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Abstract 
 

High-order harmonic generation (HHG) is a highly nonlinear optical process in which extreme 
ultraviolet (XUV) radiation is generated due to the interaction of an intense laser field with atoms. This 

process enables the production of high harmonics, which would not be achieved with standard nonlinear 

media. The utilization of two-color laser fields (formed by combining a fundamental field with one of 
its harmonics) has revealed that the electron trajectories involved in the process can be manipulated, 

resulting in the enhancement of High Harmonic Generation yield and overall efficiency. In particular, 

combinations involving second or third harmonics with the fundamental field, have been shown to 

significantly enhance the High Harmonic Generation efficiency or selectively enhance the High 
Harmonic Generation flux of specific harmonics, by fine tuning of the relative phase and intensity ratio 

of the two fields.  

This thesis presents the design and construction of a setup based on an Ytterbium laser system, 
in which the generation of third harmonic was accomplished, with a 15% conversion efficiency. 

Initially, theoretical comparisons between direct third-harmonic generation (THG) and a cascaded 

approach, which is second-harmonic generation (SHG) followed by sum-frequency generation (SFG), 

indicated that the latter results in a higher conversion efficiency for third harmonic. Based on this result, 
an interferometric setup was implemented, and further limitations that could decrease the efficiency of 

Third Harmonic Generation were investigated. For instance, the impact of spatial and temporal walk-

off, common limitations following the cascaded process, were analyzed to further optimize the system. 
Power scans were performed to identify the optimal intensity ratios between the second harmonic and 

residual IR fields, leading to maximized Third Harmonic Generation efficiency. The presented setup is 

an early version of a final system in which all three beams (fundamental, second harmonic, and third 
harmonic) will be an output with controllable relative powers. This is important for two-color High 

Harmonic Generation experiments where the flexibility to adjust the intensity ratio between the fields 

is needed.  

To study how waveform shaping, of the incident laser field, impacts High Harmonic 
Generation, simulations were performed based on the three-step model, using a combination of the 

fundamental and its third harmonic field. These simulations investigated the impact that the relative 

phase and intensity ratio of the two fields have upon the electron trajectories and resulting harmonic 
yield. The focus of the simulations was on identifying waveform configurations that lead to flatter return 

energy curves, which suggests that a large number of electrons are ‘forced’ to release the same kinetic 

energy, thus enhancing the yield at specific harmonic orders.   
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From Linear – To Nonlinear – To Highly Nonlinear 
 

Light is an electromagnetic wave, and has some properties that remain unchanged in the linear regime. 
One of those properties is the frequency, a parameter which determines how fast the electric field 

oscillates, and ultimately even the color of the light. So, when light travels through a piece of glass, 

maybe it will come out less intense (because some of it may be absorbed), but in most cases, we do not 
expect it to have a different color. However, if we have strong enough light, then we can enter the 

nonlinear regime, where a material will not respond ‘linearly’, and we can even produce light with 

different frequencies.  

To study the nonlinear regime, we can use ultrafast optics, where we have access to laser pulses 
that are not only incredibly short (on the order of femtoseconds 10-15 second), but also extremely 

intense. The shorter the pulse, the higher its peak intensity for the same energy. When a weak light hits 

a material, it causes the electrons to jiggle gently, and the response of the material is linear. However, if 
the light is strong enough, then it shakes the electrons of the material so violently that the electrons will 

emit light with a new frequency. We can think of the medium like a box, where on one end we shoot 

light, for instance with a red color, and at the output the light will be blue! This box generates new 

frequencies of light, integer multiples of the original one, which is also called harmonic generation. The 
medium can emit light twice the frequency of the input wave (Second Harmonic Generation), three 

times the frequency of the input (Third Harmonic Generation) and so on. In principle, all materials can 

behave in such a way with a strong enough light. But, in practice, to observe those new harmonics, we 
need ‘non-ordinary’ materials, that will make the process more efficient, also known as nonlinear media. 

However, nonlinear materials become less effective as we push toward higher harmonic orders. For 

example, it becomes increasingly difficult to observe the third harmonic compared to the second. But 
scientists found a clever workaround. Since the usual rules of linear optics don’t apply in the nonlinear 

regime, they asked: what if we mix light with light? And that’s exactly what they did. By overlapping 

different light frequencies in a nonlinear material, they were able to generate new frequencies through 

a process called wave mixing. In fact, Second Harmonic Generation is one of the simplest forms of this 
(where two photons of the same frequency combine to produce light at twice the frequency). For Third 

Harmonic Generation  we can combine three photons of the same frequency, but this process is 

inefficient. Thus, the combination of two beams with different frequencies will boost the efficiency of 
Third Harmonic Generation and make otherwise hard-to-detect harmonics more accessible. This 

process is described as ω +  2ω →  3𝜔, and since the end product is a higher frequency produced by 

the sum of two lower frequencies, then it is known as Sum Frequency Generation. However, reaching 
even higher harmonics by using those techniques becomes impossible, because the intensity of 

harmonics drops as the harmonic order increases. This is described by this scaling law 𝐼𝑞  =  𝐼
𝑞, where 

q is the harmonic order, and I is the intensity. We are limited in low-order harmonics, unless we change 

the conditions once again. This is what scientists did, instead of a bulk nonlinear medium, they used 

gases, and focused extremely intense lasers onto them. This is when we enter the highly nonlinear 

regime.   
In the highly nonlinear regime, electrons no longer get excited through typical ionization, where 

they have enough energy to surpass the energy dictated by the Coulomb barrier. You can think of 

the Coulomb barrier as the invisible wall that holds the electron close to the nucleus. It exists because 
the positively charged nucleus pulls on the negatively charged electron, and it takes a certain amount of 

energy for the electron to break free. But in this strong field regime, the strongly focused laser bends 

that wall, and it allows for the electron to tunnel through and break free. Afterwards, the electron starts 
moving, and follows the strong electric field. Then, at just the right moment, the electron may find itself 

near the nucleus again. If the electric field points in the right direction, the electron may recombine with 

its parent ion. But since it was accelerated while it was free, it gained energy, and that energy needs to 

go somewhere. So, when the electron recombines, it releases that energy in the form of light. That 
process happens incredibly fast, specifically it happens every half of the laser cycle. But the laser pulse 

is not just one cycle long, it actually contains several cycles, so those three steps will happen multiple 

times. Each time, the electron may be freed and recombine at different points of the laser cycle, which 
means that a different amount of kinetic energy will be released in the form of light. The total light that 

we detect is the desired higher-order harmonics. The higher the kinetic energy of the recombining 
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electrons, the higher the frequency of the emitted light, and thus the higher the harmonic order, giving 
us the possibility of detecting light, which falls into the extreme ultraviolet range (XUV). This process 

highly depends on the laser field and the gas that we are using. It is known as High Harmonic 

Generation. However, this process is not very efficient on its own. Only a small fraction of electrons 

follow the right path and recombine. So, to improve the efficiency of the process, we can customize the 
laser field. By changing the shape or properties of the incident laser field, we can manipulate how the 

electrons move, guiding more of them to recombine at the right time. One way to shape the total field 

is by combining two different laser fields, the main (with the fundamental frequency) and one of its low 
harmonics, such as the second or the third harmonic. We can make different shapes of the total field, by 

adjusting their relative intensities, how much of the fundamental and third harmonic is contributing to 

the resultant total field. But another key parameter is the relative phase between the two fields, which 
means how ‘in sync’ the two waves are relative to each other. Careful adjustments of those parameters, 

lead to specific field shapes that can lets us selectively enhance the generation of certain harmonics. 

And why do we care so much about these harmonics? Because if those harmonics are in phase, they 

can give rise to attosecond pulses, flashes of light that last only in the range of a billionth of a billionth 
of a second. These pulses are so incredibly short that they can actually catch the motion of electrons as 

it happens. What once seemed impossible (observing electron dynamics in real time) is now within 

reach thanks to these ultra-short bursts of light. 
In this study, we built an experimental setup that allows the generation of a multi-color, 

femtosecond laser field for high-order harmonic generation. Third harmonic light in the UV was 

generated with state-of-the-art efficiency. More importantly, the setup serves as an initial platform that 
outputs fundamental, second harmonic and third harmonic pulses at the same time. With this 

combination, we can start exploring different shapes of the electric field to better manipulate the 

electron’s motion. The ultimate goal is to use this control to force more electrons to emit selected high-

order harmonics, and in turn, boost the amount of extreme ultraviolet light we can generate. 
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Chapter 1 

 

Introduction  

1.1 From Nonlinear optics to High-order Harmonic Generation 

 
The invention of the laser in the 1960s marked the beginning of a series of groundbreaking studies on 

light–matter interaction, particularly in regimes where intense electromagnetic fields are required, such 

as nonlinear optics. The first nonlinear process that was described was two-photon absorption (TPA), 
by Maria Goeppert-Mayer in 1931 in her doctoral dissertation. TPA is the process of simultaneous 

absorption of two photons which leads to the transition of an electron to an excited state via a virtual 

state. However, lasers where not yet available, so experimental verification of TPA took place 30 years 

later [45, 46]. Most commonly, the beginning of nonlinear optics is marked by the observation of Second 
Harmonic Generation (SHG), by Franken et al. in the 1960s [2, 47].  

The term ‘nonlinear’ arises from the nature of the material’s response. Specifically, when an 

optical electric field is applied to a material, the material response is to be polarized (dipole moments 
are created as a response to the applied electric field). In conventional, linear regimes, this polarization 

is directly proportional to the strength of the electric field. However, when the intensity of the applied 

field becomes sufficiently high (by utilizing intense laser fields) the material's polarization no longer 
responds linearly. Instead, it exhibits a nonlinear dependence on the strength of the electric field. This 

nonlinear response gives rise to a range of phenomena, such as harmonic generation and multi-photon 

absorption, which do not occur in the linear regime [2]. The study of nonlinear optics not only provides 

deeper insight into the fundamental physics of light–matter interaction, but also enables the 
development of advanced optical techniques, for instance SHG microscopy, which allows for deep 

tissue imaging [48].  

To take full advantage of nonlinear optics, laser pulses with high peak intensities are essential. 
Since intensity is inversely proportional to pulse duration for a given pulse energy, ultrashort pulses 

(most commonly in the femtosecond range 10-15 s) are often needed to study nonlinear optical 

phenomena. Today, femtosecond pulses are commercially available, and nonlinear processes such as 

SHG and Third Harmonic Generation (THG) have been thoroughly explored and optimized. However, 
as the harmonic order increases, the conversion efficiency decreases significantly. Specifically, the 

scaling law (𝐼𝑞 =  𝐼
𝑞) indicates that the higher the harmonic order q, the less its intensity becomes [36]. 

Numerous studies have focused on enhancing the efficiency of SHG and THG, yet generating even 

higher-order harmonics would be extremely difficult, due to the limitations imposed by the ‘scaling 

law’. Interestingly, this scaling behavior was found to break down under certain conditions. In the late 
1980s, an experiment was conducted which involved the ionization of a noble gas using an intense laser 

field [49]. This led to the generation of a broad spectrum of high-order harmonics. Contrary to what the 

scaling law predicts, the harmonic spectrum exhibited a plateau region, where the intensity remained 
nearly constant over many harmonic orders. These harmonics extended into the extreme ultraviolet 

(XUV) region and marked the beginning of what is now known as attosecond physics. 

The process behind this phenomenon is called high-order harmonic generation (HHG) and has 
since been extensively investigated both theoretically and experimentally. One of the earliest and still 

widely used models to explain HHG is the semi-classical three-step model. This model (as suggested 

by its name) is divided into three steps. Firstly, under an intense laser field, an electron tunnels through 

a laser-distorted potential barrier (1st step). Once freed, the electron is accelerated under the influence 
of the laser field (2nd step) and may return to its parent ion (3rd step). Upon recombination, the gained 

kinetic energy is released in the form of a high energy photon. This process repeats every half-cycle of 

the driving laser field, leading to the emission of many photons. When multiple electrons follow similar 
trajectories and recombine with comparable kinetic energies, the resulting photons have similar energies 

and contribute to specific harmonic orders in the frequency domain. Due to the symmetry imposed by 

the laser field and the gas medium, only odd harmonics are generated, which extend to the extreme 
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ultraviolet (XUV) spectral region. If these harmonics have a fixed phase relationship, they can produce 
a train of attosecond pulses [36]. 

The main disadvantage of the HHG process is its low efficiency, which is strongly tied to the 

highly nonlinear nature of the process itself. In an attempt to acquire higher photon energies, the electron 

must be freed and accelerated by the laser field (step 2) for longer times. However, the longer the times 
the electron remains in the continuum (not bound to the parent atom), the lower the chances of 

recombination, thus the less the efficiency of the process. Scientists have investigated multiple ways to 

overcome this problem, with, for instance, the utilization of two-color laser fields [32, 33, 38, 43]. It 
has been proven, that by overlapping a fundamental pulse with its second or third harmonic, the 

manipulation of electron trajectories becomes accessible. The possibility of selectively enhance specific 

harmonic orders have been justified in numerous studies. However, since the waveform of the total field 
(consisted by the two fields) results in the manipulation of the electron trajectories, two parameters are 

critical to increase the XUV yield: the relative phase and intensity ratio of the two colors. Varying the 

intensity ratio of the two fields is extremely challenging especially, when overlapping the fundamental 

and its third harmonic. Achieving high THG efficiency is, in itself, a technically challenging process. 
Including the additional requirement of having a broad and independent control over the relative powers 

of the fundamental and third harmonic fields only increases the difficulty. Our current experimental 

design aims to characterize the extent to which such relative power control is possible, while aiming for 
maximum THG efficiency. Understanding the limitations and capabilities of this setup, could 

potentially lead to improving the design for a better control over the relative powers.  

 

1.2 Objective 
 
The goal of this project is to design and build an interferometer to deliver a two-color femtosecond laser 

field consisting of pulses at 1030 nm and its third harmonic at 343 nm. We investigate, both theoretically 

and experimentally, the conditions under which the efficiency of THG can be maximized. Additionally, 
this setup can be further improved to simultaneously output three different wavelengths: fundamental 

at 1030 nm, second harmonic at 515 nm and third harmonic at 343 nm. The optimal conditions at which 

the setup operates to achieve maximum THG efficiency are investigated. Access to all three fields and 
their relative power control, makes the setup suitable for advanced studies in nonlinear optics and 

attosecond physics. Finally, simulations based on the three-step model are carried out to gain a 

preliminary understanding of how the HHG yield is  influenced by the two-color laser field. Following 

Raab’s et al work [43], which was performed for a laser field consisting of ω and 2ω, the simulations 
will be carried out for ω and 3ω. The results and analysis presented offer a useful starting point for 

future experimental studies focused on improving HHG efficiency through multicolor driving fields. 

1.3 Outline 

 
Chapter 2 serves as an introduction to nonlinear optics and outlines key concepts relevant to second- 

and third- harmonic generation. Particular emphasis is placed on the efficiency of each process, which 
is described in detail. Given that the purpose is to generate TH pulses, a comparison is made between 

direct THG and the cascaded approach involving SHG followed by Sum Frequency Generation (SFG). 

This comparison aims to evaluate the widely accepted claim in the literature that cascaded THG offers 
higher conversion efficiency than direct THG.  

Chapter 3 presents the experimental setup developed to generate the TH from an Ytterbium-based laser 

source at 1030 nm. Several known limiting factors associated with the indirect THG process were 
identified and addressed. Taking advantage of the interferometric nature of the setup enabled further 

investigations, including temporal pulse characterization and power ratio optimization between the 

input pulses. The ultimate goal of these experiments was to maximize the conversion efficiency of the 

generated TH signal. 
Chapter 4 includes a description of the semi-classical three-step model, which is utilized to ultimately 

simulate the HHG process using a two-color laser field. Specifically, simulations of the electron 

trajectories and the return energy curves are presented for various combinations of the intensity ratio 
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and the relative phase of the two colors. The purpose is to find the optimal combination to enhance 
HHG yield.  

Chapter 5 provides a summary of the thesis, and an outlook for future studies.  
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Chapter 2 

 

The theory behind Nonlinear Optics 

2.1 Introduction to Nonlinear Optics 
 

A dielectric medium can be characterized as linear or nonlinear depending on its response to an applied 

electric field. The distinction becomes apparent using the relation between the Electric field (E) and the 
Polarization density (P). A nonlinear medium is described by the following relation 

 

𝑷(𝑡) =  𝜖0𝜒
(1)𝑬(𝑡) +  𝜖0𝜒

(2)𝑬2(𝑡) + 𝜖0𝜒
(3)𝑬3(𝑡) +⋯ (2.1) 

 

where 𝜖0 is the electric permittivity in free space, and 𝜒 is the electric susceptibility of the medium. 
Generally, the electric permittivity describes how readily the material permits the generation of an 

electric field within it, while the electric susceptibility indicates the material’s ability to be polarized 

upon interaction with an electric field [1, 2].  

Under the assumption, that the medium is loss-less and dispersion-less, Eq. 2.1, is a good 
mathematical description for the polarization density, where it’s first term is assigned to the linear 

response of the medium, while the higher order terms are defined as the nonlinear response [2].  

2.2  Nonlinear response by two types of media 
 

2.2.1 Non-centrosymmetric medium  

 

The potential energy of a non-centrosymmetric medium is depicted in Fig. 2.1, and it is defined as  

 

𝑈(𝑥) =  − ∫𝐹𝑟𝑒𝑠𝑡𝑜𝑟𝑖𝑛𝑔𝑑𝑥 = 
1

2
𝑚𝜔0

2𝑥2 + 
1

3
𝑚𝑎𝑥3 (2.2) 

 

 
Figure 2.1: Potential energy of a non-centrosymmetric medium [2]. 

 
Second order nonlinear processes arise by non-centrosymmetric media, while the generation of third 

order is also possible.  

 

2.2.2 Centrosymmetric medium 

In a centrosymmetric medium, the potential has a perfect parabolic form, and it is provided by:  

 

𝑈(𝑥) =  −∫𝐹𝑟𝑒𝑠𝑡𝑜𝑟𝑖𝑛𝑔𝑑𝑥 =  
1

2
𝑚𝜔0

2𝑥2 − 
1

4
𝑚𝑏𝑥4 (2.3) 
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In the above expression, the fact that the medium is characterized by an inversion symmetry such that 

𝑥 → −𝑥 results in 𝑈(𝑥) → 𝑈(−𝑥), is depicted by having as a correction the first lower even term. As 

a result, second order nonlinear processes do not take place in a centrosymmetric medium, therefore the 

observation of third order nonlinear response can take place. The potential energy is illustrated in Fig. 

2.2. 
 

 
Figure 2.2: The potential energy of a centrosymmetric medium [2]. 

 

Utilizing Eq. 2.2 and 2.3, as well as the Lorentz model (where atoms are considered classic harmonic 
oscillators, and in the case of nonlinear responses anharmonic corrections are needed) equations that 

describe the nonlinear susceptibility of a medium can be defined. It is expected that the values of the 

third order nonlinear susceptibility are much lower than the second order. Experimental observations 

justify this statement, and specific values of the electric susceptibilities for several materials can be 
found in multiple books, such as [3]. 

2.3 Second and third order nonlinear optical properties 
 

2.3.1 Second order nonlinear processes 

Second order nonlinear interactions are described using the tensor 𝑑𝑖𝑗𝑘 =
1

2
𝜒𝑖𝑗𝑘
(2)

. Therefore, the second 

order nonlinear polarization term in the general case of three wave mixing is  

 

𝑃(2) = 2𝑑𝐸2 (2.4) 
 

The above equation is formed in a way so that it is time independent since the notation in Eq. 2.5 is 

used. Therefore, the results presented in 2.6 are only frequency dependent.  

𝑃(2)(𝑡) = 2𝑑𝐸(𝑡)
2

 𝐸(𝑡) = 𝐸1𝑒
−𝑖𝜔1𝑡 + 𝐸2𝑒

−𝑖𝜔2𝑡

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑛𝑜𝑡𝑎𝑡𝑖𝑜𝑛: 𝑃(2)(𝑡) =  ∑𝑃(𝜔𝑛)𝑒
−𝑖𝜔𝑛𝑡

𝑛

(2.5) 

 

The possible outcomes from three-wave mixing are expressed by Eq. 2.6. 

 
𝑃(2𝜔1) = 𝑑𝛦1𝛦1
𝑃(2𝜔2) = 𝑑𝛦2𝛦2

𝑃(𝜔1 + 𝜔2) = 𝑑𝛦1𝛦2
𝑃(𝜔1 − 𝜔2) = 𝑑𝛦1𝛦2

∗

𝑃(0) = 𝑑[|𝛦1|
2 + |𝛦2|

2]

(2.6) 

 

The first two equations describe second harmonic generation (SHG), the third and fourth represent sum 

and difference frequency generation respectively (SFG, DFG), while the last one is a non-oscillating 
term and it is known as optical rectification [2]. 
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A more general form where the direction of propagation of the waves is included will be 
presented in Sec. 2.5. In the present section, the direction of propagation is included in the terms E1,2, 

and the same notation will be used to describe the third-order nonlinear processes.   

 
Figure 2.3: Second order nonlinear processes  

 

Three wave mixing is illustrated in Fig. 2.3, and it includes two waves incident to a nonlinear medium 
and one output wave as a result. Moreover, in Fig. 2.3(b), the three-wave mixing is represented as a 

photon interaction process, to provide a more comprehensive image. For SFG (which also includes 

SHG in the degenerate case where ω1 = ω2), two photons of a lower frequency contribute to the creation 
of one photon with higher frequency. In the case of DFG, the reverse process takes place, where one 

photon is annihilated to create two photons of lower frequencies [1, 2]. Through the photon interaction 

picture, the conservation of energy and momentum can lead to two important conditions: The phase 
matching condition and frequency matching condition, which will be discussed further in sec. 2.6 [1]. 
 

2.3.2 Third order nonlinear processes 

In a similar manner, the third order nonlinear processes can be assessed. The third order nonlinear 

polarization term is given  
 

𝑃(3)(𝑡) = 𝜖0𝜒
(3)𝐸3(𝑡) (2.7) 

  
By substituting 𝐸(𝑡) =  𝐸1𝑒

−𝑖𝜔1𝑡 + 𝐸2𝑒
−𝑖𝜔2𝑡 + 𝐸3𝑒

−𝑖𝜔3𝑡 , and using the notation provided in Eq. 2.5, 

multiple expressions for the nonlinear polarization are obtained, for each possible combination of the 
angular frequencies. In the case of third harmonic generation (THG), the polarization takes the form 

given by Eq. 2.8. 

 

𝑃(3𝜔1) = 𝜖0𝜒
(3)𝐸1

3

𝑃(3𝜔2) = 𝜖0𝜒
(3)𝐸2

3

𝑃(3𝜔3) = 𝜖0𝜒
(3)𝐸3

3

(2.8) 

 
Likewise, the four-wave mixing process which results in a THG is portrayed in Fig. 2.4, as well as the 

photon interaction picture.  

 
Figure 2.4: Third order nonlinear processes. 
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It is important to notice, that THG is possible by the three-wave mixing process, where the fundamental 
and 2nd harmonic can interact to create the third harmonic. This will be examined further in the following 

sections, as it will be the main target when designing the experimental setup [2]. 

2.4 The wave equation in a nonlinear medium 
 

The wave equation within a nonlinear medium can be found through Maxwell’s equations considering 
a nonmagnetic material, with no free charges and currents. In the process of deriving the optical wave 

equation the assumption that the term ∇𝐸=0 needs to be made. Specifically in the following equation  

 

∇(∇𝑬) − ∇2𝑬 + 
1

𝑐2
𝜕2

𝜕𝑡2
𝑬 =  −

1

𝜖0𝑐
2

𝜕2𝑷

𝜕𝑡2
(2.9) 

 

The first term is usually considered zero for isotropic materials, due to the linear relation between E-D, 

and since  ∇𝑫 = 𝟎 (none free charges can be found), then so can ∇𝑬 = 0. But in the case of nonlinear 

optics, the relation between E and D is stated as  

 

𝑫 =  𝜖0𝑬 + 𝑷 (2.10) 
 

Nevertheless, the term ∇𝑬 can be considered negligible due to the slowly varying amplitude 

approximation that can be made, upon obtaining equations for the systems, though coupled wave 
equation theory [2]. 

It is accustomed to split the linear and nonlinear parts of the polarization, and thus the wave 

equation in nonlinear media is given  

∇2𝑬 − 
1

𝑐0
2

𝜕2

𝜕𝑡2
𝑬 = −𝜇0

𝜕2𝑷𝑵𝑳

𝜕𝑡2
(2.11) 

 

where μ0 is the magnetic permeability of free space, which characterizes the vacuum’s ability to support 

the formation of a magnetic field. Solutions of the wave equation involve second-, third- and higher 

order nonlinearities [1,2]. 
Two methods can be used to solve Eq. 2.11, one is the Born approximation and the other is 

coupled wave theory. The two methods can be described more easily by writing the above equation in 

the form  

∇2𝑬 − 
1

𝑐0
2

𝜕2

𝜕𝑡2
𝑬 = −𝑆

𝑆 =  𝜇0
𝜕2𝑷𝑵𝑳

𝜕𝑡2

(2.12) 

 

In Born approximation, an incident optical field (E0) will create a radiation source S(E0), which will 

emit an optical field that oscillates with a different frequency (E1). The radiation source is determined 

by the nonlinear polarization which itself is determined by the initial incident optical field. The process 
is repeated to acquire fields with different oscillating frequencies [1]. 

2.5 Coupled wave theory 
 

The three-wave mixing case will be considered to describe coupled wave theory, and a non-
centrosymmetric crystal, which will give rise to second order nonlinear optical terms, is examined (as 

well as third order but are considered negligible compared to the former one). Therefore, by substituting 

the nonlinear polarization to Eq. 2.12, the general form of the source is obtained 
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𝑃𝑁𝐿(𝑡) = 2𝑑𝐸
2(𝑡)

𝑤ℎ𝑒𝑟𝑒 𝐸(𝑡) =  ∑
1

2
𝐸𝑞 exp(𝑖𝜔𝑞𝑡)

𝑞= ±1,±2,±3

𝑆 =  
1

2
𝜇0𝑑 ∑ (𝜔𝑞 +𝜔𝑟)

2
𝐸𝑞𝐸𝑟exp [𝑖(𝜔𝑞 +𝜔𝑟)𝑡]

𝑞,𝑟= ±1,±2,±3

(2.13) 

 
Through further derivation the following coupled equations are obtained 

 

(∇2 + 𝑘1
2)𝐸1 = −2𝜇0𝜔1

2𝑑𝐸3𝐸2
∗

(∇2 + 𝑘2
2)𝐸2 = −2𝜇0𝜔1

2𝑑𝐸3𝐸1
∗

(∇2 + 𝑘3
2)𝐸3 = −2𝜇0𝜔1

2𝑑𝐸1𝐸2

(2.14) 

 

where k1,2,3 is the wavenumber of the three waves involved in the process. The above equations indicate 

that for the creation of one electric field, the involvement of the other two fields is necessary. Thus, in 
nonlinear processes the waves are coupled [1]. 

Furthermore, considering collinear uniform plane waves travelling along the z direction, and 

the slowly varying amplitude approximation, the following equation can be extracted 

 

𝑑𝐴3
𝑑𝑧

=  
2𝑖𝑑𝑒𝑓𝑓𝜔3

2

𝑘3𝑐2
𝐴1𝐴2𝑒

𝑖𝛥𝑘𝑧 (2.15) 

 

where, k3 = n3ω3/c is the wavenumber of the third wave (denoted to be the output wave), A1,2,3 is the 

amplitude of each wave, ω3 corresponds to the frequency of the third wave and deff is the effective tensor 
of the second order nonlinear process which will be discussed further on sec. 2.7. Similar expressions 

for the amplitudes of the other two waves can be extracted.  

 From Eq. 2.15, the generation of the third wave (with frequency ω3) is strongly dependent to 
the two other waves, and most importantly to the parameter Δk, known as wavevector mismatch [2]. 

2.6 Phase matching   
 

In the previous section, and especially from Eq. 2.15, it is observed that the quantity  

 

𝛥𝑘 = 𝑘1 + 𝑘2 − 𝑘3 (2.16) 
 

is highly important for the generation of the third wave. Eq. 2.16 describes the situation of collinear 
waves (where all three waves are aligned). Perfect phase matching condition (Eq. 2.17) is highly 

important for the generation of the third wave. For instance, in order to achieve SHG either Eq. 2.17 

must be satisfied, or Δk must be as small as possible.   

 

𝛥𝑘 = 0 (2.17) 
 

The importance of this condition can be further understood in terms of the efficiency of the nonlinear 
process. For instance, considering the case of SHG the efficiency is given by 

 

𝜂𝑆𝐻𝐺 ∝ 𝑠𝑖𝑛𝑐
2 (
𝛥𝑘𝐿

2𝜋
) (2.18) 

 

where L is the length of the crystal [1]. 

Therefore, since the sinc function radically decreases for increasing Δk, it can be understood 

that the greater the phase mismatch, the less efficient the process. So, SHG will not take place when Δk 
acquires high values. Another parameter that is included within the sinc function is the length of the 

crystal and it is strongly connected with the wavevector mismatch. In order to have efficient nonlinear 
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interaction, the upper limit of the length is defined by the coherence length 𝐿𝑐 = 
2𝜋

|𝛥𝑘|
. For values larger 

than that, power can flow from the output wave to the initial two waves, a process known as “back – 

conversion” (𝜔3  ⟶  𝜔1 , 𝜔2), since the wave ω3 can get out of phase along the length with its driving 
polarization, which is dependent on the input waves [1, 2]. 

Moreover, substituting the relation k-ω, the following expression is obtained 

 
𝑛1𝜔1
𝑐

+ 
𝑛2𝜔2
𝑐

=  
𝑛3𝜔3
𝑐

(2.19) 

 
From the above equation, it becomes apparent how difficult it is to achieve perfect phase-matching 

conditions. For example, considering the case of SHG, where ω1 = ω2 = ω and ω3 = 2ω, then the relation 

between the refractive indices must be n(ω) = n(2ω). Most materials are characterized by normal 

dispersion, where an increase in frequency is accompanied by an increase in the refractive index [2]. 
For isotropic materials, where the refractive index remains identical with respect to the 

orientation of the crystal, the phase matching condition is impossible to be achieved. Therefore, 

anisotropic materials are used and especially their birefringence property, where the refractive index 
varies based on the polarization of the waves. In the present study, a negative uniaxial crystal is utilized 

(β-BBO) and will be analyzed in the following section [2]. 

 Lastly, as indicated in sec. 2.3, the nonlinear process can be viewed as a photon interaction 

process. Where the conservation of energy and conservation of momentum lead to the frequency and 
phase matching condition respectively [1]. 

 
ℏ𝜔1 +  ℏ𝜔2 =  ℏ𝜔3
ℏ𝒌1 +  ℏ𝒌2 =  ℏ𝒌3

(2.20) 

2.7 Crystals and symmetries  
 

A very powerful tool that is utilized to classify crystals is the index ellipsoid. The index ellipsoid is 

merely a geometrical configuration and more importantly a powerful tool when analyzing optical 
phenomena in crystals. Eq. 2.21 provides the mathematical description of the index ellipsoid, which is 

depicted in Fig. 2.5 [1]. 
 

 
Figure 2.5: Index ellipsoid [1]. 

 

𝑥1
2

𝑛1
2 +

𝑥2
2

𝑛2
2 + 

𝑥3
2

𝑛3
2 = 1 (2.21) 

 

(𝑀𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑎𝑙 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 𝑓𝑜𝑟 𝑖𝑛𝑑𝑒𝑥 𝑒𝑙𝑙𝑖𝑝𝑠𝑜𝑖𝑑) 



 10 

Based on the principal refractive indices, crystals are categorized as biaxial, uniaxial and isotropic. In 
isotropic crystals, all the refractive indices are equal, while in biaxial crystals they are different. In the 

case of uniaxial crystals, two refractive indices are equal and labeled as no (𝑛1 = 𝑛2 = 𝑛𝑜) , while the 

other one is symbolized as ne (𝑛3 = 𝑛𝑒). These refractive indices are known as ordinary and 

extraordinary respectively. Further classification of uniaxial crystals is made based on the comparison 

of the two refractive indices. Specifically, a uniaxial crystal is considered negative when 𝑛𝑒 < 𝑛𝑜 , and 

positive when the opposite condition is true [1]. 
 

 
Figure 2.6: a) Positive uniaxial crystal, b) Negative uniaxial crystal.  

 
Furthermore, the optic axis of a crystal must be determined. The optic axis is defined as the direction in 

which the wave will not experience birefringence. It can be found considering the dispersion relation in 

the form where ω is written as a function of the wavevectors of each main axis (𝜔 = 𝜔(𝑘1, 𝑘2, 𝑘3)) . 
This expression is used to design the normal surface, known also as k surface. This can be used to obtain 
information about the wave travelling inside the crystal, such as the phase velocity, but also determine 

the refractive index that will influence it. Moreover, it is exploited to define the optic axis of the crystal. 

In uniaxial crystals the normal surface is consisted from two sheets, which intersect at a single point. 
This point is used to determine the optic axis, and it happens to be along the z direction (based on the 

convention used at Eq. 2.21, assuming that 𝑥3 ≡ 𝑧). During propagation of a wave along an arbitrary 

direction (which forms an angle θ with the optic axis), it is separated into two normal modes. The first 

mode is characterized by the ordinary refractive index, and thus it is known as ordinary wave. The 
second mode is determined based on the angle θ and it is known as extraordinary wave. The refractive 

index which influences the extraordinary wave can be found through Eq. 2.22 [1]. 

 

1

𝑛2(𝜃)
=  
𝑐𝑜𝑠2(𝜃)

𝑛0
2 + 

𝑠𝑖𝑛2(𝜃)

𝑛𝑒
2

(2.22) 

 

To obtain the polarization for the extraordinary and ordinary wave, the sign of birefringence needs to 
be assessed. For a negative birefringence (Δn = (ne – no) <0), the polarization of the slow wave is 

perpendicular to the optic axis. Commonly, the optic axis lies in the plane of incidence and thus in a 

negative uniaxial crystal such as β-BBO, the ordinary wave is considered the “slow” wave and is 

characterized as s-polarized (TE). On the other hand, the extraordinary wave is characterized as p-
polarized.    

As mentioned in the previous section, using the birefringent property of the crystals it is 

possible to achieve phase-matching condition. When that is satisfied, the spatial overlap of the waves 
takes place, and thus these are involved in the nonlinear mixing process. To achieve phase matching 

condition, a certain angle θ is required, known as cut angle θ. During the manufacturing process, each 

crystal is cut with a certain angle θ between the optic axis and the line perpendicular to the crystal 

surface (Thorlabs), in order to maximize the efficiency of nonlinear processes. Usually, β-BBO is cut 
in a way to maximize the conversion efficiency of SHG. The main focus of the current study is the 

generation of second and third harmonics, and for those specific nonlinear processes, certain types of 

phase matching ensure the best conversion efficiency. These will be analyzed further in sec. 2.10, 2.11.  
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Figure 2.7: k-surfaces for the ordinary and extraordinary wave, and directions of k, S [1]. 

 

The vectors k, E, D, S are in the same plane. The electric displacement D is always perpendicular to 

the wavevector k (𝑫 ⊥ 𝒌), while the Poynting vector S is always normal to the electric field (E) and 
the k surface. Upon observation of the surfaces in Fig. 2.7, the ordinary wave’s direction can be found 

through the circular surface, while the extraordinary by the elliptical. Consequently, the wavevector k 

will be perpendicular to the surface and parallel to the Poynting vector in the case of the ordinary wave. 
On the other hand, for the extraordinary wave is defined by a wavevector that is not perpendicular to 

the surface, and hence the Poynting vector and k will not be parallel. The Poynting vector S describes 

the direction of the power flow. Assuming that the fundamental wave is assigned to be the ordinary 
wave, and the second harmonic to be the extraordinary wave then the propagation of each power flow 

is at different directions [1]. It can also be viewed from Fig. 2.7 that for longer propagation distances 

within the crystal, the bigger the lateral separation of the wavevectors. Therefore, the longer the crystal 

(L) the higher the phase mismatch, and with this concept it becomes easier to realize that a maximum 
length of a crystal exist (Lcoh), so that an efficient nonlinear process can take place.  

Symmetries are being used to minimize the independent elements of the nonlinear susceptibility 

tensors. Most commonly, Kleinman’s Symmetry is taken into account when the system is far from 
resonance, and therefore the frequencies of the waves that participate in the nonlinear interaction 

process have frequencies much smaller than the resonant frequencies of the medium. In this situation, 

the susceptibility is considered independent on the frequencies, and the cartesian indices can be 
interchanged without changing the indices of the frequencies [2]. 

 In sec. 2.3, the notation that was used for the second order nonlinear processes was 𝑑𝑖𝑗𝑘 =
1

2
𝜒𝑖𝑗𝑘
(2)

. Using Kleinman’s symmetry, the indices j, k can be merged to one index l, simplifying d to be a 

3x6 matrix. Also, from Kleinman’s symmetry the indices can be interchanged without affecting the 

corresponding frequencies, so the tensor is again simplified from 18 elements to 10 independent 

elements. Additionally, crystals are classified based on their spatial symmetry, which impacts further 
the d matrix, resulting in many elements to be zero. The crystal β-BBO is considered in this study, which 

is under the 3m crystal class. The nonlinear tensor of this class is described by the following matrix 

 

𝑑𝑖𝑙 =  [
0 0 0

−𝑑22 𝑑22 0
𝑑31 𝑑31 𝑑33

    
0 𝑑31 −𝑑22
𝑑31 0 0
0 0 0

 ] (2.23) 

 
where specific values are attributed to each element based on the material that is used.  

Depending on the crystal class that is used, the geometry of the system, while also the type of 

phase matching condition chosen, there are specific effective d equations. For instance, in the case of 
SHG, in crystal class 3m, with type 1 phase matching, then the effective coefficient d is described by 

  
𝑑𝑒𝑓𝑓 = −𝑑22𝑠𝑖𝑛3𝜑𝑐𝑜𝑠𝜃𝑚 + 𝑑31sin𝜃𝑚 (2.24) 

 
Most importantly, multiple experiments had measured the specific values of the deff assigned to each 

crystal, and had been reported in multiple books and papers. Τherefore, knowing the geometry of the 

system, those effective values can be used to obtain the polarization density of the output wave. For the 
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third order nonlinear interactions, the same logic applies, where the effective cubic parameters are 
determined. For each specific phase matching type and crystal class, the equations describing the 

effective coefficients of the nonlinear interactions are reported in Ref. 6.  

2.8 Description of ultrashort laser pulses and optical beams  
 

Most dielectric materials exert nonlinear responses upon interaction with an applied electric field if it 
has high enough power. Therefore, the interaction of short pulses which are characterized by high peak 

power, with a dielectric material, results in the observation of second and third harmonics. In the present 

study, femtosecond pulses (10-15 sec) are utilized to achieve SHG as well as THG [2]. 
For simplicity Gaussian beams will be considered for the calculations in the present study, The electric 

field of a Gaussian beam, which propagates along the z direction, in the spatial domain is described by 

 

𝐸(𝑥, 𝑦, 𝑧) =
𝐴

𝑖𝑧0

𝑊0
𝑊(𝑧)

𝑒𝑥𝑝 [− 
𝑥2 + 𝑦2

𝑊2(𝑧)
] 𝑒𝑥𝑝 [−𝑖𝑘𝑧 − 𝑗𝑘

𝑥2 + 𝑦2

2𝑅(𝑧)
+ 𝑖𝜁(𝑧)] (2.25) 

 
where the parameters are defined as 

 

𝑧0 = 
𝜋𝑊0

2

𝜆
      𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ 𝑅𝑎𝑛𝑔𝑒

𝑊0   𝐵𝑒𝑎𝑚 𝑅𝑎𝑑𝑖𝑢𝑠 𝑎𝑡 𝑡ℎ𝑒 𝑤𝑎𝑖𝑠𝑡(𝑧 = 0)

𝑊(𝑧) = 𝑊0 √1 + (
𝑧

𝑧0
)
2

 𝐵𝑒𝑎𝑚 𝑅𝑎𝑑𝑖𝑢𝑠

𝑅(𝑧) = 𝑧 [1 + (
𝑧

𝑧0
)
2

 ]  𝑊𝑎𝑣𝑒𝑓𝑟𝑜𝑛𝑡 𝑅𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒

𝜁(𝑧) =  𝑡𝑎𝑛−1 (
𝑧

𝑧0
)  𝐺𝑜𝑢𝑦 𝑝ℎ𝑎𝑠𝑒 

(2.26) 

  
Using the characteristics of the laser (Pharos [5]) that is employed in the current study, the beam width 

(radius) relative to the direction of propagation of light (z-axis) is presented in Fig. 2.8.a. 

 

   (a)      (b) 

Figure 2.8: (a) Beam width along z-axis, (b) Intensity profile of incident beam 

 
where, the beam radius (Wo) is approximately 2mm (measured at maximum pulse energy).  

The intensity of a Gaussian beam is given by the following equation [1, 4], while the intensity profile 

is illustrated in Fig. 2.8.b. 
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𝐼(𝑥, 𝑦, 𝑧) =
1

2
𝜖0𝑐|𝐸(𝑥, 𝑦, 𝑧)|

2 (2.27) 

 
The Ytterbium based laser (1030 nm) that is utilized has an average power of 7W, with a pulse duration 

of 180fs. The repetition rates that were chosen for the experiments was 10 kHz and 20 kHz. The peak 

power is calculated based on Eq. 2.28, where the prefactor of 0.94 is considered due to the assumption  
of a Gaussian pulse shape.  

 

𝑃𝑝𝑒𝑎𝑘 = 0.94 
𝑃𝑎𝑣
𝑓𝑟𝑒𝑝𝜏

= 3.67 𝐺𝑊 (2.28) 

 

Ultrashort pulses ensure that enough power will give rise to nonlinear phenomena without any negative 

distortions on the material. Moreover, the focusing of the beam needs to be considered to maximize the 

generation of second and third harmonics. The efficiency of those processes is proportional to 𝐿
2

𝐴⁄ , 

where A represents the beam’s cross-sectional area. The main emphasis is placed on the A parameter 
(=πWo

2), rather than the crystal's length (thickness). Two mechanisms limit the crystal’s length: phase 

matching and the walk-off effect, which will be described in the following section [1]. 

2.9 Phase, group velocities and walk-off effect 
 

When a pulse propagates within a dispersive medium with a central oscillation frequency ω0, the 
wavenumber can be written in the form of a Taylor expansion.   

 

𝑘(𝜔) = 𝑘0(𝜔0) +
𝜕𝑘

𝜕𝜔
|
𝜔0⏟  

1
𝑣𝑔⁄

(𝜔 − 𝜔0) +
1

2

𝜕2𝑘

𝜕𝜔2
|
𝜔0⏟    

𝐺𝑉𝐷

(𝜔 − 𝜔0)
2 +⋯ (2.29)

 

 
Considering the case of a monochromatic wave, the velocity at which it travels within the medium is 

known as phase velocity, and can be found through the first term 

 

𝑣𝑝 =
𝜔0

𝑘0(𝜔0)
=

𝑐

𝑛(𝜔0)
(2.30) 

 

In reality, a short pulse consists of many frequencies, therefore, it is more useful to consider the group 
velocity, which determines the speed at which the envelope of the pulse propagates within the medium. 

This can be found through the second term of the above expression 

 

𝑣𝑔 = [
𝜕𝑘

𝜕𝜔
]
−1

=
𝑐

𝑛(𝜔) + 𝜔 𝜕𝑛 𝜕𝜔⁄
(2.31) 

 

It has been proven, that the group velocity carries the flow of power (i.e. it is equal to the energy flow 

velocity) [1, 6]. When a pulse propagates in a dispersive medium, its envelope is delayed by 𝑡𝑑 =
𝐿
𝑣𝑔⁄ . 

The final term in Eq. 2.29, describes the Group Velocity Dispersion (GVD), where each frequency 

component of the pulse encounter different time delays, as a result, the pulse spreads in time [1, 4]. 
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Figure 2.10: a) Pulse propagating with its phase velocity, b) Pulse propagating with its group velocity, 

c) GVD, pulse spreads in time [4]. 

 
So far, only the phase matching condition has been discussed, where the phase velocities of interacting 

(coupled) waves match. But since the power flows along the group velocities, then for an efficient wave 

mixing process, the group velocities must also match. As it is depicted in the following figure, the 
fundamental and the second harmonic will travel at different group velocities, since they are described 

by different oscillation frequencies. Even matching the refractive indexes of the two waves (for the 

phase matching condition), the second part of the denominator in Eq. 2.31 will lead to non-phase 

matched group velocities. Since the two pulses travel at different speeds, eventually they will not 
temporally overlap and the wave mixing process will stop. Similarly, the walk-off length can be 

determined based on the pulse width τ [1, 7] and it is given by Eq. 2.32.  

 

𝐿𝑔 =
𝜏

|
1

𝑣𝑔,2𝜔
− 

1
𝑣𝑔,𝜔

|⁄
(2.32)

 

 

 
Figure 2.11: The walk-off effect of a pulse with fundamental frequency (F) and its second harmonic 

(SH) [1]. 
 

It is difficult to satisfy both phase matching and group velocity matching.  

2.10 Second harmonic generation and efficiency  
 
As mentioned in sec 2.7, there are several types of phase matching methods in an anisotropic material. 

Depending on the birefringence of the crystal (whether Δn is positive or negative) these types are 

categorized as follows 
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Table 2.1: Types of phase-matching in positive and negative uniaxial crystals. 

 Positive Uniaxial 

(𝒏𝒆 > 𝒏𝒐) 
Negative Uniaxial 

(𝒏𝒆 < 𝒏𝒐) 

Type I 𝑛3
𝑜𝜔3 =  𝑛1

𝑒𝜔1 + 𝑛2
𝑒𝜔2 𝑛3

𝑒𝜔3 = 𝑛1
𝑜𝜔1 + 𝑛2

𝑜𝜔2 

Type II 𝑛3
𝑜𝜔3 = 𝑛1

𝑜𝜔1 + 𝑛2
𝑒𝜔2 𝑛3

𝑒𝜔3 = 𝑛1
𝑒𝜔1 + 𝑛2

𝑜𝜔2 

 

Type I phase matching is when the two input waves (in the three-wave mixing process) have the same 

polarization, while Type II is considered when these have orthogonal polarizations. In the case of β-
BBO (negative uniaxial crystal), Type I phase-matching was examined, where the fundamental wave is 

ordinary, and the second harmonic is extraordinary.  

 Initially, the cut angle (or phase-matching angle) θ of the crystal needed to be calculated using 
the specifications of the system. Sellmeier equations for BBO obtained by [1], with an initial wavelength 

1.03μm provided the values of no and ne, that later were substituted in Eq. 2.22.  

 
𝑆𝑒𝑙𝑙𝑚𝑒𝑖𝑟𝑠 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝐵𝐵𝑂

𝑛𝑜
2  =  2.7359 + 

0.01878

𝜆2  −  0.01822
−   0.01354𝜆2

𝑛𝑒
2  =  2.3753 + 

0.01224

𝜆2 −  0.01667
 −  0.01516𝜆2 

(2.33)  

 
Considering that for Type I phase matching the condition is  

 

𝑛𝑒(2𝜔, 𝜃) = 𝑛𝑜(𝜔) (2.34) 
 
and by solving Eq. 2.22, the angle θ was calculated to be 23.32o. Using that result, as well as the ordinary 

and extraordinary refractive indices of the crystal, Fig. 2.12 was produced. 

 

 
Figure 2.12: Type I phase matching for BBO. 

 

In Fig. 2.12, the horizontal line depicts where the extraordinary refractive index and the ordinary 
refractive index are equal for the second harmonic and the fundamental wave respectfully. Therefore, 

the phase-matching angle of the crystal “shifts upwards” the extraordinary refractive index in order to 

match the value of the ordinary refractive index and thus resulting in minimizing the Δk (phase 
mismatch). The efficiency of the second harmonic generation is defined as [1]  

𝜂𝑆𝐻𝐺 =
𝐼2𝜔(𝐿)

𝐼𝜔(0)
= 2𝜔2𝜂𝜊

2
𝑑𝑒𝑓𝑓

2

𝑛3
𝐿2

𝐴
𝑃 (2.35) 
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where the second part of the equation is taken into account for small nonlinear parameters or/and small 

length of crystals, 𝜂0  =  √
𝜇0
𝜖0⁄   is the impedance of free space. P/A is the ratio of the peak power to 

the beam cross section for the incident wave.  

The phase matching bandwidth, which indicates the tolerance in the group velocity mismatch, while 

also indicates how broad a spectrum one can phase-match (especially important for femtosecond pulses) 
is given by Eq. 2.36. 

 

𝛥𝑣 =
𝑐𝑜
2𝐿

1

|𝑁3 − 𝑁1|
(2.36) 

 

where N1, N3 are the group refractive indexes.  

 

 
Figure 2.13: Efficiency and phase matching bandwidth for SHG along the crystal length.  

 

In Fig. 2.13, we assume perfect phase-matching along the length of the crystal, which explains the 
increase in SHG efficiency with an increasing crystal length. While the efficiency is proportional to the 

length of the crystal, the phase matching bandwidth is inversely proportional. The thicker the crystal, 

the more likely to observe walk-off, and also the narrower the bandwidth that can be phase-matched. 
Thus, the counteract of a high efficiency is the less tolerance in the frequency selection.  

 Although Fig. 2.13 indicates an increase of the efficiency with the length, that is not entirely 

correct, due to phase mismatch. The efficiency and the Intensity of the SH are proportional to a sinc 
factor  

𝛪2𝜔 ∝ 𝐿
2𝑠𝑖𝑛𝑐2 (

𝛥𝑘 𝐿

2𝜋
) (2.37) 

 

 
Figure 2.14: Intensity as a function of wavevector mismatch and crystal length.  
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The upper limit of crystal’s length based on the phase mismatch tolerance, is the coherent length, and 
is given by the FWHM in Fig. 2.14.  

2.11 Comparison of direct THG and SHG/SFG 
 

In this section, the comparison of two different methods will be performed, to determine which provides 

the best efficiency of THG. Initially, direct third harmonic generation will be investigated in a non-
centrosymmetric crystal (β-ΒBO), instead of the equivalent α-BBO (centrosymmetric). The last one, 

does not have significant nonlinear response, and thus phase matching the TH in a non-centrosymmetric 

crystal is expected to give better results. Afterwards, two β-BBO crystals will be considered to 
investigate the conversion efficiency of THG through cascaded SHG and SFG. The comparison will be 

held under the assumption of perfect phase matching for both processes. 

 

1st method: Direct THG 
There are three types of phase matching in the case of direct THG 

 

Table 2.2.: Phase matching for direct THG 

Phase Matching Type  

Type I ooo e 

Type II ooe  e 

Type III oee  e 

 

Type II phase matching is considered the most efficient one for direct THG [8, 9], so this will be taken 
into account for the following comparison.  

The crystal β-BBO is a trigonal 3m crystal, and the effective cubic nonlinear parameter is given by [8, 

6] 
 

𝜒𝑒𝑓𝑓,𝑇𝐻𝐺
(3) =

1

3
𝜒11
(3)𝑐𝑜𝑠2(𝜃𝑚) + 𝜒16

(3)𝑠𝑖𝑛2(𝜃𝑚) + 𝜒10
(3) sin(2𝜃𝑚) si n(3𝜑) (2.38) 

 

The azimuthal angle is reported to be 0o for an efficient type II phase matching [9, 10]. The azimuthal 

angle, is mainly important for the inner non-phase matched cascade processes within the crystal, which 

contribute further to third order susceptibility. For the direct third harmonic susceptibility is 
approximately independent on φ, since the last term in Eq. 2.38 is comparable negligible to the other 

two terms in the above equation [10]. The cut angle for type II negative uniaxial crystal can be found 

by [8] 
 

[
𝑐𝑜𝑠2𝜃𝑚
|𝑁𝑜(𝜆3)|2

+ 
𝑠𝑖𝑛2𝜃𝑚
|𝑁𝑒(𝜆3)|2

]

−1
2⁄

=
1

3
{2𝑁𝑜(𝜆1) + [

𝑐𝑜𝑠2𝜃𝑚
|𝑁𝑜(𝜆1)|2

+ 
𝑠𝑖𝑛2𝜃𝑚
|𝑁𝑒(𝜆1)|2

]

−1
2⁄

} (2.39) 

 
Where No, Ne are the lengths of the ellipsoid and can be found through Sellmeier equations, the specific 

values of the coefficients involved are reported in [8]. The Left Hand Side and Right Hand Side are 

plotted for an β-BBO and the intersection provides the desired cut angle θm. In paper [6, 12] a cut angle 
θ=47.1o and 47.4o was obtained (respectively), which is close to the value that is acquired by the 

following graph. So, the values of the third order susceptibility that was measured in the papers and 

second order as well, can safely be used for the purposes of the comparison.   
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Figure 2.15: Solution of Eq. 2.39 for a β-BBO. Result is a cut angle 47.75o.  

 

The value of 𝜒𝑒𝑓𝑓,𝑇𝐻𝐺
(3)

 is expected to be 4.0 x 10-23 m2/V2 based on [6, 10]. Eq. 2.38 requires a correction, 

since a non-centrosymmetric crystal is used, and thus non-phase matched SH and SF processes 
contribute in the THG (more accurately, in the case of type II phase matching, those processes are 

reported to provide the most amount in the efficiency) [6]. This phenomenon appears because the 

wavevector mismatch in the SHG process is balanced out exactly by the wave vector mismatch of SFG. 
Therefore, even though individual SHG processes do not contribute to the THG (since the crystal is 

oriented to be phase matched to the last one), cascaded processes within the crystal contribute to the 

efficiency of THG [10]. 

 

 
Figure: 2.16: Cascaded processes in a β-BBO, which is phase matched for direct THG.  

 

The efficiency of third harmonic generation can be found through [10] 

 

𝜂𝑇𝐻𝐺 =
𝐼3𝜔(𝐿)

𝐼𝜔(0)
= 36𝜋2 (

𝐿

𝜆
)
2 (𝜒𝑒𝑓𝑓

(3) )
2
𝐼𝜔
2 (0)

𝑛(3𝜔)𝑛2(𝜔)𝜀𝜊
2𝑐2

(2.40) 

 

In the case of type II phase matching for THG, the additional cascade processes that can lead to THG 
are gathered in the following table. Those processes add terms in the effective third order nonlinear 

susceptibility, acquiring this way a higher value, and so leading to a higher conversion efficiency.  

 

Table 2.3: Cascade processes that lead to THG 

SHG SFG 

𝒐𝟏𝒐𝟏 → 𝒆𝟐 𝑒2𝑒1 → 𝑒3 

𝒐𝟏𝒐𝟏 → 𝒐𝟐 𝑜2𝑒1 → 𝑒3 
𝒐𝟏𝒆𝟏 → 𝒆𝟐 𝑒2𝑜1 → 𝑒3 
𝒐𝟏𝒆𝟏 → 𝒐𝟐 𝑜2𝑜1 → 𝑒3 
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When the inner cascade effects are included in the third order susceptibility, the following equation is 
used [6] 

 

𝜒𝑒𝑓𝑓
(3)
 =  

2𝜋

𝜆2𝜔𝜊
{𝑑22

2 [𝑐𝑜𝑠33𝜑 (2
𝑐𝑜𝑠4𝜃𝑚

𝑛2𝜔0
𝑒 (𝜃𝑚)𝛥𝑘5

− 
𝑐𝑜𝑠2𝜃𝑚
𝑛2𝜔0
𝑜 𝛥𝑘8

)

+ 𝑠𝑖𝑛23𝜑 (2
𝑐𝑜𝑠2𝜃𝑚
𝑛2𝜔0
𝑜 𝛥𝑘7

− 
𝑐𝑜𝑠2𝜃𝑚

𝑛2𝜔0
𝑒 (𝜃𝑚)𝛥𝑘6

)]

−  2𝑑22𝑑15𝑠𝑖𝑛3𝜑 (
𝑠𝑖𝑛 𝜃𝑚𝑐𝑜𝑠

3𝜃𝑚
𝑛2𝜔0
𝑒 (𝜃𝑚)𝛥𝑘6

− 
𝑠𝑖𝑛2𝜃𝑚
𝑛2𝜔0
𝑜 𝛥𝑘7

)

+ 𝑑15
2 𝑠𝑖𝑛2𝜃𝑚 (3

𝑐𝑜𝑠2𝜃𝑚
𝑛2𝜔0
𝑒 (𝜃𝑚)𝛥𝑘6

+ 
2

𝑛2𝜔0
𝑒 (𝜃𝑚)𝛥𝑘5

)

+ 
𝑑33

𝑛2𝜔0
𝑒 (𝜃𝑚)𝛥𝑘6

(−𝑑22𝑠𝑖𝑛3𝜑 𝑐𝑜𝑠𝜃𝑚𝑠𝑖𝑛
3𝜃𝑚 + 𝑑15𝑠𝑖𝑛

4𝜃𝑚) }  +  
1

3
𝜒11
(3)
𝑐𝑜𝑠2(𝜃𝑚)

+  𝜒16
(3)𝑠𝑖𝑛2(𝜃𝑚) +  𝜒10

(3)
sin(2𝜃𝑚) sin (3𝜑) (2.41) 

 
The wavevector mismatch parameters were calculated while the second order nonlinear coefficients 

were obtained from [6].  

 

Table 2.4: The parameters and corresponding values regarding the third order susceptibility. 

Parameters Values 

𝜟𝒌𝟓  =  𝒌𝟑𝝎
𝒆  −  𝒌𝟐𝝎

𝒆 − 𝒌𝝎
𝝄  -1745 cm-1 

𝜟𝒌𝟔  =  𝒌𝟑𝝎
𝒆  −  𝒌𝟐𝝎

𝒆 − 𝒌𝝎
𝒆  5292 cm-1 

𝜟𝒌𝟕  =  𝒌𝟑𝝎
𝒆  −  𝒌𝟐𝝎

𝒐 − 𝒌𝝎
𝝄  -16386 cm-1 

𝜟𝒌𝟖  =  𝒌𝟑𝝎
𝒆  −  𝒌𝟐𝝎

𝒐 − 𝒌𝝎
𝒆  -9348 cm-1 

d22 2.2 pm/V 

d15 0.026 pm/V 

d33 0.04 pm/V 

𝒏𝟐𝝎𝟎
𝒆 (𝜽𝒎) 1.60687 

𝒏𝟐𝝎𝟎
𝒐  1.67581 

 

The third order susceptibility obtained from the inner cascading effects is 6.93 x 10-23 m2/V2. 

Therefore, the total third order coefficient that shall be used is 𝜒𝑒𝑓𝑓
(3)
 =  1.093x 10−22  𝑚

2

𝑉2
⁄ . 

 

2nd method: SHG and SFG 
Instead of phase matching the crystal for direct third harmonic generation, the nonlinear crystal can be 

rotated so that the phase matching condition is satisfied for SHG. Another β-BBO can be utilized to 

have SFG of the fundamental wave and the SH, which results in THG [12]. Assuming perfect phase 
matching for those two processes. The interactions that are chosen, and the corresponding coefficients 

are shown below  

 
𝑆𝐻𝐺: 𝑜1𝑜1 → 𝑒2: 𝑑𝑒𝑓𝑓  =  −𝑑22𝑐𝑜𝑠𝜃𝑚𝑠𝑖𝑛3𝜑 +  3𝑑31 𝑠𝑖𝑛𝜃𝑚

𝑆𝐹𝐺: 𝑒2𝑜1 → 𝑒3: 𝑑𝑒𝑓𝑓  =  𝑑22 𝑐𝑜𝑠3𝜑 𝑐𝑜𝑠
2𝜃𝑚  

(2.42) 
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The azimuthal angle of the crystals is chosen to be φ=0,90o for the SFG and SHG interactions 
respectively, to maximize the efficiency of those processes, by increasing the effective nonlinear 

coefficient. The cut angles of the crystals are 23o for the SHG, and 47o for the SFG.  

Using the following relations, the intensity of the signal (SH) in combination with the pump 

(fundamental), produces the third wave. The conversion efficiency for THG is provided by the SFG 
efficiency.  

 𝐼2  =  𝐶𝑆𝐻𝐺
2

𝐿

𝐴2

2

𝑃1
2 𝐶𝑆𝐻𝐺

2  =  8 ∗  𝜔2
2 𝑑𝑒𝑓𝑓,𝑆𝐻𝐺

2

𝑛𝜔
2 𝑛2𝜔

⁄

𝜂𝑆𝐹𝐺  = 𝐶𝑆𝐹𝐺
2  

𝐿

𝐴

2

𝑃2 𝐶𝑆𝐹𝐺
2  =  8 ∗  (3𝜔)2

𝑑𝑒𝑓𝑓,𝑆𝐹𝐺
2

𝑛2𝜔𝑛𝜔𝑛3𝜔
⁄

(2.43) 

 

where P2 = I2 A, and L=1mm.  

The two different approaches are compared based on their efficiencies in Fig. 2.17.  
 

 
Figure 2.17: Efficiencies of direct THG (red color) and SHG+SFG (black color). 

 
Fig. 2.17, depicts why the cascade processes are preferred over the direct third harmonic generation. 

While the last process can achieve an efficiency of 0.01%, the SHG and SFG can reach an efficiency of 

6%. Therefore, two β-ΒBO crystals will be preferred in the current study.  
 

 

 

 
 

 

 

 
 

 

 
 

 

 
 

 



 21 

Chapter 3 

 

Experimental Methods 
 

As previously mentioned, an Ytterbium-based laser (1030 nm), delivering 180 fs pulses at a repetition 
rate of 20kHz, was used to conduct the following experiment. The first part of the experiment aimed at 

obtaining its third harmonic, through collinear wave mixing interaction of the fundamental and second 

harmonic beams.  

3.1 Experimental setup  
 
The experimental setup is depicted in Fig. 3.1, and it is optimized in a way to have p-polarized third 

harmonic (TH) and second harmonic (SH) waves. The current configuration of the setup ultimately 

allows for the acquisition of both SH and TH p-polarized waves, due to the presence of the Thin Film 
Polarizer (TFP) located at the SH arm. Even though the residual SH will not be used in the present 

study, the current geometry allows the possibility to conduct experiments with the three waves in the 

future. Since the TFP allows p-polarized light to be transmitted, the implementation of Spatial Light 
Modulators (SLMs) which work with that polarization, will be possible. Therefore, control over the 

amplitude and the spatial profile of the SH and TH waves can occur independently for future studies.  

 

 
Figure 3.1: Experimental setup for THG. DM: dichroic mirror, TFP: thin film polarizer, HWP: half-

wave plate. 

 

Initially, a BBO was used for Type 1 SHG (𝑜𝑜 →  𝑒). Then, the fundamental beam (1030 nm) and its 

second harmonic are separated by a dichroic mirror. In each arm, the beams propagate through a half-

wave plate (HWP) and a Thin Film Polarizers (TFP) are used to reflect only the s-polarized light for 
each beam. The combination of the HWP and TFP forms an attenuator, which controls the powers of 

SH and fundamental. As it is depicted in Fig. 3.1, after reflections from mirrors, the two beams reach 

the same dichroic mirror at the same time, thanks to the delay stage in the SH arm. Both s-polarized 
beams are incident to the second BBO which is oriented in a way to achieve maximum SFG efficiency. 

The specifications of the two BBO crystals, the nonlinear processes and their corresponding effective 

second order coefficients (deff) are summarized in Table 3.1. In the case of deff, the specific nonlinear 

coefficients provided by the manufacturer were used. d11 is infinitely small, so it is neglected.  
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 Moreover, it should be noted that the s- and p-polarizations illustrated in Fig. 3.1 are defined in 
the laboratory frame of reference. In reality, the two BBO crystals are rotated in such a manner that the 

perceived polarizations by them follow the types of phase matching reported in Table 3.1. 

 

Table 3.1: Key Parameters of BBO Crystals for SHG and SFG Processes. 

Crystal/ Process BBO (SHG) BBO (SFG) 

Polarizations 𝑜𝑜 →  𝑒 𝑜𝑜 → 𝑒 

Cut Angle (θ) 23.4o 32.5o 

Azimuthal Angle (φ) 90o 90o 

Thickness (L) 1 mm 0.55 mm 

Second order effective 

nonlinear coefficient 

(deff) 

𝑑22𝑠𝑖𝑛(3𝜑)𝑐𝑜𝑠(𝜃 + 𝛼2)
−   𝑑15𝑠𝑖𝑛(𝜃 + 𝛼2) 

𝑑22𝑠𝑖𝑛(3𝜑)𝑐𝑜𝑠(𝜃 + 𝛼3) 
− 𝑑15𝑠𝑖𝑛(𝜃 + 𝛼3) 

 

The walk-off angles are calculated based on the following relation [12]: 

 

tan(𝛼) =
1

2
𝑠𝑖𝑛(2𝜃)𝑛𝑒

2(𝜃) (
1

𝑛𝑒
2  −  

1

𝑛𝑜
2) , (3.1) 

 

where α2,3 are the spatial walk-off angles of SH and TH, respectively. 

3.2 Challenges and key considerations 
 

Collinear wave mixing interaction can be achieved through precise alignment and careful consideration 

of factors limiting the SFG efficiency. Two main issues arise after propagation of beams with different 

frequencies in birefringent materials such as BBO: spatial and temporal walk-off. 
 

3.2.1 Spatial walk-off 

Spatial walk-off occurs due to the birefringent properties of the crystal. As previously mentioned, the 

waves involved in the interaction can be classified as either ordinary or extraordinary. For extraordinary 
waves, the Poynting vector, which represents the direction of energy flow, forms an angle with the 

wavevector, which defines the propagation direction of the wave. In contrast, for ordinary waves, the 

Poynting vector and wavevector remain collinear. The angle between the direction of the Poynting 

vector and the wavevector is what causes spatial walk-off and is defined as [13, 14]  
 

𝛼 = −
1

𝑛𝑒

𝑑𝑛𝑒
𝑑𝜃

(3.2) 

 
In the case of the first BBO, where SHG takes place, the fundamental and SH waves are ordinary and 

extraordinary polarized, respectively. Therefore, the SH will be displaced laterally as it propagates along 

the crystal, and the spatial separation of the two beams results in a reduction of the wave mixing 

interaction length. Besides the decline on SH efficiency, a distortion of its spatial profile is expected for 
large values of spatial walk-off, where the extraordinary beam (SH) will appear as an elongated 

Gaussian beam along the spatial walk-off direction (assuming that the pump is also Gaussian). [13, 14, 

26]. Occasionally, the elliptical profile of the SH beam can be attributed due to thermal distortions of 
the BBO, but it has also been observed at low pump powers as well. [17, 23] 

Large spatial walk-off angles, also renders the phase matching condition less tolerant to 

misalignments. To fully associate the phase mismatch tolerance with walk-off angles, the notion of 
angular acceptance bandwidth must be established. Angular acceptance bandwidth refers to the range 

of propagation angles over which efficient wave mixing interaction can take place. In other words, the 

phase matching condition is more tolerant for a large angular acceptance bandwidth (Δθ). The latter one 
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is inversely proportional to 
𝑑𝑛𝑒

𝑑𝜃
⁄ , and thus inversely proportional to the walk-off angle. Hence, large 

walk-off angles are associated with a limiting range of propagation angles.  [13, 14]  

 Spatial walk-off serves as a limiting factor for conversion efficiencies in the two nonlinear 

crystals. However, due to the use of an interferometric setup, the walk-off angle introduced by the first 

BBO crystal does not affect the second BBO. By appropriately separating the two beams and ensuring 
precise alignment, spatial overlap can be achieved at the dichroic mirror just before the second BBO.  

  

3.2.2 Temporal walk-off 

In the first BBO crystal, where SHG occurs, group velocity mismatch (GVM) arises between the 

fundamental and SH pulses due to their differing polarizations (resulting in different refractive indices 

within the crystal) as well as their different wavelengths. This becomes apparent through the expression 

of the group velocity 𝜐𝑔 [14]: 

 

𝜐𝑔 = 𝑐 [𝑛 +  𝜔 
𝑑𝑛

𝑑𝜔
] = [

𝑑𝑘(𝜔)

𝑑𝜔
]

−1

(3.3) 

 

Due to their different group velocities (𝜐𝑔,𝐹 : fundamental, 𝜐𝑔,𝑆𝐻: SH), the two pulses are separated in 

time by an amount proportional to their group velocity mismatch and the crystal thickness 𝐿𝑐𝑟𝑦𝑠𝑡𝑎𝑙  [18]: 

 

𝛥𝑡 = 𝐿𝑐𝑟𝑦𝑠𝑡𝑎𝑙 (
1

𝜐𝑔,𝐹
 − 

1

𝜐𝑔,𝑆𝐻
) (3.4) 

 
As noted in the previous chapter, temporal separation reduces the efficiency of wave-mixing 

interactions and imposes a limitation on the maximum crystal thickness that can be used for nonlinear 

processes. Thinner crystals are required in order to minimize GVM, however thicker crystals would 

result in a higher efficiency of SHG (or THG in the case of the last crystal) [18]. Apart from the trade-
off between crystal thickness and group velocity mismatch, another important factor that is affected by 

temporal walk-off is the frequency acceptance bandwidth. This parameter determines the frequency 

range that can effectively participate in wave-mixing interactions, and it is especially important to be 
large for broadband pulses (such as femtosecond pulses). Since the frequency acceptance bandwidth is 

inversely proportional to the GVM, minimizing the latter one is crucial for nonlinear interactions.   

 Since the residual IR and the SH pulses are temporally separated by the first BBO, due to their 
different polarizations, a delay stage was added in the SH arm of the interferometer. The SH pulse 

propagates with a higher group velocity, since BBO is a negative uniaxial crystal, and thus the 

extraordinary refractive index is smaller than the ordinary. To achieve a more compact setup, the delay 

stage incorporates the thin-film polarizer (TFP) of the SH arm, replacing one of the mirrors typically 
used in conventional delay stages. Furthermore, because the additional path length introduced in the 

delay stage significantly exceeded the spatial separation caused by GVM, an identical fixed optical path 

was implemented in the fundamental arm. The following graph is an illustration of the temporal walk-
off phenomenon. The specifics of the BBO that was used were taken into account, but the cut angle was 

ignored for demonstration purposes. Moreover, Fig.3.2, is not an entirely precise representation of 

temporal walk-off, since both the fundamental and SH pulses are assumed to have the same pulse 

duration, which is not correct but an acceptable assumption for illustration purposes.  
 



 24 

 
Figure 3.2: Illustration of temporal walk-off for Type I SHG. For demonstration purposes the crystal’s 

cut angle was not considered.  

 
Both the fundamental and SH group velocities were calculated (based on the values provided by Table 

3.1), to obtain the time difference imposed by the nonlinear process.  

 

𝜐𝑔,𝐹  =  1.79 10
8 𝑚/𝑠 

𝜐𝑔,𝑆𝐻  =  2.84 10
8 𝑚/𝑠

𝛥𝑡 =  2 𝑝𝑠

(3.5) 

 
A time difference of 2 ps between the two pulses, can be compensated by the addition of 0.6 mm in the 

arm of the fastest pulse (SH). 

 

3.2.3 Physical interpretation of reduced efficiencies due to spatial and temporal walk-

off 

This following analysis will primarily focus on the case of spatial walk-off, but in a similar manner 
temporal walk-off can be assessed. Given that the current experimental setup does not include lenses, 

the most suitable mathematical approach involves collimated Gaussian beams, which are assumed to 

be weakly focused at the crystal's center. Additionally, the assumption that these beams have diameters 

and pulse durations comparable to the walk-off lengths, is being made for simplicity. The crystal is 
considered to be “sliced” in multiple planes perpendicular to its length (z-direction). Moreover, the SHG 

process will be examined, but the same principles apply for the SFG process [14]. 

As the fundamental beam propagates along the length of the crystal, the generation of a SH Gaussian 
beam takes place at each individual slice. Due to spatial walk-off, each beam is laterally displaced by 

zα, where z determines the corresponding plane of generation, and α refers to the walk-off angle. The 

output wave is defined by the sum of the all the generated SH waves, and its profile is expected to be 
spatially elongated towards the walk-off direction. Transitioning to the Fourier domain, the far field 

angular distribution of the output wave will be narrower, due to the lateral expansion of the beam. This 

is a strong indication of reduced efficiency, since less generated SH waves within the crystal contribute 

to the output wave. This implies, that the reduction in efficiency is associated with the constrain in the 
angular spread of the SH beam and not the fundamental beam [14].  

The notion of the angular acceptance bandwidth is associated with the fundamental beam. This 

range defines the angles over which the intensity of the harmonic wave is reduced to half of the 
fundamental, and determines the angles over which efficient SHG is acquired. The acceptance angle is 

approximately determined by the following relation, and depicts how it is restricted by large walk-off 

angles [14].  
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𝛥𝜃 =
0.443𝜆

𝛼𝐿
(3.6) 

 

where αL is the walk-off length, 𝜆 is the wavelength of the fundamental, and L is the crystal’s length.  

Shifting our focus back to the far field angular spread, two mathematical relations can be provided based 
on the relative values of the walk-off length and the beam width (W) 

 

𝛼𝐿 ≫  𝑊 → 𝛿𝜃 =  
0.886𝜆

𝛼𝐿

𝛼𝐿 ≪  𝑊 → 𝛿𝜃 =  
0.624𝜆

𝑊

(3.7) 

 

In the first equation, the angular spread of the SH beam is walk-off limited, and the process is deemed 

to be less efficient. The highest value that the far field angular distribution can obtain is provided by the 

second equation, which corresponds to an output beam of width 𝑊/√2 [14].  

 The reduction in efficiency 𝜂 due to walk-off is given by the following relation 

 

𝜂 ∝ [
1

√1 +  0.51(𝛼𝐿/𝑊)2
] (3.8) 

 

where the right part of the equation is defined as the walk-off correction term [14].  
 Lastly, the former analysis remains applicable when considering the phenomenon of temporal 

walk-off. This effect results in the temporal stretching of the pulse, since a shift (σz) of the individual 

SH generated beams takes place along the crystal, with σ being the Group Velocity Mismatch (GVM). 

This ultimately imposes a limitation on the frequency acceptance bandwidth. To account for temporal 
walk-off, the substitutions defined in Eq. 3.9 must be performed in the former analysis. For instance, to 

find the limitations imposed on the efficiency, a substitution to Eq. 3.8 must be made [14]. 

 

𝛼 →  𝜎 = (
1

𝜐𝑔,𝐹
 − 

1

𝜐𝑔,𝑆𝐻
)

𝑊 → 𝑇

(3.9)

where T is the temporal duration.  
 

3.2.4 Back-conversion: A limiting factor in nonlinear processes 

As described in the former chapter, in a nonlinear interaction the waves involved are considered 

coupled, and energy is being transferred between those waves. Therefore, an inherent characteristic of 
the nonlinear interactions is that both forward and backward transfer of energy is permitted [21]. This 

implies, even if the setup is designed for a specific process (through proper selection of the nonlinear 

crystal, or polarization of the input beams), the reverse process can also take place. As an example, the 

case of SFG is considered, where 𝜔1 + 𝜔2  →  𝜔3 is the desired nonlinear interaction, but  𝜔3  → 𝜔1 +
 𝜔2  is also possible. Although the most common factor that leads to back-conversion is phase mismatch 

of the waves involved in the interaction, the depletion of one of the waves can also lead to back-

conversion, even at perfect phase matching conditions. A solid mathematical approach to why the 
depletion of one wave cause back-conversion is presented in Ref. 21. 

 Although methods to reduce back-conversion involve Quasi-Phase Matching (QPM) [21, 1] to 

ensure phase matching along the crystal, in the current study this technique is not evaluated. Therefore, 
we ensure that the incident pulses are not depleted. Back-conversion is also considered a limiting factor 

for the efficiencies of the processes, due to small phase mismatches that can be present within the 

crystal.  
 

3.2.5 Optimum powers of the SH and residual IR waves in an ideal SFG process 

Ideally, one photon of frequency ω and one photon of frequency 2ω interact and are annihilated for the 

generation of one photon of frequency 3ω. Moreover, assuming that the photons travel along the z-
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direction, and considering the interaction volume to be an incremental change on that direction, then 
the conservation of photon number can take the following form [1] 

 
𝑑𝜑1
𝑑𝑧

=
𝑑𝜑2
𝑑𝑧

= −
𝑑𝜑3
𝑑𝑧

(3.10) 

 

where φ1,2,3 are the photon fluxes of the fundamental, SH and TH waves, respectively.  

In order to establish a relation between optical powers, a more suitable approach would be to consider 
the intensities of the interacting waves, rather than the photon fluxes, therefore the Manley-Rowe 

relation is derived from the above equation. 

 
𝑑

𝑑𝑧
(
𝐼1
𝜔
) =

𝑑

𝑑𝑧
(
𝐼1
2𝜔
) = −

𝑑

𝑑𝑧
(
𝐼3
3𝜔
) (3.11) 

 

The intensity of a given beam and its power are connected by 𝐼 =  2𝑃/𝐴 (for Gaussian shape beams), 
where the cross-sectional area of the beam A is proportional to the beam width [1]. 

Under ideal circumstances, where each photon of the two incident beams are utilized for the generation 

of TH, and their beam widths have the same value, then the powers should follow the condition 𝑃2𝜔 =
 2 𝑃𝜔.  

However, it is expected that this ratio will not be fulfilled based on previous studies [19, 27]. 

Instead of achieving a ratio 1:2, those studies report ratios 1:1.006 and 1:1.6 based on their experimental 

conditions. The deviation between the theoretical prediction and experimental observations is attributed 
to not achieving a fine temporal walk-off compensation of the two incident beams, and having different 

beam widths than expected. The latter one, ultimately results in different powers satisfying the Manley-

Rowe relation.  

As indicated previously, spatial walk-off results in the expansion of the SH beam width 
(elliptical profile), and lenses are commonly utilized to restore the Gaussian profile of the beam [26]. 

In the current experimental setup, lenses were not implemented, thus it is expected that the ratio of 

powers will not satisfy the ideal condition. Control over the powers of the two incident beams is 
achieved with the independent attenuators in both arms of the interferometer. An approximate 

expression between the powers is obtained through substitution of  𝐼 =  2𝑃/𝐴 in Eq. 3.11. 

 
𝑃𝜔
𝛢𝜔𝜔

=
𝑃2𝜔
𝛢2𝜔2𝜔

(3.12) 

 

Considering the beam width to be larger than the spatial walk-off length, the SH beam profile can be 

approximated to be 𝑊2𝜔  =  𝑊𝜔 √2⁄ , therefore the cross-sectional area of the SH beam is regarded to 

be 𝐴𝜔 2⁄ . Consequently, the expected experimental ideal ratio would be 1:1.  
 

3.2.6 Selection of nonlinear crystal: β-BBO vs LBO 

Multiple crystals have been employed for the generation of TH, such as BIBO [26], KBB [27]. 

However, the most commonly employed crystals are LBO and BBO, due to their highly efficient 
nonlinear response. The advantage of LBO over BBO is the large acceptance angle, resulting in a setup 

more tolerant to misalignments, and ideal for broadband pulses [27]. Moreover, LBO exhibits much 

smaller spatial walk-off angles, approximately 7 times smaller than those observed in BBO, leading to 
a better beam quality and thus an enhanced SFG efficiency [16, 23]. Furthermore, the reduced spatial 

walk-off in LBO may eliminate the need for compensation schemes, as sufficient spatial overlap can be 

naturally achieved. This results in a simplified experimental setup with fewer optical components, 
thereby minimizing losses associated with additional elements required for spatial walk-off 

compensation [16].  

Those great nonlinear properties associated with the LBO family of crystals, come along with 

certain trade-offs. Comparing LBO to BBO, it is established that the first one has much smaller values 
of the nonlinear coefficient (deff), which is associated with limitations on the efficiency of the nonlinear 

processes. Moreover, LBO has a lower damage threshold compared to BBO, therefore high input 
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powers are not accommodated within the crystal [23, 27]. Apart from those features, LBO is 
characterized by low hygroscopic properties [27]. As indicated in Ref. 28, water molecules cannot 

overcome the energy barrier of the LBO, and thus remain in the surface. Over prolonged periods of 

time, this deterioration of the surface due to absorption of environmental moisture, will degrade the 

crystal’s quality. In the same study, investigation over other crystals of the same LBO family took place. 
Where their lower activation barrier would result in a stronger absorption of the water molecules, but 

ultimately lead to the cracking of crystals. In Ref. 25, it is stated that when reaching for a balance 

between high conversion efficiency and small walk-off angles, the best result for SFG could be attained 
using a BBO crystal.  

BBO was chosen for the present study, due to its higher damage threshold and high transmission 

in the UV region [27]. Its relatively high nonlinear coefficient, which connects to a good nonlinear 
response and high harmonic efficiencies, and its ability to remain stable over prolonged periods of time 

made it ideal for the present study. Lastly, even though large walk-off angles are associated with this 

crystal, thinner crystals can still provide high efficiencies, and the spatial walk-off of the two incident 

beams can be compensated before the SFG crystal using an interferometric setup.  

3.3 Efficiencies of second harmonic generation and third harmonic 

generation  
 

3.3.1 Second harmonic generation efficiency and limiting factors 

The powers of the generated SH and the remaining IR are measured after the first dichroic mirror of 

Fig. 3.1, as a function of the power of the incident wave 𝑃𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 . The conversion efficiency of the 

SHG process 𝜂𝑆𝐻 is plotted in Fig. 3.3, along with the theoretical value based on the specifications of 

the BBO crystal from Table 3.1.  

 

 
Figure 3.3: Experimental and Theoretical SHG conversion efficiency. 

 

As displayed in Fig. 3.3, a 40% conversion efficiency was achieved, which corresponds to 80 mW of 
SH, for 2W initial IR. The 40% efficiency is also the maximum limit that could be achieved, since a 

plateau is formatting near the edge of the graph (last values of Pincident). However, theoretical 

investigations indicate that a 60% conversion efficiency should be achieved based on the specifics of 

the setup.  
The difference between the experimental and theoretical values of the SH conversion efficiency 

may be attributed to a slight misalignment of the crystal, causing clipping of parts of the beam through 

the BBO crystal (the beam is not focused into the crystal). Furthermore, a tilt of the crystal in the plane 
perpendicular to the beam direction can reduce the conversion efficiency. Additionally, the 

measurements were conducted after the beams had propagated through multiple optical elements, which 

further reduces the SH conversion efficiency. It must be noted, that those measurements were obtained 

at the initial stages of the setup’s construction, and thus it does not reflect the most optimized alignment 
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that was achieved. Lastly, back-conversion represents a fundamental limitation that can reduce the 
efficiency of nonlinear optical processes, as stated in 3.2.4. Back-conversion was accounted for in the 

theoretical graph through the phase mismatch. But misalignment issues could result in higher back-

conversion and thus limiting even further the efficiency of the experimental graph. Finally, the 

theoretical efficiency was calculated based on the undepleted pump approximation (where the incident 
beam retains its intensity during the nonlinear process). A more precise representation of the theoretical 

efficiency would require solving the coupled wave equations, where at higher intensities, saturation 

would be observed, as it can be seen in the experimental efficiency.  
 

3.3.2 Third harmonic generation efficiency and limiting factors  

Based on the experimental values of the SH power, the SFG conversion efficiency 𝜂𝑆𝐹𝐺  was also 

plotted. Figure 3.4 is based on only three different experimental values of the SH power to investigate 
potential limiting factors of the wave mixing process. The expected conversion efficiency (theoretical 

calculations based on the experimental SH power) is compared with the observed TH efficiency.  

    

a)                b) 

Figure 3.4: Estimated THG conversion efficiency and experimental THG conversion efficiency, 

considering the SH beam cross-sectional area to be: a) 𝐴𝜔 √2⁄ , b) 𝐴𝜔 2⁄ . Only three set of values were 

used for the extraction of this graph: Pinitial = [1, 1.5, 1.95], which correspond to the power of the incident 

laser before the SHG process, PSH = [0.14, 0.27, 0.418] the power of SH after the SHG process and 
before the SFG process, PTH = [0.014, 0.056, 0.103] the power of TH.  

 

The theoretical efficiency was plotted under the assumption that the cross-sectional area of the SH beam 

is either 1.41 times less than the fundamental (Fig.3.4.a)) or half of the fundamental (Fig.3.4.b)). From 
Fig.3.4, it is illustrated how the expansion of the SH beam profile, can further reduce the efficiency of 

the SFG process. Therefore, spatial walk-off of the 1st BBO, may not reduce the SFG efficiency due to 

spatial overlap of the two beams, but it is considered a limitation due to the elongation of the SH beam. 
As it has been mentioned, lenses were not used in the current experimental setup to focus the SH beam, 

thus spatial walk-off is one of the parameters limiting the SFG process. Moreover, the experimental 

efficiency was initially obtained by achieving temporal overlap without the delay stage pictured in Fig. 

3.1. As it can be observed by Fig. 3.4, the maximum efficiency obtained is approximately 5%, with a 
TH power being 103 mW, for an input power of 1.95 W. Adding a translation stage in the SH arm 

allowed later on fine tuning of the delay. By extracting the TH signal relative to time delay, a more 

accurate position of the delay stage was obtained, and thus the best possible temporal overlap was 
maintained to acquire the highest possible SFG efficiency (~6.3% as it will be presented in the 

proceeding sections). 

 The maximum conversion efficiency is achieved at a specific ratio of input powers. However, 
as discussed in sec.  3.2.5, the ideal ratio predicted by the Manley-Rowe equation is not met in practice. 

Factors such as absorption by optical elements, the beam profile of the SH, and even non-phase-matched 

SHG from the residual IR contribute to discrepancies between the theoretical and experimental power 

ratios for optimal SFG efficiency. 
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3.3.3 Non-phase matched SHG and THG efficiencies and powers in the 2nd BBO 

Initially, it shall be considered that some part of the two input beams will be converted to TH, and 

another part will not be converted during that process, and will merely be transmitted. Apart from that 

aspect, a factor that could potentially influence the SFG process, and thus the conversion efficiency of 
THG, is that a part of the residual fundamental beam, is being used to generate second harmonic. Even 

though the second BBO is designed and oriented in a way where the phase-matching condition is 

achieved for SFG, the effective nonlinear coefficients of the SHG process cannot be fully neglected. 
The following analysis presents the estimated produced SH power originating from the residual IR, to 

conclude whether or not it should be considered negligible. The effective nonlinear coefficients of SHG 

processes are provided in Table 3.2. 

 

Table 3.2: Interactions and corresponding effective nonlinear coefficients. 

Polarizations of interacting 

waves (SHG) 

Effective 2
nd

 order nonlinear susceptibilities 

𝒐𝒐 → 𝒆 𝑑𝑒𝑓𝑓 =  𝑑22𝑠𝑖𝑛(3𝜑)𝑐𝑜𝑠(𝜃 + 𝛼2
′ ) − 𝑑15𝑠𝑖𝑛(𝜃 + 𝛼2

′ ) 

𝒐𝒐 → 𝒐 𝑑𝑒𝑓𝑓 = 𝑑22 𝑐𝑜𝑠(3𝜑) 

 

The theoretical efficiencies and output powers of the SHG and SFG processes taking place inside the 
second BBO crystal were plotted in Fig. 3.5 using PIR,Residual (the remaining IR power after the first 

BBO) and PSH (power of SH), respectively. Only the power of the incident second harmonic was 

considered for the SFG process, since this is the limiting factor for this wave mixing interaction. From 

the above table, and considering that φ=90o, the second interaction (𝑜𝑜 → 𝑜) cannot be achieved in the 
crystal.  

 

     a)             b) 

Figure 3.5: SHG and SFG a) efficiencies, b) powers, as a function of the power of the initial input beam. 

   
It shall be noted, that this figure presents the THG efficiency obtained if all the power of the SH was 

used for conversion to TH, and there was not part of it merely transmitted (the same applied for the 

SHG and the residual IR). Therefore, the graph does not correspond to the actual efficiency, and it is 
constructed only for the purposes of comparison. Furthermore, the power ratio of 1:1 was selected, since 

the SH beam was considered to have half the cross-sectional area of the residual IR beam.  

Through Fig.3.5.b, it is highlighted that the power of the generated SH is approximately 10 

times smaller than the power of TH. Therefore, the observed green pulse after the second BBO is 
attributed to unconverted SH in the SFG process, rather than stemming from parasitic SHG in the second 

BBO. Therefore, the non-phase matched SHG process, will not be further considered as a factor that 

further decreases the SFG process conversion efficiency.  
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3.4 Further experimental characterization of THG 
 

3.4.1 Pulse duration estimation  

As previously mentioned, the delay stage was utilized to mechanically change the pathlength between 

the two pulses observed, as well as secure the best temporal overlap, at a micrometer scale precision. 

The TH spectrum is recorded as a function of the delay stage position and plotted in Fig. 3.6. 
  

 
Figure 3.6: Third Harmonic spectrum as a function of the position of the delay stage. The color scale 
represents the number of counts on the spectrometer (uncalibrated). Position is associated with values 

of the delay stage. 

 
To establish the relationship between TH power and time delay, the following steps are required. Firstly, 

the position of the delay stage corresponding to the maximum observed TH power must match the 

additional path length necessary to achieve temporal overlap of the two input pulses, which has been 

estimated to be 0.6 mm (see sec. 3.2.2). Specifically, after the SHG process, the two pulses are separated 
in time, and based on the theoretical calculations the relative time of the two pulses was 2 ps, thus a 

delay of 0.6 mm should be established. Although the position in Fig. 3.6, is within the frame of reference 

of the delay stage and does not indicate the distance of the two path lengths. Manual measurements 
suggested that the position of the delay stage where the TH peak appeared (observation made by a 

spectrometer) corresponds to a difference of 0.6 mm. Additionally, the TH power was recorded as a 

function of the delay stage position, in the range where temporal overlap is achieved. Therefore, Fig. 

3.7 was graphed, which demonstrates power of TH as a function of the time delay. A Gaussian fit was 
performed and the FWHM was extracted (~264 fs).  

 

 
Figure 3.7: TH power as a function of the temporal delay between SH and IR pulses.  
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It shall be noted that further adjustments resulted in a higher TH power than the one exhibited in the 

above graph, as it will be shown later in sec. 3.4.5.  

 The theoretical intensity cross-correlation of the TH pulse is calculated to assess whether group 

velocity dispersion (GVD) is a limiting factor in the SFG process. Positive GVD can be introduced due 
to the presence of BBO causing, components of the pulse with higher frequency to travel slower than 

those with lower frequency. As a result, a transform-limited Gaussian pulse after propagation in a 

dispersive medium will become chirped, and the chirp parameter is proportionally related to the GVD 
coefficient of the medium [1]. In our regime, positive GVD can ultimately result in the expansion of 

the pulse duration of the output pulse, which results in a lower intensity and can justify the lower 

obtained values of efficiency [12, 30].  
 GVD arising from the second BBO, can spread in time all three pulses involved in the mixing 

process. Moreover, the stretching of the residual IR and SH pulses (introduced by the first BBO) can 

also influence the efficiency of the SFG process. In order to investigate the effect of GVD in the 

temporal spreading of the TH pulse and thus the decrease in efficiency of the SFG process, the intensity 
of the cross-correlation of the output pulse was obtained. More accurately, the following relation was 

used, where the two input pulses were considered to be transform-limited Gaussian pulses, thus the 

chirp parameter was negligible, and only the GVM was included [29]. Following this procedure, any 
deviation from the experimental data acquired in Fig. 3.7, can be attributed to GVD effects.  

 

𝐼𝑐𝑐(𝜏) ~ ∫ {𝑒𝑥𝑝 [−2𝑙𝑛2 (
𝑡

𝜏𝑝1
)

2

]}

2

× {𝑒𝑥𝑝 [−2𝑙𝑛2 (
𝑡 − 𝜏

𝜏𝑝2
)

2

]  ⨂ 𝑠𝑞𝑟 [
𝑡

𝛥(𝜐𝑔
−1)𝑐𝑐𝑙𝑐

+ 
1

2
]}

2

𝑑𝑡

+∞

−∞

 

 
where τp1, τp2 are the pulse durations of the IR and the SH pulses, cc stands for cross-correlation, Icc is 

the intensity of the cross-correlation, τ is the time delay between them. 𝛥(𝜐𝑔
−1)𝑐𝑐𝑙𝑐 is the temporal walk-

off length of the second BBO, the symbol ⨂ denotes the convolution. The function sqr is defined by:  

 

𝑠𝑞𝑟(𝑥) = {
1, |𝑥| ≤ 1 2⁄

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(3.13. 𝑏) 

 

Using Eq. 3.13.a, Fig.3.8 was plotted, which presents the intensity cross-correlation of the TH pulse as 

a function of the temporal delay. Furthermore, for direct comparison, the normalized Gaussian fit based 
on the experimental data (Fig. 3.7) is also plotted along the cross-correlation intensity. The FWHM of 

the cross-correlation is found to be 225 fs.  

 

 
Figure 3.8: TH intensity cross-correlation (blue) and experimental Gaussian fit (red) as a function of 

the temporal delay. The FWHM pulse durations are indicated. 
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Since power is proportional to intensity, a first comparison between the normalized gaussian fit 

(extracted from the experimental power measurements of Fig. 3.7) and the cross-correlation intensity 

can be made. The cross-correlation intensity is calculated under the assumption of input transform-

limited gaussian pulses, and its FWHM appears to be less than the experimental one, thus the observed 
TH is stretched in time. GVM was included in the current calculation. A more mathematically strict 

approach would be to directly connect the temporal delay to the pulse duration. Based on Ref. [31], 

third order correlation function (described by a Gaussian shape), has the following form:  
 

𝑒𝑥𝑝 (−
2

3

𝜏2

𝜏𝑝
2) . (3.14) 

 

Comparing Eq. 3.14, with the known form of the Gaussian function, the FWHM of the cross-correlation 

function can be derived and a straight-forward relation associating it with the pulse duration of the TH 

can be made.  
 

𝑒𝑥𝑝 (−
𝜏2

2𝜎2
) 𝐾𝑛𝑜𝑤𝑛 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 𝑓𝑜𝑟𝑚

𝐹𝑊𝐻𝑀 =  2√2𝑙𝑛2𝜎

 

 

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛: −
2

3

𝜏2

𝜏𝑝
2  =  −

𝜏2

2𝜎2
 ⇒ 𝜎 =  

√3

2
𝜏𝑝  

 

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑡𝑜 𝐹𝑊𝐻𝑀: 𝐹𝑊𝐻𝑀𝑐𝑐  =  √6𝑙𝑛2𝜏𝑝 

 
Therefore, based on the intensity cross-correlation, un-chirped pulses would result in a TH with pulse 

duration 𝑡𝑝  ~ 110𝑓𝑠. But based on the FWHM of the experimental data (Fig.3.7), the pulse duration of 

TH is 𝑡𝑝 ~ 129𝑓𝑠. Since the difference is not significant, GVD will not be considered as a limitation 

factor for the TH efficiency. Consequently, only transform-limited Gaussian pulses will be taken into 
account in the subsequent analysis. Ideally, Frequency-Resolved Optical Gating (FROG) techniques 

such as Third-Harmonic Generation FROG (THG FROG) and Transient Grating FROG (TG FROG) 

offer comprehensive pulse characterization and would be preferred to obtain the pulse duration, but 
their application to TH pulses presents significant experimental challenges. THG FROG requires the 

detection of a ninth harmonic (9ω) signal when analyzing a TH pulse, which falls into a range of 

nonlinear signals that exceeds the capabilities of standard spectrometers used [34].  TG FROG is more 
UV-friendly, as it diffracts the pulse itself and does not rely on frequency conversion. However, it still 

demands high third-order nonlinear signals, which were not achievable in the current study [35]. 

Therefore, due to the low THG power and lack of a UV-sensitive spectrometer, direct FROG-based 

measurement of the TH pulse was not applicable in this work. Consequently, although the mathematical 
approach used to estimate the TH pulse duration is not ideal (since it assumes Gaussian-shaped pulses) 

it still provides a sufficiently accurate value. This estimate is adequate for calculating the peak intensity 

of the TH field, which is essential for modeling and optimizing the HHG process. 
 

3.4.2 Spectral characterization  

The spectra of the fundamental and the SH pulses after the SHG process, while also the generated TH 

are measured and displayed in Fig. 3.9. To estimate the minimum pulse durations of the pulses, a Fourier 
Transform was performed. Since the pulses are assumed to be Gaussian and transform-limited, a 

Gaussian fit was applied for the SH and TH spectra. The Fourier transform limited pulse duration of the 

SH pulse is 126 fs, and it was used in the calculations for the cross-correlation graph. The pulse duration 
of the fundamental pulse is known to be 180fs. We compare the Fourier-transform limited pulse duration 

of the TH to the cross-correlation estimations presented in the previous section. Based on the gaussian 

fit of the TH, its pulse duration is ~133 fs very close to the 129 fs estimated from the cross-correlation.  
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Figure 3.9: Spectrum of (a) Residual IR before SFG crystal, (b) Second Harmonic before SFG crystal 

&(c) Third Harmonic. 

 

3.4.3 Power Scans 

At this final stage of power measurements, some adjustments were made in the initial experimental 

setup. Firstly, the polarizer from Fig. 3.1 was removed, which led to the observation of higher TH power. 

This could be attributed to absorption of TH by the polarizer. Now, power measurements of the SH and 

TH after the second BBO are performed after a series of dichroic mirrors that split the TH, the SH and 
the fundamental. Figure 3.10 summarizes the paths of the three beams.  
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Figure 3.10: New characterization setup after the second BBO. 

 

To determine the optimal power ratio between the residual IR and the SH beam to generate maximum 

TH power the rotation of the half-wave plates (HWPs) in each arm of the interferometer is automatized 

and the angle is calibrated. Specifically, for a given rotation of the HWP in the residual IR, multiple TH 
powers were recorded by varying the HWP angle in the SH arm. The HWPs and TFPs combination are 

attenuators and rotating the HWPs controls the power of the beam in the corresponding arms. For each 

power ratio (IR power PIR vs. SH power 𝑃𝑆𝐻), there corresponds to a distinct TH power measurement. 
The result of such a power ratio scan is shown in Fig. 3.11. 

  

 
Figure 3.11: TH power as a function of the IR power and SH power. The dashed white line represents 

the maximum conversion efficiency. 

 
Considering that the maximum input IR power is 1.95W, and the maximum TH power obtained is 

0.123W, then a total 6.3% conversion efficiency is achieved in our experimental setup. In Fig. 3.11, the 

white dashed line represents the maximum achieved efficiency of THG, considering all possible 
combinations of IR and SH. Specifically, for a fixed value of PIR, we find the PSH value that maximizes 

the TH efficiency according to 𝜂𝑆𝐹𝐺 = 𝑃𝑇𝐻/(𝑃𝐼𝑅 + 𝑃𝑆𝐻) . Figure 3.12 shows the TH power as a function 

of the power ratio 𝑃𝐼𝑅/𝑃𝑆𝐻 at maximum conversion efficiency. We note that the maximum TH power is 

obtained for a power ratio 𝑃𝐼𝑅/𝑃𝑆𝐻 ≈  2. 
 Figures 3.11 and 3.12 provide an insight on the input power ratio needed for the current 

experimental setup, in order to achieve maximum conversion efficiency or maximum TH power. 

However, they do not present a direct indication of how much power is utilized in order to achieve 

maximum conversion efficiency. For instance, a portion of the pulses will be transmitted and will not 
be utilized for the process (attributed to low values of the nonlinear coefficient). Absorption and back-

conversion are also factors that are not taken into account in this discussion.  

 



 35 

 
Figure 3.12: TH power as a function of the power ratio 𝑃𝐼𝑅/𝑃𝑆𝐻 at the maximum conversion 

efficiency. 

 

Table 3.3 presents the measured IR and SH powers before and after the second BBO crystal. To 
distinguish how much power is actively used for SFG versus how much may be absorbed or lost due to 

back-conversion, further measurements were taken by blocking each individual arm. Specifically, when 

measuring SH power (or IR power), blocking the IR arm (or SH arm) resulted in a different value where 
the SFG process did not occur. This change in measured power provides an initial indication of how 

much of the beam is effectively utilized in the SFG process. 

 

Table 3.3: Power measurements of SH and IR before and after the second BBO. 

 Input Power (W) Output (with SFG) 

Power (W) 

Output (without 

SFG) Power (W) 

Residual IR 0.925 0.501 0.540 

SH 0.480 0.358 0.403 

 

When the SFG process is prevented by blocking the unmeasured beam, both beams exhibit an increase 

of approximately 40 mW. While this result suggests that a 1:1 power ratio is achieved, adjusting the 
HWP to this ratio does not yield maximum TH power. Fig. 3.11&3.12 does not represent the powers 

directly involved in the SFG process but rather the input power ratio required to achieve maximum TH 

power. This ratio accounts for factors such as back-conversion, unutilized beams, and absorption by the 
crystal. The Manley-Rowe equations describe only the photons actively participating in wave-mixing 

interactions and do not account for system losses. Therefore, although the table above indicates a 1:1 

ratio for the SFG process, the actual power ratio required to achieve this condition is approximately 

2.31 (IR/SH). 
 

3.4.5 Beam profile characterization 

The beam profiles of the input beams for the SFG process were recorded with a camera. As expected, 

the beam profile of the SH appeared elongated, while also, the beam profile of the residual IR appeared 
spatially prolonged. The reason behind the expansion of the remaining IR (after SHG) could be 

attributed due to the dynamic involvement of the two waves in the nonlinear interaction (connected 

through coupled wave equations). Due to the prolonged profile of both pulses, it remains unclear how 
much active area is participating in the SFG process.  

The beam profile of the TH is illustrated in Fig. 3.13, where the captured image is depicted in the left 

side, and the x and y intensity profiles are presented separately. Currently, methods to improve the 
quality of the beam profile are under investigation.  
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Figure 3.13: Beam profile of third harmonic pulse. 

3.5 Discussion on the choice of experimental geometry: interferometric vs. 

inline multi-color setups 
 

3.5.1 Interferometric setup vs. Inline setup: spatial walk-off 

The choice of an interferometric setup enables straightforward spatial manipulation of the two pulses. 

Although its alignment can be more challenging compared to the inline configuration, it eliminates the 
need for additional optical components, such as an additional birefringent material. For instance, in Ref. 

[15], a walk-off compensation scheme was implemented using two β-BBO crystals. Although the 

orientation of their optical axes was optimized to enhance the efficiency of the nonlinear interaction, 
the gap between the two crystals increased the probability of back-conversion. Various birefringent 

materials, such as YVO₄ [16], LBO, and BBO [17], have been utilized as compensation plates in inline 

setups. Careful consideration of their lengths and cutting angles is essential to effectively compensate 

for both spatial and temporal walk-off, as excessive compensation can lead to a reduction in third-
harmonic power [17]. Nonetheless, arranging multiple crystals with alternating directions of walk-off 

[13], or segmenting the nonlinear crystal into multiple sections with opposite birefringence [14], has 

proven to be an effective method for compensating spatial walk-off. Finally, it should be noted that a 
simple tilt of the SFG crystal can compensate for the initial walk-off angle within the second BBO 

crystal, thereby enhancing the overall THG efficiency [15]. 

 

3.5.2 Interferometric setup vs. Inline setup: temporal walk-off 

As described in section 3.2.2, temporal separation of the fundamental and SH pulses is compensated by 

extending the path length of the fast wave (SH). For precise adjustment of the path length (at the μm 

scale), a suitable mechanical delay stage was implemented in the interferometric geometry. In 
conventional inline setups, temporal walk-off is typically corrected by utilizing birefringent materials 

such as calcite plates [16] and BBO crystals [17]. In the case of the interferometric setup, the mechanical 

delay stage that was used increases the setup’s footprint, but different challenges are linked to an inline 

setup [17]. For instance, in Ref. [19], it is mentioned that at low pump intensities different compensation 
values are needed to achieve the highest tripling efficiency than at high pump intensities. This implies 

that varying crystal lengths would be necessary as the pump intensity changes, thereby reducing the 

flexibility of the experimental setup. In Ref. [17], they successfully optimized a compensation plate (its 
thickness and cutting angle), which corrects both temporal and spatial walk-off. The simultaneous 

correction of both walk-offs is a challenging approach, and can result in overcompensation, and 

consequently reduction of the UV power. This technique would also be less flexible, upon changing of 

one parameter. For instance, different compensation values would be needed if the temporal duration 
of the fundamental pulse would change. Since for higher values of pulse duration a bigger overlap is 

observed, and thus less compensation is needed [24]. Another interesting approach to temporal walk-

off compensation involves utilization of spatial walk-off. Ref. [20] states that if the incident pulses are 
tilted relative to the surface of the BBO crystal, the spatial walk-off angle (α) acquired between them 

after propagation through the crystal can reduce the group velocity (GV) mismatch, thereby enhancing 
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the overall efficiency of the nonlinear interaction. However, this method is not applicable to Type I 
phase matching, as spatial walk-off between the two incident pulses requires them to have different 

polarization states. 

 However, multiple other approaches can be utilized to compensate for group velocity mismatch 

in inline setups, such as detuned multiple crystal segments, with alternate directions, analogous to the 
spatial walk-off compensation scheme [14]. Non-collinear phase matching is also one of the more 

effective techniques to establish temporal walk-off compensation [22].  

 

3.5.3 Interferometric setup vs. Inline setup: flexibility  

Overall, the interferometric setup allows for more flexibility on the power control of the individual input 

beams and the extraction of a specific beam. For instance, comparing with Ref. [32], where an inline 

setup is used for the generation of TH, although the efficiency appears to be higher, there is no control 
over the SH and remaining IR (after SHG). Finally, even though an inline setup can result in higher 

efficiencies (for instance ~23% [17]), the advantage of the interferometric setup comes down to power 

control over the three waves, as well as individual spatial control [33]. The ultimate goal, is the 
construction of an experimental setup, with an output of both SH and TH pulses, with the same 

polarization, and with the most allowable flexibility as possible over the relative powers. It shall be 

noted, that rotating the HWP (located in the SH arm), will lead in changes of both the TH and SH output 
powers. However, there is a range of ratios noted in Fig. 3.13, between the fundamental and SH pulses, 

where an adequate SFG efficiency can be achieved. Therefore, rotation of both the HWP should 

probably be considered, in order to achieve a desirable TH and SH output power.  
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Chapter 4 

 

High-order Harmonic Generation with Two-Color Laser 

Field  
 
High-order harmonic generation (HHG) is a highly nonlinear process that enables the generation of 

attosecond pulse trains through the interaction of intense laser fields with atomic gases. The mechanism 

is best described by the semi-classical three-step model, consisting of tunnel ionization, acceleration of 
the freed electron in the laser field, and its recombination with the parent ion. During recombination, 

the electron releases a high-energy photon, and this process is repeated every half cycle of the laser 

field. These bursts of radiation collectively form a spectrum of odd-order harmonics extending to the 
extreme ultraviolet (XUV) range.  

A key goal in HHG is to enhance the efficiency of harmonics in the plateau region of the 

spectrum, where harmonics have approximately the same intensity. These harmonics are especially 

useful for generating attosecond pulses, due to their relatively fixed phase relationship  and their broad 
bandwidth (important for the generation of short pulses, such as in attosecond range).The efficiency of 

HHG can be significantly improved by manipulating electron trajectories, based on the shape of the 

incident electric field. Therefore, two-color laser fields (composed by the fundamental and its third 
harmonic) can be used to enhance the HHG yield. Careful optimization of the relative phase and 

intensity ratio of the two fields can result in the flattening of the electron return energy curves, causing 

more electrons to recombine with similar kinetic energies. This selective enhancement increases the 
yield of specific harmonics, thus simulations based on the three-step model are carried out and presented 

here. Those simulations are used to investigate the effect of the relative phase and intensity ratio 

between the fundamental and third harmonic on the electron return energies. The goal is to find the 

optimum combination for which enhancement of the HHG yield takes place.   

4.1 Perturbative vs non-perturbative approach  
  

Attosecond pulses cannot be generated in a conventional laser gain medium. Initially, the perturbative 

harmonic generation approach was considered, which is characterized by relatively low laser intensities 
(<1012 W/cm2). However, in this regime the intensity of the harmonics is limited based on the following 

scaling law  

 
𝐼𝑞 = 𝐼

𝑞 (4.1) 
 

where q represents the harmonic order. Considering, for instance, Gaussian pulses then the relation 

connecting the pulse duration between the fundamental q order harmonic is given   
 

𝜏𝑞𝜔 =
𝜏𝜔

√𝑞
(4.2) 

 

Therefore, for an incident pulse with temporal duration 1fs, then the 100th order harmonic would have 
a duration of 0.1fs (100 as). This approach to obtain attosecond pulses is limited due to the low 

conversion efficiencies, and restricted due to low incident intensities (since conventional nonlinear 

media would be damaged with higher intensities). Shifting to higher laser intensities, where the electric 

field of such a pulse can be compared to the atomic Coulomb field of the medium, then a direct laser-
atom interaction can be considered. This is under the non-perturbative regime. The key difference 

between the two approaches can be found through the scaling rule of the intensity (Eq.4.1), where in 

the case of non-perturbative it is not being satisfied. Specifically, while initially the intensity of higher 
harmonics is decreased, a plateau is eventually reached, where several harmonics have the same 
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intensity, and thus Eq. 4.1 is not valid. This can be viewed in Fig. 4.1, where the interaction gas-laser 
(with ω frequency) is considered, and the subsequent output based on the two regimes is provided [36].  

 

 
Figure 4.1: (left) Perturbative regime, where intensities follow Eq.4.1, (right) non-perturbative regime 

where a plateau is reached for several harmonics. 

 

Interestingly, only odd harmonics appear in the HHG spectrum because the laser field is temporally 
symmetric every half cycle.  This symmetry of the driver field enforces only odd harmonics to 

constructively interfere, while even harmonic interfere destructively. A mathematical approach to the 

reason behind the exclusive appearance of odd harmonics can be found in Appendix A.4.3. 

4.2 Atomic units 
 

In electron dynamics and generally atomic physics, it is often more convenient to use atomic units 

instead of SI units. The primary feature of the atomic unit system is that fundamental physical quantities, 

which describe atomic systems are equal to 1, specifically ℏ =  𝛼0  =  𝑚𝑒  =  𝑒 = 4𝜋𝜖0  = 1. To 
present the atomic unit system, several quantities are summarized in the Table 4.1, with their 

corresponding value in SI units.  

Under the column “Atomic Unit”, there are the physical quantities that are equal to 1 atomic unit, for 
example αo= 1 a.u. 

 

Table 4.1: Important quantities for HHG expressed in atomic units and SI units. 

Quantity Atomic Unit SI 

Length Bohr Radius (αο) 0.0529 × 10−9 m 

Mass Electron mass (me) 9.1 × 10−31 𝑘𝑔 

Charge Electron charge (e) 1.6 × 10−19 𝐶 

Action Reduced Planck’s constant (ℏ) ℎ 2𝜋 =  1.05 × 10−34 𝐽 𝑠⁄  

Energy 𝐸ℎ  =  ℏ
2/ 𝑚𝑒𝛼𝜊

2 27.21 eV 

Electric Field 𝐸𝐻  =  𝑒
2 4𝜋𝜖𝜊𝛼𝜊

2⁄  5.14 × 1011 𝑉/𝑚 

Intensity I 3.55 × 1016  𝑊 𝑐𝑚2⁄  

Time 𝑡 =  ℏ 𝐸ℎ⁄  24.21 × 10−18 s 

Frequency 𝜔 = 𝛦ℎ ℏ⁄  41.3 × 1015 𝑠−1 

 
Eh known as the Hartree energy, is the potential energy of an electron, in the hydrogen atom. EH is the 

electric field corresponding to a hydrogen atom, while the intensity is found when equating the electric 

field amplitude of the laser (responsible for ionization) and EH.  
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4.3 Three-Step Model: A semi-classical model to non-perturbative regime  
 
A well-established model of the non-perturbative nonlinear optics is the three-step model, proposed by 

Corkum in 1993 [37]. To mathematically describe the model, the assumption that a linearly polarized 

monochromatic light is incident to the gas will be made. Then, the electric field is described by the 

following equation 
 

𝐸(𝑡) = 𝐸0𝑐𝑜𝑠(𝜔0𝑡) (4.3) 
 
where E0 is the amplitude of the field, and ω0 is the oscillation frequency.  

The interaction of this field and a single atom will be analyzed to present the three-step model [36].  

 

Step 1 (Tunneling/Ionization): The potential well of an atom will be bent into a potential barrier, due 
to the presence of the strong laser field. Therefore, during the first quarter of the laser cycle (most 

intense part of the field oscillation), the most weakly bound electrons can tunnel through the potential 

barrier, and transition to the continuum.  
Step 2 (Acceleration): The free electron is oscillating under the influence of the strong laser field, and 

the Coulomb potential of the atom is neglected. During this step, the freed electron acquires large kinetic 

energies, while it is accelerated in the continuum under the influence of the laser field.  
Step 3 (Recombination): When the electric force applied to the electron by the electric field changes 

direction (the laser field changes sign), then the electron is accelerated back to the nucleus. It can 

eventually recombine with the parent ion and lead to the emission of a photon with high energy (XUV 

regime).  
 

 
Figure 4.2: Illustration of the three-step model. In blue color, is the laser field 

 

In Fig.4.2, the three-step model is portrayed, where the laser field is illustrated in blue color. The 
electron is presented with a red dot, and the Coulomb potential of the atom with the black lines.  

 The motion of the electron can be treated classically; thus, the equation of motion will be used 

to acquire information regarding their trajectories.  

 

𝑑2𝑥

𝑑𝑡2
= −

𝑒

𝑚𝑒
𝐸0𝑐𝑜𝑠(𝜔0𝑡) (4.4) 

 
The model takes into account two assumptions: (i) the position of the electron in the continuum (at the 

time of ionization) is equal to zero, (ii) the velocity of the electron once it reaches the continuum is zero. 

Denoting the time of ionization as ti, these initial conditions take the form of 𝑥(𝑡𝑖)  =
0 𝑎𝑛𝑑 𝑑𝑥(𝑡𝑖) 𝑑𝑡 = 0⁄ . Utilizing these conditions, the electron’s motion is given by Eq. 4.5.  
 

𝑥(𝑡) =
𝑒 𝐸0

𝑚𝑒𝜔0
2
{[𝑐𝑜𝑠(𝜔0𝑡) − 𝑐𝑜𝑠(𝜔0𝑡𝑖)] + 𝜔0(𝑡 − 𝑡𝑖)𝑠𝑖𝑛(𝜔0𝑡𝑖)} (4.5) 

 

To simulate the electron trajectories, for a full illustration of the three-step model, the recombination 

times (tr) are needed, i.e. the times at which the electron returns to the parent ion. For each ionization 
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time, the corresponding recombination time can be obtained by finding where 𝑥(𝑡)  =  0. Therefore, 
Eq. 4.6 is needed to determine the recombination times, but it cannot be solved analytically [36].  

 
[𝑐𝑜𝑠(𝜔0𝑡) − 𝑐𝑜𝑠(𝜔0𝑡𝑖)] + 𝜔0(𝑡 − 𝑡𝑖)𝑠𝑖𝑛(𝜔0𝑡𝑖) = 0 (4.6) 

 
Since, no analytical solutions exist for Eq. 4.6, a common graphical solution is usually employed. By 

rewriting Eq.4.6, in the following form  

 

[𝑐𝑜𝑠(𝜔0𝑡) − 𝑐𝑜𝑠(𝜔0𝑡𝑖)] =
𝑑𝑐𝑜𝑠(𝜔0𝑡)

𝑑(𝜔0𝑡)
|
𝑡𝑖

 𝜔0(𝑡 − 𝑡𝑖) (4.7) 

where 
𝑑𝑐𝑜𝑠(𝜔0𝑡)

𝑑(𝜔0𝑡)
|
𝑡𝑖

=  − 𝑠𝑖𝑛(𝜔0𝑡𝑖) is the slope of 𝑐𝑜𝑠(𝜔0𝑡) at the point of ti.  

By plotting 𝑐𝑜𝑠(𝜔0𝑡) as a function of 𝜔𝑡, and drawing the tangent at a specific ionization time, then 

the next point of intersection, will correspond to the recombination time. An illustration of the graphical 

solution is presented in Fig. 4.3. 
 

 
Figure 4.3: Graphical solution of Eq. 4.6. A random ionization time, and the matching recombination 

time are depicted in red and green respectively. The normalized electric field of the incident laser is 
displayed by a black line, while the tangent is the blue line. 

 

To give a more meaningful perspective to the graphical solution, Kramers-Henneberger frame can be 

used. In this frame, the ion is oscillating (cosine function, black line), while the electron is displaced 
linearly (tangent, blue line). The positions at which the two lines cross, are translated as the times when 

the electron is bound to the ion, thus the time when it leaves the ion, and the corresponding time when 

it recombines with it. Although, this approach was not followed to draw the trajectories, but rather a 
numerical one, it remains useful in order to observe that there are certain ionization times within the 

laser cycle, that will not have a matching recombination time. Therefore, some electrons could 

potentially be freed, but never recombine again with the parent ion. This can be viewed by drawing the 
tangent in different parts of the laser cycle. To summarize all the possibilities for one laser cycle: (i) 

0 ≤ 𝜔0𝑡𝑖 ≤ 𝜋 2⁄ , the electron will recombine with the parent ion, (ii) 𝜋 2⁄ ≤ 𝜔0𝑡𝑖 ≤ 𝜋, the electron 

will not recombine, (iii) 𝜋 ≤ 𝜔0𝑡𝑖 ≤ 3𝜋 2⁄ , the electron will return but from the opposite direction from 

(i), (iv) 3𝜋 2⁄ ≤ 𝜔0𝑡𝑖 ≤ 2𝜋, the electron will not recombine [36].  
Aside from the ionization and recombination, the second step, acceleration, needs to be taken 

into account as well, for a complete description of the three-step model. The electron, when found in 

the continuum, is accelerated under the influence of the laser field. Due to the oscillations of the electron 
in the continuum, it will acquire some kinetic energy. Upon recombination, this excess kinetic energy 

will be released in the form of a photon. Knowing the kinetic energies of the electrons before returning 

to the parent ion is essential in two ways. Firstly, only the electrons with high kinetic energy can 

contribute to the HHG spectrum. Secondly, and most importantly, it can predict the cut-off energy of 
the HHG spectrum (the highest possible energy of an emitted photon). Knowledge of the cut-off energy 

is equivalent to insight into the location of plateau’s end (see Fig. 4.1) i.e., cut-off of the harmonic 

spectrum. The location of cutoff is important to determine the highest order harmonic that can be 
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generated. This information is useful not only to optimize certain experimental conditions (since the 
experimentally observed cutoff may be lower than expected due to phase mismatch), but also 

determines if the generated harmonics can be utilized for certain applications, for instance biological 

samples, where distinct wavelength regions come along with absorption from ‘popular’ molecules like 

water, or carbon [36].  
The photon that is emitted has an energy given by Eq. 4.8, where Ip is the ionization potential 

of the atom (minimum amount of energy required for the electron to be freed by the atom).  

 

ℏ𝜔0 = 𝐼𝑝 +
1

2
𝑚𝑒𝑣

2(𝑡) = 𝐼𝑝 + 2𝑈𝑝[𝑠𝑖𝑛(𝜔0𝑡) − 𝑠𝑖𝑛(𝜔0𝑡𝑖)]
2 (4.8) 

  
The second part of the equation determines the kinetic energy (where me is the electron mass and 𝑣 is 

the electron’s velocity at the time of recombination 𝑡 ≡ 𝑡𝑟 . It can also be expressed through the quantity 

Up known as ponderomotive potential, and following the classical model is given by Eq.4.9, both in SI 
and atomic units.  

 

𝑈𝑝 =
𝑒2

𝑚𝑒

𝐸0
2

4𝜔0
2 = (

𝛦0
2𝜔0

)
2

(4.9) 

 
The ponderomotive potential is defined as the mean kinetic energy that the electron (found in the 

continuum) obtains due to the laser field. The maximum energy of an emitted photon (thus the location 

of the plateau’s end) is given by the “cutoff-law” (Eq. 4.10). 

 
𝐸𝑚𝑎𝑥 = 𝐼𝑝 + 3.17𝑈𝑝 (4.10) 

 

Thus, the maximum harmonic order that can be obtained is given by Eq. 4.11. 
 

𝑁𝑚𝑎𝑥 =
𝐼𝑝 + 3.17𝑈𝑝

𝜔0
(4.11) 

 

 
Figure 4.4: Electron trajectories within one full laser cycle. The colormap illustrates the return 

energies of the electrons (in units of ponderomotive potential), where each path (depending on time of 

ionization and recombination) corresponds to a different kinetic energy.  

 
The electron trajectories for several ionization times are depicted in Fig. 4.4. The kinetic energy that the 

free electron acquires depends on the time that it spent in the continuum, which is expressed by Eq. 

4.12.  

𝐸𝑅 = 2𝑈𝑝[𝑠𝑖𝑛(𝜔0𝑡𝑖) − 𝑠𝑖𝑛(𝜔0𝑡𝑟)]
2 (4.12) 
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It is denoted as ER based on the fact that it is the return energy that the electron has at the time of 

recombination with the parent ion. The different kinetic energies acquired in the continuum (right before 

recombination) are illustrated with the colormap, on Fig. 4.4, while in purple is illustrated the laser field 

(normalized) [36, 42]. 
The maximum kinetic energy that an electron can acquire (as it has been already expressed in 

the second part of Eq. 4.10) is 𝐸𝑅,𝑚𝑎𝑥  =  3.17𝑈𝑝, and it corresponds to ionization and recombination 

times 𝑡𝑖  =  0.05𝑇0 , 𝑡𝑟  =  0.7𝑇0 respectively, where T0 corresponds to the period of the laser (one full 

laser cycle). Interestingly, as it can be seen from Fig. 4.4, there is a symmetry in the distribution of 

kinetic energies. The highest kinetic energy occurs at the midpoint of the trajectories, while a symmetric 
distribution of energy values extends from the midpoint toward the edges (from high values to lower 

values). Due to that symmetry, commonly the distinction between short and long trajectories is made, 

which are illustrated in Fig. 4.5 [36, 42]. 
 

 
Figure 4.5: Return kinetic energy (expressed in units of Up) of electrons at ionization (red) and 

recombination (green) within one laser cycle, showing short and long trajectories. The vertical lines 

correspond to ti = 0.05T0 (red) and tr = 0.7T0 (green). 
 

In Fig. 4.5, the possible ionization times are illustrated with the red curve, while the corresponding 

recombination times with a green curve. Electrons that are freed with ionization times 𝑡𝑖  <  0.05𝑇0, 

constitute the long trajectory. While electrons with ionization times 𝑡𝑖  >  0.05𝑇0, form the short 

trajectory. In order for the electrons of the “long trajectory” to have the same kinetic energy as the 

electrons of the “short trajectory”, the recombination times of the first one shall be later than the tr of 
the last one. Physically, this implies that electrons released earlier in time, will stay in the continuum, 

under the influence of the laser field, for longer times. This statement can be mathematically realized 

based on Fig. 4.6, and by utilizing Eq. 4.12, where the kinetic energy of two different ionization times 

(along with their respective tr) are equal.   
 

[𝑠𝑖𝑛(𝜔0𝑡𝑖,1) − 𝑠𝑖𝑛(𝜔0𝑡𝑖,2)] = [𝑠𝑖𝑛(𝜔0𝑡𝑟,1) − 𝑠𝑖𝑛(𝜔0𝑡𝑟,2)] (4.13) 
 

Assuming that 𝑡𝑖,1 <  0.05𝑇0, and 𝑡𝑖,2 >  0.05𝑇0, using Fig. 4.6, the left part of Eq.4.13, shall be smaller 

than zero. In order for the right part of Eq. 4.13, to be also smaller than zero, then 𝑡𝑟,1 shall be after the 

dashed green line, and 𝑡𝑟,2 should be before [𝑡𝑟,1 > 𝑡𝑟,2  →  𝑠𝑖𝑛(𝜔0𝑡𝑟,1) < 𝑠𝑖𝑛(𝜔0𝑡𝑟,2)].  
The distinction between short and long trajectories is not only important in understanding the 

process, but also beneficial in learning how to achieve higher XUV yield. Specifically, a preference of 

short trajectories exists, especially when seeking for optimization of the macroscopic aspects of the 

HHG process. The light produced by short trajectories has a smaller divergence angle which leads to 
more efficient collimation and focusing, than that compared by long trajectories. More importantly, 

although the analysis in this section is based on a single atom, it shall be noted, that the light originating 

from short trajectories exhibits higher spatial coherence, thus leading to better phase matching when 

multiple atoms are found within the ionized gas. A phenomenon known as quantum diffusion consists 
of another reason why short trajectories are preferred [see Sec. 4.4.1] [36, 42]. 
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Figure 4.6: Illustration showing how long and short electron trajectories can lead to the same kinetic 

energy upon recombination. This condition is described by Eq. 4.13, which relates the ionization and 

recombination times through the sine function (in purple color). The red and green dashed lines mark 
the ionization and recombination times, respectively, that distinguish between long and short 

trajectories. 

 
To summarize, from the three-step model it can be understood the influence that the laser field has upon 

the HHG process. The intensity of the field controls not only the ionization process, but also the energy 

that the freed electrons will acquire. Moreover, a key parameter that has a significant impact on the 
process is the frequency of the field. It controls the higher observed harmonic order, as well as the 

kinetic energy that the electrons will accumulate while oscillating in the continuum. Furthermore, a 

laser field with a higher frequency would lead the whole process to occur at a faster rate (in Fig.4.6. 

ionization and recombination times would have a smaller temporal separation), leading to the short and 
long trajectories possibly overlapping. This overlap is not desired, since the distinction and selection of 

the light originating from the short trajectories would become an impossible process. Concluding, the 

laser field has a significant impact on the HHG spectrum, and control over it has been established to 
maximize the efficiency of the process, or selectively enhance the appearance of a specific harmonic 

order (enhancement of HHG yield) [36, 42].  

4.4 Two-color laser field for High Harmonic Generation 
 

4.4.1 Introduction to two-color High-Harmonic Generation 

The previous section has emphasized the driving laser field's substantial role in the HHG process. 

Numerous studies have explored how two-color laser fields impact HHG, consistently reporting 

significant enhancements in efficiency. For example, in Ref. [33], the overlap of ω and 2ω not only gave 

rise to even harmonics, but also enhanced the harmonic yield depending on the relative phase between 
the two fields. The study further demonstrated that the cutoff location can be shifted. Tuning the relative 

phase between ω and 2ω fields, while maintaining a certain intensity ratio, can give rise to some 

mechanisms with which the selection of a specific electron trajectories can take place, while suppressing 
others [39]. Trajectory gating consists one of those mechanisms, where the two-color waveform is 

shaped such that certain electron paths (e.g., short trajectories) are favored while others are suppressed 

(usually long trajectories since they are more susceptible to waveform variations [32, 36]) . A closely 
related mechanism known as ionization gating, involves enhancing the ionization (tunnelling) process 

for specific time ranges, that subsequently can dictate which trajectory dominates, while also impacting 

the location of the cutoff region. This technique is suggested in a different study [40] where they 

investigate the response from a single atom (excluding the macroscopic aspects). By enhancing the 
ionization probability at specific narrow time windows (gates), the suppression of long trajectories can 
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occur, and the selective enhancement of the short trajectories takes place, leading to more temporally 
coherent emitted harmonics. 

Two-color laser field composed of ω and 3ω fields has also been the center of interest for many 

scientific studies. For instance, in Ref. [38], they report a dramatic increase in the harmonic efficiency 

when the laser field is consisted by both ω and 3ω fields. Interestingly, the investigation that occurred 
at Ref. [38], only involved the presence of the ‘weak’ third harmonic field without altering the relative 

phase between them, and yet an enhancement of 7 times in the HHG yield was reported, compared to 

using only the single-color laser field. Further studies (Ref. [41]) have shown even greater 
enhancements, with HHG yields increasing by up to 8.2× when the relative phase between ω and 3ω 

was optimized. In this study, the authors analyzed the phase dependence and observed that short electron 

trajectories were selectively enhanced, for specific value of the relative phase, becoming the dominant 
contributors to the HHG emission, while long trajectories were suppressed. The relative phase primarily 

governs which harmonic orders are enhanced by controlling electron trajectories, while the intensity 

ratio influences which mechanism dominated: ionization gating or  suppression of wave packet 

diffusion. However, both parameters act together to shape the overall field and influence both effects, 
they do not have discrete roles, rather their specific combination can result in the enhancement of 

harmonics due to a certain mechanism [32]. Wave packet diffusion is associated with the second step 

of the three-step model, where the electron propagates in the continuum. During this phase, the 
electron's wave packet spreads spatially, reducing the probability of recombining with the parent ion 

[36]. The specific shape of the laser field can alter the electron’s propagation and, more importantly, its 

return time. If the field is shaped in such a way that the excursion time is shortened, the spreading of 
the wave packet is reduced, a phenomenon known as suppression of diffusion [32]. This leads to an 

enhancement in the efficiency of the HHG process, as long trajectories (which are more prone to 

diffusion) are suppressed, while short trajectories dominate and contribute constructively to form the 

HHG spectrum [32, 36]. However, based on Severt et al [32], for a relatively low ratio (which will be 
our main interest), ionization gating is the dominant mechanism, and only when the two field 

components become comparable in intensity does suppression of diffusion become the dominant 

enhancement mechanism of HHG yield.  
To summarize, one major challenge in optimizing HHG yield is controlling the electron 

trajectories. A novel and powerful technique for enhancing HHG is the use of two-color fields composed 

of a fundamental frequency and its third harmonic. By adjusting the relative phase and intensity ratio 

of these fields, it is possible to suppress specific trajectories, flatten the return energy curve, and greatly 
enhance harmonic yield. In the following sections, a theoretical investigation of HHG yield 

enhancement using a two-color laser field (consisting of the fundamental frequency and its third 

harmonic) is presented. This study builds upon the foundational work of Raab (2024) [42], with 
particular emphasis on her publication titled “XUV yield optimization of two-color high-order harmonic 

generation in gases” [43]. Thus, all the simulations are based on the values that are reported in the 

relevant references.  
 

4.4.2 Two-color laser field  

The electric field of the driver laser is written as a sum of its individual components (the fundamental 

and third harmonic) (Eq.4.14) 
 

𝐸(𝑡) = 𝐸𝜔𝑐𝑜𝑠(𝜔𝑡) + 𝛦3𝜔𝑐𝑜𝑠(3𝜔𝑡) (4.14) 
 

where ω is the central frequency, and Eω and Ε3ω are the amplitudes of the fundamental and TH, 
respectively. The relative ratio between the two colors is defined based on their intensities (Eq. 4.15), 

and through the known proportional relation between the intensity and the amplitude of a field (𝐼 ∝
𝐸2), the total electric field amplitude can be expressed as in Eq. 4.16. 
 

𝑅 =
𝐼3𝜔

𝐼𝜔 + 𝛪3𝜔
=
𝐼3𝜔
𝛪𝑡𝜊𝑡𝑎𝑙

(4.15) 
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𝛦(𝑡) = √
1

𝑐𝜖0
 (√(1 − 𝑅)𝐼𝑡𝑜𝑡𝑎𝑙𝑐𝑜𝑠(𝜔𝑡) + √𝑅𝐼𝑡𝑜𝑡𝑎𝑙𝑐𝑜𝑠(3𝜔𝑡 + 𝜑)) (4.16) 

 

where φ is the relative phase between the two fields, and the pre-factors for each term originate from a 

substitution of the relation between I and E in Eq. 4.15. Through Eq. 4.16, it can directly be observed 
that the shape of the electric field will be different for various values of R and φ. Thus, based on the 

three-step model those variations in the electric field, will lead to modifications of the electron’s 

trajectory, and consequently on the kinetic energies that they have upon recombination.  
In a similar manner as the electron trajectories of the single-color laser field were plotted (Fig. 

4.4), the three-step model can be utilized for the new total field, by substitution of Eq. 4.16, in Eq. 4.4.  

The electron trajectories as well as their kinetic energy upon recombination will be demonstrated for 

different values of R and φ. In the following section, the top graph will illustrate the electric fields of 
the total (in black), the fundamental (in red), the third harmonic (in blue). The middle graph will 

demonstrate the trajectories of the electron, with their corresponding kinetic energy ER displayed with 

a colormap. The electron trajectories colored in black are associated with electrons that did not 
recombine with the parent ion, thus not contributing to the HHG process. Furthermore, the total electric 

field is illustrated on top of the trajectories with a black color. Finally, the bottom graph will demonstrate 

ER as a function of the time of recombination i.e., the so-called return energy curves (see Fig. 4.5, 
disregarding the ionization of long and short trajectories). Both long and short trajectories will be 

apparent, and for illustration purposes the same colormap as in the middle graph is applied. The 

maximum kinetic energy that the electrons accumulate (3.17Up) is demonstrated with a dashed grey 

line. The process is presented in a full cycle of the laser field, thus the electron trajectories from the 
second half of the cycle (in the middle graph) and the recombination trajectories of those (curve at the 

right side, in the bottom graph) will also be illustrated. However, the analysis will be limited to half a 

cycle, thus the trajectories corresponding to later times are not in our interest. Moreover, for the 
remaining part of this chapter, occasionally the fundamental field will be referenced as “red color” and 

its third harmonic as “blue color”. The purpose is to observe the flattening of the return energy curve as 

depicted in Fig. 4.7, as well as understand the mechanisms behind the reduction of the kinetic energy.  

 

 
Figure 4.7: Return energy curve for the single-color case (i.e., R=0). The black line represents the 

intended flattening and is placed at an arbitrary kinetic energy, solely for illustrative purposes. 

 

4.4.2.1 The effect of the intensity ratio on the HHG process 
 

In Fig.4.8, the relative phase between ω and 3ω is set to zero, while the ratio between them changes 

from R = 0 to R = 0.3. This ratio aligns with the literature, as the presence of 3ω must be significantly 
weaker than the ω field. The blue color's purpose is to only perturb the red, shaping the total field's 

waveform to slightly alter the electron trajectories. If the blue color dominates over the red, the 

oscillation frequency of the total field will be much larger, potentially allowing insufficient time for the 

ionization process to occur, thereby leading to inefficient high-harmonic generation. Ideally, the ratio 
should remain very low, with R = 0.2 being the most promising limit. In Fig.4.8, the ratio of R = 0.3 is 

also displayed merely to illustrate that the return energy curve becomes more distorted compared to the 

cases with less ratios. This is particularly evident in the long trajectory region, where the electrons 
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appear to return with less kinetic energy. In an attempt to understand the origin of the apparent 
“suppression” the following analysis is presented.  

Based on Fig. 4.5, which corresponds to the single-color case (R = 0), initial estimates for the 

ionization and recombination times of both short and long trajectories can be established. These serve 

as a reference for evaluating Fig. 4.8, where the total electric field is shaped by adding a weak third 
harmonic (R = 0.3). A comparison of the electric field profiles for R = 0 and R = 0.3 (middle panel of 

Fig. 4.7) helps to assess how changes in field shape influence the electron dynamics, particularly the 

return energy curves. Ionization times for both long and short trajectories are estimated to be from the 
start of the laser cycle until 0.2T0. In this range, the shape of the field, although it appears to be steeper 

(at R=0.3), it does not differ much between cases with different ratios. Thus, the ionization process is 

mostly similar in both cases. Consequently, there is no indication of ionization gating, which is 
consistent with the literature, since it is expected to occur when the relative phase is non-zero [32]. 

 The more significant differences emerge during the acceleration phase, once the electrons are 

in the continuum. At R = 0.3, the total field develops additional structure beyond 0.2T0: small lobes 

between 0.2T0 -0.4T0, 0.6T0-0.8T0. These features alter the force experienced by the electron during 
propagation. Specifically, when the electrons are found in the continuum, the sign of the electric field, 

indicates the direction of the applied force upon the electron, thus the direction in which it could be 

accelerated. Classically, when the force changes sign, then initially the deceleration of the electron will 
take place, followed by the acceleration in the ‘new’ direction of the force. This dynamic can 

significantly modify the final kinetic energy at recombination, especially for trajectories that encounter 

multiple field changes. 
Short trajectories, which have shorter excursion times, have minimal changes on their return 

energy curve, compared to long trajectories. In most cases, they avoid the steepest regions of the total 

field (large sharp peak located at 0.5T0). Reductions in kinetic energy are observed for electrons 

recombining around 0.4T0, which can be attributed to the appearance of smaller peaks.  
Many electrons of the long trajectories return with smaller kinetic energies. Their excursion 

time can extend from ~0.05T0 – 1T0, thus those electrons are exposed fully to multiple small lobes of 

the field and the large steep peak. This will result, in the constant acceleration and deceleration of those 
electrons when found in the continuum.  

Overall, both long and short trajectories have less kinetic energy upon recombination, and the 

maximum value has changed from 3.17Up to approximately 2.5Up. The reduction cannot only be 

attributed to the propagation step, but the recombination step as well. The steep field can force electrons 
to recombine at earlier times, resulting in the decrease of their return kinetic energy.  

It is interesting to notice that the peak of the return energy curve shifts toward shorter 

trajectories as the intensity ratio increases. At R = 0, where the third harmonic (blue component) does 
not alter the total field, both long and short trajectories are centered symmetrically around the curve’s 

peak. However, as R increases, short trajectories are favored, while long ones gradually disappear. It is 

important to emphasize that this apparent suppression is not due to an active selection mechanism. It 
does not originate from ionization gating or diffusion suppression, since both of these mechanisms 

require a field asymmetry introduced by a non-zero relative phase (φ ≠ 0). At φ = 0, the field remains 

symmetric, and based on the previous analysis, at high R the total field passively suppresses the long 

trajectories [32]. However, it should be considered that changes in the field can result in alterations of 
the electron’s return times. Therefore, the lobe observed in the return energy curve, is not necessarily 

connected only with short trajectories, rather it can be attributed to the accumulation of both long and 

short trajectories. The clear distinction between long and short trajectories at 0.7T0 is not valid for 
various field shapes (as R increases), since the steep peak of the field around 0.5T0 can force electrons 

to recombine earlier, potentially shifting 0.7T0 to approximately 0.62T0, where the lobe is observed.   

To summarize, in the literature, including the work of Watanabe et al. and Severt et al., the third 
harmonic field is typically kept much weaker than the fundamental. This ensures that the fundamental 

continues to drive the tunnelling ionization process, while the 3ω field acts as a perturbative shaping 

component. Excessive third harmonic strength can distort the waveform, disrupt the tunnelling regime, 

reducing overall HHG efficiency [41]. 
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Figure 4.8: The effect of four different intensity ratios on electron trajectories and return energies. Top 
panel exhibits the two components of the electric field (in red color is ω, in blue color is 3ω, in black 

color is the total field) as a function of time in units of laser cycle. Middle panel, depicts the electron 

trajectories as a function of time in units of laser cycle, and their corresponding return kinetic energy 

(in units of Up) is illustrated with a colormap. The last panel displays the return energy curves as a 
function of recombination time (in units of field cycle), where the same colormap (as the middle 

panel) was used for presentation purposes. 
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4.4.2.2 The effect of the two-color relative phase in HHG  

 

In addition to shaping the waveform through variations in the intensity ratio (R), another critical 

parameter that influences the HHG process is the relative phase φ between the fundamental and its third 

harmonic. When φ ≠ 0, the electric field becomes temporally asymmetric, which introduces a series of 
mechanisms not present in the symmetric case (φ = 0), such as ionization gating. In the present analysis, 

based primarily on Raab’s work [43], we highlight a related consequence of waveform shaping: the 

formation of spectral caustics through the flattening of the return energy curve [43, 44]. Spectral 
caustics in HHG can be described as follows: When multiple electrons upon recombination have the 

same kinetic energy, then the emitted light will constructively interfere in the frequency domain. 

Subsequently, the corresponding harmonics will be enhanced. This enhancement in XUV yield can be 
manifested through the flattening of the return energy curve, since based on the semi-classical three 

step model, the yield at a certain harmonic is proportional to the inverse of the derivative 𝑑𝐸𝑅 𝑑𝑇𝑅⁄ , 

where ER is the return kinetic energy, and TR the recombination time. This equation indicates that that 

at the flat regions of the return energy curve, the yield theoretically will approximate infinity 
(experimentally, it will be enhanced). Therefore, the more electrons that return with the same kinetic 

energy, the stronger the interference and the further enhancement on the intensity of the corresponding 

harmonics. [42, 43].  
To summarize, for specific combinations of φ and R, the return energy curve begins to flatten 

(as it will be displayed in the following graphs), meaning that multiple electrons will end up having the 

same kinetic energy when recombining, regardless of them having different times of ionization. This 

will result in the emission of multiple XUV photons with the same energy, thus an enhancement in HHG 
yield is observed, without increasing the intensity of the driving field. Figures 4.9, 4.10 and 4.11 are 

some examples of various combinations of φ and R. Those combinations are explored to identify the 

optimal ratio, specifically the one that results in a locally flattened region of the return energy curve.  
 

A) Change of Ratio for φ=0.5 rad 

Figure 4.9: The effect of two intensity ratios (R=0.05 and R=0.1), at a relative phase of 0.5 rad, on 
electron trajectories and return energies. Top panel exhibits the two components of the electric field 

(in red color is ω, in blue color is 3ω, in black color is the total field) as a function of time in units of 

laser cycle. Middle panel, depicts the electron trajectories as a function of time in units of laser cycle, 
and their corresponding return kinetic energy (in units of Up) is illustrated with a colormap. The last 

panel displays the return energy curves as a function of recombination time (in units of field cycle), 

where the same colormap (as the middle panel) was used for presentation purposes. 
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Comparing those graphs, with those obtained with φ=0 (Fig.4.7), it becomes clear that control over the 
phase suppresses the peak of the return energy curve. However, for R=0.05, the ratio remains relatively 

low, and the expected flattening is not observed, even when the relative phase is increased.Values of 

𝑅 ≥ 0.1 should be considered, since from Fig. 4.9, it can be seen that the flattening region starts to 

form.  
At higher ratios, the variation of the relative phase between the two colors results in less data 

(‘dots’) towards the end of the return energy curves. The missing data observed in the return energy 

curves, particularly in the long trajectory regions, are most likely attributed to physical mechanisms 
rather than numerical or simulation artifacts. These can arise from electrons that are successfully 

ionized, but may not return to the parent ion due to the shape of the total field. Additionally, low energy 

returns i.e., those below a minimum kinetic energy threshold, are typically filtered out, since they 
contribute little to the HHG yield. However, the distorted field can force electrons to recombine at 

earlier times. For instance, an electron expected to return at 1T0, may be forced to recombine at 0.9T0, 

thus resulting in the missing ‘dot’ observed at the initial expected recombination time.   

Figure 4.10: The effect of two intensity ratios (R=0.1 and R=0.15), at a relative phase of 1 rad, on 

electron trajectories and return energies. Top panel exhibits the two components of the electric field 
(in red color is ω, in blue color is 3ω, in black color is the total field) as a function of time in units of 

laser cycle. Middle panel, depicts the electron trajectories as a function of time in units of laser cycle, 

and their corresponding return kinetic energy (in units of Up) is illustrated with a colormap. The last 
panel displays the return energy curves as a function of recombination time (in units of field cycle), 

where the same colormap (as the middle panel) was used for presentation purposes. 

 

By examining the return energy curves for different values of φ at a fixed ratio R = 0.1 (see Fig. 4.9 & 
4.10), an interesting behavior is observed regarding the position of the maximum recombination energy.    

At φ = 0.5 rad, the peak (higher kinetic energy) appears within the short trajectory domain, while at 

φ = 1.0 rad, the energy peak shifts to the long trajectory domain. This shift suggests that the total field, 
shaped by the increasing relative phase, modifies the ionization and return dynamics. However, it should 

be noted that the shift towards the long trajectories, does not imply that those trajectories dominate the 

process. Instead, what it could be observed is the early formation of an M-shaped return energy curve, 
which gradually is formed when R>0.15 (Fig.4.10, right).  
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This M-shape, as reported in Raab’s work [43] and Severt et al., emerges when φ ≠ 0 and 
moderate R values are used. The return energy curve splits into two lobes, separated by a dip, a result 

of waveform-induced trajectory shaping. Each lobe corresponds to a cluster of electron trajectories, 

with different ionization times, but similar return kinetic energies. The dip in between typically indicates 

suppressed trajectories. The transition from a single peak to an M-shaped curve, as φ increases, can be 
more clearly demonstrated by selecting higher values of R (R~0.2, 0.3), as depicted in Fig.4.11 [32, 43]. 

Figure 4.11: The effect of two intensity ratios (R=0.2 and R=0.3), at a relative phase of 1 rad, on 
electron trajectories and return energies. Top panel exhibits the two components of the electric field 

(in red color is ω, in blue color is 3ω, in black color is the total field) as a function of time in units of 

laser cycle. Middle panel, depicts the electron trajectories as a function of time in units of laser cycle, 

and their corresponding return kinetic energy (in units of Up) is illustrated with a colormap. The last 
panel displays the return energy curves as a function of recombination time (in units of field cycle), 

where the same colormap (as the middle panel) was used for presentation purposes. 

 
Unfortunately, an approach similar to sec. 4.4.2.1 cannot be considered. The introduction of the blue 

color modifies the return times of the electrons. Thus, assigning ionization and recombination times 

based on the single-color case is no longer straightforward. In sec. 4.4.2.1, the changes imposed on the 

return times where not significant, since the relative phase of the two fields was kept to zero. 

Consequently, it was possible to approximate the return times. However, in the case of 𝜑 ≠  0, the 

recombination times significantly differ from those of a single-color. A thorough analysis aiming to 

understand the segmentation of the return energy curves, requires the recombination-ionization times 
plot. Those plots would provide an insight into how the kinetic energy is distributed across the possible 

trajectories (different times of ionization). Comparison of the two cases in Fig. 4.11, indicate that the 

small local maxima of the total field, found around the regions of 0.2T0 and 0.7T0, could be responsible 
for the segmentation of the return energy curves. Potentially, adjusting their relative amplitudes, by 

adding a third color (with a smaller amplitude) to correct the shape of the total field, could result in the 

flattening of the return energy curves.  However, due to lack of supporting evidence, and the limitations 

of the current model, this specific scenario was not explored in details.   
Overall, tuning the relative phase of the two colors gives rise to certain mechanisms. The shape 

of the total electric field after the small addition of third harmonic, results in the manipulation of return 

electron dynamics, and overall enhancing the HHG yield, and enabling high order harmonic selectivity.  
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4.4.3 Search of the optimum intensity ratio R, with fixed φopt 

Based on the presented results in the previous section, a relative phase of φ=1 rad appears to be 

favorable to optimize HHG yield (at least in the microscopic perspective under study). However, it is 

essential to identify not only which phase values are promising, but also which harmonic orders are 
enhanced under specific intensity ratios of the two colors. With that in mind the following simulation 

was performed, which is heavily based on the framework of [43], and the outcome is depicted in 

Fig.4.12. 

 
Figure 4.12 (a)–(c) The relative phase of the two-color field as a function of recombination time, 

expressed in units of the fundamental field’s cycle. The colormap represents the return energy, given 

in units of harmonic order. (d)–(f) At a fixed relative phase of 1 rad, the return energy is plotted as a 
function of the recombination time TR , for three different values of the intensity ratio R. 

 

In Fig. 4.12, the top plots (a)-(c) illustrate the relative phase of the two colors for different recombination 

times in units of the time cycle of the fundamental field. The colormap demonstrates the sum of kinetic 
energy and ionization potential (Ip =15.7 eV, for argon gas) in unit of harmonic order (H). The symmetry 

of the harmonic distribution appears to break for a value of φ=1 rad, which is marked with a blue dashed 

line. In the bottom graphs (d)-(f), a fixed value of φ=1 rad was used, and the energy distribution upon 
recombination is plotted for the recombination times. From Fig. 4.12, it is possible to read the harmonic 

order that is enhanced for specific combinations of R and φ. The harmonics that appear to be maximized 

in the flattened region is within the range of 25th-30th order. 
 

Although the semi-classical three step model is a great approximation to investigate the HHG process, 

a very interesting quantum mechanical model, called strong-field approximation or SFA, has been 

explored and utilized in many scientific studies. Insight into SFA model can be found in Ref. [36, 50, 
51, 52, 54].  
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Chapter 5 
 

Summary and Outlook 

5.1 Summary  
 

In this work, a two-color interferometric setup was built, where the generation of third harmonic in the 
UV region occurred from IR light. Investigation methods took place, with the ultimate goal to extract 

the highest possible efficiency for the third harmonic generation process. Firstly, it was theoretically 

verified that following a cascaded process of Second Harmonic Generation and Sum Frequency 
Generation results in higher efficiencies than direct Third Harmonic Generation. Therefore, two BBO 

crystals were implemented in the experimental setup. However, the use of two nonlinear crystals could 

potentially limit the efficiency of Third Harmonic Generation, due to limiting factors such as spatial 

and temporal walk-off. Consequently, after thorough review of the literature, we concluded that the 
selection of an interferometric setup would be the most advantageous approach. Not only does this 

configuration compensate for both spatial and temporal walk-off in a straightforward and simple manner 

(without the need for compensation plates) but it also enables independent control over the pulses 
involved in the process. Taking advantage of the flexibility offered by the interferometric setup, further 

experimental characterization of the Third Harmonic Generation process was conducted. As expected, 

distortion in the beam profiles of the residual IR and second harmonic beams resulted in power ratios 

that deviated from those predicted by the Manley–Rowe relations. In our configuration, the power ratio 
between IR and Second Harmonic needed to maximize Third Harmonic Generation efficiency, was 

determined to be approximately 2. The maximum conversion that was achieved was 6.3%. However, 

with further optimization applied in our setup a maximum efficiency of 15% was reached, but the data 
were obtained after the completion of this thesis. Temporal characterization of the pulses resulted in an 

estimated value for the pulse duration of the Third Harmonic of approximately 130 fs, enabling 

estimation of its peak intensity, an essential parameter for modeling electron trajectories and optimizing 
the efficiency of the two-color HHG process.  

A further aim of this study was to investigate the effects of a two-color laser field (composed 

by the fundamental and its third harmonic) upon the High Harmonic Generation process. The semi-

classical three-step model was presented for the case of single-color laser field, which was utilized to 
extract the electron trajectories and the corresponding energies of the recombining electrons i.e., the 

energies of the emitted photons. It is well-established in the literature the significant impact that the 

waveform of the laser field has upon the High Harmonic Generation process. The overlap of the 
fundamental with its third harmonic can result in the manipulation of the electron return dynamics, 

enhance the High Harmonic Generation yield, and selectively boost specific harmonic orders. However, 

High Harmonic Generation optimization requires fine tuning of the relative phase of the two colors, as 
well as a proper intensity ratio between them. The ideal combination of those two critical parameters 

was investigated by simulations of the semi-classical three-step model in the case of ω and 3ω. The 

results indicate that a relative phase of φ = 1 rad, with an intensity ratio of 0.2, would lead to significant 

enhancement of the harmonic yield around the 25th -30th order.  

5.2 Outlook 
 

While the Third Harmonic Generation efficiency reported in the present work was approximately 6.3%, 

subsequent alignment efforts led to a notable improvement, reaching 15%. However, as this data was 
acquired at a later stage, it is not included in the current thesis. Future work aims to develop a more 

compact version of the system, in which all three beams (IR, second harmonic, and third harmonic) are 

accessible at the output, with independent control over their relative powers. Further investigation will 

be required to achieve this objective. It is also planned to integrate spatial light modulators in each arm 
of the interferometer to tailor the individual beam profiles, correct eventual aberrations and investigate 

exotic spatial distributions. 
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Ideally, a more accurate temporal characterization of the third harmonic pulse should take place 
(using, for example, transient gating Frequency – Resolved Optical Gating or self-diffraction dispersion 

scan) to gain insight on the peak intensity at generation. This would enable refined simulations of the 

High Harmonic Generation process and electron trajectories. Precise knowledge of the pulse shape and 

duration will enable controlled manipulation of electron dynamics during the interaction. Moreover, the 
simulations for certain intensity ratios exhibited numerical artifacts, which should be addressed to 

obtain smoother return energy curves and improve overall accuracy. Up to this point, the simulations 

have only included the interaction between the laser and a single atom. While microscopic models are 
useful for understanding the underlying physics and guiding High Harmonic Generation optimization, 

they do not account for crucial macroscopic effects. Parameters such as gas pressure and length, phase 

matching condition, significantly alter the High Harmonic Generation process. In future work, 
incorporation of macroscopic aspects to the simulations, will provide a more complete and realistic 

model of the process, and further enhance our understanding of High Harmonic Generation yield 

enhancement. These simulations, combined with experimental validation, will help push toward 

optimized XUV generation and more efficient harmonic sources overall.  
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Appendix 
 

A. A brief discussion of the HHG spectrum and associated phenomena. 
 

A.4.1 Quantum Diffusion: Decrease of HHG intensity vs Increase in cutoff energy 

 

Quantum diffusion leads to a reduction in intensity of HHG and is one of the key reasons why short 

pulses are favored over longer ones. In the quantum mechanical picture, when the electron is found in 
the continuum, there is an uncertainty regarding the trajectory that it is travelling. Therefore, it is best 

described by a wave packet, and the multiple trajectories that the electron is travelling at the same are 

interpreted by the expansion of the wave packet. The expansion of the wave packet scales with a factor 

√𝜏, and thus its amplitude at the center with 𝜏−3/2, where τ is the time that the electron is in the 

continuum. Since the amplitude of the returning wave packet is smaller due to quantum diffusion, then 

the intensity of the emitted high harmonic will be smaller. Short trajectories, are followed by electrons 
that have spent less time in the continuum than in the case of long trajectories, thus the effects of 

quantum diffusion are less profound in the first case. Another approach of ensuring that quantum 

diffusion does not have a large impact on the HHG process, is by ensuring that the drive laser field has 

a short laser period T, since the processes of ionization and recombination takes place within one laser 
cycle. Shorter laser period requires low frequencies, which is one of the assumptions of the SFA model. 

However, since the ponderomotive potential is inversely proportional to the frequency of the laser field, 

the cutoff energy will be smaller, therefore the maximum harmonic order will be lower than that 
achieved through longer pulses [36, 54].  

 

A.4.2 The appearance of only odd harmonics 

 

When using a linearly polarized electric field, such as 𝐸(𝑡)  =  𝐸0𝑐𝑜𝑠(𝜔0𝑡), the electric field will 

change sign every half cycle. Due to the dependence of the induced dipole moment (following the SFA 

approach) to the electric field, the symmetry that the last experience will also be imposed to the dipole 
moment. Therefore, every half-cycle of the laser period, the dipole moment will change sign. 

Mathematically, the symmetry in time for the induced dipole moment can be described as 

 

𝑑(𝑡 + 𝑇/2) = −𝑑(𝑡) (10) 
 

where T=2π/ω0. Writing the Fourier transform of the dipole moment 

 

𝑑(𝜔) = ∫𝑑(𝑡)𝑒𝑖𝜔𝑡𝑑𝑡 (11) 

 

By replacing 𝑡 → 𝑡 + 𝑇/2 and substituting the condition imposed by the symmetry (Eq.10) 

 

𝑑(𝜔) = ∫𝑑(𝑡 + 𝑇/2)𝑒𝑖𝜔(𝑡+𝑇/2)𝑑𝑡 = ∫−𝑑(𝑡)𝑒𝑖𝜔𝑡𝑒𝑖𝜔𝑇/2𝑑𝑡 = −𝑑(𝜔)𝑒𝑖𝜔𝑇/2 (12) 

 

For Eq. 12 to be satisfied, 𝑒𝑖𝜔𝑇/2 = −1 must be valid, thus the resultant harmonics must have a 

frequency of  
 

𝜔 = (2𝑛 + 1)𝜔0 (13) 
 

for any integer number of n. Thus, from Eq.13, it is justified why only odd harmonics are present in the 
HHG spectrum. Understandably, the observation of even harmonics harmonic in the spectrum, would 

require the ‘breaking’ of the symmetry where the laser field oscillates. The most common method to 

implement a different oscillation of the laser field, is by using a two-color field. Specifically, a laser 
field consisted by the fundamental and its second harmonic leads to the observation of even harmonics.  
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