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Popular science description

The tools by which scientists investigate the world are numerous and quite diverse.
One of the most common tools is, without a doubt light. The uses of light as an
investigation tool, range from telling when a fruit is ripe, by its color, to pinpointing
our position on the globe by detecting light bouncing from satellites. We rely on
light for Xray medical investigation and for the biometric data the our smart watches
collect.

Almost all experiments using light involve three steps: 1. creating a ”good” beam of
light; 2. directing that light towards the thing we want to investigate (our object);
3. measure the light bouncing of our object. The key to a good measurement starts
with a good beam of light. This work deals with the first step, how to make and how
to tell if you have made a ”good” light beam.

To help visualize the light beam, it can be useful to imagine it as an elongated ball of
water. Lets assume we want to use it to measure the temperature of an object. We
produce the water ball at a certain temperature, hit the object with it and then measure
the temperature of the water droplets splashing away from the object. If the object
is hotter than the water, our droplets will have a higher temperature after hitting the
object or, if the object is colder, the droplets will have a lower temperature.

It is possible that the water does not have the same temperature everywhere, perhaps
the center is warmer than the outsides or maybe the zones with hot and cold water are
randomly placed throughout the ball. In this case, it will prove difficult to estimate
the temperature of the object since there are a lot of possible temperatures the water
droplets can have even before hitting the hot/cold object. We would, therefore, like
to have a uniform temperature all through the water ball. Similarly, investigating
objects with light requires that it is uniform, therefore, in this thesis we focus on ways
of telling how uniform any beam of light is.

Assume that we had, in a jar, a substance which glows red when you shine blue light
on it, but the jar broke and it scattered the substance all over the floor. It would
be simple to find the substance if we had a flashlight that emits only blue light, we
would start the flashlight and collect the substance which appeared red. However,
if our flashlight produces both blue and red light, other things may appear red and
therefore we would not know where our substance really is. The color of the light is
one of the properties we want to keep uniform throughout the beam.

A freeelectron laser (FEL) is a lightsource that produces light beams of effectively a
single color. As its name suggests, it is a special kind of laser that uses moving electrons
to produce light. It is more intense than ”regular” lasers so, some researchers prefer

vii



Figure 1: Examples of interaction between coherent (left) and incoherent (right) parts of the light beam

it over ”conventional” sources because experiments that would take days to complete
with these other sources take just hours when using a FEL.

The work presented in this thesis focuses on measuring how uniform, or coherent, a
light beam from a FEL is and how to make it more uniform. To measure how coherent
(or uniform) two parts of the same beam are, you simply have to make them interact
with each other. This is done by placing a mask in front of the beam so that only light
from the two regions of interest passes through. If the interaction produces ”clean”
patterns, it is a good indication that these two parts are coherent with each other.

This can be understood by thinking of two violins playing together. Perhaps you
cannot tell if any one of them is out of tune, but if you play them together, you can
determine if they are intune with each other. If the two try to play the same note
and a clear sound is produced, it means they are intune, coherent; however, should
they be even slightly out of tune, the sound will become distorted and ”noisy”.

In figure 1 we have two examples of interaction, one from a coherent and one from a
less coherent light beam. Can you tell which is which? if you guessed that the one on
the left side was more coherent, congratulations, you now know how to tell if a light
beam is coherent or not.

In order to improve the coherence in FELs we first have to see how they emit light.
In a FEL a large number (10 billion) of fast traveling electrons are made wiggle by
placing magnets close to their paths, this ”wiggling” makes the electron emit light.
The position of the electrons relative to each other determines how coherent the light
beam will be. If the electrons are ordered properly, the light will also have smooth,
uniform properties.

The key, then, to nice, coherent light beams lies with the electrons that produce them.
The electron bunch can be made more orderly by using magnets and ”conventional”
lasers to move electrons around. In this work we show that the coherence of the
resulting radiation can be further improved if one uses a laser, whose color depends
on time, to move the electrons more accurately within the electron bunch.

viii



Probing and improving coherence
in Freeelectron lasers

1





Chapter 1

Introduction

Since its conceptualization in 1971¹, the Free Electron Laser (FEL) has captured the
interest of researchers around the world as it promises extremely brilliant light pulses
with tunable wavelength. Unlike optical lasers², FELs³,⁴ use free electrons, acceler
ated to relativistic velocities, to generate synchrotron radiation with ”laserlike” prop
erties⁵,⁶,⁷.

A schematic layout of a general FEL is presented in figure 1.1. The electrons are created
in an electron gun and are then accelerated by a linear accelerator (LINAC),typically to
energies of a few GeV. To reach the high current required for the FEL process, bunch
compressors are used. Electrons and radiation interact in periodic magnetic structures
called undulators where energy is transferred from the electrons to the radiating field.

At the end of the undulator section, the electrons are dumped and the light, after
passing through some optical elements, finally reaches the experiment station. The
highly brilliant light produced by FELs has enabled researchers to probe, with a single
pulse, phenomena at the nanometer scale and within time frames of a few femtosec
onds⁸. Users at FEL facilities can reduce the time required to perform an experiment
by orders of magnitude. In table 1.1 there is a list of existing FEL facilities, in the soft
and hard Xray regimes, and their operational parameters.

As more and more experiments require high degrees of longitudinal and transverse
coherence⁹,¹⁰, there is a need to improve these properties in FELs. Although coherence
is a quite ”general” word used in almost all branches of physics, here it is used in
reference to electromagnetic (EM) radiation. We can think of coherence as a property
of two regions in the EM field that tells us how ”similar” these two regions are in terms
of amplitude and phase.
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Figure 1.1: Layout of a typical FEL facility, from electron gun to experiment.

The most common type of FEL relies on a process called self amplified spontaneous
emission (SASE)³,⁴ to generate high intensity radiation. In this type of FEL, elec
trons interact with the radiation they produce themselves in a long undulator line
(figure 1.1 without the ”seeding scheme” and ”external laser” in). This process how
ever is intrinsically stochastic and, as a result, its longitudinal coherence is far from
the one of conventional lasers, but the radiation is still considered narrow band, i.e.,
∆ω/ω ≈ 10−3.

A widely used method of improving longitudinal coherence has been to ”seed” the
electron beam by creating long distance order between the electrons (figure 1.1 with
seeding scheme). Various seeding concepts¹¹,¹²,¹³,¹⁴ have been proposed, but each
innovative scheme comes with its own challenges that need to be addressed.

G. Stupakov proposed in 2008¹⁴ and demonstrated, with his colleagues, in 2009¹⁵
a seeding scheme called Echo Enabled Harmonic Generation (EEHG), which can
create significant bunching at harmonics as high as 100 of a conventional seed laser¹⁶,
¹⁷,¹⁸.

The soft Xray FEL proposed to be built at MAX IV, called SXL¹⁹, could also benefit
from a coherence enhancement seeding option such as EEHG. After initial work de
scribing the effect of electron energy chirp in EEHG FELs (paper I), I contributed to
the conceptual design report of a SXL by designing a suitable EEHG seeding section.
The strong residual energy chirp present at SXL poses unique challenges that were
addressed in the EEHG seeding proposal presented in paper V.

One of the most important elements in an EEHG lattice is a strong dispersive sec
tion that moves electrons w.r.t. each other, creating extremely fine structures in the
longitudinal phase space of the electron beam. However, this element is subject to
the detrimental effect of Coherent Synchrotron Radiation (CSR) which is especially
harmful for EEHG, given the complex phase space distribution it creates. By tailoring
the wavelength profile of a seed laser, I show that it is possible to mitigate the CSR
effect and improve by 50% the longitudinal coherence of the FEL radiation. A full
study on this topic is presented in paper IV.
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Table 1.1: Examples of existing (or under construction) X-ray FEL facilities around the world

Name (Country) λrad[nm] Electron energy [GeV] Photon flux [photons/s]
Hard Xray

LCLS (US) 0.1− 4.3 14.3 1013

EuXFEL (Germany) 0.05− 4.7 17.5 1012

PAL XFEL (S.Korea) 0.08− 6 10 1012

SHINE (China) 0.05− 3 8 −
SACLA (Japan) 0.06− 0.3 8.5 4 · 1011

SwissFEL (Switzerland) 0.1− 7 5.9 1 · 1012
Soft Xray

FLASH (Germany) 4− 45 1.2 3 · 1033
FERMI (Italy) 7− 65 1.3 1013

SXFEL (China) 1.2− 12 1.6 1013

As part of the work to detect effects that ruin longitudinal coherence, I present in
paper II, a tool developed to detect modulations in the electron beam, by their ef
fect on the FEL spectra. This numerical analysis tool can infer the electron density
modulation wavelength by finding periodic sidebands in the FEL spectra.

On the other hand, transverse coherence seems to be intrinsically high for both SASE
and seeded FELs²⁰,²¹,²², and studying the process by which it builds up can shed
new light on this fundamental property. For this purpose, we used the capability of
the FERMI FEL, to investigate the transverse coherence in both SASE and seeded
configurations. The work, fully presented in paper III, shows that, in the same ma
chine, SASE and seeded FEL reach similar degrees of transverse coherence. However,
this property seems to develop through different mechanisms for the two modes of
operation.

This work summarizes my efforts to improve the understanding of the coherence
properties in FELs. Chapter 2 gives the reader some theoretical notions about FELs,
focusing on the SASE and seeded modes of operation to contextualize the work pre
sented in the attached papers. Chapter 3 details the framework of statistical coherence
and describes how the coherence of FEL radiation is expressed by a few statistical func
tions. The methods used throughout the papers are described in chapter 4 and range
from directly analyzing experimental data, to numerical simulations and theoretical
analysis. A comparison of the transverse coherence properties is carried out in chapter
5 while chapter 6 looks more indepth at implementing the EEHG seeding option in
a FEL. The thesis concludes with a summary of the work presented and suggests new
avenues that might be explored in the future.
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Chapter 2

FEL theory

Freeelectron lasers rely on the exchange of energy between a relativistic electron beam
and an electromagnetic (EM) field, coupled by a static, periodic magnetic lattice,
called undulator. The electrons themselves generate EM radiation by the process of
synchrotron radiation when encountering the magnetic field inside the undulator.

This chapter describes the most important aspects of the theory behind the FEL pro
cess, starting from synchrotron radiation and moving to FEL amplification. The final
aim is to characterize the most important features of SASE and seeded FELs. It is by
no means an exhaustive description, but it highlights useful notions and parameters
for the following chapters.

2.1 Synchrotron radiation

The fundamental physical phenomenon that makes all synchrotron lightsources pos
sible (including FELs) is synchrotron radiation. According to classical electrodynam
ics²³, when a charged particle, accelerated to relativistic velocities, encounters a static
magnetic field, it produces a broad band radiation called synchrotron radiation. We
begin our description of the FEL process by analyzing the synchrotron radiation from
a particle moving on a curved path, determining the power distribution of this radi
ation as a function of solid angle.

We define a few useful quantities for a relativistic particle moving with velocity v⃗ :

• the scaled velocity β⃗ = v⃗
c with |β⃗| < 1

7



• the scaled acceleration ˙⃗
β = dv⃗

dt
1
c

• the scaled total energy, or Lorentz factor γ = Etot
Erest

= 1√
1−β2

Figure 2.1: Schematic drawing of the motion of a relativistic particle (red dot) as viewed from a laboratory
frame of reference

In the simple case of a particle moving along a curved path S, shown in figure 2.1, the
scaled velocity β⃗ and acceleration ˙⃗

β define the plane of movement. The position of
an observer, in the laboratory frame of reference, is defined by the vector R⃗ w.r.t. the
particle. From classical electrodynamics²³, we find that the electric field E⃗, produced
by the considered charged particle, is calculated using the LiénardtWiechert retarded
potentials as:

E⃗ =
e

4πϵ0

[
n⃗−β⃗

γ2(1−n⃗·β⃗)3|R⃗|2︸ ︷︷ ︸
Coulomb term

+ n⃗×(n⃗−β⃗)× ˙⃗
β

c(1−n⃗·β⃗)3|R⃗|︸ ︷︷ ︸
Radiation term

]
ret

(2.1)

where n⃗ = R⃗
|R⃗|

and the index ret is used to remind us that the quantities are to be

evaluated at the retarded time tr = t− |R|
c . In the ”farfield” approximation, where

R is large, only the radiation term in equation 2.1 remains, since it only falls as 1/R
while to Coulomb term falls as 1/R2.

The radiated power per unit of solid angle dΩ, in the laboratory frame of reference is
given by:

dP

dΩ
= S⃗ · n⃗(1− n⃗ · β⃗)R2 (2.2)

where S⃗ = 1
µ0
|E⃗|2 · n⃗ is the Poynting vector.

For synchrotron radiation we consider the particles to be ultrarelativistic, β −→ 1 and
the observer to be far away from the source, in the ”farfield” region. Thus the angular
power distribution becomes:

dP

dΩ
≈ 8e2

˙⃗
β2

πc
γ8

γ2θ2

(1 + γ2θ2)2
. (2.3)
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The resulting power distribution is highly dependent on the angle θ between the de
flecting plane and the observation direction; the power is emitted in a small cone of
angle θ = 1/γ.

We note here that equation 2.3 also describes the emission of coherent synchrotron
radiation which can have unwanted effects on the electron and is one of the main
discussion points in paper IV.

Integrating over all angles we find the total emitted power to be:

P =
2

3

e2

4πϵ0c
γ6
[
β̇2 − (β⃗ × ˙⃗

β)2
]
. (2.4)

Equation 2.4 indicates that the Power emitted is highly dependent on the motion of
the particle, i.e., the angle between ˙⃗

β and β⃗. Furthermore the dependence on γ6

suggests that the electron should be the particle of choice for synchrotron radiation
lightsources, as its rest energy is much smaller compared to other charged particles.

In a constant magnetic field B⃗ perpendicular to their velocity v⃗, such as that of a
bending magnet or undulator, electrons follow a circular trajectory with the radius
ρ = cβm

Be . The acceleration in this case is β̇ = −e
γmβB. Thus the total emitted power

simplifies to:

P =
e2

4πϵ0m2c
(γβB)2. (2.5)

2.2 Undulator radiation

The periodic magnetic array in which the electrons and the radiation interact during
the FEL process is called undulator and it is arguably the most important part of a
FEL. The most common type of undulator is a planar one, for which the magnetic
field as a function of position z is described by: B⃗(z) = B0 sin(kuz)êy, where
ku = 2π

λu
and λu is the period of the undulator.

To calculate the power and wavelength of the radiated field we must first find the mo
tion of the electron inside the undulator. In figure 2.2 we sketch the electron trajectory
through the undulator. If we assume an initial velocity along the z direction, the elec
tron will experience a magnetic force of F⃗mag = γmec ˙⃗v = −ev⃗ × B⃗ perpendicular
to its velocity. This yields two coupled equations of motion:

ẍ =
e

γme
Bż, (2.6a)

z̈ = − e

γme
Bẋ, (2.6b)
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where ẋ symbolizes a derivative w.r.t. time, which will be solved in two steps. First
we assume z̈ = 0 and find the solution for x to be:

x(t) =
Ku

γβku
sin(kuβct), (2.7a)

vx = ẋ =
Kuc

γ
cos(kuβct), (2.7b)

with the undulator parameter Ku = eB
mecku

.

Next we acknowledge that the electron is highly relativistic and that the two velocity
components satisfy the equation ż = vz =

√
v2 − v2x and find:

vz(t) =
√
c2 − v2x(t) =

[
1− 1

2γ2

(
1 + K2

u
2

)]
︸ ︷︷ ︸

average velocity ⟨vz(t)⟩ /c = β̄

c− cK2
u

4γ2
cos(2β̄ct). (2.8)

In equation 2.8 we obtained a new, ”average” scaled velocity β̄ that takes into account
the curved motion in the undulator. We can thus refine equation 2.7b to account for
the average velocity:

ẋ = vx =
Kuc

γ
cos(kuβ̄ct). (2.9)

When referring to the velocity along z inside the undulator we always refer to β̄.

Figure 2.2: The electron’s (red dot) motion in an undulator along the path S and the magnetic force acting on
the electron (green arrow).
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2.2.1 Undulator radiation wavelength

The periodic motion of an electron in an undulator gives rise to radiation with a
periodic time structure. To calculate the frequency, or wavelength, of the emitted
radiation we first consider a coordinate system moving along the z direction with β̄c.
For this system we have the following Lorentz transformations:

t∗ = γ̄(t− β̄z/c) ≈ t

γ̄
, (2.10a)

x∗ =
Ku

γku
sin(β̄ct), (2.10b)

z∗ = γ̄(z − β̄ct), (2.10c)

with γ̄ =
1√

1− β̄2
, (2.10d)

where the ∗ symbol is used to denote quantities in the moving frame of reference.

As we are describing a periodic motion, we can write x∗(t∗) = A sin(ω∗t∗). Taking
into account the Lorentz transformations, the electron ”sees” a magnetic field oscil
lating with frequency:

ω∗ = γ̄β̄cku ≈ γcku√
1 +K2

u/2
. (2.11)

Therefore, in this moving frame of reference the radiated field has the frequency ω∗.
An observer in the laboratory frame, far away on the z axis, will measure a frequency
of the radiated field ωl =

ω∗

γ̄(1−β̄)
due to a Doppler shift of 1

γ̄(1−β̄)
. The wavelength

of such radiation, on axis, is given by the famous undulator resonance condition:

λl =
2πc

ωl
=

λu
2γ2

(
1 +

K2
u

2

)
. (2.12)

2.3 Electron interaction with radiation inside the undulator

Freeelectron lasers rely on the interaction between the electromagnetic radiation, the
electrons and the periodic magnetic field of the undulators. To describe this interac
tion we assume a plane monochromatic light wave:

E(z, t) =
E0√
2
exp(i(krz − ωrt+ ϕ0))êx with kr =

ωr

c
=

2π

λr
(2.13)
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copropagating with the electrons inside the undulator. The rate of energy exchange
between the electrons traveling through the undulator and the EM field is given by:

mc2
dγ

dt
= −ev⃗ · E⃗. (2.14)

Since the EM field propagates along the z direction, equation 2.14 tells us that the
interaction is mediated by the transverse component of the electron velocity vx. Using
equation 2.9 we find that the expression for energy transfer becomes:

mc2
dγ

dt
= −ecKuE0

2γ
cos(krz − ωrt+ kuz + ϕ0) (2.15)

where krz−ωrt+kuz+ϕ0 = ψ is called the ponderomotive phase and it holds the
key to efficient energy transfer from the electron beam to the radiation field. Figure 2.3
illustrates how the ponderomotive phase determines whether an electron gains or loses
energy to the EM field. Using the fact that we know the average velocity β̄c along
z, we make the conversion between the z and t variables as z(t) = β̄ct and find the
time dependent expression for the ponderomotive phase:

ψ(t) = [(kr + ku)β̄c− ωr]t+ ϕ0. (2.16)

Figure 2.3: Interaction between EM wave (purple) and electrons (red dots). The electrons following the same
trajectory (brown line) can either take (green arrow up) or give (green arrow down) energy to the
field.

The amount of energy transfer depends solely on the value ofψ, therefore to maximize
energy transfer we need to impose the condition ψ(t) = 2nπ. There is a single
wavelength of the EM field that can fulfil the condition of ψ(t) = ct :

dψ

dt
= 0 ⇔ kr(1− β̄) = kuβ̄ ⇔ λr = λu

β̄

1− β̄
,

λr =
λu
2γ2

(
1 +

K2
u

2

)
.

(2.17)
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One might notice that the condition for maximal energy transfer (equation 2.17) is the
same as the wavelength of the spontaneous radiation from undulator (equation 2.12).
This result is extremely important as it allows the electrons to transfer energy to the
field generated by their own spontaneous radiation in the undulators, which is the
basic mechanism of FEL amplification.

2.3.1 The separatrix

Figure 2.3 suggests that for electrons with not too high energies, the field acts as a
potential well, bounding the motion of the electrons in ψ. To show this, we allow
electrons to have nonideal energies and we parameterize this energy deviation by:

η =
γ − γr
γr

, with γr =

√
λu
λr

(
1 +

K

2

)
.

We can write the Hamiltonian of the system composed of an electron and EM radi
ation in terms of the variables ψ and η:

H(ψ, η) = kucη +
eE0K

2mcγ2r
(1− cos(ψ)). (2.18)

The above equation describes, for stable values of ψ and η a pendulum motion, which
we call ”synchrotron oscillations” with frequency:

Ωsync =

√
eE0Kku
meγ2r

. (2.19)

The curves in figure 2.4 depict motions in the (ψ, η) phase space. For values of the
Hamiltonian H ≤ cΩ2/ku the motion is bounded, while if H = Hsep = cΩ2/ku
the motion takes the blue path, called the separatrix. The separatrix curve is parame
terized in⁶ as:

ηsep(ψ) = ±

√
eE0K

2kumcγ2r
cos(ψ/2). (2.20)

In the (ψ, η) phase space, the separatrix therefore defines a region in which the elec
trons are able to oscillate around the reference point (0,0), but cannot escape. Through
the motion in this phase space ”bucket”, always clockwise, electrons can ”bunch”
together around the same phase, creating a longitudinal high density region. This
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Figure 2.4: Electron (red dots) trajectories (black curves) in the (η, ψ) phase space bounded by the separatrix
(blue curve). Snapshot in the motion of the electrons when all have 0 energy deviation (left) and
when all have 0 phase deviation (right).

process is the fundamental mechanism for creating the periodic microbunches in the
FEL process.

2.4 Fundamentals of high gain FEL theory

The motion described by equation 2.18 is valid under the assumption that the field
amplitude is constant through the propagation along the undulator, i.e., the gain of
the radiation G = Pout−Pin

Pin
≈ 0. However, we want to transfer GW of power from

the electrons to the radiation and therefore dispense with the constant field amplitude
assumption. The field is allowed to vary in amplitude along z by slightly modifying
equation 2.13 into:

Ẽ(z, t) =
Ẽ0(z)√

2
exp(i(krz − ωrt+ ϕ0))êx (2.21)

where Ẽ denotes the complex field. The actual field is obtained by taking the real part
E = ℜ(Ẽ).

Furthermore, we exchange the picture of single electrons traveling alone in the undu
lator with that of an electron bunch, characterized by a complex charge ρ̃(ξ, z) and
current j̃z(ξ, z) densities.

2.4.1 The 1D model

In the following, we restrict our description to the 1D model, in which the beam is
assumed to have no spread in the (x,y) plane nor any spread in the velocity components
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vx and vy. Although this assumption ignores transverse effects such as photon and
electron beam alignment, it is sufficient to quantitatively describe the evolution of the
EM field along the undulator.

In a high gain FEL, both the electron density and the field amplitude evolve as they
progress along the undulator line. This is mainly due to a selfamplifying process
between the beam current density and the radiation field amplitude. The existing
EM radiation, along with the undulators’ magnetic field, ”trap” the electrons inside
the separatrix, essentially creating a density modulation in the electron beam. Due to
the energy exchange condition (equation 2.17), the density modulation period exactly
matches the EM radiation wavelength. As the modulation density increases so does
the number of electrons radiating in phase. The more electrons radiate in phase, the
higher the EM field amplitude which in turn creates a larger modulation.

We write the evolution of the charge and current density with an evolving term that
has the periodicity of the EM radiation wavelength:

ρ̃(ξ, z) = ρ0 + ρ̃1(z) exp (iψ) ,

j̃z(ξ, z) = j0 + j̃1(z) exp (iψ) .
(2.22)

Applying Maxwell’s equations²³ to the field, charge and current densities and assum
ing that the field Ẽx varies slowly in one undulator perioda we obtain the following
equations:

dψn

dz
= 2kuηn , (2.23a)

dηn
dz

= − e

mc2γr
ℜ

{(
K̂uẼx

2γr
− iµ0c

2

ωr

)
exp(iψn)

}
, (2.23b)

j̃ = j0
2

Ne

Ne∑
n=1

exp (−iψn), (2.23c)

dẼx

dz
= −µ0cK̂u

4γr
j̃1, (2.23d)

where Ex is the component along the x direction of the EM field, n represents the
index over all Ne electrons in the bunch, K̃u = Ku

[
J0

(
K2

u
4+2K2

u

)
− J1

(
K2

u
4+2K2

u

)]
is the modified undulator parameter to account for the electron oscillations in z and
Jν is the Bessel function of the νth order.

aThis approximation is called the slow varying envelope (SVEA) and it is used by most FEL simula
tion codes
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The 2Ne+2 subequations in equation 2.23 form the coupled, first order equations for
1D high gain FEL. Unfortunately, they cannot be solved analytically, but numerical
integration codes such as AURORA²⁴ or a 3D simulation code, like Genesis 1.3²⁵
offer a reliable way of obtaining both the current density and field intensity for a high
gain FEL.

An analytical solution can be found for the field by assuming that the periodic density
modulations are small, thus eliminating the equations in ψn and ηn. The coupled
subequations in equation 2.23 become a single differential equation for the field:

d3Ex

dz
+ 4ikuη

d2Ex

dz2
+ (k2p − 4k2uη

2)
dEx

dz
− iΓFELEx = 0, (2.24a)

with ΓFEL =

[
µ0K̂e

2kune
4γ3rme

]
andkp =

√
2kuµ0nee2c

γmeωr
.

One can solve equation 2.24a by assuming an incident wave Ein. This leads to three
solutions: an exponentially damped one, an oscillating part and the one in which we
are interested, the exponentially growing part:

|Ẽx(z)| =
Ein

3
exp

(
z
√
3

2ΓFEL

)
, (2.25a)

or in terms of Power

P =
Pin

9
exp

(
z
√
3

ΓFEL

)
. (2.25b)

Equation 2.25a describes the FEL process as the exponential amplification of an initial
EM field, by the transfer of energy from the electron beam to the field. The exponen
tial growth suggests the definition of gain length Lg =

√
3

ΓFEL
over which the power

increases by a factor e. ΓFEL, or rather, ρFEL = ΓFEL
2ku

is called the Pierce parameter
or FEL parameter and it holds a special place in the analytical estimations of FELs,
being present in almost all important parameters describing a FEL, from bandwidth
to energy extraction efficiency.

The amplification is not unbounded, with saturation being reached after a certain
energy is transferred from the electrons to the EM radiation. The efficiency of energy
transfer is in the order of the Pierce parameter ρFEL . Given the total power of the
electron beam Pbeam = γrmc2I

e , where I is the beam current, the power of the EM
field at saturation is :

Psat ≈ ρFELPbeam. (2.26)
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As it is impossible to create a beam where all electrons have exactly the same energy,
we can define an initial spread in energy ση =

√
⟨ηn2⟩n, where ⟨...⟩n signifies the

average over the index n. Under nonzero energy spread conditions the gain length
increases since not all electrons can be trapped in the FEL ”bucket”, reducing the
energy transfer efficiency. It was shown⁶ that for an energy spread of ση = 0.5ρFEL

the gain length increases by 25 %.

2.4.2 3D effects

For certain conditions of the electron beam and radiation wavelength it can be cru
cial to take into account 3D effects. The analytical treatment of the 3D FEL pro
cess is significantly more complicated therefore, in this section, we limit ourselves to
highlighting the most important effects with a full derivation available in (Schmuser
2009)⁶.

In the transverse plane, the motion of one electron is defined by 2 position coordinates
(x, y) and 2 velocity coordinate (vx, vy). The full motion is described by the 6D
vector:

(x, y, z, vx, vy, γ) or (x, y, ψ, x′, y′, γ). (2.27)

Simulation codes usually use a frame of reference moving with the beam (along the
path S in figure 2.2) and thus use ψ instead of z, x′ = vx/v instead of vx and
y′ = vy/v instead of vy as particle coordinates.

In describing an electron beam it is useful to define a reference particle, with ideal
coordinates (x0, y0, ψ0, x

′
0, y

′
0, γ0), so all other particles are then defined w.r.t. this

idealized one. The beam itself is described by statistical quantities that take into ac
count all the electron’s positions and angles. Here we present the most important
ones:

size: σx =
√
⟨x2⟩n , σy =

√
⟨y2⟩n, (2.28a)

divergence: σx′ =
√
⟨x′2⟩n , σy′ =

√
⟨y′2⟩n, (2.28b)

emittance: ϵx =
√
σxσx′ − ⟨xx′⟩n , ϵy =

√
σyσy′ − ⟨yy′⟩n. (2.28c)

In measurements, however, a more useful form for emittance is the energy normalized
emittance ϵn = ϵ · γ, which is preserved during acceleration.

To keep high electron densities, the beam’s transverse size must be kept low. This is
done through ”strong focusing”²⁶ by inserting quadrupole magnets between undula
tor sections, ensuring the transverse size of the beam does not grow enough to ruin
the FEL process.
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As all EM radiation, FEL radiation diffracts, increasing its transverse size with increas
ing z position. However, since in the high gain regime the field intensity increases
exponentially, more radiation will be produced in a gain length than in all the undula
tor line before it. This means that even though radiation generated earlier in the FEL
process will diffract, the newly produced radiation will have roughly the same size
as the electron beam. Close to the position zsat, where power saturation occurs, the
radiation will have its lowest transverse size since around this point the most radiation
within a gain length is produced. This effect is know in FEL literature as gain guiding.

Taking into account the beam’s transverse size, radiation diffraction and electron en
ergy spread, Ming Xie²⁷ developed a way to calculate F (ϵx,y, σx,y, ση), a correction
term to the 1D gain length and saturation power estimations. This correction always
increase the gain length Lg3D > Lg1D and reduce the power Psat_3D < Psat_1D
estimations.

Based on the initial conditions at the beginning of the FEL, such as initial field or
current density, one can distinguish two types of FEL: SASE (Self Amplified Sponta
neous Emission) and Seeded. The SASE process relies on initial statistical fluctuations
in the electron beam density to start the FEL process, while seeded FEL either have a
seed laser or some premodulation of the electron beam to overcome the randomness
of spontaneous emission.

2.5 The SASE FEL

As the name suggests, self amplified spontaneous emission (SASE) FELs amplify spon
taneous radiation generated by the beam itself in the first few meters of the undula
tor. Because we can never create a perfectly smooth, high current, electron beams,
the initial current density will have a random distribution of modulation frequencies.
Following the derivations in (Schmuser)⁶, the electron beam’s randomness results in
a frequency distribution in the EM field. The rms spread of this distribution as a
function of position along the undulator has the form:

σω(z) = 3
√
2ρFELωl

√
Lg

z
. (2.29)

In SASE the saturation occurs roughly after 20 gain lengths⁶, therefore at saturation
the spectrum will be narrowest σω_sat ≈ ρFELωl.

To better understand the spectral distribution of SASE radiation we can use figure 2.5
in which we have a typical SASE spectrum plotted on the left and an average of multi
ple shots plotted on the right. We can see that a SASE spectrum consists of numerous
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narrow peaks with random intensities. The width of one of these spikes δω is related
to the length ∆tbunch of the radiating electron bunch as δω = 1/∆tbunch. The total
number of spikes is given by the number of longitudinal modes Mf = Lbunch/lc
where lc = λr/(4πρFEL) is the coherence length and Lbunch is the bunch length.
The shot to shot variations are large but the overall shape tends towards a smooth
distribution, suggesting that the process behind SASE is a random one.

Figure 2.5: (left) Typical SASE spectrum. (right) Multiple SASE spectra of the same FEL (gray) and average SASE
spectra (black).

The relatively large bandwidth of SASE, ∆λ/lambda ≈ 10−3 can be explained by
the ”noisiness” of the current distribution. The FEL process preferentially amplifies
radiation produced in high current regions of the electron bunch. Since these regions
are randomly distributed within the bunch, the radiation produced in a particular re
gion will have a random phase relation to radiation coming from another region. The
limited coherence length lcb translates into a relatively broad spectrum with random
spikes, as seen in figure 2.5.

2.6 Coherence improvements by seeding

A way to improve on the longitudinal coherence of SASE is to create ”order” in the
electron beam through seeding. Depending on the the mechanism of choice, there
are numerous hardware configurations that can be used to seed a FEL. In figure 2.6 we
sketch the layout of a few of the most common FEL modes of operation. Th simplest
mode is SAE, which does no have any seeding, continuing in order of conceptual
complexity, one might find direct seeding, then ”selfseeding”, followed by seeding at
a harmonic of a laser in schemes like HGHG and EEHG.

A way to generate long distance order within the electron beam is needed in order to
improve the coherence length. A natural solution is to simply have a conventional
laser, which has constant phase relation throughout the pulse, ”seed” the electron

bWe address the meaning of coherence length in chapter 3.1
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Figure 2.6: Different types of seeding options a: SASE b: Direct seeding c: Self-seeding d: High gain harmonic
generation (HGHG) e: Echo enable harmonic generation (EEHG)

distribution (figure 2.6b). If the laser has sufficient power to overcome the shot
noise, it will imprint an energy and then a density modulation over the entire electron
beam. This will create the desired longdistance order and almost all the electrons will
eventually radiate with the same phase.

This type of seeding is called direct seeding and it was proven²⁸ to significantly improve
the spectral quality of FELs.

However, conventional lasers do not have sufficient power for the short wavelengths
that SASE FELs are capable of reaching (from soft to hard Xrays), so another way of
creating the longrange correlation is needed.

Selfseeding (figure 2.6c) FELs can reach all the wavelengths a regular SASE FEL
can reach. The method involves producing SASE radiation, passing it through a
monochromator and then allowing the resulting EM radiation to ”seed” the electron
beam in a new undulator line. The monochromator selects only one spectral compo
nent, out of the many existing in the SASE spectrum, thus obtaining the long distance
order. This technique is however subject to very large intensity fluctuations. Because
the wavelength selected by the monochromator is fixed for all shots and SASE has shot
to shot variation in intensity at a fixed wavelength, the monochromatized radiation
can vary in intensity as much as 100 %.

In the following we present a two ways of seeding in the UV to soft Xray limit at
a harmonic of a seed laser. To understand these seeding schemes it is worthwhile to
explain the concept of bunching. As the electron beam distribution starts to develop
density modulations, we can find the percentage of the beam that is modulated at a
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specific wavelength λb using the bunching statistical function. If we assume that the
electron beam is characterized by a distribution in z and γ f(z, γ), the bunching for
this distribution as a function of bunching wavelength λb is:

b(λb) =

∣∣∣∣∣∣
∫∞

−∞
f(z) exp(−i z2πλb

) dξ∫∞

−∞
f(z) dz

∣∣∣∣∣∣ , (2.30)

with f(z) =
∫ ∞

−∞

f(z, γ)dγ.

2.6.1 Chicanes and CSR

Most seeding techniques use a 4 bending magnet array called a Chicane to affect the
longitudinal phase space (z, γ). The principle of the Chicane is explained in fig
ure 2.7. We use three electrons that are colorcoded to represent how energetic they
are, ( bluelow greenmedium and redhigh) to define a bunch. As they are all highly
relativistic, they essentially have the same velocity c, the difference in energy trans
lates therefore, in a difference in mass. More energetic electrons will be bent les by the
magnetic field in the bending magnets with the opposite being valid for less energetic
electrons. Therefore electrons with different energies will take different paths through
the Chicane which will result in them moving relative to each other in the z direction.
The strength of a Chicane is calculated based on how much an electron with energy
deviation ∆γ moves in z w.r.t. the reference electron:

R56 =
∆γ

γ0
∆z. (2.31)

Figure 2.7: Working principle of a 4 bending magnet (yellow squares) Chicane, in which low energy electrons
(blue) take a longer path that nominal (green) or high (red) energy electrons.

The synchrotron radiation in bending magnets, such the ones in a Chicane, has a
broadband frequency range²⁹. As we have seen in in chapter 2.4.1, if electrons radiate
in phase the intensity of the emitted radiation increases greatly. This means that under
the strong magnetic field of a bending magnet the electron bunch will emit radiation,
coherently, at the wavelengths close to the bunch length.
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Furthermore, because the electrons have a transverse component to their velocity due
to the bending magnet, they will interact with the the radiation produced by the
bunch itself. Among other effects like increasing energy spread and emittance³⁰,³¹,
the CSR will modulate the energy of the electron bunch at this long wavelength.

Because of the dependence on the retarded time tr of synchrotron radiation, the head
of the beam will experience the field generated by the tail of the beam. The energy
change ∆E ³² as a function of position s in the bunch with a Gaussian current profile
σs = 25µm of peak current I0 = 1kA is shown in figure 2.8.

Figure 2.8: Current profile along the bunch (red line) and CSR induced energy change (dashed blue line) for
a beam after passing through a bending magnet. The ”head” and ”tail” regions of the beam are
marked by a red and blue background respectively.

Even though we only presented here the case of CSR generated in a Chicane, the
approach is similar for any dispersive section (DS) that uses bending magnets.

2.6.2 High Gain Harmonic Generation

Once significant bunching at a specific wavelength λ0 exists, there is also some bunch
ing at the ath harmonic of this wavelength λ0/a. This suggests that if one can create
sufficient bunching at the ”seed” laser wavelength then it is possible to lase, in a second
stage called lasing, at a harmonic of the initial seed.

In high gain harmonic generation (HGHG, figure 2.6d) an energy modulation is
imprinted on the beam by the seed laser in an undulator tuned to the wavelength λ0
of the seed. The energy modulation is transformed into density modulation with a
Chicane and so bunching is created at the laser wavelength. Because bunching also
exists at higher harmonics of the fundamental, it is possible to set the radiators (a
series of undulators in which the FEL process occurs) to the resonant wavelength
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λrad = λ0/a and still have a ”seeded” FEL. This process is, however, limited in the
order of the achievable harmonic to a ≈ 10.

An extension to this idea is the two step harmonic conversion. In this scheme the
harmonic radiation produced in the first step is used as the ”seed” for the second step
allowing for a radiation at harmonic afinal = astep1 · astep2. There are, however,
some disadvantages to this method such as increasing the energy spread of the electron
beam in the first step/stage. For this reason a the FERMI FEL 2³³ a ”freshbunch”
technique was implemented. In this option only a portion of the bunch is used in the
first stage so that the second stage might be implemented in the unspoiled, ”fresh”,
part of the bunch.

2.6.3 Echo Enabled Harmonic Generation

Echo Enabled Harmonic Generation (EEHG)¹⁴ is a seeding technique that uses two
modulatorChicane d combinations to create significant bunching at high harmonics
of a seed laser (see figure 2.6e). In the first modulator the electron beam gets an energy
modulation at the wavelength λmod_1, this energy modulation is then transformed
into very thin energy stripes using a dispersive section (DS1). A second modulator
(Mod 2) imprints a second energy modulation at λmod_2 wavelength with the second
dispersive section (DS2) transforming the energy stripes into high frequency density
modulations (figure 2.9e).

Throughout this thesis, whenever referring to EEHG, we closely follow the scaled
notations for longitudinal phase space used by (Xiang and Stupakov)³⁴:

p =
γ − γ0
σγ

(2.32a)

ξ =
z2π

λmod_1
(2.32b)

with σγ the rms energy spread. The energy modulation amplitudes and Chicane
strengths are also transformed into scaled quantities:

Ai =
∆γi
σγ

(2.33a)

Bi = R56_i
2π

λmod_1

σγ
γ0

(2.33b)

with∆γi being the energy modulation in modulator i,R56_i the strength of DSi and
γ0 the reference energy.

dIn the original proposal the authors used two chicanes, but any ”dispersive section” which moves
the electrons along z based on their energy can be used.
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Figure 2.9: Phase space transformations through the EEHG harmonic conversion scheme. a: initial beam. b:
beam after modulator 1. c: beam after DS1 d: beam after modulator 2. e: beam after DS2.

Because the final phase space has a complicated shape, we complement the math
ematical description with a stepwise illustration of the longitudinal phase space in
figure 2.9.

We start by considering a normally distributed electron beam in energy, p, with a
flat top current, i.e., no dependence on ξ. In the first modulator the beam is mod
ulated with amplitude A1 transforming the p coordinate as p1 = p + A1 sin(ξ)
(figure 2.9b). The first DS shifts the electrons in ξ based on their energy p1 as
ξ1 = ξ + B1p1 (figure 2.9c). The second modulator transforms p as p2 = p1 +
A2 sin(ξ1 + ϕ) (figure 2.9d) while the final DS transforms ξ to be ξ2 = ξ1 +B2P2

(figure 2.9e). All the transformations a particle with initial coordinate (ξ, p) under
goes in the EEHG scheme can be summarized by:

p1 = p+A1 sin(ξ) (2.34a)
ξ1 = ξ +B1p1 (2.34b)
p2 = p1 +A2 sin(Kξ1 + ϕ) (2.34c)
ξ2 = ξ1 +B2P2 (2.34d)

where K =
λmod_1
λmod_2

.

We assume f0(ξ, p) = Ne√
2π
e−p2/2 to be our initial phase space distribution, withNe

the number of electrons. It can be shown³⁴ that the final distribution takes the form:

fEEHG(ξ, p) =
N0√
2
exp

[−1

2
(p−A2 sin(Kξ −KB2p+ ϕ)−

A1 sin(ξ − (B1 +B2)p+A2B2 sin(Kξ −KB2p+ ϕ)))2
]
. (2.35)
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If we apply the bunching formula in equation 2.30 to the final distribution of the
EEHG seeding scheme, taking into account the coordinate transformations (equa
tion 2.32) we find:

b =
1

N0

∫ ∞

−∞
f0(p)e

−iap(B1+B2)dp×

⟨e−iaξe−iaA1(B1+B2) sin ξe−iaA2B2 sin(Kξ+KB1+KA1B1 sin ξ+ϕ)⟩. (2.36)

Equation 2.36 can be simplified if, for every exponential term with ξ, one uses the
series expansion of the form³⁵:

eiα sin(x) =

∞∑
ν=−∞

eiνxJν(α) (2.37)

where Jν is the order ν Bessel function of the first kind.

Carrying out the integration over p, we find the final form of the bunching function
for EEHG harmonic seeding:

bn,m =
∣∣∣ exp [− 1

2
(nB1 + (Km+ n)B2)

2
]
× ⟨ei(n+mK−a)ξ⟩

Jm(−(Km+ n)A2B2)Jn(−A1(nB1 + (Km+ n)B2))
∣∣∣. (2.38)

The oscillating function ei(n+mK−a)ξ averages to zero for every (n,m) combination
except for the case a = n+mK.

In chapter 6 we will expand on the EEHG scheme to show how Ai and Bi can be
chosen to maximize the bunching of the distribution in equation 2.35.
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Chapter 3

Coherence

In this chapter, we offer an interpretation of what statistical coherence means and
what it can tell us about the FEL radiation. We consider a quite general EM field
which has, nevertheless, some key properties that the FEL radiation also has, such as
”quasimonochromaticity” and low divergence. We focus on statistical quantities that
are relevant for the measurements presented in paper III and for the analysis in paper
IV.

The aim of the statistical description description of coherence is to provide measure
ment accessible quantities that characterize the radiation in terms of transverse and
longitudinal coherence.

3.1 Statistical description of coherence

We begin assuming an arbitrary electromagnetic wave whose complex electrical field
is taken to be Ẽ(r⃗, t). The dependence of the longitudinal profile is encoded in
the variable t while its variations in the plane (x, y), transverse to the direction of
propagation, is given by the vector r⃗.

To describe the EM field we use statistical averaging either over many instances of
the field, or over a time window T inside the same instance of the field, much larger
than the fluctuation time. An example of such a statistical quantity is the averaged
intensity:

I(r⃗, t) = ⟨|Ẽ(r⃗, t)|2⟩ (3.1)
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Figure 3.1: Representation of the three types of coherence (I:Mutual coherence, II:Longitudinal coherence and
III: Transverse coherence).

where ⟨...⟩ denotes the averaging over the time window T .

In figure 3.1 we represent the EM field with red and we identify three types of possible
correlations between different points in the (x,y,t) space.

The field Ẽ(r⃗, t) is considered to have fluctuations in both time and position. To
quantify how correlated the field fluctuations are, we define an averaging function
called the mutual coherence function³⁶ (MCF). This statistical function relates the field
at position r⃗1 and r⃗2 given a certain time delay τ (correlation I in figure 3.1):

G12τ = G(r⃗1, r⃗2, τ) =
〈
Ẽ∗(r⃗1, t)Ẽ(r⃗2, t+ τ)

〉
(3.2)

with its normalized version the complex degree of coherence g12τ :

g12τ = g(r⃗1, r⃗2, τ) =
G(r⃗1, r⃗2, τ)√

G(r⃗1, r⃗1, 0)G(r⃗2, r⃗2, 0)
(3.3)

with Z̃∗ the complex conjugate of the complex quantity Z̃.

The reader will find that, in equation 3.3, the term G(r⃗i, r⃗i, 0) in the denominator
is in fact the averaged intensity at position r⃗i. This means that g12τ is just the G12τ ,
normalized by the intensities at r⃗1 and r⃗2, and is thus always bounded between 0 and
1³⁶.

The function g12τ , is the first expression of coherence for a field. It is used to charac
terize a field of varying intensity and phase at points r⃗1 and r⃗2 that have a time delay
τ , with high values of g12τ meaning high levels coherence.

28



3.1.1 Longitudinal coherence

The fluctuations in time of the EM field at a point r⃗ in the transverse plane describe
how correlated the field is in time. By using the limiting case of r⃗1 = r⃗2 = r⃗ from
equation 3.3, we define a new statistical function, the autocorrelation G11τ function
and its normalized version the complex degree of longitudinal coherence g11τ :

G11τ = G(r⃗, τ) =⟨Ẽ(r⃗, t+ τ)Ẽ∗(r⃗, t)⟩ (3.4)

g11τ = g(r⃗, τ) =
G(r⃗, τ)

G(r⃗, 0)
. (3.5)

The interpretation of g11τ is made easier by considering the phase dependence of the
quantity ũ(r⃗, t) = Ẽ(r⃗, t + τ)Ẽ∗(r⃗, t). If the fluctuations in phase of the field
separated by delay τ are uniform, then the phase of the function ũ will not vary too
much. Therefore, when averaging, it will have a value close to unity. If on the other
hand Ẽ(r⃗, t+ τ) and Ẽ(r⃗, t) are uncorrelated, the phase of the function ũ can take
any value between 0 and 2π so averaging will give zero as a result.

g11τ is the second expression of correlation (figure 3.1 II), quantifying how ”similar”
the field is at point r⃗ over a time window τ . It gives the level of longitudinal coherence
over a time τ . For fully coherent fields |g(τ)| = 1while totally random fields produce
g(τ) = 0. Usually³⁶ one defines as coherence time the time interval, τc, over which
|g(τ)| drops by a factor e, |g(τc)| = 1/e. For an arbitrary source we have :

τc =

∫ ∞

−∞
|g(τ)|dτ. (3.6)

Variations along t for a quasi monochromatic radiation beam, manifest in the fre
quency of the field. Over a time window T, the frequency content is given byVT (ν) =∫ T/2
−T/2 Ẽ(t) exp(−i2πνt)dt. The measurement accessible quantity in the frequency

domain is the power spectral density or spectrum:

S(ν) = lim
T→∞

1

T
⟨|VT (ν)|2⟩. (3.7)

There is an intrinsic connection between the time and frequency domain for EM
waves and it is expressed by the relation between the autocorrelation function G(τ)
and the power spectral density S(ν):

S(ν) =

∫ ∞

−∞
G(τ) exp(−i2πντ)dτ. (3.8)
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Equation 3.8 is known as the WienerKinchin theorem³⁶ and offers a way to convert
from spectral density to longitudinal coherence.

For well behaved, quasimonochromatic lightsources, such as FELs, the spectral power
is contained in a small region∆ν around a central frequency ν0. The relation between
the spectral width and the coherence time depends on the shape of the spectral profile.
For example for a Gaussian profile, the relation between the full width at half maxi
mum and the coherence time is ∆νFWHM = 0.66/τc. There is a specific definition
of the spectral width for which the function converting between spectral width and
coherence time is independent of the shape of the spectrum:

if ∆νc =
(∫∞

0 S(ν)dν
)2∫∞

0 S(ν)2dν
(3.9)

then 1/τc = ∆νc.

Having a relation between the spectral width and the coherence time allows us to
directly estimate longitudinal coherence of an EM pulse by studying its spectrum.
For the studies in paper III and IV we use the spectral width as the measurement
accessible quantity used to describe longitudinal coherence. In fact in paper IV we
directly use the FEL spectra as the figure of merit for both longitudinal coherence and
pulse power when comparing different schemes.

3.1.2 Transverse coherence

For points in the beam with no time delay, τ = 0, the mutual coherence function
transforms into the mutual intensity function that expresses the level of correlation in
the beam between points r⃗1 and r⃗2 along the beam:

G120 = G(r⃗1, r⃗2) = ⟨Ẽ(r⃗1, t)Ẽ
∗(r⃗2, t)⟩ (3.10)

g120 = g(r⃗1, r⃗2) =
G(r⃗1, r⃗2)√

G(r⃗1, r⃗1, 0)G(r⃗2, r⃗2, 0)
. (3.11)

To obtained the normalized version of the mutual intensity function, we divide it
by the square root of the product of the two averaged intensities at points r⃗1 and r⃗2
(equation 3.11). The normalized version, g120, is called complex degree of transverse
coherence and, as all other normalized quantities in this chapter, is bounded between
0 and 1 in its absolute value.
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One can use the same approach to understand the g120 as for g11τ , where the variation
of the phase of the product Ẽ(r⃗1, t)Ẽ

∗(r⃗2, t) is considered. For two points that
oscillate in unison, the value of |g(r⃗1, r⃗2)| approaches unity, while points entirely
random oscillations to each other will produce a null value of this function.

g120 is the third expression of correlation, III in figure 3.1, and describes how coherent
two points r⃗1 and r⃗2 are. However, its use is limited, as there are infinite many pairs
(r⃗1, r⃗2) in the wavefront. The transverse coherence of a beam can be fully described
with a single number, that integrates the contributions from all points in the beam,
called the total degree of transverse coherence, ζ:

ζ =

∫
|G(r⃗1, r⃗2, 0)|2dr⃗1dr⃗2(∫

G(r⃗, r⃗, 0)dr⃗
)2 . (3.12)

The quantity in equation 3.12 synthesizes, in a single number, the transverse coherence
and is therefore the result of interest when measuring transverse coherence. It is the
main figure of merit used in paper III to characterize the transverse coherence of FELs
in both SASE²¹,²² and HGHG configurations.

3.1.3 Crossspectral density and total degree of coherence

A quasimonochromatic source cannot have completely random fluctuations, there
fore a representation in the frequency domain of the mutual coherence function is
useful in characterizing sources with a very narrow bandwidth. Such a function is
called the cross spectral density or CSD and it relates the fluctuations of the fre
quency component ν at points r⃗1 and r⃗2:

W (r⃗1, r⃗2, ν) =

∫ −∞

−∞
G(r⃗1, r⃗2, τ)e

−i2πντdτ. (3.13)

We recall that fluctuations at different transverse points with a time delay τ are repre
sented byG12τ . A Fourier Transform (FT) ofG12τ will thus result in the correlation
of points r⃗1 and r⃗2 of each frequency component ν.

Using the substitution r⃗1 = r⃗2 = r⃗, W (r⃗1, r⃗1, ν) = S(r⃗, ν), which is just the
spectral density at position r⃗. As all quantities described before in this chapter, we
also define a normalized version of CSD called spectral degree of coherence:

µ12ν = µ(r⃗1, r⃗2, ν) =
W (r⃗1, r⃗2, ν)√
S(r⃗1, ν)S(r⃗2, ν)

. (3.14)
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This quantity is also bounded between 0 and 1 and represents the coherence of the
field points r⃗1 and r⃗2 at frequency ν.

We can define a frequency dependent ζ as:

ζ(ν) =

∫
|W (r⃗1, r⃗2, ν)|2dr⃗1dr⃗2∫

|S(r⃗, ν)dr⃗|2
. (3.15)

For quasimonochromatic sources, such as FELs, which have a very narrow bandwith
it may be enough to calculate ζ(ν̄) ≡ ζ, where ν̄ is the mean frequency component
of the spectrum.

3.2 Transverse coherence in the Gauss Schellmodel

The total degree of transverse coherence ζ is the goal figure of merit used to character
ize any radiation sources. Due the FEL radiation’s properties such as low divergence
and quasimonochromaticity we can use a simplifying model, the Gaussian Schell
model (GSM), to determine this value through, measurement accessible, quantities.

3.2.1 Propagation of CSD by mode decomposition

A partially coherent source can be represented as a superposition of fully coherent
Gaussian modes³⁷:

W (r⃗1, r⃗2, ν) =
∑
j

bjẼj(r⃗1, ν)Ẽ
∗
j (r⃗2, ν) (3.16)

where bj and Ẽj are the eigenvalue eigenvector solutions to the equation :

bjẼj(r⃗2) =

∫ ∞

−∞
W (r⃗1, r⃗2, ν)Ẽj(r⃗1)dr⃗1.

A Gaussian beam with known electric field Ej(r⃗, ν; z) at the plane Σ can be analyt
ically propagated through free space over a distance Z by:
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Ej(r⃗, ν; z) =

∫
Σ
Ej(s, ν)Pz(r⃗ − s, ν)ds (3.17)

with the Green’s function propagator:

Pz(r⃗ − s, ν) =
ν

icz
exp

[πν
cz

(r⃗ − s)2
]
.

Therefore the CSD, as the sum of these modes, is described at position z = Z by:

W (r⃗1, r⃗2, ν; z) =
∑
j

bjEj(r⃗1, ν; z)E
∗
j (r⃗2, ν; z). (3.18)

This property is especially useful in propagating the CSD in space along the z direction
perpendicular to the wavefront. As the value of the CSD is simply the sum of the
propagated constituting modes.

3.2.2 Gauss Schellmodel sources

The GSM is the most widelyused description of quasimonochromatic sources such
as FELs²⁰,²¹,³⁸ when considering their coherence. In this model both the spectral
intensity and the transverse coherence are assumed to have Gaussian shapes at the
origin. Meaning that transverse coherence falls of as a Gaussian with distance. This
shape remains constant with propagation through free space, thus allowing for a full
characterization of a beam’s coherence anywhere in space by performing measure
ments at any one position z = Z.

Furthermore, such sources’ complex degree of transverse coherence g120 does not de
pend on the absolute positions r⃗1 and r⃗2 but rather on the distance between any two
points ∆r⃗ = r⃗2 − r⃗1. GSM beams are described by a CSD of the type:

WGSM =
√
SGSM (r⃗1, ν)SGSM (r⃗2, ν)µGSM (∆r⃗, ν) (3.19)

with the spectral intensity and complex degree of spatial coherence are have Gaussian
dependence on the transverse coordinates x,y:

SGSM (r⃗) = S0xS0y exp

(
− r2x
2σ2x

−
r2y
2σ2y

)
(3.20)

µGSM (∆r⃗) = exp

(
−∆r2x
2l2cx

−
∆r2y
2l2cy

)
. (3.21)
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Here rx and ry are the x and y component of the vector r⃗, ∆rx and ∆ry are the
x and y component of the vector ∆r⃗. The source size in the x and y plane is given
by σx and σy respectively and the spatial coherence information is encoded in the
coherence lengths lcx and lcy (the length over which g120 drops by e) for the x and
y directions. Since the FEL is usually elongated along the y direction, we allow for
different sizes and coherence lengths in the two directions. In equation 3.19 and 3.20
we have used the subscriptGSM to denote that these expressions are valid only in the
GSM approximation, from here on we omit the subscript but it should be understood
that we assume the GaussianSchell model valid.

For brevity reasons, we only show the derivation for the x direction but the exact same
treatment can be carried out for y. The Rayleigh length for GSM beams for a source
waist size of σ0,x and coherence length at the source lc,x is given by³⁹:

zR =
πσ20,xν

c
δ (3.22)

with δ =
lc,x√

l2c,x + σ20,x

.

Using the definition of the total degree of transverse coherence from equation 3.15 and
with the expressions for S and µ from equation 3.20 we can write the explicit form
of ζ for a GSM beam:

ζx =

∫
exp

(
−x2

2+x2
1

2σ2
x

)
exp

(
− (x2−x1)2

l2cx

)
dx1dx2(∫

exp
(
− x2

2σ2
x

)
dx
)2 (3.23)

where x1 and x2 are any two points on the x axis. The denominator is simply a
Gaussian, while for the numerator we use an integral table⁴⁰ to solve and obtain:

ζ =
qx√
4 + q2x

with qx =
lcx
σx
. (3.24)

In the GSM approximation the mode content determines the level of transverse co
herence²². We can write the relative intensity of the eigenvalues of the Gaussian
Hermitian modes⁴¹ of equation 3.16, bj , in the x or y direction, as :

bj
b0

=

(
1− ζx
1 + ζx

)j

(3.25)

with bj the intensity of mode j and b0 is the fundamental mode.
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It can be shown²² that qx remains constant as the beam propagates along z. Therefore,
if one obtains the value for the total degree of transverse coherence at a position z,
it describes the beam at any point along its propagation in free space, from source to
experiment. We have now found a way to obtain ζ by means measurement accessible
quantities, the FEL radiation size and coherence length, which is what we aimed for
at the beginning of this chapter.
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Chapter 4

Numerical and experimental
methods

As we have seen in the chapter 3, the transverse coherence of a light beam is completely
described by the total degree of transverse coherence ζ. The longitudinal coherence,
on the other hand, is accessible through the spectral power density, or spectrum, of
the radiation. In this chapter we present the numerical and experimental methods,
used in the attached papers, through which one can obtain ζ or the spectrum for FEL
radiation.

4.1 Experimental methods to measure transverse coherence

We have previously shown that we can obtain the total degree of transverse coherence,
ζ, if we can find the coherence length and the FEL spot size. In this section we
will describe how, with a Young doubleslit experiment, we can gain access to the
coherence length.

4.1.1 The Young doubleslit experiment

In 1801, Thomas Young demonstrated the principle of light interference by shining
light through two narrow slitsa, and observing the two radiation waves interfere on a
screen located after the slits. The periodic alternation of bright and dark fringes, also

aIn the original experiment, Young did not use slits but rather a thin card so that light passing on
one side of the card would interfere with light passing on the other side.
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know as the interference pattern, was conclusive proof of the wavelike behaviour of
light. Based on the distance between the slits and the screen and also the periodicity
in the interference pattern Young even determined the wavelength of the incoming
radiation.

In a Young doubleslit experiment, the intensity pattern is generated by the interfer
ence of a small portion of the beam coming from a slit 1with another small portion of
the beam coming from a slit 2 (figure 4.1), ideally with no time delay between them.
It is essentially the physical manifestation of the mutual intensity functionG120, (see
equation 3.11). The bright and dark fringes are due to the light arriving at various po
sitions on the screen from different distances, slits 1 and 2. This relative delay creates
relative phase difference and thus the two beams either cancel or enhance each other
based on the observing position on the screen.

Figure 4.1: 1D schematic layout of Young double-slit experiment.

In the following, we will look at increasingly complex approximations of the interfer
ence patterns generated from a Young experiment. Our aim is to fit the experimental
interference patterns to the theoretical ones so that we may extract the transverse de
gree of coherence, g120, for each pattern. In this chapter we consider the slits placed
along the x direction, for convenience, but any direction is treated similarly.

The first and simplest approximation is that of a fully coherent light beam. It has
wavelength λ and passes through infinitely small slits, separated by a distance d. The
intensity distribution along the x direction at distance D (see figure 4.1) from light
shining through the slits is given by³⁶:

Ifit1(ϕ) = I0[1 + cos(ϕ)]/2, with ϕ =
2πxd

λD
. (4.1)

The result in equation 4.1 can be extended³⁶ to account for a light beam with degree
of transverse coherence |g120| < 1. The interference pattern of this type of beam is
given by:
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Ifit2(ϕ, |g120|) = I0[1 + |g120| cos(ϕ)]/2. (4.2)

A further extension of the interference pattern can be made if one takes into account
the finite slit size w ⁴² is given by:

Ifit3(ϕ, |g120|) = I0 sinc

(
ϕw

d

)
[1 + |g120| cos(ϕ)]/2. (4.3)

The different fit functions Ifit1, Ifit2 and Ifit3, and their envelopes, are plotted in
figure 4.2. Depending on the level of accuracy needed from the approximation, one
can use the different functions to fit a 1D doubleslit interference pattern. The most
realistic approximation, Ifit3 from equation 4.3 is routinely used⁴³,⁴⁴ to extract the
complex degree of coherence from FEL radiation.

Figure 4.2: Plots of the different fitting functions used to approximate the Young 1D interference pattern.
left: black thin line Ifit1 fit function, back thick line Ifit2 fit function, blue dashed line, lower
envelope of Ifit2 red dashed line upper envelope Ifit2; right: back thick line Ifit3 fit function
blue dashed line, lower envelope of Ifit3 red dashed line upper envelope of Ifit3

4.1.2 FEL bandwidth and transverse coherence measurements

The picture of correlating the two points in the transverse plane of the EM field where
the two slits are located, without any time delay, is only valid for the center point in
the interference pattern. This point is situated at the same distance from slits 1 and
2 (at ϕ = 0). As previously discussed, the interference pattern at other positions on
the screen is influenced by the relative delay between the light beams coming from
the two slits. This would not be of any concern if the radiation pulse had infinite

39



longitudinal coherence. However, for all ”real” EM fields, such as FEL radiation, the
finite coherence time can become significant if it is comparable in value to the relative
delay at the observation point on the screen.

Figure 4.3: (Bottom): Schematic layout of the Young interference pattern. (Top): Interference pattern for light
at two different wavelengths λ1 (red), λ2 (blue) and the combination of the two (black).

The effect of having two different wavelengths, λ1 and λ2, in a Young experiment is
sketched in figure 4.3. Even if the radiation is coherent for each individual wavelength
(red and blue lines), their combination (black line) will have a reduced visibility away
from ϕ = 0. Therefore, having a finite bandwidth of the light in a Young experiment
means that fringe visibility is reduced at points on either side of the center of the
interference pattern.

4.1.3 A fit function for the Fresnel region

Equation 4.3 is routinely used in FEL transverse coherence measurements²⁰,³⁸,⁴⁵ to
fit the 1D intensity pattern by having the transverse degree of coherence as the free
parameter. However, the equation is only valid for the farfield approximation, i.e.,
w2

λ ≪ D. Experimental setups in which w2

λ ≈ D are said to be conducted in the
Fresnel or nearfield region³⁶ and thus, a more general fitting function has to be used.

To the best of our knowledge, there was no published closed form expression for the
1D interference patter from a Young doubleslit experiment in the Fresnel region. In
the appendix of paper III we derived such a closed form expression for a spherical
wave incident on the slits. Here we present only the final result, the intensity as a
function of position x on the CCD and distance z from the slits :

40



Ifit(x, z, |g120|) = |A|2[C2
2 + C2

1 + S2
2 + S2

1 + |g120|(C1C2 + S1S2)] (4.4)

with:

C1 = C(w1,2)− C(w1,1) , S1 = S(w1,2)− S(w1,1) (4.5a)
C2 = C(w2,2)− C(w2,1) , S2 = S(w2,2)− S(w2,1). (4.5b)

The functions C and S are the so called Fresnel integrals:

C(w) =

∫ w

0
cos

(
ia2

2
π

)
da ; S(w) =

∫ w

0
sin

(
ia2

2
π

)
da, (4.6)

their values are tabulated and as wellknow as, for example, the exponential function.

The explicit x and z dependence is found in the limits of integration wi,j :
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)
(4.7a)
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(4.7b)
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(4.7c)

w2,2 =

√
k(z0 − z)
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(
d

2
+
w

2
− x

z0
z0 − z

)
(4.7d)

where z0 is the position of the focus for the spherical wave and k = 2π/λ is the
radiation wavenumber.

We have, in the form of equation 4.4, a fit function for a Young experimental setup,
valid also in the Fresnel region. The absolute value of the complex degree of coherence
is thus accessible by fitting the experimental 1D interference pattern with the function
in equation 4.4 (see figure 4.5).

4.1.4 Doubleslit experiment at FERMI FEL2

The aim of the doubleslit experiment, presented in paper III, was to determine the
total degree of transverse coherence ζ in equation 3.23 following these five steps :

1. Determine the FEL spot size σx,y at the slits.
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2. Measure intensity patterns for varying slit separations d.

3. Calculate the degree of transverse coherence g120 for each interference pattern.

4. Determine the coherence length lc x,y by fitting equation 3.21.

5. Calculate ζ from equation 3.24.

Out of the points outlined above, the most delicate one is the calculation of the degree
of transverse coherence |g120| from the interference pattern and will therefore be the
focus of this section. The intensity of the interfering fields from slit 1 and 2 is usually
recorded by a 2D CCD grid (figure 4.4). The 1D interference pattern is obtained by
taking the average along the y direction in the area highlighted in blue in figure 4.4,
located at the maximum intensity.

Figure 4.4: Measured 2D interference profile (bottom left), 1D y profile (right) and 1D interference pattern
along x (top), obtained for the highlighted region (blue rectangle).

For the particular example of the experiment reported in paper III, the slit separation
was varied between 0.4 and 1mm, with a slit width of 40µm for slit separations of
0.4, 0.5, 0.6 and 0.8mm and 80µm width for the 1 mm slit separation. The farfield
criterion is not satisfied for all slits, therefore we had to use the fitting function valid
in the nearfield or Fresnel region (equation 4.4).

Figure 4.5 shows an example 1D interference pattern with unequal illumination of the
two slits fitted by a modified version of equation 4.4. The unequal illumination here
manifests by an oscillation of the minimum intensity at the position of the minima.
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The unequal illumination can be accounted for in the fit function by multiplying the
terms C1 and S1 in equation 4.4 with a scaling factor f = I1/I2 representing the
relative difference in the radiation intensity coming from the two slits:

I(x, z, |g120|) = |A|2[f2C2
2 +C2

1 + f2S2
2 +S2

1 + |g120|f(C1C2+S1S2)]. (4.8)

Figure 4.5: Example of 1D interference pattern (black dots) fitted with equation 4.8 (blue solid line)

4.2 Spectral analysis methods in characterizing temporal co
herence

The relation between the spectral width, ∆ν, and coherence time, τc, has been de
scribed in chapter 3 by equation 3.9. Furthermore, the investigation of longitudinal
coherence by studying the radiation spectrum is a well established method⁴⁶,⁴⁷,⁴⁸. In
this section we detail a few ways of using the spectrum to estimate the coherence time
and to detect coherence degradation effects.

3D FEL simulation codes such as Genesis 1.3²⁵ and FAST⁴⁹, offer the possibility to
access the full 3D FEL radiation at predefined positions along the undulator. Numer
ous refinements and benchmarking processes have made Genesis 1.3 the standard FEL
simulations tool. It is therefore easy to obtain the temporal profile of the radiation
and from that, with a simple Fourier Transform (FT), the spectrum.

In measurements, the spectrum is usually acquired by placing a fine grating in the path
of the light beam. The angle of scattering from the grating is wavelength dependent.
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The scattered light is then detected on a photosensitive device (usually CCD), thus
obtaining the wavelength dependent intensity or spectrum.

Electron beam longitudinal characterization is also an important tool in coherence
studies. The FEL acts as an amplifier of the signals contained in the electron beam,
therefore, strong features in the electron beam longitudinal profile will inevitably man
ifest themselves in the radiation spectrum.

At FEL machines, the electron longitudinal profile is usually obtained, with a trans
verse deflecting cavity⁵⁰ (TDC), which applies a time dependent angle deflection to
the electrons in a bunch. Given enough propagation distance, the angle kick received
by the electrons, will become a transverse offset at a viewing screen. The result is a den
sity distribution of electrons, in the deflecting direction, based on their longitudinal
position when passing through the cavity.

4.2.1 Spectrum along the beam in simulations

Using a particle tracking code such as ELEGANT⁵¹ offers access to all the ”macro
particle’s” b positions and momenta. In this type of simulation environment, macropar
ticles are usually defined by their 6D vector (x, y, t, px, py, pz) consisting of positional
(x, y, t) and momentum coordinates (px, py, pz). Hence, by using simulations, one
has unfettered access to any profile of the electron beam.

Similar to the radiation intensity, one can apply the spectral analysis method to the
beam current to reveal longitudinal density structures within the beam. We can cal
culate the particle density distribution along the beam as a function of t, i.e., a his
togram, and Fourier transform it to obtain the bunching as a function of wavelength
or bunching spectrum. This method is used in paper IV to investigate the change in
bunching wavelength due to CSR, but it can also be used to study the microbunching
gain during acceleration⁵².

An interesting extension to this method is to define a bunching spectrum for different
parts of the electron beam. Based on their longitudinal position (or any other criteria),
one can select different regions and calculate their bunching spectra. For example in
figure 4.6, we modulated the beam, in modulator 2 of an EEHG scheme, with slightly
different amplitudes in the head (red) and tail (blue). We then looked at the bunching
for the both individual regions (red and blue) and the entire bunch. We can see that
only the amplitude used for the head creates bunching in the final beam.

This method of studying the bunching in different regions was used in papers IV,

bsimulation codes usually do not simulate each electron, instead they use ”macroparticles” that have
the charge and mass of multiple electrons making computation times and memory requirements feasible.
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V and VI because it allows for the detection of coherence ruining effects localized in
specific regions of the bunch, without having to perform FEL simulations.

Figure 4.6: Right: Electron longitudinal phase space (black dots) split into head (red) and tail (blue) regions.
Left: bunching spectrum for the head (red), tail (blue) and total (black with star) regions.

4.2.2 Peak detection in FEL radiation spectra

Certain phenomena acting on the electron beam, prior to arriving at the FEL radia
tors, can create microstructures within it that hinder the FEL process. Small density
modulations in the initial electron distribution created by the electron gun (or some
other source) can be amplified by coherent synchrotron radiation inside the compres
sors. These density modulations can interfere with the seeding and FEL processes,
decreasing longitudinal coherence and reducing the maximum power output³³,⁵³.

To investigate this phenomenon we use the measured spectra and analyze its content
more deeply. It is possible to find evidence for long wavelength modulations (orders
of magnitude larger than the FEL radiation wavelength) by studying the separation
of the individual peaks in the spectrum.

In paper II, a peak detection algorithm which allows for reliable detection of peaks
above a certain intensity threshold is described. Then by analyzing the wavelength
positions, of these peaks, one can infer the presence of modulations with certain wave
lengths. In the example presented in figure 4.7 we concluded that a 6.3µm period
modulation is present in the electron beam.

Using the method described by (Roussel et al.)⁵⁴ one could imprint a known density
modulation using a Laser heater at FERMI FEL2. Figure 4.7 shows the FEL spectrum
created by such a beam. Using the peak finding algorithm to fit spectrum we were able,
based on the detected peaks position, to estimate the periodicity of the modulation
in the electron beam.

Although this is preliminary work, it shows great potential for microbunching insta
bility detection.
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Figure 4.7: Example of peak detection with high threshold. Original signal (black line) fitted signal (red line),
fitted minima (blue dots) and maxima (purple dots).
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Chapter 5

Transverse coherence of SASE and
seeded FELs

This chapter looks at the transverse coherence of seeded and SASE FELs to answer
questions such as: How does transverse coherence evolve during the FEL process?
And what can we learn form its sensitivity to electron beam parameters? We will
answer these questions using experimental results, complemented by simulations and
a semianalytical approach.

5.1 Buildup of transverse coherence in FELs

Theoretical⁵⁵ investigations, simulations⁵⁶ and semianalytical work²⁰ all indicate
that transverse coherence of SASE FELs evolves during the FEL amplification process
along the undulator. With the aim of comparing SASE and HGHG FELs in terms of
transverse coherence, we conducted Young doubleslit measurements at the FERMI
FEL2, operating the very same machine in SASE and cascaded HGHG modes.

5.1.1 Transverse coherence in simulations

Similar to the longitudinal mode selection, SASE amplification also ”selects” trans
verse modes that dominate the (x, y) plane. Analytical work²⁰ and simulations⁵⁶
have shown, for SASE FELs, a clear dependence of the transverse coherence on the
position along the power gain curve. However, there is no simple analytical expres
sion for the evolution of transverse coherence along the undulator in the exponential
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gain regime. Nevertheless, semianalytical investigations²⁰,⁵⁵ show that transverse co
herence saturates earlier than FEL radiation power and can therefore be expected to
reach its maximum value with fewer active undulators.

As mentioned in chapter 4, 3D FEL simulations are powerful tools for investigating
the properties of the FELs radiation, giving access to the complex 3D radiation field
at various stages of amplification. It is possible to obtain the total degree of transverse
coherence, ζ, by applying equation 3.12 to the simulated field. Ding et al.⁵⁶ studied
the SASE FEL at SLAC, using the Genesis 1.3 3D FEL simulation code. Their re
port also showed that saturation of the transverse coherence occurs earlier than power
saturation.

By simulating the FERMI FEL2, operated in SASE mode and applying the method
from Ding et al.⁵⁶, but only in the x direction, we obtained the same trend of early
saturation in transverse coherence buildup. The same method, applied for FERMI
FEL2 operated in cascaded HGHG mode, revealed an almost constant level for the
ζx function. The variations of the normalized total degree of transverse coherence
in the x plane with the position in the gain curve, of the two cases, are shown in
figure 5.1. Here zsat is the position where the FEL power saturates. The different
transverse mode selection mechanisms are evidenced here by the different ζx trends
of SASE and HGHG during the amplification process.

Figure 5.1: Normalized values for ζx in HGHG (red) and SASE (blue) simulations as a function of position in the
power gain curve z/zsat

These simulations suggest that the high transverse coherence associated with optical
lasers is ”transferred” to the FEL radiation through seeding. In SASE operations the
dominant transverse mode seems to be selected out of the ones that independently
form along the beam. This fact is apparent for the evolution of transverse coherence
both before and after its maximum point, which suggests that once the dominant
mode saturates, other modes become dominant.
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5.1.2 Experimental comparison of transverse coherence in SASE and seeded
FEL

Previous measurements at various FEL facilities²¹,⁵⁷, indicate that FEL radiation has
relatively high levels of transverse coherence. However, a direct comparison between
a SASE and a seeded FEL’s transverse coherence properties was lacking. By using
the FERMI FEL2 facility (figure 5.2) with the identical electron beams, depicted in
subfigure 5.2a, for both SASE and cascaded HGHG seeded operations, we could
directly compare their transverse coherence. To the best of our knowledge, this was
the first experimental observation of how transverse coherence is built up in SASE
and HGHG FELs operated in the same setup.

Although the layout of FERMI FEL2, presented in figure 5.2, was designed to func
tion in a freshbunch cascaded HGHG mode (see figure 5.2e), it can be easily changed
to operate in SASE mode (figure 5.2d) as well. By setting the resonant wavelength
in the radiators of the first stage and in the modulator of the second stage to be the
same as for the second stage radiators, i.e., 14.7 nm, one can use all these undulators
in the SASE process, increasing the available magnetic length.

Figure 5.2: The FERMI-FEL-2 with a: the electron beam longitudinal phase space (red) with current (black line)
at the entrance to the FEL, b: the experimental SASE spectrum, c: the experimental HGHG spectrum,
d: the schematic layout of FERMI FEL-2 in SASE and e: the HGHG operation modes. Grey color on
elements symbolizes they are not used. Undulator color codes specify the wavelength at which
they were tuned.
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By progressively tuning away undulatorsa, in the radiator 2 part of the layout, we
obtained snapshots of the FEL radiation with different numbers of active undula
tors. Since there is no interaction between the radiation and the electrons without
the magnetic field of the undulators, tuning them out is equivalent to moving back
wards in the FEL amplification process. For different number of active undulators
we measured the energy of the FEL pulse, to establish the position along the power
saturation gain curve, and transverse size, to use in ζx estimations.

For 4, 5 and 6 active undulators we introduced slits, of various separations, in the path
of the radiation and recorded the interference pattern, as described in chapter 4.1.1.
This set of measurements allowed us to determine the coherence length which, in com
bination with the field size yields, through equation 3.24, the total degree of transverse
coherence for the x plane, i.e., ζx.

The evolution of ζx as a function of number of active undulators for SASE (blue) and
HGHG (red) is presented in figure 5.3 (bottom). The correspondence to the position
along the gain process is shown by plotting the FEL power as a function of active
undulators. Analyzing the gain curves reveals that HGHG reaches power saturation
with five undulators while SASE is still in the exponential amplification regime even
using all the six undulators.

Analysis of the ζx trends shows that, in the case of HGHG, transverse coherence re
mains almost constant at all measurement points. On the other hand, for SASE, the
transverse coherence reaches a saturation point with five active undulators. Corre
lating the gain curve results with the ζx trends demonstrates that, for SASE FELs,
transverse coherence reaches a maximum before the pulse power saturation. Further
more, these experimental results confirm all three characteristics discussed in relation
to the simulation results of figure 5.1. First, SASE transverse coherence shows a strong
dependence with the position in the gain curve. Secondly, SASE exhibits early sat
uration and finally, HGHG has an almost constant level of transverse coherence all
through the gain process.

aIn FEL gain curve measurements the gap of the undulators is usually opened so that the field inside
the undulator almost disappears
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Figure 5.3: Top: Power Gain curve for SASE (blue) and HGHG (red). Bottom: evolution of total degree of
transverse coherence, ζx, measured along the undulator for SASE (blue) and HGHG (red)

Both configurations reach similarly high values for the total degree of transverse co
herence ζx ≈ 0.64. Using the mode decomposition approximation in chapter 3.2.1,
a partially coherent source can be seen a superposition of fully coherent Gaussian
modes. Given ζx, the relative intensity, bi/b0, of these modes is expressed in equa
tion 3.25. For this experiment we found that 78% of the power is in the fundamental
b0 mode and 18% in the second b1 mode.

The value ζx ≈ 0.64 is not as high as for ”fully” coherent sources³⁷ and we can spec
ulate about a couple of reasons why. It may be the case that there are some electron
beam properties which limit the maximum achievable total degree of transverse coher
ence. Either some structure in the electron beam that not even seeding can overcome,
or a mismatch between emittance and radiation diffraction size which we will address
in the next section.

It is also possible, however, that we were limited in our estimations of the transverse
coherence length, lc,x, by the available slit separations. Our maximum slit size was
1mm and lc,x ≈ 2mm for both SASE and HGHG. The errors in estimating ζx
are larger if the range of available slit separations is smaller. Using the more accurate
fitting function (equation 4.4), did help in this respect by providing better estimations
of the transverse degree of coherence, g120, for each slit separation, but it may not have
been enough to compensate for their limited range.

Nevertheless, the conclusions of the experiment, in terms of the evolution of the total
degree of transverse coherence, remain valid. Moreover, as both FELs reached simi
larly high maximum values of ζx, we can assume that the limitations, if any, did not
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favour one mode of operation over the other and thus the comparison still stands.

5.2 Sensitivity of transverse coherence

Studying the sensitivity of transverse coherence w.r.t. electron beam properties can
help more accurately pinpoint the mechanisms that create, but also the ones that
distort this property of FEL radiation.

5.2.1 FEL bandwidth and transverse coherence measurements

The difference in bandwidth between SASE and HGHG (figure 5.2b and c) could
affect the estimations of the transverse degree of coherence, g120, in measurements as
described in chapter 4.1.2. We calculated the effect of finite wavelength bandwidth
on the transverse coherence in two ways.

First, we considered no coupling between longitudinal and transverse coherence and
assumed, according to the GSM, that both types of coherence obey a Gaussian decay
law with time and distance respectively. By analyzing the spectra of the two beams
we could find the coherence time, i.e., the time window τ over which the complex
degree of longitudinal coherence g11τ = 1/e. Next, we calculated the time delay
between the light coming from slits 1 and 2 at the edges of the CCD (where the
delay is maximum). Comparing the coherence time and the maximum delay we
could estimate that the bandwidth has an effect of roughly 2% on the visibility of
the fringes at the edges of the CCD. However, the central points in the interference
pattern, which have more intensity, are weighted more in the fitting procedure and
therefore the fitted g120 will be even less sensitive to this effect.

A second, more pragmatic approach, was to generate interference patterns for a dis
tribution of wavelengths, with intensities for each wavelength given by the spectra
of SASE and HGHG (figure 5.2b and c respectively) and add them together. We
then tried to fit the result with the Fresnel fit function (equation 4.4) and found a
difference of 1% in the estimated g120.

Both approaches proved that, for this experiment, the influence of the bandwidth
on the estimations of transverse coherence is negligible. However, it is difficult to
completely remove the effect of longitudinal coherence in transverse coherence mea
surements. It may in fact be desirable to introduce a delay between the radiation
coming from the two slits, in this way one could probe the more general, complex
degree of coherence function, g12τ , to estimate a coherence ”volume”.
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5.2.2 Transverse coherence and electron beam energy spread

We have seen in chapter 2.4.2 that an increase in the electron energy spread, σγ , has
the effect of increasing the gain length of the FEL. Thus, the FEL radiation power
measured at the same fixed physical point in the undulator line, but for runs with
different electron energy spread, will actually be measured at different number of gain
lengths in the amplification process. One can therefore slightly ”move” along the gain
curve, while keeping the physical measurement point fixed, by changing the energy
spread of the electrons.

By using a Laser heater (LH)⁵⁸, we were able to introduce controlled amounts of
energy spread in the electron beam during our experiment at FERMI FEL2. For
certain values of induced energy spread we measured the FEL pulse’s energy and the
total degree of transverse coherence ζx.

Figure 5.4: Evolution of FEL intensity (purple) and normalized total degree of transverse coherence, ζx, (black)
with energy spread induced in the LH for SASE (top) and HGHG (bottom)

The dependence of the measured FEL radiation intensity on the induced energy
spread (figure 5.4) tells us that two things. Firstly, that for large values of LH induced
energy spread the FEL radiation intensity decreases considerably, supporting the pic
ture of moving backwards in the gain curve by increasing electron energy spread.
Secondly, that the highest FEL intensity is not at zero LH induced energy. We at
tribute the initial increase in FEL intensity with LH induced energy spread to the
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suppression of microbunching instabilities⁵³,⁵⁹ in the electron beam.

The transverse coherence of the HGHG FEL is shown (figure 5.4 black traces) to be
independent of the induced energy spread, with variations at the level of the measure
ment uncertainties.

On the other hand, SASE’s transverse coherence strongly depends on energy spread,
dropping by 35% at 30 keV induced energy spread, for the considered case. This effect
indicates, yet again, that the SASE transverse coherence is highly dependent on the
position in gain curve. Furthermore, since the maximum intensity of SASE occurs
at lower energy spread values (at a later stage in the gain process) compared to the
maximum of ζx, we also confirm the predictions that transverse coherence saturates
faster than pulse power.

More experimental results, at various machines, involving other electron beam pa
rameters are needed to complete the understanding of transverse coherence buildup.
Nevertheless, it is clear that seeding an FEL ensures a high degree of coherence from
the start while SASE FELs become more coherent as the FEL highgain process un
folds.

5.2.3 Emittance influence on coherence

In the case of the transverse coherence experiment we performed at FERMI, the same
beam was used in the two modes of operation. Based on emittance measurements,
we determined ϵn = 2mm·mrad.

According to Saldin et al.²⁰ a good matching between the radiation wavelength, λrad,
and the beam emittance, can have a strong influence on the maximum achievable ζ
(for both x and y directions) in an FEL. The condition for obtaining the maximum ζ
value at saturation was shown to be: 2πϵ

λrad
= 1 or ϵn2π

γλrad
= 1. A possible interpretation

of this peculiar effect is that a lower emittance allows for more independent transverse
modes to form across the electron beam⁵⁵, thus limiting the maximum achievable
transverse coherence.

Given γ = 1757 and λrad = 14.7 nm, the electron beam emittance used in the
experiment at FERMI was bellow the predicted, optimum value. This could indicate
that the maximal attainable ζ, in both directions, was limited by the electron beam
emittance in this experiment.

If we assume that the emittance is limiting the maximum transverse coherence, it is
possible to view the emittance based effect as more fundamental to transverse coher
ence than whether the FEL is seeded or not. A more thorough investigation of the
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dependence of ζ with emittance, for both SASE and seeded FELs, is needed in order
to verify this assumption.

In terms of longitudinal effects, a FEL is considered to be seeded, if the ”order” in
troduced by the seeding laser (or seeding technique) overcomes the randomness of
”shotnoise”. Based on the above discussion, one can speculate that, in order for a
FEL to be seeded, in terms of transverse coherence, it must overcome the randomness
in the emittance along the beam. This could be tested experimentally by creating a po
sition dependent emittance profile in the electron beam. If one could reach a level of
seeding for which, longitudinal coherence behaves like the FEL is seeded, while trans
verse coherence behaves like in a SASE FEL, then it would be apparent that there are
different ”seeding” thresholds for the longitudinal and transverse planes.
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Chapter 6

Challenges and advantages of using
EEHG seeding

During the last decade, EEHG based seeding techniques, have been proposed⁶⁰, stud
ied⁶¹,⁶² and experimentally demonstrated¹⁵,¹⁶,⁶³ at a number of FEL facilities around
the world. The first proof of principle experiment⁶⁴ and later the first lasing at the
3rd harmonic¹⁵ were performed at the Stanford National Linear Accelerator (SLAC).
The EEHG seeding technique has also been used at the Shanghai Deep Ultraviolet
(SDUVFEL)⁶⁵ and at FERMI FEL¹⁶ to seed FELs at wavelengths as low as a few
nm.

More advanced schemes using the original EEHG idea include, among other things, a
staged layout which uses a double electron beam to achieve bunching at subnanometer
wavelengths¹⁸ and a storage ring FEL with the EEHG seeding option⁶⁶.

One of the advantages of EEHG seeding is its capability to generate bunching at high
harmonics of the seeding laser which pushes the limit of the achievable wavelength
in a seeded FEL. Another advantage is the scheme’s robustness to jitter sources¹⁶,⁶⁰
compared to other seeding options.

The key to the high harmonics (short wavelengths) accessible through EEHG seed
ing is the creation of densely packed energy bands by the first, strong dispersive sec
tion. The first challenge we will address is the effect this strong dispersive section has
on an electron beam with an linear profile in energy along the t coordinate, i.e., an
energy chirp. We will show how the final phase space and current strongly depend on
the combination of chirp and R56_1 signs.

The second challenge we will study is also related to the strong dispersive section. Due
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to the strong magnetic fields required to reach the high values ofR56_1, significant lev
els of coherent synchrotron radiation (CSR) can be created (as seen in chapter 2.6.1).
Furthermore, we show how it is possible to mitigate one of the effects of CSR using
a specially tailored laser pulse profile.

6.1 Optimizing for EEHG seeding

In the following we will share some thoughts on how to choose the scaled parameters
(Ai,Bi) and the integer n, in order to maximize the bunching level of EEHG. We will
also take into account the energy spread in the final electron beam as well as collective
effects due to strong magnetic fields in the first dispersive section, both of which can
have significant effects on the EEHG FEL radiation.

The final bunching form of EEHG seeding is restated here for clarity:

bn,m =
∣∣∣ exp [−1

2
(

x︷ ︸︸ ︷
nB1 + aB2)

2
]
Jm(−

y︷ ︸︸ ︷
aA2B2)Jn(−A1

x︷ ︸︸ ︷
(nB1 + aB2))

∣∣∣ =
=
∣∣∣ exp(−x2/2)Jn(A1x)︸ ︷︷ ︸

f1

Jm(−y)︸ ︷︷ ︸
f2

∣∣∣. (6.1)

In equation 6.1 we have defined two functions f1, f2 with arguments x, y respectively,
to make it easier to identify the different components in the optimization process. The
arguments x and y can be considered independent w.r.t. each other, since our original
parameter space has five dimensions, enabling us to search for the maximum of f1
and f2 individually.

Figure 6.1: Dependence of the maximum attainable value of f1 on the first modulation amplitude A1
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We start our analysis with the dependence of function f1 on the order n and A1, the
first modulation amplitude. Numerical analysis on the maximum attainable value of
of f1, presented in figure 6.1, shows that selecting |n| = 1 offers a clear advantage.
However, due to hardware limitations or constraints from effects such as CSR, it can
be useful to select other values for n to reduce the value of B1 as we shall see in the
following. Using large values ofA1, essentially amounts to increasing the final energy
spread of the electron beam, which means that a compromise must be made between
the maximum of the function f1 and the induced energy spread. Luckily, the trend
presented in figure 6.1 shows the maximum value tapering off from values of A1 ≥ 3
for |n| = 1.

Optimizing function f2 means finding the maximum value of a Bessel function of
the first kind of a large order m > 10, which can be shown³⁴ to occur when the
argument is:

y = aA2B2 ≈ m+ 0.81m1/3. (6.2)

For large values of m, the product A2 · B2 = y/a ≈ 1. One can reduce the value
of A2, which affects the final energy spread of the bunch, at the expense of increasing
B2. However we are further constrained in choosing the value of B2 by f1, which
has global maximum at arguments x ≪ aB2. Therefore, one can estimate B1 ≈
−aB2/n, which explains why choosing |n| > 1 can reduce the required value of
B1. The same relation tells us that, in order for B1 and B2 to have the same sign
(for example using only chicanes in the EEHG scheme) n should be negative. The
”good practices” rules in choosing A2 and Bi can be summarized as:

A2B2 ≈ 1 (6.3a)
B1 ≈ −aB2/n (6.3b)

for m≫ n.

Equation 6.3 is useful in predicting the dispersive section strengthsBi givenA2, how
ever, the exact choice ofAi andBi is dependent on the available hardware at a specific
machine. An optimization example for harmonic a = 52, used repeatedly in the fol
lowing sections is presented in table 6.1. The compromise to have A1 < 3 was made
to reduce the final energy spread, whileA2 = 4 allows for a relatively low value ofB1

as B1 ≈ −a/(nA2).

Table 6.1: Example of EEHG scaled parameters for harmonic a = 52

A1 A2 B1 B2

2 4 13.3 0.27
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6.2 The EEHG option for SXL and the challenge of a strong
linear chirp

The MAX IV soft Xray FEL (SXL)¹⁹ is envisioned to deliver coherent, high intensity
radiation to users in the 1 − 5 nm wavelength range. The electron beam will be
accelerated by the existing MAX IV LINAC to an energy of 3GeV and compressed to
peak currents of several kA using a doubleachromat compression scheme⁶⁷. As a way
to improve longitudinal coherence, the EEHG seeding option has been considered for
SXL as part of phase II¹⁹. The particular challenge of implementing EEHG at SXL
comes from the high energy chirp present in the electron beam after acceleration and
compression. Due to the fact that the final compression happens at full energy in
the standard mode of operation, the residual chirp of the electron beam is around
0.5MeV/fs.

If one is unable to remove the linear energy chirp of the electron beam prior to EEHG
seeding, paper 1 indicates that, the sign of R56_1 should be chosen so that, in combi
nation with the chirp sign, it compresses the electron beam. The reason for this is that
such a combination generates an electron beam with higher current which increases
the FEL radiation power. However, the higher peak current also means stronger co
herent synchrotron radiation (see chapter 2.6.1), which can affect the quality of the
bunching.

Two possibilities of EEHG seeding are considered for SXL. The first one involves plac
ing the entire EEHG harmonic conversion scheme after the final bunch compressor
(BC2) as shown in 6.2b. A second option, which involves using the second Achromat
of BC2 as part of the EEHG scheme, is shown in 6.2c and was explored in paper V.
We note here that because the R56 of Achromat 1 is opposite in sign to the ”regular”
Chicane 2, n should be positive, according to equation 6.3.

The existing bunch compressor is shown in figure 6.2a, inside the dashed orange
rectangle. It consists of two achromats with four dipoles each and an intrasection area
marked by the blue dashed rectangles. To accommodate the two seeding options, the
current layout figure 6.2a needs to be modified.

In the first case, figure 6.2b, two modulators and two Chicanes need to be added
after Achromat 2 and before the radiators. This is the same standard EEHG layout
as in figure 2.6e. In the second case, figure 6.2c, a modulator is placed between
Achromats 1 and 2 and a single modulator and a Chicane is placed between Achromat
2 and the radiators. The idea behind the second option is to use the R56, naturally
present in Achromat 2, as the R56_1 in the EEHG technique. Along with providing
a beam with higher peak current, the second option is also favoured from a design
point of view. Not only does it need fewer new hardware components but, more
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importantly, the extra space requirements between BC2 and the radiator line is just
4− 5meters.

Figure 6.2: Schematic layout of SXL from BC2 to the radiators. a: for SASE operations b: for EEHG seeding
after BC2 and c: EEHG seeding incorporated in BC2.

The results of operating SXL in SASE and the two EEHG seeding schemes are shown
in figure 6.3. In SASE operation (figure 6.3a) the beam is compressed to very high
current (≈ 4 kA) and will produce radiation with ∆λ/λ = 1.7 · 10−3 relative band
width. As the seeding cases are more sensitive to phase space distortions, the com
pression through the LINAC was slightly changed, to avoid collective effects due to
high currents.

In the first seeding option, the beam will be stretched by the Chicane 1 because the
electron energy chirp has the same sign as that of the Chicane R56_1, resulting de
compression (figure 6.3b). This option produced the narrowest spectrum, as shown
in figure 6.3. The second option produced a higher final current than the first op
tion because its first dispersive section, Achromat 2, compresses the electron beam.
However, there is some visible noise in its spectrum (figure 6.3d, red line) which we
attribute to CSR effects from BC2. Nevertheless, a 5 to 10 times narrowing of the
spectrum is visible when comparing the spectra of the two EEHG seeding options
with that of pure SASE. This proves that EEHG seeding can significantly increase
longitudinal coherence for the SXL FEL.

The strong chirp of SXL can also affect the harmonic at which maximum bunching is
obtained. As can be seen from figure 6.3d, the two seeding options radiate at 4.9 and
5.1 nm which are harmonics 53 and 51 of the 260 nm seed laser. Even though there is,
for both chirped beams, significant bunching at harmonic 52 (5 nm), the maximum
bunching is at one harmonic down (EEHG1) and one harmonic up (EEHG2).
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For comparison fairness, we picked the harmonic at which maximum bunching was
obtained for both seeding cases, which is why they radiate at different harmonics.

Figure 6.3: Electron phase space distributions (black dots) and current profiles (green lines) at the entrance
to the radiators for a: SASE b: EEHG after BC2 and c: EEHG using BC2. d: FEL Spectrum for SASE
(black), EEHG using BC2 (red) and EEHG after BC2 (blue).

Another interesting effect when implementing EEHG with a strong linear chirp is
highlighted in the insets to figures 6.3b and c, which represent a closeup of the fi
nal phase spaces using the two seeding schemes. Depending on the sign of the first
dispersive section and that of the chirp, the width of the high current, high bunching
regions, changes drastically. The width is determined by the number of energy mod
ulation periods, produced by modulator 1, that are folded at the same longitudinal
position ξ by DS1.
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Figure 6.4: Phase space evolution through an EEHG seeding scheme of negatively (top) and positively (down)
chirped electron beam. a1,2 represents the initial phase spaces. b1,2 the phase spaces after the
first modulator. c1,2 the phase spaces after the DS1. d1,2 the phase spaces after the second DS and
the beam current (black line).

To illustrate this phenomenon, we simulate the same principle, different combinations
ofR56_1 and chirp signs, but in the complementary case. If in the SXL case the chirp
was fixed and we had two opposite signs of R56_1, in the following we study the
case of having the same R56_1, but opposite chirps. In figure 6.4 we plot the phase
space evolution in the two chirp cases, negative (top) and positive (bottom). After the
modulation (plots b1 and b2), the two beams will pass through the DS1 which will
fold the modulations on top of each other ( c1 and c2 ). For this study, DS1 refers to
the first Chicane but we use DS1 for consistency.

The different ”folding” can be understood if we observe the effect the DS1 has on 4
different electrons, α1 and β1 for the negative chirp and α2 and β2 for the positive
chirp. DS1 moves the particles along ξ based on their deviation in p, with positive
deviations in p producing a positive displacement in ξ. Both α1 and β1 have larger
energy deviations from p = 0 w.r.t their counterparts α2 and β2 and will therefore
be displaced more. Following the 4 particles after DS1 (figure 6.4c1 and c2), we can
see that, for a negatively chirped beam, the particles are displaced more than for the
positively chirped beam. The result is a higher number of energy bands in the phase
space for the negative chirp, figure 6.4c1, than of the positive chirp, figure 6.4c2.
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6.3 A possible solution to the challenge of CSR induced en
ergy modulation

The sensitivity of the EEHG bunching to distortions in its phase space, has been
explored in several studies³²,⁴⁴,⁶⁸. Here we focus on the specific effect of bunching
reduction due to coherent synchrotron radiation (CSR) in the first dispersive section
(DS1) of the standard EEHG seeding scheme, presented in figure 2.6e. We justify
investigating this effect only in the first dispersive section (DS1) because, as we have
seen in equation 6.3, the strength of the DS1 is tens of times larger than that of the
DS2. Even though CSR has numerous effects on the electron beam, such as increased
emittance and energy spread²⁹,³¹, we focus in the following on the long wavelength
energy modulation imprinted on the electron beam, shown in figure 2.8. For this
study we used the EEHG parameters described in table 6.1.

6.3.1 Long wavelength modulation

To visualize the CSR effect, we plot the longitudinal phase of the electron beam and
the mean energy after the DS1 (figure 6.5a). We designate ”tail” and ”head” to the
distributions before and after 40 fs. As a first approximation, one can consider the
energy modulation similar to imprinting two different chirps on the electron beam,
one to the ”tail” and one to the ”head”.

We have shown in paper IV, by making use of previous work³², that introducing a
linear chirp, C = 1

E0

dE
cdt , between the first and second modulator, changes the final

bunching wavelength ∆λh as:

∆λh = CR56_2λh. (6.4)

Equation 6.4 implies that the differently chirped sections of the beam, will thus have,
slightly different bunching wavelengths. To observe the change in bunching wave
length with chirp, we used the bunching spectrum along the beam, as described in
chapter 4.2.1, applied to the final EEHG distribution. Figure 6.5b shows that the two
regions (head and tail), with different energy chirps, produce bunching at different
wavelengths.

The mean energy profile, shown in figure 6.5a, has strong resemblance to the CSR
induced energy change in figure 2.8. This lends strength to our claim that the physical
mechanism behind the ”splitting” effect on the bunching is in fact CSR. Even though,
for these simulations we choose EEHG parameters that require a lower R56_1 in the
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Figure 6.5: a: Electron beam phase space with head and tail highlighted in red and blue respectively. Mean
slice energy (black line) b: bunching spectrum for the head (red), the tail (blue) and full beam
(black) for constant wavelength of the laser in modulator 2. c: step wavelength profile of the laser
in modulator 2 to compensate for CSR. d: bunching spectrum for the head (red), the tail (blue) and
full beam (black) for wavelength profile in c. e: wavelength profile for a laser with a linear chirp
in wavelength. f: bunching spectrum for the head (red), the tail (blue) and full beam (black) for
wavelength profile in e.

DS1, reducing the CSR effect, it still has a significant impact on the bunching, which
makes the investigation, and mitigation, all the more important.

6.3.2 Recovering bunching levels through tailormade seeding laser profiles

The ”splitting” of the bunching wavelength between the beam’s head and tail will
reduce the overall longitudinal coherence of the FEL radiation and it is therefore
necessary to mitigate it. In paper IV we reported on this effect and proposed a solution
to improve longitudinal coherence.

The analysis of bunching from the previous section, suggests that the way to compen
sate for the long wavelength CSR modulation is to find a parameter that can introduce
a position dependent change in the final bunching wavelength. One such parameter
is the wavelength of the seed laser in the second modulator. In an EEHG scheme, a
”local” change of the second laser wavelength ∆λmod_2 will result in a proportional
change of final bunching wavelength λh ⁴⁴,⁶⁹:

65



∆λh
λh

≈ ∆λmod_2

λmod_2
. (6.5)

Therefore, if we modulate the two chirp regions of the electron beam with appro
priately different λmod_2, we can recover the same bunching wavelength in the two
regions. Indeed, figure 6.5d shows that if one can create the correct wavelength step
in the second seed laser, figure 6.5c, the head and tail will bunch at the same wave
length.

The ”structure” still visible in the bunching spectrum (figure 6.5d) suggests that the
picture of two linear chirps in the head and tail is an oversimplification of the energy
profile. For a more accurate description, we need to consider a general energy depen
dence E(t), which implies a general wavelength profile of the second seed laser, for
compensation. We have shown, in paper IV, that to compensate for an energy profile
of order n, a wavelength profile of order n− 1 is appropriate:

R56_1

cE0

(dE
dt

+
d2E

dt2
t+ ...

)
=

1

λmod_2

(
(λmod_2_0 − λmod_2) +

dλmod_2

dt
t+ ...

)
(6.6)

Equation 6.6 shows the dependence between the energy profile, E(t), of the electron
beam and the wavelength profile, λ(t), of the second modulator laser that compen
sates it. By isolating terms of the same order in t in equation 6.6, we can find a linear
chirp in electron energy is compensated by a shift in wavelength, while for compen
sating a quadratic chirp, a linear chirp in wavelength is appropriate.

For this reason, we also tested compensating the energy profile seen figure 6.5a, with
a linear wavelength chirp (see figure 6.5e). The results in figure 6.5f show a slight
improvement in the observable bunching structure with the new linear profile.

Analysis of the spectra from FEL simulations (figure 6.6) reveals that the longitudinal
coherence of the radiation is improved when using either profile for the seed laser in
modulator two. The bandwidth reduction when using a step and an linear wavelength
profile is of 40 and 50% respectively.

We conclude our investigations into this compensation method, with a short study
on the effect of a laser jitter on the FEL spectra. Applying a small temporal offset to
the laser profile of modulator two, we represent the effect of a timing jitter between
the electron beam and the laser (figure 6.7).
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Figure 6.6: FEL spectra for the uncompensated case (back), the step in wavelength (red) and the linear chirp
in wavelength (blue) profiles of the second seed laser.

A timing jitter will result, for the linearly chirped seed laser, in a shift of the central
bunching, and subsequently FEL radiation wavelength. The cause of this shift can be
understood by realizing that a long pulse, with a wavelength chirp Claser measured
with a delay ∆tjit, will simply have its wavelength shifted by Claser ·∆tjit.

On the other hand, a jitter in the step profile case results in a more complicated
picturea. By delaying the laser w.r.t. the electron beam with ∆tjit, a portion of the
electron beam, of the same duration ∆tjit, will be seeded by the wrong wavelength,
giving rise to the familiar ”splitting” observed in the uncompensated case.

Out of the two compensation methods, using a linear chirp for the laser profile is the
more favourable for two reasons. It offers more resistance to timing jitter and, from
the technical point of view, a linear wavelength chirp is by far easier to implement
than a step function in the wavelength profile of a laser.

The study presented here and in paper IV, by means of simulations, opens the door to
implementations in real machines of the considered compensation schemes. However,
at a ”real” FEL, choosing the correct chirp (or step) value in the laser wavelength would
involve combining information about electron phase space and FEL spectrum. This
analysis would be similar to the ones presented in paper II.

afor a more indepth discussion the reader is referred to paper IV
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Figure 6.7: (left): FEL spectra for laser beam with linear wavelength chirp, in modulator 2, for delays of 33 fs
(green), −33 fs (yellow) and no delay (black) (right): FEL spectra for a laser beam,in modulator 2,
with a step function profile with delays of 33 fs (green), −33 fs (yellow) and no delay (black).
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Chapter 7

Summary and Outlook

This thesis explores fundamental properties of FEL coherence through a dual, exper
imental and numerical, approach. After a theoretical description of the FEL process
(chapter 2), I explained, in chapter 3 the core concepts used to describe the coherence
of EM radiation. I then described the numerical and experimental methods used to
investigate coherence in FELs in chapter 4 and presented the similarities and differ
ences between SASE and seeded FELs’ transverse coherence in chapter 5. Chapter
6 contained work related to EEHG seeding as a method for improving longitudinal
coherence and a solution for mitigating CSR effects on the EEHG scheme itself.

Free electron lasers have naturally high transverse coherence but, when investigating
this property more closely, we found that, for seeded and SASE FELs, the process
by which it is generated and maintained is fundamentally different. Furthermore,
we experimentally verified that the power saturation point of SASE FEL does not
coincide with the maximum in transverse coherence and that a HGHG seeded FEL
has almost constant transverse coherence throughout the high gain regime.

The fact that seeded FELs have high transverse coherence from the start needs to be
verified for other seeding schemes. Nevertheless, it does raise the question of what
other, purposely introduced or not, features of the seed laser might also get ampli
fied by the FEL process. This could lead the way to some novel shaping of the FEL
radiation.

The intrinsic relation between spectral bandwidth and coherence time allows for in
vestigation of the longitudinal coherence by analyzing the FEL radiation spectrum.
The SASE FELs bandwidth i.e., ∆ν/ν = 10−3 can be improved by orders of magni
tude through seeding. I studied the EEHG method of seeding from two perspectives:
its implementation at the soft Xray FEL (SXL) and the mitigation of CSR induced
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effects due to the EEHG’s strong first dispersive section.

The EEHG scheme was shown to significantly improve the bandwidth of the soft X
ray FEL, SXL. The challenges posed by the strong residual chirp in the SXL bunch
were met with two seeding proposals. The first involves placing a standard EEHG
setup between the LINAC and the FEL radiators while the second one utilizes half
of the last bunch compressor as first dispersive section. The latter option reduces the
space and hardware requirements and produces more radiation power by generating
a beam with higher peak current. However, the spectral quality of the radiation can
suffer from the increased coherent synchrotron radiation (CSR) because of the higher
peak current.

Considering the CSR energy modulation as a varying energy chirp within the electron
beam, we were able to better understand the reason for FEL spectral broadening and
to come up with a way to mitigate it. As the ”local” chirp changes so does the final
bunching wavelength. By controlling the laser wavelength profile which seeds the
electron beam in modulator 2, it is possible to compensate for the effect of varying
chirp and increase the overall longitudinal coherence.

A natural continuation of this work will be to study the transverse coherence of EEHG
seeded FELs as well as the influence of CSR on this property. Experimentally, this
prospect is made feasible by the growing number of facilities considering EEHG seed
ing.

Another important avenue that could be pursued is to elaborate a streamlined proce
dure for transverse coherence measurements with online analysis. The spectral analysis
and fitting codes can, with a proper optimization, be of great use in this endeavour.
Making them available as online analysis tools would considerably improve the at
tainable quality of the FEL radiation.
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