole
burning scheme will be non-negligible, with the exception of a small range surrounding m/M, ~ 50.
Realistically, the cantilever mass should be lowered for an increased phase readout, as the maximum
allowed interaction strength would increase in accordance with Figure This would require taking
Brownian motion of atoms during the hole burning scheme into account. However, with the current
geometry ratio of the cantilever L = 10w = 10e, one can note that decreasing the cantilever mass
any further than what was proposed for the pg-deformation will increase the zero-point fluctuations
zzpr < m~ /3 to a point where it starts becoming comparable to the maximum allowed oscillator
amplitude and induce a stress-detuning which must fulfill kxzpre < A. Consequently, A must be
increased, which in turn forces the maximum feasible readout phase to a lower value. As a result,
there is a trade-off between increasing the phase readout and keeping the zero-point fluctuations low
enough.

The same cantilever geometry as for the 7p-deformation is instead used with w = e = 300 pm and L =
3.00 mm, with corresponding m ~ 1.20 mg ~ 55.1-M,, and wy; = 27-29.7 kHz, allowing Brownian motion
during the hole burning scheme to be neglected. Similarly, by selecting A = 10 kHz, VBy = 1.31 T/m and
7 = 164 ms, the deformation induced phase becomes |0| & 5y-3.89 urad with a corresponding uncertainty
00 = 28.2 nrad for a singular measurement, allowing for order unity probing of the parameter. The
maximum allowed oscillator amplitude is in turn | X,,..| < 3.22 fm with a corresponding phonon count
Tophonon = 2.19 - 10%, well above the zero-point fluctuations of x,pr ~ 15.4 am. The number of thermal
phonons left after the cooling scheme is given by ﬁfialing ~ 1.16 - 10~! and will contribute to the loss of
approximately I' Mﬁf,‘;OledT/ 2r~191-107! <« Tiphonons coherent phonons during the interaction, which
will contribute to a negligible and even smaller source of thermal noise than for the other two deformation
models due to the large increase in interaction strength needed to probe the gy parameter.

Considering the lower finesse 7 = 103, the phase contribution would drop to |©] ~ By - 3.89 - 10714 rad
and would result in a phase contribution much to small to detect at By of order unity. However, given the
current upper bound of By < (9(1033) in Ref. |1], it would still be possible to probe the parameter down
to order (9(107), a 26 order of magnitude reduction in the current uncertainty bound. For N = 3 - 10*
measurements, the measurement uncertainty would be less than two orders of magnitude smaller than
the readout phase.

5.4 Probing mass-dependence

To see if any of the three deformation parameters has a mass-dependence, cantilevers of different mass
can be probed. For the lower mass range m/M, < 0(100), this is primarily limited by the increasing
zero-point fluctuations of the cantilever. Subsequently, to allow for oscillation amplitudes much larger
than the zero-point fluctuations, the parameter A must be increased in accordance with the requirement
|k X maze| < 0.1A, which in turn would lower the interaction strength and phase readout. For the upper
mass regime m/M, > (9(100), there will instead be a limit in interaction strength in accordance with
Figure [8] Subsequently, the ~y and Sy parameters will be limited in the mass ranges where they can be
probed down to order unity and in the case of the [y parameter, it can almost only be probed down to
order unity for the previously proposed selection. In the case of the -y parameter, there will however be a
small mass range close to the selected cantilever mass where the parameter can be probed down to order
unity to look for a mass dependence in the parameter. For the pp-parameter, this is further increased to
span several orders of magnitude in the mass range m/M, 2 0(100). Given the bounds on vy and fj in
Ref. [1], a larger mass range can be probed for both 79 > 1 and By > 1. Finding a mass-dependence
in any of the parameters could in turn be an indication that the expression for the commutator between
position and momentum follows another mass-dependent scaling that what was proposed in the original
deformation model.
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6 Discussion

6.1 Sources of error
6.1.1 Thermal sources and cooling

One of the main assumptions of the coupling scheme is that it is possible to assume that the absorption
profile in the spectral hole follows a square well distribution with zero absorption in the middle. However,
due to the Lorentzian shape of the absorption profile of an ion, each ion contributes to an incredible
small off-resonant excitation rate far from the resonance frequency of the ion. Considering all ions in
the material, the effect of absorption in the spectral hole is negligible per pass through the cantilever,
although too many passes through the cantilever could contribute to a non-negligible absorption rate. It
is not expected that this would significantly impact the coupling scheme for the selected parameters and
interaction time. However, the excited electrons in the material could de-excite via non-radiative decay,
adding thermal phonons to the cantilever and thus heating it. It is therefore unreasonable to assume that
the cooling scheme could cool the cantilever down infinitely, especially in the case of a high finesse cavity
and high laser power, where the intra-cavity field could become large enough that thermal phonons from
non-radiative decay could become an issue. Similarly, any physical connections between the cantilever
and where it is mounted will contribute to the heating of the cantilever up to the surrounding cryostat
temperature, further limiting cooling.

An additional effect stems from the harmonic evolution of the cantilever quadratures, where the small
deformation to this harmonic evolution is neglected. This is primarily due to time constraints and an
alternate derivation of the measurement induced cooling scheme from Ref. [4] should be investigated to
achieve a proper estimate of the number of thermal phonons and the thermal decoherence rate. However,
these effects are suspected to be relatively small and the added thermal uncertainty due to these different
effects can most likely be compensated by an increased number of measurement runs. As mentioned
in the results, interacting with the cantilever past the interaction time limit, off-resonant excitation
could become a problem. For consecutive measurements with interaction lengths close to this limit, the
spectral hole should be re-burnt between measurement runs. This would increase the time complexity of
one measurement and it should be investigated whether it is possible to conduct multiple measurements
in the same spectral hole without new and unexpected effects occurring in the scheme.

6.1.2 Probing power

The probing power has been limited to Py < 1 mW. As an alternative to decreasing the hole width
parameter A or increasing the finesse F of the cavity, the phase readout could be increased by choosing
a larger probe power. This will not be a problem for the coupling scheme in the given integration time
and an increased probe power could lead to an arbitrarily high phase resolution in accordance with Ref.
[3]. However, this does not take the large field strengths inside a cavity into account. This should be
investigated properly before any conclusions are drawn on the maximum allowed probe power and is
the reason for this arbitrary limit in power. It should however be noted that if this is not a problem
within the integration time, each of the three deformation parameters could be measured with increased
sensitivity by using a higher probe power.

6.1.3 Stress-detuning z-dependence

In the coupling scheme, the stress-detuning induced in the base of the cantilever has a small decrease
linear with the probing height and maximizes at the bottom of the cantilever. Thus, if the light sent
through the cantilever is not focused into a radius small enough that this dependence can be ignored,
the pulse will experience a smaller phase shift further from the cantilever base. The wavefront of the
pulse will thus be slightly skewed and needs to be taken into account when performing the interference
measurement later on. In addition, it is important that each part of the wavefront experiences the same
phase shift in both interactions, corresponding to both sides of phase space, to properly cancel out the
effects not part of the commutator probing scheme. However, decreasing the size of the focus too much
could instead result in too high intensity in one spot and could lead to unaccounted effects. The exact
intensity limit allowed in the coupling scheme should be investigated further.
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6.2 Current scheme limitations

The primary limitation of this scheme stems from the limited choices of the hole width parameter A
imposed by the Brownian motion of atoms during the hole burning scheme, as well as how it affects the
allowed oscillator amplitudes. Due to the Europium transition’s narrow homogeneous linewidth, spectral
holes as small as a few kilohertz can be burnt, allowing for larger interaction strengths. One solution is to
cool the cantilever down to a lower initial temperature before performing the hole burning scheme. This
would in turn allow for a lower amplitude of Brownian motion and lower the bound for possible spectral
hole widths. However, cooling the cantilever down to a temperature below a few Kelvin is difficult to
achieve without dilution refrigeration, which in turn would increase the cost of the experimental setup.
Alternatively, if a higher optical probe power is possible, it would reduce the need for a narrow spectral
hole and would contribute to less cooling needed before burning the spectral hole.

Another choice that heavily affects the interaction strength is the selection of dopant and at what con-
centration, two properties that heavily affect the transition peak absorption in the material, as well as
the possible widths of the spectral hole. One advantage to the selection of Europium is its’ extremely
narrow homogeneous linewidth, which limits the unwanted off-resonant interactions and thus allows burn-
ing narrower holes with a greater coupling strength between the oscillator and the light field. However,
Europium has a weak oscillator strength and it could be advantageous to investigate another dopant with
a higher peak absorption to see if it could result in a higher interaction strength than for Europium. In
addition, it can be seen that the calculated coupling strength for Europium, with the expression derived
in this thesis, differ by several orders of magnitude from the coupling strength derived for the transition
in a theoretically pure two-level system in Ref. [3]. This is a consequence of omitting the branching to
multiple levels, which in turn overestimates the oscillator strength of the active transition. It emphasizes
the benefit of searching for stronger transitions.

6.3 Comparison to the original coupling scheme

The proposed coupling scheme shows promise, as it is able to probe two out of the three deformation
parameters down to order unity with a low cavity finesse and all three with a finesse comparable to
the original scheme. Given the arbitrary limit of Py < 1 mW and 7 < 164 ms, this would result in
a limit of 7 < 4.79 - 10'4, which is of the same order of magnitude as the largest amount of photons
needed in the original probing scheme in Ref. [1]. It should thus not be a limitation if the interaction
strength is comparable to the original scheme. Considering the maximum allowed interaction strength
around the Planck mass in Figure [8} it can be seen that it is comparable to what is proposed in Ref. [1].
However, given that the interaction strength is scaling A o< m~'/3 for the selected cantilever geometry
ratio compared to A o m~/2? in Equation m the original scheme will outperform this scheme in
a mass regime much smaller than the Planck mass, where this scheme in addition has problems with
Brownian motion and maximum allowed oscillator amplitude. In a mass range much larger than the
Planck mass, this scheme should in turn be able to probe the deformation parameters more accurately
than the original scheme in Ref. [1].

A large advantage of the new scheme is the possible implementation of measurement induced cooling,
showing a large decrease in thermal noise compared to the original scheme without having to utilize
dilution refrigeration. This in turn allows for a reduction of the number of measurement runs needed
by several orders of magnitude compared to the original scheme, allowing for a much higher resolution
in a reasonable time span. If the deformed harmonic evolution of the quadratures reduces the cool-
ing effectiveness, the scheme should still be able to yield a similar measurement uncertainty as in the
original scheme in a similar amount of measurement runs given that the effect is not dominating over
the non-deformed harmonic evolution. In addition, by burning a second asymmetric spectral hole in an
optical transition other than the one probed, one could drive a cooling laser in one spectral hole while
simultaneously probing the other, allowing for a longer interaction time in the probing spectral hole while
at the same time preventing any thermal decoherence during the measurement. Exactly how this can be
implemented should be investigated further and could in turn result in an even lower source of thermal
noise compared to the original scheme.
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An additional advantage to the new scheme is that the cavity is separate from the oscillator, allowing
for active stabilization of the cavity mirror positions which in turn could increase its’ stability. This is
important, as any movement of the cavity mirrors will alter the resonance criteria of the cavity and thus
the finesse, which in turn could introduce a new source of error in the readout phase [6]. In contrast, the
cavity in the original scheme in Ref. [1] utilizes the oscillator as one of the cavity mirrors, disallowing
this type of cavity stabilization.

7 Conclusions and outlook

In this thesis, it has been shown that the dispersive coupling between a harmonic oscillator doped with
Europium ions and the phase of monochromatic light traveling through an asymmetric spectral hole
burnt into the structure can create a large enough interaction strength to be able to probe the three
proposed deformations to Heisenberg’s uncertainty relation between position and momentum down to
order unity. In addition, it can do so for a relatively low finesse of F = 103 for the jo and 7o-deformation
models and at a higher finesse F = 10° for the fp-deformation. In the case of the low finesse cavity, the
Bo-deformation can still be measured within O (107), a 26 order of magnitude reduction in the uncertainty
bound compared to the currently best experimental measurements. When probing the [y-deformation,
Brownian motion of atoms during the hole burning scheme will be non-negligible for cantilever masses
close to or lower than the Planck mass and will limit the maximum phase readout. Exactly how much
this affects the coupling scheme should be investigated further and incorporating Brownian motion could
allow for a larger accuracy when probing the deformation parameter.

The coupling scheme shows a low rate of thermal decoherence and thermal noise due to the possible
implementation of measurement induced cooling. This will in turn reduce the amount of measurement
runs needed for a low measurement uncertainty by up to several orders of magnitude compared to
the original coupling scheme depending on the effect the deformed harmonic evolution of the oscillator
quadratures has on the cooling scheme. In addition, the scheme can be implemented already at a few
Kelvin, which can be achieved in a regular cryostat, removing the requirement of a dilution refrigerator
to cool the experimental setup.

Finally, the coupling scheme has a fundamental limit in interaction strength for the use of optical pulses,
limiting the possibility of probing the cantilever with the original scheme. By adapting the scheme to the
use of monochromatic light with two interactions, this limitation is reduced by many orders of magnitude.
By exploring other optical transitions and dopants, the interaction strength could be increased even
further.
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