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Abstract

Stored energies of radiating systems have generated research interest for
several decades due to their relationship with Q-factor and fractional band-
width. In this paper material derivatives are used to provide a new interpre-
tation of widely used stored energy expressions. This provides a fundamental
relationship between stored energies of radiating systems and their electro-
magnetic material properties. It is shown that electric stored energy is related
to the electric material parameter (permittivity) derivative. Similarly, mag-
netic stored energy is linked to the derivative of the permeability. Further, as
an extension Cauchy-Riemann equations are used to relate stored energy to
dissipation.

1 Introduction
The concept of stored electric and magnetic energy of radiating systems has in-
terested researchers for several decades [17]. This interest comes mainly from the
fact that stored energies are used to evaluate Q-factors, which provide good ap-
proximations of fractional bandwidths. Although much progress has been made in
understanding stored energies, alternative methods of interpreting these quantities
are still useful in providing further physical insight.

Past research on stored energies and Q-factor of radiating systems include many
approaches [17]. One classical technique is based on subtracting the far-field from
the total energy [1, 13, 15]. Other approaches include taking frequency derivatives of
the antenna input impedance [16, 21] and the method of moments (MoM) impedance
matrix [5, 9, 19].

Linking electrostatic and magnetostatic energies to material perturbations is
well established. Stratton [18, ch. II] notably proposed this nearly a century ago,
see also [12, ch. II], [14, ch. VI]. He related a perturbation of the background per-
mittivity and background permeability of a material to the changes in electrostatic
and magnetostatic energies, respectively. This showed that, given constant charge,
electrostatic energy is inversely proportional to the permittivity. Similarly, given
constant current, magnetostatic energy is directly proportional to the permeability.
Using material perturbations to interpret stored energies of radiating systems is more
complex, emphasized by the fact that there is still no consensus on its definition [17].

The goal of this paper is to relate stored energies and Q-factors of radiating sys-
tems to changes in material parameters. To this end, stored energies are expressed
in material derivatives by showing equality with energy expressions proposed by
Harrington, Mautz, and Vandenbosch [9, 19] based on frequency derivatives. This
shows that electric stored energy is linked to a permittivity derivative and mag-
netic stored energy is linked to a permeability derivative. Once these relationships
between stored energies and material derivatives are established, it follows from
Cauchyâ€“Riemann equations that there is a link to material losses. This is the
first time that dissipated power has been used to express stored energies. Further,
to demonstrate the versatility of the approach, material derivatives of antenna input
impedance are related to their Q-factor.
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Section 2 provides a background on stored energies of radiating systems and then
section 3 derives identities between frequency and material derivatives of the Green’s
function as well as the MoM impedance matrix. These identities are used in sec-
tion 4 to express stored energies with MoM matrices in terms of material derivatives.
Further, section 5 presents antenna Q-factor in terms of material derivatives of input
impedance. The paper is concluded in section 6. Finally, the appendices contain
complementary information regarding the required mathematical derivations.

2 Background on stored energies and Q-factor
There have been several attempts over the years to compute stored electric and
magnetic energies of antennas for time-harmonic fields in a homogeneous lossless
background, see [17] for an overview. Currently, there is no consensus on a def-
inition for stored energies of radiating systems [17]. However, useful methods of
approximating stored energies of electrically small antenna in free space are avail-
able [17].

One formulation isolates stored energy of a radiating system by subtracting the
radiated energy density approximated by the far-field amplitude |F |2 from the time-
averaged total electromagnetic energy density [1, 5, 21] as

WF =
1

4

∫
R3

ε0 |E(r)|2 + µ0 |H(r)|2 − 2ε0
|F |2

|r|2
dV, (2.1)

where the electric and magnetic energy densities are given by ε0 |E|2 /4 and µ0 |H|2 /4,
respectively, and r denotes the position vector. The vacuum permittivity ε0 and
permeability µ0 in (2.1) can easily be generalized to a homogeneous background
material. A flaw in (2.1) is that it is coordinate dependent and therefore not a
proper definition of stored energies [4, 21]. Nevertheless, this is a good definition of
stored energies of electrically small antennas [17].

Vandenbosch [19] proposed expressing the stored energy in the current density
instead of fields. These expressions are equivalent to (2.1), except for a coordinate-
dependent term [4, eq. 5]. In numerical calculations, the current density is expanded
in basis functions and the stored energy is conveniently written using matrix notation
producing quadratic forms proposed by Harrington and Mautz [9], where stored
electric and magnetic energies are expressed as

We =
1

8
IH
(∂X
∂ω

− X

ω

)
I and Wm =

1

8
IH
(∂X
∂ω

+
X

ω

)
I, (2.2)

respectively. Here, I is a column matrix representing the current density J(r), the
Hermitian transpose is denoted by superscript H, X denotes the MoM reactance
matrix, and the angular frequency is given by ω.

Generally, practical interest into stored energies concerns the inverse relationship
between fractional bandwidth and Q-factor that is defined as [21]

Q =
2ωmax {We,Wm}

Pd

, (2.3)
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where dissipated power is given by Pd. While there is currently only indirect methods
to measure Q-factor of an antenna such as the one in [21] that proposes to estimate
the Q-factor, which for a self-resonant input impedance simplifies to

QZin
=

ω

2Rin

∣∣∣∣∂Zin

∂ω

∣∣∣∣ = ω

∣∣∣∣∂Γ∂ω
∣∣∣∣ , (2.4)

where Zin is the input impedance with real part given by Rin and Γ is the reflection
coefficient for a matched load. This approach has been shown to generally agree
well with Q-factor determined from frequency derivatives of the MoM reactance
matrix (2.2), see [17].

3 Material perturbations
Dyadic Green’s functions are used to express the electromagnetic fields in terms of
currents [11]. Therefore, this function can be used to relate the electromagnetic
fields in expression (2.1) for stored electric and stored magnetic energies to source
currents [4]. In this section angular frequency derivatives of the Green’s function and
MoM impedance matrix are transformed to permittivity and permeability deriva-
tives. These expressions are used in the next section to provide an alternative inter-
pretation of stored electric and magnetic energies derived from frequency derivatives
of the MoM impedance matrix shown in (2.2).

To investigate the effect of material perturbations on an antenna structure, all
material parameters are expressed in terms of the background material, serving as a
reference point as shown in Fig. 1. The permittivity and permeability of the back-
ground material are given by εb and µb, respectively. The background material can
be considered as vacuum, but here is allowed to be any nondispersive permittivity
and permeability. A heterogeneous non-magnetic material distribution is expressed
in terms of the background permittivity as ε = εrεb, where εr is a relative value
allowing all dielectric parameters to be defined in terms of the background per-
mittivity. Further, a PEC structure with surface current density may be confined
withing a dielectric region having contrast current density.

The scalar Green’s function (fundamental solution to the Helmhotz equation in
a homogeneous background) has derivatives with respect to background material
parameters εb, µb and angular frequency ω that can be equivalently expressed as

εb
∂

∂εb

e−jω
√
εbµbR

4πR
= µb

∂

∂µb

e−jω
√
εbµbR

4πR

=
−jω

√
εbµb

2

e−jω
√
εbµbR

4π
=

ω

2

∂

∂ω

e−jω
√
εbµbR

4πR
, (3.1)

where R is the distance between source and observer points and the time convention
ejωt is used. This expression shows that frequency and material perturbations of the
scalar Green’s function are interchangeable. This can be understood in the lossless
case by the fact that both permittivity and permeability affect the velocity of the
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ε = εb
µ = µb

Ω
J(r)
PEC

ε = εr(r)εb
µ = µb

Ω
J(r)

Figure 1: The background material with permittivity εb and permeability µb en-
closes an antenna region Ω with a PEC conducting region and a dielectric region
with permittivity εr(r)εb. PEC regions have surface current densities and dielectric
regions contrast currents densities both denoted J(r).

electromagnetic wave. The resulting decrease in wavelength when the frequency
is increased and material kept constant is interchangeable with increasing permit-
tivity or permeability and keeping frequency constant. However, the square root
of permittivity and permeability accounts for the factor 1/2 in (3.1) when taking
derivatives with respect to angular frequency of the scalar Green’s function.

The dyadic Green’s function (based on the scalar Green’s function) in a homo-
geneous background material described by εb, µb is [11]

G =
(
1+

1

ω2εbµb

∇∇
)e−jω

√
εbµbR

4πR
. (3.2)

The same relationship (3.1) of material and frequency derivatives as for the scalar
Green’s function also hold for the dyadic Green’s function

εb
∂G

∂εb
= µb

∂G

∂µb

=
ω

2

∂G

∂ω
. (3.3)

To account for different material properties in the antenna region, volumetric
MoM [10] is used. The MoM matrix can then be split into two parts

Z = Z0 + Zρ, (3.4)

where Z0 is the background term and the non-magnetic material part is given by
Zρ (described in Appendix A). The background term is evaluated using the dyadic
Green’s function (3.2) as

Z0,mn = jωµb

∫
Ω

∫
Ω

ψm(r
′) ·G(r′, r) ·ψn(r) dV

′ dV, (3.5)

where ψm denotes the basis functions [8].
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The MoM impedance matrix (3.4) is differentiated with respect to permittivity
and permeability using (3.3) for Z0 and Appendix A for Zρ and then written as

εb
∂Z

∂εb
=

ω

2

∂Z

∂ω
− Z

2
and µb

∂Z

∂µb

=
ω

2

∂Z

∂ω
+

Z

2
(3.6)

in terms of angular frequency derivatives.
The background material may be lossy and therefore have complex valued per-

mittivity and permeability. Using holomorphic properties of Z for passive material
models leads to Cauchyâ€“Riemann equations [2, 3, 16]

∂X

∂ Re εb
= − ∂R

∂ Im εb
and

∂X

∂ Reµb

= − ∂R

∂ Imµb

, (3.7)

where only one of the Cauchy-Riemann equations is used. The other containing
e.g., ∂X/∂ Im εb = ∂R/∂ Re εb, is less clearly linked to stored energy. The Cauchy-
Riemann equation (3.7) demonstrates that the reactance matrix (X), when differ-
entiated with respect to real material parameters, can be expressed in terms of the
resistance matrix (R) differentiated with respect to material losses. These matrices
are defined in terms of the MoM impedance matrix as

X =
Z− ZH

2j
and R =

Z+ ZH

2
, (3.8)

where the reactance matrix (X), also used in (2.2), is the imaginary part of the
MoM impedance matrix and relates currents to the difference between magnetic
and electric energies. The resistance matrix (R) relates currents to radiated power
and dissipated power in the material.

4 Stored energies
In this section, it is shown that stored energies derived from frequency derivatives of
the MoM impedance matrix (2.2) can equivalently be expressed in terms of material
derivatives of the MoM impedance matrix. For these expressions the limit of no
background material losses are assumed. This new relationship of stored electric
energy is summarized in the diagram shown in Fig. 2. This relationship identifies
that the effect on the MoM impedance matrix of differentiating with respect to
permittivity (3.6) is, besides a scaling factor, identical to the matrix multiplied
with the current vector in (2.2), where stored electric energy is computed from
frequency derivatives of the MoM reactance matrix. This leads to an expression
for stored electric energy as a derivative of the reactance matrix with respect to
the background permittivity. Similarly, the relationship between stored magnetic
energy (2.2) and a derivative with respect to the background permeability can be
obtained through the MoM impedance matrix differentiated with respect to the
background permeability (3.6) and Cauchy-Riemann equation (3.7), in the limit of
no background material losses, i.e., Im εb → 0 and Imµb → 0, the derivatives can
be applied to the reactance matrix (3.8) as
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We

1

8
IH

(
∂X

∂ω
− X

ω

)
I

εb
4ω

IH
∂X

∂ Re εb
I

− εb
4ω

IH
∂R

∂ Im εb
I

Figure 2: Stored electric energy in the limit of no background material losses ex-
pressed in terms of derivatives, with respect to frequency, permittivity and dielectric
losses.

We =
εb
4ω

IH
∂X

∂ Re εb
I and Wm =

µb

4ω
IH

∂X

∂ Reµb

I. (4.1)

The expressions in (4.1) show that the MoM reactance matrix’s derivatives with
respect to the electric material parameter namely permittivity and the magnetic
material parameter namely permeability leads to equivalent expressions for stored
energies as ones based on taking frequency derivatives (2.2).

Additionally these expressions show for the first time that electric stored energy
depends on the reactance sensitivity to electric material changes. Similarly, the
magnetic stored energy depends on the reactance sensitivity to magnetic material
changes. This is related to the accepted relation between electric energy and permit-
tivity in electrostatics and magnetic energy and permeability in magnetostatics [12,
18]. However, in the case where there is a radiated field, stored electric energy and
stored magnetic energy (4.1) are both functions of permittivity and permeability
leading to a complex relationship between these parameters.

The expressions for stored energies from material derivatives (4.1) can further
be reformulated using the Cauchy-Riemann equation (3.7), in the limit of no back-
ground material losses. These equations express stored electric and magnetic ener-
gies (4.1) as

We =
−εb
4ω

IH
∂R

∂ Im εb
I and Wm =

−µb

4ω
IH

∂R

∂ Imµb

I, (4.2)

respectively. Equality between expressions in (4.2) and (4.1) lead to an interpreta-
tion of stored energies in terms of sensitivity (derivative) to background material
losses of the resistance matrix. The negative sign in these expressions is due to the
choice of time convention. Here, it should be noted that material derivative expres-
sions can be written equal to (2.2), not only in the lossless limit using complex deriva-
tives (3.6) [20] leading to e.g., We = Im εb

4ω
IH ∂Z

∂εb
I = Im εb

2ω
IH ∂X

∂εb
I = Im εb

2ω
IH ∂R

∂εb
I.

Similar expressions for stored magnetic energy are obtained by replacing background
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permittivity with permeability. However, for lossy background material these ex-
pressions are difficult to interpret and may require another approach [7].

The resistance matrix (3.8) used to formulate stored energies in (4.2) is related to
dissipated power of an antenna. This power can be split into power leaving a volume
(e.g., radiation) and power lost within the volume (e.g., material losses). Stored
energies are generally thought to only be related to changes in antenna reactance.
However, in (4.2) it is shown that they also relate to changes in dissipated power.
This is demonstrated by using Cauchy-Riemann equations (3.7) to express material
derivatives of resistance and reactance in terms of one another.

When the derivatives with respect to material loss in (4.2) produce negative
definite matrices as is the case for electrically small structures they are a reliable
approximation of stored energies. For this case the dissipated power is increased by
these material loss perturbations. However, it should be noted that for electrically
large structures the expressions (4.2) can produce negative values [6]. One inter-
pretation of this is that the reduction in power leaving a volume may exceed the
increase in power lost within the volume when perturbing material losses.

5 Q-factor from input impedance
The material derivative identities of the MoM matrix (3.6) can be used to reinterpret
the Q-factor from input impedance (2.4). By doing this, the versatility of material
derivative approach is demonstrated.

The derivatives of the MoM matrix (3.6) are related to material derivatives of
the input impedance Zin shown in Appendix B leading to

εb
∂Zin

∂εb
=

ω

2

∂Zin

∂ω
− Zin

2
and µb

∂Zin

∂µb

=
ω

2

∂Zin

∂ω
+

Zin

2
. (5.1)

Using these expressions valid for a lossy background material, Q-factor formulated
with frequency derivatives of input impedance (2.4) can equivalently be expressed
using (5.1) as

QZ′
in
=

1

2Rin

∣∣∣∣εb∂Zin

∂εb
+ µb

∂Zin

∂µb

∣∣∣∣ , (5.2)

leading to an interpretation of Q-factor in terms of material sensitivity of the input
impedance. It should be noted that in (5.2) self resonance is assumed.

6 Conclusion
In this paper a relationship between stored energies of radiating systems and ma-

terial derivatives is investigated. From this investigation it is shown that widely
used expressions to evaluate stored energies can be interpreted in terms of material
derivatives. This leads to the fundamental relationship between stored electric en-
ergy and electric material properties namely permittivity. Similarly, stored magnetic
energy is related to permeability. Further, the MoM resistance matrix is used to
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interpret stored energies for the first time. This demonstrates a new link between
material losses and stored energies of radiating systems. Lastly, it is also shown
that frequency derivatives used to compute Q-factor from input impedance can be
replaced by material derivatives.

Appendix A Volumetric MoM material derivatives
The MoM material part (3.4) assuming only non-magnetic properties is given by

Zρ,mn =

∫
Ω

ψm(r) · ρ(r) ·ψn(r) dV, (A.1)

where the complex resistivity is ρ = −j/(ωεbχe) and where χe is the electric suscep-
tibility when the background permittivity is equal to vacuum. The derivative with
respect to background permittivity of Zρ can be expressed as

εb
∂Zρ

∂εb
=

ω

2

∂Zρ

∂ω
− Zρ

2
, (A.2)

since ∂Zρ/∂ω = −Zρ/ω. Further, due to the assumption of non-magnetic media,
the derivative with respect to background permeability is

µb
∂Zρ

∂µb

=
ω

2

∂Zρ

∂ω
+

Zρ

2
= 0. (A.3)

Appendix B MoM matrix related to input impedance
From the MoM impedance matrix (3.4), the admittance matrix is Y = Z−1 and is
related to the input admittance as

Yin =
1

Zin

=
VTYV

V 2
in

, (B.1)

where Zin is the input impedance. Assuming a frequency and material independent
input voltage, Vin, frequency differentiation of the input admittance lead to

V 2
in

∂Yin

∂ω
= VT∂Y

∂ω
V = −VTZ−1∂Z

∂ω
Z−1V. (B.2)

Similarly the background permittivity derivative of the admittance matrix can be
written as

∂Y

∂εb
= −Z−1 ∂Z

∂εb
Z−1. (B.3)

Then, using the relation between derivative of background permittivity and fre-
quency of the MoM matrix (3.6) (inverse of admittance matrix) this can be equiva-
lently expressed in terms of a derivative with respect to the background permittivity
as

εb
∂Y

∂εb
=

ω

2

∂Y

∂ω
+

Y

2
. (B.4)
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It follows from the relationship between frequency derivatives of the input admit-
tance and admittance matrix (B.2) that

εb
∂Yin

∂εb
=

ω

2

∂Yin

∂ω
+

Yin

2
, (B.5)

this leads to

εb
−∂Zin

∂εb

Z2
in

=
ω

2

−∂Zin

∂ω

Z2
in

+
1

2Zin

(B.6)

and can be rewritten as the left-hand side of (5.1). Similarly, differentiation with
respect to background permeability can be shown to lead to the right-hand side
of (5.1).

References
[1] R. L. Fante. “Quality factor of general ideal antennas”. IEEE Trans. Antennas

Propag. 17 (2) (1969): pp. 151–155.

[2] W. Geyi. “Stored energies and radiation Q”. IEEE Trans. Antennas Propag.
63 (2) (2015): pp. 636–645.

[3] R. E. Greene and S. G. Krantz. “Function Theory of One Complex Variable”.
Third. American Mathematical Society, 2006.

[4] M. Gustafsson and B. L. G. Jonsson. “Antenna Q and stored energy expressed
in the fields, currents, and input impedance”. IEEE Trans. Antennas Propag.
63 (1) (2015): pp. 240–249.

[5] M. Gustafsson and B. L. G. Jonsson. “Stored electromagnetic energy and
antenna Q”. Progress In Electromagnetics Research (PIER) 150 (2015): pp. 13–
27.

[6] M. Gustafsson, M. Cismasu, and B. L. G. Jonsson. “Physical bounds and
optimal currents on antennas”. IEEE Trans. Antennas Propag. 60 (6) (2012):
pp. 2672–2681.

[7] M. Gustafsson and C. Ehrenborg. “State-space models and stored electromag-
netic energy for antennas in dispersive and heterogeneous media”. Radio Sci.
52 (2017).

[8] R. F. Harrington. “Field Computation by Moment Methods”. Macmillan, 1968.

[9] R. F. Harrington and J. R. Mautz. “Control of radar scattering by reactive
loading”. IEEE Trans. Antennas Propag. 20 (4) (1972): pp. 446–454.

[10] J. M. Jin. “Theory and Computation of Electromagnetic Fields”. Wiley Online
Library, 2010.

[11] G. Kristensson. “Scattering of Electromagnetic Waves by Obstacles”. SciTech
Publishing, an imprint of the IET, 2016.

[12] L. D. Landau and E. M. Lifshitz. “Electrodynamics of Continuous Media”.
First. Pergamon Press, 1960.

http://dx.doi.org/10.1109/TAP.1969.1139411
http://dx.doi.org/10.1109/TAP.2014.2384028
http://dx.doi.org/10.1090/gsm/040
http://dx.doi.org/10.1109/TAP.2014.2368111
http://dx.doi.org/10.1109/TAP.2014.2368111
http://dx.doi.org/10.2528/PIER14111502
http://dx.doi.org/10.2528/PIER14111502
http://dx.doi.org/10.1109/TAP.2012.2194658
http://dx.doi.org/10.1109/TAP.2012.2194658
http://dx.doi.org/10.1002/2017RS006281
http://dx.doi.org/10.1002/2017RS006281
http://dx.doi.org/10.1109/9780470544631
http://dx.doi.org/10.1109/TAP.1972.1140234
http://dx.doi.org/10.1109/TAP.1972.1140234
http://dx.doi.org/10.1049/sbew524e


10

[13] C. Levis. “A reactance theorem for antennas”. Proceedings of the IRE 45 (8)
(1957): pp. 1128–1134.

[14] W. K. Panofsky and M. Phillips. “Classical Electricity and Magnetism”. Sec-
ond. Addison-Wesley, 1962.

[15] D. R. Rhodes. “Observable stored energies of electromagnetic systems”. Jour-
nal of the Franklin Institute 302 (3) (1976): pp. 225–237.

[16] D. Rhodes. “A reactance theorem”. Proc. R. Soc. A 353 (1672) (1977): pp. 1–
10.

[17] K. Schab, L. Jelinek, M. Capek, C. Ehrenborg, D. Tayli, G. A. Vandenbosch,
and M. Gustafsson. “Energy stored by radiating systems”. IEEE Access 6
(2018): pp. 10553 –10568.

[18] J. A. Stratton. “Electromagnetic Theory”. McGraw-Hill, 1941.

[19] G. A. E. Vandenbosch. “Reactive energies, impedance, and Q factor of ra-
diating structures”. IEEE Trans. Antennas Propag. 58 (4) (2010): pp. 1112–
1127.

[20] W. Wirtinger. “Zur formalen theorie der funktionen von mehr komplexen
veränderlichen”. Mathematische Annalen 97 (1927): pp. 357–376.

[21] A. D. Yaghjian and S. R. Best. “Impedance, bandwidth, and Q of antennas”.
IEEE Trans. Antennas Propag. 53 (4) (2005): pp. 1298–1324.

http://dx.doi.org/10.1109/JRPROC.1957.278271
http://dx.doi.org/10.1016/0016-0032(79)90126-1
http://dx.doi.org/10.1098/rspa.1977.0018
http://dx.doi.org/10.1109/ACCESS.2018.2807922
http://dx.doi.org/10.1109/TAP.2010.2041166
http://dx.doi.org/10.1109/TAP.2010.2041166
http://dx.doi.org/10.1109/TAP.2005.844443

	Introduction
	Background on stored energies and Q-factor
	Material perturbations
	Stored energies
	Q-factor from input impedance
	Conclusion
	Appendix Volumetric MoM material derivatives
	Appendix MoM matrix related to input impedance

