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a b s t r a c t 

Tungsten (W) is a leading candidate for plasma-facing materials in fusion reactors. Recently, experiments 

have shown that during neutron irradiation, W and its transmutation products, mainly rhenium (Re), 

will form precipitates of the σ and χ types. This study identifies close-packed planes of the σ - and χ- 

phases in the W-Re system and uses ab-initio methods to identify mechanical properties such as elastic 

constants, generalized stacking fault energies (GSFE), and fracture toughness associated with brittle and 

ductile mechanisms. By utilizing a sublattice model we demonstrate how these properties depend on 

the Re content. For Re concentrations in the range where the σ - and χ-phases are stable, we find a 

weak dependency on the Re content, meaning that the elemental composition has little influence on the 

mechanical and fracture-related properties. 

© 2023 The Author(s). Published by Elsevier B.V. 
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. Introduction 

Choosing suitable plasma-facing materials (PFMs) is essential 

or the success of nuclear fusion reactors. This is, however, a non- 

rivial task since the PFMs must endure extreme environments of 

igh thermal loads, plasma exposure, and intense neutron irradia- 

ion [1–4] . In recent years tungsten (W) has emerged as a prime 

andidate for PFMs – much thanks to its high melting point, high 

hermal conductivity, and low sputtering yield [5–7] . In light of 

hese attractive features, W has been successfully used in several 

usion experimental facilities [7,8] and it will be used as PFM for 

he divertor in ITER [9,10] . It is also anticipated to play an impor-

ant role for plasma-facing components in future reactors, such as 

he planned future class of demonstration power plants (DEMO) 

6,11] . 

Since PFMs will operate in aggressive environments with high 

eutron radiation exposure, research effort s directed towards eluci- 

ating how irradiation damage will affect the mechanical and ther- 

al properties of W have intensified in recent years. The observed 

icrostructural damage associated with irradiation includes the 

eneration of interstitials, vacancies, voids, and dislocations loops, 

hich promote increased brittle-to-ductile transition temperature 

DBTT) [12] . Moreover, the generation of transmutation products –
∗ Corresponding author. 
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ainly rhenium (Re) and osmium (Os) – provides a new set of 

hallenges. Theoretical investigations predict the Re content in the 

rst wall armor of a DEMO-like reactor to reach 3 at.% within five 

ears of operation [11] , while the estimated end-of-service concen- 

ration in the first wall armor of an ITER-like reactor is 6 at.% Re 

3 at.% Os) [13] . When subjected to neutron radiation, the trans- 

utation of W to Re will contribute to radiation-induced precip- 

tation of the topologically close-packed σ - and χ-phases, which 

romotes a gradual hardening of the material while in operation. 

eutron irradiation experiments of W and W-Re alloy samples 

ave demonstrated the precipitation of the σ - and χ-phases for Re 

oncentrations much lower than under equilibrium conditions [14–

6] . Recently, Dürrschnabel et al. [17] observed σ and χ precipi- 

ates in neutron irradiated W samples containing only 2 – 4 at.% 

e. Moreover, Lloyd et al. [18] reported the observation of precip- 

tates with chemical composition consistent with the σ -phase in 

rradiated samples containing as little as 1.09 – 1.26 at.% Re. Ab ini- 

io studies based on density functional theory (DFT) have revealed 

hat the formation of precipitates at very low Re concentrations is 

ue to the low energy barrier associated with migration of mixed 

-Re dumbbell interstitials [18–23] . 

To explore the physical and mechanical properties of the σ - and 

-phases in the W-Re system, Berne et al. [24] utilized DFT-based 

ethods to explore the formation energy and site occupancy of the 

-phase. In agreement with neutron-diffraction experiments, they 

ound tendencies of preferential site occupancy for the Re atoms. 

ikewise, Crivello and Joubert [25] deduced the formation energy 
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nd site occupation for the χ-phase in W-Re, while Bonny et al. 

26] expanded on these works by studying elastic constants, bulk 

odulus, and shear modulus of the σ -phase for different concen- 

rations utilizing the aforementioned site occupations. The latter 

sed their results to create an empirical embedded atom method 

EAM) potential for classical modelling of the W-Re system [27] . 

n parallel with these research activities, an additional binary po- 

ential was generated by Setyawan et al. [28] , relying on formation 

nergies of the σ - and χ-phases obtained from DFT modelling as 

tting parameters. 

At present, knowledge of important fundamental properties of 

he σ - and χ-phases, such as the fracture toughness associated 

ith ductile and brittle mechanisms, is missing, along with the 

lastic constants of the χ-phase. Thus, the objective of the present 

tudy is to clarify the impact of crystallography and Re concen- 

ration on the fracture mechanical properties of the two phases. 

o this end, we identify and evaluate energy release rate and gen- 

ralized stacking fault energy (GSFE) of preferential slip systems 

nd cleavage planes by means of DFT modelling to assess the frac- 

ure toughness based on the Griffith and Rice theories [29,30] . 

his serves two purposes; Most importantly, the herein-acquired 

nowledge will be used to assess how the fracture mechanical 

roperties vary as the Re content increases over the lifetime of 

he reactor. Moreover, the herein-generated data can be used to 

valuate and generate empirical potentials for modelling crack-tip 

vents. 

This paper is outlined as follows. In the next section, we pro- 

ide a brief background on the crystallography of the σ - and χ- 

hases. Next, we describe the methods used to estimate their me- 

hanical and fracture-related properties as well as the numerical 

etails of the DFT calculations. In the section thereafter, we present 

he results of this work followed by a discussion section where the 

esults for the σ - and χ-phases are compared to both simulated 

nd experimental data of pristine W. Finally, the paper concludes 

ith a summary of the work and the key findings. 

.1. The σ - and χ-phases 

The σ - and χ-phases are topologically close-packed phases, 

hich belong to the class of non-stoichiometric Frank-Kasper 

hases [32] . The σ -phase is thermodynamically stable in the con- 

entration range between 30–70 at.% Re, while the χ-phase is sta- 

le at higher Re contents, corresponding to 66–90 at.% Re [33] . The 

-phase has tetragonal crystal symmetry, belonging to the space- 

roup P 4 2 /mnm . Its unit cell, shown in Fig. 1 (a), contains 30 atoms

ocated at five nonequivalent Wyckoff sites, henceforth referred 
Fig. 1. Unit cells of the (a) σ - and (b) χ-phases. Atomic positions have been colored 

2 
o as A − E [34] . The χ-phase is a cubic crystal belonging to the 

 ̄4 3 m space-group. The unit cell, shown in Fig. 1 (b), comprises 58 

toms distributed among four Wyckoff sites, A − D [35] . While both 

hases are non-stoichiometric, complete disorder is not observed 

ither. Previous ab initio works suggest that Re preferentially occu- 

ies Wyckoff sites with low coordination number, i.e. sites A and 

 for the σ -phase and sites C and D for the χ-phase [24–26] . Such

endencies have been confirmed experimentally for the case of the 

-phase [24] . 

. Method 

.1. Sublattice model 

To determine the occupancy of the Wyckoff sites, a sublattice 

odel (see [36] ) was constructed and the Gibbs free energy was 

inimized under the requirement of ideal mixing [25] : 

 (x Re , T ) = G 

re f − T · S mix , (1) 

here G 

re f is a weighted sum of the enthalpies of formation of all 

ossible configurations: 

 

re f,σ = 

∑ 

k,l,m,n,o= W,Re 

y A k y 
B 
l y 

C 
m 

y D n y 
E 
o H 

σ
klmno 

 

re f,χ = 

∑ 

k,l,m,n = W,Re 

y A k y 
B 
l y 

C 
m 

y D n H 

χ
klmn 

, (2) 

here y s c is the site occupancy of Wyckoff site s with element c

W or Re). As indicated by Eq. (2) , the σ -phase has five Wyckoff

ites A − E whereas χ has four: A − D . The enthalpies of formation, 

 

χ/ (σ ) , were calculated by subtracting the total energy per atom, 

 

χ/ (σ ) 
klmn (o) 

, and the proportionate amount of W and Re in their refer- 

nce states: 

 

χ/ (σ ) 

klmn (o) 
= E 

χ/ (σ ) 

klmn (o) 
− x W 

· E BCC 
W 

− x Re · E HCP 
Re , (3) 

here x c is the ratio of element c in the klmn (o) configuration. 

The second term in Eq. (1) is the ideal entropy of mixing given 

y: 

 

mix = 

k B 
N cell 

∑ 

s 

m s 

∑ 

k = W,Re 

y s k ln (y s k ) , (4) 

here k B is Boltzmann’s constant, N cell number of atoms in the σ
r χ unit cells and m s is the multiplicity of Wyckoff site s . 

The preferential site occupancies of Re, y s 
Re 

, were obtained by 

inimizing Eq. (1) with respect to the y s 
Re 

’s. Choosing the tempera- 

ure T = 1500 K provided a good fit to the experimental data given 

n [24] . 
with respect to their Wyckoff sites. The unit cells are created using VESTA [31] . 
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.2. Close-packed planes and generalized stacking fault energies 

To identify close-packed planes of σ and χ , we adopted the 

ethod proposed by Kelly et al. [37] . This approach relies on char- 

cterizing the crystal plane packing-density based on the area-per- 

tom, A hkl , which was approximated as 

 hkl = 

V 

| F hkl | · d hkl 
, (5) 

here V is the unit cell volume, d hkl is the interplanar spacing with 

kl being the Miller indices of the plane, and | F hkl | is the structure 

actor, given by 

 hkl = 

N ∑ 

j 

f j e 
−2 π i ( h x j + k y j + l z j ) , (6) 

here the sum covers the N atoms in the unit cell, x j , y j , z j are

he coordinates of atom j, and the scattering factor f j was chosen 

qual to unity for all atoms [37] . 

For determining the GSFE landscape, a periodic supercell was 

onstructed with one of the periodic boundaries coinciding with 

he slip plane of interest. Rigid displacements were effectuated 

y imposing in-plane displacements to the supercell vectors, such 

hat a shearing interface emerged between the neighboring peri- 

dic cells. Whenever possible, we fully exploited the symmetry of 

he slip planes such that only part of the energy landscape had to 

e probed to produce the full energy landscape. During relaxation, 

toms were allowed to relax only in the direction parallel to the 

lip plane normal. 

Owing to the corrugated nature of some of the crystal planes 

n the Frank-Kasper phases, atoms located on opposite sides of the 

nterface were prior to relaxation occasionally too closely separated 

o ensure numerical stability. In such cases, the closely positioned 

toms were displaced in the normal direction of the slip plane, to 

ncrease the initial separation. A convergence test was performed 

o determine the supercell height, which revealed that the height 

f 13 Å gave converged results. 

Because obtaining a full GSFE surface is computationally expen- 

ive, we limited ourselves to the structures of the lowest formation 

nthalpy in the sublattice model for both phases. By using the full 

SFE surfaces, we located the positions of the unstable stacking 

aults and calculated the unstable stacking fault energies for all the 

tructures in the sublattice model. The unstable stacking fault en- 

rgy, γus , as a function of Re content, was calculated as a weighted 

verage using the Wyckoff site occupancies, y s c ’s, as weights: 

σ
us (x Re ) = 

∑ 

k,l,m,n,o 

y A k y 
B 
l y 

C 
m 

y D n y 
E 
o γ

σ
us (k, l, m, n, o) , 

χ
us (x Re ) = 

∑ 

k,l,m,n 

y A k y 
B 
l y 

C 
m 

y D n γ
χ

us (k, l, m, n ) . (7) 

.3. Elastic constants and fracture toughness 

The elastic constants, bulk, and shear moduli of the σ -phase 

ave previously been determined using DFT by Bonny et al. [26] . 

e confirmed their results and adopted them herein. The cubic 

-phase has three independent elastic constants c 11 , c 12 , and c 44 , 

hich can be computed by expanding the internal energy per unit 

olume as a Taylor series in elastic strain, see e.g. [38] . By applying

ifferent elastic strains, the elastic constants were determined from 

 polynomial fit of the ground state energy for each of the 16 χ
tructures in the sublattice model. The elastic constants of the χ- 

hase as function of Re content were calculated as [26] : 

 ij ( x Re ) = 

∑ 

k,l,m,n = W, Re 

y A k y 
B 
l y 

C 
m 

y D n c ij ( k, l, m, n ) , (8) 

here c i j are either c 11 , c 12 , or c 44 . 
3 
For polycrystalline materials, the Voigt and Reuss averages give 

he upper and lower boundaries for the bulk, K, and shear, G , mod-

li. In a tetragonal material, such as the σ -phase, the Voigt and 

euss averages are given as: 

 V = 

1 

9 

(2 c 11 + 2 c 12 + c 33 + 4 c 13 ) , (9) 

 R = ( 2 s 11 + 2 s 12 + s 33 + 4 s 13 ) 
−1 

, (10) 

 V = 

1 

15 

[2 c 11 + c 33 − (c 12 + 2 c 13 ) + 3(2 c 44 + c 66 )] , (11) 

 R = 

15 

4[2(s 11 − s 13 ) + s 33 − s 12 ] + 3(2 s 44 + s 66 ) 
, (12) 

here s i j are elements of the compliance tensor. For the special 

ase of cubic materials, such as the χ-phase, the following substi- 

utions can be made in the equations above: c 12 = c 13 , c 11 = c 33 ,

 44 = c 66 , s 12 = s 13 , s 11 = s 33 , and s 44 = s 66 . 

The Hill average corresponds to the mean of the Voigt and 

euss averages [39] : 

 H = (K V + K R ) / 2 (13) 

 H = (G V + G R ) / 2 , (14) 

hich were calculated from the computed elastic constants. Pois- 

on’s ratio can be calculated using K H and G H [40] : 

= 

3 K H − 2 G H 

6 K H + 2 G H 

. (15) 

According to Griffith’s theory of brittle fracture [29] , the criti- 

al stress intensity factor, K IG , at which a crack starts to grow un- 

er mode I loading and plane strain conditions is given by Sih and 

iebowitz [41] , Möller and Bitzek [42] 

 IG = 

√ 

G I 

B 

, (16) 

here G I is the energy release rate, which corresponds to the en- 

rgy required to cleave the bulk crystal, while B is the appro- 

riate crystal orientation dependent compliance constant [41] . For 

nisotropic materials under plane strain conditions, B can be ex- 

ressed as [43] 

 = 

√ √ √ √ 

b 11 b 22 

2 

( √ 

b 22 

b 11 

+ 

2 b 12 + b 66 

2 b 22 

) 

. (17) 

he plane strain moduli b i j in the orientation of interest are de- 

ned as [41] 

 11 = 

s 11 s 33 − s 2 13 

s 33 

, b 22 = 

s 22 s 33 − s 2 23 

s 33 

, 

 12 = 

s 12 s 33 − s 13 s 23 

s 33 

, b 66 = 

s 66 s 33 − s 2 26 

s 33 

. (18) 

o compute the energy release rate, G I , associated with a cleavage 

lane, a supercell with a vacuum interface was utilized. The lattice 

as oriented such that the newly formed free surfaces were ex- 

osed, after which the atoms underwent full coordinate relaxation. 

 vacuum interface of 10 Å was adopted, which ensured that no in- 

eraction between the free surfaces occurred. The height of the slab 

as chosen based on a convergence study, where a height of min- 

mum 13 Å was found sufficient to yield well-converged results. 

nce the energy release rate for all the structures in the sublattice 

odel were obtained, G I as function of the Re content was calcu- 

ated analogously to the unstable stacking fault energies using y s c 
s weights (see Eq. (7) ). 



A. Vesti, P. Hiremath, S. Melin et al. Journal of Nuclear Materials 577 (2023) 154261 

Fig. 2. Crack plane and slip system with slip direction � b defined by angles θ and φ. 
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Table 1 

The miller indices ( hkl ), the structure factor F hkl (unitless), the spacing between 

planes d hkl in units ( ̊A) and the area-per-atom A hkl in units ( Å
2 
/atom) of the close- 

packed planes of σ and χ . Entries marked with † are determined visually. 

σ χ

( hkl ) | F hkl | d hkl A hkl ( hkl ) | F hkl | d hkl A hkl 

(004) 30.00 1.26 12.55 (114) 26.82 2.32 15.29 

(140) 15.32 2.35 13.15 (330) 22.71 2.32 18.05 

(002) 14.00 2.52 13.45 (004) 17.72 2.46 21.80 

(330) 14.98 2.29 13.83 (550) 30.68 1.39 22.27 

(110) - 6.90 8.64 † (110) - 6.80 9.35 † 

F

n

(

Rice’s theory suggests that the critical stress intensity factor K IE 

t which a dislocation is nucleated at the crack-tip under mode I 

oading and plane strain conditions, is given by Rice [30] , Rice et al.

44] 

 IE = 

√ 

G IE 

B 

, (19) 

ith G IE = 8 1+(1 −ν) tan 2 φ

(1+ cos θ ) sin 2 θ
γus where ν is the Poisson’s ratio as cal- 

ulated by Eq. (15) , γus is the unstable stacking fault energy, and 

he angles θ and φ are shown in Fig. 2 . 

.4. Numerical details 

For the DFT calculations, the Vienna Ab initio Simulation Pack- 

ge (VASP 5.4) was used [45,46] . We used the built-in standard 

rojector augmented wave (PAW) pseudopotentials for W and Re 

47,48] within the generalized gradient approximation based on 

he Perdew-Burke-Ernzerhof exchange-correlation [49] . To deter- 

ine the cut-off energy, convergence tests for the σ - and χ-phases 

ere performed, which revealed that a cut-off energy of 500 eV 

as sufficient for convergence for both phases. The Methfessel- 

axton method [50] for smearing with a width of 0.3 eV was 

pplied. 

The Monkhorst-Pack scheme [51] was used to generate a 

-centered k -point grid. For the σ unit cell, a grid of 6 × 6 × 11

 -points and for the χ unit cell, a grid of 6 × 6 × 6 k -points were

dopted. For supercells containing multiple unit cells, the k -point 
ig. 3. Wyckoff site occupation of (a) the σ - and (b) χ-phases according to the sublattic

amically stable according to the phase diagram [33] are indicated with white backgroun

see Fig. 1 ). Experimental results are from Berne et al. [24] . 

4 
rid was adjusted to match the aforementioned k -point densities 

n reciprocal space. 

The conjugate gradient method was used for ionic relaxation 

ith a force convergence criterion of 0.01 eV/ ̊A, except for the en- 

rgy release rate calculations where an energy convergence crite- 

ion of 0.1 meV was used. 

. Results 

.1. Site occupation in σ and χ

In agreement with previous DFT works [26,28] , the structures 

f lowest formation enthalpy in the sublattice model are, for the 

-phase, when Re atoms occupy Wyckoff sites A and D (33.3% Re) 

nd, for the χ-phase, when Re atoms occupy Wyckoff sites C and 

 (82.8% Re). The two structures are entries No. 9 and No. 13 in 

able A.1 in Appendix A , respectively. 

Figure 3 shows the optimal Re occupation at each of the Wyck- 

ff sites ( y Re ) for different global Re concentrations of σ and χ . 

ur DFT result for the σ -phase is in good agreement with experi- 

ental data from Berne et al. [24] . For the χ-phase, experimental 

ata were not available for comparison, but the preference of Re 

or the Wyckoff sites C and D , which are low coordinated sites, 

oncur with other DFT works [25] . 

.2. Close-packed planes and energy release rate 

Table 1 presents the close-packed plane in the σ - and χ-phase, 

ccording to Eq. (5) . The calculations were done for the sublat- 

ice structures of the lowest formation enthalpy, but the ordering 
e model at T = 1500 K. The Re concentrations at which the phases are thermody- 

d. The Wyckoff sites are color coded with the same colors shown in the unit cells 
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Fig. 4. Brittle energy release rates of selected cleavage planes of the (a) σ - and (b) χ- phase as a function of Re concentration. The Re concentrations at which the phases 

are thermodynamically stable according to the phase diagram [33] are indicated with white background. 

o

o

f

w

p

s

F

a

t

(

i

t

w

l

D

f

c

a

l

T

h

i  

m

g

t

a

t

b

a

l  

a

a

3

p  

d

p

t

o

f

t

s

d

o

r

s  

b

p

e

A  

g

f

a

d

o  

u

t

t  

b  

r

f

2

U

d

n  

p

p

F  

l

h

d

o

p  

t

t

B

r

f

n

o

c

2

f close-packing is applicable for all the structures since there is 

nly little change in the internal coordinates. Several different sur- 

ace terminations of each plane were probed to identify the ones 

ith the lowest energy. The atomically flat {110}-planes were not 

redicted by Eq. (5) to be close-packed, but were included in our 

tudy because visual inspection of the planes indicated a low A hkl . 

or the σ -phase, we considered the following planes: (004), (330), 

nd (110). The (002) plane was omitted since it produced surface 

erminations and a GSFE profile identical to the (004) plane. The 

140) plane yields a large supercell, which made it unfeasible to 

nvestigate this plane by means of DFT due to significant compu- 

ational costs. For the χ-phase the (330), (004), and (110) planes 

ere considered. While the (114) plane was predicted to have the 

owest area-per-atom, it was unfeasible to investigate by means of 

FT, due to its very large supercell. The (550) plane produces sur- 

aces and GSFE identical to the (330) plane and was therefore not 

onsidered. 

Figure 4 shows the brittle energy release rate, G I , of the σ - 

nd χ-phases for the selected close-packed planes. The energy re- 

ease rate of the structures in the sublattice model are listed in 

able A.2 in Appendix A . For the σ -phase, the (004) cleavage plane 

as the lowest G I value. Within the phase stability range, the max- 

mal value is 6 . 20 J / m 

2 at 30 at.% Re and it decreases by 3% to its

inimal value of 6 . 00 J / m 

2 at 72 at.% Re. The energy release ener- 

ies of the (330) and the (110) planes remain fairly constant within 

he phase stability range; their minimal values are 6 . 22 J / m 

2 at 72 

t.% Re and 6 . 52 J / m 

2 at 30 at.% Re respectively. For the χ-phase, 

he (004) cleavage plane has the lowest G I value. Within the sta- 

le Re concentration range, its minimal value is 6 . 26 J / m 

2 at 66 

t.% Re. The minimal G I value of the (110) plane is 6 . 34 J / m 

2 also 

ocated at 66 at.% Re. The value of G I of the (330) plane remains

pproximately constant with a minimal value of 6 . 34 J / m 

2 at 80 

t.% Re. 

.3. Generalized stacking fault energies 

The GSFE surfaces of the selected close-packed planes of the σ - 

hase are shown in the left column of Fig. 5 . The grid indicates DFT

ata points, from which 2-d spline interpolation has been used to 

roduce the GSFE surface. The density of data points is chosen so 

hat four data points form the corners of a rectangle with an area 

f roughly 1 Å
2 
. After several tests, this density of grid points was 

ound sufficient to yield well-converged GSFE surfaces. 

For the (004) plane, shearing along 〈 100 〉 directions by a dis- 

ance corresponding to the lattice vector a produces the unstable 
0 

5

tacking fault energy of γus = 3 . 51 J / m 

2 , as indicated by the black 

ashed line in Fig. 5 (a) and (b). There is a stable stacking fault 

f energy γss = 1 . 82 J / m 

2 located at ( 1 2 [100] , 1 8 [010] ), which can be 

eached without increasing γus by shearing in directions 〈 410 〉 as 

hown by the red line in Fig. 5 (a) and (b). This suggests a possi-

ility of dislocation dissociation into partial dislocations. For com- 

arison, the energy curves of two additional σ structures of differ- 

nt Re concentrations (structures No. 17 and No. 23 in Table A.1 in 

ppendix A ) are shown in Fig. 5 (b). It can be seen that while the

eneral features are preserved, the stable and unstable stacking 

ault energies are reduced. 

For the GSFE landscape of the (330) plane, shown in Fig. 5 (c) 

nd (d), the shearing path of least resistance is in the [001]- 

irection by a distance of the lattice vector c 0 . The energy barrier 

f this path is shown in Fig. 5 (d) by the black dashed line. The

nstable stacking fault energy is located at 1 
2 [001] and is found 

o be 2 . 44 J / m 

2 . Furthermore, from Fig. 5 (d) it can be seen that 

here is a stable stacking fault located at ( 1 
10 [1 ̄1 0] , 1 2 [001]) that can

e reached by shearing in the [ 1 1 5 ] direction, as indicated by the

ed line in Fig. 5 (c). The energy associated with the stable stacking 

ault is found to be 2 . 19 J / m 

2 . 

For the (110) plane the unstable stacking fault energy of γus = 

 . 70 J / m 

2 is obtained by shearing along [001], see Fig. 5 (e) and (f). 

nlike the (330) plane, shearing along direction [1 ̄1 5] (red line) 

oes not lead to a lower stacking fault energy, meaning there is 

o stable stacking fault located at ( 1 
10 [1 ̄1 0] , 1 2 [001]) for the (110)

lane. 

In Fig. 6 the GSFE of χ is shown for the three selected close- 

acked surfaces. The data for the (004) slip plane is shown in 

ig. 6 (a) and (b). Shearing along the 〈 010 〉 directions (black dashed

ine) results in an energy barrier height of 3 . 29 J / m 

2 . The barrier 

eight can be reduced by dislocation dissociation into the 〈 540 〉 
irections (red line) resulting in an unstable stacking fault energy 

f γus = 2 . 96 J / m 

2 . 

The energy landscape associated with shearing of the (330) 

lane is shown in Fig. 6 (c) and (d). Shearing along the [1 ̄1 1] direc-

ion, produces the lowest energy barrier. Interestingly, at the cen- 

er of the GSFE surface, the resulting stacking fault energy is zero. 

etween the center point and the corners, there are three shallow 

ipples. The highest peak of these ripples is the unstable stacking 

ault energy: γus = 2 . 27 J / m 

2 . Also shown in the figures is the alter- 

ative shearing path, [2 ̄2 7] , which reaches a stable stacking fault 

f γss = 1 . 28 J / m 

2 , however, this path is energetically unfavorable 

ompared to [1 ̄1 1] , since the maximum energy barrier is higher: 

 . 50 J / m 

2 . 
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Fig. 5. Left column (a), (c) and (e): GSFE surfaces of various planes of the σ -phase (structure No. 9 in Table A.1 in Appendix A ). Black dots are DFT data points, a 2D spline-fit 

is used for interpolation. The colored lines mark possible low-barrier paths for shearing. Right column (b), (d), and (f): The γGSFE of the shearing paths are shown. 
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For the (110) plane, the path [1 ̄1 3] leads to the lowest unsta- 

le stacking fault energy of γus = 3 . 26 J / m 

2 and a stable stacking 

ault energy of γss = 1 . 81 J / m 

2 , see Fig. 6 (e) and (f). Similar to the

330) plane, shearing along [1 ̄1 1] will lead to zero stacking fault 

nergy at the center but is surrounded by high energy barriers cor- 

esponding to 3 . 93 J / m 

2 . 

In Fig. 7 (a), the unstable stacking fault energies of the three slip 

ystems investigated in the σ -phase are shown as a function of 
6

e content. In Table A.2 , these energies are listed for the struc- 

ures in the sublattice model for each slip system. The (330)[001] 

ystem has the lowest unstable stacking fault energy, which indi- 

ates that it is the preferred slip system for the σ -phase. Within 

he stable Re concentration range, γ σ
us (330)[001] reduces by 15% 

rom 2 . 30 J / m 

2 at 30 at.% Re to its minimum value of 1 . 95 J / m 

2 at 

0 at.%. The (110)[001] slip system has the second lowest unsta- 

le stacking fault energy that remains almost constant within the 
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Fig. 6. Left column (a), (c), and (e): GSFE surfaces of various planes of the χ-phase (structure No. 13 in Table A.1 in Appendix A ). Black dots are DFT data points, a 2D 

spline-fit is used for interpolation. The colored lines mark possible paths for shearing. Right column (b), (d), and (f): The γGSFE of the shearing paths are shown. 
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hase stability range with a minimum value of 2 . 67 J / m 

2 at 30 at.% 

e. For γ σ
us (004)[410] we see a reduction of 9% from 3 . 42 J / m 

2 at 

0 at.% Re to 3 . 11 J / m 

2 at 72 at.% Re. 

The unstable stacking fault energies of the selected slip systems 

n the χ-phase are shown in Fig. 7 (b). The (330)[ 1 ̄1 1 ] system of χ
xhibits the lowest γus that, in the stable Re concentration range, 

ecreases by 8% with increasing Re content from 2 . 38 J / m 

2 at 66 

t.% Re to 2 . 20 J / m 

2 at 90 at.% Re. In contrast, γ χ
us (110)[001] and 
7 
χ
us (004)[540] show insignificant change within the phase stability 

ange; their minimum values of 2 . 89 J / m 

2 and 3 . 18 J / m 

2 are found 

t 66 at.% Re and 90 at.% Re respectively. 

.4. Elastic properties 

Figure 8 shows the elastic properties of both phases as a func- 

ion of the Re content. The elastic properties of the structures 
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Fig. 7. Unstable stacking fault energies of (a) σ and (b) χ as a function of Re concentration as calculated by Eq. (7) . The Re concentrations at which the phases are 

thermodynamically stable according to Massalski et al. [33] are indicated with white background. 

Fig. 8. Elastic constants of (a) σ and (b) χ as a function of global rhenium content according Eq. (8) . The Re concentrations at which the phases are stable according to 

phase diagram [33] are shown in white background. 
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n the sublattice model are listed in Table A.3 in Appendix A . In

ig. 8 (a) the six elastic constants of the tetragonal σ -phase are 

hown as well as the Hill average of the bulk, K H , and shear, G H ,

oduli. The elastic data for the σ -phase is from [26] , but we em-

hasize that we have confirmed its accuracy herein. Within the 

hase stability range, there is little change in the elastic constants 

ith respect to the Re content, except for c 13 which increases by 

1% from 202 GPa at 30 at.% Re to 245 GPa at 72 at.% Re. In the

ame concentration range, K H increases by 4.8% from 332 GPa to 

48 GPa, while G H decreases from 126 GPa to 121 GPa with a peak

alue of 128 GPa at 44 at.% Re. 

In Fig. 8 (b) the three elastic constants, bulk and shear moduli 

f the χ-phase are shown. Similar to the σ -phase, the Re concen- 

ration has little effect on the elastic constants within the thermo- 

ynamically stable Re concentration range. The parameter c 11 , cf. 

ig. 8 (b), experiences the largest change with a 4% increase from 

13 GPa at 66 at.% Re to 533 GPa at 90 at.% Re. The bulk modulus

 H increases by 4% from 345 GPa to 358 GPa, while G H remains

oughly constant; its minimum value is 93 GPa at 90 at.% Re. 

.5. Fracture toughness 

The critical stress intensity factors K IG and K IE can be estimated 

sing Eqs. (16) and (19) . Since mode I fracture and slip usually oc-

urs on close-packed planes, we limit ourselves to the previously 

elected planes as the crack and slip planes. In the case of K , the
IE 

8 
urgers vector will point in the direction leading to the lowest en- 

rgy barrier, i.e. the unstable stacking fault energy. 

For the σ -phase, when either {110} or {330} act as a crack 

lane, the crack can either grow through brittle fracture along the 

rack plane or the crack tip can blunt by emitting a dislocation 

nto slip planes of type {004} with a Burgers vector in direction 

 100 〉 , which corresponds to θ = 90 ◦ and φ = 45 ◦ in Fig. 2 . In the

ase of crack planes of type {004}, both the {110} and {330} planes 

an act as slip planes, with the Burgers vector along 〈 001 〉 ( θ = 90 ◦

nd φ = 0 ◦). However, the {330} plane is preferred since it has 

 lower unstable stacking fault energy (see Fig. 7 ) resulting in a 

ower value of K IE . 

Likewise for the χ-phase, when either {110} or {330} act as a 

rack plane, the crack tip can blunt by emitting a dislocation onto 

004} slip planes with a Burgers vector in direction 〈 540 〉 ( θ = 90 ◦

nd φ = 6 . 3 ◦). For crack planes of type {004}, plasticity may en-

ue by emission of a dislocation onto {330} slip planes with the 

urgers vector 〈 1 ̄1 1 〉 ( θ = 90 ◦ and φ = 45 ◦). 

In Fig. 9 K IG and K IE are plotted for the σ - and χ-phases. It

an be seen that, within the phase stability range, K IE shows a 

elatively stronger dependency on the Re content and crack sys- 

em due to its dependency on γus , whereas K IG shows weak de- 

endency on the Re content. In general, the value of K IE is about 

.6-2.5 times higher than that of K IG . Within the phase stabil- 

ty range, K IG varies between 1.67–1.80 MPa ·m 

1 / 2 for σ and 1.55–

.62 MPa ·m 

1 / 2 for χ , while K IE varies between 2.75–4.68 MPa ·m 

1 / 2 
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Fig. 9. Griffith’s and Rice’s critical stress intensity factors for the (a) σ - and (b) χ-phases. The Re concentrations at which the phases are thermodynamically stable according 

to the phase diagram [33] are indicated with white background. 
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Table 2 

Table of BCC W properties based DFT calculations from the 

supplementary material of [52] . 

W, DFT [52] 

Elastic properties (GPa) 

C 11 544 K H 313 

C 12 198 G H 159 

C 44 149 

Unstable stacking fault energies (J / m 

2 ) 

γ us 
110 

1.80 

γ us 
112 

1.90 

Critical stress intensity ( MPa · m 

1 / 2 ) 

Crack system K IG K IE 

(001)[0 ̄1 0] 2.08 2.96 

(001)[1 ̄1 0] 2.06 2.54 

(110)[ ̄1 10] 1.84 2.41 

(110)[001] 1.82 3.36 

Table 3 

Table of experimental values of W and W-Re elastic properties (GPa) [53] . 

W, Exp. [53] 

Elastic property 

W 

298K 

W-3at.%Re 

80K 

W-10at.%Re 

80K 

C 11 529 541 531 

C 12 209 213 218 

C 44 162 163 171 

K H 316 322 322 

G H 161 163 165 

v

m

l

e

w

σ
R

c

s

o

v

i

or σ and 2.74–3.83 MPa ·m 

1 / 2 for χ depending on the Re concen- 

ration and crack system. 

. Discussion 

The close-packed planes were determined by adopting Eq. (5) , 

hich provided a straightforward means of assessing the packing- 

ensity of crystal planes. This method tends to preferentially se- 

ect highly corrugated planes, such as the (140) plane in σ and the 

114) plane in χ , which could easily be overlooked by visual in- 

pection due to their high level of corrugation. However, the atom- 

cally flat (110) plane was not predicted to be close-packed, while 

isual inspection found it to be the most close-packed plane in 

oth phases. 

Within the stable Re concentration range, the (004) plane of 

oth the σ and χ-phase had the lowest energy release rate. How- 

ver, the energy release rate of the probed planes remains fairly 

imilar in value with roughly an 8% difference between the high- 

st and lowest energy for the σ -phase and a 6% difference for the 

-phase. Furthermore, the energy release rate showed a weak de- 

endency on the Re content: within the stable Re concentration 

ange, the change was just a few percent. 

As the σ - and χ-phases have complex crystal structures it 

s not surprising that the GSFE-landscapes have high complexity 

s well. We have attempted to identify reasonable slip systems 

hat yield the lowest possible energy barriers. The lower value of 

us (330)[001] as compared to the other slip systems investigated, 

ndicates that this slip system is preferred for both phases. Within 

he stable Re concentration range, γus (330)[001] reduces with in- 

reasing Re content, resulting in a minimal value of 1 . 95 J / m 

2 for σ
nd 2 . 20 J / m 

2 for χ . In BCC W (see Table 2 ) unstable stacking fault 

nergies of 1 . 8 J / m 

2 and 1 . 9 J / m 

2 were computed for the (110) and 

112) planes, respectively [52] . The higher unstable stacking fault 

nergies of the σ - and χ-phases indicate an increased resistance 

o dislocation nucleation and slip. 

Table 2 also presents the bulk and shear moduli of W as calcu- 

ated by means of DFT, which are in good agreement with experi- 

ental values, presented in Table 3 . From the same table, it can be

een that increasing the Re content in W causes only a slight in- 

rease in the elastic moduli. Comparing the DFT results of W with 

he σ - and χ-phases shows a 9% and 12% higher bulk modulus for 

and χ , respectively, and a 22% and 42% lower shear modulus. 

or the σ - and χ-phases, a tendency of increasing bulk modulus 

ith increasing Re content was observed, while the shear modu- 

us showed a weak dependency with only a few percent change in 
9 
alue. The lower value of G H of the precipitates compared to the W 

atrix, suggests precipitation hardening due to the shear modu- 

us misfit [54] . Another possible mechanism for precipitation hard- 

ning is the pinning of dislocations by impenetrable precipitates, 

hich has been indicated by molecular dynamics simulations [55] . 

Because experimental data on the fracture toughness of W-Re 

and χ are not available, we estimate them based on Griffith and 

ice theories. While K IG has a very weak dependency on the Re 

ontent, K IE , which depends on the unstable stacking fault energy, 

hows a stronger dependency on Re content. We note a reduction 

f up to 10% with increasing Re content. Despite this reduction, the 

alue of K IE is roughly 1.6-2.5 times higher than K IG . This would 

mply that brittle fracture behavior is preferred in both phases. 
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isted in Table 2 are estimates of K IG and K IE for selected crack sys-

ems in BCC W. Comparison shows that the value of K IG for the σ -

nd χ-phases are 2%-13% and 11%-23% lower than BCC W depend- 

ng on the crack system. The lower value of K IG suggests a reduced 

esistance to brittle fracture for the precipitates. As for Rice theory, 

he values for K IE in W are in the same range of values estimated

or the σ - and χ-phases. However, it should be noted that due to 

nderlying simplifications, Griffith theory tends to underestimate 

56] and Rice theory tends to overestimate [57] the true value of 

he critical stress intensity factor. 

. Summary and conclusions 

An ab-initio investigation of mechanical and fracture-related 

roperties of the σ - and χ-phases was performed. The following 

arameters were determined: the elastic constants of χ , the brit- 

le energy release rates and generalized stacking fault energies for 

oth phases, as well as the unstable stacking fault energies. These 

arameters were used to evaluate the fracture toughness based on 

riffith and Rice theories. Furthermore, to account for the non- 

toichiometry of the phases, a sublattice model was adopted to de- 

ermine the dependency of the aforementioned parameters on the 

e content. 

The σ - and χ-phases were found to be more compliant than 

CC W, with a 22% and 42% decrease in the Hill averages of the 

hear modulus. This would indicate that hardening due to shear 

odulus misfit between σ and χ precipitates and a W (W-Re) ma- 

rix could be a contributing factor to the experimentally observed 

ardening. 

Griffith’s and Rice’s theories were used to determine the frac- 

ure toughness and the following conclusions were drawn: 

• The value of K IE is 1.6-2.5 times higher than K IG for the σ - and

χ-phases. This would suggest brittle fracture preference in both 

phases. 
• Compared to DFT data of BCC W, depending on the crack sys- 

tem a 2%-13% reduction in K IG for σ and an 11%-23% reduction 

for χ was found, indicating a reduced resistance to brittle frac- 

ture. 

Within the phase stability range, it was discovered that increas- 

ng the Re content leads to the following trends: 

• Energy release rates, elastic constants, and shear modulus vary 

only by a few percent. The bulk modulus increased by less than 

8% for the σ -phase and by 4% for the χ-phase. 
• The unstable stacking fault energies showed a stronger de- 

pendency on Re content, with up to a 15% reduction of 
able A.1 

ata for the σ - and χ-phases. The sublattice structure number, No., the elements of the 

n units (eV/at.), and volume per atom V 0 ( Å
3 
/at). 

σ

No. ABCDE x Re H f V 0 

1 WWWWW 0.000 0.173 16.24 

2 ReWWWW 0.067 0.141 16.15 

3 WReWWW 0.133 0.189 16.09 

4 ReReWWW 0.200 0.162 16.01 

5 WWWWRe 0.267 0.162 15.92 

6 WWWReW 0.267 0.054 15.88 

7 WWReWW 0.267 0.143 15.98 

8 ReWWWRe 0.333 0.130 15.85 

9 ReWWReW 0.333 0.026 15.80 

10 ReWReWW 0.333 0.111 15.85 

11 WReWWRe 0.400 0.177 15.79 

12 WReWReW 0.400 0.071 15.75 

13 WReReWW 0.400 0.167 15.78 

14 ReReWWRe 0.467 0.153 15.71 

10 
γus (330)[001] for the σ -phase and an 8% reduction of 

γus (330)[1 ̄1 1] for the χ-phase. 
• The parameter K IG showed insignificant dependency on Re con- 

tent, while K IE decreased by a few percent. 

The weak dependency on Re content indicates that, within the 

hase stability range, the elemental composition of the phases has 

ittle influence on the fracture-related properties and it is rather 

he structure of the crystal that dictates the behavior. 
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ppendix A. DFT data of the σ- and χ-phases 

Table A.1 lists the basic parameters of each of the sublattice 

tructures of the σ - and χ-phases. The numbering (No.) is used to 

istinguish between the structures. Table A.2 lists the energy re- 

ease rate and stacking fault energies, while Table A.3 contains the 

lastic properties of the σ - and χ-phases. The unit cell volumes, 
Wyckoff sites ABCD (E) , the rhenium concentration, x Re , the formation enthalpy H f 

χ

No. ABCD x Re H f V 0 

1 WWWW 0.000 0.289 16.37 

2 ReWWW 0.035 0.299 16.34 

3 WReWW 0.138 0.315 16.34 

4 ReReWW 0.172 0.329 16.19 

5 WWReW 0.414 0.137 15.83 

6 WWWRe 0.414 0.058 15.82 

7 ReWReW 0.448 0.151 15.79 

8 ReWWRe 0.448 0.064 15.79 

9 WReReW 0.552 0.199 15.71 

10 WReWRe 0.552 0.092 15.70 

11 ReReReW 0.586 0.216 15.67 

12 ReReWRe 0.586 0.105 15.67 

13 WWReRe 0.828 -0.006 15.34 

14 ReWReRe 0.862 0.002 15.31 

( continued on next page ) 
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Table A.1 ( continued ) 

σ χ

No. ABCDE x Re H f V 0 No. ABCD x Re H f V 0 

15 ReReWReW 0.467 0.032 15.66 15 WReReRe 0.966 0.036 15.22 

16 ReReReWW 0.467 0.139 15.70 16 ReReReRe 1.000 0.049 15.18 

17 WWWReRe 0.533 0.055 15.60 

18 WWReWRe 0.533 0.136 15.65 

19 WWReReW 0.533 0.059 15.59 

20 ReWWReRe 0.600 0.036 15.52 

21 ReWReWRe 0.600 0.108 15.58 

22 ReWReReW 0.600 0.034 15.51 

23 WReWReRe 0.667 0.077 15.47 

24 WReReWRe 0.667 0.166 15.52 

25 WReReRew 0.667 0.087 15.46 

26 ReReWReRe 0.733 0.055 15.40 

27 ReReReWRe 0.733 0.138 15.45 

28 ReReReReW 0.733 0.066 15.38 

29 WWReReRe 0.800 0.081 15.33 

30 ReWReReRe 0.867 0.066 15.26 

31 WReReReRe 0.933 0.114 15.22 

32 ReReReReRe 1.000 0.095 15.14 

Table A.2 

The brittle energy release rate and unstable stacking fault energies associated with the ( hkl ) plane of the σ - and χ-phases in units of ( J/m 

2 ). The number, No., refers to the 

structures listed in Table A.1 . 

σ χ

No. G (004) 
I 

G (110) 
I 

G (330) 
I 

γ us 
(004) 

γ us 
(110) 

γ us 
(330) 

G (004) 
I 

G (110) 
I 

G (330) 
I 

γ us 
(004) 

γ us 
(110) 

γ us 
(330) 

1 6.14 6.32 6.21 3.41 2.58 2.20 5.73 5.89 5.97 2.28 2.83 2.38 

2 6.17 6.43 6.31 3.42 2.63 2.24 5.70 5.78 5.99 2.24 2.78 2.38 

3 5.86 6.12 6.10 3.24 2.21 2.05 5.46 5.72 5.88 2.08 2.62 2.19 

4 5.89 6.23 6.21 3.22 2.26 2.10 5.40 5.60 5.86 2.02 2.55 2.18 

5 6.07 6.07 6.18 3.03 2.48 2.09 6.11 6.44 6.27 2.66 3.25 2.43 

6 6.22 6.47 6.31 3.49 2.63 2.39 6.13 6.48 6.40 2.84 3.16 2.56 

7 5.78 6.40 5.87 3.31 2.78 1.48 6.04 6.31 6.31 2.61 3.19 2.43 

8 6.12 6.22 6.31 3.02 2.54 2.16 6.10 6.39 6.43 2.82 3.14 2.55 

9 6.29 6.59 6.43 3.49 2.70 2.44 5.68 6.11 5.98 2.36 2.86 2.11 

10 5.96 6.62 6.10 3.47 2.97 1.68 5.90 6.30 6.30 2.63 2.92 2.29 

11 5.85 5.90 6.06 2.49 2.02 1.82 5.59 5.99 5.99 2.31 2.78 2.10 

12 5.99 6.32 6.20 3.34 2.31 2.27 5.86 6.20 6.32 2.60 2.88 2.27 

13 5.53 6.20 5.86 3.08 2.38 1.39 6.39 6.76 6.33 2.99 2.29 2.29 

14 5.87 6.02 6.18 2.77 2.09 1.88 6.37 6.71 6.38 2.98 3.27 2.29 

15 5.95 6.39 6.24 3.23 2.27 2.23 6.24 6.67 6.30 2.82 3.09 2.09 

16 5.52 6.26 5.91 2.99 2.34 1.35 6.18 6.62 6.37 2.82 3.07 2.10 

17 6.23 6.34 6.30 3.15 2.66 2.43 

18 6.41 6.72 6.43 3.73 3.54 2.18 

19 5.95 6.70 6.08 3.39 2.90 1.74 

20 6.23 6.43 6.39 3.11 2.67 2.46 

21 6.07 6.51 6.21 3.21 3.07 1.71 

22 6.00 6.80 6.17 3.35 2.90 1.75 

23 5.96 6.15 6.12 2.93 2.23 2.15 

24 5.54 5.98 5.83 2.67 2.27 1.20 

25 6.00 6.76 6.28 3.52 2.84 2.00 

26 6.08 6.33 6.32 3.04 2.39 2.36 

27 5.94 6.43 6.28 3.15 2.80 1.75 

28 6.08 6.91 6.40 3.57 2.92 2.08 

29 5.89 6.43 5.99 2.91 2.76 1.58 

30 5.88 6.51 6.07 2.88 2.76 1.62 

31 5.63 6.21 5.90 2.68 2.29 1.37 

32 5.74 6.39 6.08 2.80 2.43 1.55 

Table A.3 

Table of the elastic properties of the σ - and χ-phases. The elastic constants c i j , the Hill averages of the bulk, K H , and shear G H moduli are listed in units of GPa. Data for 

the σ -phase is from Bonny et al. [26] . The number, No., refers to the structures listed in Table A.1 . 

σ χ

No. c 11 c 12 c 13 c 33 c 44 c 66 K H G H c 11 c 12 c 44 K H G H 

1 466 259 180 545 93 95 315 113 431 223 80 292 89 

2 487 258 180 549 93 93 318 114 430 223 78 292 87 

3 464 270 189 526 86 82 320 104 440 226 67 297 80 

4 474 272 191 528 87 83 324 106 438 228 63 298 78 

5 481 258 198 563 95 88 324 115 518 227 82 324 103 

6 525 261 203 553 102 107 338 126 496 246 78 330 94 

7 483 267 201 526 79 95 327 103 514 231 82 325 102 

( continued on next page ) 
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Table A.3 ( continued ) 

σ χ

No. c 11 c 12 c 13 c 33 c 44 c 66 K H G H c 11 c 12 c 44 K H G H 

8 497 252 200 567 95 95 326 118 497 246 75 330 92 

9 533 246 205 562 105 122 334 131 484 249 68 327 85 

10 502 261 203 524 84 100 330 109 494 254 61 334 80 

11 490 262 203 552 87 75 328 108 480 252 66 328 82 

12 519 258 207 561 101 102 336 124 491 257 57 335 77 

13 484 261 208 511 77 89 325 100 526 272 81 356 97 

14 498 260 213 547 91 87 332 112 527 272 81 357 97 

15 535 255 206 573 108 120 340 133 539 269 66 359 88 

16 501 263 212 529 85 96 333 100 545 270 68 362 91 

17 540 239 216 587 105 123 337 133 

18 510 240 227 526 75 108 328 104 

19 549 245 221 550 93 128 341 124 

20 548 242 222 605 110 127 343 137 

21 578 303 262 525 78 114 383 108 

22 561 244 226 574 97 142 346 130 

23 546 252 227 588 102 111 347 129 

24 518 232 275 510 66 101 336 94 

25 551 241 229 550 85 89 341 114 

26 549 257 229 600 112 112 350 136 

27 525 244 265 485 75 107 340 101 

28 557 256 231 568 92 135 351 124 

29 554 230 264 520 74 128 343 107 

30 554 241 271 531 75 120 350 107 

31 546 235 285 491 70 105 347 99 

32 550 249 294 515 76 103 357 103 

e

f

R
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