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Mz(f)(z) = zf(z) P2(μ)
L2(μ) μ

P t(μ)



D C

g D

Tg g
f D

Tg(f)(z) = ∫
z

0
f(ζ)g′(ζ)dζ, z ∈ D.

f g
0 z

fg = Tg(f)+Tf(g)

Hp Lp,α
a

Hp p > 0 f D

sup
0<r<1

∫
∂D
∣f(rζ)∣pdm(ζ) < ∞,

Lp,α
a p > 0 α > −1 f D

∫
D

∣f(z)∣p(1 − ∣z∣2)αdA(z) < ∞

dm
∂D dA D

Hp Tg ∶ Hp → Hp

g g
Hp p > 0 g

BMO ∂D

∥g∥BMO ∶= ∣g(0)∣ + sup
J⊂∂D

1

m(J) ∫J
∣g − 1

m(J) ∫J
gdm∣dm < ∞,

Lp,α
a Tg ∶ Lp,α

a → Lp,α
a

g B
D

∥g∥B ∶= ∣g(0)∣ + sup
z∈D

(1 − ∣z∣2)∣g′(z)∣ < ∞.

Tg

g



g

Tg

g
λ ≠ 0 Tg Hp

σ(Tg ∣Hp) ωλ,p ∶= ∣exp(pg/λ)∣
A∞

λ ∉ σ(Tg ∣Lp,α
a )

w(z) ∶= (1 − ∣z∣)αωλ,p(z) B∞

C

D

Tg

X Hp

Lp,α
a p > 0 α > −1

Tg ∶ X → X
λ ∈ σ(Tg ∣X) 0 < r < 1

Jr,λ ⊂ {z ∶ ∣z∣ = r∣λ∣} rλ
0 Jr,λ σ(Tg ∣X)

T (X) g

∥g∥T (X) ∶= ∥Tg∥X→X .



T (Hp) =
T (Lp,α

a ) = B
Tg M(X)

X X H∞

M(X) ⊂ T (X)

X
M(X)

H∞

Tg, Th ∶ X → X
σ(Th∣X) = {0} Tg

Th

σ(Tg+h∣X) = σ(Tg ∣X).
g Tg ∶X →X

inf
h∈M(X)

∥g − h∥T (X) = 0.

Tg X
g M(X) = H∞ T (X)

g ∈ (M(X))T (X)
X = Lp,α

a

(H∞)B

X = Hp

X = Lp,α
a

p > 0 g ∈ σ(Tg ∣Hp) =
{0} g ∈ (H∞)

g ∈ B
σ(Tg ∣Lp,α

a ) = {0} p > 0 α > −1 g ∉ (Hq∩
B)B 0 < q ≤ ∞



A2

(Hq ∩ B)B 0 < q < ∞

Lp,α
a H∞ B

g Tg

BMO(D) D

∥f∥BMO(D) = sup
D

1

A(D ∩D) ∫D∩D
∣f(z) − fD∩D∣dA(z) < ∞

fS ∶= 1
A(S) ∫S fdA f S ⊂ D

D D

BMO(D) D B

D β
Tg Lp

a ∥σp(g)∥

C > 0 g ∈ B

C−1
∥σp(g)∥

p
≤ inf

h∈L∞(D)
∥g − h∥BMO(D) ≤ C

∥σp(g)∥
p

.

ε(g) ε > 0 g
C(ε) > 0

∣g(z) − g(λ)∣ ≤ C(ε) + εβ(z, λ) z, λ ∈ D.

2p ⋅ ε(g) ≤ ∥σp(g)∥ ≤ 4p ⋅ ε(g).

Tg

g L∞(D)



BMO(D)
g D

Tg g
g

Tg Hp H∞

g ∈ B
Hp ∩B B p > 0

L∞(D) BMO(D)
∂D

g

g ⋃p>0Hp BMOA
Tg

g ∈ (H∞)B
g

ψ ∶ D→ C

ψ(0) = 0 ψ′(0) = 1 logψ′

Tlogψ′

logψ′ ε > 0
C(ε) > 0

∣ψ′(z)∣
∣ψ′(λ)∣ ≤ C(ε)(1 − ∣φλ(z)∣)−ε λ, z ∈ D.



φλ(z) = λ−z

1−λz
D λ =

0 ψ′ D

ψ (1−ε) ∂D 0 < ε < 1
Tlogψ′

∂D
ψ H∞

L(f)(z) = f(z) − f(0)
z

, z ∈ D

H2

ΘH2 H2

Θ KΘ ∶= H2 ⊖ ΘH2



α > 0 Hα f D

{fn}n≥0
∞

∑
n=0

(n + 1)α∣fn∣2 < ∞.

α > 0 ∂D
f Hα A∞ ∶= ∩α>0Hα D

C∞ ∂D

Hα α > 0
KΘ Hα Θ

D νΘ E ⊂ ∂D

KΘ Hα ∩KΘ KΘ

Θ = BSν

B Sν ν

Hα ∩KΘ KΘ α > 0

A∞∩KΘ KΘ

ν E

∑
n

m(In) logm(In) > −∞

{In} ∂D ∖E
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ν
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A∞ ∩KΘ

Kp
Θ

Hp p > 0

X D

∂D Θ
X ∩Kp

Θ Kp
Θ p > 0

X X
∂D

X ∩Kp
Θ Kp

Θ

p > 0 X ∩Kp
Θ Kp

Θ p > 0

KΘ ∶=K2
Θ

X X ′

Θ [Θ]X′
Θ X ′

X KΘ

Θ X ′ X

X ∩KΘ

KΘ (P ) (X,Θ)

[Θ]X′ ∩H2 ⊆ ΘH2.

Θ X ′



X
X ′ [Θ]X′

(P )
Θ X ′ X ′

Θ (X,Θ) (P )

X ∩KΘ KΘ Θ

X ⊂ H∞

X ′ ↪ Hp p > 0
X ∩KΘ KΘ Θ

A ⋂0<p<1Hp

Ua D

D

Ua ∩Kp
Θ

Kp
Θ Θ 0 < p ≤ ∞

p = ∞
K∞Θ L∞(∂D, )

Θ
Wa ∩ KΘ = {0} Wa

D

E ⊂ ∂D
X ⊆ A f ∈X f = 0



E
X

X Θ = BSν

X ⊆ A

X ⊂ A Θ = BSν

X ∩KΘ KΘ

ν
X

X
D A∞

X

E ⊂ ∂D A

KΘ Wa

X ′ X

X ⊆ A Θ = BSν

ν = νX +νXc

νX , νXc νX
X νXc

ν Θ = BSνXSνXc

[BSνX ]X′ ∩H2 ⊂ BSνXH
2

SνXc X ′

X
X ′
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X
X

X X ′

μ ∂D
Cμ μ L2(dμ)

Cμ(f)(z) ∶=
∫∂D

f(ζ)

1−ζz
dμ(ζ)

∫∂D 1

1−ζz
dμ(ζ)

= K(fdμ)(z)K(dμ)(z) z ∈ D.

K ∂D
μ ∂D

Θμ D Θμ(0) = 0

1 +Θμ(z)
1 −Θμ(z)

= ∫
∂D

ζ + z
ζ − z dμ(ζ), z ∈ D.

Θ Θ(0) = 0
μΘ

Θ
∂D

Θ Θ(0) = 1 μΘ

Θ
Θ ↔ μΘ

CμΘ

L2(dμΘ) KΘ f ∈ KΘ

h ∈ L2(dμΘ)

f(z) = CμΘ
(h)(z) = (1 −Θ(z))∫

∂D

h(ζ)
1 − ζz

dμΘ(ζ), z ∈ D.

KΘ

f = CμΘ
(h) h ∈ L2(dμΘ) μΘ



∂D
KΘ

Θ
Θ

νΘ
Θ

μΘ

h ∈ L2(μΘ)
CμΘ

(h) ∈ A∞

(i)
Θ(z) = exp (−1+z

1−z
) νΘ

z = 1 μΘ

T T H
K T = T ∣K

Mzf(z) = zf(z)
P2(μ) P2(μ)

L2(C, μ) μ
C

Ω C

μ (Mz,P2(μ))
Ω



μ
P2(μ) f ↦ f ∣Ω

P2(μ) f ∣Ω
P2(μ)

P2(μ)

Mz(f)(z) = zf(z)
P t(μ)

t ≥ 1 μ
D μ

m ∂D P t(μ)
H t

Mz

dAα(z) = (1 − ∣z∣2)αdA(z) α > −1 dA
D P t(dAα)

[Θ]Pt(μ) P t(μ) Θ

Θ = BSν

ν = νC + νK νC
νK t > 0

α > −1

BSνC Mz P t(dAα)
[BSνC]Pt(dAα)

∩H2 ⊆ BSνCH
2

SνK Mz P t(dAα)

Pt(μ)

P t(μ) μ D



dμ = (1 − ∣z∣2)αdA(z) + ωdm
ω ∂D α > −1 P t(μ)

f
P t(μ) f ∣D D

f ∈ P t(μ) ∂D
E ω

ω E

E ω ω E
P t(μ)

F ⊂ ∂D

∑
n

m(In) logm(In) > −∞,

{In}n ∂D∖F

E ω
{EN}N EN

ω EN

∫
EN

logωdm > −∞.

ω P t(μ)

Mz

t ∈ [1,∞) μ
ω Θ = BSν

ν

ν = νC + νK∣E + νK∣Ec

Ec ∶= ∂D ∖ E νC, νK



Θ0 ∶= BSνCSνK∣E Mz P t(μ)
[Θ0]Pt(μ) ∩H2 ⊆ Θ0H2

SνK∣Ec Mz P t(μ)

νK
E ω

νK E
(i)

(ii)

μ ∂D

b H∞ H(b)
D

κb(z, λ) =
1 − b(λ)b(z)

1 − λz
z, λ ∈ D.

T
Lf(z) = (f(z) − f(0)) /z

b
H∞

H(b) log(1 − ∣b∣2) ∂D
b

H∞

H(b) ∂D



Hα α > 0
b H∞

μ = μ(α, b) dμ = (1 − ∣z∣)α−1dA + (1 − ∣b∣2)dm dA
D

μ = μ(α, b)
b = b0Θ b0

b Θ b Hα ∩H(b)
H(b)

Mz ∶ P2(μ) → P2(μ)
P2(μ)

H2 f [Θ]P2(μ) ⊂ P2(μ)
f/Θ ∈H2

(i) P2(μ)
μ(α, b) = μ(α, b0) (i)

b0 b
b0 (i)

E ∶= {ζ ∈ ∂D ∶ ∣b0(ζ)∣ < 1}
(1 − ∣b0∣2)dm (1 − ∣b0∣2)dm

log(1 − ∣b0∣2) E (ii)
(P ) P2(μ)

Θ b

b (i) b
H∞ (ii)

Hα H(b) P2(μ(α, b))



dμ = dAα+ωdm ω ∈ L1(∂D, dm)
P2(μ)

E = ∪nEn

En ∫En
logωdm > −∞

n P2(μ)

ω F F

P2(μ)

P2(μ) = P2(dAα) ⊕L2(ωdm), α > −1.

P2(μ)
ω

∂D ω
ω

0 < ω < 1 ∂D ∫I logωdm = −∞
I ⊂ ∂D

E ⊂ ∂D
φ E

K(φ) Hα α > 0

α > 0
E



f ∈ L2(dm) K(1Ef)
Hα

P2(dAα−1 + 1Edm) = P2(dAα) ⊕L2(1Edm).

P2(μ)
dμ = dAα−1 + 1Edm

E
P2(dAα−1 + 1Edm) P2(dAα−1 + 1Edm)

{f ∈ L2(1Edm) ∶ K(1Ef) ∈ Hα}
L2(1Edm)

μ

ω ∂D 1E

ω ∂D f ∈ L1(ωdm)
K(fw) ∈ Hα α > 0

ω E
ω E

E logω ∈ L1(1Edm)

α > 0 f ∈ L∞(∂D) K(fω) ∈ Hα

W ω E
1 ∂D ∖ E

N > 0 s
t ↦ eits(eit)W (eit)1∂D∖E(eit) N

∂D L2(dm)
K(ζsW ) = 0

∫
E

ζs(ζ)W (ζ)
1 − ζz

dm(ζ) = −∫
∂D∖E

ζs(ζ)W (ζ)
1 − ζz

dm(ζ) z ∈ D.

eits(eit)W (eit)1∂D∖E(eit) ∂D
Hα α > 0 N

Hα

L∞(∂D) E
ω

E logω ∈ L1(1Edm)



D Rd

S ⊂ D Q ∈ D

∑
Q′∈ S(Q)

∣Q′∣ ≤ 1

2
∣Q∣,

S(Q) S
Q S Rd

LSϕ,ψ

LSϕ,ψf(x) = ∑
Q∈S

ϕQ(x)⨏
Q
ψQ(y)f(y)dy

ϕQ, ψQ Q
L∞

L2

H W ∶ Rd → B(H)
{LSϕ,ψ ⊗ 1H}ϕ,ψ

L2
W (H) W A2

S

[W ]AS2 ∶= sup
Q∈S

∥⟨W ⟩1/2Q ⟨W −1⟩1/2Q ∥
2

B(H)
.



C = CS > 0 S

1

C
[W ]1/2

AS2
≤ sup

ϕ,ψ
∥T Sϕ,ψ ⊗ 1H∥L2

W→L2
W

≤ C[W ]3/2
AS2

.

W

L2(Rd × Rs) ≅ L2(Rd;L2(Rs))

[W ]AS2 −

L2

C+

Pf(z) = ∫
Im(ξ)>0

f(ξ)
(ξ − z)2

dA(ξ).

Pf L2
W (H)

[W ]3/2A2
(H) < ∞

[W ]2A2



[W ]3/2A2

A2

H R

T ω,ρf ∶= ∑
k∈Z

∑
J∈ρDω

k

HJ⟨f, hJ⟩L2

ρDω ∶= {ρJ = [ρ(a+ω), ρ(b+ω)) ∶ [a, b) ∈ D} 1 ≤ ρ < 2
ω = {ωj}j∈Z ∈ {0,1}Z D = ∪k∈ZDk R

{hJ} HJ = (hJ−−hJ+)

H(f)(x) = − 8
π ∫

2

1
∫
{0,1}Z

T ω,ρf(x)dP(ω)dρ
ρ

P {0,1}Z

A2

C+

C+







Hp 0 < p < 1



L2
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