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Abstract

This paper contains the analysis of the transmission problem with a spherical,
dielectric (possibly lossy) shell. The sources to the problem are located inside
the spherical, dielectric shell. Two different source configurations are investi-
gated — an off-center located electric dipole and a circular Huygens surface.
An exact modal series solution of the transmission problem is found and the
solution is numerically illustrated for a series of shell thicknesses. The accu-
racy of the solution is tested by a power balance computation, which typically
gives at least 10 significant figures.

1 Introduction

The aim of this paper is to develop an exact modal series solution to the radiation
problem of a given source configuration in the presence of a radome. The most
simple geometry accessible for this purpose is that of a spherical geometry. The
geometry might not be a candidate for a real radome construction, but it serves as an
excellent verification case for various numerical implementations of electromagnetic
problems that rely on approximations. This enables an accurate comparison of
these approximations with the results of this spherical case, which is solved with
high accuracy.

The solution to this problem of spherical geometry is found by separation of
variables, and the solutions in the different regions are found in terms of spherical
vector waves [3]. Two different sources are investigated — the simple off-centered
electrical dipole and a disk with prescribed electric and magnetic surface fields. To
avoid degradation in the accuracy of the solution, all involved integral must be
solved with machine precision. To this end, no integrals that appear in this paper
are solved by numerical integration, but as finite sums of special functions, which
can be calculated with machine precision. An advantage with the analysis presented
in this paper is that the accuracy of the method can be stated. In general, at least
11-13 significant digits are obtained.

The plan of the paper is as follows: In Section 2, we solve the transmission
problem with a general source configuration. The solution is illustrated with a
vertical electric elementary dipole and a circular disk with constant surface fields
(Huygens surface) in Sections 3 and 4, respectively. Some conclusions of the paper
are found in Section 5, and the paper ends with three appendices that contain
definitions and exact evaluations of the pertinent integrals that appear in Sections 3
and 4.

2 Special radome problem — spherical shell

In this section, we adopt a simple canonical geometry, a spherical shell of inner
radius a and outer radius b, see Figures 1 and 2, as a way to verify the errors made
with geometrical optics and iterative physical optics codes. In general, all three



regions of the setup have different material parameters, but in most applications the
material inside and outside the spherical shell are the same.

2.1 Expansions of the fields

We divide the geometry into four different regions, see Figures 1 and 2:

1. The region inside the spherical shell and inside the smallest circumscribed
sphere (centered at the origin) of the sources (this region has material param-
eters €; and pq and wave number k)

2. The region inside the spherical shell and outside the smallest circumscribed
sphere (centered at the origin) of the sources (this region has material param-
eters €; and pq and wave number k)

3. The region inside the spherical shell with material parameters €; and py and
wave number ko

4. The region outside the spherical shell with real-valued material parameters e
and p and wave number £

In each region, we expand the field in spherical vector waves, outgoing w, (kr) and
regular v, (kr), respectively, see Appendix A and [3, Chap. 7] for their definitions.

The pertinent expansions of the electric fields in the four regions are (note the
appropriate wave number in the various expansions)

(Eoo(r) =Y au,(bir), d<r<a

n

E.(r) = Zrnanvn(klfr), 0<r<a

n

Ei(r) =Y anvu(kar) + tyanug(kor), a<r<b

Ey(r) =) foun(kr), r>b

\

Here, the index n denotes a four index set n = {r,0,l,m}, 7 = 1,2, 0 = e,0,
m=0,1,...,], and | = 1,2,..., see [3]. Below, we also adopt a three index set
n = {o,l,m}. The field E.(r) is the excitation field without the spherical shell.
This field is prescribed and fixed. The field E,(7) is the field that is reflected by the
spherical radome. The total field inside the spherical shell, d < r < a, is the sum of
these two fields, i.e., Eiy(r) = Eexe(T) + Erof(r). The field E;(r) is the total field
inside the spherical shell, and E(r) is the field that is transmitted to the exterior
region. The difference between the fields Eq (1) and Ejy (1) = Eexe(T) + Eror (1)
demonstrates the effect of the radome.
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Figure 1: The geometry of the transmission problem of a vertical electric dipole p
inside a spherical shell. The dipole is located at dz.
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Figure 2: The geometry of the transmission problem of a circular disk of radius
d inside a spherical shell of inner radius a and outer radius b. The the smallest
circumscribed sphere of the disk has the radius d < a.



The corresponding magnetic fields are

(17170 H e (1 Zanun (kir), d<r<a

inino H et (T Zrnanfvn (kir), 0<r<a

inonoH 1 (r Zanvn kor) + tyanug(ker), a<r<b
inmoH ¢(r Z foun(kr), r>b

\

where 7 is the wave impedance of vacuum, and 7, 12, and 7 are the relative wave
impedance for the corresponding material, and where we have introduced the dual
index m = {Toml}, where the dual index to 7 is defined by 1 =2 and 2 = 1.

The electric and magnetic fields inside the spherical shell, but outside the in-
scribed sphere of the sources, are

Eint(r) = Eexc(r) + Eref(r)u Hint(r) = Hexc(r) + Href(r>7 d<r<a

Note that we assume that the generating sources are fixed, and not altered by the
presence of the spherical shell. Consequently, we have simplified the problem, and

we do not account for the effects made by the shell on the sources inside the spherical
shell.

2.2 Solution of the radiation problem

The boundary conditions on r = a and r = b, i.e., # X E and 7 x H continuous on
these surfaces, imply for 7 =1

(0 (&(kna) + rty(ra)) = Z—:Oéu (r(kat) + t116 (ko))
a1 (€(kna) + rut(kra)) = Z—Za (ko) + t118] (kra)

o (1 hat) + (kb)) = 2 s ()
(61 (Fab) + i (ab)) = 22 (kD)

and for 7 = 2, the boundary conditions give

(a1 (€1(00) + ot (a)) = et (6] (a) + € 120)
az (€k1a) + ra(kya)) = Z—”a (talkz0) + tars(hz)
0 (U(hab) + L€l (kb)) = 2 P (kD)

(1) + tai1) = k’?"“’ S futa(kD)




where & (z) and v;(z) are the Riccati-Bessel functions (for their definitions, see
Appendix A and [3, App. B.3.3|). Divide the equations with each other pairwise.

G(kia) +ruu(kia) — mo ti(kea) + tu&i(kea)

= =A
&(kva) + ruvy(kra) — muj(kea) + tug)(kea) — "
i (kab) + 11161 (kad) _ ﬂ&(kb)
Yy (kob) + t1&](kab) 12 & (kD)
and
& (kra) + ro)(kra) B @%’(ba) + t91&) (koa) ~ Ay

&(kia) + rohi(kra) — nyy(kea) + tu&(kea)
Ui (kab) + tugj(kab) 1 & (kD)
Yi(kab) + tu&i(kab) M2 &(KD)

Solve for r,; and t,;. The result is

(7"11 _ Aug(kia) = &(kra)
AuW(kla) — hi(k1a)

. ~ &G(kO)iy(keb) — & (kb)Y (ksb)

[ GRD)E (Rab) — (k)G (kD)

and

'Tﬂ _ AnGi(ka) — §(ka)
Aghi(kra) — y(k1a)

. ~ G(kD)i(Kob) — T2E(KD)Yr (Rab)

1T g (Rb)&(Rab) — & (kb)E] (kab)

There is some resemblance between the transition matrix elements of a dielectric
sphere, see (8.7) on page 420 in [3], and the coefficients t,; above. Note that the
factors A,; contain the factors ¢,;, which are explicitly given by the second expression.
Finally, the unknowns f,; and «;; are solved in the known r,; and ¢,;. We get

P @&(kla) + r(kra) .
Yk Yi(koa) + t1&(koa) 1
— £¢l(k2b> + tllfl(kgb)

\

fll iy &(k:b) Qaq)
and ) )
Ogg = ks & (k1a) + T21¢z(k1a)a2l
k1 ] (kaa) + to&] (kea)
K (kab) + tn&j (Kob)
le T Qg

ky & (kb)
The transmission problem is now formally solved, but some simplifications can be

made with the use of the Wronskian for the Riccati-Bessel functions, ¢;(z)&(2) —
P)(2)&(2) =1 (3, App. B.3.3|. In fact, the numerators in the expression of a,; and



f- contain the expressions

and

iA
§(kra) + rui(kia) = — A1l¢;(k1;) - i(kra)
1§ (kb)

Yi(kab) + t1u&i(kab) = &1(kb)E] (kab) — "2&](kb)& (Ksb)

iA
fl/(klél) + 7'2lw2(k1a) = Alel(kli”) 2i wZ(leL)

| . (k)
Py (k2b) + t2&) (k2b) = & (kb)&i(kob) — 2&(kb)& (K2b)

These expressions simplify the values of oy and f,;.

and

These are the final expressions of the transmission problem. For a given excitation
field Eq.(7), we compute the expansion coefficients a,,. The unknown coefficients
trn, Trny Qrn, and f, are then found from the expressions above, and all fields can
be evaluated.

3 Vertical electric elementary dipole excitation

The first simple excitation is a vertical electric elementary dipole located a distance
d > 0 along the positive z-axis. The electric field of this excitation is proportional

to

/

au = —Z—f (Al (kra) — wl(kjf)l)%(kw) +tu&i(kea))
fu= % :_le(kb)g;(@b)l— &1 (k)& (k2b)

Ayl (kya) — wz(kla?)u(wé (k2a) + &) (k2a))
) ks iAgay

7 T (Aartn(kra) — Gj(kia)) (9](kza) + £ (ko))
1

_®
= T E ) — EDE D)

a2y

\ (Axti(kia) — Yy(kia)) (Yi(ka) + tu&i(kea))

EeXC('r) = UQeOl(/{Zl (r — d%))

The corresponding magnetic field is




3.1 Determination of the expansion coefficients a,,

The determination of the expansion coefficients a, for this excitation is now ad-

dressed.
The far-field amplitude of this excitation (no radome present) is |3, Sec: 4.1.3]

and (A.1)
e—ik1dc059 R 3 e—ik’ldcose
FO(I'A“) = _i—AQe()l(’lA“) =104/ —sinf—— (31)
kl 8TE k‘l

The translation properties of the spherical vector waves easily determine the
expansion coefficients a,,. We have, see (B.1)

(ki (r+d)) = > Ruw(krd)u (brr), r>d (3.2)

From this relation, the expansion coefficient a,, = Roeo1.n(—k1dZ) = Ryp.2001(k1d2)
are readily found. The explicit expressions of the translation matrix R, are given
in Appendix B and |3, Appendix F.7]. More precisely, the translation matrix is

Rromi2e01(k1dZ) = 20 204.60m,0C01,01(k1d, 0)

where the matrix Cy,; vy is explicitly given in Appendix B and |[3]

1 \/(2z +1)(20 + 1)

A =14
Coge(dm) =3 2, 7@ +1) I+l +1)
A=|1-1|

X (é ZO 3) 10+ 1)+ E( + 1) = A+ D] ja(krd)Pa(cosn)

and where ( ) denotes the Wigner 3-j symbol [2]. The explicit value of a,; is
(1=1,2,...)

I+1
L 3(20 +1)
o= 0r200 o0 =N () 4 1) [ )
ra = Grabaedno ) i72AED) 8I(1+1)

A=l—1

« (é : 3) U+ 1) +2 = MO+ 1)]jx(krd)

To the lowest order in powers of k1d, we have

2
1 10
Arn = 07.200,00m,001,13 (O 0 0) + O(k1d)

= 0:200.e0m,0011 + O(k1d), as kyd — 0

If the dipole is located at the origin, the expansion coefficient for the vertical electric
dipole is @y, = 0:200,60m,001,1-



3.2 Power transmission and far-field amplitude

The electric field in the far-field zone is |3, (7.31) on page 376]

where the far-field amplitude is
~ 1 i—=l+7—1 ~
F(T) - E ; anl ATn(T>
7=1,2

With the spherical geometry and the dipole excitation along the z axis, only 7 = 2,
o = e, and m = 0 contribute, see (A.1).

R ~8in 6 o= . 20+ 1
F('r) = _0_;1 m (COSQ)le

The input power on a surface inside the radome that encloses the sources is [3,

Eq. (7.18)]
Z Z lan|* (1 + Rery)

=1 =1

lIl

B Qk%n(ﬂh

The radiated power on a surface that encloses the entire structure is

rad 2]{32 ZZ’le

=1 =1

The following quotient is of interest to compute:

2
Prad _ k%nl Z?il 27:1 ‘f‘l'l|2
Pu o k2320, 307 lanf? (1+ Rery)
Notice that this quotient, by energy conservation, for real-valued parameters has to

be identical one. This is used in Section 3.5 as a tool of verification of the numerical
precision of the code.

(3.3)

3.3 Near-field calculation
3.3.1 Internal field

The interior field excited by a vertical electric dipole located at dz consists of two
parts. The direct excitation is

) ‘R [3 . o &R (3.
Eoo(7) = Uneo1 (k1 (r — d2)) = _gll(ﬁ}% ) g sin 00 + glkf%}l{?) o cos'R




where R = |r—dz| and cos ¢’ = (z—d)/R (distance and polar angle in the coordinate
system located at the source, respectively). We also have

£1(z) = —e* (1 + é)

{R = P.sin® + 2 cost’

and

~t
O =+.cosf —2sinf

where 7. = (z& + yy)/+\/2? + y>. In terms of the global unit vectors 7. and 2z, we
get

3 (kR
E . .(r)= g{—fll(ﬁ}% ) sin @ (cos @'r, — sinf'z)

€1(k1 )

2 k3 R?

cos @' (sin@'r. + cos6'z) }
or in the units vectors evaluated at the origin

3

Boo(r) = /> {_fi(klm

k1R

. s s o 0 o
o sin 0 (rsm(@ 0") + 6 cos (6 9))

+2 51]5511%2 ) cos ' (f“ cos(f — 0') — @sin(0 — 9’)) }

The corresponding magnetic field is

L [Bamn)

Hexc - GIA
") = fonVar mr Smfe

In addition to this direct excitation, we have the reflected field

Epef(r) = ZT%OlaQeOl (%é )A2eoz + VUl + 1 kQ 5 ABeOZ 7A“))
17

=1

and

¢l(k1T) A .

1e0l (’l" )

Href( :1 E 726012601 feur
Mo =5

and the total internal field is
Eint(r) - Eexc(r> + Eref(’r)a Hint(r) - Hexc<'r) + Href<r>

The modulus of the local Poynting vector is an appropriate quantity to calculate
(we here assume the magnetic field has only a 7 = 1 contribution, which is correct
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for the vertical electric dipole excitation along the z axis).

(S(1)) (r) = 5 Re (Eyu(r) x Hiy(r)

= %Re (B (r)Hj(r)) 2 — %Re (E.(r)Hy(r)) e, 0<r<a
where E, = Eiy - e, B, = By - 2, and Hy = Hyy - ¢, and
1
(SE) (M = 5 {|Re (B (r)H ()| + |Re (B, (r) H(7)) \2} , 0<r<a

3.3.2 External field
The external field outside the spherical shell is (r > b)

A (kr) X
Zfzeoz ( + VIl +1 gllfz 57 Azeor (T )

or more explicitly in terms of the functions n;(z) = Pj(z) and the Legendre polyno-
mials P;(x), see (A.1)

Z Jaeor 1 2; l+—i—1 1 (—96;!?") m(cos @) sin @ + (1 + 1)512(2]?;) P;(cos 9))

In particular, for a dipole at the center of the spherical shell, d = 0, only [ = 1
contributes, and the electric field is

B.(r) = f\/;( LIRS L

3.4 Illustrations

The results above are illustrated in this section.

3.4.1 Transmission

The transmission quotient in (3.3) is illustrated for a vertical dipole located at 0.5a2
with interior material parameters €¢; /¢ = 1 and p;/p = 1. The material parameters
of the lossy shell (thickness t = \/4, where A is the wavelength in the exterior
medium) are €3/e = 3 + 6.4i/ka and po/p = 1 (blue curve) and ez /e = 3+ 0.64i/ka
and po/p = 1 (red curve). The value of the imaginary part of € corresponds to a
conductivity o = 0.017 S/m and ¢ = 0.0017 S/m, respectively,' and the result is
illustrated in Figure 3.

!The conductivities are constructed from a loss tangent of 0.01 and 0.001, respectively, at 10
GHz and a = 1 m.
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Prad/]Din
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10 20 30 40 50

Figure 3: The quotient P,.q/P;, for vertical electric dipole located at 0.5a2 of a
lossy spherical shell versus the electrical radius (scaled frequency) ka. The data
used in the figure are given in the text.

[F(0)]

1.2 1

0.6 ¢ \tki\ -
0.4 1

=
=2
// == )\
024
30 60 90 120 150

Figure 4: The far-field amplitude |F'(0)| for a vertical electric dipole at dz = 0.5a2
versus 6 for a = 3\ at three different thicknesses t of the shell. The material data
used in the figure are given in the text. The dashed curve is the far-field amplitude
from the vertical electric dipole located at dz without a lossy shell. The amplitudes
are normalized to amplitude one at § = 90° in the absence of the lossy shell.
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3.4.2 Far-field amplitude

We illustrate the absolute value of the far-field amplitude for a translated vertical
dipole and a spherical lossy shell (e5/¢ = 3(1+0.01i), and po/pu = 1) in Figures 4-6.
The interior medium is lossless €;/e = 1, u1/p = 1. The electric size of the inner
surface of the shell is ka = 3-2n,10 -2, 20 - 21 and the shell is ¢ = A/4, A/2, A thick,
respectively, where X is the wavelength in the exterior medium.

3.4.3 Internal field

The modulus of the Poynting vector, |(S(t)) ()], is depicted in Figure 7 in the y = 0
plane in arbitrary units. The material parameters of the shell is €5 /e = 3(1+ 0.01i),
p2/p = 1. The radius a = 3\, and the shell is ¢ = \/4 thick, and d/a = 0.5, where
A is the wavelength in the exterior medium.

3.4.4 Near field

The modulus and the phase of tangential external electric field, 8- E,(r) — with and
without spherical shell — at a fixed radial distance » = 20\ versus 6 are depicted
in Figures 8 and 9, respectively. The interior medium is lossless €1 /e = 1, py/p = 1.
The vertical electric dipole is translated along the z axis by a distance d = 0.5a.
The material parameters of the shell is ea/¢ = 3(1 + 0.01i), po/p = 1. The radius
a = 10\, and the shell is ¢ = \/4 thick, where X is the wavelength in the exterior
medium.

In Figure 10, the absolute value of the total electric field, |E(r)| — with and
without spherical shell — is depicted. This field contains a small radial component,
but the deviation from the corresponding absolute value of the tangential compo-
nent, |- Ey(r)|, is small, see Figure 8. All other data are identical to Figures 8 and
9.

3.5 Verification

The numerical implementation is verified with two different methods, which are
discussed in this section.

3.5.1 Power conservation

The first and most obvious way to verify the numerical implementation is to see how
power conservation is satisfied. For real-valued material parameters, the expression

k%nl‘f‘rl’Q
k2njan|? (1 + Rery)

should be zero for all indices 7 = 1,2 and [ = 1,2,.... Typical value for the
computation presented here is 107'3, and reflects the numerical precision of the
Wronskian of the Riccati-Bessel functions.
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[ F(0)]
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18" 41;:)\/4
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0.4 \ /’ "' l I V/\‘ I8
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Figure 5: The far-field amplitude |F'(0)| for a vertical electric dipole at dz = 0.5a2
versus 0 for a = 10\ at three different thicknesses t of the shell. All other data are
identical to the ones given in Figure 4.

[F(0)|
25 }
—t=)\/4
5 1 — = )\/2
=2
151

1 -- ‘ ! )
05 \"“I\l;‘,. f'»/\\\ / “ LT
N N“ “u N

30 60 90 120 150 180

Figure 6: The far-field amplitude |F'(0)| for a vertical electric dipole at dz = 0.5a2
versus 0 for a = 20\ at three different thicknesses ¢ of the shell. All other data are
identical to the ones given in Figure 4.
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10

kz O

—10

—10 0 10
kx

Figure 7: The modulus of the Poynting vector, |(S(¢)) (r)| inside the shell in the
plane y = 0 in arbitrary units. The radius a = 3\ and the remaining data of the
figure are given in the text. Note that the infinite peak at the location of the dipole
has been truncated. The location the vertical dipole is marked by a small black
circle.

3.5.2 Shell of zero thickness

Another test is to let the radome have zero thickness and compare to the known
expression of the excitation Fy(7), see (3.1). In this test the material parameters
inside and outside the radome have to be identical (¢;/¢ = 1, puy;/u = 1). The
relative error is of the order 1071

4 Circular disk with constant surface fields excita-
tion (Huygens surface)

The vertical dipole excitation in Section 3 gives a first case of verification. Another
excitation for verification purposes is a horizontal, circular disk of radius d with
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9~Et(0)‘
6-1073 7
5-1073 1
4-107% 1
3.10°3 AP e
2.1073 1 \ JVA
1108 T \
, L ] 0 (Deg)
30 60 90 120 150 180

Figure 8: The absolute value of 6- E(0) versus 0 at a fixed radial distance r = 20\
for a translated vertical electric dipole. Data of the spherical shell are given in the

text. The dashed curve is the field without the spherical shell.

arg <é : Et(ﬁ)) (Deg.)

180 — T ,
n I I [

n n Iy I n

N 11 o "I I
1 i | 1

1201 ¢

60 1

—60 +

—120 ¢

0 (Deg.)

—180 1

60 90 120 150 180

Figure 9: The phase of 8 - E(0) at a fixed radial distance r = 20\ versus 6 for a
translated vertical electric dipole. Data of the spherical shell are given in the text.
The dashed curve is the field without the spherical shell.
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[E¢(0)]

30 60 90 120 150 180

Figure 10: The absolute value of E(6) versus 6 at a fixed radial distance r = 20\
for a translated vertical electric dipole. Data of the spherical shell are given in the
text. The dashed curve is the field without the spherical shell.

fixed surface field distribution, see Figure 2. Assume

Boolr) = BH(d — )i, Heo(r) = ——2H(d - r)#, ==0
oM
where Ej is a constant, complex-valued number and H(xz) is the Heaviside func-
tion. This source on the disk radiates upwards in the 2 direction (¢f. plane wave
excitation).

This excitation is of non-standard type. Usually, we require a specification of
only one surface field to get a well-behaved solution to the problem. Here, we specify
both the electric and the magnetic fields on the disk, which is acceptable in this case,
since we do not require a boundary condition on the disk.

4.1 Determination of the expansion coefficients a,

We now determine the expansion coefficients a,,, for this disk excitation. To accom-
plish this, we use the far-field amplitude generated by this source.
The far-field amplitude is, see [3, (4.19) on page 198] (¢ = ¢; and pu = pq, and

~

v=2)

ik -
FO(IIA‘) = 14_;7?‘ X // |:2 X Eexc(r/) — ’]70771/;‘ X (2 X HeXC(T/))] e—lk’1’r‘~7‘ dS/
S

ik E 2n d A . R o,
— _Ros o / / [& — 7 x gle M7y drl d¢f
4 o Jo
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where r./ = /& + y'y and v, = |r/|, and S is the upper surface of the disk.
Simplification of the exponent gives

ik E
Fo(’f’) = —1 ZL-[ 0 r ﬁg r X / / —ikyr,, sin 6 cos(¢’ ¢) / dT’ d¢

where 7 = @ sinf cos ¢ + ¢y sinfsin ¢ + z cos . Evaluation of the ¢ integral gives

. E d
Fo(i) = ME0i iy - :%,)/ v Jo(kir! sin 0) dr,
0
o idEOJl(kldsin 0) ~ ~ ~
T 2sind x(rxy-a)
krd2Ey J, (k1d sin 0 . .
S 5 0 Jll(glcllsiinH ) (1+ cos®) (0 sin ¢ + ¢ cos gzﬁ)

since [ xJo(x) do = xJ;(x). This is the exact expression of the far-field amplitude
for the source analyzed in this section.

From the far-field amplitude, we construct the coefficients a,,, that is the input to
the computations for the transmission problem with the spherical shell in Section 2.
We have, see |3, page 378]

Ury = 17277 ky / / AL, (7) - Fo() dQ
Q

- T//Am Osm¢+¢COS¢> h(6) d

where

kldEOJl(kldSiIl 6)
2sinf
We focus on the integration in the azimuthal angle ¢. The following integrals

are of interest: )
" cos mao B 1
/0 Cosgb{sinmd)} do = 11 {O}

. cos mao 0
/o Smé{sinmqﬁ} dgzﬁ:néml{l}

and as consequence, only m = 1 survives in the integration of the azimuthal angle
¢. The definition of the vector spherical harmonics implies, see (A.2) or in [3, (C.13)
on page 632]

h(0) = (14 cosf)

and

dpeOmiilmy/21
_ 9% itn +1 / m(cos 0) + 7;(cos §)) h(6) sind dd

a n
' V2ri(l+ 1)

and

a . (50-05m1i TE\/ 21 —|—
. VoIl + 1)

/ m(cos ) + 7(cos @) h(6) sinh df
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where

() = Pil)
7(x) = (I + 1)Py(x) — 2P)(x) = ?Py(z) — m_1(z)

The combination of Legendre polynomials in the integrand has the form

(m(x) + () (1 +2) = % l(gllilf

Pl+1(x) + l(l + 1)Pl(l’) + Pl_l(l’)

To evaluate the coefficients a,,, we need to find

J in 0
I(2) :/0 %PZ(COSQ) sin 6 do
Notice that [;(z) = 0, if [ is an odd, positive integer. Fortunately, these integral
have a closed form solution. A proof of this integral is given in Appendix C. In
terms of the integral I;(z), the expansion coefficients are

_ 5Ue5mlilﬂ:<k1d)2Eo

a1y = NN {1I1(kyd) 4+ (214 1)L, (krd) + (14 1) [_1 (krd)}

and
a . 5005mlil_1ﬂ(l€1d)2E0
e ARl 1

The far-field amplitude is then recovered in terms of an expansion in vector spherical
harmonics 3]

(U (Frd) + (20 + V) L(kyd) + (1 + DIy (ki d)}

1 et
Fy(r) = T Z Ui T AL (7)

n

7=1,2
or more explicitly
o (kd)’Eo .
Fy(r) = e <0 sin ¢ + ¢ cos gzﬁ)
" i (L111(kd) + 2L+ 1) [i(khd) + (L + 1) 111 (k1 d)) (my(cos B) + 1 (cos 6))
I(1+1)

=1

4.2 Power transmission and far-field amplitude

The electric field in the far-field zone is [3, (7.31) on page 376]

eikr

Ei(r) = F(7)

r

where the far-field amplitude is

. 1 o .
F(T) = E Z Jrad o lATn(r>

7=1,2
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With the disk geometry of this section, only m = 1 contributes in the sum, see (A.2).

We proceed as in Section 3.2, but now the explicit form of the vector spherical
harmonics for m = 1. Again, the quotient of the radiated and the incident power is
of interest to compute

2
Prad _ kj%nl Z?il 27—:1 |f7'l|2
B g DY Z?—:l lan|* (1 + Rern)
Notice that this quotient, by energy conservation, for real-valued parameters has to

be identical one. This is used in Section 4.4 as a tool of verification of the numerical
precision of the code.

(4.1)

4.3 TIllustrations

The results above are illustrated in this section.

4.3.1 Transmission

The transmission quotient in (4.1) is illustrated in Figure 11 for a circular disk with
constant surface field excitation. The disk is centered at the origin with interior
material parameters €; /€ = 1 and p1/p = 1. The radius of the disk is d = 0.5a. The
material parameters of the lossy shell (thickness t = A\/4, where A is the wavelength
in the exterior medium) are e/ = 3 + 6.4i/ka and ps/p = 1 (blue curve) and
€2/€ =3+0.64i/ka and ps/p =1 (red curve). The value of the imaginary part of e,
corresponds to a conductivity o = 0.017 S/m and ¢ = 0.0017 S/m, respectively. The
values differ very little from the result for the translated electric dipole in Figure 3.

4.3.2 Far-field amplitude

The absolute value of the far-field amplitude for a circular disk of radius d = 0.5a
is illustrated for a spherical lossy shell (ex/e = 3(1 4 0.01i), and us/p = 1) in
Figures 12-14. The interior medium is lossless €;/e = 1, uy1/u = 1. The electric
size of the inner surface of the shell is ka = 3 - 2r, 10 - 27,20 - 21 and the shell is
t = A/4, \/2, X thick, respectively, where A is the wavelength in the exterior medium.

4.4 Verifications

The numerical implementation is verified with two different methods, which are
discussed in this section.

4.4.1 Power conservation

We verify the numerical implementation by how well power conservation is satisfied.
For real-valued material parameters, the expression

00 2
_ ki 30020 2o |l
k203002, 307 lanf? (1 + Rerp)
should be zero. Typical value for the computation presented here is 1073,
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Prad/Pin

ka

10 20 30 40 50

Figure 11: The quotient P,.q/P;, for circular disk centered at the origin of a lossy
spherical shell versus the electrical radius (scaled frequency) ka. The data used in
the figure are given in the text.

[F(0)]

y

—20 +

—40 +

—60 1

_180—150—120 —90 —60 —30 0 30 60 90 120 150 180

Figure 12: The far field amplitude |F'(0)| for a circular disk of radius d = 0.5a
versus 6 for a = 3\ at three different thicknesses t of the shell. The material data
used in the figure are given in the text. The dashed curve is the far-field amplitude
from the circular disk located at the origin without a lossy shell. The amplitudes
are normalized to amplitude one at § = 0° in the absence of the lossy shell.
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[ F(0)]
——t=\/d
t=\/2
—t=A

llll\l‘,\\
NELRIETITA
‘| Lyl “|l|||IlI
NIRRT ||'
Ll Il.|l| +>

120 150 180

PYARARIE!
\ll|,|,|| 1

_180—150—120 —90 —60 —30 0 30 60 90

Figure 13: The far-field amplitude |F(6)| for a circular disk of radius d = 0.5a
versus 0 for a = 10\ at three different thicknesses t of the shell. All other data are

identical to the ones given in Figure 12.

|[F(0)]
1 = )\/4
E-plane H-plane :t i A/2
—920 4
—40 N‘V"v 1 ,;V“J ‘I i ralay
i u‘ li
\ || Wm '\1 \ | \ ‘.m“M h W
oo \ TN ! " 6 (Deg.)
60 —: 3'0 60 90 120 150 180

—180 150 120 90 —60 —=30 0

Figure 14: The far-field amplitude |F(0)| for a circular disk of radius d = 0.5a
versus 0 for a = 20\ at three different thicknesses t of the shell. All other data are

identical to the ones given in Figure 12.
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4.4.2 Shell of zero thickness

If the shell is of zero thickness or if the material parameters of the shell are identical
to the ones inside and outside the spherical shell (air radome), the far-field amplitude
should be identical to the result without the shell. This result is satisfied with an
error less than 1071,

5 Conclusions

The transmission problem with a spherical, dielectric shell, excited by a source
inside the shell, has been examined. Two different excitations have been analyzed
— a displaced electric dipole and a circular disk with specific values. This problem
has a closed form solution as a sum of spherical vector waves, where the expansion
coefficients can be obtained with high accuracy. All integral are evaluated with
machine precision, which guarantees a solution that can serve as a verification tool
for methods with approximations.

Several generalizations of the transmission problem treated in this paper are
relevant, and they will be addressed in a future study. In particular, the source
configuration, which in this paper has no support and floats in free space, is usually
supported or backed up with a PEC structure. This more complex transmission
problem with a supporting structure (i.e., a scatterer inside the spherical shell)
models the interaction effects between the source and the radome (the spherical
shell) in a more accurate way.
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Appendix A Spherical vector waves

The vector spherical harmonics are defined as |1, 3]

( 1 1

A (i) = mv X (1Y, (i) = mvn(ﬁ X T
SR r r

An() = I0+1) VYa(?)

A (i) = 7Y, (7)

where the spherical harmonics are denoted by Y, (). The index n is a multi-index
for the integer indices | = 1,2,3,..., m = 0,1,...,[, and o = e,0 (even and odd
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in the azimuthal angle).? From these definitions, we see that the first two vector

spherical harmonics, Ay, (7) and As,(7), are tangential to the unit sphere Q in R3
and they are related as

i % Ay (7) = A ()
i X Aoy (i) = — Ay (7)

The vector spherical harmonics form an orthonormal set over the unit sphere 2
in R3, i.e.,

// ATn(If') ’ AT’TL’OAQ) dQ = bpp 07
Q

where df2 is the surface measure on the unit sphere (2.
The vector spherical harmonics for m = 0 for a general [ index are [3, p. 632]

20+1

AlaOZ(T) = ¢5ae m

m(cos @) sin 6

. - 20+ 1 .
\ A200l(7‘) = —0506 mﬂl(COS 9) sin 6 (Al)

20+1
T

As,01(T) = 7040 P;(cos )
\

where m;(z) = Pj(z) (m1(z) = 1). The explicit form of the vector spherical harmonics
form=11is

( o V2U+1 [ —sing . Ccos ¢
Au(r) = m <0TE1(COS 6) { cos } — ¢7i(cosh) {sin¢}>

Ao () = % ({zml(cos 0) {—C (s)isncb} + 07y(cos 0) {Zfrf jj }) (A.2)

2+ cos ¢
k14301l(’r') = m’f‘ S QTEZ(COS Q) {sin¢}

m(z) = Py(z)
7(x) = (I + 1)Py(x) — 2P)(x) = ’Py(z) — m_1(x)

The radiating solutions to the Maxwell equations in the exterior medium are
defined as (outgoing spherical vector waves, w,, (k7))

(k1) = &EjﬂAm('ﬁ)
o (k) = %v « (&Ejﬂ Am(f')>

>The index set at several places in this paper also denotes a four index set, and includes the 7
index. That is, the index n can denote n = {o,l,m} or n = {7,0,l,m}.
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Here, we use the Riccati-Bessel functions §(z) = xhl(l)(x), where hl(l)(a:) is the
spherical Hankel function of the first kind [4]. These vector waves satisfy

V x (V X Urp(kr)) — K, (kr) = 0, T=12

and they also satisfy the Silver-Miiller radiation condition [3]. Another representa-
tion of the definition of the vector waves is

wy, (kr) = & E{kr) Aq,(7)

Ugy (kr) = ;)Aznff‘ V1 z+1& Agn

A simple consequence of these definitions is

1

wy, (k1) = EV X Uy (k1)
1

Uy, (k1) = EV X Wy, (k).

In a similar way, the regular spherical vector waves, v, (kr), are defined [1].

v, (kr) = ¢ll(€kr) A
Yy(kr

Vo (k7)) = . >A2n )+ /(1 wl Asn

where the Riccati-Bessel functions v;(x) = zj;(x), where j;(x) is the spherical Bessel
function of the first kind [4].

A

1n(r)

Appendix B The translation matrices

The translation properties of the spherical vector waves are well know, and we refer
to, e.g., [1] for details.
Let ¥ = r + d, see Figure 15. Then

(v, (k') = 3" Ry (kd)v, (kr), for all d

— ZRm/(kd)un/(kr), r>d (B.1)

= ann/(kd>'vn/(kr>, r << d

\

Translation in the opposite direction is identical to the transpose of the translation
matrices, ¢.e.,

Ri(kd) = R(—kd), P'(kd) = P(—kd)
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Figure 15: The relation between the translated origins O and O’ and the position

vectors r and 7 at the different origins.

Denote the spherical coordinates of =, v/, and d by (r,0,¢), (',0,¢'), and
(d,n, ), respectively. The translation matrices for a translation d (d < 0) are [1]

Promitomr (kd) = (—1)™ Contrr (kd, ) cos(m — m’ )y
+ (=1)? Cont,— e (kd, 1) cos(m + m' )y

m+JC

ml,m’l’

Piomiiormr (kd) = (1) (kd,n) sin(m —m')y
+ Cont—mev (kd,n) sin(m +m')p, o # 0

Promizermi (kd) = (=1)™ 7 Dy o (kd, 1) cos(m — m' o
— Dyt~ (kd,m) cos(m +m' ), o #0o’

/

Promi2omr (kd) = (—=1)™ Dy (kd,m) sin(m — m’)y
+ (=1)? Dyt — v (kd, m) sin(m + m/ )y

Paomtrormv (kd) = Promizarmn(kd), 7=1,2

where
(=)™ e e

Cv’ml,m’l’(kd7 7]) - 9 4
L \/(2z+ D20 + 1) (n — (m —m))!

’ ;, e N T DT+ D0+ (=)

« (l v ”) (l 3 ”m) U0+ 1)+ 00 +1) = n(n + 1)

000 —-m' m -

x hD (kd)P™ ™™ (cosn)
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—1)ymtm e e
Dml,m'l'(k/‘dw):( )2 V4

e (21 + D20 + 1)(n — (m — m"))
- n:lz_;,lﬂll et 1)\/z(z FOIT+ )+ (m—m))!

I ' n—1 l U n 5 3
X(O 0 0 )(m —m/ m’—m) n?— (-1
x /(141" +1)2 — n2hY (kd)P™ ™ (cos )

where €, = 2 — d,,,0 is the Neumann factor, and where ( ) denotes Wigner’s
3j symbol [2], and
o 1, o=e
(1) = { 0
-1, o=o0

Note that the factors i =" in C\y e (d, ) and i¥ =4+ in D,y o (d, ) are always
real numbers, due to the conditions on the Wigner’s 3j symbol.

The translation matrix R, (kr) is identical to P, (kr) but with hg)(kd) re-
placed with j,(kd).

Appendix C Important integral

In this appendix, we present a recursion algorithm to compute the integral I;(z).
We have

Ii(2) :/ MP[(COSH) sin 0 d6
0

zsin 6

— %/On (Jo(zsinB) + Jo(zsinf)) P;(cosf) sinf df = % (Ai(2) + By(2))

The evaluation of the integral I;(z) is accomplished by computing three integrals,
viZ.,

Ai(2) :/ Jo(zsin0)P;(cos @) sinf do
0

Bi(z) :/ Jo(zsinf)P;(cos @) sin b do
0

Ci(z) :/ Jo(2sin 0)P7(cos f) sin 0 df
0

\
Only [ an even integer gives a non-zero value of these integrals.
The integral representation of the Bessel functions implies

1 2n T
Al(z) = ﬁ/o /0 eizsin0cosdp (cosf) sin f df do

- / / P (2 - ) dQ = 21,(2)Py(0) (C.1)



27

where we used the integral representation of the spherical Bessel function, see [3,
page 63§]
. izk-7
am YO'm Q
3z Yom( " dnil / / (

with k = x, m = 0, 0 = e. Similarly, the integral representation of the Bessel
functions implies

1 2n L )
Ci(z) = ~5- /o /o eizsin0coso AP (0g ) sin § df de
1 27 T
- / / eiZsn0cos@P2 (050 cos 2¢ sin § df do = —2i'j;(2)P?(0)
TJo Jo

Withl;:::i',m:la:e.
The integral Cj(z) is now rewritten by the use of the differential equation of the
Legendre polynomials. We get

Ci(z) = / Jo(zsin 0)(1 — cos® 0)P} (cos ) sin 6 do
0
= / Ja(zsin6) (2 cos 0P (cos ) — (I 4+ 1)P;(cos b)) sinf de
0
= 2/ Jo(zsin6) cos @ Pj(cosf) sinfdf — (I + 1)Bi(z) (C.2)

0

where

1

Bi(z) = /On Jo(zsin0)P(cos ) sinfdh = / Jo(zvV1 = t2)P(t) dt

-1

The first term on the right-hand side in (C.2) is now rewritten as (only [ = 2n,
n=1,2,... has a non-zero contribution)

/ Jo(zsin ) cos O P, (cos @) sinfdf = / Jo(2V1 — 2)tP,, (t) dt
0

-1

_ / Ja(:VIT— )Y aPo(t) dt =Y a1 Bui(2)

1 k=0 k=0

were
n

tpén(t) = akng(t) (03)
k=0

The coeflicients ay are determined by (n =1,2,...)

4k +1 !
; /tP’Zn(t)sz(t) dt, k=012, n
—1

A =
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The special value at k£ = 0 is first addressed.

1 1
ap = 5/ Pl(t)P/Qn(t) dt = 1, n = 1,2, R
-1

since, see |3, (C.1) on page 623]

1
/ PL ()Pamer(t) dt = 2(1— 6,n), m=0,1,2,....n (C.4)
“1

All other coefficients a; are computed by employing the recursion relations of the
Legendre polynomials. We get

1 1
ap = 5/ PIQn(t) ((Qk + 1)P2k+1(t) + 2kP2k—l(t)) dt> k= 1’ 27 RREAL
-1

since 3, page 622]
(4k + 1)tPor(t) = (2k + 1)Pogi1(t) + 2kPor_1(2)
and we obtain by (C.4)
ar = 2k +1)(1 — 0pg) + 2k =4k + 1 — (2n + 1),
In particular, we get
ar=4k+1, k=0,1,2,...,n—1, a, = 2n

and the sum in (C.3) becomes

n—1

tPh, (1) = Y (4k + 1)Poy(t) + 2nPa,(t), n=1,2,...

k=0

Consequently, from (C.2), the integrals B;(z) are related by

2 " arBo(z) — 2n(2n + 1) By (2) = 2b,(2), n=1,2,...
k=1

where
- n: 2 ~ jan(2)(2n 4 2)!
b(2) = =15 (P20 0) = o i — 11
_ (&)@ 42! jm(z)@et DN
T Cn+2@n—2)1  (2n—2) T o

The first terms are



Rewrite the iteration scheme above as

n—1
bn(2)
By, (2) = (4k+1)B - =1,2,...
an(2) 2n—1Z; FOBu() - T Ty
The relation between two iterations is
1 TL bn+1(2)
By, = 4k +1)B —
n+2(2) = L e 1) ;( FOB() = Co e 11
or
4dn + 1
B n — B n
n-2(2) (n+1)2n+1) on(2)
n—1
1 bn—‘rl(z)
4k +1)B
TS ) ko( JBar(z) = (n+1)(2n+1)

dn + 1 n(2n — 1) by (2)
i@ It @ (32"(’2) T an— 1))

bn+1 (Z)
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(n+1)(2n+1)
The final iteration scheme is

bn(2) = bns1(2)
(n+1)(2n+1)

BQnJrQ(Z) :BQn(z)+ B2n( )+ﬁn(z)’ n:071a27"'

where bu(2) — buas(2)
n\Z) — Op41\2
n = y = O, 1, 2, -
5 = i nEn 1) "
The solution of the iteration scheme is
n—1
Ba,(2) :Bo(z)+ZBn(z), n=12... (C.
k=0

The start value of the iteration is (not generated by the iterations scheme)

' L ud A— dcosz — 2zsi
BO(Z> = 2/0 JQ(Z\/l — t2) dt = 2/0 uf(_zz)z du = COSjQ Z 8 z

and for n = 11in (C.5)

By(z) = Bo(2) + Bo(2) = Bo(z) — 3j2(2)

As a check, the explicit integral can also be computed.

! 4z +5zcosz —9sinz _si
By(2) = / B(zVT=P)B — 1) dt = == SRS T
0

5)
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The final integral [;(z) is now solved. We have

" Ji(zsind :
I, (2) :/0 ﬁPgn(COS 6) sin6 do
1

=3 /OTc (Jo(zsinf) + Jo(zsin@)) Py, (cos @) sinf df = %(A%(z) + By, (2))

The first value is

1
2

2+ cosz) —3sinz

1(2) = (Aaf2) + B(z)) = 2

23
In summary, the integral [;(z) = (A;(2) + Bi(z)/2 is computed by (C.1) and
(C.5) and the value of By(z).
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