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Abstract

This paper contains the analysis of the transmission problem with a spherical,

dielectric (possibly lossy) shell. The sources to the problem are located inside

the spherical, dielectric shell. Two di�erent source con�gurations are investi-

gated � an o�-center located electric dipole and a circular Huygens surface.

An exact modal series solution of the transmission problem is found and the

solution is numerically illustrated for a series of shell thicknesses. The accu-

racy of the solution is tested by a power balance computation, which typically

gives at least 10 signi�cant �gures.

1 Introduction

The aim of this paper is to develop an exact modal series solution to the radiation
problem of a given source con�guration in the presence of a radome. The most
simple geometry accessible for this purpose is that of a spherical geometry. The
geometry might not be a candidate for a real radome construction, but it serves as an
excellent veri�cation case for various numerical implementations of electromagnetic
problems that rely on approximations. This enables an accurate comparison of
these approximations with the results of this spherical case, which is solved with
high accuracy.

The solution to this problem of spherical geometry is found by separation of
variables, and the solutions in the di�erent regions are found in terms of spherical
vector waves [3]. Two di�erent sources are investigated � the simple o�-centered
electrical dipole and a disk with prescribed electric and magnetic surface �elds. To
avoid degradation in the accuracy of the solution, all involved integral must be
solved with machine precision. To this end, no integrals that appear in this paper
are solved by numerical integration, but as �nite sums of special functions, which
can be calculated with machine precision. An advantage with the analysis presented
in this paper is that the accuracy of the method can be stated. In general, at least
11�13 signi�cant digits are obtained.

The plan of the paper is as follows: In Section 2, we solve the transmission
problem with a general source con�guration. The solution is illustrated with a
vertical electric elementary dipole and a circular disk with constant surface �elds
(Huygens surface) in Sections 3 and 4, respectively. Some conclusions of the paper
are found in Section 5, and the paper ends with three appendices that contain
de�nitions and exact evaluations of the pertinent integrals that appear in Sections 3
and 4.

2 Special radome problem � spherical shell

In this section, we adopt a simple canonical geometry, a spherical shell of inner
radius a and outer radius b, see Figures 1 and 2, as a way to verify the errors made
with geometrical optics and iterative physical optics codes. In general, all three
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regions of the setup have di�erent material parameters, but in most applications the
material inside and outside the spherical shell are the same.

2.1 Expansions of the �elds

We divide the geometry into four di�erent regions, see Figures 1 and 2:

1. The region inside the spherical shell and inside the smallest circumscribed
sphere (centered at the origin) of the sources (this region has material param-
eters ε1 and µ1 and wave number k1)

2. The region inside the spherical shell and outside the smallest circumscribed
sphere (centered at the origin) of the sources (this region has material param-
eters ε1 and µ1 and wave number k1)

3. The region inside the spherical shell with material parameters ε2 and µ2 and
wave number k2

4. The region outside the spherical shell with real-valued material parameters ε
and µ and wave number k

In each region, we expand the �eld in spherical vector waves, outgoing un(kr) and
regular vn(kr), respectively, see Appendix A and [3, Chap. 7] for their de�nitions.

The pertinent expansions of the electric �elds in the four regions are (note the
appropriate wave number in the various expansions)

Eexc(r) =
∑
n

anun(k1r), d < r < a

Eref(r) =
∑
n

rnanvn(k1r), 0 ≤ r < a

E1(r) =
∑
n

αnvn(k2r) + tnαnun(k2r), a < r < b

Et(r) =
∑
n

fnun(kr), r > b

Here, the index n denotes a four index set n = {τ, σ, l,m}, τ = 1, 2, σ = e, o,
m = 0, 1, . . . , l, and l = 1, 2, . . ., see [3]. Below, we also adopt a three index set
n = {σ, l,m}. The �eld Eexc(r) is the excitation �eld without the spherical shell.
This �eld is prescribed and �xed. The �eld Eref(r) is the �eld that is re�ected by the
spherical radome. The total �eld inside the spherical shell, d < r < a, is the sum of
these two �elds, i.e., Eint(r) = Eexc(r) +Eref(r). The �eld E1(r) is the total �eld
inside the spherical shell, and Et(r) is the �eld that is transmitted to the exterior
region. The di�erence between the �elds Eexc(r) and Eint(r) = Eexc(r) + Eref(r)
demonstrates the e�ect of the radome.
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Figure 1: The geometry of the transmission problem of a vertical electric dipole p
inside a spherical shell. The dipole is located at dẑ.
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Figure 2: The geometry of the transmission problem of a circular disk of radius
d inside a spherical shell of inner radius a and outer radius b. The the smallest
circumscribed sphere of the disk has the radius d < a.
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The corresponding magnetic �elds are

iη1η0Hexc(r) =
∑
n

anun(k1r), d < r < a

iη1η0Href(r) =
∑
n

rnanvn(k1r), 0 ≤ r < a

iη2η0H1(r) =
∑
n

αnvn(k2r) + tnαnun(k2r), a < r < b

iηη0Ht(r) =
∑
n

fnun(kr), r > b

where η0 is the wave impedance of vacuum, and η1, η2, and η are the relative wave
impedance for the corresponding material, and where we have introduced the dual
index n = {τσml}, where the dual index to τ is de�ned by 1 = 2 and 2 = 1.

The electric and magnetic �elds inside the spherical shell, but outside the in-
scribed sphere of the sources, are

Eint(r) = Eexc(r) +Eref(r), H int(r) = Hexc(r) +Href(r), d < r < a

Note that we assume that the generating sources are �xed, and not altered by the
presence of the spherical shell. Consequently, we have simpli�ed the problem, and
we do not account for the e�ects made by the shell on the sources inside the spherical
shell.

2.2 Solution of the radiation problem

The boundary conditions on r = a and r = b, i.e., r̂ ×E and r̂ ×H continuous on
these surfaces, imply for τ = 1

a1l (ξl(k1a) + r1lψl(k1a)) =
k1

k2

α1l (ψl(k2a) + t1lξl(k2a))

a1l (ξ
′
l(k1a) + r1lψ

′
l(k1a)) =

k1η1

k2η2

α1l (ψ
′
l(k2a) + t1lξ

′
l(k2a))

α1l (ψl(k2b) + t1lξl(k2b)) =
k2

k
f1lξl(kb)

α1l (ψ
′
l(k2b) + t1lξ

′
l(k2b)) =

k2η2

kη
f1lξ

′
l(kb)

and for τ = 2, the boundary conditions give

a2l (ξ
′
l(k1a) + r2lψ

′
l(k1a)) =

k1

k2

α2l (ψ
′
l(k2a) + t2lξ

′
l(k2a))

a2l (ξl(k1a) + r2lψl(k1a)) =
k1η1

k2η2

α2l (ψl(k2a) + t2lξl(k2a))

α2l (ψ
′
l(k2b) + t2lξ

′
l(k2b)) =

k2

k
f2lξ

′
l(kb)

α2l (ψl(k2b) + t2lξl(k2b)) =
k2η2

kη
f2lξl(kb)
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where ξl(z) and ψl(z) are the Riccati-Bessel functions (for their de�nitions, see
Appendix A and [3, App. B.3.3]). Divide the equations with each other pairwise.

ξl(k1a) + r1lψl(k1a)

ξ′l(k1a) + r1lψ′l(k1a)
=
η2

η1

ψl(k2a) + t1lξl(k2a)

ψ′l(k2a) + t1lξ′l(k2a)
= A1l

ψl(k2b) + t1lξl(k2b)

ψ′l(k2b) + t1lξ′l(k2b)
=

η

η2

ξl(kb)

ξ′l(kb)

and 
ξ′l(k1a) + r2lψ

′
l(k1a)

ξl(k1a) + r2lψl(k1a)
=
η2

η1

ψ′l(k2a) + t2lξ
′
l(k2a)

ψl(k2a) + t2lξl(k2a)
= A2l

ψ′l(k2b) + t2lξ
′
l(k2b)

ψl(k2b) + t2lξl(k2b)
=

η

η2

ξ′l(kb)

ξl(kb)

Solve for rτl and tτl. The result is
r1l = − A1lξ

′
l(k1a)− ξl(k1a)

A1lψ′l(k1a)− ψl(k1a)

t1l = −
ξl(kb)ψ

′
l(k2b)− η2

η
ξ′l(kb)ψl(k2b)

ξl(kb)ξ′l(k2b)− η2
η
ξ′l(kb)ξl(k2b)

and 
r2l = − A2lξl(k1a)− ξ′l(k1a)

A2lψl(k1a)− ψ′l(k1a)

t2l = −
ξ′l(kb)ψl(k2b)− η2

η
ξl(kb)ψ

′
l(k2b)

ξ′l(kb)ξl(k2b)− η2
η
ξl(kb)ξ′l(k2b)

There is some resemblance between the transition matrix elements of a dielectric
sphere, see (8.7) on page 420 in [3], and the coe�cients tτl above. Note that the
factorsAτl contain the factors tτl, which are explicitly given by the second expression.
Finally, the unknowns fτl and ατl are solved in the known rτl and tτl. We get

α1l =
k2

k1

ξl(k1a) + r1lψl(k1a)

ψl(k2a) + t1lξl(k2a)
a1l

f1l =
k

k2

ψl(k2b) + t1lξl(k2b)

ξl(kb)
α1l

and 
α2l =

k2

k1

ξ′l(k1a) + r2lψ
′
l(k1a)

ψ′l(k2a) + t2lξ′l(k2a)
a2l

f2l =
k

k2

ψ′l(k2b) + t2lξ
′
l(k2b)

ξ′l(kb)
α2l

The transmission problem is now formally solved, but some simpli�cations can be
made with the use of the Wronskian for the Riccati-Bessel functions, ψl(z)ξ′l(z) −
ψ′l(z)ξl(z) = i [3, App. B.3.3]. In fact, the numerators in the expression of ατl and
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fτl contain the expressions
ξl(k1a) + r1lψl(k1a) = − iA1l

A1lψ′l(k1a)− ψl(k1a)

ψl(k2b) + t1lξl(k2b) =
iξl(kb)

ξl(kb)ξ′l(k2b)− η2
η
ξ′l(kb)ξl(k2b)

and 
ξ′l(k1a) + r2lψ

′
l(k1a) =

iA2l

A2lψl(k1a)− ψ′l(k1a)

ψ′l(k2b) + t2lξ
′
l(k2b) = − iξ′l(kb)

ξ′l(kb)ξl(k2b)− η2
η
ξl(kb)ξ′l(k2b)

These expressions simplify the values of ατl and fτl.

α1l = −k2

k1

iA1la1l

(A1lψ′l(k1a)− ψl(k1a)) (ψl(k2a) + t1lξl(k2a))

f1l =
µ

µ1

1
η
η2
ξl(kb)ξ′l(k2b)− ξ′l(kb)ξl(k2b)

· a1l

(A1lψ′l(k1a)− ψl(k1a)) (ψ′l(k2a) + t1lξ′l(k2a))

and 

α2l =
k2

k1

iA2la2l

(A2lψl(k1a)− ψ′l(k1a)) (ψ′l(k2a) + t2lξ′l(k2a))

f2l =
µ

µ1

1
η
η2
ξ′l(kb)ξl(k2b)− ξl(kb)ξ′l(k2b)

· a2l

(A2lψl(k1a)− ψ′l(k1a)) (ψl(k2a) + t2lξl(k2a))

These are the �nal expressions of the transmission problem. For a given excitation
�eld Eexc(r), we compute the expansion coe�cients aτn. The unknown coe�cients
tτn, rτn, ατn, and fτn are then found from the expressions above, and all �elds can
be evaluated.

3 Vertical electric elementary dipole excitation

The �rst simple excitation is a vertical electric elementary dipole located a distance
d ≥ 0 along the positive z-axis. The electric �eld of this excitation is proportional
to

Eexc(r) = u2e01(k1(r − dẑ))

The corresponding magnetic �eld is

Hexc(r) =
1

iη0η1

u1e01(k1(r − dẑ))
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3.1 Determination of the expansion coe�cients an

The determination of the expansion coe�cients an for this excitation is now ad-
dressed.

The far-�eld amplitude of this excitation (no radome present) is [3, Sec: 4.1.3]
and (A.1)

F 0(r̂) = −i
e−ik1d cos θ

k1

A2e01(r̂) = iθ̂

√
3

8π
sin θ

e−ik1d cos θ

k1

(3.1)

The translation properties of the spherical vector waves easily determine the
expansion coe�cients an. We have, see (B.1)

un(k1(r + d)) =
∑
n′

Rnn′(k1d)un′(k1r), r > d (3.2)

From this relation, the expansion coe�cient aτn = R2e01,n(−k1dẑ) = Rn,2e01(k1dẑ)
are readily found. The explicit expressions of the translation matrix Rnn′ are given
in Appendix B and [3, Appendix F.7]. More precisely, the translation matrix is

Rτσml,2e01(k1dẑ) = 2δτ,2δσ,eδm,0C0l,01(k1d, 0)

where the matrix Cml,m′l′ is explicitly given in Appendix B and [3]

C0l,0l′(d, η) =
1

4

l+l′∑
λ=|l−l′|

il
′−l+λ(2λ+ 1)

√
(2l + 1)(2l′ + 1)

l(l + 1)l′(l′ + 1)

×
(
l l′ λ
0 0 0

)2

[l(l + 1) + l′(l′ + 1)− λ(λ+ 1)] jλ(k1d)Pλ(cos η)

and where

(
· · ·
· · ·

)
denotes the Wigner 3-j symbol [2]. The explicit value of aτl is

(l = 1, 2, . . .)

aτn = δτ,2δσ,eδm,0

l+1∑
λ=l−1

i1−l+λ(2λ+ 1)

√
3(2l + 1)

8l(l + 1)

×
(
l 1 λ
0 0 0

)2

[l(l + 1) + 2− λ(λ+ 1)] jλ(k1d)

To the lowest order in powers of k1d, we have

aτn = δτ,2δσ,eδm,0δl,13

(
1 1 0
0 0 0

)2

+O(k1d)

= δτ,2δσ,eδm,0δl,1 +O(k1d), as k1d→ 0

If the dipole is located at the origin, the expansion coe�cient for the vertical electric
dipole is aτn = δτ,2δσ,eδm,0δl,1.
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3.2 Power transmission and far-�eld amplitude

The electric �eld in the far-�eld zone is [3, (7.31) on page 376]

Et(r) = F (r̂)
eikr

r

where the far-�eld amplitude is

F (r̂) =
1

ik

∑
n

τ=1,2

fτni−l+τ−1Aτn(r̂)

With the spherical geometry and the dipole excitation along the z axis, only τ = 2,
σ = e, and m = 0 contribute, see (A.1).

F (r̂) = −θ̂ sin θ

k

∞∑
l=1

i−l

√
2l + 1

4πl(l + 1)
πl(cos θ)f2l

The input power on a surface inside the radome that encloses the sources is [3,
Eq. (7.18)]

Pin =
1

2k2
1η0η1

∞∑
l=1

2∑
τ=1

|aτl|2 (1 + Re rτl)

The radiated power on a surface that encloses the entire structure is

Prad =
1

2k2η0η

∞∑
l=1

2∑
τ=1

|fτl|2

The following quotient is of interest to compute:

Prad

Pin

=
k2

1η1

∑∞
l=1

∑2
τ=1 |fτl|2

k2η
∑∞

l=1

∑2
τ=1 |aτl|2 (1 + Re rτl)

(3.3)

Notice that this quotient, by energy conservation, for real-valued parameters has to
be identical one. This is used in Section 3.5 as a tool of veri�cation of the numerical
precision of the code.

3.3 Near-�eld calculation

3.3.1 Internal �eld

The interior �eld excited by a vertical electric dipole located at dẑ consists of two
parts. The direct excitation is

Eexc(r) = u2e01(k1(r − dẑ)) = −ξ
′
1(k1R)

k1R

√
3

8π
sin θ′θ̂

′
+
ξ1(k1R)

k2
1R

2

√
3

2π
cos θ′R̂
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where R = |r−dẑ| and cos θ′ = (z−d)/R (distance and polar angle in the coordinate
system located at the source, respectively). We also have

ξ1(z) = −eiz

(
1 +

i

z

)
and {

R̂ = r̂c sin θ′ + ẑ cos θ′

θ̂
′
= r̂c cos θ′ − ẑ sin θ′

where r̂c = (xx̂ + yŷ)/
√
x2 + y2. In terms of the global unit vectors r̂c and ẑ, we

get

Eexc(r) =

√
3

8π

{
−ξ
′
1(k1R)

k1R
sin θ′ (cos θ′r̂c − sin θ′ẑ)

+ 2
ξ1(k1R)

k2
1R

2
cos θ′ (sin θ′r̂c + cos θ′ẑ)

}

or in the units vectors evaluated at the origin

Eexc(r) =

√
3

8π

{
−ξ
′
1(k1R)

k1R
sin θ′

(
r̂ sin(θ − θ′) + θ̂ cos(θ − θ′)

)
+ 2

ξ1(k1R)

k2
1R

2
cos θ′

(
r̂ cos(θ − θ′)− θ̂ sin(θ − θ′)

)}

The corresponding magnetic �eld is

Hexc(r) =
1

iη0η1

√
3

8π

ξ1(k1R)

k1R
sin θ′φ̂

In addition to this direct excitation, we have the re�ected �eld

Eref(r) =
∞∑
l=1

r2e0la2e0l

(
ψ′l(k1r)

k1r
A2e0l(r̂) +

√
l(l + 1)

ψl(k1r)

k2
1r

2
A3e0l(r̂)

)
and

Href(r) =
1

iη0η1

∞∑
l=1

r2e0la2e0l
ψl(k1r)

k1r
A1e0l(r̂)

and the total internal �eld is

Eint(r) = Eexc(r) +Eref(r), H int(r) = Hexc(r) +Href(r)

The modulus of the local Poynting vector is an appropriate quantity to calculate
(we here assume the magnetic �eld has only a τ = 1 contribution, which is correct
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for the vertical electric dipole excitation along the z axis).

〈S(t)〉 (r) =
1

2
Re (Eint(r)×H∗int(r))

=
1

2
Re
(
Erc(r)H∗φ(r)

)
ẑ − 1

2
Re
(
Ez(r)H∗φ(r)

)
r̂c, 0 ≤ r < a

where Erc = Eint · r̂c, Ez = Eint · ẑ, and Hφ = H int · φ̂, and

|〈S(t)〉 (r)|2 =
1

4

{∣∣Re
(
Erc(r)H∗φ(r)

)∣∣2 +
∣∣Re

(
Ez(r)H∗φ(r)

)∣∣2} , 0 ≤ r < a

3.3.2 External �eld

The external �eld outside the spherical shell is (r > b)

Et(r) =
∞∑
l=1

f2e0l

(
ξ′l(kr)

kr
A2e0l(r̂) +

√
l(l + 1)

ξl(kr)

k2r2
A3e0l(r̂)

)
or more explicitly in terms of the functions πl(x) = P′l(x) and the Legendre polyno-
mials Pl(x), see (A.1)

Et(r) =
∞∑
l=1

f2e0l

√
2l + 1

4πl(l + 1)

(
−θ̂ ξ

′
l(kr)

kr
πl(cos θ) sin θ + r̂l(l + 1)

ξl(kr)

k2r2
Pl(cos θ)

)
In particular, for a dipole at the center of the spherical shell, d = 0, only l = 1

contributes, and the electric �eld is

Et(r) = f2e011

√
3

8π

(
−θ̂ ξ

′
1(kr)

kr
sin θ + 2r̂

ξ1(kr)

k2r2
cos θ

)

3.4 Illustrations

The results above are illustrated in this section.

3.4.1 Transmission

The transmission quotient in (3.3) is illustrated for a vertical dipole located at 0.5aẑ
with interior material parameters ε1/ε = 1 and µ1/µ = 1. The material parameters
of the lossy shell (thickness t = λ/4, where λ is the wavelength in the exterior
medium) are ε2/ε = 3 + 6.4i/ka and µ2/µ = 1 (blue curve) and ε2/ε = 3 + 0.64i/ka
and µ2/µ = 1 (red curve). The value of the imaginary part of ε2 corresponds to a
conductivity σ = 0.017 S/m and σ = 0.0017 S/m, respectively,1 and the result is
illustrated in Figure 3.

1The conductivities are constructed from a loss tangent of 0.01 and 0.001, respectively, at 10

GHz and a = 1 m.
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Figure 3: The quotient Prad/Pin for vertical electric dipole located at 0.5aẑ of a
lossy spherical shell versus the electrical radius (scaled frequency) ka. The data
used in the �gure are given in the text.
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Figure 4: The far-�eld amplitude |F (θ)| for a vertical electric dipole at dẑ = 0.5aẑ
versus θ for a = 3λ at three di�erent thicknesses t of the shell. The material data
used in the �gure are given in the text. The dashed curve is the far-�eld amplitude
from the vertical electric dipole located at dẑ without a lossy shell. The amplitudes
are normalized to amplitude one at θ = 90◦ in the absence of the lossy shell.
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3.4.2 Far-�eld amplitude

We illustrate the absolute value of the far-�eld amplitude for a translated vertical
dipole and a spherical lossy shell (ε2/ε = 3(1 + 0.01i), and µ2/µ = 1) in Figures 4�6.
The interior medium is lossless ε1/ε = 1, µ1/µ = 1. The electric size of the inner
surface of the shell is ka = 3 · 2π, 10 · 2π, 20 · 2π and the shell is t = λ/4, λ/2, λ thick,
respectively, where λ is the wavelength in the exterior medium.

3.4.3 Internal �eld

The modulus of the Poynting vector, |〈S(t)〉 (r)|, is depicted in Figure 7 in the y = 0
plane in arbitrary units. The material parameters of the shell is ε2/ε = 3(1 + 0.01i),
µ2/µ = 1. The radius a = 3λ, and the shell is t = λ/4 thick, and d/a = 0.5, where
λ is the wavelength in the exterior medium.

3.4.4 Near �eld

The modulus and the phase of tangential external electric �eld, θ̂ ·Et(r) � with and
without spherical shell � at a �xed radial distance r = 20λ versus θ are depicted
in Figures 8 and 9, respectively. The interior medium is lossless ε1/ε = 1, µ1/µ = 1.
The vertical electric dipole is translated along the z axis by a distance d = 0.5a.
The material parameters of the shell is ε2/ε = 3(1 + 0.01i), µ2/µ = 1. The radius
a = 10λ, and the shell is t = λ/4 thick, where λ is the wavelength in the exterior
medium.

In Figure 10, the absolute value of the total electric �eld, |Et(r)| � with and
without spherical shell � is depicted. This �eld contains a small radial component,
but the deviation from the corresponding absolute value of the tangential compo-
nent, |θ̂ ·Et(r)|, is small, see Figure 8. All other data are identical to Figures 8 and
9.

3.5 Veri�cation

The numerical implementation is veri�ed with two di�erent methods, which are
discussed in this section.

3.5.1 Power conservation

The �rst and most obvious way to verify the numerical implementation is to see how
power conservation is satis�ed. For real-valued material parameters, the expression

k2
1η1|fτl|2

k2η|aτl|2 (1 + Re rτl)
− 1

should be zero for all indices τ = 1, 2 and l = 1, 2, . . .. Typical value for the
computation presented here is 10−13, and re�ects the numerical precision of the
Wronskian of the Riccati-Bessel functions.
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Figure 5: The far-�eld amplitude |F (θ)| for a vertical electric dipole at dẑ = 0.5aẑ
versus θ for a = 10λ at three di�erent thicknesses t of the shell. All other data are
identical to the ones given in Figure 4.
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Figure 6: The far-�eld amplitude |F (θ)| for a vertical electric dipole at dẑ = 0.5aẑ
versus θ for a = 20λ at three di�erent thicknesses t of the shell. All other data are
identical to the ones given in Figure 4.
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Figure 7: The modulus of the Poynting vector, |〈S(t)〉 (r)| inside the shell in the
plane y = 0 in arbitrary units. The radius a = 3λ and the remaining data of the
�gure are given in the text. Note that the in�nite peak at the location of the dipole
has been truncated. The location the vertical dipole is marked by a small black
circle.

3.5.2 Shell of zero thickness

Another test is to let the radome have zero thickness and compare to the known
expression of the excitation F 0(r̂), see (3.1). In this test the material parameters
inside and outside the radome have to be identical (ε1/ε = 1, µ1/µ = 1). The
relative error is of the order 10−11.

4 Circular disk with constant surface �elds excita-

tion (Huygens surface)

The vertical dipole excitation in Section 3 gives a �rst case of veri�cation. Another
excitation for veri�cation purposes is a horizontal, circular disk of radius d with
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Figure 8: The absolute value of θ̂ ·Et(θ) versus θ at a �xed radial distance r = 20λ
for a translated vertical electric dipole. Data of the spherical shell are given in the
text. The dashed curve is the �eld without the spherical shell.
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Figure 9: The phase of θ̂ ·Et(θ) at a �xed radial distance r = 20λ versus θ for a
translated vertical electric dipole. Data of the spherical shell are given in the text.
The dashed curve is the �eld without the spherical shell.
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Figure 10: The absolute value of Et(θ) versus θ at a �xed radial distance r = 20λ
for a translated vertical electric dipole. Data of the spherical shell are given in the
text. The dashed curve is the �eld without the spherical shell.

�xed surface �eld distribution, see Figure 2. Assume

Eexc(r) = E0H(d− rc)ŷ, Hexc(r) = − E0

η0η1

H(d− rc)x̂, z = 0

where E0 is a constant, complex-valued number and H(x) is the Heaviside func-
tion. This source on the disk radiates upwards in the ẑ direction (cf. plane wave
excitation).

This excitation is of non-standard type. Usually, we require a speci�cation of
only one surface �eld to get a well-behaved solution to the problem. Here, we specify
both the electric and the magnetic �elds on the disk, which is acceptable in this case,
since we do not require a boundary condition on the disk.

4.1 Determination of the expansion coe�cients an

We now determine the expansion coe�cients aτn for this disk excitation. To accom-
plish this, we use the far-�eld amplitude generated by this source.

The far-�eld amplitude is, see [3, (4.19) on page 198] (ε = ε1 and µ = µ1, and
ν̂ = ẑ)

F 0(r̂) =
ik1

4π
r̂ ×

∫∫
S

[
ẑ ×Eexc(r

′)− η0η1r̂ × (ẑ ×Hexc(r
′))
]
e−ik1r̂·r′

dS ′

= − ik1E0

4π
r̂ ×

∫ 2π

0

∫ d

0

[x̂− r̂ × ŷ] e−ik1r̂·rc
′
r′c dr′c dφ′
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where rc
′ = x′x̂ + y′ŷ and r′c = |rc

′|, and S is the upper surface of the disk.
Simpli�cation of the exponent gives

F 0(r̂) = − ik1E0

4π
r̂ × (x̂− r̂ × ŷ)

∫ 2π

0

∫ d

0

e−ik1r′c sin θ cos(φ′−φ)r′c dr′c dφ′

where r̂ = x̂ sin θ cosφ+ ŷ sin θ sinφ+ ẑ cos θ. Evaluation of the φ′ integral gives

F 0(r̂) =
ik1E0

2
r̂ × (r̂ × ŷ − x̂)

∫ d

0

r′cJ0(k1r
′
c sin θ) dr′c

=
idE0J1(k1d sin θ)

2 sin θ
r̂ × (r̂ × ŷ − x̂)

=
k1d

2E0

2i

J1(k1d sin θ)

k1d sin θ
(1 + cos θ)

(
θ̂ sinφ+ φ̂ cosφ

)
since

∫
xJ0(x) dx = xJ1(x). This is the exact expression of the far-�eld amplitude

for the source analyzed in this section.
From the far-�eld amplitude, we construct the coe�cients aτn that is the input to

the computations for the transmission problem with the spherical shell in Section 2.
We have, see [3, page 378]

aτn = il+2−τk1

∫∫
Ω

Aτn(r̂) · F 0(r̂) dΩ

= il+1−τ
∫∫
Ω

Aτn(r̂) ·
(
θ̂ sinφ+ φ̂ cosφ

)
h(θ) dΩ

where

h(θ) =
k1dE0J1(k1d sin θ)

2 sin θ
(1 + cos θ)

We focus on the integration in the azimuthal angle φ. The following integrals
are of interest: ∫ 2π

0

cosφ

{
cosmφ
sinmφ

}
dφ = πδm1

{
1
0

}
and ∫ 2π

0

sinφ

{
cosmφ
sinmφ

}
dφ = πδm1

{
0
1

}
and as consequence, only m = 1 survives in the integration of the azimuthal angle
φ. The de�nition of the vector spherical harmonics implies, see (A.2) or in [3, (C.13)
on page 632]

a1n = −δσeδm1ilπ
√

2l + 1√
2πl(l + 1)

∫
π

0

(πl(cos θ) + τl(cos θ))h(θ) sin θ dθ

and

a2n =
δσoδm1il−1

π
√

2l + 1√
2πl(l + 1)

∫
π

0

(πl(cos θ) + τl(cos θ))h(θ) sin θ dθ
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where {
πl(x) = P′l(x)

τl(x) = l(l + 1)Pl(x)− xP′l(x) = l2Pl(x)− πl−1(x)

The combination of Legendre polynomials in the integrand has the form

(πl(x) + τl(x)) (1 + x) =
l2(l + 1)

2l + 1
Pl+1(x) + l(l + 1)Pl(x) +

l(l + 1)2

2l + 1
Pl−1(x)

To evaluate the coe�cients aτn, we need to �nd

Il(z) =

∫
π

0

J1(z sin θ)

z sin θ
Pl(cos θ) sin θ dθ

Notice that Il(z) = 0, if l is an odd, positive integer. Fortunately, these integral
have a closed form solution. A proof of this integral is given in Appendix C. In
terms of the integral Il(z), the expansion coe�cients are

a1n = −δσeδm1ilπ(k1d)2E0

2
√

2π
√

2l + 1
{lIl+1(k1d) + (2l + 1)Il(k1d) + (l + 1)Il−1(k1d)}

and

a2n =
δσoδm1il−1

π(k1d)2E0

2
√

2π
√

2l + 1
{lIl+1(k1d) + (2l + 1)Il(k1d) + (l + 1)Il−1(k1d)}

The far-�eld amplitude is then recovered in terms of an expansion in vector spherical
harmonics [3]

F 0(r̂) =
1

ik1

∑
n

τ=1,2

aτni−l+τ−1Aτn(r̂)

or more explicitly

F 0(r̂) =
(k1d)2E0

4ik1

(
θ̂ sinφ+ φ̂ cosφ

)
×
∞∑
l=1

(lIl+1(k1d) + (2l + 1)Il(k1d) + (l + 1)Il−1(k1d)) (πl(cos θ) + τl(cos θ))

l(l + 1)

4.2 Power transmission and far-�eld amplitude

The electric �eld in the far-�eld zone is [3, (7.31) on page 376]

Et(r) = F (r̂)
eikr

r

where the far-�eld amplitude is

F (r̂) =
1

ik

∑
n

τ=1,2

fτni−l+τ−1Aτn(r̂)



19

With the disk geometry of this section, onlym = 1 contributes in the sum, see (A.2).
We proceed as in Section 3.2, but now the explicit form of the vector spherical

harmonics for m = 1. Again, the quotient of the radiated and the incident power is
of interest to compute

Prad

Pin

=
k2

1η1

∑∞
l=1

∑2
τ=1 |fτl|2

k2η
∑∞

l=1

∑2
τ=1 |aτl|2 (1 + Re rτl)

(4.1)

Notice that this quotient, by energy conservation, for real-valued parameters has to
be identical one. This is used in Section 4.4 as a tool of veri�cation of the numerical
precision of the code.

4.3 Illustrations

The results above are illustrated in this section.

4.3.1 Transmission

The transmission quotient in (4.1) is illustrated in Figure 11 for a circular disk with
constant surface �eld excitation. The disk is centered at the origin with interior
material parameters ε1/ε = 1 and µ1/µ = 1. The radius of the disk is d = 0.5a. The
material parameters of the lossy shell (thickness t = λ/4, where λ is the wavelength
in the exterior medium) are ε2/ε = 3 + 6.4i/ka and µ2/µ = 1 (blue curve) and
ε2/ε = 3 + 0.64i/ka and µ2/µ = 1 (red curve). The value of the imaginary part of ε2
corresponds to a conductivity σ = 0.017 S/m and σ = 0.0017 S/m, respectively. The
values di�er very little from the result for the translated electric dipole in Figure 3.

4.3.2 Far-�eld amplitude

The absolute value of the far-�eld amplitude for a circular disk of radius d = 0.5a
is illustrated for a spherical lossy shell (ε2/ε = 3(1 + 0.01i), and µ2/µ = 1) in
Figures 12�14. The interior medium is lossless ε1/ε = 1, µ1/µ = 1. The electric
size of the inner surface of the shell is ka = 3 · 2π, 10 · 2π, 20 · 2π and the shell is
t = λ/4, λ/2, λ thick, respectively, where λ is the wavelength in the exterior medium.

4.4 Veri�cations

The numerical implementation is veri�ed with two di�erent methods, which are
discussed in this section.

4.4.1 Power conservation

We verify the numerical implementation by how well power conservation is satis�ed.
For real-valued material parameters, the expression

1− k2
1η1

∑∞
l=1

∑2
τ=1 |fτl|2

k2η
∑∞

l=1

∑2
τ=1 |aτl|2 (1 + Re rτl)

should be zero. Typical value for the computation presented here is 10−13.
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Figure 11: The quotient Prad/Pin for circular disk centered at the origin of a lossy
spherical shell versus the electrical radius (scaled frequency) ka. The data used in
the �gure are given in the text.
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Figure 12: The far �eld amplitude |F (θ)| for a circular disk of radius d = 0.5a
versus θ for a = 3λ at three di�erent thicknesses t of the shell. The material data
used in the �gure are given in the text. The dashed curve is the far-�eld amplitude
from the circular disk located at the origin without a lossy shell. The amplitudes
are normalized to amplitude one at θ = 0◦ in the absence of the lossy shell.
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Figure 13: The far-�eld amplitude |F (θ)| for a circular disk of radius d = 0.5a
versus θ for a = 10λ at three di�erent thicknesses t of the shell. All other data are
identical to the ones given in Figure 12.
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Figure 14: The far-�eld amplitude |F (θ)| for a circular disk of radius d = 0.5a
versus θ for a = 20λ at three di�erent thicknesses t of the shell. All other data are
identical to the ones given in Figure 12.
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4.4.2 Shell of zero thickness

If the shell is of zero thickness or if the material parameters of the shell are identical
to the ones inside and outside the spherical shell (air radome), the far-�eld amplitude
should be identical to the result without the shell. This result is satis�ed with an
error less than 10−11.

5 Conclusions

The transmission problem with a spherical, dielectric shell, excited by a source
inside the shell, has been examined. Two di�erent excitations have been analyzed
� a displaced electric dipole and a circular disk with speci�c values. This problem
has a closed form solution as a sum of spherical vector waves, where the expansion
coe�cients can be obtained with high accuracy. All integral are evaluated with
machine precision, which guarantees a solution that can serve as a veri�cation tool
for methods with approximations.

Several generalizations of the transmission problem treated in this paper are
relevant, and they will be addressed in a future study. In particular, the source
con�guration, which in this paper has no support and �oats in free space, is usually
supported or backed up with a PEC structure. This more complex transmission
problem with a supporting structure (i.e., a scatterer inside the spherical shell)
models the interaction e�ects between the source and the radome (the spherical
shell) in a more accurate way.
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Appendix A Spherical vector waves

The vector spherical harmonics are de�ned as [1, 3]
A1n(r̂) =

1√
l(l + 1)

∇× (rYn(r̂)) =
1√

l(l + 1)
∇Yn(r̂)× r

A2n(r̂) =
1√

l(l + 1)
r∇Yn(r̂)

A3n(r̂) = r̂Yn(r̂)

where the spherical harmonics are denoted by Yn(r̂). The index n is a multi-index
for the integer indices l = 1, 2, 3, . . ., m = 0, 1, . . . , l, and σ = e,o (even and odd
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in the azimuthal angle).2 From these de�nitions, we see that the �rst two vector
spherical harmonics, A1n(r̂) and A2n(r̂), are tangential to the unit sphere Ω in R3

and they are related as {
r̂ ×A1n(r̂) = A2n(r̂)

r̂ ×A2n(r̂) = −A1n(r̂)

The vector spherical harmonics form an orthonormal set over the unit sphere Ω
in R3, i.e., ∫∫

Ω

Aτn(r̂) ·Aτ ′n′(r̂) dΩ = δnn′δττ ′

where dΩ is the surface measure on the unit sphere Ω.
The vector spherical harmonics for m = 0 for a general l index are [3, p. 632]

A1σ0l(r̂) = φ̂δσe

√
2l + 1

4πl(l + 1)
πl(cos θ) sin θ

A2σ0l(r̂) = −θ̂δσe

√
2l + 1

4πl(l + 1)
πl(cos θ) sin θ

A3σ0l(r̂) = r̂δσe

√
2l + 1

4π
Pl(cos θ)

(A.1)

where πl(x) = P′l(x) (π1(x) = 1). The explicit form of the vector spherical harmonics
for m = 1 is

A1σ1l(r̂) =

√
2l + 1√

2πl(l + 1)

(
θ̂πl(cos θ)

{
− sinφ
cosφ

}
− φ̂τl(cos θ)

{
cosφ
sinφ

})

A2σ1l(r̂) =

√
2l + 1√

2πl(l + 1)

(
φ̂πl(cos θ)

{
− sinφ
cosφ

}
+ θ̂τl(cos θ)

{
cosφ
sinφ

})

A3σ1l(r̂) =

√
2l + 1

2πl(l + 1)
r̂ sin θπl(cos θ)

{
cosφ
sinφ

}
(A.2)

where {
πl(x) = P′l(x)

τl(x) = l(l + 1)Pl(x)− xP′l(x) = l2Pl(x)− πl−1(x)

The radiating solutions to the Maxwell equations in the exterior medium are
de�ned as (outgoing spherical vector waves, uτn(kr))

u1n(kr) =
ξl(kr)

kr
A1n(r̂)

u2n(kr) =
1

k
∇×

(
ξl(kr)

kr
A1n(r̂)

)
2The index set at several places in this paper also denotes a four index set, and includes the τ

index. That is, the index n can denote n = {σ, l,m} or n = {τ, σ, l,m}.
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Here, we use the Riccati-Bessel functions ξl(x) = xh
(1)
l (x), where h

(1)
l (x) is the

spherical Hankel function of the �rst kind [4]. These vector waves satisfy

∇× (∇× uτn(kr))− k2uτn(kr) = 0, τ = 1, 2

and they also satisfy the Silver-Müller radiation condition [3]. Another representa-
tion of the de�nition of the vector waves is

u1n(kr) =
ξl(kr)

kr
A1n(r̂)

u2n(kr) =
ξ′l(kr)

kr
A2n(r̂) +

√
l(l + 1)

ξl(kr)

(kr)2
A3n(r̂)

A simple consequence of these de�nitions is
u1n(kr) =

1

k
∇× u2n(kr)

u2n(kr) =
1

k
∇× u1n(kr).

In a similar way, the regular spherical vector waves, vτn(kr), are de�ned [1].
v1n(kr) =

ψl(kr)

kr
A1n(r̂)

v2n(kr) =
ψ′l(kr)

kr
A2n(r̂) +

√
l(l + 1)

ψl(kr)

(kr)2
A3n(r̂)

where the Riccati-Bessel functions ψl(x) = xjl(x), where jl(x) is the spherical Bessel
function of the �rst kind [4].

Appendix B The translation matrices

The translation properties of the spherical vector waves are well know, and we refer
to, e.g., [1] for details.

Let r′ = r + d, see Figure 15. Then

vn(kr′) =
∑
n′

Rnn′(kd)vn′(kr), for all d

un(kr′) =
∑
n′

Rnn′(kd)un′(kr), r > d

un(kr′) =
∑
n′

Pnn′(kd)vn′(kr), r < d

(B.1)

Translation in the opposite direction is identical to the transpose of the translation
matrices, i.e.,

Rt(kd) = R(−kd), Pt(kd) = P(−kd)
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Figure 15: The relation between the translated origins O and O′ and the position
vectors r and r′ at the di�erent origins.

Denote the spherical coordinates of r, r′, and d by (r, θ, φ), (r′, θ′, φ′), and
(d, η, ψ), respectively. The translation matrices for a translation d (d ≤ 0) are [1]

P1σml,1σm′l′(kd) = (−1)m
′
Cml,m′l′(kd, η) cos(m−m′)ψ

+ (−1)σCml,−m′l′(kd, η) cos(m+m′)ψ

P1σml,1σ′m′l′(kd) = (−1)m
′+σ′

Cml,m′l′(kd, η) sin(m−m′)ψ
+ Cml,−m′l′(kd, η) sin(m+m′)ψ, σ 6= σ′

P1σml,2σ′m′l′(kd) = (−1)m
′+σDml,m′l′(kd, η) cos(m−m′)ψ

−Dml,−m′l′(kd, η) cos(m+m′)ψ, σ 6= σ′

P1σml,2σm′l′(kd) = (−1)m
′
Dml,m′l′(kd, η) sin(m−m′)ψ

+ (−1)σDml,−m′l′(kd, η) sin(m+m′)ψ

P2σml,τσ′m′l′(kd) = P1σml,τσ′m′l′(kd), τ = 1, 2

where

Cml,m′l′(kd, η) =
(−1)m+m′

2

√
εmεm′

4

×
l+l′∑

n=|l−l′|

il
′−l+n(2n+ 1)

√
(2l + 1)(2l′ + 1)(n− (m−m′))!
l(l + 1)l′(l′ + 1)(n+ (m−m′))!

×
(
l l′ n
0 0 0

)(
l l′ n
m −m′ m′ −m

)
[l(l + 1) + l′(l′ + 1)− n(n+ 1)]

× h(1)
n (kd)Pm−m′

n (cos η)
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Dml,m′l′(kd, η) =
(−1)m+m′

2

√
εmεm′

4

×
l+l′∑

n=|l−l′|+1

il
′−l+n+1(2n+ 1)

√
(2l + 1)(2l′ + 1)(n− (m−m′))!
l(l + 1)l′(l′ + 1)(n+ (m−m′))!

×
(
l l′ n− 1
0 0 0

)(
l l′ n
m −m′ m′ −m

)√
n2 − (l − l′)2

×
√

(l + l′ + 1)2 − n2h(1)
n (kd)Pm−m′

n (cos η)

where εm = 2− δm,0 is the Neumann factor, and where

(
· · ·
· · ·

)
denotes Wigner's

3j symbol [2], and

(−1)σ =

{
1, σ = e

−1, σ = o

Note that the factors il
′−l+n in Cml,m′l′(d, η) and il

′−l+n+1 in Dml,m′l′(d, η) are always
real numbers, due to the conditions on the Wigner's 3j symbol.

The translation matrix Rnn′(kr) is identical to Pnn′(kr) but with h
(1)
n (kd) re-

placed with jn(kd).

Appendix C Important integral

In this appendix, we present a recursion algorithm to compute the integral Il(z).
We have

Il(z) =

∫
π

0

J1(z sin θ)

z sin θ
Pl(cos θ) sin θ dθ

=
1

2

∫
π

0

(J0(z sin θ) + J2(z sin θ)) Pl(cos θ) sin θ dθ =
1

2
(Al(z) +Bl(z))

The evaluation of the integral Il(z) is accomplished by computing three integrals,
viz., 

Al(z) =

∫
π

0

J0(z sin θ)Pl(cos θ) sin θ dθ

Bl(z) =

∫
π

0

J2(z sin θ)Pl(cos θ) sin θ dθ

Cl(z) =

∫
π

0

J2(z sin θ)P2
l (cos θ) sin θ dθ

Only l an even integer gives a non-zero value of these integrals.
The integral representation of the Bessel functions implies

Al(z) =
1

2π

∫ 2π

0

∫
π

0

eiz sin θ cosφPl(cos θ) sin θ dθ dφ

=
1

2π

∫∫
Ω

eizx̂·r̂Pl(ẑ · r̂) dΩ = 2iljl(z)Pl(0) (C.1)
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where we used the integral representation of the spherical Bessel function, see [3,
page 638]

jl(z)Yσml(k̂) =
1

4πil

∫∫
Ω

eizk̂·r̂Yσml(r̂) dΩ

with k̂ = x̂, m = 0, σ = e. Similarly, the integral representation of the Bessel
functions implies

Cl(z) = − 1

2π

∫ 2π

0

∫
π

0

eiz sin θ cosφ+2iφP2
l (cos θ) sin θ dθ dφ

= − 1

2π

∫ 2π

0

∫
π

0

eiz sin θ cosφP2
l (cos θ) cos 2φ sin θ dθ dφ = −2iljl(z)P2

l (0)

with k̂ = x̂, m = 2, σ = e.
The integral Cl(z) is now rewritten by the use of the di�erential equation of the

Legendre polynomials. We get

Cl(z) =

∫
π

0

J2(z sin θ)(1− cos2 θ)P′′l (cos θ) sin θ dθ

=

∫
π

0

J2(z sin θ) (2 cos θP′l(cos θ)− l(l + 1)Pl(cos θ)) sin θ dθ

= 2

∫
π

0

J2(z sin θ) cos θP′l(cos θ) sin θ dθ − l(l + 1)Bl(z) (C.2)

where

Bl(z) =

∫
π

0

J2(z sin θ)Pl(cos θ) sin θ dθ =

∫ 1

−1

J2(z
√

1− t2)Pl(t) dt

The �rst term on the right-hand side in (C.2) is now rewritten as (only l = 2n,
n = 1, 2, . . . has a non-zero contribution)∫

π

0

J2(z sin θ) cos θP′2n(cos θ) sin θ dθ =

∫ 1

−1

J2(z
√

1− t2)tP′2n(t) dt

=

∫ 1

−1

J2(z
√

1− t2)
n∑
k=0

akP2k(t) dt =
n∑
k=0

akB2k(z)

were

tP′2n(t) =
n∑
k=0

akP2k(t) (C.3)

The coe�cients ak are determined by (n = 1, 2, . . .)

ak =
4k + 1

2

∫ 1

−1

tP′2n(t)P2k(t) dt, k = 0, 1, 2, . . . , n
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The special value at k = 0 is �rst addressed.

a0 =
1

2

∫ 1

−1

P1(t)P′2n(t) dt = 1, n = 1, 2, . . .

since, see [3, (C.1) on page 623]∫ 1

−1

P′2n(t)P2m+1(t) dt = 2(1− δmn), m = 0, 1, 2, . . . , n (C.4)

All other coe�cients ak are computed by employing the recursion relations of the
Legendre polynomials. We get

ak =
1

2

∫ 1

−1

P′2n(t) ((2k + 1)P2k+1(t) + 2kP2k−1(t)) dt, k = 1, 2, . . . , n

since [3, page 622]

(4k + 1)tP2k(t) = (2k + 1)P2k+1(t) + 2kP2k−1(t)

and we obtain by (C.4)

ak = (2k + 1)(1− δnk) + 2k = 4k + 1− (2n+ 1)δnk

In particular, we get

ak = 4k + 1, k = 0, 1, 2, . . . , n− 1, an = 2n

and the sum in (C.3) becomes

tP′2n(t) =
n−1∑
k=0

(4k + 1)P2k(t) + 2nP2n(t), n = 1, 2, . . .

Consequently, from (C.2), the integrals Bl(z) are related by

2
n∑
k=1

akB2k(z)− 2n(2n+ 1)B2n(z) = 2bn(z), n = 1, 2, . . .

where

bn(z) = −(−1)nj2n(z)P2
2n(0) =

j2n(z)(2n+ 2)!

22n(n+ 1)!(n− 1)!

=
j2n(z)(2n+ 2)!

(2n+ 2)!!(2n− 2)!!
=

j2n(z)(2n+ 1)!!

(2n− 2)!!
, n = 1, 2, . . .

The �rst terms are
b0(z) = 0, b1(z) = 3j2(z)
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Rewrite the iteration scheme above as

B2n(z) =
1

n(2n− 1)

n−1∑
k=0

(4k + 1)B2k(z)− bn(z)

n(2n− 1)
, n = 1, 2, . . .

The relation between two iterations is

B2n+2(z) =
1

(n+ 1)(2n+ 1)

n∑
k=0

(4k + 1)B2k(z)− bn+1(z)

(n+ 1)(2n+ 1)

or

B2n+2(z) =
4n+ 1

(n+ 1)(2n+ 1)
B2n(z)

+
1

(n+ 1)(2n+ 1)

n−1∑
k=0

(4k + 1)B2k(z)− bn+1(z)

(n+ 1)(2n+ 1)

=
4n+ 1

(n+ 1)(2n+ 1)
B2n(z) +

n(2n− 1)

(n+ 1)(2n+ 1)

(
B2n(z) +

bn(z)

n(2n− 1)

)
− bn+1(z)

(n+ 1)(2n+ 1)

The �nal iteration scheme is

B2n+2(z) = B2n(z) +
bn(z)− bn+1(z)

(n+ 1)(2n+ 1)
= B2n(z) + βn(z), n = 0, 1, 2, . . .

where

βn(z) =
bn(z)− bn+1(z)

(n+ 1)(2n+ 1)
, n = 0, 1, 2, . . .

The solution of the iteration scheme is

B2n(z) = B0(z) +
n−1∑
k=0

βn(z), n = 1, 2, . . . (C.5)

The start value of the iteration is (not generated by the iterations scheme)

B0(z) = 2

∫ 1

0

J2(z
√

1− t2) dt = 2

∫ 1

0

uJ2(zu)√
1− u2

du =
4− 4 cos z − 2z sin z

z2

and for n = 1 in (C.5)

B2(z) = B0(z) + β0(z) = B0(z)− 3j2(z)

As a check, the explicit integral can also be computed.

B2(z) =

∫ 1

0

J2(z
√

1− t2)(3t2 − 1) dt =
4z + 5z cos z − 9 sin z

z3
+

sin z

z
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The �nal integral Il(z) is now solved. We have

I2n(z) =

∫
π

0

J1(z sin θ)

z sin θ
P2n(cos θ) sin θ dθ

=
1

2

∫
π

0

(J0(z sin θ) + J2(z sin θ)) P2n(cos θ) sin θ dθ =
1

2
(A2n(z) +B2n(z))

The �rst value is

I2(z) =
1

2
(A2(z) +B2(z)) =

z(2 + cos z)− 3 sin z

z3

In summary, the integral Il(z) = (Al(z) + Bl(z)/2 is computed by (C.1) and
(C.5) and the value of B0(z).
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