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u x =
(x, y, z) t

y x z

x, z

Dη = {(x, y, z) ∈ R3 : 0 < y < h+ η(x, z, t)},

{y ≡ 0} h
η(x, z, t) > −h h

u



∇ · u = 0,

ut + u · ∇u = −∇P + F,

u : (x, t) �→ (u1(x, t), u2(x, t), u3(x, t)) F(x, t)
P (x, t) u

P

u2 = 0 y = 0

u2 = ηt + u1ηx + u3ηz y = h+ η

P = P − T

ρ
K y = h+ η.

P T ρ

K :=

[
ηx√

1 + η2x + η2z

]
x

+

[
ηz√

1 + η2x + η2z

]
z

η u ≡ 0
φ u = ∇φ F = (0,−g, 0)

φxx + φyy + φzz = 0 0 < y < h+ η

φ

φy = 0 y = 0,

φy = ηt + ηxφx + ηzφz y = h+ η,

φt +
1

2
(φ2

x + φ2
y + φ2

z) + gη − T

ρ
K = B y = h+ η

B φ
η

(η, φ) Dη



h

Dη

η(x, t)
y

x

Dη

{y ≡ 0}
h+ η(x, t)

x
z

0 |x| → ∞
x

x z

Dη

η



h

x = λx̃, y = hỹ, t =
λ√
gh

t̃,

η = aη̃, φ = aλ

√
g

h
φ̃,

λ > 0 a > 0

δ =
h

λ
ε =

a

h
.

δ → 0

η̃t̃t̃ − η̃x̃x̃ = 0,

η̃(x̃, t̃) = ϕ(x̃− t̃) + ζ(x̃+ t̃),

ϕ ζ t̃0
η̃ ϕ c = 1

ζ ζ
ϕ ζ
η̃(x̃, t̃) = ϕ(x̃ − t̃)

η̃(x̃, t̃) = ϕ(x̃− ct̃) c > 0



δ2 = ε, ε → 0,

η̃t̃ + η̃x̃ +
3

2
η̃η̃x̃ +

1

6
η̃x̃x̃x̃ = 0,

η̃
η̃(x̃, t̃) = ϕ(x̃−t̃) t̃ = ετ

sech2

η̃t̃ + η̃x̃ +
1

6
η̃x̃x̃x̃ = 0.

η̃(x̃, t̃) = exp( ξ(x̃− ct̃)) η̃

c = 1− 1

6
ξ2.

ξ c η̃
c ξ

ξ1 ξ2 c(ξ1) c(ξ2)

η̃η̃x̃
η̃x̃x̃x̃

η(x, t) = εh sech2
[ √

ε√
2h

(
x−

√
gh

(
1 +

εh

3

)
t

)]
,

ε > 0 ε
η, x t



δ =
√
ε
ε

η
ε

2π/3

c =

√
tanh(ξ)

ξ
.

η̃(x̃, t̃)
= exp( ξ(x̃ − ct̃)) φ̃(x̃, ỹ, t̃) = φ̂(ỹ) exp( ξ(x̃ − ct̃)) ξ 	 1

c =

√
tanh(ξ)

ξ
= 1− 1

6
ξ2 +O(ξ4).

η̃t̃ +
[
m(D)η̃ + η̃2

]
x̃
= 0, m(D) =

√
tanh(D)

D
,

m(D)
x̃

m(D)η̃(x̃, t̃) =
1

2π

∫
R

√
tanh(ξ)

ξ F η̃(ξ, t̃) exp( x̃ξ) dξ,

F x̃
ξ

m(D)



|x̃| → ∞
η̃(x̃, t̃) (x̃0, t̃0)

(x̃0, t̃0)
C1/2

2π/3

ε = O(exp(−A1/δ
A2)) A1, A2 > 0

C1/2

c > 0



2π/3

2π/3

C1/2

dU

dx̃
= LU +R(U, λ),

x̃ = x − ct U λ
R R(0, λ0) = 0

DUR(0, λ0) = 0 (0, λ0)

L ξ
L

1 =

√
(α+ βξ2)

tanh(ξ)

ξ
, β =

T

ρhc2
α =

gh

c2
.

β α

L

0 < β < 1/3 β > 1/3
0 < α < 1 α > 1

C1, L ±κ
(β, α) = (1/3, 1) 04+



C2, L ± κ
( κ)2

C3, β < 1/3 α ≡ 1 L 0

± κ 02+( κ)

C4, β > 1/3 α ≡ 1 L 0

02+

02+( κ) C2

|x̃| → ∞ ( κ)2

(β, α) = (1/3, 1) C3

C1 02+ C4

T



C2

C1

C3 C4

α

β

1

1/3

L

(0, λ0)
(U�, λ�) x

z
x

z
z z

x
x̃ = x− ct

dU

dz
= DUt + L�U +R�(U, λ)



α < 1

λ

λ
ξ = 2π/λ

C4 α > 1 C3 α < 1

C2

α > 1
(β, α) =

(1/3, 1) C2

α > 1

(β, α) = (1/3, 1) C1

α > 1



D,L� R� R(U�, λ�) = 0
DUR�(U�, λ�) = 0 U c > 0

dU

dz
= L�U +R�(U, λ).

L� (U�, λ�)

L�

(U�, λ�)
L� ± k� k� > 0

U� λ� U
U� U�

(U�, λ�) (U�, λ�)
(U�, λ�)

dU

dz
= DUt + L�U

t t → ∞ x, z
L�

± k� k� 
= 0
(U�, λ�)

L�

z̃ = λzz λz z
γ = λ/λz

δ2 = ε, γ2 = ε, ε → 0.

(β > 1/3)
(0 ≤ β < 1/3)

C4



C3

C4

C2

C3

(β, α) Ci i = 1, 2, 3, 4

C3

X,Λ Y

F (U, λ) = 0,

F : X × Λ → Y U : Rm → Rn λ ∈ Rl

λ ∈ Λ F (0, λ) = 0
λ λ0 (U, λ)

(0, λ0) (0, λ0)
(q + 1)

q
U (η, φ) λ

α β
η ≡ 0 Φ ≡ 0

(0, λ0) (0, λ0)
(0, λ0)

U
λ λ0

DUF (0, λ0) {(U(λ), λ)}λ



λ (0, λ0)

DUF (0, λ0)
DUF (0, λ0)

(U0, λ0) = (0, 0)

C2 F (0, 0)
DUF (0, 0) DUF (0, 0)

DUF (0, 0)

X = kerDUF (0, 0)⊕ X̃ Y = Ỹ ⊕ coker DUF (0, 0).

Q Ỹ

QF (U, λ) = 0 (Id−Q)F (U, λ) = 0.

U = U1 + U2 U1 ∈ kerDUF (0, 0) U2 ∈ X̃
QDU2F (0, 0) : X̃ → Ỹ

U = U1 + U2(U1, λ)
(0, 0) X×Λ

(Id−Q)F (U1 + U2(U1, λ), λ) = 0.

(0, 0) F
Ck k ≥ 2 Ck−1

DUF (0, 0)
0

F

F (U, λ) =
dU

dτ
− LU −R(U, λ),

U : τ �→ U(τ) ∈ Y L : Z → Y Z
Z ↪→ X ↪→ Y



τ τ Y
R C2 (0, 0)
R(0, 0) = 0 DUR(0, 0) = 0 U �→ dU/ dτ − LU

F (0, 0)
L

Pc

dUc

dτ
= LUc +PcR(U, λ)

dUh

dτ
= LUh + (Id−P0)R(U, λ).

U = Uc + Uh Uc = PcU Uh = (Id−Pc)U PcL = LPc. Uc

L Uc Y
Uc

Uc

(0, 0) Uc τ
Uc R

U = Uc + Ψ(Uc, λ) Uc

L U = Uc +
Ψ(Uc, λ) Ψ

dUc

dτ
= LUc +PcR(Uc +Ψ(Uc, λ), λ),

Uc

F

F (U, λ) = U +K ∗ U +R(U, λ).

U : R → Rn R



R(0, 0) = 0 DUR(0, 0) = 0
K = (Kij)

n
i,j=1 : R → Rn×n

Kij

Kij(x) � exp(−η0x) x → ∞ (0, 0)
T := U �→ U + K ∗ U

H1
−η := {U ∈ H1

loc : ω−ηU
(j) ∈ L2 j = 0, 1},

η ∈ (0, η0) ω−η : R → R

−η T : H1−η → H1−η

Id+F(K)
det(Id+F(K)) |Im z| < η

K det(Id+F(K))

x → ∞ x → −∞
L

K T
T U = V V T

Q : H1−η → ker T
(T ,Q)

QU = Uc T U = −R(U, λ).

H1−η

Uc ∈ ker T
Uc + Ψ(Uc, λ) Uc ∈ ker T

Sτ : U �→ U( · + τ)
τ ∈ R Q

U
SτU τ ∈ R

τ SτU = Sτ (Uc + Ψ(Uc, λ)) ker T U
τ τ = 0

Uc U
Q Q

{U (k)(0)}Nk=0 N ker T



K

S = {(U, λ) ∈ X × Λ : F (U, λ) = 0},
CT = {(0, λ) : λ ∈ Λ} ⊂ S,

U : s �→
U(s) ∈ X λ : s �→ λ(s) ∈ Λ s ∈ (0, ε)
F (U(s), λ(s)) = 0 U(s) → 0 X λ(s) → λ0 Λ
s → 0

Cλ0,loc = {(U(s), λ(s)) ∈ S : s ∈ (0, ε)}.

F

F (U, λ) = U − λLU −R(U, λ),

Λ = R L : X → X R
R(U, λ) = O(‖U‖2) U → 0

λ λ0 ∈ R \ {0} λ−1
0 L λ0

L
λ0 (0, λ0) Cλ0,loc

S ⊂ X ×Λ
Cλ0 Cλ0,loc

X × Λ

(λ�, 0) λ� 
= λ0 λ�

L



L
L R Id−λL−R( · , λ)

Λ ⊂ R F : X ×
Λ → Y U ⊂ X×Λ CT

DUF (U, λ) 0 (U, λ) ∈ S∩U
λ0 DUF (0, λ0)

CT
Cλ0,loc

s ∈ (0, ε) λ(s)
S ⊂ X × Λ Cλ0,loc

Cλ0 s ∈ (0,∞)

Cλ0,loc ⊂ Cλ0 ⊂ S.

Cλ0 (U�, λ�) kerDUF (U�, λ�)
Cλ0

Cλ0

Cλ0

‖(U(s), λ(s))‖X×Λ → ∞ s → ∞

(U(s), λ(s)) U s → ∞

Cλ0

DUF (0, λ0)



λ

U

λ0

∂U

U

λ

U

λ0

∂U

U

Cλ0

∂U

λ

U

λ0

∂U

U

Cλ0

∂U

λ

U

λ0

∂U

U

Cλ0

U U = 0 λ = λ0

∂U

Cλ0,loc

DUF (U, λ) (U, λ) ∈ Cλ0,loc \ {(0, λ0)}



F : X × Λ → Y U ⊂ X × Λ
F (0, λ0) ∈ ∂U

Cλ0,loc s ∈ (0, ε)
U(s) → 0 λ(s) → λ0 s → 0 (U, λ) ∈ Cλ0,loc

DUF (U, λ) (U, λ) ∈ U∩S DUF (U, λ)
0 Cλ0,loc Cλ0 s ∈ (0,∞)

Cλ0 (U, λ) ∈ Cλ0

M(s) := ‖U(s)‖X + ‖λ(s)‖Λ +
1

dist((U(s), λ(s)), ∂U) .

Cλ0

M(s) ∞ s → ∞

sn → ∞ n → ∞ supnM(sn) < ∞
{U(sn)}n X

‖U(s)‖X → ∞ X = Hk(R) k ≥
2 Cλ0

(0, λ0)

cϕ−K ∗ ϕ− ϕ2 = 0,

K m : R → R

m(ξ) =

√
tanh(ξ)

ξ
,



c > 0 c = 1

(ϕ, c) = (0, 1)

(ϕ, c) = (0, 1) H3
u × R

ϕ′′ = −6ϕ2 +
19

5
(ϕ′)2 + 6(c− 1)ϕ

+O
(
|(ϕ,ϕ′)|

(
(c− 1)2 + |ϕ|2 + |ϕ′|2)

))
.

H3
u H3 R

c − 1 > 0

sech2 c − 1 Cloc
(ϕ, c) = (0, 1)

(0, 1) ∈ H3
u ×R

Cloc

c > 1
|x| → ∞ C1/2

ϕ− cKτ ∗ ϕ+Kτ ∗ ϕ2 = 0.

Kτ

�τ (ξ) =

√
1

1 + τξ2
ξ

tanh(ξ)
,

c > 0 τ > 0
τ < 1/3

τ > 1/3

1− c�τ (z) = 0,



02+( k0,τ )

C3 =

{
(τ0, c0) : τ0 <

1

3
c0 = 1

}
.

(τ, c) = (τ0, c0) ∈ C3

0 0 −k0,τ k0,τ k0,τ > 0

( s)2

C2 =

{
(τ0, c0) : τ0 = c20 ·

(
− 1

2sinh2(s)
+

1

2s tanh(s)

)
,

c20 =

(
s2

2 sinh2(s)
+

s

2 tanh(s)

)−1

, s > 0

}

(τ, c) = (τ0(s), c0(s)) ∈ C2

−s,−s, s, s

C2 C3 α =
1/c20 β = τ0/c

2
0

C3

ϕ(x) =
3

2
|μ|ρ1/2 sech2

(
ρ1/4σ1/2|μ|1/2x√

2

)
+

μ

2
(1− sgn(μ)ρ1/2)

+ |μ|k1/2 cos
(
(k0 +O(μ))x+Θ∗ +O(μ)

)
+O(μ2ρ1/2),

μ = c− 1 Θ∗ ∈ R \ 2πZ σ = (1/3− τ)−1 ρ = 1+24k
k = O(|μ|−1−2κ) κ ∈ [0, 1/2) C2

ϕ(x) =

√
−8q0μ

q1
sech (

√
q0μx) cos

(
sx+Θ∗ +O(|μ|1/2)

)
+O(μ2),

Θ∗ = 0 Θ∗ = π μ < 0
q0, q1



β α

β > 0 α < 1

α > 1

C2 =
{
(β, α) : β = − 1

2 sinh2(s)
+

1

2s tanh(s)

α =
s2

2 sinh2(s)
+

s

2 tanh(s)
, s ∈ [0,∞)

}
.

±k∗ k∗ > 0
x̃

± k∗
(β, α)

±k∗,1 ±k∗,2 0 < k∗,1 < k∗,2
k∗,2/k∗,1 = q /∈ N

β α

C2,q =
{
(β, α) : β =

1

(1− q2)s tanh(s)
− q

(1− q2)s tanh(qs)

α = − q2s

(1− q2) tanh(s)
+

qs

(1− q2) tanh(qs)
, s ∈ [0,∞)

}
,

q ∈ N

± k∗,1 ± k∗,2









1:1













1 − 1
6ξ2

m(ξ) :=
√

tanh(ξ)
ξ

.

m
ξ = 0

ut + (K ∗ u + u2)x = 0,

u(x, t)
K

K(x) =
(
F−1m

)
(x) = 1

2π

∫
R

m(ξ) exp( xξ) dξ.



K m
u = ϕ(x − ct) c > 0

cϕ − K ∗ ϕ − ϕ2 = 0.

ϕ : R → R R

c

ϕ : R → R lim|x|→∞ ϕ(x) = 0

ϕ
c
2 − ϕ(x) ∼ |x|1/2

ϕ
ϕ = c

2 −
√

π/8|x|1/2 + o(x) x → 0

(ϕ, c) = (0, 1)

(ϕ, c) = (0, 1)



V ′ ⊂ R c = 1 δ′ > 0
ϕ : R → R supy∈R ‖ϕ( · + y)‖H3([0,1]) ≤ δ′ ϕ

c ∈ V ′ ϕ

ϕ′′ = −6ϕ2 + 19
5 (ϕ′)2 + 6(c − 1)ϕ + O(|(ϕ, ϕ′)|((c − 1)2 + |ϕ|2 + |ϕ′|2)).

c
c > 1 c 1

ϕ c
supy∈R ‖ϕ( · + y)‖H3([0,1]) � c − 1 c 1 ϕ

Cloc (ϕ, c)
= (0, 1) ϕ
c ∈ V ′ supy∈R ‖ϕ( · + y)‖H3([0,1]) < δ′

Cloc

Cloc
C

C

(ϕn, cn) C
limn→∞ ‖ϕn‖H3 = ∞ (ϕn, cn) → (ϕ, c) ϕ

c > 1 ϕ

C1|x|1/2 ≤ c

2 − ϕ(x) ≤ C2|x|1/2 |x| → 0,

0 < C1 < C2



ϕ

0

ϕ(x) � e−η|x|

c
2 − ϕ(x) ∼ |x|1/2

c
c > 1 ϕ R \ {0}

|x| → ∞ c
2 − C|x|1/2 |x| → 0

C =
√

π/8

120◦

C1/2

p I ⊂ R



μ

Lp(I, μ) :=
{

f : R → R
∣∣∣ ‖f‖Lp(μ) < ∞

}
,

‖f‖Lp(I,μ) :=
(∫

I
|f |p dμ

)1/p

p ∈ [1, ∞)

‖f‖L∞(I,μ) := μ x∈I |f(x)| p = ∞.

σ ∈ R

Lp(I) := Lp(I, dx), Lp := Lp(R, dx) Lp
σ := Lp(R, ωp

σ · dx),

dx ωσ : R → R

exp(σ|x|) |x| > 1 Lp
η η > 0

Lp
−η

W j,p(I) :=
{

f : I → R
∣∣∣ f (n) ∈ Lp(I), 0 ≤ n ≤ j

}

W j,p
σ :=

{
f : R → R

∣∣∣ f (n) ∈ Lp
σ, 0 ≤ n ≤ j

}
,

f (n) f 1 ≤ n ≤ j

‖f‖W j,p :=

⎛⎝ j∑
n=0

‖f (n)‖p
Lp

⎞⎠1/p

‖f‖
W j,p

σ
:=

⎛⎝ j∑
n=0

‖f (n)‖p
Lp

σ

⎞⎠1/p

.

W j,p
σ2 ⊂ W j,p

σ1 σ1 < σ2 p = 2
W j,2(I) W j,2

σ Hj(I) Hj
σ

I = R R

Hj

Hj
u :=

{
f ∈ Hj

loc

∣∣∣ ‖f‖
Hj

u
< ∞

}
, ‖f‖

Hj
u

:= sup
y∈R

‖f( · + y)‖Hj([0,1]).



Ck k f : R →
R BUCk ⊂ Ck

k Ck,α

Ck,α :=
{

f ∈ BUCk
∣∣∣ sup

h �=0

|f (k)(x + h) − f (k)(x)|
|h|α < ∞

}
.

Bs
p,q s ∈ R p, q ∈ [1, ∞]

Bs
2,2 = Hs, s ∈ R Bs

∞,∞ = C�s	,s−�s	, s ∈ R+ \ N.

C k(X , Y) k
X Y

Ff(ξ) :=
∫
R

f(x) exp(− xξ) dx

F−1g(x) := 1
2π

Fg(−x).

K
(F−1m)(x)

m(ξ) =
√

tanh(ξ)
ξ

= 1 − 1
6ξ2 + 19

360ξ4 + O(ξ6).

m(0) = 1
∫
R K dx = 1 m /∈ L1 K

K(x) = 1√
2π|x|

+ Kreg(x),

Kreg R |x| → ∞

K(x) =
√

2
π
√

|x|
exp

(
− π

2 |x|
)

+ O
(
|x|−3/2 exp

(
− π

2 |x|
))

,

m K K



m

|m(j)(ξ)| ≤ Cj(1 + |ξ|)− 1
2 −j , j ∈ N

ϕ �→ m(D)ϕ := K ∗ ϕ, Bs
p,q → Bs+1/2

p,q

ϕ c ≥ 1

ϕ ≥ 0

ϕ c > 1 η > 0

exp(η|x|)ϕ(x) ∈ L∞(R),

ϕ

ϕ c > 1 supx∈R ϕ(x) < c/2 x0 ∈ R

ϕ( · − x0) [0, ∞)

ϕ ϕ < c/2

ϕ BUC1 (0, ∞)
ϕ′ < 0 ϕ < c/2 (0, ∞) ϕ BUC2 ϕ < c/2

ϕ (0, ∞) supx∈R ϕ(x) ≤ c/2
ϕ(0) = c/2 |x| → 0

C1|x| 1
2 ≤ 1 + ν

2 − ϕ(x) ≤ C2|x| 1
2 ;

ϕ limx→±∞ ϕ(x)
c > 1

ϕ ϕ ≤ c/2 c ≤ 2



η = ηc c√
tan(ηc)/ηc = c ηc ∈ (0, π/2)
supx∈R ϕ(x) < c/2

ϕ
c limx→±∞ ϕ(x)

lim
R→∞

∫ R

−R
ϕ(ϕ − (c − 1)) dx = 0.

inf ϕ < c − 1 < sup ϕ ϕ ≡ c − 1 ϕ ≡ 0 c ≥ 1
ϕ limx→±∞ ϕ(x)

ϕ
limx→±∞ ϕ(x) K

∫
R K dx = 1

lim
R→∞

∫ R

−R
(ϕ − K ∗ ϕ) dx = 0.

ϕ c

K ∗ ϕ = cϕ − ϕ2,

K
∫
R K dx = 1

0 = lim
R→∞

∫ R

−R
(ϕ − K ∗ ϕ) dx

= lim
R→∞

∫ R

−R
(ϕ − cϕ + ϕ2) dx

= lim
R→∞

∫ R

−R
ϕ(ϕ − (c − 1)) dx.

c ≥ 1 ϕ − (c − 1)
ϕ ≡ 0 ϕ ≡ c − 1

ϕ
ϕ

φ ≥ 0

φ ∗ (ϕ − K ∗ ϕ) = φ ∗ ϕ(ϕ − (c − 1)).



φ ∗ ϕ − K ∗ (φ ∗ ϕ),

φ ∗ ϕ
x → ±∞

lim
R→∞

∫ R

−R
[φ ∗ ϕ − K ∗ (φ ∗ ϕ)] dx = 0,

lim
R→∞

∫ R

−R
φ ∗ (ϕ(ϕ − (c − 1))) dx = 0.

ϕ ≡ 0 ϕ ≡ c − 1 ϕ − (c − 1)

K

(ϕn)∞
n=1

ϕn cn ∈ [1, 2] supx∈R ϕn(x) ≤ cn/2
(ϕnk

)∞
k=1

lim
k→∞

cnk
= c ∈ [1, 2], lim

k→∞
ϕnk

(x) = ϕ(x),

x ∈ R R ϕ
c supx∈R ϕ(x)

≤ c/2

limn→∞ cn = c ∈ [1, 2]
n (

cn

2 − ϕn

)2
− c2

n

4 = −K ∗ ϕn.

ϕn = cn

2 −
√(

cn

2

)2
− K ∗ ϕn.

ϕ �→ K ∗ ϕ

L∞ ⊂ B0∞,∞ B
1/2
∞,∞ = C1/2

cn ∈ [1, 2]

‖K ∗ ϕn‖C1/2 � sup
x∈R

ϕn(x) ≤ cn

2 ≤ 1.



(K ∗ ϕn)∞
n=1

(ϕn)∞
n=1

(ϕnk
)∞
k=1

ϕ R ϕ
c/2

supx∈R ϕn(x) ≤ 1 ‖K‖L1 = 1
K ∗ ϕn(x) → K ∗ ϕ(x) n → ∞ x ϕ

c

ϕ c ∈ [1, 2] supx∈R ϕ(x) ≤ c/2 limx→∞ ϕ(x)
= a a c a
c − 1

ϕn cn ϕ c ϕn [0, ∞)
n ϕ [0, ∞)

lim|x|→∞ ϕ(x) = 0 ϕn ϕ R

(ϕn)∞
n=1 [0, ∞)

τxnϕn := ϕn( · + xn) xn limn→∞ xn = ∞
τxnϕn

ϕ̃

τnϕ := ϕ( · + n), n ∈ N.

τnϕ c ∈ [1, 2]

lim
n→∞ τnϕ(x) = lim

n→∞ ϕ(x + n) = lim
x→∞ ϕ(x) = a, x ∈ R.

a c
a = 0 a = c − 1

lim|x|→∞ ϕ(x) = 0
ε > 0 R > 0

|ϕ(x)| ≤ ε |x| ≥ R.

limn→∞ ϕn(x) = ϕ(x) Nε > 0

sup
|x|≤R

|ϕn(x) − ϕ(x)| ≤ ε n > Nε.



|ϕn(R) − ϕ(R)| ≤ ε |ϕn(R)| ≤ 2ε
ϕn |ϕn(x)| ≤ 2ε |x| ≥ R

|ϕn(x)−ϕ(x)| ≤ 3ε |x| ≥ R n > Nε

Hj j > 0
K

L2 = H0

ϕn, cn, ϕ c

ϕn → ϕ ϕn → ϕ L2

supx∈R ϕn(x) < cn/2 supx∈R ϕ(x) < c/2

ϕn → ϕ Hj j > 0

ϕn ϕ cn c

ϕn − ϕ = f(K ∗ ϕn, cn) − f(K ∗ ϕ, c), f(ω, c) = c

2 −
√

c2

4 − ω.

ωn = K ∗ ϕn ω = K ∗ ϕ

ωn → ω H1/2 ωn → ω

infn,x

(
c2

n
4 − ωn

)
> ε/3

infn,x

(
c2

4 − ωn

)
> ε/3,

ε > 0 n
n

f(ωn, cn) → f(ω, c) Hj , j ∈ (0, 1/2)

‖f(ωn, cn) − f(ω, c)‖Hj ≤ ‖f(ωn, cn) − f(ωn, c)‖Hj + ‖f(ωn, c) − f(ω, c)‖Hj .

f(ωn, cn) − f(ωn, c) = cn − c

2 ·

⎛⎜⎝1 − 1
2 · cn + c√

c2
n
4 − ωn +

√
c2
4 − ωn

⎞⎟⎠ .



gn(x) = 1− 1
2 · cn + c√

c2
n
4 − x +

√
c2
4 − x

, Dgn =
[
0, min

{
c2

4 ,
c2

n

4

}
− ε

3

)
.

n gn gn(0) = 0 ωn

gn

‖gn(ωn)‖Hj ≤ C‖ωn‖Hj ,

C > 0 j, supx∈R |ωn| supx∈Dgn
|g′

n(x)|
|g′

n| n cn, c ∈ [1, 2] x ∈ Dgn supn ‖ωn‖H1/2

< ∞ supn,x |ωn(x)| < ∞ ‖gn(ωn)‖Hj

n

‖f(ωn, cn) − f(ωn, c)‖Hj = 1
2 |cn − c| · ‖gn(ωn)‖Hj → 0, n → ∞.

c

h(x) = f ′(x, c) − f ′(0, c), Dh =
[
0,

c2

4 − ε

3

)
.

f(ωn, c) − f(ω, c) = (ωn − ω)
∫ 1

0
h(ωn + τ(ω − ωn) dτ + f ′(0, c)(ωn − ω).

ωn(s) + τ(ω(s) − ωn(s)) ∈ Dh s ∈ R h
h(0) = 0∥∥∥∥∫ 1

0
h(ωn + τ(ω − ωn)) dτ

∥∥∥∥
H1/2

≤ sup
τ∈[0,1]

‖h(ωn + τ(ω − ωn))‖H1/2

≤ C sup
τ∈[0,1]

‖ωn + τ(ω − ωn)‖H1/2 ,

C s supx |f ′′(x, c)| c ε

‖f(ωn, c) − f(ω, c)‖Hj � ‖ωn − ω‖H1/2

∥∥∥ ∫ 1

0
h(ωn + τ(ω − ωn)) dτ

∥∥∥
H1/2

+ |f ′(0, c)| · ‖ωn − ω‖Hj ,

j ∈ (0, 1/2) 0 n → ∞



0 Hj j ∈ (0, 1/2) ϕn → ϕ
Hj K ϕn ϕ 1/2

j = 1/4

ωn → ω H1/4+1/2,

Hj′
j′ ∈ (0, 1/4 + 1/2]

Bs
p,q L2 B0

p,q ϕn → ϕ Bs
p,q

s > 0

j > 0

T : ϕ �→ ϕ − K ∗ ϕ, Hj
−η → Hj

−η

L[ϕ∗, c∗] : φ �→ c∗φ − K ∗ φ − 2ϕ∗φ, Hj → Hj ,

ϕ∗ c∗ > 1 supx∈R ϕ∗(x) <
c∗/2 (0, 1) (ϕ∗, c∗)

T L[ϕ∗, c∗]
t(x, D)

Hj A t(x, ξ)
A

t(x, D)
η > 0

T η T
K L1 K ∈ L1

η0 η0 ∈
(0, π/2) T : Hj

−η → Hj
−η η ∈ (0, π/2)

ω−η 1 [−1, 1] exp(−η|x|) |x| → ∞

‖K ∗ ϕ‖2
L2

−η
�
∫
R

(∫
R

K(y)ϕ(x − y) dy

)2
exp(−2η|x|) dx

≤
∫
R

(∫
R

K(y)ϕ(x − y) dy

)2
exp

(
− 2η|x − y| + 2η|y|

)
dx

=
∫
R

(∫
R

K(y) exp (η|y|) · ϕ(x − y) exp (−η|x − y|) dy

)2
dx

= ‖[K · exp (η| · |)] ∗ [ϕ · exp (−η| · |)]‖2
L2

≤ ‖K‖2
L1

η
‖ϕ‖2

L2
−η

,



Lp

dn

dxn
(K ∗ ϕ) = K ∗ ϕ(n)

ϕ(n)

‖T ϕ‖
Hj

−η
� ‖ϕ‖

Hj
−η

,

η (0, π/2)

T cosh(η · )

Mcosh : ϕ �→ cosh(η · )ϕ, Hj → Hj
−η.

1/ cosh(η · ),
Hj

−η Hj T

T̃ = M−1
cosh ◦ T ◦ Mcosh, Hj → Hj ,

T̃ ϕ(x) = Id −(K̃( · , x) ∗ ϕ)(x), K̃(z, x) = K(z)cosh(η(x − z))
cosh(ηx) .

φ±(x) = exp(±ηx)
2 cosh(ηx) K±(z) = K(z) exp(±ηz),

T̃

T̃ ϕ(x) = ϕ(x) − φ+(x)(K− ∗ ϕ)(x) − φ−(x)(K+ ∗ ϕ)(x),

t̃(x, ξ) = 1 − φ+(x)m(ξ − η) − φ−(x)m(ξ + η).

T̃ = t̃(x, D): Hj → Hj

A

A(x0, x, ξ0, ξ) := t̃

(
x

x0
,

ξ

ξ0

)



x, ξ ∈ R x0, ξ0 > 0 A

S := {(x0, x, ξ0, ξ) ∈ R4
∣∣∣x2

0 + x2 = ξ2
0 + ξ2 = 1, x0 ≥ 0, ξ0 ≥ 0},

A(x0, x, ξ0, ξ) �= 0 Γ Γ S Γ

Γ1 = { (0, 1, ξ0, ξ) | ξ2
0 + ξ2 = 1, ξ0 ≥ 0},

Γ2 = {(0, −1, ξ0, ξ) | ξ2
0 + ξ2 = 1, ξ0 ≥ 0},

Γ3 = { (x0, x, 0, 1) | x2
0 + x2 = 1, x0 ≥ 0},

Γ4 = {(x0, x, 0, −1)| x2
0 + x2 = 1, x0 ≥ 0}.

A Γi A
A S

Γ∗
1 := Γ1 \ {(0, 1, 0, 1), (0, 1, 0, −1)} ξ0 =

√
1 − ξ2 > 0

A(x0, x, ξ0, ξ)
∣∣∣
Γ∗

1
= lim

x0→0+
t̃

(
1
x0

,
ξ√

1 − ξ2

)

= 1 − m
( ξ√

1 − ξ2
− η

)
,

limy→∞ φ+(y) = 1 limy→∞ φ−(y) = 0 θ = ξ(1 − ξ2)−1/2 ξ ∈
(−1, 1) θ ∈ (−∞, ∞) (0, 1, 0, 1)

ξ → 1− θ → ∞

|m(θ ± η)|4 = sinh2(2θ) + sin2(2η)
(θ2 + η2)(cosh(2θ) + cos(2η))2

lim
θ→±∞

|m(θ ± η)| = 0.

A (0, 1, 0, 1) 1 A (0, 1, 0, −1)
θ → −∞ 1 Γ∗

1 1 − m(θ − η) = 0 θ ∈ R

Re(m(θ − η)2) = 1 Im(m(θ − η)2) = 0,

Re(m(θ − η)2) = θ sinh(2θ) + η sin(2η)
(θ2 + η2)(cosh(2θ) + cos(2η))

Im(m(θ − η)2) = η sinh(2θ) − θ sin(2η)
(θ2 + η2)(cosh(2θ) + cos(2η)) .



η sinh(2θ) − θ sin(2η)
θ θ = 0

sinh(2θ)
2θ

> 1 sin(2η)
2η

< 1,

θ �= 0 η ∈ (0, π/2) θ = 0 Re(m(θ − η)2)
tan(η)/η > 1 η ∈ (0, π/2) A �= 0 Γ1

A
∣∣∣
Γ2

=
{

1 − m(θ + η), ξ0 > 0,

1, ξ0 = 0,

A
∣∣∣
Γ3

= A
∣∣∣
Γ4

= 1.

A Γ

T̃

T̃ = t̃(x, D): Hj → Hj

A Γ

(0, −1, 0, 1) (0, 1, 0, 1)

(0, −1, 0, −1) (0, 1, 0, −1)

Γ2

Γ3

Γ4

Γ1

t(x, D) Γ1 (0, 1, 0, −1) (0, 1,
0, 1) 1 − m(θ − η) θ = −∞
θ = ∞ m(θ − η)2

m(θ − η)2

θ sinh(2θ) + η sin(2η)

θ ∈ R η ∈ (0, π/2) m2

C

η sinh(2θ) − θ sin(2η),

θ θ = 0
θ = 0 m2 m2



1

m2 1−m Γ1
1 − m

m2 1 2π

θ → −∞ θ = 0 θ → ∞ m2 Γ1
1 m2

−1
1 1

A Γ1 (0, 1, 0, −1)
(0, 1, 0, 1) 2π

2π Γ2 Γ3
Γ4 A ≡ 1

Γ 4π

Mcosh
T = Mcosh ◦ T̃ ◦ M−1

cosh : Hj
−η → Hj

−η

T : Hj
−η → Hj

−η

Ker T = span{1, x}.

T
T ϕ = 0 ϕ ∈ L2−η Fϕ

L2 T
L2−η T : L2

η → L2
η T ψ = g L2

η

(1 − m)Fψ = Fg Fψ Fg
| Im z| < η 1 − m(ξ)

ξ = 0 ξ T



L2
η g Fg(0) = (Fg)′(0) = 0

∫
R g(x) dx

=
∫
R xg(x) dx = 0 Ker T L2−η span{1, x} ⊂ Hj

−η

L[ϕ∗, c∗] : Hj → Hj

L[ϕ∗, c∗] : Hj → Hj

ϕ∗ c∗ > 1 supx∈R ϕ∗(x) <
c∗/2 L[ϕ∗, c∗] : Hj → Hj

L[ϕ∗, c∗] : φ �→ c∗φ − K ∗ φ − 2ϕ∗φ

l(x, ξ) = c∗ − m(ξ) − 2ϕ∗(x) ∈ C∞(R × R),

ϕ∗

B

B(x0, x, ξ0, ξ) = l

(
x

x0
,

ξ

ξ0

)
, x0 > 0 ξ0 > 0.

B Γ = ∪1≤i≤4Γi

Γ1 Γ2

B(x0, x, ξ0, ξ)
∣∣∣
Γ1,2\{ξ0=0}

= lim
x0→0± B(x0, 1, ξ0, ξ)

= lim
x0→0± l

(
1
x0

,
ξ√

1 − ξ2

)

= c∗ − m

(
ξ√

1 − ξ2

)
,

ϕ∗ lim|t|→∞ ϕ∗(t) = 0 m ≤ 1 B

Γ3 Γ4 B c∗ − 2ϕ∗(x/
√

1 − x2) supx∈R ϕ∗(x) < c∗/2
B B

Γ B

(ϕ, c) = (0, 1)



ν := c−1

T ϕ + N (ϕ, ν) = 0,

T

N : (ϕ, ν) �→ νϕ − ϕ2.

ν ∈ (0, ∞) H3
even

H3−η j = 3
ϕ ∈ H3

even c > 1 supx∈R ϕ(x) <
c/2 R ϕ′ < 0 (0, ∞) ϕ

(ϕ, ν) = (0, 0) H3
u × R H3

u
H3

H3−η

H3 ⊂ H3
u

H3
u × (0, ∞) Cloc

L[ϕ∗, ν∗] H3
even

(ϕ∗, ν∗) ∈ Cloc ν∗ = c∗ − 1 L[ϕ∗, ν∗]
L[ϕ∗, ν∗]

L[ϕ∗, ν∗]φ = 0

H3
even

L[ϕ∗, ν∗]φ = 0

W 1,1
η

K K ′ L1

T
T

T ϕ + N (χδ(ϕ), ν) = 0,

χδ(ϕ)
χδ(ϕ) = ϕ ‖ϕ‖H3

u
≤ C0δ χδ(ϕ) = 0 ‖ϕ‖H3

u
H3

u ⊂ H3−η η > 0 χδ H3−η



Ker T H3−η span{1, x}
A + Bx ∈ Ker T (A, B) ∈ R2

Ker T

Q : ϕ �→ ϕ(0) + ϕ′(0)x, H3
−η → Ker T ,

H3−η R2 ϕ �→
ϕ( · + ξ) τξ

V 0 ∈ R δ
η∗ ∈ (0, π/2)

Ψ: R2 × V → Ker Q ⊂ H3
−η∗

Mν
0 =

{
A + Bx + Ψ(A, B, ν)

∣∣A, B ∈ R, ν ∈ V} ⊂ H3
−η∗

Ψ ∈ C 3

Ψ(0, 0, 0) = 0 D(A,B)Ψ(0, 0, 0) = 0

Mν
0 ϕ ϕ ∈ H3−η∗

ν

ϕ ν ‖ϕ‖H3
u

< C0δ
Mν

0

ϕ = A + Bx + Ψ(A, B, ν) ∈ Mν
0

ϕ′′(x) = f(ϕ(x), ϕ′(x), ν), f(A, B, ν) = Ψ′′(A, B, ν)(0),

Mν
0

Ψ

ϕ′′ = −6ϕ2 + 19
5 (ϕ′)2 + 6νϕ + O

(
|(ϕ, ϕ′)|(ν2 + |ϕ|2 + |ϕ′|2)

)
τξ

Rϕ(x) := ϕ(−x) T Rϕ = RT ϕ N (Rϕ, ν) = RN (ϕ, ν)
χδ(Rϕ) = Rχδ(ϕ) f



N N ∈ C ∞ N
τξ ν ∈ (0, ∞)

k ≥ 2 δ
η∗ Ψ k = 3

R K

Q
ϕ ∈ Mν

0 Mν
0

τξϕ Mν
0 ξ ∈ R

τξϕ

d
dt

Q(τtτξϕ)
∣∣∣
t=0

= ϕ′(ξ) + ϕ′′(ξ)x.

ϕ′′(ξ)

ϕ′′(ξ) = ϕ′′(x + ξ)
∣∣
x=0 = d2

dx2 (τξϕ)
∣∣∣
x=0

,

τξϕ ∈ Mν
0

τξϕ(x) = ϕ(ξ) + ϕ′(ξ)x + Ψ(ϕ(ξ), ϕ′(ξ), ν)(x).

ϕ′′(ξ) = f(ϕ(ξ), ϕ′(ξ), ν), f(A, B, ν) = Ψ′′(A, B, ν)(0),

Ψ Ψ(0, 0, 0) =
0 D(A,B)Ψ(0, 0, 0) = 0 Ψ: R2 × V → Ker Q

Ψ(A, B, ν) = g(ν)Ψ001 + AνΨ101 + BνΨ011

+ A2Ψ200 + ABΨ110 + B2Ψ020

+ O((|A| + |B|)(ν2 + |A|2 + |B|2)),

Ψijk ∈ Ker Q 1 ≤ i + j + k ≤ 2 N (0, ν) = 0 Ψ(0, 0, ν) = 0
g(ν) = 0 ν ∈ R ϕ Mν

0

ϕ(x) = A + Bx + Ψ(A, B, ν)(x)
= A + Bx + AνΨ101(x) + BνΨ011(x)

+ A2Ψ200(x) + ABΨ110(x) + B2Ψ020(x)
+ O((|A| + |B|)(ν2 + |A|2 + |B|2)).



ϕ = A + Bx + Ψ(A, B, ν)
O(Aν) O(Bν) O(A2) O(AB) O(B2)

T Ψ200 = −T Ψ101 = 1,

T Ψ110 = −2T Ψ011 = 2x,

T Ψ020 = x2,

Q(Ψijk) = 0 i + j + k > 1
Ψijk Ψ̃ijk Ψijk − Ψ̃ijk Ker T ∩ Ker Q

Ψ(A, B, ν)(x) =
(

− 3A2 + 19
10B2 + 3Aν

)
x2 +

(
− 2AB + Bν

)
x3

− B2

2 x4 + O((|A| + |B|)(ν2 + |A|2 + |B|2)).

Ψ x x = 0

L[ϕ∗, ν∗]φ = 0
ϕ∗ ∈ Mν∗

0 ν∗

L[ϕ∗, ν∗]φ = 0

(ϕ, φ) + (ϕ, φ, ν) = 0,

: (H3−η)2 → (H3−η)2

: (ϕ, φ) �→ (T ϕ, T φ),

: (ϕ, φ, ν) �→ (N (ϕ, ν), DϕN (ϕ, ν)φ).

(ϕ, φ) + δ(ϕ, φ, ν) = 0,

δ(ϕ, φ, ν) = (N δ(ϕ, ν), DϕN δ(ϕ, ν)φ).

ϕ
ϕ ∈ Mν

0 H3
u



δ V 0 ∈ R

η∗ ∈ (0, π/2) Ψ1 Ψ2

Ψ1 : R2 × V → Ker Q ⊂ H3
−η∗ ,

Mν
0,1 :=

{
A + Bx + Ψ1(A, B, ν)

∣∣A, B ∈ R, ν ∈ V
}

ϕ ∈ ν
0,1 (A, B)

Ψ2[A, B, ν] : Ker T → Ker Q,

0,2[A, B, ν] :=
{
C + Dx + Ψ2[A, B, ν](C, D)

∣∣C, D ∈ R
}

.

ν
0,1 Mν

0
ν
0,1

Ψ2[A, B, ν] = D(A,B)Ψ1(A, B, ν) Ψ2[A, B, ν]
Ker T Ker Q Ψ2 C k−1 (A, B, ν)

ϕ∗ ∈ ν∗
0,1 H3

u ϕ∗

ν∗ (A∗, B∗)

0,2[A∗, B∗, ν∗] φ ∈ H3−η∗

T φ + DϕN (ϕ∗, ν∗)φ = 0

φ ∈ 0,2[A∗, B∗, ν∗]

φ′′(x) = g(ϕ∗(x), (ϕ∗)′(x), φ(x), φ′(x), ν∗),

g(A∗, B∗, C, D, ν∗) = DAf(A∗, B∗, ν∗)C + DBf(A∗, B∗, ν∗)D,

f(A, B, ν) = Ψ′′
1(A, B, ν)(0)

0,2[A∗, B∗, ν∗] g

φ′′ = −12ϕ∗φ + 38
5 (ϕ∗)′φ′ + 6ν∗φ

+ O((|ϕ∗φ| + |(ϕ∗)′φ′|)((ν∗)2 + |ϕ∗| + |(ϕ∗)′|).

δ

f



ϕ
H3

u
ϕ = P ϕ′ = Q x

t⎧⎪⎪⎨⎪⎪⎩
dP

dt
= Q

dQ

dt
= −6P 2 + 19

5 Q2 + 6νP + O((|P | + |Q|)(ν2 + |P |2 + |Q|2)),

ν = 0 ⎧⎪⎪⎪⎨⎪⎪⎪⎩
dP̃

dT
= Q̃(T )

dQ̃

dT
= P̃ (T ) − 3

2 P̃ (T )2.

T = αt, P (t) = βP̃ (T ), Q(t) = γQ̃(T ).

γ

βα
= 1, 6ν

β

αγ
= 1,

6β2

αγ
= 3

2 ,

α =
√

6ν, β = 3
2ν, γ =

√
33ν3

2 .

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dP̃

dT
= Q̃(T )

dQ̃

dT
= P̃ (T ) − 3

2 P̃ (T )2 + 57
10νQ̃(T )2

+ O
(
ν(|P̃ | + ν1/2|Q̃|)(1 + |P̃ |2 + ν|Q̃|2)

)
.

ν = 0

P̃ (T ) = 2
(

T

2

)
, Q̃(T ) = − 2

(
T

2

) (
T

2

)
,

ν > 0



P = ϕ Q = ϕ′

ϕ(t) = 3
2ν 2

(√
6νt

2

)
+ O(ν2)

ϕ′(t) = −33/2ν3/2

21/2
2
(√

6νt

2

) (√
6νt

2

)
+ O(ν5/2),

ν > 0 ϕ
ϕ ϕ′ H3 ⊂ H3

u ν
ϕ∗

ν∗ ν∗

Cloc = {(ϕ∗
ν∗ , ν∗) | 0 < ν∗ < ν ′},

ν ′ > 0
(ϕ, ν) = (0, 0) H3

u × (0, ∞) Cloc
ν

(0, 0) Cloc

ϕ∗
ν∗ Mν∗

0
Mν∗

0 ϕ∗
ν∗

‖ϕ∗
ν∗‖H1

u
� ν∗ f

ϕ∗
ν∗(x) (ϕ∗

ν∗)′(x) ν∗ (ϕ∗
ν∗)′′

(ϕ∗
ν∗)(3) = D1f(ϕ∗

ν∗ , (ϕ∗
ν∗)′, ν∗) · (ϕ∗

ν∗)′ + D2f(ϕ∗
ν∗ , (ϕ∗

ν∗)′, ν∗) · (ϕ∗
ν∗)′′,

D1f D2f (ϕ∗
ν∗)(3)

ν∗ ‖ϕ∗
ν∗‖H3

u
� ν∗

ν∗ ϕ∗
ν∗

Cloc H3
even ϕ∗

ν∗ ∈ H3

Cloc
(ϕ, ν)

H3
u ×(0, ∞) ϕ Mν

0 (P, Q) = (ϕ, ϕ′)

ϕ = ϕν

(ϕ, ν) ∈ Cloc

P (t) = ϕ(t) < 0 |t|

ϕ∗
ν∗ O(ν∗) ν∗ → 0 ν ′ > 0

sup
x∈R

ϕ∗
ν∗(x) <

1 + ν∗

2 , ν∗ ∈ (0, ν ′).

ϕ∗
ν∗

(0, ∞)



P̃

Q̃

ν = 0
ν > 0

L[ϕ∗, ν∗] ϕ∗ := ϕ∗
ν∗ ∈ Cloc

ν∗ L[ϕ∗, ν∗]
ϕ L[ϕ∗, ν∗] : H3

even → H3
even

L[ϕ∗, ν∗]
L[ϕ∗, ν∗]

L[ϕ∗, ν∗] H3−η∗ η∗

Ker L L[ϕ∗, ν∗] : H3−η∗ → H3−η∗

(ϕ∗)′

(ϕ∗)′ Ker L H3
even L[ϕ∗, ν∗]

H3
even

φ ∈ Ker L ⊂ H3−η∗

φ = U φ′ = V x
t⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dU

dt
= V

dV

dt
= 6ν∗U − 12ϕ∗U + 38

5 (ϕ∗)′V

+ O((|ϕ∗U | + |(ϕ∗)′V |)((ν∗)2 + |ϕ∗| + |(ϕ∗)′|))).

du
dt

= (M + R(t))u,



u : R2 → R2 M ∈ R2×2 R : R → R2

M =
(

0 1
6ν∗ 0

)
,

M
√

6ν∗ −
√

6ν∗ ϕ∗

(ϕ∗)′

φ φ′

Ker L Ker L
φ1 exp(t

√
6ν∗) φ2 exp(−t

√
6ν∗) t → ∞

Ker L
(ϕ∗)′ H3

Ker L H3
even

X = Y = H3
even, F (ϕ, ν) = T ϕ + N (ϕ, ν),

U =
{

(ϕ, ν) ∈ X × (0, ∞)
∣∣∣ sup

x∈R

ϕ(x) <
1 + ν

2

}
.

H3 ⊂ BUC2 H3 U
H3

even ×R

Cloc (0, 0) ∈ ∂U
H3

even U

Cloc
C

C = {(ϕs, νs) | 0 < s < ∞} ⊂ U ∩ F −1(0)

(0, ∞) � s �→ (ϕs, νs)

s → ∞

M(s) := ‖ϕs‖H3 + νs + 1
dist((ϕs, νs), ∂U) → ∞;



sn → ∞ n → ∞
supn M(sn) < ∞ (ϕsn)n X

(ϕs0 , νs0) ∈ C C s �→ (ϕs, νs)

(ϕs, νs) /∈ Cloc s

M(s) s → ∞

(ϕ, ν) ∈ C ⊂ U ϕ R

(0, ∞)

supx∈R ϕ(x) < (1 + ν)/2 (ϕ, ν) ∈ U
R ϕ ∈ H3

even
ν > 0 ϕ

ϕ (0, ∞)
ϕ

0 ν > 0
ϕ ∈ H3 ϕ(x) �≡ 0
L[0, ν] : φ �→ (1 + ν)φ − K ∗ φ H3

even ν ∈ I
Ker L[0, ν] L[0, ν]

C

C

(ϕn, νn)∞
n=1 := (ϕsn , νsn)∞

n=1 ⊂ C

sup
n

M(sn) < ∞

H3
even × (0, ∞)



ϕ ϕn

ϕn ϕ H3

supn M(sn) < ∞

sup
n

‖ϕn‖H3 < ∞ inf
n

νn > 0,

νn = cn −1 ϕ
ϕn

ϕn (0, ∞) ϕ
(0, ∞)

ϕn → ϕ ϕn

H3

ϕ ϕ ∈ H3 ϕ
lim|x|→∞ ϕ(x) = 0
ϕn ϕ

L2

n ϕn ∈ BUC2 lim|x|→∞ ϕn(x) = 0

lim
R→∞

∫ R

−R
ϕn(ϕn − νn) dx = 0.

νn > 0 ϕn

∫
R

ϕ2
n dx = νn

∫
R

ϕn dx.

supn ‖ϕn‖H3 < ∞ L2

n infn νn > 0 L1

lim|x|→∞ ϕn(x) = 0 n∫
R

ϕ2
n dx =

∫
|x|<Rε

ϕ2
n dx +

∫
|x|>Rε

ϕ2
n dx

≤
∫

|x|<Rε

ϕ2
n dx + ε · sup

n
‖ϕn‖L1

n → ∞
∫

|x|<Rε
ϕ2

n dx →
∫

|x|<Rε
ϕ2 dx ε → 0

ϕn → ϕ L2

supn M(sn) < ∞

sup
x∈R

ϕn(x) < (1 + νn)/2 sup
x∈R

ϕ(x) < (1 + ν)/2.

ϕn → ϕ H3



lim
s→∞

(
‖ϕs‖H3 + νs + 1

dist((ϕs, νs), ∂U)

)
= ∞,

(ϕs, νs) ∈ C sn → ∞
{sn}

‖ϕsn‖H3 → ∞

νsn → ∞

νsn → 0

(1 + νsn)/2 − supx∈R ϕsn(x) → 0

dist((ϕsn , νsn), ∂U) → 0

U
νsn ≤ 1

νsn → 0 n → ∞
(ϕ, 0) ϕ

inf
x

ϕ(x) < 0 < sup
x

ϕ(x) ϕ ≡ 0.

ϕ ϕ ≡ 0 lim|x|→∞ ϕ(x) = 0
ϕsn → 0 ϕsn → 0

Ck k ϕsn → ϕ H3−η η > 0 (ϕsn , νsn)
(0, 0) H3

u × (0, ∞)
Cloc

H3

(ϕsn , νsn)∞
n=1 νsn → ν > 0

ϕsn → ϕ n → ∞ infn νsn > 0

sup
n

‖ϕsn‖H3 < ∞ sup
x∈R

ϕ(x) <
1 + ν

2 lim
|x|→∞

ϕ(x) = 0.

νsn → ν > 0 infn νsn > 0



supn ‖ϕsn‖H3 < ∞ ϕ ∈ H3 supx∈R ϕ(x) < (1 + ν)/2
lim|x|→∞ ϕ(x) = 0

ϕsn ‖ϕsn‖H3 → ∞ n → ∞
ϕ supx∈R ϕ(x) < (1 + ν)/2 lim|x|→∞ ϕ(x) = 0 ϕ

ϕsn → ϕ ϕsn(x) → 0
|x| → ∞ n

νsn

∫
R

ϕsn dx =
∫
R

ϕ2
sn

dx ≤
∫

|x|<Rε

ϕ2
sn

dx + ε

∫
R

ϕsn dx,

ε Rε n∫
R

ϕsn dx ≤ 1
νsn − ε

∫
|x|<Rε

ϕ2
sn

dx ≤ 2Rε

νsn − ε
· sup

x∈R

ϕ2
sn

(x) ≤ 2Rε

νsn − ε
,

supx∈R ϕ2
sn

(x) < 1 νsn ∈ (0, 1] infn νsn > 0
ε = infn νsn/2 supn ‖ϕsn‖L1 < ∞
ϕsn L2

H3

(ϕsn , νsn)∞
n=1

ϕsn → ϕ νsn → ν ν > 0
ϕsn

lim
n→∞

∣∣∣∣1 + νsn

2 − ϕsn(0)
∣∣∣∣ = 0,

ϕ(0) = 1 + ν

2 .

(ϕsn , νsn)∞
n=1

ϕsn → ϕ νsn → ν > 0
ϕ ν > 0

ϕ (0, ∞)
lim|x|→∞ ϕ(x)

lim
|x|→∞

ϕ(x) = 0 lim
|x|→∞

ϕ(x) = ν > 0.

inf
x∈R

ϕ(x) < ν < sup
x∈R

ϕ(x), ϕ ≡ 0 ϕ ≡ ν > 0.



ϕ ≡ 0 supx∈R ϕ(x) <
(1 + ν)/2 supn ‖ϕsn‖H3 < ∞

ϕ (0, ∞)

τxnϕsn = ϕsn( · + xn) xn

ϕsn(xn) = ν̃, 0 < ν̃ < inf
n

νsn

2 .

ν̃ νsn > 0 0 limn→∞ xn =
∞ ϕ ≡ ν > 0 x ϕn

(τxnϕsn)n

ϕ̃ ϕ̃ ν
ϕ̃(x) x → ±∞ ν > 0

ϕ̃(0) = lim
n

ϕsn(0 + xn) = ν̃ ∈ (0, ν),

lim
x→−∞ ϕ̃(x) = ν lim

x→∞ ϕ̃(x) = 0.

ϕ̃

0 = inf
x∈R

ϕ̃(x) < ν < sup
x∈R

ϕ̃(x) = ν,

lim
|x|→∞

ϕ(x) = 0 inf
x∈R

ϕ(x) < ν < sup
x∈R

ϕ(x),

C ‖ϕs‖H3 → ∞ (1+νs)/2−supx ϕs(x)
→ 0 s → ∞

(ϕsn , νsn)∞
n=1 ⊂ C

lim
n→∞ ‖ϕsn‖H3 = ∞ lim

n→∞ νsn = ν > 0.

ϕ
(1 + ν)/2

(ϕsn , νsn) ∈ C

lim
n→∞ ‖ϕsn‖H3 = ∞ lim

n→∞ νsn = ν > 0.

ϕsn ϕ



ϕ

ϕ ν > 0

ϕ(0) = (1 + ν)/2

C1|x| 1
2 ≤ 1 + ν

2 − ϕ(x) ≤ C2|x| 1
2 ,

0 < C1 < C2

ϕ x = 0

ϕ

ϕ

lim
|x|→∞

ϕ(x) = 0 inf
x∈R

ϕ(x) < ν < sup
x∈R

ϕ(x).

ϕ
ϕ (0, ∞) ϕ(x) < (1 + ν)/2

x �= 0

x∗ = (x0, x) ∈ R2

X∗ = {x∗ ∈ R2 | x0 ≥ 0, x∗ �= 0}.

ξ∗ = (ξ0, ξ) ∈ R2

E∗ = {ξ∗ ∈ R2 | ξ0 ≥ 0, ξ∗ �= 0}.



S = {(x0, x, ξ0, ξ) ∈ R2 × R2 | x2
0 + |x|2 = ξ2

0 + |ξ|2 = 1, x0 > 0, ξ0 > 0},

S X∗ × E∗ S S Γ
A A(x∗, ξ∗) ∈ C∞(X∗ × E∗) A

0 x∗ ξ∗

A(λx∗, ξ∗) = A(x∗, λξ∗) = A(x∗, ξ∗), λ > 0.

A ∈ A S

Ã ∈ C∞(S) X∗ × E∗ A ∼= C∞(S)
S0

A pA(x, ξ)

pA(x, ξ) = A(1, x, 1, ξ),

A ∈ A pA ∈ S0
A

j ∈ R pA(x, ξ) ∈ S0
A A(x∗, ξ∗) �= 0 Γ

pA(x, D): Hj → Hj

ind pA(x, D) = 1
2π

(
arg A(x∗, ξ∗)

∣∣∣
Γ

)
,

arg A(x∗, ξ∗)|Γ A(x∗, ξ∗) Γ Γ

pA(x, ξ)

T v + N (v, μ) = 0,

T v = v + K ∗ v,

Hj
−η(Rn) η > 0

n j = 1 n = 1



j ≥ 1 T N

Hj

Hj
u =

{
v ∈ Hj

loc

∣∣∣ ‖v‖
Hj

u
< ∞

}
‖v‖

Hj
u

= sup
y∈R

‖v( · + y)‖Hj([0,1]).

Hj ⊂ Hj
u ⊂ Hj

−η η > 0
χ : R → R

χ(x) =
{

1, |x| < 1
0, |x| > 2,

sup
x∈R

|χ′(x)| ≤ 2.

θ : R → R∑
j∈Z

θ(x − j) = 1, θ ⊂ [−1, 1], θ(x) ≥ 0, θ

([
0,

1
2

])
⊂
[1

2 , 1
]

,

∫
y∈R

θ(x − y) dy =
∫ 1

y=0

∑
j∈Z

θ(x − y − j) dy = 1.

χ : v �→
∫

y∈R

χ(‖θ( · − y)v‖Hj )θ(x − y)v(x) dy,

χδ : v �→ δ · χ

(
v

δ

)
, δ > 0.

χ : Hj
−η → Hj

u ‖χ(v)‖
Hj

u

≤ C0 v ∈ Hj
−η j = 1

θ θ ⊂ [−1/4, 5/4] j ≥ 1
θ

χδ : Hj
−η → Hj

u ‖χδ(v)‖ ≤ C0δ

v ∈ Hj
−η

T v + N δ(v, μ) = 0,

N δ(v, μ) : (v, μ) �→ N (χδ(v), μ).

ξ ∈ R τξv = v( · + ξ) ξ Hj
−η

Hj τξ ‖τξ‖
Hj

−η→Hj
−η

� exp(ηξ) ‖τξ‖Hj→Hj = 1



Q : Hj
−η → Hj

−η Ker T T
Hj−1

−η Q
Hj

−η Hj
−η′ 0 < η′ < η

T

η0 > 0 K ∈ L1
η0

T : v �→ v + K ∗ v, Hj
−η → Hj

−η

η ∈ (0, η0) Ker T

ind T = Ker T ,

ind T T T

T Hj
−η η ∈ (0, η0)

K ∈ W 1,1
η

K /∈ W 1,1
η

N k ≥ 2 U 0 ∈ Hj
−η

V 0 ∈ R δ > 0

N δ : Hj
−η × V → Hj

−η C k (ζ, η)
0 < kζ < η < η0 Dl

vN δ : (Hj
−ζ)l → Hj

−η 0 < lζ ≤ η < η0
0 ≤ l ≤ k v 1 ≤ l ≤ k − 1 μ ∈ V

N δ(τξv, μ) = τξN δ(v, μ) μ ∈ V ξ ∈ R

N δ(0, 0) = 0, DvN δ(0, 0) = 0 δ → 0

δ1(δ) :=
Hj

−η×V N δ = O(δ + |μ|).

n ≥ 1 (ρ, τξ, κ) ∈ O(n) × (R × O(1))
ρ ∈ O(n) v(x) ∈ Rn τξ κ

x ∈ R (ρ, τξ, κ) (ρ, τξ, κ) ∈
O(n) × (R× {Id}) θ

χδ O(n) × (R × O(1)) n = 1
χδ(γv) = γχδ(v) γ ∈ O(1) × (R × O(1))

S ⊂ O(1) × (R × O(1))
T

N

T (γv) = γ(T v) N (γv, μ) = γN (v, μ), γ ∈ S



K

V 0 ∈ R δ > 0 η∗ ∈ (0, η0)

Ψ: Ker T × V ⊂ Hj
−η∗ × R → Ker Q ⊂ Hj

−η∗

Mμ
0 :=

{
v0 + Ψ(v0, μ)

∣∣ v0 ∈ Ker T , μ ∈ V
}

⊂ Hj
−η∗ ,

Ψ ∈ C k k

Ψ(0, 0) = 0 Dv0Ψ(0, 0) = 0

Mμ
0 v v ∈ Hj

−η∗
μ

v ∈ Hj
u ‖v‖

Hj
u

< C0δ

Mμ
0

τξ ξ ∈ R Mμ
0 μ

Φξ : Ker T → Ker T

Φξ = Q ◦ τξ ◦ (Id +Ψ)

Φξ C k v0, μ, ξ
f C k−1

Ker T

v = v0 + Ψ(v0, μ) Mμ
0

dv0

dx
= f(v0, μ) := d

dx
Q(τxv)

∣∣∣
x=0

Ker T S Q
γ ∈ S Ψ γ ∈ S Mμ

0 S
f

S



(v, μ)

T w + DvN (v, μ)w = 0.

(v, w) + (v, w, μ) = 0,

: (v, w) �→ (T v, T w) = (v + K ∗ v, w + K ∗ w),

: (v, w, μ) �→ (N (v, μ), DvN (v, μ)w).

(v, w) + δ(v, w, μ) = 0,

δ(v, w, μ) = (N δ(v, μ), DvN δ(v, μ)w),

N δ(v, μ) v

Q
δ > 0 η∗ ∈ (0, η0) V

0 ∈ R

Ψ1 : Ker T × V → Ker Q ⊂ Hj
−η∗ ,

μ
0,1 :=

{
v0 + Ψ1(v0, μ)

∣∣ v0 ∈ Ker T , μ ∈ V
}

v = v0 + Ψ1(v0, μ) ∈ μ
0,1

Ψ2[v0, μ] : Ker T → Ker Q,

0,2[v0, μ] :=
{
w0 + Ψ2[v0, μ](w0)

∣∣w0 ∈ Ker T
}

.



0,2[v0, μ] T w +
DvN δ(v, μ)w = 0 v = v0 + Ψ1(v0, μ) ∈ μ

0,1

T w + DvN δ(v, μ)w = 0 Qw = w0

w0 ∈ Ker T
μ
0,1 Mμ

0
μ
0,1

v = v0 + Ψ1(v0, μ) ∈ μ
0,1 Hj

u
v μ w ∈ 0,2[v0, μ]

v

Ψ2[v0, μ] = Dv0Ψ1(v0, μ) Ψ2[v0, μ]
Ψ2[0, 0] = 0 Ψ2 C k−1 (v0, μ)

τξ 0,2[ · , μ]

Φ2,ξ : Ker T → Ker T

Φ2,ξ := Q ◦ τξ ◦ (Id +Ψ2[τξv0, μ])

Φ2,ξ C k−1 v0, μ, ξ w0
g C k−2 (v0, μ)

w0

w = w0+Ψ2[v0, μ]w0 0,2[v0, μ]

dw0

dx
= g(v0, w0, μ) := d

dx
Q
(
τxw0 + Ψ2[τxv0, μ](τxw0)

)∣∣∣
x=0

.

g(v0, w0, μ) = Dv0f(v0, μ)w0

X Y Λ: X ×
Y → X × Y

Λ(x, y) = (λ1(x), λ2(x, y)),

λ1 : X → X λ2 : X × Y → Y λ1 X y �→ λ2(x, y)
Y x ∈ X Λ (x0, y0) ∈ X × Y

μ



= (T , T )
T

˜ : (Hj
−η)2 → (Hj

−η × Ker T )2

˜ : (v, w) �→ (T̃ v, T̃ w) := (T v, Qv, T w, Qw).
˜ η ∈ (0, η0)

˜−1 = (T̃ −1, T̃ −1), ‖˜−1‖
Hj

−η→Hj
−η

≤ C(η),

C η

˜ δ : (v, w, v0, w0) �→ (N δ(v), −v0, DvN δ(v)w, −w0).

˜ δ (v, w) ∈ (Hj
−η)2

˜(v, w) + ˜ δ(v, w, v0, w0) = 0.

˜−1

(v, w) = −˜−1 (˜ δ(v, w, v0, w0)
)

=: Sδ(v, w, v0, w0).

v0 w0 Λ = Sδ X = Y = Hj
−η

Sδ (v, w)
Sδ

δ > 0 η ∈ (0, η0) v
Sδ N δ : Hj

−η → Hj
−η C k k ≥ 2

sup
v∈Hj

−η

‖DvN δ(v)‖
Hj

−η→Hj
−η

= O(δ), δ → 0

‖DvN δ(v)w1 − DvN δ(v)w2‖
Hj

−η
� δ‖w1 − w2‖

Hj
−η

.

δ Hj
−η

v (v, w) := Ψ̃(v0, w0)
v0 w0

(v, w) = Ψ̃(v0, w0) := (v0 + Ψ1(v0), w0 + Ψ2[v0](w0)),



Qv = v0, Qw = w0 Ψi : Ker T → Ker Q i = 1, 2

M0 χδ(v) = v
Hj

u v 0,1
T v + N δ(v) = 0 v = Qv + Ψ1(Qv)

v

w = Qw + DΨ1(Qv)Qw = w0 + Dv0Ψ1(v0)w0

T w + DvN δ(v)w = 0

Dv0Ψ1(v0)w0 ∈ Ker Q,

Q(w0 + Dv0Ψ(v0)w0) = w0 w Qw = w0
Ψ2[v0] = Dv0Ψ1(v0)

τξ ◦ N δ = N δ ◦ τξ

τξ

(
DvN δ(v)w

)
= DvN δ(τξv)τξw.

g(v0, w0)
= Dv0f(v0)w0 τxw = (Id +Dv0Ψ1(τxv0))τxw0

g

Dv0f = Dv0

(
Q ◦ τx ◦ (Id +Ψ1)

)
.

Ψijk

T Ψ200 = −T Ψ101 = 1,

T Ψ110 = −2T Ψ011 = 2x,

T Ψ020 = x2,

Q(Ψijk) = 0 i + j + k ≥ 1
Ψijk

xn n

∫
R

K(x)xn dx =
{

0 n

(−1)n/2m(n)(0) n .



K xn n ∈ N

K ∗ 1 = 1∫
R

K(y)(x − y) dy = x

∫
R

K(y) dy −
∫
R

yK(y) dy = x · (K ∗ 1) − 0 = x,

∫
R yK(y) dy = 0
(x − y)n

x2 −
∫
R

K(y)(x − y)2 dy = m′′(0),

x3 −
∫
R

K(y)(x − y)3 dy = 3m′′(0)x,

x4 −
∫
R

K(y)(x − y)4 dy = 6m′′(0)x2 − m(4)(0).

Ψ200 = αx2 − Q(αx2)
Q(αx2) Q(Ψ200) = 0 Q(αx2) = 0

α ∈ R

T Ψ200 = αm′′(0) = 1.

m′′(0) = −1/3 α = −3 Ψ200 = −3x2

Ψ101 = 3x2, Ψ200 = −3x2,

Ψ110 = −2x3, Ψ020 = −1
2x4 + 19

10x2,

Ψ011 = x3.

X Y U ⊂ X × R

F (ϕ, ν) = 0,

F : U → Y

(ϕ∗, ν∗) ∈ U ∩ F −1(0) DϕF (ϕ∗, ν∗)



Cloc (0, ν ′) � ν∗

�→ (ϕ∗
ν∗ , ν∗)

Cloc = {(ϕ∗
ν∗ , ν∗) | 0 < ν∗ < ν ′} ⊂ U ∩ F −1(0)

lim
ν∗→0+

(ϕ∗
ν∗ , ν∗) ∈ ∂U ,

DϕF (ϕ∗
ν∗ , ν∗) : X → Y (ϕ∗

ν∗ , ν∗) ∈ Cloc.

Cloc C

C = {(ϕs, νs) | 0 < s < ∞} ⊂ U ∩ F −1(0)

(0, ∞) � s �→ (ϕs, νs) C

s → ∞

M(s) := ‖ϕs‖X + |νs| + 1
dist((ϕs, νs), ∂U) → ∞

sn → ∞ n → ∞
supn M(sn) < ∞ (ϕsn)n X

(ϕs0 , νs0) ∈ C C s �→ (ϕs, νs)

(ϕs, νs) /∈ Cloc s





Rn









02+(ik0)
(is)2

ut + (Mg,d,T u + u2)x = 0,



Mg,d,T x

mg,d,T (ξ) =
(

(g + Tξ2) tanh(dξ)
ξ

)1/2
.

u(x, t) x ∈ R

t g d T ≥ 0

T = 0

T = 0

T > 0
mg,d,T

τ = T

gd2 ,

τ ∈ (0, 1/3)
τ > 1/3

mg,d,T (0) =
√

gd
√

gd



c > 0

x = ±∞

Mg,d,T

x = −∞
x = +∞



ut +
(
Mτ u + u2

)
x

= 0

Mτ

mτ (ξ) =
(

(1 + τξ2) tanh(ξ)
ξ

)1/2
,

τ > 0 u(x, t) =
ϕ(x − ct)

Mτ ϕ − cϕ + ϕ2 = 0.

τ > 1/3
c < 1

τ ∈ (0, 1/3) c > 1



F−1(m−1
τ ) ∂xF−1(m−1

τ )

F−1(m−1
τ )

∂xF−1(m−1
τ )

F−1(m−1
τ )′

ϕ = 0

F−1(m−1
τ )

Mτ

mτ (ξ) − c =
(

(1 + τξ2)tanh(ξ)
ξ

)1/2
− c = 0,

ϕ =
0 c−2 = α τc−2 = β

(β, α)
τ ∈ (0, 1/3)

F



(β, α)

02+(ik0)

μ ∈ R

c = 1 + μ τ < 1/3

ϕ(x) = 3
2 |μ|ρ1/2sech2

(
ρ1/4σ1/2|μ|1/2x√

2

)
+ μ

2 (1 − sgn(μ)ρ1/2)

+ |μ|k1/2 cos
(
(k0 + O(μ))x + Θ∗ + O(μ)

)
+ O(μ2ρ1/2),

Θ∗ ∈ R/2πZ σ = (1/3 − τ)−1 ρ = 1 + 24k k0 > 0
mτ (k0) = 1 k = O(|μ|−1−2κ) κ ∈ [0, 1/2)

x = −∞ x = ∞ O(ρ1/4|μ|1/2)

c > 1

x = ±∞
(β, α)

(is)2

s > 0

c2
0 =

(
s2

2 sinh2(s)
+ s

2 tanh(s)

)−1

, τ0 = c2
0

(
− 1

2 sinh2(s)
+ 1

2s tanh(s)

)
,



c−2
0 (1 + τ0) sinh(s) = s cosh(s) μ < 0

O(|μ|1/2) τ0 c0 +μ < 1

ϕ(x) =
√

−8q0μ

q1
sech(√q0μ x) cos

(
sx + Θ∗ + O

(
|μ|1/2))+ O(μ2), Θ∗ ∈ {0, π},

x = −∞ x = ∞ O(|μ|1/2)
q0 q1

q0 = − 2
m′′

τ (s) , q1 = −4(−c0 + mτ (2s))−1 + 8(1 − c0)−1

m′′
τ (s) ,

Θ∗ = 0 Θ∗ = π

τ > 1/3

σ ∈ R σ Lp

Lp
σ :=

{
f : R → R

∣∣∣ ∫
R

|f |pωp
σ dx

}
.

ωσ : R → R ωσ

[−1, 1] exp(σ|x|) |x| ≥ 2



W m,p
σ :=

{
f : R → R

∣∣∣ f (n) ∈ Lp
σ, 0 ≤ n ≤ m

}
.

W m,p
σ2 ⊂ W m,p

σ1 σ1 < σ2 p = 2
W m,2

σ Hm
σ

W m,p W m,2

Hm

Hm

Hm
u :=

{
f : R → R

∣∣∣ ‖f‖Hm
u < ∞

}
‖f‖Hm

u := sup
y∈R

‖f( · +y)‖Hm([0,1]).

Ff(ξ) = f̂(ξ) :=
∫
R

f(x) exp(−ixξ) dx F−1g(x) = 1
2π

Fg(−x).

mτ R Mτ

Mτ Lτ

L̂τ f (ξ) = �τ (ξ)f̂(ξ), �τ (ξ) := mτ (ξ)−1.

ϕ − cKτ ∗ ϕ + Kτ ∗ ϕ2 = 0,

Kτ := F−1�τ

Lτ

T = 0
ϕ = 0

(1 − c�τ (ξ))v̂(ξ) = 0,

v ∈ L2(R)

1 − c�τ (ξ) = 0, i.e. ξ cosh(ξ) =
( 1

c2 + τ

c2 ξ2
)

sinh(ξ).



α = 1
c2 β = τ

c2 ,

(β, α)

C2 =
{

(β, α)
∣∣∣∣β = − 1

2 sinh2(s)
+ 1

2s tanh(s) ,

α = s2

2 sinh2(s)
+ s

2 tanh(s) , s ∈ [0, ∞)
}

02+(ik0)

C3 =
{

(β, α)
∣∣∣β ≤ 1

3 α = 1
}

k0 ∈ R β
C3

02+

C4 =
{

(β, α)
∣∣∣β ≥ 1

3 α = 1
}

C1 (β, α)

mτ L1

C1 C1, C2, C3 C4 (β, α)



α

β

C1C2

1

1/3

C3 C4

C1, C2, C3 C4
1 − c�τ (ξ) (α + βξ2) sinh(ξ) −

ξ cosh(ξ)

(τ, c)
(β0, α0) = (β0, 1) ∈ C3

β = β0 α = α0 − μ̃ = 1 − μ̃ |μ̃| � 1 τ c

τ = β0c2
0 <

1
3 and c = c0 + μ with c0 = 1 and |μ| � 1.

C3
(β0, α0) ∈ C2

β = β0 α = α0 + μ̃ 0 < μ̃ � 1 τ
c

τ = β0c2
0 and c = c0 + μ, with c0 = α

−1/2
0 and 0 < −μ � 1.

α0 > 1 τ ∈ (0, 1/3)
c C4

τ > 1/3
C2 C3 02+

C4



T ϕ + N (ϕ, μ) = 0,

T : ϕ �→ ϕ − c0Kτ ∗ ϕ N : (ϕ, μ) �→ Kτ ∗ (ϕ2 − μϕ).

τ τ
τ, c0

C3 τ, c0 C2
T

T

τ ∈ (0, 1/3)

T : ϕ �→ ϕ − c0K ∗ ϕ, H5
−η → H5

−η,

η > 0 T
ϕ = 0
T C2 C3

K

K

K |x| → 0

lim
x→0

√
|x|K(x) = 1√

2πτ
;

K |x| → ∞

|K(x)| � exp(−η|x|) |x| > 1,

0 < η < η∗ := min{1/
√

τ , π/2}

K ∈ L1
η η ∈ (0, η∗)

η

T : H5
−η → H5

−η

τ Kτ

�τ



c0

∥∥K ∗ ϕ
∥∥2

L2
−η

�
∫
R

(∫
R

K(y)ϕ(x − y) dy

)2
exp(−2η|x|) dx

≤
∫
R

(∫
R

K(y)ϕ(x − y) dy

)2
exp(−2η|x − y| + 2η|y|) dx

=
∫
R

(∫
R

K(y) exp(η|y|) · ϕ(x − y) exp(−η|x − y|) dy

)2
dx

=
∥∥∥(K · exp(η| · |)

)
∗
(
ϕ · exp(−η| · )

)∥∥∥2

L2

≤ ‖K‖2
L1

η
· ‖ϕ‖2

L2
−η

.

T L2−η

d
dxn

(K ∗ ϕ) = K ∗
( d

dxn
ϕ

)
, n ≥ 0

T H5−η

K ′ ∈ L1
η

T
H5

η ∈ (0, η∗)

T̃ := M−1 ◦ T ◦ M, H5 → H5,

M : H5 → H5−η cosh(η · )
M

T = M ◦ T̃ ◦ M−1

H5−η T̃ H5

T̃ H5 A
A

T̃

t̃(x, ξ) = 1 − c0φ+(x)�(ξ − iη) − c0φ−(x)�(ξ + iη),

φ±(x) = exp(±ηx)/(2 cosh(ηx))⎧⎨⎩
lim

x→∞ φ+(x) = 1 and lim
x→−∞ φ+(x) = 0

lim
x→∞ φ−(x) = 0 and lim

x→−∞ φ−(x) = 1.



A(x0, x, ξ0, ξ) := t̃

(
x

x0
,

ξ

ξ0

)
x, ξ ∈ R x0, ξ0 > 0 A

S1
+ × S1

+ :=
{

(x0, x, ξ0, ξ) ∈ R4
∣∣∣x2

0 + x2 = ξ2
0 + ξ2 = 1, x0 ≥ 0, ξ0 ≥ 0

}
.

T̃
A S1

+ ×S1
+ Γ S1

+ ×S1
+

Γ1 = { (0, 1, ξ0, ξ) | ξ2
0 + ξ2 = 1, ξ0 ≥ 0}

Γ2 = { (0, −1, ξ0, ξ) | ξ2
0 + ξ2 = 1, ξ0 ≥ 0}

Γ3 = { (x0, x, 0, 1) | x2
0 + x2 = 1, x0 ≥ 0}

Γ4 = {(x0, x, 0, −1) | x2
0 + x2 = 1, x0 ≥ 0}.

T̃ A Γ

(0, −1, 0, 1) (0, 1, 0, 1)

(0, −1, 0, −1) (0, 1, 0, −1).

Γ2

Γ3

Γ4

Γ1

1 − c0�
τ, c0 C1 C2

� : C → C |Im z| < η∗ η∗

|Im z| < η̃
1 − c0� : C → C

k0, −k0, 0, 0 k0 > 0 τ c0

s, s, −s −s s > 0 τ c0

�

A x0 = 0 ξ0 = 0



1

k00
ξ

1

s

c0

0
ξ

c0�

η ∈ (0, min{η∗, η̃}) τ, c0
T : H5−η → H5−η

Ker T

Ker T = span{1, x, cos(k0x), sin(k0x)}

τ, c0

Ker T = span{cos(sx), x cos(sx), sin(sx), x sin(sx)}

τ, c0

η ∈ (0, min{η∗, η̃})
T̃ A Γ

�(z) =
( 1

1 + τz2
z

tanh(z)

)1/2
, z ∈ C.

Γ1 ξ0 =
√

1 − ξ2 (0, 1, ξ0, ξ) ∈ Γ1 ξ0 �= 0
ξ �= ±1

A(0, 1, ξ0, ξ) = lim
x0→0+

t̃

(
1
x0

,
ξ√

1 − ξ2

)
= 1 − c0�

(
ξ√

1 − ξ2
− iη

)
.

(0, 1, 0, 1) (0, 1, 0, −1)
�(ξ′ − iη) ξ′ → ∞ ξ′ → −∞

∣∣�(ξ′ ± iη)
∣∣4 = 4(ξ′)2 + 4η2

(1 + τ(ξ′)2 ∓ τη2)2 + (2τξ′η)2 · (cosh2(ξ′) − 1 + cos2(η))2

cosh2(2ξ′) − cos2(2η)
,



iη

−iη

−R R

ξ′

k0−k0

iζ

iη

−iη

−R R

ξ′

s−s

iζ

ΓR

{ξ′ ± iη : |ξ′| ≤ R} {±R + iζ : |ζ| ≤ η}

1 − c0�(ξ)

|�(ξ′ ± iη)| → 0 |ξ′| → ∞ A(0, 1, 0, ±1) = 1

A(x0, x, ξ0, ξ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1 − c0�

(
ξ√

1−ξ2 − iη
)

, Γ1 \ {(0, 1, 0, ±1)}

1 − c0�

(
ξ√

1−ξ2 + iη
)

, Γ2 \ {(0, −1, 0, ±1)}

1, Γ3 ∪ Γ4

A Γ = ∪4
j=1Γj

T̃
T̃

A Γ
ξ′ = ξ(1 − ξ2)−1/2 |ξ| < 1 (0, 1, 0, −1)

(0, 1, 0, 1) Γ1 1−c0�(ξ′ − iη) ξ′ ξ′ = −∞
ξ′ = ∞ (0, −1, 0, 1) (0, −1, 0, −1) Γ2

1 − c0�(ξ′ + iη) ξ′ ξ′ = ∞ ξ′ = −∞ A
Γ3 Γ4

A Γ τ, c0
R > 0 k0 > 0 s > 0

ΓR (±R, ±iη)
A Γ



1 − c0� ΓR R → ∞

1
2πi

∫
ΓR

c0�′(z)
1 − c0�(z) dz = 1

2πi
(

−
∫ R

−R

c0�′(ξ′ + iη)
1 − c0�(ξ′ + iη) dξ′ +

∫ R

−R

c0�′(ξ′ − iη)
1 − c0�(ξ′ − iη) dξ′

+
∫ η

−η

c0�′(R + iζ)
1 − c0�(R + iζ) dζ −

∫ η

−η

c0�′(−R + iζ)
1 − c0�(−R + iζ) dζ

)
.

1−c0�
R → ∞

|�(±R + iζ)| → 0 |�′(±R + iζ)| → 0 R → ∞ |ζ| ≤ η
A Γ T̃

T
T H5−η τ c0
T f = 0 f ∈ L2−η

f

T : L2
η → L2

η T : L2−η → L2−η

L2 T f = g L2
η

(1 − c0�(ξ))Ff(ξ) = Fg(ξ).
T L2

η g
1 − c0�(ξ) τ, c0

T L2
η g

Fg(0) = (Fg)′(0) = Fg(±k0) = 0

∫
R

1 · g(x) dx =
∫
R

x · g(x) dx =
∫
R

exp(∓ik0x)g(x) dx = 0.

τ, c0 T L2−η

H5−η

τ, c0 T L2
η

g

Fg(±s) = (Fg)′(±s) = 0

∫
R

exp(±isx)g(x) dx =
∫
R

x · exp(±isx)g(x) dx = 0.

T L2−η

H5−η



K ′

T ϕ + N δ(ϕ, μ) = 0,

N δ(ϕ, μ) = N (χδ(ϕ), μ)
χδ : H5−η → H5

u
χδ ϕ ∈ H5−η Cδ H5

u
H5

‖ϕ‖H5
u

= sup
t∈R

‖ϕ( · + t)‖H5([0,1]).

C > 0

χδ(ϕ) =
{

ϕ if ‖ϕ‖H5
u

≤ Cδ

0 if ‖ϕ‖H5
u

is sufficiently large

‖ϕ‖H5
u

≤ Cδ N δ(ϕ, μ) = N (ϕ, μ)

H5
u H5−η η > 0 χδ

H5−η

Q : H5−η → H5−η Ker T
H4−η H5−η H5

−η′
0 < η′ < η

Q
Ker T

Ker T = span {e1, e2, e3, e4}
ej

Q : H5−η → Ker T

Q : ϕ �→ Ae1 + Be2 + Ce3 + De4,

A, B, C D ϕ(0), ϕ′(0), ϕ′′(0) ϕ′′′(0)
T

T : (ϕ(0), ϕ′(0), ϕ′′(0), ϕ′′′(0)) �→ (A, B, C, D).



Qϕ = Q2ϕ

T =

⎛⎜⎜⎜⎝
e1(0) e2(0) e3(0) e4(0)
e′

1(0) e′
2(0) e′

3(0) e′
4(0)

e′′
1(0) e′′

2(0) e′′
3(0) e′′

4(0)
e′′′

1 (0) e′′′
2 (0) e′′′

3 (0) e′′′
4 (0)

⎞⎟⎟⎟⎠
−1

.

τ, c0 Ker T = span{1, x, cos(k0x), sin(k0x)}

T1 =

⎛⎜⎜⎜⎝
1 0 k−2

0 0
0 1 0 k−2

0
0 0 −k−2

0 0
0 0 0 −k−3

0

⎞⎟⎟⎟⎠ ,

Q1ϕ(x) =
(
ϕ(0) + k−2

0 ϕ′′(0)
)

+
(
ϕ′(0) + k−2

0 ϕ′′′(0)
)

x

− k−2
0 ϕ′′(0) cos(k0x) − k−3

0 ϕ′′′(0) sin(k0x).

τ, c0 Ker T = span{cos(sx), x cos(sx), sin(sx),
x sin(sx)}

T2 =

⎛⎜⎜⎜⎝
1 0 0 0
0 −1/2 0 −(2s2)−1

0 3(2s)−1 0 (2s3)−1

s/2 0 (2s)−1 0

⎞⎟⎟⎟⎠ ,

Q2ϕ(x) = ϕ(0) cos(sx) −
(1

2ϕ′(0) + 1
2s2 ϕ′′′(0)

)
x cos(sx)

+
( 3

2s
ϕ′(0) + 1

2s3 ϕ′′′(0)
)

sin(sx) +
(

s

2ϕ(0) + 1
2s

ϕ′′(0)
)

x sin(sx).

Hm−η m ≥ 1
H5−η Q1 Q2

Hm−1
−η ϕ′′′

m − 1 = 4 H5−η

ϕ �→ ϕ( · + t) St



V 0 ∈ R δ > 0
η < min{η∗, η̃}

Ψ: R4 × V → Ker Q ⊂ H5
−η

M μ
0 =

{
Ae1 + Be2 + Ce3 + De4 + Ψ(A, B, C, D, μ)

∣∣ (A, B, C, D) ∈ R4}
μ ∈ V Ker T = span{ej}4

j=1 ej

τ, c0

Ψ C 4

Ψ(0, 0, 0, 0, 0) = 0 D(A,B,C,D)Ψ(0, 0, 0, 0, 0) = 0

M μ
0 ϕ ∈ H5−η μ

ϕ μ ‖ϕ‖H5
u
� δ

M μ
0

ϕ ∈ M μ
0

ϕ′′′′(t) = g(T (ϕ(t), ϕ′(t), ϕ′′(t), ϕ′′′(t)), μ),

g(A, B, C, D, μ)

= d4

dx4

(
Ae1(x) + Be2(x) + Ce3(x) + De4(x) + Ψ(A, B, C, D, μ)(x)

)∣∣∣
x=0

T T1 T2

St

Rϕ(x) := ϕ(−x)

T Sϕ = ST ϕ N (Sϕ, μ) = SN (ϕ, μ)

S St R

T
ϕ �→ ϕ2 Hm−η



m ≥ 1 K
H5−η ϕ �→ K ∗ ϕ2

k ≥ 2 N δ

δ η > 0
k = 4

χδ

R St K

ϕ ∈ M μ
0

M μ
0

Stϕ ∈ M μ
0 t ∈ R A(t) B(t) C(t) D(t)

t ∈ R

Stϕ(x) =A(t)e1(x) + B(t)e2(x) + C(t)e3(x) + D(t)e4(x)
+ Ψ(A(t), B(t), C(t), D(t), μ)(x).

t ∈ R

ϕ′′′′(t) = ϕ′′′′(x + t)
∣∣∣
x=0

= d4

dx4 Stϕ
∣∣∣
x=0

,

x x = 0
A(t) B(t) C(t) D(t)

T ϕ(t) ϕ′(t) ϕ′′(t) ϕ′′′(t)

A(t), B(t), C(t)
D(t) St ϕ ∈ M μ

0 H5−η t

(A(t), B(t), C(t), D(t)) = T (ϕ(t), ϕ′(t), ϕ′′(t), ϕ′′′(t)), t ∈ R.

T T1 T2

τ
c0

τ, c0 ϕ ∈ M μ
0 H5

u

m = 1 m ≥ 1



Ψ A, B, C, D μ

02+(ik0)

A, B, C D
ϕ(t), ϕ′(t), ϕ′′(t) ϕ′′′(t)

Ψ

A, B, C D⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dA

dt
= B

dB

dt
= 1

k2
0

Ψ(A, B, C, D, μ)′′′′(0)

dC

dt
= k0D

dD

dt
= −k0C − 1

k3
0

Ψ(A, B, C, D, μ)′′′′(0).

σ = �′′(0)−1 = 1/(1/3 − τ0)

Ψ(A, B, C, D, μ)′′′′(0) = 2σk2
0μA − 2k3

0
�′(k0)μC − 2σk2

0A2 + 4k3
0

�′(k0)AC

−
(

3σ−2 − 4σ−1 − 4/15
3 σ2k2

0 − 4σ

)
B2

+
(

2k3
0

�′′(k0) − 2�′(k0)2

�′(k0)2 − 10k2
0

�′(k0)

)
BD

+
(

8�(2k0)k4
0

�(2k0) − 1 − σk2
0

)
C2 −

(
8�(2k0)k4

0
�(2k0) − 1 + σk2

0

)
D2

+ O
(
|(A, B, C, D)|

(
μ2 + |A|2 + |B|2 + |C|2 + |D|2

))
.

T1



d
dt

⎛⎜⎜⎜⎝
A
B
C
D

⎞⎟⎟⎟⎠ = T1

⎛⎜⎜⎜⎝
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎞⎟⎟⎟⎠T −1
1

⎛⎜⎜⎜⎝
A
B
C
D

⎞⎟⎟⎟⎠+

⎛⎜⎜⎜⎝
0
0
0

g(A, B, C, D, μ)

⎞⎟⎟⎟⎠ .

g(A, B, C, D, μ) = k4
0C + Ψ(A, B, C, D, μ)′′′′(0),

Ψ(A, B, C, D, μ)′′′′ x = 0 A, B, C, D
μ Ψ C 4 (A, B, C, D, μ)

ϕ ≡ 0 μ ∈ R

Ψ

Ψ(A, B, C, D, μ)(x) =
∑

2≤p+q+l+m+n≤3
n≥1

Ψpqlmn(x) · ApBqC lDmμn + · · ·

Ψpqlmn : R → R Ker Q1 ⊂ H5−η

Ψ′′′′
pqlmn(0) p + q + l + m + n = 2 n ≥ 1 ϕ ∈ M μ

0
‖ϕ‖H5

u
� δ ϕ

T ϕ + (Id −T )(ϕ2 − μϕ) = 0.

ϕ M μ
0 ϕ(x) = Q1ϕ(x) + Ψ(A, B, C, D, μ)(x)

T (Q1ϕ + Ψ) + (Id −T )
(
(Q1ϕ + Ψ)2 − μ(Q1ϕ + Ψ)

)
= 0.

T Q1ϕ = 0

T Ψ + (Q1ϕ)2 − μQ1ϕ − T (Q1ϕ)2 = − (Id −T )
(
2 (Q1ϕ) Ψ + Ψ2 − μΨ

)
,

(A, B, C, D, μ) Ψpqlmn

Q1Ψpqlmn = 0
Ψpqlmn

Ψpqlmn Ψ̃pqlmn Ker T ∩
Ker Q1



1, x, cos(k0x)
sin(k0x) T Id −T Q1

Ψpqlmn Ψpqlmn

Ψpqlmn

Ψ(A, B, C, D, μ)′′′′ 0 Ψpqlmn

Ψpqlmn

dU

dt
= LU + R(U, μ),

U = (A, B, C, D) L

L =

⎛⎜⎜⎜⎝
0 1 0 0
0 0 0 0
0 0 0 k0
0 0 −k0 0

⎞⎟⎟⎟⎠ ,

R C 4 (0, 0) ∈ R4×R R(0, 0) = 0 DU R(0, 0)
= 0 L

0 ±ik0
Rϕ(x) = ϕ(−x) Ker T

1, x, cos(k0x) sin(k0x)

A + B(−x) + C cos(−k0x) + D sin(−k0x) = A − Bx + C cos(k0x) − D sin(k0x).

R Ker T R4

R : (A, B, C, D) �→ (A, −B, C, −D)

R2 = Id R L R
RLU = −LRU RR(U, μ) = −R(RU, μ)

02+(ik0)
μ

μ
L

ξ0 =

⎛⎜⎜⎜⎝
1
0
0
0

⎞⎟⎟⎟⎠ , ξ1 =

⎛⎜⎜⎜⎝
0
1
0
0

⎞⎟⎟⎟⎠ , ζ =

⎛⎜⎜⎜⎝
0
0
1
i

⎞⎟⎟⎟⎠ ,



Lξ0 = 0, Lξ1 = ξ0, Lζ = ik0ζ,

Rξ0 = ξ0, Rξ1 = −ξ1, Rζ = ζ.

L R4

R2 × R̃2 R̃2 := {(C, C) : C ∈ C}

V1 V2 0 ∈ R2 × R̃2 0 ∈ R

U = ξ0 + ξ1 + ζ + Cζ + Φ( , , , C, μ)
V1 V2⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

d
dt

=
d
dt

= P ( , | |2, μ) + ρ ( , , , C, μ)
d
dt

= ik0 + i Q( , | |2, μ) + ρ ( , , , C, μ),

P Q ( , , , C)
Φ C 4

Φ(0, 0, 0, 0, 0) = 0, ∂( , , ,C)Φ(0, 0, 0, 0, 0) = 0
Φ( , − , C, , μ) = RΦ( , , , C, μ)

ρ ρ C 4

|ρ ( , , , C, μ)| + |ρ ( , , , C, μ)| = o((| | + | | + | |)2).

P ( , | |2, μ) = p0μ + p1μ + p2
2 + p3| |2

Q( , | |2, μ) = q0μ + q1 .

p0, p1, p2, p3, q0 q1
σ = (1/3 − τ)−1⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

=
d
dt

= 2σμ − 2σ 2 − 4σ| |2 + O(|μ|2 + (|μ| + | | + | |)2))
d
dt

= ik0 + i
�′(k0)μ − 2i

�′(k0) + O(| |(|μ| + | | + | |2)2).



⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

=
d
dt

= 2σμ − 2σ 2 − 4σ| |2

d
dt

= ik0 − i
�′(k0)μ + 2i

�′(k0) .

t = 1√
2

w, (t) = −3
2
˜(w), (t) = − 3√

2
˜(w),

(t) = |μ|k1/2 exp(iΘ(t))

1
c2 − 1 −μ k

Θ′(t) = k0 − μ

�′(k0) + 2
�′(k0) (t).

k

˜(w) = −μ

3 (1 − (μ)ρ1/2) − |μ|ρ1/2 2
(

ρ1/4|μ|1/2σ1/2w

2

)
,

˜(w) = ˜′(w).

(t) = −3˜(w)/2 Θ(t)

Θ(t) = Θ∗ +
(

k0 − μ

�′(k0) + 2μ

�′(k0)
(
1 − (μ)ρ1/2

))
t

+ 3
√

2 ρ1/4|μ|1/2

σ1/2�′(k0)
tanh

(
ρ1/4|μ|1/2σ1/2t√

2

)
,

Θ∗ ∈ R \ 2πZ ρ = 1 + 24k.



C m

r = |μ|k1/2 > r∗(μ) = O(|μ|1/2).

μ
k ˜

ϕ

(t) = μ

2 (1 − (μ)ρ1/2) + 3
2 |μ|ρ1/2 2

(
ρ1/4|μ|1/2σ1/2t√

2

)
,

(t) = ′(t),
(t) = |μ|k1/2 exp (i(k0 + O(μ))t + iΘ∗ + O(μ)) ,

A(t) = (t) + O(μ2ρ1/2), B(t) = (t) + O(μ2ρ1/2),

C(t) = 1
2( + C) + O(μ2ρ1/2).

A(t) = ϕ(t) + k−2
0 ϕ′′(t) C(t) = −k−2

0 ϕ′′(t)
x

ϕ(x) = A(x) + C(x)

= 3
2 |μ|ρ1/2 2

(
ρ1/4|μ|1/2σ1/2x√

2

)
+ μ

2 (1 − (μ)ρ1/2)

+ |μ|k1/2 cos
(
(k0 + O(μ))x + Θ∗ + O(μ)

)
+ O(μ2ρ1/2).

Θ∗ ∈ R/2πZ
Θ x = −∞ x = ∞

O(ρ1/4|μ|1/2)
ϕ

ϕ
μ ‖ϕ‖H5

u
� δ

k = k′|μ|−1−2κ, κ ∈ [0, 1/2) k′ > 0.



, , , C O(|μ|1/2−κ) ϕ, ϕ′, ϕ′′, ϕ′′′

O(|μ|1/2−κ)
μ

H5
u ϕ ϕ

μ

μ > 0
( , ) = (0, 0) ( , ) μ < 0

( , ) = (μ
2 (1 + ρ1/2), 0) (0, 0)

ϕ �→ ϕ + v, c �→ c − 2v, (1 − c)2b �→ (1 − c)2b + (1 − c)v + v2,

b
v = μ/2(1 + ρ1/2)

c − 2v = 1 + μ − 2 · μ

2 (1 + ρ1/2) = 1 + |μ|ρ1/2 > 1.

c > 1

τ
c0

A B C D ϕ, ϕ′, ϕ′′ ϕ′′′ T2



⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dA

dt
= B + sC

dB

dt
= sD − 1

2s2 Ψ(A, B, C, D, μ)′′′′(0)
dC

dt
= −sA + D + 1

2s3 Ψ(A, B, C, D, μ)′′′′(0)
dD

dt
= −sB.

U = (A, B, C, D)

dU

dt
= LU + R(U, μ),

L =

⎛⎜⎜⎜⎝
0 1 s 0
0 0 0 s

−s 0 0 1
0 −s 0 0

⎞⎟⎟⎟⎠ R(U, μ) = 1
2s3

⎛⎜⎜⎜⎝
0

−sΨ(U, μ)′′′′(0)
Ψ(U, μ)′′′′(0)

0

⎞⎟⎟⎟⎠ .

L
0 ∈ R4 L

is −is

ζ0 =

⎛⎜⎜⎜⎝
1
0
i
0

⎞⎟⎟⎟⎠ , ζ0 =

⎛⎜⎜⎜⎝
1
0
−i
0

⎞⎟⎟⎟⎠ , ζ1 =

⎛⎜⎜⎜⎝
0
1
0
i

⎞⎟⎟⎟⎠ ζ1 =

⎛⎜⎜⎜⎝
0
1
0
−i

⎞⎟⎟⎟⎠ ,

(L − is)ζ0 = 0, (L − is)ζ1 = ζ0,

(L + is)ζ0 = 0, (L + is)ζ1 = ζ0.

(is)2

{ζ0, ζ1, ζ0, ζ1} R̃2 × R̃2 ∼ R4

Rϕ(x) = ϕ(−x) Ker T

R : (A, B, C, D) �→ (A, −B, −C, D)



{cos(sx), x cos(sx), sin(sx), x sin(sx)}
ζ0 ζ1

Rζ0 = ζ0 Rζ1 = −ζ1.

(is)2

U = ζ0 + ζ1 + ζ0 + ζ1 + Φ( , , , , μ),

Φ ( , , , )⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

= is + + i P

(
| |2,

i
2( − )

)
+ ρ ( , , , , μ)

d
dt

= is + i P

(
| |2,

i
2( − )

)
+ Q

(
| |2,

i
2( − )

)
+ ρ ( , , , , μ).

P Q 2 ( , , , )

P

(
| |2,

i
2( − )

)
= p0μ + p1| |2 + ip2

2 ( − ),

Q

(
| |2,

i
2( − )

)
= q0μ + q1| |2 + iq2

2 ( − ).

q0 q1

q0 = 2
c2

0�′′(s) q1 = 4(−c0 + �(2s)−1)−1 + 8(1 − c0)−1

c2
0�′′(s) .

m(s) =
�(s)−1 �(s) = c−1

0 �′(s) = 0 q0 q1 c0 < 1
c0�(2s) < 1 �′′(s) < 0 s > 0 μ < 0

(t) = r0(t) exp(i(st + Θ0(t))), (t) = r1(t) exp(i(st + Θ1(t))),



r0(t) =
√

−2q0μ

q1
(√q0μ t),

r1(t) = |r′
0|,

Θ0(t) = p0μt − 2p1
√

q0μ

q1
tanh(√q0μ t) + Θ∗,

Θ1 − Θ0 ∈ {0, π},

p0, p1 Θ∗ ∈ R

Θ∗ = 0 Θ∗ = π
ϕ x

ϕ(x) =
√

−8q0μ

q1
(√q0μ x) cos

(
sx + O

(
|μ|1/2

))
+ O(μ2),

ϕ(x) = −
√

−8q0μ

q1
(√q0μ x) cos

(
sx + O

(
|μ|1/2

))
+ O(μ2).

ϕ

O(|μ|1/2) x = −∞ x = ∞ ϕ, ϕ′, ϕ′′ ϕ′′′

O(|μ|1/2)
‖ϕ‖H5

u

T



x∗ = (x0, x) ∈ R × Rn

X∗ = {x∗ ∈ Rn+1 | x0 ≥ 0, x∗ �= 0}.

ξ∗ = (ξ0, ξ) ∈ R × Rn

E∗ = {ξ∗ ∈ Rn+1 | ξ0 ≥ 0, ξ∗ �= 0}.

A A(x∗, ξ∗) ∈ C∞(X∗ × E∗) A
0 x∗ ξ∗

A(λx∗, ξ∗) = A(x∗, λξ∗) = A(x∗, ξ∗), λ > 0.

Sn
+ |x∗| = 1 x0 > 0 |ξ∗| = 1 ξ0 > 0 Sn

+
Sn

+ X∗ E∗ Sn
+ |x∗| = 1

|ξ∗| = 1 x0 ≥ 0 ξ0 ≥ 0) A ∈ A
Sn

+ × Sn
+ Ã ∈ C∞(Sn

+ × Sn
+)

X∗ × E∗ A ∼= C∞(Sn
+ × Sn

+) S0
A

pA(x, ξ)

pA(x, ξ) = A(1, x, 1, ξ),

A ∈ A pA ∈ S0
A

pA(x, ξ) ∈ S0
A det A(x∗, ξ∗) �= 0 Γ

pA(x, D) : Hs → Hs

ind pA(x, D) = 1
2π

(
arg det A(x∗, ξ∗)

∣∣∣
Γ

)
,

Γ Sn
+ ×Sn

+ arg det A(x∗, ξ∗)|Γ
det A(x∗, ξ∗) Γ

T v + N (v, μ) = 0,



T v = v + K ∗ v,

Hm−η η > 0 m T
N

χ
t ∈ R ϕ �→ ϕ( · +t)

St χ : R → R χ = 1 |x| < 1 0
|x| > 2 supx∈R |χ′(x)| ≤ 2 θ : R → R

∑
j∈Z

θ(x − j) = 1, θ ⊂ [−1, 1], θ
([

0, 1
2

])
⊂
[

1
2 , 1
]

,

x ∈ R

χ : v �→
∫
R

χ(‖Syθ ·v‖Hm)θ(x−y)v(x) dy χδ : v �→ δ ·χ
(

v

δ

)
, δ > 0.

χ : Hm−η → Hm
u

St R

Hm
u χδ

δ Hm
u

T v + N δ(v, μ) = 0 N δ(v, μ) := N (χδ(v), μ).

Q : Hm−η → Hm−η Ker T T
Hm−1

−η Q
Hm−η Hm

−η′ 0 < η′ < η

T

η0 > 0 K ∈ L1
η0

T : v �→ v + K ∗ v, Hm
−η → Hm

−η

η ∈ (0, η0) Ker T T

T : Hm−η → Hm−η η ∈ (0, η0)
c0 K ′ ∈ L1

η0
η0 > 0



N k ≥ 2 U 0 ∈ Hm−η

V 0 ∈ R δ > 0

N δ : Hm−η × V → Hm−η C k. (ζ, η)
0 < kζ < η < η0 Dl

v N δ( · , μ) : (Hj
−ζ)l → Hj

−η 0 < lζ ≤
η < η0 0 ≤ l ≤ k v 1 ≤ l ≤ k − 1 μ ∈ V

N δ v

N δ(Stv, μ) = StN (v, μ), t ∈ R.

N δ(0, 0) = 0 DvN δ(0, 0) = 0 δ → 0

Hm
−η×VN δ = O(δ + |μ|).

v : R → R (ρ, St, κ) ∈ O(1)× (R×O(1))
v ρ ∈ O(1)
v(x) ∈ R St κ x ∈ R (ρ, St, κ)

κ = Id

S

γ(T v) = T (γv), N (γv, μ) = γN (v, μ), γ ∈ S

S

V 0 ∈ R δ > 0 η > 0

Ψ: Ker T × V ⊂ Hm
−η × R → Ker Q ⊂ Hm

−η

Mμ
0 =

{
v0 + Ψ(v0, μ)

∣∣ v0 ∈ Ker T , μ ∈ V
}

⊂ Hm
−η,

μ

Ψ ∈ C k k

Ψ(0, 0) = 0 Dv0Ψ(0, 0)

Mμ
0 v v ∈ Hm−η

μ



v ‖v‖Hm
u � δ Mμ

0

St t ∈ R Mμ
0 μ

Φt : Ker T → Ker T
Φt = Q ◦ St ◦ (Id +Ψ)

Φt(v0, μ) C k v0, μ, t
f C k−1

Ker T

v = v0 + Ψ(v0, μ) Mμ
0

dv0

dt
= f(v0) := d

dt
Q(Stv)

∣∣∣
t=0

Ker T Γ Q γ ∈
S Ψ γ ∈ S Mμ

0 Γ
f St

S

ψpqlmn := Ψ′′′′
pqlmn(0)

ψ10001, ψ20000, ψ00200, ψ10010, ψ01100, ψ10200, ψ30000

T Id −T Q
Ker T

ψrslmn

ψrslmn ψrslmn

m(D): x2k cos(yx) �→
k∑

j=0

(
2k

2j

)
(−1)jm(2j)(y) · x2(k−j) cos(yx)

+
k−1∑
j=0

(
2k

2j + 1

)
(−1)jm(2j+1)(y) · x2(k−j)−1 sin(yx)

m(D): x2k+1 sin(yx) �→
k∑

j=0

(
2k + 1

2j

)
(−1)jm(2j)(y) · x2(k−j)+1 sin(yx)

+
k∑

j=0

(
2k + 1
2j + 1

)
(−1)j+1m(2j+1)(y) · x2(k−j) cos(yx),



m : R → R y ∈ R f
T f = g h := f − Qf T h = g Qh = 0

τ, c0
c0 = 1 ϕ = Q1ϕ + Ψ

T Ψ − μQ1ϕ + (Id −T )(Q1ϕ + Ψ)2 = 0.

μ T Ψ (Id −T )(Q1ϕ)2

A2, B2, C2, D2 AB, AC, AD BC, BD CD

T Ψ20000 + (Id −T )1 = 0, T Ψ00200 + (Id −T ) cos2(k0x) = 0,

T Ψ02000 + (Id −T ) x2 = 0, T Ψ00020 + (Id −T ) sin2(k0x) = 0,

T Ψ11000 + 2(Id −T ) x = 0, T Ψ10100 + 2(Id −T ) cos(k0x) = 0,

T Ψ10010 + 2(Id −T ) sin(k0x) = 0, T Ψ01100 + 2(Id −T ) x cos(k0x) = 0,

T Ψ00110 + (Id −T ) sin(2k0x) = 0, T Ψ01010 + 2(Id −T ) x sin(k0x) = 0,

μ T Ψ −μQ1ϕ

T Ψ10001 − 1 = 0, T Ψ00101 − cos(k0x) = 0,

T Ψ01001 − x = 0, T Ψ00011 − sin(k0x) = 0.

AB, AD, BC, CD, μB μD
m = � y = 0, k0

2k0

T Ψ10001 = 1, T Ψ00101 = cos(k0x),

T Ψ20000 = −1, T Ψ10100 = −2 cos(k0x),

T Ψ02000 = −x2 + �′′(0) T Ψ00200 = −1
2 − 1

2�(2k0) cos(2k0x),

T Ψ01010 = −2x sin(k0x) + 2�′(k0) cos(k0x), T Ψ00020 = −1
2 + 1

2�(2k0) sin(2k0x),

Q1Ψpqlmn = 0
σ = �′′(0)−1 = (1/3−τ)−1

m = 1 − �



ψ10001 = −ψ20000 = 2σk2
0, ψ00101 = −1

2ψ10100 = − 2k3
0

�′(k0) ,

ψ02000 = −�′′′′(0) − 6σ−2

3 σ2k2
0 − 4σ, ψ01010 = 2�′′(k0) − 2�′(k0)2

�′(k0)2 k3
0 − 10

�′(k0)k2
0,

ψ00200 = 8�(2k0)
�(2k0) − 1k4

0 − σk2
0, ψ00020 = − 8�(2k0)

�(2k0) − 1k4
0 − σk2

0.

τ, c0
c0 τ0 s ∈ (0, ∞)

T Ψ10001 = 1
c0

(Id −T ) cos(sx),

T Ψ20000 = − 1
c0

(Id −T ) cos2(sx),

T Ψ10100 = − 1
c0

(Id −T ) sin(2sx),

T Ψ00200 = − 1
c0

(Id −T ) sin2(sx),

T Ψ10010 = T Ψ01100 = − 1
c0

(Id −T )x sin(2sx),

T Ψ30000 = − 2
c0

(Id −T ) cos(sx)Ψ20000,

T Ψ10200 = − 2
c0

(Id −T )(cos(sx)Ψ00200 + sin(sx)Ψ10100),

Ψpqlmn Q2Ψpqlmn = 0 Q2
m = 1 − c0�, y = 0, s, 2s 3s Ψ′′′′

pqlmn(0) = ψpqlmn

ψ10001 = −8s2e,

ψ20000 = s4(a + 9b),
ψ00200 = s4(a − 9b),
ψ10010 = ψ01100 = 9s4c − 48s3b,

ψ30000 =
((

− 2a(a + b) − 18b(a + b) + 128bd − 9s

2 (a − 3b)c
)
s2

+ 24s2b(a − 3b) + 8(2a + b)e
)
s2,



ψ10200 =
((

− 2a(a − b) − 18b(a − b) − 128bd − 9s

2 (a + 3b)c
)
s2

+ 24s2b(a + 3b) + 8(2a − b)e
)
s2

+
((

− 54sbc + 4ab − 36b2 − 256bs
)
s2 + 288s2b2 + 16be

)
s2,

a = 1
2c0

(
1 − 1

1 − c0

)
, b = 1

2c0

(
1 − 1

1 − c0�(2s)

)
,

c = �′(2s)
(1 − c0�(2s))2 , d = 1

2c0

(
1 − 1

1 − c0�(3s)

)
,

e = 1
c2

0�′′(s) .

p0, p1,
p2, p3, q0 q1 Φ ( , , , C) μ

Φ( , , , C, μ)
= φ00001μ + φ10001μ + φ01001μ + φ00101μ + φ00011μC + φ20000

2

+ φ11000 + φ10100 + φ10010 C + φ02000
2 + φ01100 + φ01010 C

+ φ00200
2 + φ00110| |2 + φ00020C2 + O(|μ2| + (|μ| + |( , , , C)|)3)).

ApBqC lDmμn ψpqlmn

R(U, μ) = μR11(U) + R20(U, U) + O(|μ|2 + |(U, μ)|3),

R11(x, y, z, w) = 1
k3

0

⎛⎜⎜⎜⎝
0

k0ψ10001x + k0ψ00101z
0

−ψ10001x − ψ00101z

⎞⎟⎟⎟⎠ , R20(U, Ũ) = 1
k3

0

⎛⎜⎜⎜⎝
0

k0H(U, Ũ)
0

−H(U, Ũ)

⎞⎟⎟⎟⎠



H(U, Ũ) = H((x, y, z, w), (x̃, ỹ, z̃, w̃))

= ψ20000xx̃ + ψ10100

2 (xz̃ + zx̃) + ψ02000yỹ

+ ψ01010

2 (yw̃ + wỹ) + ψ00200zz̃ + ψ00020ww̃.

U = ξ0 + ξ1 + ζ +Cζ +Φ

O(μ) : p0ξ1 = Lφ00001

O(μ ) : p1ξ1 + p0φ11000 = Lφ10001 + R11(ξ0)
O( 2) : p2ξ1 = Lφ20000 + R20(ξ0, ξ0)

O(| |2) : p3ξ1 = Lφ00110 + 2R20(ζ, ζ)
O(μ ) : iq0ζ + p0φ01100 + ik0φ00101 = Lφ00101 + R11(ζ)
O( ) : iq1ζ + ik0φ10100 = Lφ10100 + 2R20(ξ0, ζ).

ξ1 L p0 = 0 O(μ )

Lφ10001 = p1ξ1 − R11(ξ0) = 1
k3

0

⎛⎜⎜⎜⎝
0

k3
0p1 − k0ψ10001

0
ψ10001

⎞⎟⎟⎟⎠
k3

0p1 − k0ψ10001 = 0 p2 p3
q0

(L − ik0)φ00101 = iq0ζ − R11(ζ)

φ00101 = x0ξ0 + x1ξ1 + x3ζ + x3ζ
x3ζ = 0 {ξ0, ξ1, ζ, ζ}

iq0ζ − R11(ζ) = − 1
k2

0
ψ00101ξ1 +

(
iq0 − i

2k3
0

ψ00101

)
ζ + i

2k3
0

ζ,

q0 = (2k3
0)−1ψ00101 σ =

(1/3 − τ)−1

p0 = 0, p1 = 2σ = −p2, p3 = −4σ, q0 = − 1
�′(k0) q1 = 2

�′(k0) .



Φ

Φ( , , , , μ) =
∑

2≤p+q+l+m+n≤3
n≥1

φpqlmn
p q l m

μn + · · · .

R(U, μ)

μA, μD, μ2A, μ2D,

A2, B2, C2, D2, AD, BC, μA2, μB2, μC2, μD2, μAD, μBC,

A3, D3, A2D, AB2, AC2, AD2, ABC, B2D, BCD, C2D.

cos(sx) x cos(sx) sin(sx)
x sin(sx) x A, B, C, D

Ψ(A, B, C, D, μ)′′′′(0) ApBqC lDmμn ψpqlmn

R(U, μ)

R(U, μ) = R00 + R01μ + R10U + R11μU + R20(U, U)
+ μR21(U, U) + μ2R12U + R30(U, U, U),

R01 = 1
2s3

⎛⎜⎜⎜⎝
0

−sH0
H0
0

⎞⎟⎟⎟⎠ , R11(U) = 1
2s3

⎛⎜⎜⎜⎝
0

−sH1(U)
H1(U)

0

⎞⎟⎟⎟⎠ ,

R20(U, Ũ) = 1
2s3

⎛⎜⎜⎜⎝
0

−sH2(U, Ũ)
H2(U, Ũ)

0

⎞⎟⎟⎟⎠ , R30(U, Ũ , Û) = 1
2s3

⎛⎜⎜⎜⎝
0

−sH3(U, Ũ , Û)
H3(U, Ũ , Û)

0

⎞⎟⎟⎟⎠ ,

U = (x, y, z, w), Ũ = (x̃, ỹ, z̃, w̃), Û = (x̂, ŷ, ẑ, ŵ)

H0 = 0,

H1(x, y, z, w)
= ψ10001x + ψ00011w,

H2((x, y, z, w), (x̃, ỹ, z̃, w̃))
= ψ20000xx̃ + ψ02000yỹ + ψ00200zz̃ + ψ00020ww̃

+ ψ10010

2 (xw̃ + x̃w) + ψ01100

2 (yz̃ + ỹz),



H3((x, y, z, w), (x̃, ỹ, z̃, w̃), (x̂, ŷ, ẑ, ŵ))
= ψ30000xx̃x̂ + ψ00030ww̃ŵ

+ ψ20010

3 (xx̃ŵ + xx̂w̃ + x̃x̂w) + ψ12000

3 (xỹŷ + x̃yŷ + x̂yỹ)

+ ψ10200

3 (xz̃ẑ + x̃zẑ + x̂zz̃) + ψ10020

3 (xw̃ŵ + x̃wŵ + x̂ww̃)

+ ψ11100

6 (xỹẑ + xŷz̃ + x̃yẑ + x̃ŷz + x̂yz̃ + x̂ỹz)

+ ψ01110

6 (yz̃ŵ + yẑw̃ + ỹzŵ + ỹẑw + ŷzw̃ + ŷz̃w)

+ ψ02010

3 (yỹŵ + yŷw̃ + ỹŷw) + ψ00210

3 (zz̃ŵ + zẑw̃ + z̃ẑw).

ζ∗
1 = 1

2(0, 1, 0, −i) L − is

〈ζ0, ζ∗
1 〉 = 0, 〈ζ0, ζ∗

1 〉 = 0, 〈ζ1, ζ∗
1 〉 = 0, 〈ζ1, ζ∗

1 〉 = 0,

Rζ∗
1 = −ζ∗

1 .

q0 = 〈R11ζ0 + 2R20(ζ0, φ00001), ζ∗
1 〉,

q1 = 〈2R20(ζ0, φ10100) + 2R20(ζ0, φ20000) + 3R30(ζ0, ζ0, ζ0), ζ∗
1 〉,

φ00001, φ10100, φ20000

Lφ00001 + R01 = 0,

Lφ10100 + 2R20(ζ0, ζ0) = 0,

(L − 2is)φ20000 + R20(ζ0, ζ0) = 0.

φ00001 = 0, φ10100 = ψ20000 + ψ02000

s3

⎛⎜⎜⎜⎝
2/s
0
0
1

⎞⎟⎟⎟⎠ , φ20000 = ψ20000 − ψ02000

9s4

⎛⎜⎜⎜⎝
1

3is
−i

−3s/2

⎞⎟⎟⎟⎠ ,

q0 = − 1
4s2 ψ10001,

q1 = −ψ20000 + ψ00200

2s5

(2
s

ψ20000 + ψ10010

2

)
− 1

18s6 (ψ20000 − ψ00200)
(

ψ20000 − ψ00200 + 3s

2 ψ01100 − 3s

4 ψ01100

)
− 3

4s2

(
ψ30000 + ψ10200

3

)
.





Rn



1/3









(α, β) α β
(α, β)

(α, β)

ρ

Dη = {(X, Y, z) ∈ R3 : 0 < Y < h + η(X, z, t)},



(X, Y, z) h η > −h
X, z

t
g T

φ
X c > 0

φXX + φY Y + φzz = 0 0 < Y < 1 + η,

φY = 0 Y = 0,

φY = ηt − cηX + ηXφX + ηzφz Y = 1 + η,

φt − cφX + 1
2
(
φ2

X + φ2
Y + φ2

z

)
+ αη − βK = 0 Y = 1 + η.

h
h/c

α = gh

c2 β = T

ρhc2

K η

K =

⎡⎣ ηX√
1 + η2

X + η2
z

⎤⎦
X

+

⎡⎣ ηz√
1 + η2

X + η2
z

⎤⎦
z

.

β = 0

X
z t

D(k) := (α + βk2) sinh |k| − |k| cosh(k) = 0,

0
(η(X), φ(X, Y )) = (ηk, φk(Y )) exp( kX)



k
{(ηε(X), φε(X, Y ))}ε∈(−ε0,ε0) k ε0 >
0 (η0(X), φ0(X, Y )) = (0, 0)

α β

k∗ > 0 α ∈ (0, 1) β > 0

0 < k∗,1 < k∗,2 α > 1 0 < β < β(α)
(α, β(α)) Γ

α = s2

2 sinh2(s)
+ s

2 tanh(s) , β = − 1
2 sinh2(s)

+ 1
2s tanh(s) , s ∈ (0, ∞);

k∗ > 0 α = 1 β < 1/3

k∗ (α, β) Γ

k k
−k

α

β

II

1

1
3

I

Γ

k∗,1
k∗,2

k∗

α

1

ΓΓ2Γ3Γ4
. . .

(β, α)

Γm m = 2, 3, 4

k∗,1 k∗,2



k∗,2/k∗,1 /∈ N (α, β)
Γm m ∈ N m ≥ 2

α = − m2s

(1 − m2) tanh(s) + ms

(1 − m2) tanh(ms)

β = 1
(1 − m2)s tanh(s) − m

(1 − m2)s tanh(ms)

, s ∈ (0, ∞);

(α, β)
{(ηε(X), φε(X, Y ))}ε∈(−ε0,ε0)

k∗ (α, β)

{(ηε,1(X), φε,1(X, Y ))}ε∈(−ε0,ε0) {(ηε,2(X), φε,2(X, Y ))}ε∈(−ε0,ε0)

k∗,1 k∗,2

(X, z)
t

z

z

x

y

z

x

y



α ∼ 1, β > 1/3

(α, β) Γ
α ∼ 1, β ∼ 1/3

β = 0

Γ

α ∼ 1, β > 1/3

z

l = 0

X



z

{(ηε(X), φε(X, Y ))}ε∈(−ε0,ε0) ε0

{(ηε,2(X), φε,2(X, Y ))}ε∈(−ε0,ε0) k∗,2
{(ηε,1(X),

φε,1(X, Y ))}ε∈(−ε0,ε0) k∗,1
(α, β) Γ

Γ2

(α, β) k∗ > 0

ε0 > 0
{(ηε(X), φε(X, Y ))}ε∈(−ε0,ε0) (η0, φ0) =

(0, 0) (ηε, φε) X kε = k∗ + O(ε2)

ε1 > 0 ε ∈ (−ε1, ε1)
(ηε(X), φε(X, Y ))

ε2 > 0 ε ∈ (−ε2, ε2)
δε > 0 �∗

ε > 0
{(ηδ

ε(X, z), φδ
ε(X, Y, z))}δ∈(−δε,δε) kε X

�δ = �∗
ε + O(δ2) z (ηε(X),

φε(X, Y ))

±i�∗
ε �∗

ε > 0



Y = y(1 + η(X, z, t)), φ(X, Y, z, t) = Φ(X, y, z, t),

X = kx k x

ω = −
∫ 1

0

(
Φz − yηzΦy

1 + η

)
yΦy dy + βηz

(1 + k2η2
x + η2

z)1/2 ,

ξ = (1 + η)
(

Φz − yηzΦy

1 + η

)
.

U = (η, ω, Φ, ξ)

dU

dz
= DUt + F (U),

Φy = yηt + B(U) y = 0, 1.

D

DU = (0, Φ|y=1, 0, 0) ,



F F (U) = (F1(U), F2(U), F3(U), F4(U))

F1(U) = W

(
1 + k2η2

x

β2 − W 2

)1/2

,

F2(U) = F1(U)
(1 + η)2

∫ 1

0
yΦyξ dy − k

[
kηx

W

F1(U)

]
x

+ αη − kΦx|y=1

+
∫ 1

0

{
ξ2 − Φ2

y

2(1 + η)2 + k2

2

(
Φx − yηxΦy

1 + η

)2
+ k2

[(
Φx − yηxΦy

1 + η

)
yΦy

]
x

+ k2
(

Φx − yηxΦy

1 + η

)
yηxΦy

1 + η

}
dy,

F3(U) = ξ

1 + η
+ yΦy

1 + η
F1(U),

F4(U) = − Φyy

1 + η
− k2

[
(1 + η)

(
Φx − yηxΦy

1 + η

)]
x

+ k2
[(

Φx − yηxΦy

1 + η

)
yηx

]
y

+ (yξ)y

1 + η
F1(U),

W = ω + 1
1 + η

∫ 1

0
yΦyξ dy,

B

B(U) = −kyηx + k2yηxΦx + ηΦy

1 + η
− k2y2η2

xΦy

1 + η
+ yξ

1 + η
F1(U).

z �→ −z
R

R

⎛⎜⎜⎜⎝
η
ω
Φ
ξ

⎞⎟⎟⎟⎠ (x, y, z, t) =

⎛⎜⎜⎜⎝
η

−ω
Φ
−ξ

⎞⎟⎟⎟⎠ (x, y, −z, t),

D F B
x �→ −x

S

⎛⎜⎜⎜⎝
η
ω
Φ
ξ

⎞⎟⎟⎟⎠ (x, y, z, t) =

⎛⎜⎜⎜⎝
η
ω

−Φ
−ξ

⎞⎟⎟⎟⎠ (−x, y, z, t),



D F B
x z

dU

dx
= LU + R(U),

x L R
X y

L Y ⊂ X
Y

L
(α, β)

L ±ik∗ k∗

±ik∗,1 ±ik∗,2

ε (α, β)

X = kεx, ηε(X) = η̃ε(x), Φε(X, y) = Φ̃ε(x, y),

η̃ε Φ̃ε 2π x

kε = k∗ + ε2k2 + O(ε3),
η̃ε(x) = εη1(x) + ε2η2(x) + O(ε3),
Φ̃ε(x, y) = εΦ1(x, y) + ε2Φ2(x, y) + O(ε3),

k∗



k2 = k3∗
d(k∗)

(
(9αβ + 16) k∗ − 12αβk∗ cosh(2k∗) + 3αβk∗ cosh(4k∗)

− 8α(2c(k∗) − 1) sinh(2k∗) − 4α(c(k∗) + 2) sinh(4k∗)
)
,

η1(x) = sinh(k∗) cos(x), Φ1(x, y) = cosh(k∗y) sin(x),

η2(x) = k∗
4 (c(k∗) + 1) sinh(2k∗) cos(2x) − k2∗

4α
,

Φ2(x, y) = k∗
4 (c(k∗) cosh(2k∗y) + 2 sinh(k∗)y sinh(k∗y)) sin(2x),

c(k∗) = −1 − k∗(cosh(2k∗) + 2)
D(2k∗) ,

d(k∗) = 32α (2βk∗(cosh(2k∗) − 1) + 2k∗ − sinh(2k∗)) ,

D(k) η̃ε x
Φ̃ε

ε ∈ (−ε0, ε0) (ηε, Φε)

Uε(x, y) = (η̃ε(x), 0, Φ̃ε(x, y), 0)T

k = kε{
F (Uε) = 0,

Φ̃εy = B(Uε), y = 0, 1.

η̃ε Φ̃ε SUε = Uε S

(α, β) Lε

Uε k = kε

Lε

ηε

Φε η̃ε Φ̃ε



Lε F
Uε LεU := dF [Uε]U

LεU =

⎛⎜⎜⎜⎝
ω/β + H1(ω, ξ)

αη − βk2
εηxx − kεΦx|y=1 + H2(η, Φ)

ξ + H3(ω, ξ)
−k2

εΦxx − Φyy + H4(η, Φ)

⎞⎟⎟⎟⎠ , U =

⎛⎜⎜⎜⎝
η
ω
Φ
ξ

⎞⎟⎟⎟⎠ ,

H1(ω, ξ) = (1 + k2
εη2

εx)1/2

β

(
ω + 1

1 + ηε

∫ 1

0
yΦεyξ dy

)
− ω

β
,

H2(η, Φ) = βk2
εηxx − βk2

ε

[
ηx

(1 + k2
εη2

εx)3/2

]
x

+
∫ 1

0

{
k2

εΦεxΦx − ΦεyΦy

(1 + ηε)2 +
Φ2

εyη

(1 + ηε)3 − k2
ε

y2η2
εxΦεyΦy

(1 + ηε)2

− k2
ε

y2ηεxΦ2
εyηx

(1 + ηε)2 + kε

y2ηεxΦ2
εyη

(1 + ηε)3

+ k2
ε

[
yΦεyΦx + yΦεxΦy − 2y2ηεxΦεyΦy

1 + ηε
−

y2Φ2
εyηx

1 + ηε
+

y2Φ2
εyηεxη

(1 + ηε)2

]
x

}
dy,

H3(ω, ξ) = − ηεξ

1 + ηε
+ 1

1 + ηε

(
H1(ω, ξ) + ω

β

)
yΦεy,

H4(η, Φ) = k2
ε

[
− ηεΦx − Φεxη + yΦεyηx + yηεxΦy

]
x

+
[
kεyηx + Blε(η, Φ)

]
y
.

LεU
B Uε

Φy = Blε(U) := dB[Uε]U = 0 y = 0, 1,

Blε(U) = kεy(−ηx + kεηεxΦx + kεΦεxηx)

+ ηεΦy

1 + ηε
+ Φεyη

(1 + ηε)2 + k2
ε

y2η2
εxΦεyη

(1 + ηε)2 − k2
ε

y2η2
εxΦy

1 + ηε
− 2k2

ε

y2ηεxΦεyηx

1 + ηε
.

Blε(U) η Φ U
Blε(η, Φ)

s ≥ 0

X s = Hs+1(S) × Hs (S) × Hs+1(Σ) × Hs (Σ),



S = (0, 2π) Σ = S × (0, 1)

Hs
per(S) = {u ∈ Hs

loc(R) : u(x + 2π) = u(x), x ∈ R},

Hs
per(Σ) = {u ∈ Hs

loc(R × (0, 1)) : u(x + 2π, y) = u(x, y), y ∈ (0, 1), x ∈ R}.

Lε X 0

Y1
ε = {U = (η, ω, Φ, ξ)T ∈ X 1 : Φy = Blε(η, Φ) y = 0, 1},

Lε X 0

Y1
ε X 0

Lε

S
F Uε

X 0
+ = {U ∈ X 0 : SU = U}, X 0

− = {U ∈ X 0 : SU = −U},

Lε

Y1
ε Lε ε

Φ Υ = Φ+χy

χ

−k2
εχxx − χyy = Blε(U) Σ,

χ = 0 y = 0, 1.

Υ Υy = 0 y = 0, 1 ε
Gε(η, ω, Φ, ξ)T = (η, ω, Υ, ξ)T

X 0 X 1 ε G−1
ε

L̃ε = GεLεG−1
ε L̃ε X 0

Y1 = {U = (η, ω, Υ, ξ)T ∈ X 1 : Υy = 0 y = 0, 1},

ε L̃ε

Lε

L0 L0 ε = 0

x i� � ∈ R (L0 −
i� I)U = 0 n

(α + βσ2)σ sinh σ − n2k2
∗ cosh σ = 0 σ2 = n2k2

∗ + �2.



(α, β) � = 0 n ∈ {0, ±1}
0 L0

ζ0 =

⎛⎜⎜⎜⎝
0
0
1
0

⎞⎟⎟⎟⎠ , ζ− =

⎛⎜⎜⎜⎝
− sinh(k∗) sin(x)

0
cosh(k∗y) cos(x)

0

⎞⎟⎟⎟⎠ , ζ+ =

⎛⎜⎜⎜⎝
sinh(k∗) cos(x)

0
cosh(k∗y) sin(x)

0

⎞⎟⎟⎟⎠ .

0 ζ0, ζ−
ζ+

ψ0 =

⎛⎜⎜⎜⎝
0
0
0
1

⎞⎟⎟⎟⎠ , ψ− =

⎛⎜⎜⎜⎝
0

−β sinh(k∗) sin(x)
0

cosh(k∗y) cos(x)

⎞⎟⎟⎟⎠ , ψ+ =

⎛⎜⎜⎜⎝
0

β sinh(k∗) cos(x)
0

cosh(k∗y) sin(x)

⎞⎟⎟⎟⎠ .

S

Sζ0 = −ζ0, Sζ− = −ζ−, Sζ+ = ζ+,

Sψ0 = −ψ0, Sψ− = −ψ−, Sψ+ = ψ+.

L0

Lε

L̃ε

ε1 C1 �1
ε ∈ (−ε1, ε1)

Lε X 0 Y1
ε 0

±i�ε �ε > 0
�0 = 0 i� ∈ iR \ {0, ±i�ε}

Lε

Lε X 0
+

±i�ε i� ∈ iR \ {±i�ε}

∥∥∥(Lε − i� I)−1
∥∥∥L(X0)

≤ C1

|�| ,

� |�| > �1



L0 ε
L̃ε L̃0 Y1

L̃ε

L̃0 ε
ε = 0

L̃0 C1 �1 L̃ε

L̃0 ε
L̃0 L̃ε Lε

σ(L0)
L0

σ(L0) = {0} ∪ σ1(L0), σ1(L0) ⊂ {λ ∈ C : |Re λ| > d1},

d1 > 0 0
L̃0

E0 0 L0
ζ0, ζ± ψ0, ψ± ε �= 0

L̃ε L̃0
V0 ⊂ C

V0 ⊂ {λ ∈ C : |Re λ| < d1/4}

σ(L̃ε) = σ0(L̃ε) ∪ σ1(L̃ε), σ0(L̃ε) ⊂ V0, σ1(L̃ε) ⊂ {λ ∈ C : |Re λ| > d1/2},

ε σ0(L̃ε)
Lε Lε {ζ0(ε), ζ±(ε),

ψ0(ε), ψ±(ε)} Eε σ0(Lε)
ε {ζ0, ζ±, ψ0, ψ±}

E0 0 L0

Sζ0(ε) = −ζ0(ε), Sζ−(ε) = −ζ−(ε), Sζ+(ε) = ζ+(ε),
Sψ0(ε) = −ψ0(ε), Sψ−(ε) = −ψ−(ε), Sψ+(ε) = ψ+(ε).

Eε = Eε,+ ⊕ Eε,−

Eε,+ = {U ∈ Eε : RU = U} = {ζ+(ε), ψ+(ε)},

Eε,− = {U ∈ Eε : RU = −U} = {ζ0(ε), ζ−(ε), ψ0(ε), ψ−(ε)}.



Eε,± Lε

Lε V0 0
Lε Eε

6 × 6 Eε = Eε,+ ⊕ Eε,−
Lε

Eε,± 6 × 6 2 × 2
Lε Eε,+ 4×4 Lε Eε,−

Lε X 0
+

2 × 2

4 × 4 Eε,−

φ �→ φ + C C
U �→ U +

ζ0 ζ0 = (0, 0, 1, 0) ζ0 Lε

Sζ0 = −ζ0 E− ζ0(ε) = ζ0

ψ0(ε) =

⎛⎜⎜⎜⎝
0

−
∫ 1

0 yΦεy dy
0

1 + ηε

⎞⎟⎟⎟⎠ ,

Lεψ0(ε) = ζ0 Sψ0(ε) = −ψ0(ε)

x Uεx = (ηεx, 0, Φεx, 0)
Lε SUεx = −Uεx Uεx Eε,−

Uεx = εζ− + O(ε2) ζ−(ε) = ε−1Uεx

Lε E−
ζ−(ε) → ζ− ε → 0

ψ−(ε) = 1
ε

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0
ηεxβ

(1 + k2
εη2

εx)1/2 −
∫ 1

0 yΦεy

(
Φεx − ηεxyΦεy

1 + ηε

)
dy

0
(1 + ηε)

(
Φεx − ηεxyΦεy

1 + ηε

)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

{ζ0(ε), ψ0(ε), ζ−(ε), ψ−(ε)} Eε,−

Lεζ0(ε) = 0, Lεψ0(ε) = ζ0(ε), Lεζ−(ε) = 0, Lεψ−(ε) = ζ−(ε).
0 4 × 4 Lε Eε,−



2 × 2 {ζ+(ε), ψ+(ε)}
Eε,+ {ζ+, ψ+} E0,+ M(ε)

2 × 2 Lε ε = 0
L0ζ+ = 0 L0ψ+ = ζ+

M(0) =
(

0 1
0 0

)
.

ε �= 0

M(ε) =
(

m11(ε) 1 + m12(ε)
m21(ε) m22(ε)

)
.

x
π

ε (ηε, Φε)

ηε(x) = η−ε(x + π), Φε(x, y) = Φ−ε(x + π, y).

2 × 2
M(ε) = M(−ε) mij(ε) = m

(2)
ij ε2 +

O(ε4) ε
Lε Lε

Lε

M(ε)
0 m11(ε) = −m22(ε)

M(ε)
det M(ε) < 0 det M(ε) > 0

det M(ε) = −m2
11(ε) − m21(ε)(1 + m12(ε)) = −m

(2)
21 ε2 + O(ε4),

m
(2)
21 < 0

m
(2)
21

m
(2)
21 = −4k∗ · 4βk∗ sinh2(k∗) + 2k∗ − sinh(2k∗)

4βk∗ sinh2(k∗) + 2k∗ + sinh(2k∗)
· k2,

k2 kε

k2

m
(2)
21 = k4∗

8α
· 1

4βk∗ sinh2(k∗) + 2k∗ + sinh(2k∗)
· m̃

(2)
21 ,



m̃
(2)
21 = − (9αβ + 16) k∗ + 12αβk∗ cosh(2k∗) − 3αβk∗ cosh(4k∗)

+ 8α(2c(k∗) − 1) sinh(2k∗) + 4α(c(k∗) + 2) sinh(4k∗),

c(k∗) < −1 m
(2)
21 m̃

(2)
21

m̃
(2)
21 < 0 (α, β)

ε

Uε

Lε

±i�ε ε ∈ (−ε1, ε1)

Uε

dU

dz
= DUt + dF [Uε]U,

Φy = yηt + Blε(U) y = 0, 1.

Uε

exp(σt)Uσ(z) Re σ > 0 Uσ ∈ C1(R, X 0) ∩ C (R, X 1)

x ∈ R

x

X Z Zi i = 1, 2

dU

dz
= D1Ut + D2Utt + LU.

Z ⊂ Zi ⊂ X i = 1, 2



L, D1 D2 X Z, Z1 Z2

L ±i�∗

R ∈ L(X ) L Di i = 1, 2

σ > 0 exp(σt)Uσ(z)
Re σ > 0 Uσ ∈ C1(R, X ) ∩ C(R, Z)

L, D1, D2

D1 D2
L

D1 D2 L

yηt t

Lε

Φ U Θ = Φ + θyt θ

−k2
εθxx − θyy + Blε(0, θy) = yη Σ,

θ = 0 y = 0, 1,

Blε(η, Φ) = Blε(U) Blε(U) η Φ
θ t

t Q(η, ω, Φ, ξ)T = (η, ω, Θ, ξ)T

X 0 X 1 V = (η, ω, Θ, ξ)T

dV

dz
= D1Vt + D2Vtt + LεV,

Θy = Blε(V ) y = 0, 1.

D1 D2 X 0

D1

⎛⎜⎜⎜⎝
η
ω
Θ
ξ

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0

Θ|y=1 + kεθxy|y=1 − H2(0, θy)
θ̂y

−η − k2
ε(−ηεθxy + yηεxθyy)x

⎞⎟⎟⎟⎠ , D2

⎛⎜⎜⎜⎝
η
ω
Θ
ξ

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0

−θy|y=1
0
0

⎞⎟⎟⎟⎠ ,



θ̂

−k2
ε θ̂xx − θ̂yy + Blε(0, θ̂y) = y

(
ω

β
+ H1(ω, ξ)

)
Σ,

θ̂ = 0 y = 0, 1.

Uε

X = Zi = X 0 Z = Y1
ε i = 1, 2 D1, D2 Lε D1

D2 X 0 X 0

R D1, D2 L
Q

Uε

U(x, y, z) = Uε(x, y) + Ũ(x, y, z), Ũ = (η, ω, Φ, ξ)T,

dŨ

dz
= F (Uε + Ũ),

Φy = B(Uε + Ũ) − B(Uε) y = 0, 1.

F B M 0 ∈ X 1

{(η, ω, Φ, ξ)T ∈ X 1 : |W (x)| < β, η(x) > −1 x ∈ R},

Uε M ε
Ũ Uε + Ũ(z) ∈ M z ∈ R

Φ
Θ = Φ+θy θ

−k2
εθxx − θyy + Blε(0, θy) = B(U) Σ,

θ = 0 y = 0, 1.



Q(η, ω, Φ, ξ)T = (η, ω, Θ, ξ)T

Q M1
0 ∈ X 1 M2 0 ∈ X 1 U ∈ M1

dQ[U ] : X 1 → X 1 d̂Q[U ] : X 0 → X 0

U d̂Q[U ]−1

dV

dz
= LεV + N(V ),

N := F̃ − Lε, F̃ (V ) = d̂Q[Q−1(V )](F (Uε + Q−1(V ))),

Θy = Blε(V ) y = 0, 1.

Lε

X 0

0 Y1
ε

Q
R S

R S X 0
+

X = X 0
+ Y = Y1

ε ∩X 0
+

ε

(α, β)

(α, β)

k∗,1 k∗,2 k∗,1 <
k∗,2 k∗,2/k∗,1 /∈ Z

{(ηε,1(X), φε,1(X, Y ))}ε∈(−ε0,ε0) {(ηε,2(X), φε,2(X, Y ))}ε∈(−ε0,ε0)
kε,1 = k∗,1 + O(ε2) kε,2 = k∗,2 + O(ε2)

k∗ k∗,1 k∗,2



Lε

m
(2)
21

m
(2)
21

m
(2)
21

2k∗,1 > k∗,2 (α, β)
Γ2 Γ

(ηε,2(X), φε,2(X, Y ))
(ηε,1(X), φε,1(X, Y ))

(α, β) Γ2 Γ

(α, β) k∗,1, k∗,2
k∗,1 < k∗,2 k∗,2/k∗,1 /∈ Z Γ2

(α, β) 2k∗,1 = k∗,2

ε0 > 0

{(ηε,1(X), φε,1(X, Y ))}ε∈(−ε0,ε0) {(ηε,2(X), φε,2(X, Y ))}ε∈(−ε0,ε0)

(η0,i, φ0,i) = (0, 0) (ηε,i, φε,i)
X kε,i = k∗,i + O(ε2) i = 1, 2

ε1 > 0 ε ∈ (−ε1, ε1)
(ηε,2, φε,2) (ηε,1, φε,1)

2k∗,1 > k∗,2 (α, β)
Γ2 Γ

ε2 > 0
(ηε,i, φε,i) ε ∈ (−ε2, ε2) i = 1, 2 δε >

0 �∗
ε,i > 0 {(ηδ

ε,i(X, z),
φδ

ε,i(X, Y, z))}δ∈(−δε,i,δε,i) k∗,i X �δ =
�∗

ε,i + O(δ2) z (ηε,i, φε,i)



X Y Y
X

dU

dt
= F (U),

F ∈ C 6(U , X ) U ⊂ Y 0 F (0) = 0

R ∈ L(X ) ∩ L(Y) F

L := dF [0] ±iω0 ω0 > 0

n ∈ Z \ {−1, 1} inω0 L

C

‖(L − inω0I)−1‖L(X ,X ) ≤ C

|n| , ‖(L − inω0I)−1‖L(X ,Y) ≤ C,

n → ∞
E ⊂ R 0 C 4 {U(ε), ω(ε)}ε∈E U(ε)

2π/ω(ε) (U(0), ω(0)) = (0, ω0)
{U(ε), ω(ε)}ε∈E

F C 3

C 4 ε F C 6

X = kx, Y = y(1 + η(X)), η(X) = η̃(x), φ(X, Y ) = Φ̃(x, y).

k2Φxx + 1
(1 + η)2 Φyy − 2k2 yηx

1 + η
Φxy

+ k2
(

yηx

1 + η

)2
Φyy + k2

(
2yη2

x

(1 + η)2 − yηxx

1 + η

)
Φy = 0,



0 < y < 1

Φy = 0 y = 0,

Φy = (1 + η)(−kηx + k2ηxΦx) − k2η2
xΦy y = 1

αη − k

(
Φx − ηx

1 + η
Φy

)
− βk2

(
ηx

(1 + k2η2
x)1/2

)
x

+ 1
2

(
k2
(

Φx − ηx

1 + η
Φy

)2
+

Φ2
y

(1 + η)2

)
= 0 y = 1.

(η̃ε(x), Φ̃ε(x, y)) k = kε

ε
η̃ε x Φ̃ε x

O(ε) η1 Φ1

k2
∗Φ1xx + Φ1yy = 0 0 < y < 1,

Φ1y = 0 y = 0,

Φ1y = −k∗η1x y = 1,

αη1 − k∗Φ1x|y=1 − βk2
∗η1xx = 0 y = 1.

x

η1(x) =
∞∑

n=0
η1n cos(nx), Φ1(x, y) =

∞∑
n=1

φ1n(y) sin(nx),

D(nk∗) = 0 D
n = 0 x

n = ±1 η1 Φ1
O(ε2) η2 Φ2

k2
∗Φ2xx + Φ2yy = 2η1Φ1yy + 2k2

∗yη1xΦ1xy + k2
∗yη1xxΦ1y 0 < y < 1,

Φ2y = 0 y = 0,

Φ2y + k∗η2x = k2
∗η1xΦ1x − k∗η1η1x y = 1,

αη2 − βk2
∗η2xx − k∗Φ2x = −k∗η1xΦ1y − 1

2(k2
∗Φ2

1x + Φ2
1y) y = 1.

η1 Φ1

k2
∗Φ2xx + Φ2yy = k2

∗ sinh(k∗) sin(2x)
(
cosh(k∗y) − 3

2k∗y sinh(k∗y)
)

0 < y < 1,

Φ2y = 0 y = 0,

Φ2y + k∗η2x =
(

k∗
2 sinh2(k∗) − k2∗

2 sinh(k∗) cosh(k∗)
)

sin(2x) y = 1,

αη2 − βk2
∗η2xx − k∗Φ2x = −k2∗

4 cosh(2k∗) cos(2x) − k2∗
4 y = 1.



η2 Φ2
k2 O(ε3)

k2
∗Φ3xx + Φ3yy = −2k∗k2Φ1xx − 3η2

1Φ1yy + 2η2Φ1yy + 2η1Φ2yy

+ 2k2
∗y(η2xΦ1xy + η1xΦ2xy − η1xη1Φ1xy − η2

1xΦ1y)
− k2

∗y2η2
1xΦ1yy + yk2

∗(η1xxΦ2y + η2xxΦ1y − η1xxη1Φ1y)

0 < y < 1

Φ3y = 0 y = 0,

Φ3y + k∗η3x = −k∗(η1η2x + η1xη2) − k2η1x

+ k2
∗(η1xΦ2x + η2xΦ1x + η1η1xΦ1x) − k2

∗η2
1xΦ1y y = 1,

αη3 − βk2
∗η3xx − k∗Φ3x = k2Φ1x − k∗(η1xΦ2y + η2xΦ1y − η1xη1Φ1y)

+ 2βk∗k2η1xx − 3
2βk4

∗η1xxη2
1x

− k2
∗(Φ1xΦ2x − η1xΦ1xΦ1y) − Φ1yΦ2y + η1Φ2

1y y = 1.

1 3

η3(x) = η31 cos(x) + η33 cos(3x), Φ3(x, y) = φ31(y) sin(x) + φ33(y) sin(3x),

(η31, φ31) (η33, φ33) k2
1

(η31, φ31)

−k2
∗φ31(y) + φ′′

31(y) = F3 0 < y < 1,

(α + βk2
∗)η31 − k∗φ31(1) = g3,

φ′
31(0) = 0,

φ′
31(1) − k∗η31 = f3,

F3(y) =
(

k2∗ sinh2(k∗)
4 − k4∗

2α
− k3∗

4 (c(k∗) + 1) sinh(2k∗) + 2k∗k2

)
cosh(k∗y)

+ k3∗ sinh2(k∗)
2 y sinh(k∗y) + k3

∗c(k∗) sinh(k∗) cosh(2k∗y)

+ 3k4∗c(k∗) sinh(k∗)
4 y sinh(2k∗y),



g3 =
(

k3∗
16 − k3∗c(k∗)

4 + k2

)
cosh(k∗) +

(
− 9

32βk4
∗ + 2βk∗k2

)
sinh(k∗)

− k3∗
16 cosh(3k∗) + 3

32βk4
∗ sinh(3k∗),

f3 = − k2∗c(k∗)
16 cosh(k∗) +

(
−k3∗c(k∗)

4 + k3∗
16 − k3∗

4α
+ k2

)
sinh(k∗)

+ k2∗c(k∗)
16 cosh(3k∗) + 3

16k3
∗ sinh(3k∗).

L0

⎛⎜⎜⎜⎝
η31 cos(x)

0
φ31(y) sin(x)

0

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0

g3 cos(x)
0

−F3(y) sin(x)

⎞⎟⎟⎟⎠ .

L0

φ′
31(0) = 0 φ′

31(1) − k∗η31 = f3.

ζ∗
+ =

⎛⎜⎜⎜⎝
0

sinh(k∗) cos(x)
0

cosh(k∗y) sin(x)

⎞⎟⎟⎟⎠ ,

L∗
0

ζ∗
+

f3 cosh(k∗) + g3 sinh(k∗) =
∫ 1

0
F3(y) cosh(k∗y) dy.

∫ 1

0
F3(y) cosh(k∗y) dy − g3 sinh(k∗)

=
∫ 1

0

(
k2

∗φ31(y) − φ′′
31(y)

)
cosh(k∗y) dy − g3 sinh(k∗)

= φ′
31(1) cosh(k∗) − k∗φ31(1) sinh(k∗) − g3 sinh(k∗)

= (f3 + k∗η31) cosh(k∗) − (α + βk2
∗)η31 sinh(k∗)

= f3 cosh(k∗),



D(k∗) = 0
F3 f3 g3 k2

m
(2)
21

m
(2)
21 k2

kε

k F F (U, k)
B B(U, k)

B̃(U, k) = B(U, k) − Φy,

Uε{
F (Uε, kε) = 0, y ∈ (0, 1)
B̃(Uε, kε) = 0, y = 0, 1.

Lε DU F [Uε, kε] DU B̃[Uε, kε] =
0. m

(2)
21

Lεζ+(ε) = m11(ε)ζ+(ε) + m21(ε)ψ+(ε),

DU B̃[Uε, kε]ζ+(ε) = 0.

ε F, B̃,
Uε kε ζ+(ε) ψ+(ε) m11(ε) m21(ε)

Uε = εU1 + ε2U2 + ε3U3 + O(ε4),
kε = k∗ + ε2k2 + O(ε4),

F (U, k) (0, k∗)

F (U, k) = DU F [0, k∗]U + 1
2D2

UU F [0, k∗](U, U)

+ D2
UkF [0, k∗](U, k − k∗) + 1

6D3
UUU F [0, k∗](U, U, U)

+ O
(
|k − k∗|2‖U‖X 1 + |k − k∗|‖U‖2

X 1 + ‖U‖4
X 1

)
,



D(q)
k F [0, k∗] = 0 F (0, k) = 0 k

B̃ L0 =
DU F [0, k∗] B̃0U = DU B̃[0, k∗]U = 0 y = 0, 1

O(ε){
L0U1 = 0, y ∈ (0, 1),
B̃0U1 = 0, y = 0, 1.

U1 L0 U1 = ζ+
Uε O(ε2){

L0U2 = −1
2D2

UU F [0, k∗](U1, U1), y ∈ (0, 1),
B̃0U2 = −1

2D2
UU B̃[0, k∗](U1, U1), y = 0, 1.

O(ε3)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
L0U3 = −D2

UU F [0, k∗](U1, U2) − D2
UkF [0, k∗](U1, k2)

− 1
6D3

UUU F [0, k∗](U1, U1, U1), y ∈ (0, 1),
B̃0U3 = −D2

UU B̃[0, k∗](U1, U2) − D2
UkB̃[0, k∗](U1, k2)

− 1
6D3

UUU B̃[0, k∗](U1, U1, U1), y = 0, 1.

U2 U3
L0 U2 = (η2, 0, Φ2, 0)

Uε

ζ+(ε) = ζ+ + εζ+,1 + ε2ζ+,2 + O(ε3),
ψ+(ε) = ψ+ + εψ+,1 + ε2ψ+,2 + O(ε3),

m11(ε) = ε2m
(2)
11 + O(ε4),

m21(ε) = ε2m
(2)
21 + O(ε4),

Lε = DU F [Uε, kε]( · )
= DU F [0, k∗]( · ) + D2

UU F [0, k∗](Uε, · ) + D2
UkF [0, k∗]( · , kε − k∗)

+ 1
2D3

UUU F [0, k∗](Uε, Uε, · ) + O
(
|kε − k∗|2 + |kε − k∗|‖Uε‖X 1 + ‖Uε‖3

X 1

)
,

DU B̃[Uε, kε]
O(1){

L0ζ+ = 0, y ∈ (0, 1),
B̃0ζ+ = 0, y = 0, 1.



U1 = ζ+ O(ε){
L0ζ+,1 = −D2

UU F [0, k∗](U1, U1), y ∈ (0, 1),
B̃0ζ+,1 = −D2

UU B̃[0, k∗](U1, U1), y = 0, 1.

ζ+,1 = 2U2 O(ε2)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
L0ζ+,2 = −3D2

UU F [0, k∗](U1, U2) − D2
UkF [0, k∗](U1, k2)

− 1
2D3

UUU F [0, k∗](U1, U1, U1) + m
(2)
11 ζ+ + m

(2)
21 ψ+, y ∈ (0, 1),

B̃0ζ+,2 = −3D2
UU B̃[0, k∗](U1, U2) − D2

UkB̃[0, k∗](U1, k2)
− 1

2D3
UUU B̃[0, k∗](U1, U1, U1), y = 0, 1.

{
L0(ζ+,2 − 3U3) = 2D2

UkF [0, k∗](U1, k2) + m
(2)
11 ζ+ + m

(2)
21 ψ+, y ∈ (0, 1),

B̃0(ζ+,2 − 3U3) = 2D2
UkB̃[0, k∗](U1, k2), y = 0, 1,

k2 m
(2)
21

k2 m
(2)
21

ζ∗
+

L∗
0

m
(2)
21 = 〈L0(ζ+,2 − 3U3), ζ∗

+〉
〈ψ+, ζ∗

+〉 − 2〈D2
UkF [0, k∗](U1, k2), ζ∗

+〉
〈ψ+, ζ∗

+〉 .

〈ψ+, ζ∗
+〉 =

∫ 2π

0

∫ 1

0
cosh2(k∗y) sin2(x) dy dx +

∫ 2π

0
β sinh2(k∗) cos2(x) dx

= π

(1
2 + cosh(k∗) sinh(k∗)

2k∗
+ β sinh2(k∗)

)
.

ζ+,2 = (η+,2, 0, Φ+,2, 0)T

U3
ζ+,2 − 3U3 = (η, 0, Φ, 0)T,



〈L0(ζ+,2 − 3U3), ζ∗
+〉 =

∫ 1

0

∫ 2π

0

(
−k2

∗Φxx − Φyy

)
cosh(k∗y) sin(x) dx dy

+
∫ 2π

0

(
αη − βk2

∗ηxx − k∗Φx

∣∣
y=1

)
sinh(k∗) cos(x) dx

= −2
∫ 2π

0
k2η1x cosh(k∗) sin(x) dx

= 2k2

∫ 2π

0
sinh(k∗) cosh(k∗) sin2(x) dx

= πk2 sinh(2k∗).

D(k∗) = 0

D2
UkF [0, k∗](U1, k2) = k2

⎛⎜⎜⎜⎝
0

−2βk∗η1xx − Φ1x|y=1
0

−2k∗Φ1xx

⎞⎟⎟⎟⎠ ,

〈D2
UkF [0, k∗](U1, k2), ζ∗

+〉 = πk2
(
2βk∗ sinh2(k∗) + k∗

)
.

m
(2)
21

m̃
(2)
21 k∗ > 0 D(k∗) = 0

β = 1
k∗ tanh(k∗) − α

k2∗
.

β > 0 0 < α < k∗/ tanh(k∗).

α = k∗ cosh(k∗)
sinh(k∗) · w,

m̃
(2)
21 = −16k2

∗ · n3w3 − n2w2 + n1w + n0

D(2k∗) ,



w ∈ [0, 1]

n3 = 9 cosh4(k∗)
(
cosh2(k∗) − 1

)
,

n2 = 3 cosh2(k∗)
(
cosh4(k∗) + 4 cosh2(k∗) − 1

)
,

n1 = cosh4(k∗)(2 cosh2(k∗) + 13),
n0 = 4 cosh2(k∗) + 2.

n3w3 − n2w2 + n1w + n0
n0 > 0 k∗ > 0

n3w3 − n2w2 + n1w + n0 > w(n3w2 − n2w + n1).

n3, n2 n1 cosh2(k∗)
w

P (w, k∗) := 1
cosh2(k∗)

(
n3(k∗)w2 − n2(k∗)w + n1(k∗)

)
k∗ > 0 w ∈ [0, 1] P (w, 0) > 0

w ∈ [0, 1] P (w, k∗) k∗

Dk∗P (w, k∗) = sinh(2k∗)
(

9(2 cosh2(k∗) − 1)w2

− 6(cosh2(k∗) + 2)w + 4 cosh2(k∗) + 13
)

.

S = sinh(2k∗) K = cosh2(k∗) ≥ 1 w

Dk∗P (w, k∗) = 9S(2K − 1)
[(

w − K + 2
3(2K − 1)

)2
+ 7K2 + 18K − 17

9(2K − 1)2

]
,

7K2 + 18K − 17 > 0 K ≥ 1 Dk∗P (w, k∗) > 0
k∗ > 0 w ∈ R P (w, 0) > 0

w ∈ [0, 1]
m̃

(2)
21 D(2k∗)

D(k) = 0 k = k∗
k �→ D(2k) k = k∗/2

D(0) = 0 D′(0) < 0 D(2k) k ∈ (0, k∗/2)
k ∈ (k∗/2, ∞) D(2k∗) > 0

D(k) = 0 k = k∗,1 k = k∗,2
0 < k∗,1 < k∗,2 D(2k)



k = k∗,1/2 k = k∗,2/2 D(0) = 0 D′(0) > 0
D(2k) (0, k∗,1/2) (k∗,1/2, k∗,1/2)

(k∗,2/2, ∞) D(2k∗,2) > 0

D(2k∗,1) > 0 k∗,1 > k∗,2/2,

D(2k∗,1) < 0 k∗,1 < k∗,2/2.

D(2k∗,1) > 0
Γ Γ2

(α, β) m
(2)
21 (α, β)

m
(2)
21 k∗,1 k∗,2 (α, β)

Γ Γ2

m
(2)
21 k∗,1 k∗,2 (α, β) Γ2
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