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Im k > 0

fh(k) k �= 0

det

(
fh(k) fh(−k)
f(0, k) f(0,−k)

)
= fh(k)f(0,−k)− fh(−k)f(0, k)

=
(
f ′(0, k) + hf(0, k)

)
f(0,−k)− (

f ′(0,−k) + hf(0,−k)) f(0, k)
= f ′(0, k)f(0,−k)− f ′(0,−k)f(0, k) = −W (f, f)(0),



k

det

(
fh(k) fh(−k)
f(0, k) f(0,−k)

)
= 2ik.

k �= 0
fh(±k) fh(k) = fh(−k)

k

k f(x,−k) �= f(x, k) f(x, k) = f(x,−k)
R\{0}

fh(k)
d
dkfh(k)

k

kj fh(k)
ϕ(x, kj) f(x, kj)

kj
fh(k)

f(x, kj) = Cjϕ(x, kj), Cj �= 0.

x = 0 Cj = f(0, kj)

f(x, kj) = f(0, kj)ϕ(x, kj), f(0, kj) �= 0.

λn λm λn �= λm f(x, kn)
f(x, km) k2n = λn ∫ ∞

0

(
− d2

dx2
+ V (x)

)
f(x, kn)f(x, km)dx

=

∫ ∞

0
f(x, kn)

(
− d2

dx2
+ V (x)

)
f(x, km)dx

λn

∫ ∞

0
f(x, kn)f(x, km)dx = λm

∫ ∞

0
f(x, kn)f(x, km)dx,



∫ ∞

0
f(x, kn)f(x, km)dx = 0.

λj = a+ib b �= 0 f(x, kj) �=
0 V h λj f(x, kj)
λj �= λj ∫ ∞

0
f(x, kj)f(x, kj)dx = 0,

f(0, kj) �= 0 λj kj
ϕ(x, kj) f(x, kj)

V = 0
−h2 (0,+∞)

V − d2

dx2

V ∈ VxI − d2

dx2+V L2 (0,+∞)

∫ ∞

0
V (x)|f(x)|2dx ≥ −C (

t−1||f ||2L2 + t||f ′||2L2

)
0 < t ≤ 1

q [f ] :=

((
− d2

dx2
+ V

)
f, f

)
L2

f ∈ H2 [0,+∞)

q [f ] =

∫ ∞

0

(|f ′(x)|2 + V (x)|f(x)|2) dx− h|f(0)|2

q [f ] ≥ (1− Ct)||f ′||2L2 − Ct−1||f ||2L2 − h|f(0)|2.



χt C∞
c [0, 1) χt = 1

f(0) = −
∫ 1

0
(χtf)

′ dx = −
∫ 1

0

(
χ′
tf + χtf

′) dx,

|f(0)| ≤ ||χ′
t||L2 ||f ||L2 + ||χt||L2 ||f ′||L2

|f(0)|2 ≤ 2||χ′
t||2L2 ||f ||2L2 + 2||χt||2L2 ||f ′||2L2 .

ε > 0 χt

||χt||L2 < ε

q [f ] > (1− Ct− 2|h|ε2)||f ′||2L2 −
(
Ct−1 + 2|h|||χ′

t||2L2

) ||f ||2L2 ,

ε t

ε2 <
1

6|h| t <
1

3C

C̃ > 0

q [f ] > −C̃||f ||2L2 .

L1

V ∈ VxI fh(k)

k = iτ
τ > 0

|f(x, iτ)eτx − 1| ≤ e

∫ xI
x |V (t)|dt
max(1,|k|) − 1.



x xI 1 a > 0

e

∫ xI
x |V (t)|dt
max(1,|τ |) − 1 ≤ 1

2
x ≥ a, τ ≥ 0,

a > 0

f(x, iτ)eτx ≥ 1

2
x ≥ a, τ ≥ 0.

Λ′ = {λj}
Λ′ kj = iτj → 0 τ > 0∫ ∞

a
f(x, kj)f(x, kn)dx =

∫ ∞

a
(f(x, kj)e

τjx) (f(x, kn)e
τnx) e−(τj+τn)xdx

≥ 1

4

∫ ∞

a
e−(τj+τn)xdx ≥ e−2aT

8T

T := maxj τj
f(x, kj) f(x, kn)

L2(0,∞)

0 =

∫ ∞

0
f(x, kj)f(x, kn)dx =

∫ ∞

a
f(x, kj)f(x, kn)dx

+

∫ a

0

(
f(x, kj)f(x, kn) + f2(x, kj)− f2(x, kj)

)
dx =

∫ ∞

a
f(x, kj)f(x, kn)dx

+

∫ a

0
f2(x, kj)dx+

∫ a

0
f(x, kj) (f(x, kn)− f(x, kj)) dx.

∫ ∞

a
f(x, kj)f(x, kn)dx ≥ Ca > 0,

∫ a

0
f2(x, kj)dx ≥ 0.

∫ a

0
f(x, kj) (f(x, kn)− f(x, kj)) dx→ 0 j, n→ ∞.

x ≥ 0

|f(x, kj)| ≤ e

∫ xI
0 |V (t)|dt
max(1,|kj |) e−kjx ≤ e

∫ xI
0 |V (t)|dt
max(1,|kj |) .



∣∣∣∣∫ a

0
f(x, kj) (f(x, kn)− f(x, kj)) dx

∣∣∣∣ ≤ e

∫ xI
0 |V (t)|dt
max(1,|kj |)

∫ a

0

∣∣e−τnx − e−τjx
∣∣ dx

+ e

∫ xI
0 |V (t)|dt
max(1,|kj |)

∫ a

0

(∫ ∞

x
|A(x, t) (e−τnt − e−τjt

) |dt) dx,
∫ a

0

∣∣e−τnx − e−τjx
∣∣ dx→ 0 n, j → ∞

|A(x, t)| ≤ 1

2
Q0

(
x+ t

2

)
eQ1(x) ≤ 1

2
Q0

(
t

2

)
eQ1(0)

Q0 Q1∫ a

0

(∫ ∞

x
|A(x, t) (e−τnt − e−τjt

) |dt) dx
≤ eQ1(0)

∫ a

0

∫ ∞

0
Q0

(
t

2

) ∣∣e−τnt − e−τjt
∣∣ dt dx

≤ C

∫ ∞

0
Q0

(
t

2

) ∣∣e−τnt − e−τjt
∣∣ dt ≤ C

∫ ∞

0
Q0

(
t

2

) ∣∣e−τnt − e−τjt
∣∣ dt→ 0

n, j → ∞
2Q0

(
t
2

)
∫ ∞

0
2Q0

(
t

2

)
dt = 2Q1(0) <∞.

Λ′

L1,1

|f(x, iτ)eτx − 1| ≤ Q1(x)e
Q1(x) Q1(x)

λj
j = 1, ... , N −Δ

[0,+∞)
−h2 −Δ



V
−Δ+V

σess(−Δ + V ) = [0,+∞)

−h2 λ1, ... , λN
k
V ∈ L1,1

L1,1

V ∈ L1,1 k = 0

f(x, 0)
k = 0

lim
x→∞ f(x, 0) = 1.

a > 0

f(x, 0) >
1

2
x ≥ a,

z(x) := f(x, 0)

∫ x

a

dt

(f(t, 0))2
.

z(x) k = 0

z′′(x) = V (x)z(x),

f ′′(x, 0) = V (x)f(x, 0)

f(x, 0)z′(x)− f ′(x, 0)z(x) = 1,

V xn ∈ L2 Δxn L2

L2 V xn

V T D(T ) ⊂ D(V ) a > 0 b > 0 ‖V f‖2L2 ≤
a2 ‖f‖2L2 + b2 ‖Tf‖2L2 f ∈ D(V )



f(x, 0) z(x) f(x, 0)
(a, x)

lim
x→∞ z(x) = +∞.

y(x) L2

k = 0 f(x, 0) z(x) k = 0

y(x) = C1f(x, 0) + C2z(x).

C1 = C2 = 0 y(x)
y(x) = 0 k = 0

L1,1

V ∈ VxI fh(k)

k0
fh(k0) = 0 ḟh(k0) = 0 k

f ′(0, k0) = −f(0, k0)h
ḟ ′(0, k0) = −ḟ(0, k0)h

f(x, k)
k

−f ′′(x, k) + V (x)f(x, k) = k2f(x, k)

−ḟ ′′(x, k) + V (x)ḟ(x, k) = 2kf(x, k) + k2ḟ(x, k).

ḟ(x, k) f(x, k)

−ḟ(x, k)f ′′(x, k) + f(x, k)ḟ ′′(x, k) = −2kf2(x, k).

lim
x→∞

(
f(x, k)ḟ ′(x, k)− f ′(x, k)ḟ(x, k)

)
= lim

x→∞

(
eikx(ix)(ik)eikx



−(ix)eikx(ik)eikx
)
= 0

f ′(0, k)ḟ(0, k)− ḟ ′(0, k)f(0, k) +
∫ ∞

0
f ′(x, k)ḟ ′(x, k)dx

−
∫ ∞

0
ḟ ′(x, k)f ′(x, k)dx = −2k

∫ ∞

0
f2(x, k)dx

f ′(0, k)ḟ(0, k)− ḟ ′(0, k)f(0, k) = −2k

∫ ∞

0
f2(x, k)dx.

k0

−h2

d ≥ 2
−Δ+ V R

3 V

V ∈ VxI

|fh(k)− ik| ≤ ‖V ‖ e(| Im k|−Im k)xIea

∣∣∣∣∣fh(k)− ik − h+
V̂ (0) + V̂ (k)

2

∣∣∣∣∣ ≤
[
|h|+ ‖V ‖

2

]
ae(| Im k|−Im k)xIea

V̂ (k) =
∫ xI

0 e2iktV (t)dt V a =
||V ||

max(1,|k|) ||V || := ∫
R
|V (x)|dx



χ(x, k) =

N∑
l=0

χ(l)(x, k) +RN (x, k)

RN (x, k)

RN (x, k) = (−1)N+1

∫ ∞

x

∫ ∞

t1

· · ·
∫ ∞

tN

N+1∏
j=1

(
1− e−2ik(tj−1−tj)

2ik
V (tj)

)
· χ(tN+1, k)dtN+1 · · · dt1

t0 = x

R0(x, k) = −
∫ ∞

x

1− e2ik(t1−x)

2ik
V (t1)χ(t1, k)dt1.

|χ(x, k)| ≤ eae(| Im k|−Im k)xI

χ(0, k) = f(0, k) χ(1)(0, k)

χ(1)(0, k) = − 1

2ik

∫ xI

0
V (t)dt+

1

2ik

∫ xI

0
e2iktV (t)dt = − V̂ (0)− V̂ (k)

2ik
.

f(0, k)− 1 +
V̂ (0)− V̂ (k)

2ik
=

∞∑
l=2

χ(l)(x, k),

∣∣∣∣∣f(0, k)− 1 +
V̂ (0)− V̂ (k)

2ik

∣∣∣∣∣ ≤
∞∑
l=2

∣∣∣χ(l)(x, k)
∣∣∣

≤ e(| Im k|−Im k)(xI−x)
(
ea(x) − 1

)
.



|f(0, k)− 1| = |R0(0, k)| ≤ e(| Im k|−Im k)xIaea

∣∣∣∣∣f(0, k)− 1 +
V̂ (0)− V̂ (k)

2ik

∣∣∣∣∣ = |R1(0, k)| ≤ e(| Im k|−Im k)xI (ea − 1− a)

≤ a2

2
e(| Im k|−Im k)xIea.

f ′(x, k)

f ′(x, k) = ikeikx −
∫ ∞

x
cos [k (x− t1)]V (t1)f(t1, k)dt1

f ′(x, k)e−ikx

= ik −
∫ ∞

x

1 + e−2ik(x−t1)

2
V (t1)χ(t1, k)dt1

= ik −
∫ ∞

x

1 + e−2ik(x−t1)

2
V (t1)dt1

+

∫ ∞

x

∫ ∞

t1

1 + e−2ik(x−t1)

2

1− e2ik(t2−t1)

2ik
V (t1)V (t2)χ(t2, k)dt1dt2

x = 0

f ′(0, k) = ik − V̂ (0) + V̂ (k)

2
+

+

∫ ∞

0

∫ ∞

t1

1 + e2ikt1

2

1− e2ik(t2−t1)

2ik
V (t1)V (t2)χ(t2, k)dt1dt2

∣∣∣∣∣f ′(0, k)− ik +
V̂ (0) + V̂ (k)

2

∣∣∣∣∣ ≤ max(1, |k|)a
2

2
e(| Im k|−Im k)xIea.



k

|fh(k)− ik| ≤ ‖V ‖ e(| Im k|−Im k)xIea.

h

∣∣∣∣∣f ′(0, k) + hf(0, k)− ik +
V̂ (0) + V̂ (k)

2
− h

∣∣∣∣∣
≤

[
|h|+ ‖V ‖

2

]
ae(| Im k|−Im k)xIea.

V ∈ VxI fh
(Im k > 0)

fh(k) = ik +O(1) |k| > 1.

Im k > 0 | Im k| − Im k = 0

|fh(k)− ik| ≤ ‖V ‖ ea

k > 1

|fh(k)− ik| ≤ ||V ||e
||V ||
|k| .

V ∈ VxI k1, ... , kN ∈ iR+

fh(k) |k1| > ... > |kN | > 0 mj

mj =

∫ ∞

0
f2(x, kj)dx

mj = −i
[
ḟh(k)

fh(−k)

]
k=kj

> 0, j = 1, ... , N,

i(−1)j ḟh(kj) > 0, (−1)jfh(−kj) < 0, j = 1, ... , N,

k



kj fh(kj) = 0

f ′(0, kj) = −f(0, kj)h.

f(x, k) f(x,−k)

−2ikj = f(0, kj)
[
f ′(0,−kj) + hf(0,−kj)

]

∫ ∞

0
f2(x, kj)dx =

f(0, kj)
[
−hḟ(0, kj)− ḟ ′(0, kj)

]
−2kj

=
f(0, kj)

[
−hḟ(0, kj)− ḟ ′(0, kj)

]
−if(0, kj) [hf(0,−kj) + f ′(0,−kj)] = −i

[
d
dkfh(k)

fh(−k)

]
k=kj

.

k ∈ iR+ |k| → ∞ fh(k) −∞
k1 iḟh(k1) < 0

iḟh(k2) > 0

ḟh(kj)
kj ∈ iR+ fh(k)

f ρ+(f) = 0 ρ−(f) ≤ 2xI

f(k) = ik

[
1− 1

2ik

(
C − ĝ(k) +O(k−1)

)]
; k → ±∞,

g ∈ L1(0, xI) C F ∈ L1(0, xI)

f(k) = ik

[
1− 1

2ik
(F̂ (0)− F̂ (k))

]
, k ∈ C,

ρ−(f) = 2 sup [suppF ]



V ∈ VxI p ∈ L1(0, xI)

fh(k) = ik(1 + ζ̂(k)) = ik

[
1− 1

2ik
(p̂(0)− p̂(k))

]
, ζ(t) :=

∫ xI

t
p(x)dx.

fh(k) = ik

[
1− 1

2ik

(
V̂ (0)− 2h+ V̂ (k) +O(k−1)

)]
.

fh(k) = ik

[
1− 1

2ik
(C − ĝ(k) + u(k))

]
C = V̂ (0)− 2h ĝ(k) = V̂ (k) u(k) = O(k−1) k → ±∞

u(k)
v ∈ L2

c(0, xI)
u(k) = v̂(k) v ∈ L2

c(0, xI) ⊂ L1
c(0, xI)

p = g + v p̂(0) = ĝ(0) + v̂(0) = V̂ (0) − 2h
fh(k) = ik(1 + ζ̂(k))

ρ− =
2xI WxI

f WxI

k ξ

kn n ≥ 1 fh(k) V ∈ VxI

|kn| ≤ C0e
2| Im kn|xI , C0 = ‖V ‖ e‖V ‖.

V ′ ∈ L1

|kn|2 ≤ C1e
2| Im kn|xI C1 =

[
‖V ‖2 + 2|h| ‖V ‖+ 1

4

(|V (0)|+ ∥∥V ′∥∥)] e‖V ‖.



kn fh(·, V ) |kn|

|fh(kn)− ikn| ≤ ‖V ‖ e2| Im kn|xIe‖V ‖

|kn| ≤ ‖V ‖ e‖V ‖e2| Im kn|xI ,

V ′ ∈ L1(0,∞) kn
|kn| > 1

|fh(kn)− ikn| ≤
∣∣∣∣∣h+

V̂ (0)− V̂ (kn)

2

∣∣∣∣∣+
(
‖V ‖2
2|kn| +

|h| ‖V ‖
|kn|

)
e‖V ‖e2| Im kn|xI

∣∣−ik2n∣∣ ≤ ∣∣∣∣kn (
−h+

‖V ‖
2

)∣∣∣∣+
∣∣∣∣∣ V̂ (kn)kn

2

∣∣∣∣∣+
(
‖V ‖2
2

+ |h| ‖V ‖
)
e‖V ‖e2| Im kn|xI .

V̂ (k) =

∫ xI

0
e2ikxV (x)dx =

[
1

2ik
e2ikxV (x)

]xI

0

−
∫ xI

0

1

2ik
e2ikxV ′(x)dx

= − 1

2ik

(
V (0) +

∫ xI

0
V ′(x)e2ikxdx

)
,

|V̂ (kn)| ≤ 1

2|kn|
[
|V (0)|+ e2| Im kn|xI

∥∥V ′∥∥] .

|kn|2 ≤
(
‖V ‖2
2

+ |h| ‖V ‖+ 1

4

(|V (0)|+ ∥∥V ′∥∥)) e2| Im kn|xI+‖V ‖

+ |kn|
(
|h|+ ‖V ‖

2

)
≤ C1e

2| Im kn|xI+‖V ‖

ξ k2 = ω2

μ̂ − ξ2



ξn =
√

ω2

μ̂ − k2n n ≥ 1 kn fh(k, V )

V ∈ VxI

|ξn| ≤ C0e
2|Re ξn|xI , C0 = ‖V ‖ e‖V ‖.

V ′ ∈ L1 (0,∞)

|ξn|2 ≤ C1e
2|Re ξn|xI , C1 =

3

2
‖V ‖2 + 2|h| ‖V ‖+ 1

4

(|V (0)|+ ∥∥V ′∥∥) e‖V ‖.

kn = −iξn +O(1) ξn

ρ−(fh) = 2xI

V ∈ VxI

N (r, fh) =
2xIr

π
(1 + o(1)) r → ∞

δ > 0 ≤ r
| arg ξ− π

2 | < δ | arg ξ− 3π
2 | < δ o(r) r

ρ−(fh) = 2xI

V WxI VxI

N ∈ N SN S(k)

S(k) S(k) = S(−k) = S(−k)−1

k ∈ R



S(k) − 1 = o(1) |k| → ∞ G(x) = 1/2π
∫
R
(S(k) −

1)eikxdk

G′ ∈ L1(R+, (x+ 1)dx), G = G1 +G2,

G1 ∈ L1(R+), G2 ∈ L2(R+) ∩ L∞(R+).

S(k) N

N +
S(0) + 1

4
=

1

2πi
[log (−S(+0))− log (−S(+∞))] .

N ∈ N

ΓN :=
{
(k1, ... , kN ) ∈ iRN

+ : |k1| > ... > |kN | > 0
}
.

Σ : L1,1 (R+) →
⋃
N

SN × R
N
+ × ΓN

Σ(V ) :=
(
S(k), (mn)1, ... ,N , (kn)1, ... ,N

)
S(k)

kn

f(x, kn) ∈ L2(R+) − d2

dx2 + V f(x, k)

mn =

∫ ∞

0
|f(x, kn)|2dx, kn ∈ C+.

Σ

G(x) =
1

2π

∫ ∞

−∞
(S(k)− 1)eikxdk, G0(x) = G(x) +

∑
kn∈C+

m−1
n e−x|kn|,

G(x)



(
S(k), (mn)1, ... ,N , (kn)1, ... ,N

)
V ∈ L1,1

V (x) = −2
d

dx
A(x, x),

A(x, t) x > 0

A(x, t) = −G0(x+ t)−
∫ ∞

x
G0(t+ s)A(x, s)ds, t ≥ x.

(S(k),mn) fh(0) S(k) =

−fh(−k)
fh(k)

mn = −i ḟh(kn)
fh(−kn)

fh(0)

V ∈ VxI

ρ+(fh) = 0 ρ−(fh) = 2xI

V ∈ VxI

fh(k)∫
R

log+ |fh(k)|dk
1 + k2

<∞, ρ+(fh) = 0, ρ−(fh) = 2xI .

fh

fh(k) x := Re k y := Im k

∫
R

log+ |fh(x)|dx
1 + x2

=

∫
R

log |ix+O(1)|
1 + x2

dx <∞.

ρ+(fh) = lim sup
y→∞

log | − y +O(1)|
y

= 0,

ρ−(fh) ≤ lim sup
y→−∞

2xIy

y
= 2xI .

G0(x) =
0 x > 2dxI d ≥ 1 V = 0 x > xI ρ−(fh(k)) = 2dxI < 2xI



G(x) =
1

2π

∫ +∞

−∞
(S(k)− 1)eikxdk = − 1

2π

∫ +∞

−∞

(
fh(k) + fh(−k)

fh(k)

)
eikxdk

= −i
N∑
j=1

lim
k→kj

(
(k − kj)

fh(k) + fh(−k)
fh(k)− fh(kj)

)
eikx = −i

N∑
j=1

fh(−kj)
ḟh(kj)

eikjx

= −
N∑
j=1

1

mj
eikjx, x > 2dxI .

G0(x) = G(x) +
∑N

j=1
1
mj
eikjx x > 2dxI V (x) = 0

x > xI ρ−(fh(k)) = 2xI

ρ−(fh) = 2xI∑
n

1
kn∏

n

(
1− k

kn

)

m = 0 EP (z) = (1 − z)ez

g(z) = az+b eb = fh(0) e(a+
∑

n
1
kn

)z = eiz

fh(k) = fh(0)e
ik lim

R→∞

∏
|kn|≤R

(
1− k

kn

)
,

kn fh(k)

fh(0)
fh(0)
fh(k) = ik + O(1) k fh(0)

fh(k) kn∑∞
n=1

1
kn

kj

−kj
∑∞

n=1
1
kn



1

2

∞∑
n=1

i

kn
+

1

2

∞∑
n=1

−i
kn

=
1

2

∞∑
n=1

i(kn − kn)

|kn|2 =

∞∑
n=1

Im kn
|kn|2∑∞

n=1
Im kn
|kn|2

fh(k) k

d

dk
(log(fh(k))) =

ḟh(k)

fh(k)
= i+ lim

R→∞

∑
|kn|≤R

1

k − kn
.

C\ ({0} ∪⋃ {kn})

VxI

Jh : VxI → WxI Jh (V ) :=
fh

h ∈ R

Jh
V ∈ VxI fh(k) ∈ WxI

fh(k) iR
fh ρ+ = 0

ρ− = 2xI
WxI WxI

fh(k) ∈WxI Jh
V ∈ VxI fh(k) ∈ WxI(

S(k), (mj , kj)j=1,...,N

)
V ∈ L1,1

Σ fh V1 ∈
VxI V2 ∈ VxI

(
S1(k), (mj , kj)j=1,...,N1

)
=

(
S2(k), (mj , kj)j=1,...,N2

)
Σ V1 = V2

J
J fh(k) ∈ WxI

V ∈ VxI Jh (V ) = fh

fh(k)
(
S(k), (mj , kj)j=1,...,N

)

S(k) = −fh(−k)/fh(k) k ∈ R

kn fh(k)



S(k) = S(−k) = S−1(−k)
N S(0) = −(−1)N0(fh) N0(fh) 0

fh

|fh(k)− ik| ≤ C, k ∈ C+,

|fh(−k) + ik| ≤ Ce2xI |Im k|, k ∈ C+,

|S(k)− 1| =
∣∣∣∣fh(k) + fh(−k)

fh(k)

∣∣∣∣ ≤ C

|k| (|fh(k)− ik|+ |fh(−k) + ik|)

≤ C1e
2xI Im k + C2

|k| ≤ Ce2xI Im k

|k| , k ∈ C+.

C
G0(x) = G(x) +

∑N
j=1

1
mj
eikjx

x > 2xI

− fh(−k)
fh(k)

− 1 = −1−
−ik

[
1 + 1

2ik

(
F̂ (0)− F̂ (−k)

)]
ik

[
1− 1

2ik

(
F̂ (0)− F̂ (k)

)]
= −

− 1
2ik

(
2F̂ (0)− F̂ (k)− F̂ (−k)

)
1− 1

2ik

(
F̂ (0)− F̂ (k)

) = 1
2ik

(
2F̂ (0)− F̂ (k)− F̂ (−k)

)
+O(k−2)

F̂ F ∈ VxI

g1+g2 = S(k)−1, g1 =
2F̂ (0)− F̂ (k)− F̂ (−k)

2ik
, Gp :=

1

2π

∫
R

eixkgp(k)dk

p = 1, 2 G2 ∈ L2(R)∩L∞(R) g2(k) = O(k−2) G1

x ∈ R g1 k

G1(−x) = − 1

2π

∫ ∞

−∞
e−ixk F̂ (k) + F̂ (−k)− 2F̂ (0)

2ik
dk

=
1

2π

∫ −∞

+∞
e−ixk F̂ (−k) + F̂ (k)− 2F̂ (0)

−2ik
dk = −G1(x)

G1 ∈ L2(R) g1 L2(R)
|S − 1| = |g1 + g2| g2

|g1| ≤ C ≤ Ce2xI Im k

|k| , k ∈ C+, |k| � 1.



G1(x) = 0 x > 2xI G1 G1(x) = 0
|x| < 2xI G1 L2 G1 ∈ L1(R)
G′(x)

G′(x) =
1

2π

∫ ∞

−∞
eixk(ik) (S(k)− 1) dk

= − 1

2π

∫ ∞

−∞
eixk

(
F̂ (k) + F̂ (−k)− 2F̂ (0)

2
+O(k−1)

)
dk

1

2π

∫ ∞

−∞
eixkF̂ (k)dk =

1

2π

∫ ∞

−∞
eixk

(∫ xI

0
e2ikyF (y)dy

)
dk

=
1

2π

∫ xI

0

∫ ∞

−∞
e2ik(y+

x
2
)F (y)dkdy =

F
(−x

2

)
2

,

G′(x) = −F
(
x
2

)
+ F

(−x
2

)− 2F (0)

4
+ r(x) = −F

(
x
2

)
+ F

(−x
2

)
4

+ r(x)

r(x) ∈ L2(R+) G′(x) ∈
L1(R+, (1 + x)dx) suppG0 ⊂ [−2xI , 2xI ]

fh(k)∫
γ

f ′h(z)
fh(z)

dz =

∫
γ
d(log (fh(z))) = lim

R→∞

(∫
γR

d(log (fh(z)))

+ lim
r→∞

∫
γr

d(log (fh(z))) + lim
ε→0

∫ −ε

−R
d(log (fh(z))) + lim

ε→0

∫ R

ε
d(log (fh(z)))

)
γ −R

R z = 0 γr γR

−πiN0(fh)

lim
ε→0

∫ −ε

−∞
d(log (fh(z))) + lim

ε→0

∫ ∞

ε
d(log (fh(z))) = 2πi (N (fh) +N0(fh)/2) .

S(0) = −(−1)N0(fh)

N0(fh) = 0

S(0) + 1

4
= N0(fh)/2 = 0.



lim
ε→0,R→∞

∫ −ε

−R
d(log (fh(z))) + lim

ε→0

∫ R

ε
d(log (fh(z))) = lim

ε→0,R→∞
(log (fh(+R))

− log (fh(+ε))− log (fh(−R)) + log (fh(−ε)))

− log (−S(z)) = log (fh(z))− log (fh(−z)) = arg fh(z)− arg fh(−z),

lim
ε→0,R→∞

∫ −ε

−R
d(log (fh(z))) + lim

ε→0

∫ R

ε
d(log (fh(z)))

= log (−S(+0))− log (−S(+∞)) .

1

2πi
(log (−S(+0))− log (−S(+∞))) = N +

S(0) + 1

4
.

{mj , kj}j=1,...,N WxI

V ∈ L1,1

suppG0 ⊂ [−2xI , 2xI ] V = 0
x > xI

ρ−(fh) = 2t t := xI − ε0

ε0 := inf{ε > 0 : |(xI − ε, xI) ∩ suppV | > 0},
V ∈ Vt ρ−(fh) = 2xI

V ∈ VxI fh ∈WxI

{kj}∞1
Vω(x)

fh(k) = fh(0)e
ik lim

R→∞

∏
|kn|≤R

(
1− k

kn

)
,

fh(0) fh(k) = ik +O(1) k → ∞



{kj}∞1 fh(k)
(
S(k), {mj , kj}j=1,...,N

)

S(k) = −e−2ik
∞∏
n≥1

(
kn + k

kn − k

)
,

mj =
e−2|kj |

2|kj |
∏

n≥1,n �=j

(
kn − kj
kn + kj

)
, j = 1, ... , N.

(
S(k), {mj , kj}j=1,...,N

)
G0(x)

A(x, t)

Vω(x) ω
ω μ(x)

ω1 ω2 ω1 �= ω2

Vω1(x) Vω2(x) ω1 ω2

ω1 �= ω2

μ̂(x) =
μ̂I

(
ω2
1 − ω2

2

)
ω2
1 − ω2

2 − μ̂I (Vω1(x)− Vω2(x))
.

Vω =
(
√
μ̂)′′√
μ

− 1

μ̂
ω2 +

1

μ̂I
ω2.

ω1 ω2

Vω1(x)− Vω2(x) =

(
1

μ̂I
− 1

μ̂(x)

)
(ω2

1 − ω2
2)



MxI

V
1
xI

ϕ k → ∞
ϕ

ϕ(x, k) = cos kx− h
sin kx

k
+

∫ x

0

sin [k(x− t)]

k
V (t)ϕ(t, k)dt.

ϕ′(x, k) = −k sin kx− h cos kx+

∫ x

0
cos [k(x− t)]V (t)ϕ(t, k)dt

ϕ′′(x, k) = −k2 cos kx+ hk sin kx+ V (x)ϕ(x, k)

−
∫ x

0
k sin [k(x− t)]V (t)ϕ(t, k)dt;

−ϕ′′(x, k) + V (x)ϕ(x, k) = k2ϕ(x, k)

ϕ′(0, k) = −h, ϕ(0, k) = 1,

ϕ′(0, k)+hϕ(0, k) = 0
| sin kx| ≤ exp(|η|x) | cos kx| ≤ exp(|η|x)

η = Im k

|ϕ(x, k)| ≤ exp(|η|x) + exp(|η|x)
|k| +

∫ x

0

exp(|η|(x− t))

|k| |V (t)||f(t, k)|dt.



βT (k) = max0≤x≤T (|ϕ(x, k)|) exp(−|η|x) |k| > 1

βT (k) ≤ C1 +
1

|k|βT (k)
∫ T

0
|V (t)|dt ≤ C1 +

1

|k|βT (k)
∫ ∞

0
|V (t)|dt

|k| → ∞ βT (k) = O(1) ϕ(x, k) = O(exp(|η|x))
|ϕ(x, k)| ≤ C exp(|η|x)

ϕ(x, k)

|ϕ(ν)(x, k)| ≤ C|k|ν exp(|η|x), ν = 0, 1, |k| � 1

x

V
1
xI

V
1
xI

V V, V ′ ∈
L1(R+) suppV ⊂ [0, xI ] xI > 0 ε > 0 (xI − ε, xI) ∩
suppV

λ k λ = k2 Im k > 0

φ(x, λ)

φ(x, λ) =
f(x, k)

fh(k)
, Im k > 0.

−φ′′ + V φ = λφ

φ′(0, λ) + hφ(0, λ) = 1

φ(x, λ) = O(eikx) x→ ∞, k ∈ Σ,



Σ := {k ∈ C : Im k ≥ 0, k �= 0}
k

φ(ν)(x, λ) = (ik)ν−1 exp(ikx)

(
1 + o

(
1

k

))
, ν = 0, 1, |k| → ∞.

−φ′′ + V φ = λφ

M(λ)

M(λ) := φ(0, λ) =
f(0, k)

fh(k)
, λ = k2, Im k > 0.

M(λ) = hf ′(0,k)−f(0,k)
fh(k)

M(λ)

k = kj
f(0, kj) = − 1

hf
′(0, kj) �= 0

M fh(k) f(0, k) M
h = ∞

f(0, k)
f ′(0,k)
f(0,k)

V ∈ V
1
xI

M(λ) =
1

ik

[
1− h

ik
+
V̂ (k)

ik
+ o(k−1)

]
, |k| → +∞.

M(λ) =
1

ik

(
1 +O

(
1

k

))
, |k| → +∞.



k

M(λ) =

(
1− V̂ (0)− V̂ (k)

2ik
+ o(k−1)

)⎛⎝ 1

ik + h− V̂ (0)+V̂ (k)
2 + o(1)

⎞⎠
=

1

ik

(
1− V̂ (0)− V̂ (k)

2ik
+ o(k−1)

)⎛⎝ 1

1 + h
ik − V̂ (0)+V̂ (k)

2ik + o(k−1)

⎞⎠
=

1

ik

(
1− V̂ (0)− V̂ (k)

2ik
+ o(k−1)

)(
1− h

ik
+
V̂ (0) + V̂ (k)

2ik
+ o(k−1)

)

=
1

ik

[
1− h

ik
− V̂ (0)− V̂ (k)

2ik
+
V̂ (0) + V̂ (k)

2ik
+ o(k−1)

]

=
1

ik

[
1− h

ik
+
V̂ (k)

ik
+ o(k−1)

]
.

φ(x, λ) = θ(x, k) +M(λ)ϕ(x, k)

ϕ(x, k) θ(x, k)

θ(0, k) = 0 θ′(0, k) = 1

ϕ(0, k) = 1 ϕ′(0, k) = −h
ϕ(x, k)

W (ϕ(x, k), φ(x, λ)) =W (ϕ(x, k), θ(x, k)) = 1.

Λ =
{
λ = k2 : k ∈ Σ, fh(k) = 0

}
Λ′ =

{
λ = k2 : Im k > 0, fh(k) = 0

}
.

Λ′ −f ′′ + V f = λf

M(λ) =
1

ik

(
1− h

ik
+

1

ik

∫ ∞

0
V (t)e2iktdt+ o

(
1

k

))
, |k| → +∞, k ∈ Σ.

λ



Π λ λ ≥ 0 Π1 = Π\ {0} Π
Π1

Π Π1

λ k k =
√
λ

Π Π1

Π λ

T (λ) =
1

2πi

(
M−(λ)−M+(λ)

)
, λ > 0,

M(λ)

M±(λ) = lim
z→0,Re z>0

M(λ± iz).

T (λ)

T (λ)

T (λ) =
1

2iπk

[
− 1

ik

(
2 +

1

ik

∫ ∞

0
V (t)

(
e2ikt − e−2ikt

)
dt+ o

(
1

k

))]
=

1

πk

(
1 +

1

k

∫ ∞

0
V (t) sin 2kt dt+ o

(
1

k

))
, k → +∞.

a > 0 λ = a ± i0 Π1 λ = k2 λ =
a+ i0 ∈ Π1 k =

√
a+ i0 > 0 k

λ = a− i0 ∈ Π1 k =
√
a− i0 < 0

k

αj

αj := Resλ=λj
M(λ), j = 1, ... , N

{λj}Nj=1 = Λ′

T (λ)



T (λ)

T (λ) =
k

π|fh(k)|2 , k > 0.

W (f(x, k), f(x, k)) = −2ik

f(x, k) = f(x,−k), fh(k) = fh(−k).

k2 − iz Re(k2) + Im z
Im(k2)− Re z k
|kz|eiθz |kz|ei(θz+π)

|kz| =
(
(Re(k2) + Im z)2 + (Im(k2)− Re z)2

)1/4
θz = arctan

(
Im(k2)− Re z

2(Re(k2) + Im z)

)
.

z → 0 z > 0 k −k
M−(λ) = f(0,−k)

fh(−k)

T (λ) =
1

2πi

(
f(0,−k)
fh(−k) − f(0, k)

fh(k)

)
=

1

2πi

(
f(0, k)

fh(k)
− f(0, k)

fh(k)

)

=
1

2πi

(
f(0, k)(f ′(0, k) + hf(0, k))− f(0, k)(f ′(0, k) + hf(0, k))

|fh(k)|2
)

=
1

2πi

(
W (f, f)

|fh(k)|2
)

=
k

π|fh(k)|2 ,

{kn}Nn=1

{αn}Nn=1 T (λ)

k

fh(k)
= O(1), k → 0, Im k ≥ 0.



W (f(x, k), f(x,−k)) =
−2ik fh(k) = f ′(x, k) + hf(x, k)

− 2ik = f(0, k)f ′(0,−k)− f ′(0, k)f(0,−k) = f(0, k)(fh(−k)− hf(0, k))

− (fh(k) + hf(0, k)f(0,−k) = f(0, k)fh(−k)− fh(k)f(0,−k).

g(k) =
2ik

fh(k)

k �= 0

g(k) = f(0,−k) + S(k)f(0, k)

S(k) = −fh(−k)/fh(k)
fh(k) = fh(−k) fh(k) fh(−k) |S(k)| =
1 k �= 0 λj = k2j kj = iτj 0 < τ1 < ... < τm Στ∗

Στ∗ = {k : Im k > 0, |k| < τ∗}
τ∗ = τ1/2 kj λj

g(k) Στ∗

Σ̄τ∗ \ {0}
|g(k)| ≤ C k �= 0.

g(k)
g(k) Στ∗

αj

αj = 4k2j

[
−i

fh(−kj)ḟh(kj)

]
> 0.

ϕ(x, k) = − 1

2ik
[fh(−k)f(x, k)− fh(k)f(x,−k)]

kj

ϕ(x, kj) = − 1

2ikj
[fh(−kj)f(x, kj)] .



ϕ(x, k) ϕ(0, k) = 1

− 2ikj = fh(−kj)f(0, kj).

αj

αj = Resλ=λj
M(λ) = lim

λ→λj

(λ− λj)f(0, k)

(k − kj)
d
dkfh(k)

=
2kjf(0, kj)
d
dkfh(k)|k=kj

.

αj =
2kj(−2ikj)

fh(−kj) d
dkfh(k)|k=kj

= − 4ik2j

fh(−kj)ḟh(kj)
= 4k2j

[
−i

fh(−kj)ḟh(kj)

]
> 0

k2j

M(λ)
T (λ) αj

λj

(T (λ) {λk, αk}Nk=1)

M(λ) =

∫ ∞

0

T (μ)

λ− μ
dμ+

N∑
k=1

αk

λ− λk
, λ ∈ Π\Λ′.

IR(λ) :=
1

2πi

∫
|μ|=R

M(μ)

λ− μ
dμ.

M(λ) = O(k−1) k → ∞ limR→∞ IR(λ) = 0
μ = λ γr(λ)

]0,+∞]

lim
R→0

IR(λ) = lim
r→0

1

2πi

∫
γr(λ)

M(μ)

λ− μ
dμ+ lim

ε→0

1

2πi

∫ 0−iε

+∞−iε

M(μ)

λ− μ
dμ

+ lim
ε→0

1

2πi

∫ +∞+iε

0+iε

M(μ)

λ− μ
dμ− 1

2πi
(2πi)

m∑
k=1

Res

(
M(μ)

λ− μ

)
,



M(μ)
λ−μ μ

η = μ + iε
η = μ− iε

αk

0 =
1

2πi
(−2πi) lim

μ→λ
(μ− λ)

M(μ)

λ− μ
+ lim

ε→0

1

2πi

∫ 0

+∞
M(η − iε)

λ− η + iε
dη

+ lim
ε→0

1

2πi

∫ +∞

0

M(η + iε)

λ− η − iε
dη −

m∑
k=1

αk

λ− λk
.

T (η) = limz→0,Re z>0
1

2πi (M(η − iz)−M(η + iz))

0 =M(λ) +

∫ 0

+∞
T (η)

λ− η
dη −

m∑
k=1

αk

λ− λk
,

M(λ) T (λ)
αk

M(λ) =

∫ ∞

0

T (μ)

λ− μ
dμ+

N∑
k=1

αk

λ− λk
, λ ∈ Π\Λ′

fh {kj}1, ... ,N

M(λ)

M(λ) Π\Λ′ Π1\Λ
M(λ) Λ0 =

{λ : λ ≥ 0} ∪ Λ

V Ṽ V
1
xI

M M̃

M = M̃ V = Ṽ



P (x, λ) =
[Pj,k=1,2]

P (x, λ)

[
ϕ̃(x, λ) φ̃(x, λ)

ϕ̃′(x, λ) φ̃′(x, λ)

]
=

[
ϕ(x, λ) φ(x, λ)
ϕ′(x, λ) φ′(x, λ)

]
.

P (x, λ) =

[
ϕ(x, λ) φ(x, λ)
ϕ′(x, λ) φ′(x, λ)

]
1

W (ϕ̃, φ̃)

[
φ̃′(x, λ) −φ̃(x, λ)
−ϕ̃′(x, λ) ϕ̃(x, λ)

]
.

W (ϕ̃, φ̃) = 1
P (x, λ)

Pj1(x, λ) = ϕ(j−1)(x, λ)φ̃′(x, λ)− φ(j−1)(x, λ)ϕ̃′(x, λ)

Pj2(x, λ) = φ(j−1)(x, λ)ϕ̃(x, λ)− ϕ(j−1)(x, λ)φ̃(x, λ).

φ ϕ

ϕ(x, λ) = P11(x, λ)ϕ̃(x, λ) + P12(x, λ)ϕ̃
′(x, λ)

φ(x, λ) = P11(x, λ)φ̃(x, λ) + P12(x, λ)φ̃
′(x, λ).

|λ| → ∞

|P11(x, λ)− 1| ≤ C

|k| , |P12(x, λ)| ≤ C

|k| , |k| → ∞.

φ(x, λ) φ̃(x, λ)

P11 = ϕ(x, λ)θ̃′(x, λ)− θ(x, λ)ϕ̃′(x, λ) + (M̃(λ)−M(λ))ϕ(x, λ)ϕ̃′(x, λ)

P12 = θ(x, λ)ϕ̃(x, λ)− ϕ(x, λ)θ̃(x, λ) + (M̃(λ)−M(λ))ϕ(x, λ)ϕ̃(x, λ).

M(λ) ≡ M̃(λ) x P11(x, λ) P12(x, λ)
λ P11(x, λ) ≡ 1 P12(x, λ) ≡ 0

ϕ(x, λ) ≡ ϕ̃(x, λ) φ(x, λ) ≡ φ̃(x, λ) x λ
V = Ṽ



V h

ψ

φ±(x, λ)

φ±(x, λ) =
f(x,±k)
fh(±k) , Im k > 0.

λ > 0

M±(λ) = lim
z→0,Re z>0

f(0,
√
λ± iz)

fh(
√
λ± iz)

=
f(0,±k)
fh(±k) , λ = k2, k > 0.

M±(λ) λ ∈ C M±(λ) = M(λ)
λ /∈ [0,∞)

M±(λ) =
f(0,±k)
fh(±k) , Im k > 0.

|k| → ∞
Im k > 0 ϕ(x, k)

ϕ(x, k) = cos kx− h
sin kx

k
+

∫ x

0
sin [k(x− t)]V (t)ϕ(t, k)dt

=

(
eikx + e−ikx

2

)
− h

(
eikx − e−ikx

2ik

)
+

∫ x

0
sin (k(x− t)) cos ktV (t)dt

− h

∫ x

0

sin (k(x− t))

k
V (t) sin kt dt

= e−ikx

(
1

2
+

∫ x

0

e2ik(x−t) − 1

4i
V (t)dt+O

(
1

ik

))
.

f(x, k) |k| → ∞

f(x, k) = eikx −
∫ ∞

x

eik(x−t) − e−ik(x−t)

2ik
V (t)eiktdt+ o

(
1

k

)



= eikx
(
1−

∫ ∞

x

V (t)

2ik
dt+ o

(
1

k

))

f(x,−k) = e−ikx

(
1 +

∫ ∞

x

V (t)

2ik
dt+ o

(
1

k

))
.

M(λ)

M(λ) =
1

ik
+

1

k2

[
h− V̂ (k)

]
+ o(k−2), |k| → +∞.

V ′ ∈ L1 (0,∞) V

V̂ (k) = −V (0)

2ik
−

∫ xI

0

V ′(t)
2ik

e2iktdt,

M(λ) =
1

ik
+

1

k2
[h− V (0)] + o(k−2), |k| → +∞.

M + (λ) M−(λ)

2

ik
=M+(λ)−M−(λ) + o(k−2).

ψ(x, k)

ψ(x, k) =

{
−ikeikx (

φ+(x, λ) +
2i
k ϕ(x, k)

)
Im k > 0

−ikeikxφ−(x, λ) Im k < 0

ψ+(x, k) ψ(x, k) ψ−(x, k)
ψ(x, k)

ψ C

ϕ(x, k) ψ+ ψ−

2ϕ(x, k) = e−ikxψ+(x, k) + eikxψ−(x,−k).

ϕ k

2ϕ(x, k) = eikxψ+(x,−k) + e−ikxψ−(x, k)



4ϕ(x, k) = eikx (ψ+(x,−k)− ψ−(x,−k)) + e−ikx (ψ+(x, k)− ψ−(x, k)) .

φ+(x, λ)− φ−(x, λ) = θ(x, k) +M+(λ)ϕ(x, k)− θ(x, k)−M−(λ)ϕ(x, k)
= ϕ(x, k)

(
M+(λ)−M−(λ)

)
.

ψ+(x, k)− ψ−(x, k) = eikx
(
φ+(x, λ)− φ−(x, λ)− 2

ik
ϕ(x, k)

)
(−ik)

= eikxϕ(x, k)

(
M+(λ)−M−(λ)− 2

ik

)
(−ik)

= −ikeikxϕ(x, k) (j(k)− j(−k)) ,
j(k) O(k−2) M(λ)

j(±k) :=M±(λ)∓ 1

ik
, λ = k2, Im k > 0,

j(±k) :=M±(λ)∓ 1

ik
, λ = k2, k > 0.

j(k)− j(−k)

j(k)− j(−k) =
{
− 2

ik Im k > 0,

M+(λ)−M−(λ)− 2
ik k > 0,

o(k−2) ψ−

ψ−(x, k) = −ikeikxφ−(x, λ) = (−ik)eikx f(x,−k)
f(0,−k)M

−(λ)

= (−ik)eikx
e−ikx

(
1 +

∫ xI

x
V (t)
2ik dt+ o(k−1)

)
1 +

∫ xI

0
V (t)
2ik dt+ o(k−1)

1

−ik

(
1 +

h

ik
− V̂ (−k)

ik

+o(k−1)
)
=

(
1 +

∫ xI

x

V (t)

2ik
dt+ o(k−1)

)(
1−

∫ xI

0

V (t)

2ik
dt+ o(k−1)

)
(
1 +

h

ik
− V̂ (−k)

ik
+ o(k−1)

)
= 1 +

∫ xI

x

V (t)

2ik
dt+

h

ik
−

∫ xI

0

V (t)

2ik
dt



− V̂ (−k)
ik

+ o(k−1) = 1−
∫ x

0

V (t)

2ik
dt+

h

ik
+ o(k−1)

f(x, k)

f(0, k)
= eikx

(
1− ∫∞

x
V (t)
2ik + o(k−1)

)
(
1− ∫∞

0
V (t)
2ik + o(k−1)

) .

ψ(x, k)
M(λ)

ψ(x, k)

ψ(x, k) = 1− 1

2π

∫ ∞

−∞
k′eik′xϕ(x, k′) (j(k′)− j(−k′))

k′ − k
dk′

+

N∑
j=1

αj

2i(kj + k)
e−ikjxϕ(x, kj) +

N∑
j=1

αj

2i(k − kj)
eikjxϕ(x, kj).

ψ±(x, k) = ψ(x, k ± i0) ϕ

2ϕ(x, k) = eikxψ+(x,−k) + e−ikxψ−(x, k)

1

2πi

∫ R

−R

−ψ+(k
′) + ψ−(k′)
k′ − k

dk′

− 1

2πi

∫ R

−R

ψ+(k
′)− 1

k′ − k
dk′ +

1

2πi

∫ R

−R

ψ−(k′)− 1

k′ − k
dk′

= lim
ε→0+

(
− 1

2πi

∫ R+iε

−R+iε

ψ+(k
′)− 1

k′ − k
dk′ − 1

2πi

∫ −R−iε

R−iε

ψ−(k′)− 1

k′ − k
dk′

)
.

(−R + iε, R + iε)
γ+(R, ε)
(−R + iε, R + iε)

Γ+(R, ε)
(R − iε,−R − iε)

γ−(R, ε)
(R − iε,−R − iε)



Re k′

Im k′

k

R − iε−R − iε

Γ−(R, ε)

γ0

γ−(R, ε)

γ−(R, ε) −R − iε R − iε

Γ−(R, ε) −R − iε R − iε γ0

k′ = k

Γ−(R, ε) γ0
k′ = k Im k < 0

− 1

2πi

∫ R+iε

−R+iε

ψ+(k
′)− 1

k′ − k
dk′ − 1

2πi

∫ −R−iε

R−iε

ψ−(k′)− 1

k′ − k
dk′

− 1

2πi

∫
γ+(R,ε)

ψ+(k
′)− 1

k′ − k
dk′ − 1

2πi

∫
γ−(R,ε)

ψ−(k′)− 1

k′ − k
dk′

+
1

2πi

∫
Γ+(R,ε)

ψ+(k
′)− 1

k′ − k
dk′ +

1

2πi

∫
Γ−(R,ε)

ψ−(k′)− 1

k′ − k
dk′

− 1

2πi

∫
γ0

ψ−(k′)− 1

k′ − k
dk′

− ψ−(x, k) + 1−
N∑
j=1

Resk′=kj

ψ+(k
′)

kj − k
+

N∑
j=1

Resk′=−kj

ψ−(k′)
kj + k

+
1

2πi

∫
Γ+(R,ε)

ψ+(k
′)− 1

k′ − k
dk′ +

1

2πi

∫
Γ−(R,ε)

ψ−(k′)− 1

k′ − k
dk′.



lim
R→∞

lim
ε→0

(
1

2πi

∫
Γ+(R,ε)

ψ+(k
′)− 1

k′ − k
dk′ +

1

2πi

∫
Γ−(R,ε)

ψ−(k′)− 1

k′ − k
dk′

)
= 0.

ψ± − 1 1/k′ 1/k′

− 1

2πi

∫ ∞

−∞
ψ+(k

′)
k′ − k

dk′ +
1

2πi

∫ ∞

−∞
ψ−(k′)
k′ − k

dk′ = −ψ−(x, k) + 1

+
N∑
j=1

Resk′=−kj

ψ−(k′)
kj + k

−
N∑
j=1

Resk′=kj

ψ+(k
′)

kj − k

ψ(x, k)− 1 = − 1

2πi

∫ ∞

−∞
−ψ+(k

′) + ψ−(k′)
k′ − k

dk′ +
N∑
j=1

Resk′=−kj

ψ−(k′)
kj + k

−
N∑
j=1

Resk′=kj

ψ+(k
′)

kj − k
= − 1

2πi

∫ ∞

−∞
−ψ+(k

′) + ψ−(k′)
k′ − k

dk′

+

N∑
j=1

ikj
kj + k

e−ikjxϕ(x,−kj)Resk′=−kj M
−(λ)

+

N∑
j=1

ikj
kj − k

eikjxϕ(x, kj)Resk′=kj M
+(λ).

ϕ(x, k) k ϕ(x,−k) = ϕ(x, k)

αj = Resλ′=λj
M(λ′) = 2kj Resk′=kj M

+(λ) = −2kj Resk′=−kj M
−(λ).

ψ(x, k) = 1− 1

2π

∫ ∞

−∞
k′eik′xϕ(x, k′) (j(k′)− j(−k′))

k′ − k
dk′+

−
N∑
j=1

iαj

2(kj + k)
e−ikjxϕ(x, kj)−

N∑
j=1

iαj

2(k − kj)
eikjxϕ(x, kj).



V kj j(k)
αj

V∫ x

0
V (t)dt− 2h = −2i

π

∫ ∞

−∞
k′ϕ(x, k′) cos(k′x) j(k′)dk′

− 2

N∑
j=1

αjϕ(x, kj) cos(kjx)

ϕ(x, k)

2ϕ(x, k) = 2 cos(kx)− i

π

∫ +∞

−∞
k′ϕ(x, k′)j(k′)

[
sin(k′ − k)x

k′ − k
+

sin(k′ + k)x

k′ + k

]
−

N∑
j=1

αjϕ(x, kj)

[
sin(kj − k)x

kj − k
+

sin(kj + k)x

kj + k

]
.

ψ

ψ(x, k)− 1 = − 1

2ik

∫ x

0
V (t)dt+

h

ik
+ o(k−1).

ψ − 1 ik k → ∞

lim
k→∞

ik (ψ(x, k)− 1) = −1

2

∫ x

0
V (t)dt+ h.

ik k → ∞

lim
k→∞

ik (ψ(x, k)− 1) =
i

2π

∫ ∞

−∞
k′eik

′xϕ(x, k′)(j(k′)− j(−k′))dk′

+
1

2

N∑
j=1

αje
−ikjxϕ(x, kj) +

1

2

N∑
j=1

αje
ikjxϕ(x, kj) =

i

2π

∫ ∞

−∞
k′eik

′x

ϕ(x, k′)(j(k′)− j(−k′))dk′ +
N∑
j=1

αjϕ(x, kj) cos(kjx).



∫ ∞

−∞
k′eik

′xϕ(x, k′)(j(k′)− j(−k′))dk′ =
∫ ∞

−∞
k′ϕ(x, k′)eik

′xj(k′)dk′

−
∫ ∞

−∞
k′ϕ(x, k′)eik

′xj(−k′)dk′ =
∫ ∞

−∞
k′ϕ(x, k′)eik

′xj(k′)dk′

−
∫ −∞

+∞
(−k′)ϕ(x, k′)e−ik′xj(k′)(−dk′) =

∫ ∞

−∞
k′ϕ(x, k′)eik

′xj(k′)dk′

+

∫ ∞

−∞
k′ϕ(x, k′)e−ik′xj(k′)dk′ =

∫ ∞

−∞
2k′ϕ(x, k′) cos(kjx) j(k′)dk′.

lim
k→∞

ik (ψ(x, k)− 1) =
i

2π

∫ ∞

−∞
2k′ϕ(x, k′) cos(k′x) j(k′)dk′

+

N∑
j=1

αjϕ(x, kj) cos(kjx)

∫ x

0
V (t)dt− 2h = −2i

π

∫ ∞

−∞
k′ϕ(x, k′) cos(k′x) j(k′)dk′

− 2

N∑
j=1

αjϕ(x, kj) cos(kjx).

2ϕ(x, k) = eikxψ+(x,−k) + e−ikxψ−(x, k).

ψ+(x,−k) ψ−(x, k)
k

eikxψ+(x,−k)

eikxψ+(x,−k) = eikx − 1

2π

∫ ∞

−∞
k′ei(k+k′)xϕ(x, k′) (j(k′)− j(−k′))

k′ + k
dk′

+

N∑
j=1

αje
−i(kj−k)x

2i(kj − k)
ϕ(x, kj)−

N∑
j=1

αje
i(kj+k)x

2i(k + kj)
ϕ(x, kj).



− 1

2π

∫ +∞

−∞
k′ei(k+k′)xϕ(x, k′) (j(k′)− j(−k′))

k′ + k
dk′ =

− 1

2π

∫ +∞

−∞
k′ei(k+k′)xϕ(x, k′)j(k′)

k′ + k
dk′

− 1

2π

∫ −∞

+∞
(−k′)e−i(k′−k)xϕ(x, k′)(−j(k′))

k − k′
(−dk′)

k′ −k′

1

2π

∫ +∞

−∞
k′e−i(k′−k)xϕ(x, k′)j(k′)

k′ − k
dk′.

eikxψ+(x,−k) = eikx − 1

2π

∫ +∞

−∞
k′ei(k+k′)xϕ(x, k′)j(k′)

k′ + k
dk′

+
1

2π

∫ +∞

−∞
k′e−i(k′−k)xϕ(x, k′)j(k′)

k′ − k
dk′ +

N∑
j=1

αje
−i(kj−k)x

2i(kj − k)
ϕ(x, kj)

−
N∑
j=1

αje
i(kj+k)x

2i(k + kj)
ϕ(x, kj).

e−ikxψ−(x, k)

e−ikxψ−(x, k) = e−ikx − 1

2π

∫ +∞

−∞
k′ei(k′−k)xϕ(x, k′)j(k′)

k′ − k
dk′

+
1

2π

∫ +∞

−∞
k′e−i(k′+k)xϕ(x, k′)j(k′)

k′ + k
dk′ −

N∑
j=1

αje
i(kj−k)x

2i(kj − k)
ϕ(x, kj)

+
N∑
j=1

αje
−i(kj+k)x

2i(k + kj)
ϕ(x, kj).

eikxψ+(x,−k) + e−ikxψ−(x, k) = 2 cos(kx)+

− i

π

∫ +∞

−∞
k′ϕ(x, k′)j(k′)

[
sin(k′ − k)x

k′ − k
+

sin(k′ + k)x

k′ + k

]
+

−
N∑
j=1

αjϕ(x, kj)

[
sin(kj − k)x

kj − k
+

sin(kj + k)x

kj + k

]
.



K(x, y) =
i

π

∫ +∞

−∞
k′ϕ(x, k′)j(k′) cos(k′y)dk′ +

N∑
j=1

ϕ(x, kj)αj cos(kjy).

ϕ(x, k) = cos(kx)− 1

2

∫ x

−x
K(x, t) cos(kt)dt = cos(kx)−

∫ x

0
K(x, t) cos(kt)dt.

V (x) = −2
d

dx
K(x, x),

K(x, y)

K(x, y)− g(x, y) +
1

2

∫ x

−x
K(x, s)g(s, y)ds = 0,

g(x, y) =

=

{
i
π

∫ +∞
−∞ k′ cos(k′x)j(k′) cos(k′y)dk′ +

∑N
j=1 cos(kjx)αj cos(kjy) x ≥ y

0 x < y
.

∫ x

−x
K(x, y) cos(ky)dy =

∫ x

−x

[
i

π

∫ +∞

−∞
k′ϕ(x, k′)j(k′) cos(k′y)dk′

+
N∑
j=1

ϕ(x, kj)αj cos(kjy)

⎤⎦ cos(ky)dy =
i

π

∫ +∞

−∞
k′ϕ(x, k′)j(k′)

∫ x

−x
cos(k′y) cos(ky)dydk′ +

N∑
j=1

ϕ(x, kj)αj

∫ x

−x
cos(kjy) cos(ky)dy



∫ x

−x
cos(αy) cos(βy)dy = 2

∫ x

0
cos(αy) cos(βy)dy = 2

∫ x

0

1

2
[cos ((α+ β)y)

+ cos ((α− β)y)] dy =

[
sin ((α+ β)y)

α+ β
+

sin ((α− β)y)

α− β

]x
0

=
sin ((α+ β)x)

α+ β
+

sin ((α− β)x)

α− β
.

∫ x

−x
K(x, y) cos(ky)dy =

i

π

∫ +∞

−∞
k′ϕ(x, k′)j(k′)

[
sin ((k′ + k)x)

k′ + k

+
sin ((k′ − k)x)

k′ − k

]
dk′ +

N∑
j=1

ϕ(x, kj)αj

[
sin ((kj + k)x)

kj + k
+

sin ((kj − k)x)

kj − k

]
.

2ϕ(x, k)− 2 cos(kx) = −
∫ x

−x
K(x, y) cos(ky)dy.

2g(x, y)− 2K(x, y) =
2i

π

∫ +∞

−∞
k′ cos(k′x)j(k′) cos(k′y)dk′

+ 2

N∑
j=1

cos(kjx)αj cos(kjy)− 2i

π

∫ +∞

−∞
k′ϕ(x, k′)j(k′) cos(k′y)dk′

− 2

N∑
j=1

ϕ(x, kj)αj cos(kjy) = 2

N∑
j=1

cos(kjy)αj [cos(kjx)− ϕ(x, kj)]

+
2i

π

∫ +∞

−∞
k′j(k′) cos(k′y)

[
cos(k′x)− ϕ(x, k′)

]
dk′

cos(k′x)− ϕ(x, k′) =
1

2

∫ x

−x
K(x, s) cos(ks)ds.

2g(x, y)− 2K(x, y) =
i

π

∫ +∞

−∞

∫ x

−x
k′j(k′) cos(k′y)K(x, s) cos(ks)ds



+
N∑
j=1

cos(kjy)αj

∫ x

−x
K(x, s) cos(ks)ds =

∫ x

−x
K(x, s)⎡⎣ i

π

∫ +∞

−∞
k′ cos(k′y)j(k′) cos(k′s)dk′ +

N∑
j=1

αj cos(kjy) cos(kjs)

⎤⎦ ds
=

∫ x

−x
K(x, s)g(s, y)ds y ≤ s ≤ x.

K(x, y)

K(x, y)− g(x, y) +
1

2

∫ x

−x
K(x, s)g(s, y)ds = 0.

V Ṽ V
1
xI

M M̃

M = M̃ V = Ṽ

K(x, x) =
i

π

∫ +∞

−∞
k′ϕ(x, k′)

(
M(λ) − 1

ik′

)
cos(k′x)dk′

+
N∑
j=1

ϕ(x, kj) cos(kjx)2kj Resk′=kj M(λ)

K̃(x, x) =
i

π

∫ +∞

−∞
k′ϕ̃(x, k′)

(
M̃(λ) − 1

ik′

)
cos(k′x)dk′

+
N∑
j=1

ϕ̃(x, kj) cos(kjx)2kj Resk′=kj M̃(λ).

M(λ) = M̃(λ) ϕ(x, k′) = ϕ̃(x, k′) K(x, x) = K̃(x, x)
V (x) = Ṽ (x)

K(x, s) g(s, y) K(x,−s) = K(x, s)
g(−s, y) = g(s, y)

K(x, y)− g(x, y) +

∫ x

0
K(x, s)g(s, y)ds = 0.



x > 0 ∫ x

0
sup
0≤s≤t

|g(t, s)| dt <∞

−g(x, y)

K(x, y) +

∫ x

0
K(x, s)g(s, y)ds = 0

K(x, s) = 0
R(s, t) g(x, y)

R(s, t) =
∞∑
k=0

(−1)kgk+1(s, t)

gk+1(s, t) k+1

K(x, y) = g(x, y)−
∫ x

0
R(x, t)g(t, y)dt.

g(x, y)

g2(x, y) =

∫ x

0

∫ t

0
g(t, s)g(s, y)dtds, 0 ≤ y ≤ s ≤ t ≤ x.

g(t, s) = 0 s > t

|g2(x, y)| =
∣∣∣∣∫ x

0

∫ t

0
g(t, s)g(s, y)dtds

∣∣∣∣
≤

∫ x

0

∫ t

0
sup
0≤s≤t

|g(t, s)| sup
0≤y≤s

|g(s, y)| dtds.

d(t) := sup0≤s≤t |g(t, s)|

|g2(x, y)| ≤
∫ x

0

∫ t

0
d(s)d(t)dtds =

1

2

(∫ x

0
d(s)ds

)2

.

|gk(x, y)| ≤ 1

k!

(∫ x

0
d(s)ds

)k



K(x, y) = −
∫ x

0
K(x, s)g(s, y)ds

K(x, y) = 0∫ x

0
sup
0≤s≤t

|g(t, s)| dt <∞.

∫ x

0

∣∣∣∣∣∣
∫ ∞

−∞
k cos(kt) cos(ks)j(k)dk +

N∑
j=1

cos(kjt) cos(kjs) αj

∣∣∣∣∣∣ dt ≤∫ x

0

∫ ∞

0
|k| |cos kt| |cos ks| |j(k)− j(−k)| dkdt+ c1x

≤
∫ x

0

∫ ∞

0

dkdt

|k|2 + c1x ≤ c2x,

x > 0

R(x, y, λ) =
ϕ(x, k)f(y, k)

fh(k)
.

ρϕ(x, y, λ) = ϕ(x, k)ϕ(y, k)T (λ).

ρϕ(x, y, λ) = lim
ε→0

R(x, y, λ− iε)−R(x, y, λ+ iε)

2iπ
.

R(x, y, λ) =
ϕ(x, k)f(y, k)

fh(k)
= ϕ(x, k)φ(y, k) = ϕ(x, k) (θ(y, k)

+M+(λ)ϕ(y, k)
)
= ϕ(x, k)θ(x, k) + ϕ(x, k)M+(λ)ϕ(y, k),

R(x, y, λ− iε)−R(x, y, λ+ iε) = ϕ(x, k)ϕ(y, k) (M(λ− iε)−M(λ+ iε))

T (λ)

ρϕ(x, y, λ) = ϕ(x, k)ϕ(y, k)T (λ).



MxI

V
1
xI

h ∈ R MxI

M(λ)

M(λ) Π N λj < 0
αj = Resλ=λj

M(λ) > 0

M(λ) Π1\ {λ1, ... , λN , 0} kM(λ) = O(1) k → 0
Im k > 0

M±(λ) = limε→0,Re ε>0M(λ± iε)

T (λ) :=
1

2πi
(M−(λ)−M+(λ)) > 0, λ > 0.

M(λ) = 1
ik + h

k2
+ V (0)

k2
+ o(k−2) |k| → +∞

g(x, y) +K(x, y) +

∫ x

0
K(x, s)g(s, y)ds = 0

g(x, y) =

=

{
i
π

∫ +∞
−∞ k′ cos(k′x)j(k′) cos(k′y)dk′ +

∑N
j=1 cos(kjx)αj cos(kjy), x ≥ y,

0, x < y,

j(k) = M(λ) − 1
ik x > 0 K(x, y)

K(x, x) d
dxK(x, x) = 0 x > xI

(xI − ε, xI)

V
1
xI

MxI

Jh : V1
xI

→ MxI Jh (V ) := M



h ∈ R Jh Jh(V ) =
M ∈ MxI V ∈ V

1
xI

fh(k) C+

f(x, k)
fh(k) k Im k > 0 Im k ≥

0 M(λ)
Π Π1

αj > 0

k
fh(k)

= O(1) f(0, k) = 1+O(1/k)

kM(λ) = O(1)
λ > 0 T (λ) =√

λ
π|fh(k)|2 > 0

M ∈ MxI

Jh

Jh

M(λ) ∈ MxI

V ∈ V
1
xI

Jh(V ) = M(λ)
g(x, y) K(x, y)

K(x, y)

ϕ(x, k) = cos kx−
∫ x

0
K(x, y) cos(ky)dy

V (x) = −2 d
dxK(x, x)

h = K(0, 0)

K(x, y) V = −2 d
dxK(x, x) V

1
xI

{kj}∞1
Vω(x)

T (λ)



fh(k) = fh(0)e
ik lim

R→∞

∏
|kn|≤R

(
1− k

kn

)
,

fh(0) fh(k) = ik +O(1) k → ∞
{kj}∞1 fh(k) T (λ)
αk

T (λ) =
k

π|fh(k)|2 ,

αj = 4k2j

[
−i

fh(−kj)ḟh(kj)

]
.

(
T (λ), {αj , λj}j=1, ... ,N

)

M(λ) =

∫ ∞

0

T (μ)

λ− μ
dμ+

N∑
k=1

αk

λ− λk
, λ ∈ Π\Λ′.

g(x, y)

g(x, y) =

=

{
i
π

∫ +∞
−∞ k′ cos(k′x)j(k′) cos(k′y)dk′ +

∑N
j=1 cos(kjx)αj cos(kjy), x ≥ y

0, x < y
.

j(k) :=M(λ)− 1
ik

K(x, y)

K(x, y)− g(x, y) +
1

2

∫ x

−x
K(x, s)g(s, y)ds = 0.

Vω(x) = −2
d

dx
K(x, x).

Vω(x)
μ̂









−ξ2
ξ

F (ξ)

qP qS

ρ±(F ) ≤ 8H

w• • = P, S, PS



HΦ =H

(
ϕ1

ϕ3

)

:=

⎛⎝− ∂
∂Z

(
μ ∂
∂Z ·

)
+ (λ+ 2μ)|ξ|2 −i|ξ| [ ∂

∂Z (μ·) + λ
(

∂
∂Z ·

)]
−i|ξ| [ ∂

∂Z (λ·) + μ( ∂
∂Z ·)

] − ∂
∂Z

(
(λ+ 2μ) ∂

∂Z ·
)
+ μ|ξ|2

⎞⎠(
ϕ1

ϕ3

)
,

a−(Φ) = iλ̂|ξ|ϕ1(0
−) + (λ̂+ 2μ̂)

∂ϕ3

∂Z
(0−) = 0

b−(Φ) = i|ξ|μ̂ϕ3(0
−) + μ̂

∂ϕ1

∂Z
(0−) = 0.

μ̂(Z) = μ̂I , λ̂(Z) = λ̂I Z < ZI .

μ̂(Z) λ̂(Z)

μ̂(Z) = μ̂I , λ̂(Z) = λ̂I

f±P,0 =
( |ξ|

±qP

)
e±iZqP , qP :=

√
ω2

λ̂I + 2μ̂I
− |ξ|2,

f±S,0 =
( ±qS

−|ξ|
)
e±iZqS , qS :=

√
ω2

μ̂I
− |ξ|2,

Z < 0 HΦ = ω2Φ

f±P , f
±
S Z < 0

HΦ = ω2Φ

f±P = f±P,0, f±S = f±S,0 Z < ZI ,

f±P,0 f±S,0



f±P , f
±
S ,

f±P =

(
ϕ±
1

ϕ±
3

)
=

( |ξ|
±qP

)
e±iZqP , qP :=

√
ω2

λ̂I + 2μ̂I
− |ξ|2, Z < ZI ,

f±S =

(
ψ±
1

ψ±
3

)
=

( ±qS
−|ξ|

)
e±iZqS , qS :=

√
ω2

μ̂I
− |ξ|2, Z < ZI ,

Z < ZI

λ̂ μ̂ Z > 0
”− ” Hf = ω2f f(Z, ξ)

Z

μ̂ =
μ̂I , λ̂ = λ̂I

H0(x, ξ) :=

(
−μ̂I ∂2

∂Z2 + (λ̂I + 2μ̂I)|ξ|2 −i|ξ|(λ̂I + μ̂I)
∂
∂Z

−i|ξ|(λ̂I + μ̂I)
∂
∂Z −(λ̂I + 2μ̂I)

∂2

∂Z2 + μ̂I |ξ|2
)
,

a−(Φ) := iλ̂I |ξ|ϕ1(0
−) + (λ̂I + 2μ̂I)

∂ϕ3

∂Z
(0−),

b−(Φ) := i|ξ|μ̂Iϕ3(0
−) + μ̂I

∂ϕ3

∂Z
(0−),

Φ H0(x, ξ)Φ = ω2Φ
f±P,0 f±S,0

a−(f−P,0) = iμ̂I

(
ω2

μ̂I
− 2|ξ|2

)
, b−(f−P,0) = −2iμ̂I |ξ|qP ,

a−(f−S,0) = i2μ̂I |ξ|qS , b−(f−S,0) = iμ̂I

(
ω2

μ̂I
− 2|ξ|2

)
,

a−(f+P,0) = iμ̂I

(
ω2

μ̂I
− 2|ξ|2

)
, b−(f+P,0) = 2iμ̂I |ξ|qP ,

a−(f+S,0) = −i2μ̂I |ξ|qS , b−(f+S,0) = iμ̂I

(
ω2

μ̂I
− 2|ξ|2

)
.

Z = 0



det

∣∣∣∣ a−(f−P,0) a−(f−S,0)
b−(f−P,0) b−(f−S,0)

∣∣∣∣ = −μ̂2I
((

ω2

μ̂I
− 2|ξ|2

)2

+ 4|ξ|2qP qS
)

= −μ̂2IΔR

ΔR :=

((
ω2

μ̂I
− 2|ξ|2

)2

+ 4|ξ|2qP qS
)
.

H0(x, ξ) R−

D− = {Φ ∈ H2(R−;C2), a−(Φ) = b−(Φ) = 0},
[μ̂I |ξ|2,+∞)

1 [μ̂I |ξ|2, (λ̂I +2μ̂I)|ξ|2]
S 1

2 [(λ̂I + 2μ̂I)|ξ|2,∞) S P

ΔR(ω
2) = 0 ω2 < μ̂I |ξ|2

qP = i

√
|ξ|2 − ω2

λ̂I + 2μ̂I
, qS = i

√
|ξ|2 − ω2

μ̂I

(
2− ω2

|ξ|2μ̂I

)2

− 4

√
1− ω2

|ξ|2(λ̂I + 2μ̂I)

√
1− ω2

1− |ξ|2μ̂I = 0,

|ξ| ξ ∈ C α := λ̂I+2μ̂I

ω2

β := μ̂I

ω2(
1

|ξ|2β
)3

− 8

(
1

|ξ|2β
)2

+ 8

(
3− 2

β

α

)(
1

|ξ|2β
)
− 16

(
1− β

α

)
= 0.

α = (λ̂+2μ̂)/(ω2) = 1 β = μ̂/(ω2)

β ω
0.1 < β < 0.32

0.5 < β < 0.8



0.1 < β < 0.32
ξ2 ω/

√
μ̂

ξ2 ξ2

qP qS
ξ

ξ2 qP qS

β 0.1 0.32

0.5 < β < 0.8 ξ2 qP
qS



β 0.5 0.8

|ξ| C

ξ qP qS

qP := i

√
ξ2 − ω2

λ̂I + 2μ̂I
, qS := i

√
ξ2 − ω2

μ̂I
.

qP

[
− ω√

λ̂I+2μ̂I

, ω√
λ̂I+2μ̂I

]
∪ iR qS[

− ω√
μ̂I
, ω√

μ̂I

]
∪ iR

qP (ξ) qS(ξ) ∈ iR+ ξ > ω
μ̂I

• = P, S q•(ξ) ∈ C+

ξ q•(ξ) q•(ξ) ∈ C−
ξ q•(ξ) qP
qS Ξ qP qS

Ξ



x

y

−r+ r+

−r− r−

Ξ r− := ω√
μ̂I

r+ := ω√
λ̂I+2μ̂I

qP qS

Ξ±,± := {ξ : ± Im qP (ξ) > 0,± Im qS(ξ) > 0} .

−ξ Ξ ξ
ξ

ξ Ξ+,+ q•(ξ) ∈ R+ • = P, S
r− := ω√

μ̂I
r+ := ω√

λ̂I+2μ̂I

qP qS x − i0 x ∈
(
− ω√

λ̂I+2μ̂I

, ω√
λ̂I+2μ̂I

)
q•(x − i0) ∈ R+

Ξ−,− Ξ+,+[
− ω√

λ̂I+2μ̂I

, ω√
λ̂I+2μ̂I

]
−ξ

−r− −r+
r± −r∓ q•(−ξ) =

q•(ξ) • = P, S qP qS ξ ∈ Ξ Re ξ ≥ 0
ξ Re ξ ≥ 0

qP (±ξ) = iξ +O(|ξ|−1), ξ ∈ Ξ+,±,Re ξ ≥ 0,

qP (±ξ) = −iξ +O(|ξ|−1), ξ ∈ Ξ−,±,Re ξ ≥ 0,

qS(±ξ) = iξ +O(|ξ|−1), ξ ∈ Ξ±,+,Re ξ ≥ 0,



x

y

−r− r−

ξ−ξ −r+ r+

Ξ+,+

ξ −ξ Ξ+,+

qS(±ξ) = −iξ +O(|ξ|−1), ξ ∈ Ξ±,−,Re ξ ≥ 0.

ξ ∈ Ξ+,+ Re ξ < 0 qP (±ξ) = −iξ + O(|ξ|−1)
qS

wP , wS , wSP : Ξ → Ξ
ξ

qS(wS(ξ)) = −qS(ξ), qP (wS(ξ)) = qP (ξ);

qS(wP (ξ)) = qS(ξ), qP (wP (ξ)) = −qP (ξ);
qS(wSP (ξ)) = −qS(ξ), qP (wSP (ξ)) = −qP (ξ).

qS(ξ)
[
− ω√

μ̂I
, ω√

μ̂I

]
[
− ω√

μ̂I
, ω√

μ̂I

]
iR

qS

([
0− i0,

ω√
μ̂I

− i0

))
=

(
0,

ω√
μ̂I

]
,

qS

([
0 + i0,

ω√
μ̂I

+ i0

))
=

[
− ω√

μ̂I
, 0

)
qP

ξ

q•(ξ) = −q•(ξ),
ξ Ξ



Im (qP + qS) > 0 Im (qP − qS) > 0 Ξ+,±

Im (qP + qS) < 0 Im (qP − qS) < 0 Ξ−,±

Im(qP + qS) = Im

[
(qP + qS)(qP − qS)

qP − qS

]
= (q2P − q2S) Im

(
1

qP − qS

)
= −ω

2(λ̂+ μ̂)

μ̂(λ̂+ 2μ̂)
Im

(
1

qP − qS

)
.

ω2(λ̂+μ̂)

μ̂(λ̂+2μ̂)
> 0 sgn (Im (1/z)) = − sgn (Im(z)) sgn (Im(qP + qS)) =

sgn (Im(qP − qS)) Im (qP + qS) > 0 Ξ+,+ Im (qP + qS) < 0
Ξ−,− Im (qP − qS) > 0 Ξ+,− Im (qP − qS) < 0 Ξ−,+

a = a(Z,DZ , ξ) b = b(Z,DZ , ξ)
Φ

(H − ω2)Φ = 0

a(Φ)(Z, ξ) := iξλ̂(Z)ϕ1(Z) +
(
λ̂(Z) + 2μ̂(Z)

) ∂ϕ3

∂Z
(Z),

b(Φ)(Z, ξ) = iξμ̂(Z)ϕ3(Z) + μ̂(Z)
∂ϕ1

∂Z
(Z)

a−(Φ) = a(Φ)(0−, ξ) b−(Φ) = b(Φ)(0−, ξ) a(Φ)
b(Φ) H

(Z, ξ) → (−Z,−ξ) f±P (Z, ξ) f±S (Z, ξ)
f±P (−Z,−ξ) f±S (−Z,−ξ)
f±P,0(Z, ξ) f

±
S,0(Z, ξ)

f±P,0 =
( |ξ|

±qP

)
e±iZqP , qP := i

√
ξ2 − ω2

λ̂I + 2μ̂I
,

f±S,0 =
( ±qS

−|ξ|
)
e±iZqS , qS := i

√
ξ2 − ω2

μ̂I
,



f±P (Z, ξ) f±S (Z, ξ) Z ≤ ZI

ξ ∈ Ξ

f±P,0(−Z,−ξ) = −f∓P,0(Z, ξ), f±S,0(−Z,−ξ) = −f∓S,0(Z, ξ),
f±P,0(Z,−ξ) = −f±P,0(Z, ξ), f±S,0(Z,−ξ) = −f±S,0(Z, ξ)

ξ ∈
[
− ω√

λ̂I+2μ̂I

, ω√
λ̂I+2μ̂I

]
ω qS qP

ξ

f±P,0(−Z, ξ) = f±P,0(Z, ξ), f±S,0(−Z, ξ) = f±S,0(Z, ξ).

ξ ∈
[
− ω√

μ̂I
, ω√

μ̂I

]
\
[
− ω√

λ̂I+2μ̂I

, ω√
λ̂I+2μ̂I

]
ξ qS qP

f±S,0

f±S,0(−Z, ξ) = f±S,0(Z, ξ).

Ξ

f±P (−Z,−ξ) = −f∓P (Z, ξ), f±S (−Z,−ξ) = −f∓S (Z, ξ), ξ ∈ Ξ;

f±P (Z,−ξ) = −f±P (Z, ξ), f±S (Z,−ξ) = −f±S (Z, ξ), ξ ∈ Ξ.

Ξ

f±P (Z,wP (ξ)) = f±P (Z,wPS(ξ)) = f∓P (Z, ξ),

f±S (Z,wS(ξ)) = f±S (Z,wPS(ξ)) = f∓S (Z, ξ),

f±P (Z,wS(ξ)) = f±P (Z, ξ)

f±S (Z,wP (ξ)) = f±S (Z, ξ).

H
Z �→ −Z ξ �→ −ξ

H(−Z,D−Z , D
2
−Z ,−ξ) = H(Z,DZ , D

2
Z , ξ).



H(Z,DZ , D
2
Z , ξ) H(Z, ξ) fP fS

H(Z, ξ)fP,S(Z, ξ) = 0

H(Z, ξ)fP,S(Z, ξ) = 0 ⇐⇒ H(−Z,−ξ)fP,S(−Z,−ξ) = 0

⇐⇒ H(Z, ξ)fP,S(−Z,−ξ) = 0,

fP,S(−Z,−ξ)
H fP,S(Z, ξ) fP,S(−Z,−ξ)

]−∞,−ZI ] ∪ [ZI ,∞[ Z ∈ R

H H(Z, ξ) H(Z,−ξ)(
ξ
)2

= (ξ)2

H(Z, ξ) = H(−Z,−ξ) = H(Z,−ξ) ξ ∈ Ξ

H(Z, ξ) = H(−Z, ξ) ξ ∈ Ξ.

]−∞,−ZI ] ∪ [ZI ,∞[
H(Z, ξ)

wS wP wP,S qS
qP f•,0 • = P, S

B(Z, ξ) := B(Z,DZ , ξ) =

(
iλ̂ξ

(
λ̂+ 2μ̂

)
∂
∂Z

μ̂ ∂
∂Z iμ̂ξ

)
.

B(Z, ξ)

(
ϕ1(Z, ξ)
ϕ3(Z, ξ)

)∣∣∣∣
Z=0

= 0.

B(Z, ξ)

B(−Z,−ξ) = −B(Z, ξ), ξ ∈ Ξ,

B(Z,−ξ) = B(Z, ξ), ξ ∈ Ξ.

H(Z, ξ) B(Z, ξ)



ϕ(Z, ξ) (H(Z, ξ) − ω2)ϕ(Z, ξ) = 0
ϕ(Z, ξ)

fP,S(Z, ξ) T Z ξ

B(T (Z, ξ)) = ±B(Z, ξ)

H(T (Z, ξ))− ω2 = ± (
H(Z, ξ)− ω2

)
,

ϕ(T (Z, ξ))

ϕ(Z, ξ)

(H(Z, ξ)− ω2)ϕ(Z, ξ) = 0,

B(Z, ξ)ϕ(Z, ξ)|Z=0 = 0.

0 = ±(H(Z, ξ)− ω2)ϕ(T (Z, ξ)) = (H(T (Z, ξ))− ω2)ϕ(T (Z, ξ)),

0 = ± B(Z, ξ)ϕ(T (Z, ξ))|Z=0 = B(T (Z, ξ))ϕ(T (Z, ξ))|Z=0 ,

ϕ(T (Z, ξ))

ξ ∈ Ξ

a(f±P )(−ξ) = a(f∓P )(ξ), b(f±P )(−ξ) = b(f∓P )(ξ),

a(f±S )(−ξ) = a(f∓S )(ξ), b(f±S )(−ξ) = b(f∓S )(ξ),

a(f±P )(−ξ) = −a(f±P )(ξ), b(f±P )(−ξ) = −b(f±P )(ξ),

a(f±S )(−ξ) = −a(f±S )(ξ), b(f±S )(−ξ) = −b(f±S )(ξ).

Ξ

a(f±S )(wS(ξ)) = a(f±S )(wPS(ξ)) = a(f∓S )(ξ),

b(f±S )(wS(ξ)) = b(f±S )(wPS(ξ)) = b(f∓S )(ξ),

a(f±P )(wP (ξ)) = a(f±P )(wPS(ξ)) = a(f∓P )(ξ),

b(f±P )(wP (ξ)) = b(f±P )(wPS(ξ)) = b(f∓P )(ξ).



ξ ∈ Ξ

a(f±P,S)(−Z,−ξ) = iλ̂(−ξ)f±,(1)
P,S (−Z,−ξ) +

(
λ̂+ 2μ̂

)[
− ∂

∂Z
f
±,(2)
P,S (−Z,−ξ)

]
= iλ̂ξf

∓,(1)
P,S (Z, ξ) +

(
λ̂+ 2μ̂

)[
∂

∂Z
f
∓,(2)
P,S (Z, ξ)

]
= a(f∓P,S)(Z, ξ)

f
±,(1)
P,S f

±,(2)
P,S

f±P,S

a(f±P,S)(−ξ) = a(f±P,S)(−Z,−ξ)
∣∣∣
Z=0

= a(f∓P,S)(Z, ξ)
∣∣∣
Z=0

= a(f∓P,S)(ξ).

b(f±P,S)(−Z,−ξ) = iμ̂(−ξ)f±,(2)
P,S (−Z,−ξ) + μ̂

[
− ∂

∂Z
f
±,(1)
P,S (−Z,−ξ)

]
= iμ̂ξf

∓,(2)
P,S (Z, ξ) + μ̂

[
∂

∂Z
f
∓,(1)
P,S (Z, ξ)

]
= b(f∓P,S)(Z, ξ)

b(f±P,S)(−ξ) = b(f±P,S)(−Z,−ξ)
∣∣∣
Z=0

= b(f∓P,S)(Z, ξ)
∣∣∣
Z=0

= b(f∓P,S)(ξ).

a(f±P,S)(Z,−ξ) = −iλ̂(−ξ)f±,(1)
P,S (Z,−ξ) +

(
λ̂+ 2μ̂

)[
∂

∂Z
f
±,(2)
P,S (Z,−ξ)

]
= −iλ̂ξf±,(1)

P,S (Z, ξ)−
(
λ̂− 2μ̂

)[
∂

∂Z
f
±,(2)
P,S (Z, ξ)

]
= −a(f±P,S)(Z, ξ)

a(f±P,S)(−ξ) = a(f±P,S)(Z,−ξ)
∣∣∣
Z=0

= − a(f±P,S)(Z, ξ)
∣∣∣
Z=0

= −a(f±P,S)(ξ).

b(f±P,S)(Z,−ξ) = −iμ̂(−ξ)f±,(2)
P,S (Z,−ξ) + μ̂

[
∂

∂Z
f
±,(1)
P,S (Z,−ξ)

]



= −iμ̂ξf±,(2)
P,S (Z, ξ)− μ̂

[
∂

∂Z
f
±,(1)
P,S (Z, ξ)

]
= −b(f±P,S)(Z, ξ),

b(f±P,S)(−ξ) = b(f±P,S)(Z,−ξ)
∣∣∣
Z=0

= −b(f±P,S)(Z, ξ)
∣∣∣
Z=0

= −b(f±P,S)(ξ).

qP qS

λ̂(Z) = λ̂I μ̂(Z) = μ̂I

θP,0 =
1

2
(f+P,0 + f−P,0), ϕP,0 =

1

2qP
(f+P,0 − f−P,0),

θS,0 =
1

2
(f+S,0 + f−S,0), ϕS,0 =

1

2qS
(f+S,0 − f−S,0),

θP,0 =

(
ξ cos(qPZ)
iqP sin(qPZ)

)
, ϕP,0 =

(
iξ
qP

sin(qPZ)

cos(qPZ)

)
,

θS,0 =

(
iqS sin(qSZ)
−ξ cos(qSZ)

)
, ϕS,0 =

(
cos(qSZ)

− iξ
qS

sin(qSZ)

)
,

a(θP,0) = iμ̂I

(
ω2

μ̂I
− 2ξ2

)
, b(θP,0) = 0,

a(θS,0) = 0, b(θS,0) = iμ̂I

(
ω2

μ̂I
− 2ξ2

)
,

a(ϕP,0) = 0, b(ϕP,0) = 2iμ̂Iξ,

a(ϕS,0) = −2iμ̂Iξ, b(ϕS,0) = 0.

sin(qS,PZ) cos(qS,PZ) θ±P,0 θ
±
S,0

ϕ±
P,0 ϕ±

S,0 ξ ∈ C

θP,0 =

(
ξ
∑∞

n=0
(−1)n(qPZ)2n

2n!

i
∑∞

n=0
(−1)n(qP )2n+2(Z)2n+1

(2n+1)!

)
, ϕP,0 =

(
iξ

∑∞
n=0

(−1)n(qP )2nZ2n+1

(2n+1)!∑∞
n=0

(−1)n(qPZ)2n

2n!

)



θS,0 =

(
i
∑∞

n=0
(−1)n(qS)

2n+2(Z)2n+1

(2n+1)!

−ξ∑∞
n=0

(−1)n(qSZ)2n

2n!

)
, ϕS,0 =

( ∑∞
n=0

(−1)n(qSZ)2n

2n!

−iξ∑∞
n=0

(−1)n(qS)
2nZ2n+1

(2n+1)!

)
.

ξ

ξ qP qS
f±P,0 f±S,0 θ±P,0 θ±S,0 ϕ±

P,0

ϕ±
S,0

f±P,0 = θP,0 ± qPϕP,0, f±S,0 = θS,0 ± qSϕS,0.

θP,0 θS,0 ϕP,0 ϕP,0

f±P = θP ± qPϕP , f±S = θS ± qSϕS ,

θP =
1

2
(f+P + f−P ), ϕP =

1

2qP
(f+P − f−P ),

θS =
1

2
(f+S + f−S ), ϕS =

1

2qS
(f+S − f−S ),

θP,S ϕP,S

θP = θP,0, ϕP = ϕP,0, Z ≤ ZI

θS = θS,0, ϕS = ϕS,0, Z ≤ ZI .

θ• ϕ•
• = P, S

θP = θP,0, ϕP = ϕP,0, Z ≤ ZI

θS = θS,0, ϕS = ϕS,0, Z ≤ ZI .

θ•,0 ϕ•,0 • = P, S

f±P f±S
θP,0 θS,0 ϕP,0 ϕP,0

qP qS qP qS



θP θS ϕP ϕS

wP (ξ) wS(ξ) wPS(ξ)

θP (ξ) = θP (wP (ξ)) = θP (wS(ξ)) = θP (wPS(ξ)),

θS(ξ) = θS(wP (ξ)) = θS(wS(ξ)) = θS(wPS(ξ)),

ϕP (ξ) = ϕP (wP (ξ)) = ϕP (wS(ξ)) = ϕP (wPS(ξ)),

ϕS(ξ) = ϕS(wP (ξ)) = ϕS(wS(ξ)) = ϕS(wPS(ξ)).

θP θS ϕP ϕS

ξ
θP,0 θS,0 ϕP,0 ϕS,0 ξ

θP θS ϕP ϕS

w• • = P, S, PS

qP qS wP wS wPS

a(θP ), b(θP ), a(θS), b(θS) ξ

a(θP,S)(−ξ) = a(θP,S)(ξ),

b(θP,S)(−ξ) = b(θP,S)(ξ),

a(ϕP ), b(ϕP ), a(ϕS), b(ϕS) ξ

a(ϕP,S)(−ξ) = −a(ϕP,S)(ξ)

b(ϕP,S)(−ξ) = −b(ϕP,S)(ξ).

ξ a(θ•), b(θ•), a(ϕ•), b(ϕ•) • = P, S

f±P f±S

a(f±P,S)(Z,−ξ)|Z=0 = a(f∓P,S)(Z, ξ)|Z=0

b(f±P,S)(Z,−ξ)|Z=0 = b(f∓P,S)(Z, ξ)|Z=0



qP (−ξ) = qP (ξ) qS(−ξ) = qS(ξ)
θP,S ϕP,S

a(θ•)(ξ) b(θ•)(ξ) • = P, S

a(θP,S)(ξ) = −a(θP,S)(−ξ)
b(θP,S)(ξ) = −b(θP,S)(−ξ),

a(ϕ•)(ξ) b(ϕ•)(ξ) • = P, S

a(ϕP,S)(ξ) = a(ϕP,S)(−ξ)
b(ϕP,S)(ξ) = b(ϕP,S)(−ξ).

f±P,S

B(Z, ξ) f−P f−S

B(Z, ξ)

(
(f−P )1 (f−S )1
(f−P )2 (f−S )2

)∣∣∣∣
Z=0

=

(
a(f−P ) a(f−S )
b(f−P ) b(f−S )

)
,

B(ξ)

B(ξ)

B(ξ) :=

⎛⎝a(f−P ) a(f−S )

b(f−P ) b(f−S )

⎞⎠ .

Δ(ξ) := det

⎛⎝a(f−P ) a(f−S )

b(f−P ) b(f−S )

⎞⎠ = a(f−P )b(f−S )− a(f−S )b(f−P ).

qS qP
L2 L2



Ξ

Λ+,+ := {ξ ∈ Ξ; Δ(ξ) = 0, Im qP (ξ) > 0, Im qS(ξ) > 0} ,
Λ+,− := {ξ ∈ Ξ; Δ(ξ) = 0, Im qP (ξ) > 0, Im qS(ξ) < 0} ,
Λ−,+ := {ξ ∈ Ξ; Δ(ξ) = 0, Im qP (ξ) < 0, Im qS(ξ) > 0} ,
Λ−,− := {ξ ∈ Ξ; Δ(ξ) = 0, Im qP (ξ) < 0, Im qS(ξ) < 0} ,

Λ

Λ :=
⋃

a,b=±
Λa,b.

Λ+,+

Δ(ξ)
Δ(ξ)

θ ϕ

Δ(ξ) = [a(θP )− qPa(ϕP )] [b(θS)− qSb(ϕS)]− [a(θS)− qSa(ϕS)]

· [b(θP )− qP b(ϕP )] = d1 + qPd2 + qSd3 + qSqPd4

d1, d2, d3, d4 ξ

d1 := a(θP )b(θS)− a(θS)b(θP )

d2 := − [a(ϕP )b(θS)− a(θS)b(ϕP )]

d3 := − [a(θP )b(ϕS)− a(ϕS)b(θP )]

d4 := a(ϕP )b(ϕS)− a(ϕS)b(ϕP ).

di(ξ) i = 1, . . . , 4
Δ(ξ)

qP qS
w• • = P, S

di(ξ) i = 1, . . . , 4

d1(ξ) d4(ξ)

d1(ξ) = d1(−ξ) = d1(ξ),

d4(ξ) = d4(−ξ) = d4(ξ),



d1(ξ) d4(ξ)

d2(ξ) = −d2(−ξ) = d2(ξ),

d3(ξ) = −d3(−ξ) = d3(ξ).

di i = 1, ... , 4

d1(ξ) d2(ξ) d3(ξ) d4(ξ)
d1 d4 d2 d3

d1 d4 ξ d2
d3 ξ

wP wS wPS

Δ(ξ) = d1 + qPd2 + qSd3 + qSqPd4,

Δ(wP (ξ)) = d1 − qPd2 + qSd3 − qSqPd4,

Δ(wS(ξ)) = d1 + qPd2 − qSd3 − qSqPd4,

Δ(wPS(ξ)) = d1 − qPd2 − qSd3 + qSqPd4.

Δ+Δ(wP ) + Δ(wS) + Δ(wPS) = 4d1,

Δ(−ξ) = Δ(wPS(ξ)),

Δ(wP (−ξ)) = Δ(wS(ξ)).

qP qS ξ

Δ(−ξ) = d1(−ξ) + qP (−ξ)d2(−ξ) + qS(−ξ)d3(−ξ) + qS(−ξ)qP (−ξ)d4(−ξ)
= d1(ξ) + qP (ξ)(−d2(ξ)) + qS(ξ)(−d3(ξ)) + qS(ξ)qP (ξ)d4(ξ) = Δ(wPS(ξ))

Δ(wP (−ξ)) = d1(−ξ)− qPd2(−ξ) + qSd3(−ξ)− qSqPd4(−ξ) =
= d1 + qPd2 − qSd3 − qSqPd4 = Δ(wS(ξ)).



Δ(−ξ) = Δ(ξ),

Δ(wP (−ξ)) = Δ(wP (ξ)).

F (ξ)

F (ξ)

F (ξ) = Δ(ξ)Δ(wP (ξ))Δ(wS(ξ))Δ(wPS(ξ)),

F (ξ)

F (ξ) = (d1 + qPd2 + qSd3 + qSqPd4) (d1 − qPd2 − qSd3 + qSqPd4)

· (d1 − qPd2 + qSd3 − qSqPd4) (d1 + qPd2 − qSd3 − qSqPd4)

=
[
(d1 + qP qSd4)

2 − (qPd2 + qSd3)
2
] [

(d1 − qSqPd4)
2 − (qPd2 − qSd3)

2
]

=(d21 − q2Sq
2
Pd

2
4)

2 + (q2Pd
4
2 − q2Sd

2
3)

2 − (d1 + qP qSd4)
2(qPd2 − qSd3)

2

− (d1 − qSqPd4)
2(qPd2 + qSd3)

2.

(d21 − q2Sq
2
Pd

2
4)

2 + (q2Pd
4
2 − q2Sd

2
3)

2 =d41 + q4Sq
4
Pd

4
4 − 2q2Sq

2
Pd

2
1d

2
4 + q4Pd

4
2

+ q4Sd
4
3 − 2q2P q

2
Sd

2
2d

2
3,

− (d1 + qP qSd4)
2(qPd2 − qSd3)

2 − (d1 − qSqPd4)
2(qPd2 + qSd3)

2

= −2q2Pd
2
1d

2
2 − 2q2Sd

2
1d

2
3 − 2q4P q

2
Sd

2
2d

2
4 − 2q4Sq

2
Pd

2
3d

2
4 + 8q2P q

2
Sd1d2d3d4.

F (ξ)

F (ξ) =d41 + q4Pd
4
2 + q4Sd

4
3 + q4Sq

4
Pd

4
4 − 2q2Pd

2
1d

2
2 − 2q2Sd

2
1d

2
3 − 2q2Sq

2
Pd

2
1d

2
4



− 2q2P q
2
Sd

2
2d

2
3 − 2q4P q

2
Sd

2
2d

2
4 − 2q4Sq

2
Pd

2
3d

2
4 + 8q2P q

2
Sd1d2d3d4.

d1 d2 d3 d4 ξ ξ
F (ξ) ξ ∈ C

Λ

wP = f+P +R2f
−
P − qPR1f

−
S ,

wS = f+S + qSR̃1f
−
P + R̃2f

−
S ,

f±S f±P
Rj R̃j j = 1, 2

a(wP ) = b(wP ) = 0 a(wS) = b(wS) = 0

{
R2a(f

−
P )− qPR1a(f

−
S ) = −a(f+P ),

R2b(f
−
P )− qPR1b(f

−
S ) = −b(f+P ),

{
qSR̃1a(f

−
P ) + R̃2a(f

−
S ) = −a(f+S ),

qSR̃1b(f
−
P ) + R̃2b(f

−
S ) = −b(f+S ).

R2 =
1

Δ(ξ)
det

(−a(f+P ) a(f−S )
−b(f+P ) b(f−S )

)
, qPR1 =

1

Δ(ξ)
det

(
a(f−P ) a(f+P )
b(f−P ) b(f+P )

)
R̃2 =

1

Δ(ξ)
det

(
a(f−P ) −a(f+S )
b(f−P ) −b(f+S )

)
, qSR̃1 =

1

Δ(ξ)
det

(−a(f+S ) a(f−S )
−b(f+S ) b(f−S )

)

Δ(ξ)

R

R =

(
R2 qSR̃1

−qPR1 R̃2

)

Rj R̃j



Δ(ξ)

R

R =−
⎛⎝a(f−P ) a(f−S )

b(f−P ) b(f−S )

⎞⎠−1 ⎛⎝a(f+P ) a(f+S )

b(f+P ) b(f+S )

⎞⎠ .

R B(ξ)

R = − [B(ξ)]−1 [B(−ξ)] .

⎛⎝a(f+P )(ξ) a(f+S )(ξ)

b(f+P )(ξ) b(f+S )(ξ)

⎞⎠ =

⎛⎝a(f−P )(−ξ) a(f−S )(−ξ)

b(f−P )(−ξ) b(f−S )(−ξ)

⎞⎠ = B(−ξ).

Δ(wS(ξ)) = det

⎛⎝a(f−P ) a(f+S )

b(f−P ) b(f+S )

⎞⎠ = a(f−P )b(f+S )− a(f+S )b(f−P )

Δ(wP (ξ)) = det

⎛⎝a(f+P ) a(f−S )

b(f+P ) b(f−S )

⎞⎠ = a(f+P )b(f−S )− a(f−S )b(f+P ).

R2 =
a(f−S )b(f+P )− a(f+P )b(f−S )

Δ(ξ)
= −Δ(wP (ξ))

Δ(ξ)
,



R2(wP (ξ)) = − Δ(ξ)

Δ(wP (ξ))
, R2(wS(ξ)) = −Δ(wPS(ξ))

Δ(wS(ξ))
,

R2(wPS(ξ)) = − Δ(wS(ξ))

Δ(wPS(ξ))
.

R2(ξ)R2(wP (ξ)) = 1,

R2(wS(ξ))R2(wPS(ξ)) = 1.

R̃2 =
a(f−P )b(f+S )− a(f+S )b(f−P )

Δ(ξ)
= −Δ(wS(ξ))

Δ(ξ)

R̃2(wP (ξ)) = −Δ(wPS(ξ))

Δ(wP (ξ))
, R̃2(wS(ξ)) = − Δ(ξ)

Δ(wS(ξ))
,

R̃2(wPS(ξ)) = − Δ(wP (ξ))

Δ(wPS(ξ))
,

R̃2(ξ) R̃2(wS(ξ)) = 1,

R̃2(wP (ξ))R̃2(wPS(ξ)) = 1.

R1 =
a(f−P )b(f+P )− a(f+P )b(f−P )

qPΔ(ξ)
= ... =

2qP (a(θP )b(ϕP )− a(ϕP )b(θP ))

qPΔ(ξ)

=
detP(ξ)

Δ(ξ)
;

R̃1 =
a(f+S )b(f−S )− a(f−S )b(f+S )

qSΔ(ξ)
= ... =

2qS (a(θS)b(ϕS)− a(ϕS)b(θS))

qSΔ(ξ)

=
detS(ξ)
Δ(ξ)

,

detP(ξ) := 2 (a(θP )b(ϕP )− a(ϕP )b(θP )) =
a(f−P )b(f+P )− a(f+P )b(f−P )

qP



detS(ξ) := 2 (a(θS)b(ϕS)− a(ϕS)b(θS)) =
a(f+S )b(f−S )− a(f−S )b(f+S )

qS

P(ξ) :=
1√
qP

⎛⎝a(f−P ) a(f+P )

b(f−P ) b(f+P )

⎞⎠
S(ξ) := 1√

qS

⎛⎝a(f+S ) a(f−S )

b(f+S ) b(f−S )

⎞⎠ .

detP(ξ) detS(ξ) ξ

detP(ξ) detS(ξ)
a(θP,S) a(ϕP,S) b(θP,S)

b(ϕP,S) detP(ξ) detS(ξ)

detP(ξ) R1(ξ)

detS(ξ) R̃1(ξ)

R1(ξ) R̃1(ξ)

R1(ξ) =
detP(ξ)

Δ(ξ)
R̃1(ξ) =

detS(ξ)
Δ(ξ)

.

w±
P (Z, ξ) = f±P (Z, ξ) +R2(ξ)f

∓
P (Z, ξ)− qP (ξ)R1(ξ)f

∓
S (Z, ξ),

w±
S (Z, ξ) = f±S (Z, ξ) + R̃2(ξ)f

∓
S (Z, ξ) + qS(ξ)R̃1(ξ)f

∓
P (Z, ξ).

w+
P Δ(ξ)

Δ(ξ)w+
P (Z, ξ) = Δ(ξ)f+P (Z, ξ)−Δ(wP (ξ))f

−
P (Z, ξ)− qP (ξ) detP(ξ)f−S (Z, ξ).

ξ detP(ξ) Δ(ξ)
Δ(wP (ξ)) = 0 ξj

detP(ξj) = 0 Δ(ξj) �= 0 detP(ξ)
R1(ξ) w+

S detS(ξ)
R̃1(ξ)



detS(ξ) detP(ξ)

R1(ξ) R̃1(ξ)
ξ

ξ ω

− ∂

∂Z

(
μ̂
∂ϕ1

∂Z

)
− iξ

(
∂

∂Z
(μ̂ϕ3) + λ̂

∂

∂Z
ϕ3

)
+ (λ̂+ 2μ̂)ξ2ϕ1 = ω2ϕ1

− ∂

∂Z

(
(λ̂+ 2μ̂)

∂ϕ3

∂Z

)
− iξ

(
∂

∂Z
(λ̂ϕ1) + μ̂

∂

∂Z
ϕ1

)
+ μ̂ξ2ϕ3 = ω2ϕ3,

a−(Φ) = iλ̂ξϕ1(0
−) + (λ̂+ 2μ̂)

∂ϕ3

∂Z
(0−) = 0,

b−(Φ) = iξμ̂ϕ3(0
−) + μ̂

∂ϕ1

∂Z
(0−) = 0.

w1 := −iϕ1 w2 := ϕ3
dΦ(x)
dx = −dΦ(Z)

dZ x = −Z

d

dx

(
μ̂
dw1

dx
− ξμ̂w2

)
− ξλ̂

dw2

dx
+

(
ω2 − ξ2(λ̂+ 2μ̂)

)
w1 = 0,

d

dx

(
(λ̂+ 2μ̂)

dw2

dx
+ ξλ̂w1

)
+ ξμ̂

dw1

dx
+ (ω2 − ξ2μ̂)w2 = 0,

(λ̂+ 2μ̂)
dw2

dx
+ ξλ̂w1

∣∣∣
x=0

= ψ2(ξ) := a−(w)

R1(ξ) = 0 ˜R1(ξ) = 0



μ̂
dw1

dx
− ξμ̂w2

∣∣∣
x=0

= ψ1(ξ) := b−(w).

ψ1 =
ψ2 = 0

G

G′ =
1

2
LG, G(0) = I,

I

L =

(
0 −d
−c 0

)
, c =

1

μ̂I

μ̂(λ̂+ μ̂)

(λ̂+ 2μ̂)
, d = −2μ̂I

d2

dx2

(
1

μ̂

)
.

(
w1

w2

)
= M−1(F ) :=

(
d

dx
1

−ξ 0

)⎛⎜⎜⎝
μ̂I
μ̂

0

0
μ̂

λ̂+ 2μ̂

⎞⎟⎟⎠(
GT

)−1
F,

F ′′ − ξ2F = QF, x ∈ (0,+∞),

F ′ +ΘF =
(
Da

)−1
Ψ, x = 0.

Ψ = (ψ1, ψ2)
T

T Θ =
(
Da

)−1
Ca Da Ca

Da(ξ) =

⎛⎝ −2μ̂I
μ̂′

μ̂
μ̂

−2μ̂Iξ 0

⎞⎠ , Ca(ξ) =

⎛⎜⎜⎝ μ̂I

(
2ξ2 − ω2

μ̂
+
μ̂′′

μ̂

)
− μ̂′μ̂
λ̂+ 2μ̂

2μ̂Iξ
μ̂′

μ̂
−ξ μ̂2

λ̂+ 2μ̂

⎞⎟⎟⎠
Da(ξ)

(Da(ξ))−1 =
1

2μ̂I μ̂ξ

⎛⎝ 0 −μ̂
2μ̂Iξ −2μ̂I

μ̂′

μ̂

⎞⎠ .



Θ(ξ) = (Da(ξ))−1Ca(ξ) =

=

⎛⎜⎜⎝ − μ̂
′(0)
μ̂(0)

1

2μ̂I

μ̂2(0)

(λ̂(0) + 2μ̂(0))
μ̂I
μ̂(0)

(
2ξ2 − ω2

μ̂(0)
− μ̂(0)

d2

dx2

(
1

μ̂

)
(0)

)
0

⎞⎟⎟⎠
=:

⎛⎝ −θ3 θ2

2 μ̂I
μ̂ ξ

2 − θ1 0

⎞⎠ .

Q

Q =
(
G−1BG

)T
, B = B1 + ω2B2,

B1 =⎛⎜⎜⎝ −1
2

d2

dx2

(
1
μ̂

)
μ̂(λ̂+μ̂)

λ̂+2μ̂
+ μ̂′′

μ̂ μ̂I

(
2 μ̂′

μ̂
d2

dx2

(
1
μ̂

)
+ d3

dx3

(
1
μ̂

))
1
μ̂I

(
λ̂′μ̂2+μ̂′λ̂(λ̂+μ̂)

(λ̂+2μ̂)2
− 1

2
d
dx

(
μ̂(λ̂+μ̂)

λ̂+2μ̂

))
1
2

d2

dx2

(
1
μ̂

)
(λ̂−μ̂)

λ̂+2μ̂

⎞⎟⎟⎠

B2 =

⎛⎜⎜⎝ − 1

μ̂
μ̂I

d

dx

( 1

μ̂2

)
0 − 1

λ̂+ 2μ̂

⎞⎟⎟⎠ .

G′
11 = −d

2
G21, G′

12 = −d
2
G22, G′

21 = − c
2
G11, G′

22 = − c
2
G12,

detG(x) = 1 d μ̂

GH
jk = Gjk(H), j, k = 1, 2.

G(x) x ≥ xI =: H

G′ = −cI
2

(
0 0
G11 G12

)
, G(H) =

(
GH

11 GH
12

GH
21 GH

22

)
,



cI =
λ̂I + μ̂I

λ̂I + 2μ̂I
.

G11(x) = GH
11, G12(x) = GH

12,

G21(x) = −cI
2
GH

11(x−H) +GH
21, G22(x) = −cI

2
GH

12(x−H) +GH
22.

detG(x) = 1

G−1 =

(
G22 −G12

−G21 G11

)
.

Q(x)
Q(x) x ≥ H Q0(x)

Q0(x) = ω2

(
− 1

μ̂I
0

0 − 1
λ̂I+2μ̂I

)
+ ω2 λ̂I + μ̂I

μ̂I(λ̂I + 2μ̂I)

(−GH
12G21(x) G21(x)G

H
11

−GH
12G22(x) GH

12G21(x)

)

Q0(x) [0,∞)
V (x) := Q(x)−Q0(x) V (x) = 0 x ≥ H.

− F ′′ +Q0F + V F = −ξ2F,
F ′ +ΘF = 0, x = 0,

Θ

−F ′′ +Q0F = −ξ2F

F±
P,0 =

(
(F±

P,0)1
(F±

P,0)2

)
e±ixqP , qP =

√
ω2

λ̂I + 2μ̂I
− ξ2,

F±
S,0 =

(
(F±

S,0)1
(F±

S,0)2

)
e±ixqS , qS =

√
ω2

μ̂I
− ξ2.



w = (w1, w2)
T

w±
P,0 = μ̂I

ξ2

ω2

⎛⎝ 1

∓ i

ξ
qP

⎞⎠ e±ixqP ,

w±
S,0 = μ̂I

ξ2

ω2

⎛⎝ ∓ i

ξ
qS

1

⎞⎠ e±ixqS .

M(w±
P,0) := F±

P,0 =

⎛⎜⎜⎜⎝
G21(x)± iqP

μ̂I
ω2
GH

11

G22(x)± iqP
μ̂I
ω2
GH

12

⎞⎟⎟⎟⎠ e±ixqP

=

⎛⎜⎜⎜⎝
(
−cI

2
GH

11(x−H) +GH
21

)
± iqP

μ̂I
ω2
GH

11

(
−cI

2
GH

12(x−H) +GH
22

)
± iqP

μ̂I
ω2
GH

12

⎞⎟⎟⎟⎠ e±ixqP ,

M(w±
S,0) := F±

S,0 = −μ̂I ξ
ω2

⎛⎝ GH
11

GH
12

⎞⎠ e±ixqS ,

G21(x) = −cI
2
GH

11(x−H) +GH
21, G22(x) = −cI

2
GH

12(x−H) +GH
22.

F±
P = F±

P,0. F±
S = F±

S,0 x > H.

F(x, ξ) =

⎛⎝
(
F+
P

)
1

(
F+
S

)
1(

F+
P

)
2

(
F+
S

)
2

⎞⎠ ,

F0(x, ξ) =

⎛⎜⎜⎝
(
F+
P,0

)
1

(
F+
S,0

)
1(

F+
P,0

)
2

(
F+
S,0

)
2

⎞⎟⎟⎠



=

⎛⎜⎜⎝
(
G21(x) + iqP

μ̂I

ω2G
H
11

)
e−iqP x − μ̂Iξ

ω2 G
H
11e

−iqSx

(
G22(x) + iqP

μ̂I

ω2G
H
12

)
e−iqP x − μ̂Iξ

ω2 G
H
12e

−iqSx

⎞⎟⎟⎠
(
F+
P

)
i

i F+
P F+

S

F(x, ξ) = F0(x, ξ)−
∫ ∞

x
G(x, y)V (y)F(y, ξ)dy,

G(x, y) G(·, t)

−F ′′ +Q0F = −ξ2F,

G(x, x) = 0,
∂

∂x
G(x, y)|y=x = I.

G(x, y) = A(x)
sin((x− y)qP )

qP
+ B(y)sin((x− y)qS)

qS

+ C cos((x− y)qS)− cos((x− y)qP )

ω2

A(x) : =

⎛⎝GH
12

[
cI
2 G

H
11(x−H)−GH

21

]
GH

11

[− cI
2 G

H
11(x−H) +GH

21

]
GH

12

[
cI
2 G

H
12(x−H)−GH

22

]
GH

11

[− cI
2 G

H
12(x−H) +GH

22

]
⎞⎠

=

⎛⎝−GH
12G21(x) GH

11G21(x)

−GH
12G22(x) GH

11G22(x)

⎞⎠ ,

B(y) : =
⎛⎝GH

11

[
cI
2 (−y +H)GH

12 +GH
22

] −GH
11

[
cI
2 (−y +H)GH

11 +GH
21

]
GH

12

[
cI
2 (−y +H)GH

12 +GH
22

] −GH
12

[
cI
2 (−y +H)GH

11 +GH
21

]
⎞⎠

=

⎛⎝GH
11G22(y) −GH

11G21(y)

GH
12G22(y) −GH

12G21(y)

⎞⎠ ,

C : =

⎛⎝ μ̂IG
H
12G

H
11 −μ̂I(GH

11)
2

μ̂I(G
H
12)

2 −μ̂IGH
12G

H
11

⎞⎠ .



A(x) x B(y)
y C

FΘ(ξ) := F ′(0, ξ) + ΘF(0, ξ),

Θ

FΘ(ξ) B(ξ)

FΘ(ξ) =
1

2ξμ̂I μ̂(0)

⎛⎜⎝ μ̂(0) 0

2μ̂I
μ̂′(0)
μ̂(0) 2iμ̂Iξ

⎞⎟⎠
⎛⎝a(fP ) a(fS)

b(fP ) b(fS)

⎞⎠ ξ
μ̂I
ω2

⎛⎝i 0

0 −1

⎞⎠ ,

B(ξ) = A1(ξ)FΘ(ξ)A2(ξ)

A1(ξ) =

⎛⎜⎝ 2ξμ̂I 0

2iμ̂I
μ̂′(0)
μ̂(0) −iμ̂(0)

⎞⎟⎠ , A2(ξ) =

⎛⎜⎝ ω2

iξμ̂I
0

0 − ω2

ξμ̂I

⎞⎟⎠ .

B(ξ) =

⎛⎝a(f−P ) a(f−S )

b(f−P ) b(f−S )

⎞⎠ .

f w

B(w) =

⎛⎝b(wP ) b(wS)

a(wP ) a(wS)

⎞⎠ =

⎛⎝ ib(fP ) ib(fS)

−a(fP ) −a(fS)

⎞⎠ ξ
μ̂I
ω2

⎛⎝i 0

0 −1

⎞⎠



=

⎛⎝ 0 i

−1 0

⎞⎠⎛⎝a(f−P ) a(f−S )

b(f−P ) b(f−S )

⎞⎠ ξ
μ̂I
ω2

⎛⎝i 0

0 −1

⎞⎠

w =

⎛⎝wP,1 wS,1

wP,2 wS,2

⎞⎠ .

(Da)−1B(w)
∣∣
x=0

= F ′ +ΘF∣∣
x=0

, M(w) = F .

FΘ(ξ) = (Da)−1B(w)
∣∣
x=0

FΘ(ξ) =
1

2μ̂I μ̂(0)ξ

⎛⎝ 0 −μ̂(0)
2μ̂Iξ −2μ̂I

μ̂′(0)
μ̂(0)

⎞⎠⎛⎝ 0 i

−1 0

⎞⎠⎛⎝a(f−P ) a(f−S )

b(f−P ) b(f−S )

⎞⎠
· ξ μ̂I
ω2

⎛⎝i 0

0 −1

⎞⎠ = A−1
1 (ξ)B(ξ)A−1

2 (ξ)

A−1
1 (ξ) =

1

2μ̂I μ̂(0)ξ

⎛⎜⎝ μ̂(0) 0

2μ̂I
μ̂′(0)
μ̂(0) 2iμ̂Iξ

⎞⎟⎠ , A−1
2 (ξ) = ξ

μ̂I
ω2

⎛⎝i 0

0 −1

⎞⎠ .

B(ξ) FΘ(ξ)

B(ξ) = A1(ξ)FΘ(ξ)A2(ξ),

A1(ξ) =

⎛⎜⎝ 2ξμ̂I 0

2iμ̂I
μ̂′(0)
μ̂(0) −iμ̂(0)

⎞⎟⎠ , A2(ξ) =

⎛⎜⎝ ω2

iξμ̂I
0

0 − ω2

ξμ̂I

⎞⎟⎠ .



H±
P (x) = e∓ixqPF±

P , H±
S (x) = e∓ixqPF±

S ,

H±
P,0(x) = e∓ixqPF±

P,0, H±
S,0(x) = e∓ixqPF±

S,0,

H ≡ H+

H(x) =

⎛⎝[HP (x)]1 [HS(x)]1

[HP (x)]2 [HS(x)]2

⎞⎠ .

+

HP (x) = HP,0(x)−
∫ ∞

x
G̃(x, y)V (y)HP (y)dy,

HP,0(x) =

⎛⎝ G21(x) + iqP
μ̂I

ω2G
H
11

G22(x) + iqP
μ̂I

ω2G
H
12

⎞⎠ , G̃(x, y) = ei(y−x)qP G(x, y),

HS(x) = HS,0(x)−
∫ ∞

x
G̃(x, y)V (y)HS(y)dy,

HS,0(x) = − μ̂Iξ
ω2

ei(qS−qP )x

⎛⎝ GH
11

GH
12

⎞⎠ ,

H+
0 (x) =

⎛⎝ G21(x) + iqP
μ̂I

ω2G
H
11 − μ̂Iξ

ω2 G
H
11e

−i(qP−qS)x

G22(x) + iqP
μ̂I

ω2G
H
12 − μ̂Iξ

ω2 G
H
12e

−i(qP−qS)x

⎞⎠ .

F(x) = F0 −
∫ ∞

x
G(x, y)V (y)F(y)dy,



e−ixqP

F(x)e−ixqP = F0e
−ixqP −

∫ ∞

x
G(x, y)V (y)F(y)e−ixqP dy,

H(x) = H0(x)−
∫ ∞

x
G(x, y)e−i(x−y)qP V (y)F(y)e−iyqP dy

= H0(x)−
∫ ∞

x
G(x, y)e−i(x−y)qP V (y)H(y)dy.

H
F

H(x) = H0(x)−
∫ ∞

x
G̃(x, y)V (y)H0(y)dy

+

∫ ∞

x
G̃(x, y)V (y)

∫ ∞

y
G̃(y, t)V (t)H(t)dydt

= H0(x, ξ) +
∞∑
l=1

H(l)(x, ξ),

l ≥ 1

H(l)(x, ξ) :=(−1)l
∫ H

x
· · ·

∫ H

tl−1

G̃(x, t1) · · · G̃(tl−1, tl)

· V (t1) · · ·V (tl)H0(t, ξ)dt1 · · · dtl.

F (ξ)

Δ(ξ)
F (ξ)

VH V V ∈
L1(R+;C

2×2) suppV ⊂ [0, H] H > 0 ε > 0
(H − ε,H) ∩ suppVij i, j = 1, 2



V ∈ VH x ≥ 0,
F(x, ξ) ξ Ξ±,± ξ ∈ Ξ

F(x, ξ) ≡ F+(x, ξ) = F+
0 (x, ξ)−

∫ H

x
G(x, y)V (y)F+

0 (y, ξ)dy +

∞∑
k=2

Fk(x, ξ),

||Fk(x, ξ)|| ≤ C
|ξ|
k!
eγ(ξ)(H−x)eH

ζP−S
2 e

−x
(

ζP
2

)
(a(x))k ,

ζP−S := Im(qP − qS) + | Im(qP − qS)|, ζP := Im qP + | Im qP |,

a(x) :=

∫ H
x ||V (t)||dt
max{1, |ξ|} ,

γ(ξ) =

{
0 ξ ∈ Ξ+,±
−2 Im qP ξ ∈ Ξ−,±

.

cos((x− y)qS)− cos((x− y)qP )

= −2 sin

(
1

2
(x− y)(qS + qP )

)
sin

(
1

2
(x− y)(qS − qP )

)

− 2

ω2
C sin

(
1

2
(x− y)(qS + qP )

)
sin

(
1

2
(x− y)(qS − qP )

)
.

G̃(x, y) := G(x, y)e−i(x−y)qP

sin [qP (x− y)]

qP
e−i(x−y)qP =

1− e−2iqP (x−y)

2iqP
=

1− e2iqP (y−x)

2iqP
,

sin [qS(x− y)]

qS
e−i(x−y)qP =

ei(x−y)(qS−qP ) − e−i(x−y)(qP+qS)

2iqS

=
ei(y−x)(qP−qS) − ei(y−x)(qP+qS)

2iqS
,



sin

[
(x− y)(qP + qS)

2

]
sin

[
(x− y)(qS − qP )

2

]
e−i(x−y)qP

= − sin

[
(y − x)(qP + qS)

2

]
sin

[
(y − x)(qP − qS)

2

]
e−i(x−y)qP

= −
(
e

i
2
(y−x)(qP+qS) − e

−i
2
(y−x)(qP+qS)

2i

)

·
(
e

i
2
(y−x)(qP−qS) − e

−i
2
(y−x)(qP−qS)

2i

)
e−i(x−y)qP

= −
(
ei(y−x)qP − ei(y−x)qS − e−i(y−x)qS + e−i(y−x)qP

−4

)
ei(y−x)qP

=
e2i(y−x)qP − ei(y−x)(qP+qS) − ei(y−x)(qP−qS) + 1

4
,

G̃(x, y) = G(x, y)e−i(x−y)qP = A(x)

[
1− e2iqP (y−x)

2iqP

]

+ B(y)
[
−ei(y−x)(qP+qS) + ei(y−x)(qP−qS)

2iqS

]

+ C
[
−e2i(y−x)qP + ei(y−x)(qP+qS) + ei(y−x)(qP−qS) − 1

2ω2

]
.

G̃(x, y, ξ) x y
ξ G̃(x, y, ξ) 0 ≤
x ≤ y ≤ H y − x ≥ 0

||G̃(x, y, ξ)|| ≤ C

max{1, |ξ|}e
(y−x)γ(ξ)

C > 0 ξ x y γ(ξ)

γ(ξ) = max

{
| Im qP | − Im qP ,

| Im(qP − qS)| − Im(qP − qS)

2
,

ξ qS(ξ) qP (ξ)



| Im(qP + qS)| − Im(qP + qS)

2

}
.

γ(ξ) = 0 Ξ+,± Im qP > 0 Im(qP + qS) > 0
Im(qP −qS) > 0 Ξ−,± γ(ξ) = −2 Im qP

Im qP > 0 Im(qP +qS) < 0 Im(qP −qS) < 0

Im(qP − qS) < 0 ⇐⇒ Im qP < Im qS ⇐⇒ 2 Im qP < Im qP + Im qS

⇐⇒ −2 Im qP > − Im(qP + qS),

Im(qP + qS) < 0 ⇐⇒ Im qP < − Im qS

⇐⇒ − Im qP > Im qS ⇐⇒ −2 Im qP > − Im(qP − qS)

H0(x)

||H0(x)|| ≤ C|ξ|ex
ζP−S

2 .

||H(x)|| ≤ ||H0||+
∫ ∞

x

C

max{1, |ξ|}e
(y−x)γ(ξ)||V (y)|| ||H(y)||dy.

H(x, ξ) =

∞∑
l=0

H(l)(x, ξ),

H(0)(x, ξ) = H0(x, ξ)

l

||H(l)(x, ξ)|| ≤
∫ ∞

x

∫ ∞

t1

· · ·
∫ ∞

tl−1

C
eγ(ξ)[t1−x+(t2−t1)+···(tl−tl−1)]

(max{1, |ξ|})l
· ||V (t1)|| · · · ||V (tl)|| ||H0(tl, ξ)||dtl · · · dt1

= C|ξ|eH
ζP−S

2

∫ ∞

x

∫ ∞

t1

· · ·
∫ ∞

tl−1

eγ(ξ)(tl−x)

(max{1, |ξ|})l ||V (t1)|| · · · ||V (tl)||dtl · · · dt1



≤ C
eγ(ξ)(H−x)

(max{1, |ξ|})l |ξ|e
H

ζP−S
2

1

l!

(∫ H

x
||V (t)||dt

)l

≤ C
eγ(ξ)H

(max{1, |ξ|})l |ξ|e
H

ζP−S
2

1

l!

(∫ H

0
||V (t)||dt

)l

t0 = x V (t) = 0 t ≥ H

H(l)(x, ξ) Ξ±,±

ξ

||H(x)−H0(x)|| ≤
∞∑
l=1

||H(l)(x, ξ)|| ≤ |ξ|eγ(ξ)(H−x)eH
ζP−S

2 e

∫H
x ||V (t)||dt
max{1,|ξ|} .

F(x)

||H(x)−H0(x)|| = ||F(x)e−ixqP −F0(x)e
−ixqP || = ||F(x)−F0(x)||ex

(
ζP
2

)

||F(x)−F0(x)|| ≤ |ξ|eγ(ξ)(H−x)eH
ζP−S

2 e
−x

(
ζP
2

)
e

∫H
x ||V (t)||dt
max{1,|ξ|}

ξ

||F(x, ξ)−F0(x, ξ)−
∫ H

x
G(x, y)V (y)F0(y, ξ)dy||

≤
∞∑
k=2

|ξ|
k!
eγ(ξ)(H−x)e

H
(

ζP−S
2

)
e
−x

(
ζP
2

)
(a(x))k

= |ξ|eγ(ξ)(H−x)e
H
(

ζP−S
2

)
e
−x

(
ζP
2

) (
ea(x) − 1− a(x)

)
≤ |ξ|eγ(ξ)(H−x)e

H
(

ζP−S
2

)
e
−x

(
ζP
2

)
(a(x))2

2
ea(x).



||F(x, ξ)−F0(x, ξ)−
∫ H

x
G(x, y)V (y)F0(y, ξ)dy

+

∫ ∞

x

∫ ∞

y
G(x, y)V (y)G(y, t)V (t)F0(t, ξ)dtdy||

≤ |ξ|eγ(ξ)(H−x)e
H
(

ζP−S
2

)
e
−x

(
ζP
2

)
(a(x))3

6
ea(x).

Ξ+,+ Ξ+,− Im(qP + qS) > 0 Im(qP − qS) > 0
Im qP > 0 γ(ξ) = 0

||F(x)−F0(x)|| ≤ |ξ|e(H−x) Im qP e−H Im qSe

∫H
x ||V (t)||dt
max{1,|ξ|} .

Ξ−,− Ξ−,+ Im(qP + qS) < 0 Im(qP − qS) < 0
Im qP < 0 γ(ξ) = −2 Im qP

||F(x)−F0(x)|| ≤ |ξ|e−2(H−x) Im qP e

∫H
x ||V (t)||dt
max{1,|ξ|} .

x ≥ 0, F ′(x, ξ) :=
∂
∂xF(x, ξ) ξ Ξ±,±

F ′(x, ξ) =F ′
0(0, ξ)Q(ξ) + P(0, ξ)−

∫ H

x
Gx(x, y)V (y)F+

0 (y)dy

+ |qS ||ξ|
∞∑
k=2

Fk(x, ξ),

F ′
0(0, ξ)Q(ξ) + P(0, ξ) =⎛⎜⎜⎝
(
cI
2 G

H
11H + iqPG21(x)− q2P

μ̂I

ω2G
H
11

)
eixqP − iqS μ̂Iξ

ω2 GH
11e

ixqS

(
cI
2 G

H
12H + iqPG22(x)− q2P

μ̂I

ω2G
H
12

)
eixqP − iqS μ̂Iξ

ω2 GH
12e

ixqS

⎞⎟⎟⎠ ,



Q(x) P(x, ξ)

Q(x) =

⎛⎝qP 0

0 qS

⎞⎠ , P(x, ξ) = iqP
cI
2
HeixqP

⎛⎝GH
11 0

GH
12 0

⎞⎠ ,

cI := λ̂I+μ̂I

λ̂I+2μ̂I

x

F ′(x, ξ) = iF0(x, ξ)Q(ξ) + P(x, ξ) + G(x, x)V (x)F(x)

−
∫ ∞

x
Gx(x, y)V (y)F(y)dy

= iF0(x, ξ)Q(ξ) + P(x, ξ)−
∫ ∞

x
Gx(x, y)V (y)F(y)dy,

x

Gx(x, y) =A0
sin((x− y)qP )

qP
+A(x) cos((x− y)qP ) + B(y) cos((x− y)qS)

+ C qP sin((x− y)qP )− qS sin((x− y)qS)

ω2
,

A0 =
cI
2

⎛⎜⎝GH
11G

H
12 − [

GH
11

]2
[
GH

11

]2 −GH
11G

H
12

⎞⎟⎠ .

G̃x(x, y) := Gx(x, y)e
i(x−y)qP

sin [qP (x− y)]

qP
e−i(x−y)qP =

1− e2iqP (y−x)

2iqP
;

cos((x− y)qP )e
−i(x−y)qP =

1 + e2iqP (y−x)

2
;

cos((x− y)qS)e
−i(x−y)qP =

ei(y−x)(qP−qS) + ei(y−x)(qP+qS)

2
;

[qP sin((x− y)qP )− qS sin((x− y)qS)] e
−i(x−y)qP

=
1

2i

[
qP

(
1− e2iqP (y−x)

)
− qS

(
ei(y−x)(qP−qS) − ei(y−x)(qP+qS)

)]
.



G̃x(x, y)

||G̃x(x, y)|| ≤ C|qS |eγ(ξ)(y−x),

e−i(x−y)qP H

||F ′(x, ξ)e−ixqP || ≤ || (iF0(x, ξ)Q(x) + P(x, ξ)) e−ixqP ||+
∞∑
l=1

||M(l)(x, ξ)||;

||M(l)(x, ξ)|| ≤ C
eγ(ξ)(H−x)

(max{1, |ξ|})l−1
|qS ||ξ|eH

ζP−S
2 e

−x
(

ζP
2

)

· 1
l!

(∫ H

x
||V (t)||dt

)l

= C
eγ(ξ)(H−x)

(max{1, |ξ|})l |qS ||qP ||ξ|e
H

ζP−S
2

· e−x
(

ζP
2

)
1

l!

(∫ H

x
||V (t)||dt

)l

,

M(x, ξ)
F ′(x, ξ) Ξ±,±

F (ξ) F (ξ)

F (ξ)
12H

|F (ξ)| ≤ C|ξ|20e12H|Re ξ|.

x = 0

||F(0, ξ)|| ≤ C|ξ|e2Hb(ξ)

b(ξ) :=

{
0 ξ ∈ Ξ+,+

Re ξ ξ ∈ Ξ \ Ξ+,+

.

γ(ξ) =

{
0 ξ ∈ Ξ+,±
−2 Im qP ξ ∈ Ξ−,±,



ζP−S =

{
2 Im(qP − qS) ξ ∈ Ξ+,±
0 ξ ∈ Ξ−,±

.

||F ′(0)|| ≤ C|ξ|2e2Hb(ξ),

FΘ := F ′(0) + ΘF(0)

Θ = ξ2
2μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠+

⎛⎝−θ3 θ2

−θ1 0

⎞⎠ ,

||FΘ(ξ)|| ≤ C|ξ|3e2Hb(ξ).

Δ(ξ) = det (A1(ξ)FΘ(ξ))A2(ξ))

||Δ(ξ)|| ≤ C|ξ|5 ξ ∈ Ξ+,+

||Δ(w•(ξ))|| ≤ C|ξ|5e4H Re ξ, • = P, S, PS.

F (ξ) := Δ(ξ)Δ(wP (ξ))Δ(wS(ξ))Δ(wPS(ξ))
F (ξ)

||F (ξ))|| ≤ C|ξ|20e12H Re ξ, ξ ∈ C.

ξ20 12H Re ξ

Θ ξ2

FΘ(ξ)
ξ4

H0(x, ξ)∫∞
x G̃(x, y)V (y)H0(y)dy



H0(x, ξ) |ξ| → ∞ ξ
Ξ+,+

H0(x, ξ) =− ξ
μ̂I
ω2

⎛⎝GH
11 GH

11

GH
12 GH

12

⎞⎠+

⎛⎝G21(x) − cIx
2 G

H
11

G22(x) − cIx
2 G

H
12

⎞⎠

+ ξ−1

⎛⎜⎜⎝
μ̂I

2(λ̂I+2μ̂I)
GH

11 −ω2c2Ix
2

8μ̂I
GH

11

μ̂I

2(λ̂I+2μ̂I)
GH

12 −ω2c2Ix
2

8μ̂I
GH

12

⎞⎟⎟⎠+ o(|ξ|−1).

H±
0 (x, ξ) =

⎛⎝ G21(x)± iqP
μ̂I

ω2G
H
11 − μ̂Iξ

ω2 G
H
11e

−i(qP−qS)x

G22(x)± iqP
μ̂I

ω2G
H
12 − μ̂Iξ

ω2 G
H
12e

−i(qP−qS)x

⎞⎠ .

|ξ| → ∞ ξ ∈ Ξ+,+ ξ

qS = iξ − i ω2

2μ̂Iξ
+ O(|ξ|−3) qP = iξ − i ω2

2(λ̂I+2μ̂I)ξ
+ O(|ξ|−3)

qP − qS =
iω2cI
2ξ

+O(|ξ|−3)

e−i(qP−qS)x = 1 +
ω2cIx

2μ̂Iξ
+
ω4c2Ix

2

8μ̂2Iξ
2

+O(ξ−3).

ξ

H0(x, ξ) =⎛⎜⎜⎝
G21(x)− μ̂IG

H
11

ω2 (ξ − ω2

2σIξ
+O(ξ−3)) − μ̂IG

H
11ξ

ω2 (1 + ω2cIx
2μ̂Iξ

+
ω4c2Ix

2

8μ̂2
Iξ

2 +O(ξ−3))

G22(x)− μ̂IG
H
12

ω2 (ξ − ω2

2σIξ
+O(ξ−3)) − μ̂IG

H
12ξ

ω2 (1 + ω2cIx
2μ̂Iξ

+
ω4c2Ix

2

8μ̂2
Iξ

2 +O(ξ−3))

⎞⎟⎟⎠

= −ξ μ̂I
ω2

⎛⎝GH
11 GH

11

GH
12 GH

12

⎞⎠+

⎛⎜⎝G21(x) − cIG
H
11x
2

G22(x) − cIG
H
12x
2

⎞⎟⎠+ ξ−1

⎛⎜⎜⎝
μ̂IG

H
11

2(λ̂I+2μ̂I)
−ω2c2IG

H
11x

2

8μ̂I

μ̂IG
H
12

2(λ̂I+2μ̂I)
−ω2c2IG

H
12x

2

8μ̂I

⎞⎟⎟⎠
+ o(|ξ|−1)

σI := λ̂I + 2μ̂I



GH :=

⎛⎝GH
11 GH

11

GH
12 GH

12

⎞⎠

GH(y) :=

⎛⎝G21(y) − cIy
2 G

H
11

G22(y) − cIy
2 G

H
12

⎞⎠

H0

H(1)(x, ξ)

V ∈ VH H(1)(x, ξ) |ξ| → ∞
Re ξ > 0 Ξ+,+∫ H

x
G̃(x, y)V (y)H0(y, ξ)dy =

∫ H

x

μ̂I
2ω2

V (y)GHdy

− 1

4ξ

μ̂I
ω2

∫ H

x

(
B(y)ω

2cI(y − x)

μ̂I
+ Cω

2c2I(y − x)2

4μ̂2I

)
V (y)GHdy

− 1

2ξ

∫ H

x
V (y)GH(y)dy − 1

4ξ

μ̂I
ω2
V (x)GH + o(ξ−1).

G̃(x, y)

G̃(x, y) = A(x)

[
1− e2iqP (y−x)

2iqP

]
+ B(y)

[
−ei(y−x)(qP+qS) + ei(y−x)(qP−qS)

2iqS

]

+ C
[
−e2i(y−x)qP + ei(y−x)(qP+qS) + ei(y−x)(qP−qS) − 1

2ω2

]
= G̃1(x, y) + G̃2(x, y),

G̃1(x, y) :=
A(x)

2iqP
+ B(y)e

i(y−x)(qP−qS)

2iqS
+ C e

i(y−x)(qP−qS)

2ω2
− C

2ω2

G̃2(x, y) :=− A(x)

2iqP
e2iqP (y−x) − B(y)e

i(y−x)(qP+qS)

2iqS



+ C e
i(y−x)(qP+qS)

2ω2
− C

2ω2
e2iqP (y−x).

∫ H
x G̃(x, y)V (y)H0(y, ξ)dy G̃1(x, y)

G̃2(x, y)

|ξ| → ∞ Re ξ > 0 Ξ+,+

ξ

G̃1(x, y)

G̃1(x, y) =
A(x)

−2ξ

(
1 +O(ξ−2)

)
+

B(y)
−2ξ

(
1 +O(ξ−2)

)(
1− ω2cI(y − x)

2μ̂Iξ

+O(ξ−2)
)
+

C
2ω2

(
1− ω2cI(y − x)

2μ̂Iξ
+
ω4c2I(y − x)2

8μ̂2Iξ
2

+O(ξ−3)

)
− C

2ω2

=
1

−2ξ

(
A(x) + B(y) + cI(y − x)

2μ̂I
C
)
+

1

4ξ2

(
B(y)ω

2cI(y − x)

μ̂I

+Cω
2c2I(y − x)2

4μ̂2I

)
=

1

−2ξ
+

1

4ξ2

(
B(y)ω

2cI(y − x)

μ̂I
+ Cω

2c2I(y − x)2

4μ̂2I

)

A(x) + B(y) + cI(y − x)

2μ̂I
C =

(
GH

11G
H
22 −GH

12G
H
21

)⎛⎝1 0

0 1

⎞⎠
= detG

⎛⎝1 0

0 1

⎞⎠ =

⎛⎝1 0

0 1

⎞⎠

∫ H

x
G̃1(x, y)V (y)H0(y, ξ)dy =

∫ H

x

μ̂I
2ω2

V (y)GHdy

− 1

4ξ

μ̂I
ω2

∫ H

x

(
B(y)ω

2cI(y − x)

μ̂I
+ Cω

4c2I(y − x)2

4μ̂2I

)
V (y)GHdy

− 1

2ξ

∫ H

x
V (y)GH(y)dy +O

(
1

|ξ|2
)
.



G̃2(x, y) |ξ| → ∞ Re ξ > 0
Ξ+,+

e2iqP (y−x) = e−2(y−x)ξ
(
1 + (y−x)ω2

(λ̂I+2μ̂I)ξ
+ (y−x)2ω4

2(λ̂I+2μ̂I)2ξ2
+O(|ξ|−3)

)
;

ei(y−x)(qP+qS) = e−2(y−x)ξ
(
1 + (y−x)ρω2

2μ̂Iξ
+ (y−x)2ρ2ω4

8μ̂2
Iξ

2 +O(|ξ|−3)
)
,

qP + qS = 2iξ − i ω
2ρ

2μ̂Iξ
+ O(ξ−3) ρ := λ̂I+3μ̂I

λ̂I+2μ̂I

G̃2(x, y)

− A(x)

2iqP
e2iqP (y−x) = −e−2(y−x)ξA(x)

−2ξ

(
1 +O(ξ−2)

) (
1 +O(ξ−1)

)
;

− B(y)e
i(y−x)(qP+qS)

2iqS
= −e−2(y−x)ξB(y)

−2ξ

(
1 +O(ξ−2)

) (
1 +O(ξ−1)

)
;

C e
i(y−x)(qP+qS)

2ω2
= e−2(y−x)ξ C

2ω2

(
1 +

(y − x)ρω2

2μ̂Iξ
+O(|ξ|−2)

)
;

− C
2ω2

e2iqP (y−x) = −e−2(y−x)ξ C
2ω2

(
1 +

(y − x)ω2

(λ̂I + 2μ̂I)ξ
+O(|ξ|−2)

)
.

G̃2(x, y) =
e−2(y−x)ξ

2ξ

[
A(x) + B(y) + cI(y − x)

2μ̂I
C +O(ξ−1)

]
=
e−2(y−x)ξ

2ξ

(
1 +O(ξ−1)

)
∫ H
x G̃2(x, y)V (y)H0(y, ξ)dy

∫ H

x
G̃2(x, y)V (y)H0(y, ξ)dy =

∫ H

x

e−2(y−x)ξ

2ξ
V (y)

(
−ξ μ̂I

ω2

)⎛⎝GH
11 GH

11

GH
12 GH

12

⎞⎠
= O(|ξ|−∞)

Re ξ > 0 O(|ξ|−∞)
O(|ξ|−N ) N ∈ N

∫ H

x
G̃(x, y)V (y)H0(y, ξ)dy =

∫ H

x

μ̂I
2ω2

V (y)GHdy



− 1

4ξ

μ̂I
ω2

∫ H

x

(
B(y)ω

2cI(y − x)

μ̂I
+ Cω

2c2I(y − x)2

4μ̂2I

)
V (y)GHdy

− 1

2ξ

∫ H

x
V (y)GH(y)dy + o(ξ−1).

H(2)(x, ξ)

H(2)(x, ξ) |ξ| →
∞ Re ξ > 0 Ξ+,+

H(2)(x, ξ) =

∫ H

x

∫ H

y
G̃(x, y)V (y)G̃(y, t)V (t)H0(t, ξ)dydt

=

∫ H

x

∫ H

y

e−ξx

4ξ

μ̂I
ω2
V (y)V (t)GHdydt+ o(|ξ|−1).

G̃(y, t)V (t)H0(t, ξ) =
μ̂I
2ω2

V (t)GH +O(ξ−1)

G̃(x, y) = − 1
2ξ + o(|ξ|−1) ξ ∈ Ξ+,+ Re ξ > 0

G̃(x, y)V (y) = − 1

2ξ
V (y) + o(ξ−1),

∫ H

x

∫ H

y
G̃(x, y)V (y)G̃(y, t)V (t)H0(t, ξ)dydt

= −
∫ H

x

∫ H

y

1

4ξ

μ̂I
ω2
V (y)V (t)GHdydt+ o(|ξ|−1).

Ξ+,+

V ∈ VH F(0, ξ)
|ξ| → ∞ Re ξ > 0 Ξ+,+

F(0, ξ) =− ξ
μ̂I
ω2
GH +GH(y)− μ̂I

2ω2

∫ H

0
V (y)GHdy + ξ−1

⎛⎜⎝
μ̂I

2(λ̂I+2μ̂I)
GH

11 0

μ̂I

2(λ̂I+2μ̂I)
GH

12 0

⎞⎟⎠



+
1

4ξ

∫ H

0
cIB

(y
2

)
yV (y)GHdy +

1

2ξ

∫ H

0
V (y)GH(y) dy

− 1

4ξ

∫ H

0

∫ H

y

μ̂I
ω2
V (y)V (t)GHdydt+ o(ξ−1).

F(x, ξ)e−ixqP = H(x, ξ) = −ξ μ̂I
ω2
GH +GH(x)

+ ξ−1

⎛⎜⎜⎝
μ̂I

2(λ̂I+2μ̂I)
GH

11 −ω2c2Ix
2

8μ̂I
GH

11

μ̂I

2(λ̂I+2μ̂I)
GH

12 −ω2c2Ix
2

8μ̂I
GH

12

⎞⎟⎟⎠−
∫ H

x

μ̂I
2ω2

V (y)GHdy

+
1

4ξ

μ̂I
ω2

∫ H

x

(
B(y)ω

2cI(y − x)

μ̂I
+ Cω

2c2I(y − x)2

4μ̂2I

)
V (y)GHdy

+
1

2ξ

∫ H

x
V (y)GH(y) dy − 1

4ξ

∫ H

x

∫ H

y

μ̂I
ω2
V (y)V (t)GHdydt+ o(ξ−1).

x = 0

F(0, ξ) = H(0, ξ) = −ξ μ̂I
ω2
GH +GH(y)− μ̂I

2ω2

∫ H

0
V (y)GHdy

+ ξ−1

⎛⎜⎝
μ̂I

2(λ̂I+2μ̂I)
GH

11 0

μ̂I

2(λ̂I+2μ̂I)
GH

12 0

⎞⎟⎠+
1

4ξ

∫ H

0

(
cIB(y)y + C c

2
Iy

2

4μ̂I

)
V (y)GHdy

+
1

2ξ

∫ H

0
V (y)GH(y) dy − 1

4ξ

∫ H

0

∫ H

y

μ̂I
ω2
V (y)V (t)GHdydt+ o(ξ−1),

B(y) + C cIy
4μ̂I

= B
(y
2

)
.

F(0, ξ) = −ξ μ̂I
ω2
GH +GH(0)− μ̂I

2ω2

∫ H

0
V (y)GHdy



+ ξ−1

⎛⎜⎝
μ̂I

2(λ̂I+2μ̂I)
GH

11 0

μ̂I

2(λ̂I+2μ̂I)
GH

12 0

⎞⎟⎠+
1

4ξ

∫ H

0
cIB

(y
2

)
yV (y)GHdy

+
1

2ξ

∫ H

0
V (y)GH(y) dy − 1

4ξ

∫ H

0

∫ H

y

μ̂I
ω2
V (y)V (t)GHdydt+ o(ξ−1).

FΘ(ξ)

V ∈ VH |ξ| → ∞
Re ξ > 0

FΘ(ξ) = ξ3χ3 + ξ2χ2 + ξχ1 + χ0 +

(
O(|ξ|−1) O(|ξ|−1)
O(1) O(1)

)

χ3 = − μ̂I
ω2

2μ̂I
μ̂(0)

GH
11

⎛⎝0 0

1 1

⎞⎠ ,

χ2 =
μ̂I
ω2
GH +

2μ̂I
μ̂(0)

⎛⎝ 0 0

G21(0) 0

⎞⎠
− μ̂2I
μ̂(0)ω2

∫ H

0

(
V11(y)G

H
11 + V12(y)G

H
12

)⎛⎝0 0

1 1

⎞⎠ dy,

χ1 =−GH(0) +
μ̂I
2ω2

∫ H

0
V (y)GHdy +

μ̂I
ω2

⎛⎝θ3GH
11 − θ2G

H
12 θ3G

H
11 − θ2G

H
12

θ1G
H
11 θ1G

H
11

⎞⎠
+

μ̂2I
μ̂(0)(λ̂I + 2μ̂I)

GH
11

⎛⎝0 0

1 0

⎞⎠+
μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠∫ H

0
V (y)GH(y) dy

− μ̂2I
2μ̂(0)ω2

⎛⎝0 0

1 0

⎞⎠∫ H

0

∫ H

y
V (y)V (t)GHdydt

+
μ̂I

2μ̂(0)

⎛⎝0 0

1 0

⎞⎠∫ H

0
(cIyB(y/2))V (y)GHdy,



χ0 =− 1

2
GH − μ̂I

2(λ̂I + 2μ̂I)

⎛⎝GH
11 0

GH
12 0

⎞⎠
− 1

2

∫ H

0
V (y)GH(y) dy − 1

4

∫ H

0
(cIyB(y/2))V (y)GHdy

+
1

4

μ̂I
ω2

∫ H

0

∫ H

y
V (y)V (t)GHdydt

+

⎛⎝−θ3 θ2

−θ1 0

⎞⎠GH(0)− μ̂I
ω2

1

2

⎛⎝−θ3 θ2

−θ1 0

⎞⎠∫ H

0
V (y)GHdy.

F(x, ξ) = H(x, ξ)eixqP ,

F ′(x, ξ) = (iqP )H(x, ξ)eixqP +H′(x, ξ)eixqP

F ′(0, ξ) = (iqP )H(0, ξ) +H′(0, ξ).

ξ0

H′
0(x, ξ) =

⎛⎝G′
21(x) − cI

2 G
H
11

G′
22(x) − cI

2 G
H
12

⎞⎠+O(ξ−1)

GH
21(x) := − cI

2 G
H
11(x−H) +GH

21 G22(x) = − cI
2 G

H
12(x−H) +GH

22

H′
0(0, ξ) = −cI

2
GH +O(ξ−1).

iqP = −ξ + ω2

2(λ̂I+2μ̂I)ξ
+O(|ξ|−3)

(iqP )H(0, ξ) =− ξH(0, ξ) +
ω2

2(λ̂I + 2μ̂I)ξ
H(0, ξ) + o(ξ−1) =

ξ2
μ̂I
ω2
GH − ξGH(0) + ξ

μ̂I
2ω2

∫ H

0
V (y)GHdy



−

⎛⎜⎝
μ̂I

2(λ̂I+2μ̂I)
GH

11 0

μ̂I

2(λ̂I+2μ̂I)
GH

12 0

⎞⎟⎠− 1

4

∫ H

0
(cIyB(y/2))V (y)GHdy

− 1

2

∫ H

0
V (y)GH(y)dy +

1

4

∫ H

0

∫ H

y

μ̂I
ω2
V (y)V (t)GHdydt

+
ω2

2(λ̂I + 2μ̂I)ξ
(−ξ) μ̂I

ω2
GH + o(ξ−1).

F ′(0, ξ) =ξ2
μ̂I
ω2
GH − ξGH(0) + ξ

μ̂I
2ω2

∫ H

0
V (y)GHdy

− 1

4

∫ H

0
(cIyB(y/2))V (y)GHdy − 1

2

∫ H

0
V (y)GH(y)dy

+
1

4

∫ H

0

∫ H

y

μ̂I
ω2
V (y)V (t)GHdydt−

⎛⎜⎝
μ̂I

2(λ̂I+2μ̂I)
GH

11 0

μ̂I

2(λ̂I+2μ̂I)
GH

12 0

⎞⎟⎠
− μ̂I

2(λ̂I + 2μ̂I)
GH − cI

2
GH +

μ̂I
ω2
V (x)GH + o(ξ−1).

− μ̂I

2(λ̂I + 2μ̂I)
GH − λ̂I + μ̂I

2(λ̂I + 2μ̂I)
GH = −1

2
GH

F ′(0, ξ) =ξ2
μ̂I
ω2
GH − ξGH(0) + ξ

μ̂I
2ω2

∫ H

0
V (y)GHdy

− 1

2
GH − μ̂I

2(λ̂I + 2μ̂I)

⎛⎝GH
11 0

GH
12 0

⎞⎠− 1

4

∫ H

0
(cIyB(y/2))V (y)GHdy

− 1

2

∫ H

0
V (y)GH(y) dy +

1

4

∫ H

0

∫ H

y

μ̂I
ω2
V (y)V (t)GHdydt+ o(ξ−1).

FΘ(ξ) = F ′(0, ξ) + ΘF(0, ξ)
F(0, ξ) ξ−1 F ′(0, ξ)



ξ0

Θ :=

⎛⎝ −θ3 θ2

2 μ̂I

μ̂(0)ξ
2 − θ1 0

⎞⎠ = ξ2
2μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠+

⎛⎝−θ3 θ2

−θ1 0

⎞⎠ ,

FΘ(ξ)

FΘ(ξ) =

⎛⎝ ξ2χ2,11 + ξχ1,11 + χ0,11 + o(1) ξ2χ2,12 + ξχ1,12 + χ0,12 + o(1)

ξ3χ3,21 + ξ2χ2,21 + ξχ1,21 + o(ξ) ξ3χ3,22 + ξ2χ2,22 + ξχ1,22 + o(ξ)

⎞⎠
χi,jk jk χi ξ0

F(0, ξ)
ξ−2 Θ Θ = ξ2M1 +M2 M1

ξ2M1 F(0, ξ) ξ−1 M2

F(0, ξ) ξ0

ΘF(0, ξ) = −ξ3 μ̂I
ω2

2μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠GH

+ ξ2
2μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠GH(0)− ξ2
μ̂I
2ω2

2μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠∫ H

0
V (y)GHdy

− ξ
μ̂I
ω2

⎛⎝−θ3 θ2

−θ1 0

⎞⎠GH + ξ
μ̂I
μ̂(0)

μ̂I

λ̂I + 2μ̂I

⎛⎝0 0

1 0

⎞⎠⎛⎝GH
11 0

GH
12 0

⎞⎠
+ ξ

μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠∫ H

0
V (y)GH(y)dy

− ξ
μ̂I

2μ̂(0)

μ̂I
ω2

⎛⎝0 0

1 0

⎞⎠∫ H

0

∫ H

y
V (y)V (t)GHdydt

+ ξ
μ̂I

2μ̂(0)

⎛⎝0 0

1 0

⎞⎠∫ H

0
(cIyB(y/2))V (y)GHdy

+

⎛⎝−θ3 θ2

−θ1 0

⎞⎠GH(0)− μ̂I
ω2

1

2

⎛⎝−θ3 θ2

−θ1 0

⎞⎠∫ H

0
V (y)GHdy +

(
O(1) O(1)
O(|ξ|) O(|ξ|)

)
.



ξ Ξ+,+

Ξ−,−
F (ξ)

F (ξ)

V ∈ VH |ξ| → ∞
Re ξ > 0 Ξ+,+

detFΘ(ξ) = ξ3
μ̂I
ω2
c(0) +O(|ξ|2)

c(0) := λ̂(0)+μ̂(0)

λ̂(0)+2μ̂(0)

detFΘ(ξ) = aξ5 + bξ4 + cξ3 + o(ξ2)

a =
μ̂I
ω2
GH

11

(
− μ̂I
ω2

2μ̂I
μ̂(0)

GH
11

)
+
μ̂I
ω2
GH

11

(
μ̂I
ω2

2μ̂I
μ̂(0)

GH
11

)
= 0.

b ξ2

ξ2

ξ3 ξ
b 11−

12−

b = − μ̂I
ω2
GH

11

2μ̂I
μ̂(0)

GH
21(0)−

μ̂I
ω2

2μ̂I
μ̂(0)

GH
11

[−GH
21(0)

]
= 0.

⎛⎝a1 a2

a3 a4

⎞⎠⎛⎝GH
11 GH

11

GH
12 GH

12

⎞⎠ =

⎛⎝a1GH
11 + a2G

H
12 a1G

H
11 + a2G

H
12

a3G
H
11 + a4G

H
12 a3G

H
11 + a4G

H
12

⎞⎠ ,

c



c ξ0

ξ3

c(03) =
2μ̂2I

ω2μ̂(0)

μ̂I

2(λ̂I + 2μ̂I)
(GH

11)
2 +

2μ̂2I
ω2μ̂(0)

GH
11

[
θ3G

H
21(0)− θ2G

H
22(0)

]
+

μ̂2I
ω2μ̂(0)

GH
11

∫ H

0

[
V11(y)G

H
21(y) + V12(y)G

H
22(y)

]
dy

+
μ̂2I

ω2μ̂(0)
GH

11

∫ H

0

cIy

2

[
V11(y)G

H
11 + V12(y)G

H
12

]
dy

GH
21(y) := − cI

2 G
H
11(y − H) + GH

21 G22(y) = − cI
2 G

H
12(y − H) + GH

22

ξ2

ξ1

c(21) =
μ̂I
ω2
GH

11G
H
22(0)−

μ̂I
ω2

μ̂2I
μ̂(0)(λ̂I + 2μ̂I)

(GH
11)

2

+
μ̂2I

ω2μ̂(0)
GH

11

∫ H

0
−cIy

2

[
V11(y)G

H
11 + V12(y)G

H
12

]
dy

− μ̂2I
ω2μ̂(0)

GH
11

∫ H

0

[
V11(y)G

H
21(y) + V12(y)G

H
22(y)

]
dy.

ξ1 ξ2

c(12) =(−GH
21(0))

μ̂I
ω2
GH

12 + (−GH
21(0))

−μ̂2I
ω2μ̂(0)

∫ H

0

[
V11(y)G

H
11 + V12(y)G

H
12

]
dy

+

[
− μ̂I
2ω2

∫ H

0

[
V11(y)G

H
11 + V12(y)G

H
12

]
dy

]
2μ̂I
μ̂(0)

GH
21(0)

− [
θ3G

H
11 − θ2G

H
12

] μ̂I
ω2

2μ̂I
μ̂(0)

GH
21(0) = (−GH

21(0))
μ̂I
ω2
GH

12

− [
θ3G

H
11 − θ2G

H
12

] μ̂I
ω2

2μ̂I
μ̂(0)

GH
21(0).

c(03) + c(21) + c(12) c(3)

c =
2μ̂2I

ω2μ̂(0)
GH

11

[
θ3G

H
21(0)− θ2G

H
22(0)

]
+
μ̂I
ω2
GH

11G
H
22(0)−

μ̂I
ω2
GH

12G
H
21(0)

− 2μ̂2I
ω2μ̂(0)

GH
21(0)

[
θ3G

H
11 − θ2G

H
12

]
=
μ̂I
ω2

− 2θ2μ̂
2
I

ω2μ̂(0)
.



θ2 := 1
2μ̂I

μ̂(0)

λ̂(0)+2μ̂(0)
c = μ̂I

ω2 (1 − μ̂(0)

λ̂(0)+2μ̂(0)
)

detFΘ(ξ) ξ |ξ| → ∞
Re ξ > 0

detFΘ(ξ) = ξ3

(
μ̂I
ω2

[
1− μ̂(0)

λ̂(0) + 2μ̂(0)

])
+O(|ξ|2)

= ξ3
(
μ̂I
ω2
c(0)

)
+O(|ξ|2).

G̃H =

⎛⎝GH
11 −GH

11

GH
12 −GH

12

⎞⎠
G̃H(y) =

⎛⎝G21(y)
cIy
2 G

H
11

G22(y)
cIy
2 G

H
12

⎞⎠ ,

G̃H GH

G̃H(y) GH(y)
detFΘ(wPS(ξ))

Ξ+,+ Ξ detFΘ(ξ) Ξ−,−

V ∈ VH FΘ(wPS(ξ))
Re ξ > 0 Re ξ → ∞ Ξ+,+

detFΘ(wPS(ξ)) = ξ3
μ̂I
ω2
c(0) + ξ3A (ξ) + ξ2B(ξ) + R(ξ),

A (ξ) :=
2μ̂2I

μ̂(0)ω2

∫ H

0
e2ξyV12(y)dy

B(ξ)

B(ξ) = C1

(∫ H

0
f1(y)e

2yξdy

)(∫ H

0
f2(t)e

2tξdt

)
f1 f2 L1 R(ξ)

ξ3A (ξ) ξ2B(ξ)



R(ξ)

FΘ(wPS(ξ)) ξ ∈ Ξ+,+ FΘ(ξ) ξ ∈ Ξ−,−
Ξ−,−

qP qS Re ξ → +∞ ξ ∈ Ξ−,−

iqP = ξ − ω2

2(λ̂I + 2μ̂I)ξ
+O(|ξ|−3);

iqS = ξ − ω2

2μ̂Iξ
+O(|ξ|−3);

e−ix(qP−qS) =

(
1− xcIω

2x

2μ̂Iξ
+
c2Iω

4x2

8μ̂2Iξ
2

+O(|ξ|−3)

)
.

H0(x, ξ)
Ξ−,−

ξ
ξ

H0(x, ξ) =ξ
μ̂I
ω2

⎛⎝GH
11 −GH

11

GH
12 −GH

12

⎞⎠+

⎛⎝G21(x)
cIx
2 G

H
11

G22(x)
cIx
2 G

H
12

⎞⎠

+ ξ−1

⎛⎜⎜⎝
− μ̂I

2(λ̂I+2μ̂I)
GH

11 −ω2c2Ix
2

8μ̂I
GH

11

− μ̂I

2(λ̂I+2μ̂I)
GH

12 −ω2c2Ix
2

8μ̂I
GH

12

⎞⎟⎟⎠+ o(|ξ|−1).

G̃1(x, y) qS
qP qP qS

∫ H
x G̃1(x, y)V (y)H0(y, ξ)dy

F0(0, ξ)∫ H

x
G̃1(x, y)V (y)H0(y, ξ)dy =

∫ H

x

μ̂I
2ω2

V (y)G̃Hdy

− 1

4ξ

μ̂I
ω2

∫ H

x

(
B(y)ω

2cI(y − x)

μ̂I
+ Cω

4c2I(y − x)2

4μ̂2I

)
V (y)G̃Hdy

− 1

2ξ

∫ H

x
V (y)G̃H(y)dy +O

(
1

|ξ|2
)
.

Ξ−,−

e2iqP (y−x) = e2(y−x)ξ

(
1− (y − x)ω2

(λ̂I + 2μ̂I)ξ
+

(y − x)2ω4

2(λ̂I + 2μ̂I)2ξ2
+O(|ξ|−3)

)
;



ei(y−x)(qP+qS) = e2(y−x)ξ

(
1− (y − x)ρω2

2μ̂Iξ
+

(y − x)2ρ2ω4

8μ̂2Iξ
2

+O(|ξ|−3)

)
,

qP + qS = 2iξ − i ω
2ρ

2μ̂Iξ
+ O(ξ−3) ρ := λ̂I+3μ̂I

λ̂I+2μ̂I
G̃2(x, y)

ξ −ξ

G̃2(x, y) = −e
2ξ(y−x)

2ξ
+
e2ξ(y−x)

2ξ2
(y − x)ω2

2ˆ̂μIσI

(
d(x, y) +O(|ξ|−1

)

d(x, y) := (λ̂+ 5μ̂) (A(x) + B(y)) + (y − x)

2μ̂σ
C
(
λ̂2 + 5μ̂2 + 6λ̂μ̂

)
.

∫ H
x G̃2(x, y)V (y)H0(y, ξ)dy∫ H

x
G̃2(x, y)V (y)H0(y, ξ)dy = − μ̂I

2ω2

∫ H

x
e2(y−x)ξV (y)G̃Hdy

− 1

2ξ

∫ H

x
e2(y−x)ξV (y)G̃H(y)dy

+
1

2ξ

∫ H

x
e2(y−x)ξ y − x

2σ
d(x, y)V (y)G̃H

(
1 +O(|ξ|−1)

)
dy.

H(x, ξ) = ξ
μ̂I
ω2
G̃H + G̃H(x)

+ ξ−1

⎛⎜⎜⎝
− μ̂I

2(λ̂I+2μ̂I)
GH

11 −ω2c2Ix
2

8μ̂I
GH

11

− μ̂I

2(λ̂I+2μ̂I)
GH

12 −ω2c2Ix
2

8μ̂I
GH

12

⎞⎟⎟⎠−
∫ H

x

μ̂I
2ω2

V (y)G̃Hdy

− 1

4ξ

∫ H

x
cI(y − x)

(
B(y) + C cI(y − x)

4μ̂I

)
V (y)G̃Hdy

− 1

2ξ

∫ H

x
V (y)G̃H(y) dy +O(|ξ|−2)

+
μ̂I
2ω2

∫ H

x
e2(y−x)ξV (y)G̃Hdy +

1

2ξ

∫ H

x
e2(y−x)ξV (y)G̃H(y)dy

− 1

2ξ

∫ H

x
e2(y−x)ξ y − x

2σ
d(x, y)V (y)G̃H

(
1 +O(|ξ|−1)

)
dy



ξ GH GH(y) −G̃H −G̃H(y)
ξ GH GH(y) G̃H G̃H(y)

D1(x, ξ) D2(x, ξ) D3(x, ξ)

D1(x, ξ) :=
μ̂I
2ω2

∫ H

x
e2(y−x)ξV (y)G̃Hdy

D2(x, ξ) :=
1

2ξ

∫ H

x
e2(y−x)ξV (y)G̃H(y)dy

D3(x, ξ) := − 1

2ξ

∫ H

x
e2(y−x)ξ y − x

2σ
d(x, y)V (y)G̃H ,

FΘ(wPS(ξ))

D1(x, ξ) D2(x, ξ) D3(x, ξ) Di(x, ξ)
V (H− ε,H)

(H − ε,H) H

3∑
i=1

(iqP )Di(0, ξ) +D′
i(0, ξ) + ΘDi(0, ξ).

3∑
i=1

(iqP )Di(0, ξ) +D′
i(0, ξ) = −ξ μ̂I

2ω2

∫ H

0
e2yξV (y)G̃H

− 1

2

∫ H

0
e2yξV (y)G̃H(y)dy +

1

2

∫ H

0
e2yξ

y

2σ
d(0, y)V (y)G̃H

3∑
i=1

ΘDi(0, ξ) = ξ2
2μ̂I
μ̂(0)

μ̂I
2ω2

(
0 0
1 0

)∫ H

0
e2yξV (y)G̃Hdy

+ ξ
μ̂I
μ̂(0)

(
0 0
1 0

)∫ H

0
e2yξV (y)G̃H(y)dy

− ξ

2

2μ̂I
μ̂(0)

(
0 0
1 0

)∫ H

0
e2yξ

y

2σ
d(0, y)V (y)G̃H

+
μ̂I
2ω2

(−θ3 θ2
−θ1 0

)∫ H

0
e2yξV (y)G̃Hdy +

1

2ξ

(−θ3 θ2
−θ1 0

)∫ H

0
e2yξV (y)G̃H(y)dy



− 1

2ξ

(−θ3 θ2
−θ1 0

)∫ H

0
e2yξ

y

2σ
d(0, y)V (y)G̃H .

FΘ(wPS(ξ))

FΘ(wPS(ξ)) = ξ3χPS
3 + ξ2χPS

2 + ξχPS
1 + χPS

0 + E(ξ) + R(ξ)

χPS
i i = 0, ... , 3

E(ξ)
R(ξ)

e2ξy

χPS
3 =

μ̂I
ω2

2μ̂I
μ̂(0)

GH
11

⎛⎝0 0

1 −1

⎞⎠ ,

χPS
2 =

μ̂I
ω2
G̃H +

2μ̂I
μ̂(0)

G21(0)

⎛⎝0 0

1 0

⎞⎠
− μ̂2I
μ̂(0)ω2

∫ H

0

(
V11(y)G

H
11 + V12(y)G

H
12

)⎛⎝0 0

1 −1

⎞⎠ dy,

χPS
1 =G̃H(0)− μ̂I

2ω2

∫ H

0
V (y)G̃Hdy − μ̂I

ω2

⎛⎝θ3GH
11 − θ2G

H
12 θ2G

H
12 − θ3G

H
11

θ1G
H
11 −θ1GH

11

⎞⎠
− μ̂2I
μ̂(0)(λ̂I + 2μ̂I)

GH
11

⎛⎝0 0

1 0

⎞⎠− μ̂I
μ̂(0)

⎛⎝0 0

1 0

⎞⎠∫ H

0
V (y)G̃H(y)dy

− μ̂I
2μ̂(0)

⎛⎝0 0

1 0

⎞⎠∫ H

0
cIyB(y/2)V (y)G̃Hdy,

χPS
0 =− μ̂I

2(λ̂I + 2μ̂I)

⎛⎝GH
11 0

GH
12 0

⎞⎠− 1

2
G̃H − 1

2

∫ H

0
V (y)G̃H(y)dy

− 1

4

∫ H

0
cIyB(y/2)V (y)G̃Hdy



+

⎛⎝−θ3 θ2

−θ1 0

⎞⎠ G̃H(0)− μ̂I
ω2

1

2

⎛⎝−θ3 θ2

−θ1 0

⎞⎠∫ H

0
V (y)G̃Hdy,

E(ξ) = ξ2
μ̂2I

ω2μ̂(0)

(
0 0
1 0

)∫ H

0
e2yξV (y)G̃Hdy − ξ

μ̂I
2ω2

∫ H

0
e2yξV (y)G̃Hdy

+ ξ
μ̂I
μ̂(0)

(
0 0
1 0

)∫ H

0
e2yξV (y)G̃H(y)dy

− ξ

2

2μ̂I
μ̂(0)

(
0 0
1 0

)∫ H

0
e2yξ

y

2σ
d(0, y)V (y)G̃H

+
μ̂I
2ω2

(−θ3 θ2
−θ1 0

)∫ H

0
e2yξV (y)G̃Hdy − 1

2

∫ H

0
e2yξV (y)G̃H(y)dy

+
1

2

∫ H

0
e2yξ

y

2σ
d(0, y)V (y)G̃H +

1

2ξ

(−θ3 θ2
−θ1 0

)∫ H

0
e2yξV (y)G̃H(y)dy

− 1

2ξ

(−θ3 θ2
−θ1 0

)∫ H

0
e2yξ

y

2σ
d(0, y)V (y)G̃H .

FΘ(wPS(ξ))

detFΘ(wPS(ξ)) = ξ3
(
μ̂I
ω2
c(0) + A (ξ)

)
+ ξ2B(ξ) + R(ξ)

A (ξ)

A (ξ) :=
2μ̂2I

μ̂(0)ω2

∫ H

0
e2ξyV12(y)dy.

B(ξ) ξ3

ξ2B(ξ)
B(ξ)

B(ξ) = C1

(∫ H

0
f1(y)e

2yξdy

)(∫ H

0
f2(t)e

2tξdt

)
f1(y) f2(y)

∑
i,j CijyVij(y) L1

V ∈ VH

|B(ξ)| ≤ Ce4H|ξ|.



R(ξ) H(l)(x, ξ)

ξ2B(ξ) G̃(x, y)
ξ−1

detFΘ(ξ)
detFΘ(wPS(ξ))

Δ(ξ) Δ(wPS(ξ))

V ∈ VH Δ(wPS(ξ))Δ(ξ)
Re ξ > 0 Re ξ → ∞ Ξ+,+

Δ(wPS(ξ))Δ(ξ) =ξ4
[
4μ̂2(0)c2(0)ω4

]
+ ξ4

(
2ω6μ̂2(0)c(0)

μ̂I

)
A (ξ) + ξ3B(ξ) + R(ξ).

detFΘ(ξ) = ξ3
(
μ̂I

ω2 c(0)
)
+O(|ξ|2)

Δ(ξ) = detA1(ξ) detFΘ(ξ) detA2(ξ)

= (−2iμ̂(0)μ̂Iξ)

(
ξ3

(
μ̂I
ω2
c(0)

)
+O(|ξ|2)

)(
iω4

ξ2μ̂2I

)
= ξ2

(
2μ̂(0)c(0)ω2

)
+ o(|ξ|2)

Δ(wPS(ξ)) = detA1(ξ) detFΘ(wPS(ξ)) detA2(ξ)

= −2iμ̂(0)μ̂Iξ

(
ξ3

(
μ̂I
ω2
c(0)

)
+ ξ3A (ξ) + ξ2B(ξ) + R(ξ)

)(
iω4

ξ2μ̂2I

)
= ξ2

(
2μ̂(0)c(0)ω2

)
+ ξ2

(
2ω4μ̂(0)

μ̂I

)
A (ξ) + ξ

(
2ω4μ̂(0)

μ̂I

)
B(ξ) + R(ξ).

Δ(wPS(ξ))Δ(ξ) =ξ4
[
4μ̂2(0)c2(0)ω4

]
+ ξ4

(
2ω6μ̂2(0)c(0)

μ̂I

)
A (ξ) + ξ3B(ξ) + R(ξ).



Δ(−ξ) = −Δ(wPS(ξ))

|ξ| → ∞

Δ(wP (ξ)) detFΘ(wP (ξ))

V ∈ VH Δ(wP (ξ)) Re ξ > 0
Re ξ → ∞ Ξ+,+

Δ(wP (ξ)) = ξ4
(
8μ̂2I

(
GH

11

)2)
+ ξ3

(
2μ̂(0)ω4

μ̂I

)
A P (ξ) + RP (ξ),

A P (ξ) :=
2μ̂3I

μ̂(0)ω4
GH

11

∫ H

0
e2ξya(y)dy

a(y) := V11(y)G
H
11 + V12(y)G

H
12.

RP (ξ)
A P (ξ)

Δ(wP (ξ)) = detA1(ξ) detFΘ(wP (ξ)) detA2(ξ)

= (−2iμ̂(0)μ̂Iξ) detFΘ(wP (ξ))

(
iω4

ξ2μ̂2I

)
=

(
2μ̂(0)ω4

μ̂Iξ

)
detFΘ(wP (ξ)).

FΘ(wP (ξ)) ξ ∈ Ξ+,+ FΘ(ξ) ξ ∈ Ξ−,+

detFΘ(wPS(ξ)) = ξ5
(
− 4μ̂3I
ω4μ̂(0)

(
GH

11

)2)
+ ξ4A P (ξ) + RP (ξ)

A P (ξ) :=
2μ̂3I

μ̂(0)ω4
GH

11

∫ H

0
e2ξy

[
GH

11V11(y) +GH
12V12(y)

]
dy



RP (ξ)
ξ4A P (ξ)

Δ(wP (ξ)) =ξ
4
(
−8μ̂2I

(
GH

11

)2)
+ ξ3

(
2μ̂(0)ω4

μ̂I

)
AP (ξ) +RP (ξ).

Δ(wS(ξ)) detFΘ(wS(ξ))

V ∈ VH Δ(wS(ξ)) Re ξ > 0
Re ξ → ∞ Ξ+,+

Δ(wS(ξ)) = ξ4
(
−8μ̂2I

[
GH

11

]2)
+ ξ2

(
2μ̂(0)ω4

μ̂I

)
A S(ξ) + RS(ξ)

A S(ξ) :=
μ̂3I

μ̂(0)ω4

∫ H

0
e2ξy

[(
θ2G

H
12 −

ω2

μ̂I
G21(0)

)
a(y)− θ2G

H
11b(y)

]
dy

a(y) := V11(y)G
H
11 + V12(y)G

H
12

b(y) := V21(y)G
H
11 + V22(y)G

H
12.

Δ(wS(ξ)) = detA1(ξ) detFΘ(wS(ξ)) detA2(ξ)

= (−2iμ̂(0)μ̂Iξ) detFΘ(wS(ξ))

(
iω4

ξ2μ̂2I

)
=

(
2μ̂(0)ω4

μ̂Iξ

)
detFΘ(wS(ξ)).

FΘ(wS(ξ)) ξ ∈ Ξ+,+ FΘ(ξ) ξ ∈ Ξ+,−

detFΘ(wS(ξ)) = ξ5
(
− 4μ̂3I
ω4μ̂(0)

(
GH

11

)2)
+ ξ3A S(ξ) + RS(ξ)



A S(ξ) :=
μ̂3I

μ̂(0)ω4

∫ H

0
e2ξy

[(
θ2G

H
12 −

ω2

μ̂I
G21(0)

)
a(y)− θ2G

H
11b(y)

]
dy

a(y) := V11(y)G
H
11 + V12(y)G

H
12

b(y) := V21(y)G
H
11 + V22(y)G

H
12.

RS(ξ) ξ3A S(ξ)
Ξ−,−

Δ(wS(ξ)) = ξ4
(
−8μ̂2I

[
GH

11

]2)
+ ξ2

(
2μ̂(0)ω4

μ̂I

)
A S(ξ) + RS(ξ).

Δ(wP (−ξ)) = Δ(wS(ξ))

|ξ| → ∞

F (ξ)

V ∈ VH F (ξ)
Re ξ > 0 Re ξ →

+∞
F (ξ) = Δ(wS(ξ))Δ(wP (ξ))Δ(wPS(ξ))Δ(ξ)

= ξ12
(
128μ̂2(0)c(0)ω6μ̂3I

[
GH

11

]4)
A (ξ)− ξ8CB(ξ)A P (ξ)A S(ξ) + R(ξ).

Δ(wS(ξ))Δ(wP (ξ)) = ξ8
(
64μ̂4I

[
GH

11

]4)− ξ5
[
4ω8μ̂2(0)

μ̂2I

]
A P (ξ)A S(ξ) + R(ξ)

Δ(wPS(ξ))Δ(ξ) R(ξ)

ξ5
[
4ω8μ̂2(0)

μ̂2
I

]
A P (ξ)A S(ξ)

Δ(wPS(ξ))Δ(ξ) =ξ4
[
4μ̂2(0)c2(0)ω4

]



+ ξ4
(
2ω6μ̂2(0)c(0)

μ̂I

)
A (ξ) + ξ3B(ξ) + R(ξ).

F Re ξ → +∞
F (ξ) = Δ(wS(ξ))Δ(wP (ξ))Δ(wPS(ξ))Δ(ξ)

= ξ12
(
128μ̂2(0)c(0)ω6μ̂3I

[
GH

11

]4)
A (ξ)− ξ8CB(ξ)A P (ξ)A S(ξ) + R(ξ).

ξ

ξ8B(ξ)A P (ξ)A S(ξ)

F (ξ)
F (ξ)

V ∈ VH F (ξ)
Re ξ > 0 Re ξ → ∞

|F (ξ)| ≤ Cξ8e8H|Re ξ|

R(ξ)

|B(ξ)| ≤ Ce4H|ξ|

|A P (ξ)| ≤ Ce2H|ξ|

|A S(ξ)| ≤ Ce2H|ξ|

V ∈ VH ⊂ L1 C > 0

F (ξ)



F (ξ)
F (ξ)

F (ξ)
ρ±(F ) ≤ 8H

F (z)

ρ±(F ) ≤ 8H.

ρ± F

F (z) z := iξ = x+iy
x = − Im ξ y = Re ξ∫

R

log+ |F (x)|dx
1 + x2

<∞, ρ+(F ) ≤ 8H, ρ−(F ) ≤ 8H,

ρ±(F ) = lim supy→∞
log |F (±iy)|

y

F (ξ) = −ξ8CB(ξ)A P (ξ)A S(ξ) + R(ξ)

= −ξ8CB(ξ)A P (ξ)A S(ξ)

(
1 +

R(ξ)

ξ8CB(ξ)A P (ξ)

)
,

Re ξ → +∞∫
R

log+ |F (x)|
1 + x2

dx ≤
∫
R

log
(
C|x|12(1 + o(1))

)
1 + x2

dx <∞.

ρ+ ξ = i(+iy) = −y Re ξ = −y |Re ξ| = y

ρ+(F ) ≤ lim sup
y→∞

8 log |y|+ 8Hy

y
= 8H.

ρ− ξ = i(−iy) = y Re ξ = y |Re ξ| = y

ρ−(F ) ≤ lim sup
y→∞

20 log |y|+ 8Hy

y
= 8H.

F (ξ)



V ∈ VH

N−(r, F ) ≤ 8Hr

π
(1 + o(1)), r → ∞,

N+(r, F ) ≤ 8Hr

π
(1 + o(1)), r → ∞.

δ > 0
≤ r | arg ξ − π

2 | < δ | arg ξ − 3π
2 | < δ o(r)

r

r r

F (ξ)
F (ξ)

V ∈ VH ξn F (ξ)

|ξn| ≤ Ce2H|Re ξn|.

F (ξ)∣∣∣F (ξ)− ξ12
(
128μ̂2(0)c(0)ω6μ̂3I

[
GH

11

]4)
A (ξ)

∣∣∣ ≤
≤ | − ξ8CB(ξ)A P (ξ)A S(ξ) + R(ξ)| ≤ C|ξ8|e8H|Re ξ|.

ξ = ξn ξn F

|ξ12n |
∣∣∣∣∫ H

0
e2ξyV12(y)dy

∣∣∣∣ ≤ C|ξ8n|e8H|Re ξn|,

A (ξ) :=
2μ̂2I

μ̂(0)ω2

∫ H

0
e2ξyV12(y)dy.

∣∣∣∫ H
0 e2ξyV12(y)dy

∣∣∣ V12

(H − ε,H) ε > 0



(H − ε,H)

|ξn|4 ≤ Ce8H|Re ξn|

|ξn| ≤ Ce2H|Re ξn|.

C
C Im ξn Re ξn

Re ξn C







a ∈ S (
R
2n

)
u ∈ S (Rn)

Opε (a)u(x) =
1

(2πε)n

∫
R2n

e
i
ε
〈x−y,ξ〉a(x, ξ)u(y)dydξ

Opε(a)u ∈ S (Rn) Opε(a)
a ∈ S (

R
2n

) S ′ (Rn) S (Rn)

a, b ∈ C∞
c

(
R
2n

)
Opε(a)Opε(b) = Opε(a#b)

a#b(x, ξ; ε) ∈ S
(
R
2n

)
ε S

(
R
2n

)
ε→ 0

a#b(x, ξ; ε) ∼
∞∑
j=0

(−iε)j
∑

α,|α|=j

1

α!
∂αξ a(x, ξ)∂

α
x b(x, ξ),

a#b a b
α = (α1, ... , αn) α! = α1!, ... , αn!

a#b = ab+O(ε)S(R2n)

Opε(a)Opε(b) = Opε(ab) +O(ε)



Λα(x, ξ) H0(x, ξ) U ⊂ T ∗
R
2\{0}

Λα(x, ξ) mα (x, ξ) ∈ U
Φα,m(x, ξ) ∈ L (D, L2 (R−)

)
aα,m(x, ξ) ∈ L (

L2 (R−) ,D)
Φα,ε(x, ξ) ∼

∞∑
m=0

Φα,m(x, ξ)εm,

aα,ε(x, ξ) ∼
∞∑

m=0

aα,m(x, ξ)εm,

H ◦ Φα,ε(x, ξ) = Φα,ε ◦ aα,ε(x, ξ) +O(ε∞)

◦ aα,0(x, ξ)Λα(x, ξ)I Φα,0(x, ξ)
Λα(x, ξ)







y′′ + (λ − q(x))y = 0







2×2
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