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Abstract

This thesis, consisting of six papers, concerns methods for probabilistic analysis of engi-
neering structures. The work comprises evaluations of available methods, developments
of new and improved methods, and applications of probabilistic analysis to engineering
structures.

Comparative calculations using methods representing different strategies for stocha-
stic finite element analysis were carried out, aiming at an evaluation with respect to
computational efficiency, general applicability, and availability for practising engineers.
Among the evaluated methods, the Monte Carlo simulation technique using Latin hy-
percube sampling was found to be attractive with respect to general applicability, since
the handling of the stochastic variables is separate from mechanical modelling and nu-
merical analysis. A method utilizing principal component analysis was suggested in
order to bring Latin hypercube sampling in line with finite element analysis.

Methods for utilizing Latin hypercubes in importance sampling for structural relia-
bility analysis were suggested. It was shown that simple importance sampling, as well
as axis orthogonal importance sampling, can be considerably improved, with respect
to computational efficiency, using Latin hypercube sampling instead of true random
sampling. The improvement of the first method is dependent on a transformation of
the stochastic variables in standard Gaussian space, resulting in a sample plan with one
direction orthogonal to the tangent hyperplane of the failure surface at the design point.

The effects of damage caused by truck impacts to slender columns of racking sys-
tems were investigated by means of numerical simulations and laboratory tests. Three
different thin-walled steel profiles were considered and it was found that even moderate
geometrical imperfections result in considerable reduction of the load carrying capac-
ity of individual columns. A study of the effects on entire racking systems was also
performed in which damage magnitudes were regarded as probabilistic parameters.

Wooden roof trusses with nail-plate joints were analysed focusing on the influence
of gaps between wooden members and misplaced nail-plates. Both issues arise as a
consequence of lack of precision in the manufacturing process and the magnitudes of
the imperfections were regarded as probabilistic parameters. Especially gaps between
wooden members were shown to be of considerable importance for the deflection of roof
trusses. In addition to the probabilistic analysis, a procedure was employed to optimize
the nail-plate locations with respect to the deflection of a roof truss.

Keywords: probabilistic analysis, stochastic finite element analysis, Monte Carlo simu-
lation, Latin hypercube sampling, principal component analysis, reliability, importance
sampling, optimization, racking system, steel profile, roof truss, nail plate.
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Introduction and Overview






Chapter 1

Introduction

1.1 Background

In all types of engineering, uncertainties of different kinds must be considered, in some
way, by designers and engineers. For structural mechanics applications, the uncertainties
often concern strength and stiffness values of structural members or connections. This
includes geometrical and material properties. In many structures, also production errors
or damage, caused by accidents or inadequate management, are uncertain parameters to
be considered in the analysis. For large buildings and infrastructure projects, the prop-
erties of the foundation and surrounding environment are often difficult to determine
with sufficient precision. The same holds for the loading, which may depend on natural
phenomena such as snow and wind. To ensure a good safety level and serviceability of
structures, at a competitive cost, it is thus necessary to have knowledge about statistical
distributions and dependencies regarding various design parameters and external loads.
Such knowledge often requires a patient collection of data or comprehensive laboratory
experiments.

In addition to knowledge regarding the physical uncertainties, accurate mechanical
models are required. Nowadays, elaborate numerical methods and models, including
strategies for dealing with a variety of mechanical processes, have become widespread
and are employed in everyday engineering design practice. Comprehensive general soft-
ware, often based on the finite element method, are available. In most cases, however,
these methods, models and software are developed for deterministic analysis in which
various uncertainties are considered only through rough safety factors. This may be
justified in some cases, but if knowledge regarding actual safety levels is required, the
analysis must be extended to comprise probabilistic calculations considering the stochas-
tic properties of the input parameters.

Quite extensive research has been carried out, aiming at the development of meth-
ods for probabilistic analysis of structural mechanics applications. Some strategies for
probabilistic analysis are general in nature, others are specialized for the purpose of be-
ing employed in conjunction with some numerical procedure such as the finite element
method. The methods developed are more or less suitable for different types of problems
and differ considerably with respect to computational efficiency, general applicability,
and availability for practising engineers. Considering the present standard, however,
it must be concluded that further research and development of methods and software



are needed in order to reach a widespread standard comprising thorough probabilistic
analysis in the design of engineering structures. To meet this aspiration, probabilis-
tic methods and strategies must also be introduced to the engineering society through
realistic and interesting applications.

A fruitful subdivision of probabilistic analysis is into two types of analyses, of which
the first aims at calculating statistical distributions or some statistics such as mean
values and standard deviations of relevant response parameters, such as stresses and
deformations. The other type concerns the problem of calculating the risk of exceeding
a certain level of some response and that a critical situation will arise. In most cases, the
interest is then directed towards events that are highly unlikely to occur, for example a
total or partial collapse of a building, and the methods suitable to handle this type of
problem then become different from the methods suitable for the first type. Methods of
the first type are presented below as stochastic finite element methods, since the domi-
nating numerical tool in structural analysis today is the finite element method. Some of
the methods, however, are equally applicable in conjunction with any other numerical or
analytical procedure. Methods of the second type are presented as structural reliability
methods.

1.2 Stochastic Finite Element Methods

The only method that has become widespread in engineering practice is the Monte
Carlo simulation technique. Stochastic design parameters are sampled and a number
of deterministic computations are carried out in order to provide information about
the distribution, or some statistics of the response parameters. This is an accurate
and simple approach, but also very expensive in terms of computer resources. Several
methods possible to employ at a lower computational cost have been proposed. They
can be divided into three main categories, denoted cat. 1 — 3 below.

The cat.1 methods elaborate on the Monte Carlo sampling itself in order to reduce
the sample size required to provide reliable statistics of the response. An example of
a sampling technique belonging to this category is Latin hypercube sampling. Most of
the work in this area has been carried out by mathematical statisticians (e.g. McKay et
al. 1979; Iman and Conover 1982; Owen 1994) and elaborate sampling techniques are
rarely employed in the field of structural analysis. A major advantage of these methods
is that the consequent analysis using the sampled input data is identical to deterministic
analysis. Thus full advantage can be taken of existing commercial codes developed for
deterministic analysis (Sandberg et al. 1996).

The cat.2 methods also employ Monte Carlo simulations. However, the strategy is
to reduce the computational work by using efficient solution techniques for the equation
system of each run by making use of the similarity between the different equation sys-
tems. Two such methods are the Neumann expansion method, which several researchers
(e.g. Yamazaki et al. 1988; Chakraborty and Dey 1996) have shown to be efficient and
the preconditioned conjugate gradient method, which has been used in conjunction with
the Neumann expansion method by Papadrakakis and Papadopoulos (1995).

The cat.3 methods do not compute the response statistics through Monte Carlo
simulations but through series expansions of random variables. This category contains
many different methodologies. One of the most well known is the Taylor series expansion



method, in which a truncated Taylor series of the response variable is established (e.g.
Kleiber and Hien 1992).

1.3 Structural Reliability Methods

As stressed above, an important part of the analysis of an engineering structure is calcu-
lating the probabilities of failure or of unacceptable structural performance. For complex
problems, the simplest and most adequate method is the standard Monte Carlo simula-
tion technique. When the probabilities of failure are small, however, as they usually are
in reliability analysis, this method is extremely time-consuming and expensive in terms
of computer resources. Alternative methods must therefore be considered.

A widely employed method is the first order reliability method (FORM). In this
method, the most likely failure point in the space of independent, standard Gaussian
variables, the design point, is sought by the use of a search method such as the gradient
projection method or the Haasofer-Lind method (Liu and Der Kiureghian 1991). When
the design point is found, the failure surface, i.e. the boundary surface between the safe
region and the failure region, is approximated by its tangent hyperplane at the design
point, and the probability of failure can be calculated by integration. The accuracy of
the method is dependent on the shape of the failure surface. If it diverges significantly
from the tangent hyperplane, the method will give a considerable error in the estimate of
the failure probability. The advantages of the method are that it is not too demanding
in terms of the computer effort required and that it is fairly simple to employ.

The second order reliability method (SORM) is similar to the FORM, but the failure
criterion is approximated by a second order function instead of a linear function. This
increases the accuracy, but unfortunately also the computer effort required. SORM
becomes expensive if the number of stochastic variables in the problem is large, but it
is not certain that the estimated failure probability is accurate enough.

In order to improve the approximate result by FORM, the initial analysis can be
supplemented with importance sampling. A simple and widely employed importance
sampling approach is to move the sampling centre from the origin in standard Gaussian
space to the design point on the failure surface (Schuéller and Stix 1987). About half
the sample will then be located in the failure domain. This is, of course, much more
efficient than if only a small fraction of the sample falls in the failure domain, which is
the case when the sample is centred at the origin. The failure probability is calculated
from the sum of the weight factors of all the realizations for which a failure occurs. The
most straightforward sampling density to employ is the multivariate Gaussian distribu-
tion with standard deviations equal to one, but other sampling distributions and other
sampling centres than the design point may be used and might be even more eflicient.
A discussion on the choice of importance sampling distribution is found in Melchers
(1990).

In most cases, the design point is determined by some gradient-based search algo-
rithm that works in standard Gaussian space, e.g. the gradient projection method or the
Haasofer-Lind method (e.g. Liu and Der Kiureghian 1991). However, if discrete stochas-
tic variables are involved, and a transformation from the basic stochastic variables into
standard Gaussian space is not possible, importance sampling can be performed by
moving the sampling centre according to information from a previous sampling (Dey



and Mahadevan 1998; Melchers 1990). This approach is usually less efficient than the
gradient methods, but it does not require transformation to standard Gaussian space
and it does not require the failure surface to be differentiable.

Another method is the axis orthogonal importance sampling method (Hohenbichler
and Rackwitz 1988). The procedure starts by a FORM or a SORM analysis like the
approach described above. Then a Monte Carlo sample, centred at the design point,
is established on the tangent hyperplane of the failure surface. The sample space is
thus reduced by one dimension, the direction orthogonal to the hyperplane. For each
of the Monte Carlo realizations on the hyperplane, a line search is then carried out
in the direction orthogonal to the hyperplane to find the intersection with the actual
failure surface. A FORM analysis gives good start values for the line search. Finally, the
failure probability can be estimated, by means of numerical integration of the probability
density function, since the true position of the failure surface is calculated at a number
of points distributed over the failure surface.

In the directional importance sampling method, the intersection with the failure
surface is calculated for a set of directions crossing the origin. The directions are sampled
with higher density towards regions where the failure surface is close to the origin. The
approach is, according to Engelund and Rackwitz (1993), somewhat less efficient than
the axis orthogonal importance sampling method, at least when the number of stochastic
variables is large, but it may be employed directly on the basic stochastic variables
(Ditlevsen et al. 1990). Also, directional sampling is most suitable for spherical, or
almost spherical failure surfaces in Gaussian space (Bjerager 1988).

An important method, which must also be mentioned in this context, is the response
surface method. In this method, the failure surface (with a function value equal to zero)
is estimated by a polynomial by calculating function values at a number of positions in
the space of the stochastic variables (e.g. Rajashekhar and Ellingwood 1993).



Chapter 2

Overview of the Present Work

2.1 Aim and Scope

The present work has been carried out with a focus on computational methods for
probabilistic analysis of engineering structures, which are typically analysed by means
of finite element calculations. The perspective has been from a structural mechanics
point of view rather than from a mathematical statistics point of view, and the overall
aims of the work have been:

e To compare and evaluate different methods and strategies for efficient probabilistic
analysis of structural mechanics applications. The evaluation should comprise
computational efficiency, general applicability, and availability for researchers and
practising engineers in industry.

e To contribute with new and improved methods for stochastic finite element analy-
sis and for structural reliability, towards more efficient probabilistic analysis with
respect to the criteria above.

e To apply probabilistic analysis on complicated engineering applications with rele-
vance for society and requested by industry.

The work is represented by six papers, appended in the present thesis, covering the aims
stated above. Below follows a brief overview of the contents and essential results of the
research with references to the appended papers.

2.2 Development and Evaluation of Methods

2.2.1 Comparison of Stochastic FE Methods

Different strategies have been suggested for stochastic finite element analysis, and Pa-
per I supplies a comparison of methods representing the three different categories pre-
sented in the section of stochastic finite element methods of the introduction above. The
comparison was carried out by means of a simple numerical example, namely a plate
in tension, with Young’s modulus represented by a spatial stochastic field with differ-
ent variability and auto-correlation functions. The methods evaluated were: the Monte
Carlo simulation method using true random sampling as well as different versions of the

7



Latin hypercube sampling plan, the Neumann series expansion method, and the Taylor
series expansion method. All three methods were implemented in the same environment
using the software MATLAB (1999), and much effort was spent on implementing the
methods efficiently in order to make a fair evaluation.

Comparing the sampling methods, it was found that the Latin hypercube sampling
plan was considerably more efficient than true random sampling. The efficiency of the
Latin hypercube sampling was, however, to a large extent depending on an additional
procedure for reduction of spurious correlation. All the sampling methods are very at-
tractive with respect to general applicability since the probabilistic analysis is separated
from the handling of the mechanical model. The Latin hypercube sampling plan is pre-
sented, in some detail, in a separate section below as it holds a unique position in this
thesis and is considered in different ways by Papers I—III and Papers V—VI.

The Neumann expansion method, employed in conjunction with Monte Carlo sim-
ulations, elaborates on the solution of the equation systems defined by the mechanical
modelling. The method was found to be considerably more efficient than the standard
solution, i.e. solving the equation systems by means of Cholesky decompositions, espe-
cially for large systems. Unfortunately, the method involves the numerical solution of the
FE model and thus requires changes in software developed for deterministic calculations.

The Taylor series expansion method is a perturbation method and does not involve
Monte Carlo simulations. Therefore, it is not straightforward to compare the different
strategies. The errors in the estimates of the statistics using the perturbation method are
of a different kind than the errors of the sampling methods, which depend on insufficient
sample sizes. The perturbation method is tedious to implement and involves mechanical
processes and finite element procedures. This is, of course, an important drawback. It
was shown, however, that for some applications, the Taylor series expansion method is
very competitive in terms of computational efficiency.

2.2.2 Latin Hypercube Sampling

By exchanging true random sampling with Latin hypercube sampling (LHS), it is possi-
ble to ensure a good representation of the statistical target distribution of each marginal
variable and thereby reduce the required number of Monte Carlo runs. Let n denote the
required number of runs and & the number of random variables. The sampling space is
then k-dimensional. An n x k matrix P, in which each of the k& columns is a random
permutation of 1,...,n, and an n x k£ matrix R of independent random numbers from
the uniform (0,1) distribution are established. These matrices form the basic sampling
plan, represented by the matrix S as

1
S=—(P-R) (2.1)
n
Each element of S, s;;, is then mapped according to its target marginal distribution as
-1
zi; = F,, (si5) (2.2)
where 1‘72_],1 represents the inverse of the target cumulative distribution function for vari-

able j. A vector x; = [z;; Z;» ... Z;] now contains input data for one deterministic
computation. Possible samples for two input variables and eight realizations, using true



random sampling and LHS respectively, are shown in Fig. 2.1. Note that the sample,
using LHS, is spread over the entire sampling space as the generation of the sampling
plan requires one image from each row and each column. When true random sampling

is employed, there is a risk that the realizations form a cluster and parts of the sampling
space will not be covered.

° [ J
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(a) (b)

Figure 2.1: Two variables, independent and uniformly distributed, represented by (a)
true random sampling and (b) Latin hypercube sampling.

Even though the marginal distribution of each variable is efficiently represented,
there is a risk that a spurious correlation will appear, as shown in Fig. 2.2(a). However,
it has been shown by Iman and Conover (1982) that such a spurious correlation can
be reduced by modifications in the permutation matrix P. The elements of P, p;;, are
divided by the number of realizations plus one, and mapped on the Gaussian distribution
with mean zero and standard deviation one as

- Pij
vi; = o) (f - 1) (2.3)

Then the covariance matrix of Y, with elements y;;, is estimated and Cholesky decom-
posed as

LLT = cov(Y) (2.4)

where L is lower triangular. A new matrix Y* with a sample covariance equal to the
identity is computed as

Y =YL (2.5)

and the ranks of the elements of the columns of Y* become the elements in the columns
of the matrix P*. If the elements of P in Eq. (2.1) are replaced by the elements of this
matrix, the sampling matrix S will contain a considerably lower amount of undesired
correlation. Fig. 2.2 illustrates the effect of the correlation-reduction procedure in a

two-variable sampling plan, where a considerable spurious correlation is present in the
preliminary sample.
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Figure 2.2: The effect of the correlation-reduction procedure in a two-variable example:
(a) represents the sample prior to the reduction of spurious correlation and (b) represents
the sample after the reduction of spurious correlation.

An important limitation of the correlation-reduction procedure is that the Cholesky
decomposition, Eq. (2.4), requires that cov(Y) is positive definite, which, in turn, re-
quires that the number of realizations is higher than the number of stochastic variables,
i.e. that n > k. Unfortunately, this requirement is a severe restriction in many ap-
plications. If the random field is discretized to coincide with the finite element mesh,
the procedure requires the number of realizations to be larger than the number of finite
elements in the mesh. If the random properties of adjacent elements are correlated,
however, the original set of random variables can be represented by a smaller number
of uncorrelated random variables. This was taken advantage of in a sampling procedure
proposed in Paper II. The target covariance matrix, C, can be factorized as

D =27"CZ (2.6)

where D is the eigenvalue matrix of C, and Z is the corresponding orthogonal eigenvector
matrix. If C contains a significant correlation, the sum of the r largest eigenvalues, where
r is a small number compared to the total number of eigenvalues, is approximately equal
to the trace of D. This means that if the r largest eigenvalues are stored in the diagonal
r x r matrix D, and the corresponding eigenvectors are stored in the k x r matrix Z,
the target covariance matrix is approximately equal to

& = ZDZT (2.7)

The original set of k£ correlated random variables, with target covariance matrix C, was
thus replaced by a set of 7 uncorrelated random variables with target covariance matrix
D. When an LHS sample was produced, corresponding to the decoupled and reduced set
of variables, and then transformed back in order to fit with the probability distributions
of the original variables, the restriction n > k was replaced by the restriction n > r.
This restriction is more reasonable to fulfil for FE applications. Fig. 2.3 illustrates the
reduction of the number of variables, which is performed by considering the decoupled
variables with negligible variance as deterministic.

10
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Figure 2.3: Illustration of original and diagonalized covariance matrices. Large dots
represent high numbers and small dots represent small numbers. The shaded area of the
decoupled covariance matriz only contains dots representing negligible variances, close
to zero.

Numerical examples presented in Paper I showed that the computational efficiency
of the procedure suggested by Iman and Conover (1982) was preserved when the proce-
dure was employed on a transformed, decoupled set of variables. The method, of course,
becomes somewhat more complicated than the original LHS, but it does not involve the
mechanical modelling or the implementation of the FE software.

2.2.3 Structural Reliability and Importance Sampling

The importance sampling approach suggested by Schuéller and Stix (1987) is often
suitable for structural reliability analysis when a FORM estimate of the reliability is
insufficient. Centring the Monte Carlo sample at the design point, a reasonable sample
size should be sufficient for estimating the probability of failure, which is calculated from
the sum of the weight factors of all the realizations for which a failure occurs as

Py = (W (wi)lg(vi) < 0) (2.)

=1

where N is the number of realizations, v; is a realization of the importance sampling
distribution, g(v;) < 0 indicates failure for realization ¢, and W (v;) is the corresponding
weight factor calculated as

W(v;) = (2.9)

where ¢, is the joint probability density function of the set u of stochastic variables
u; in standard Gaussian space, and hy is the employed importance sampling density
function.

11



Latin hypercube sampling may by employed for the sampling. A rotated orientation
of the LHS plan, centred at the design point, with one direction orthogonal to the tangent
hyperplane of the failure surface, was suggested in Paper III. Fig. 2.4 shows (a) an LHS
sample centred at the design point in the original orientation, and (b) an LHS sample in
the suggested orientation. It was shown by several application examples, representing
different shapes of failure surfaces and problem sizes, that whereas LHS using the original
orientation only slightly improved the computational efficiency compared to true random
importance sampling, the suggested orientation of the LHS plan considerably improved
the efficiency. It supplied a more accurate estimate of the failure probability using a
constant sample size. The reason for the improvement is that the rotated orientation
ensures a very good representation of the probability distribution function in the single
most important direction, i.e. the direction orthogonal to the tangent hyperplane of
the failure surface, and a good representation in the remaining directions in the plane
of the tangent hyperplane. The closer the actual failure surface of the examples was to
the tangent hyperplane, the better estimates were supplied by the method. However,
even for highly non-linear failure surfaces, the method gave significant improvements
compared to the alternative sampling methods.

In addition to the LHS modification applied on the described importance sampling
method, Paper IIT suggests a similar improvement on another, even more efficient, im-
portance sampling method, namely the axis orthogonal importance sampling method
suggested by Hohenbichler and Rackwitz (1988). The suggested modification was shown
to contribute considerably to increasing the computational efficiency of the method.
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Figure 2.4: LHS importance sampling in (a) the original orientation and (b) a rotated
orientation, in which one direction coincides with the direction orthogonal to the tangent
hyperplane.
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2.3 Engineering Applications

In addition to the applications employed in order to evaluate and compare the different
strategies and methods presented above, two different types of structures are thoroughly
considered in the present work, namely racking systems and roof trusses.

2.3.1 Damaged Columns and Joints in Pallet Racks

Racking systems used in industry are slender structures, often loaded by large quantities
of goods, see Fig. 2.5. If the structural elements and connectors are damaged or removed,
as they may be as a result of accidents or inadequate management, there is a significant
risk of structural failure. In Paper IV, the influence of truck impacts on individual
thin-walled columns was thoroughly investigated by means of numerical simulations on
different profiles, as well as by laboratory tests. Not surprisingly, it was found that even
moderate imperfections caused by truck impacts result in considerable reduction of the
load-carrying capacity of these thin-walled columns.

The results of Paper IV constitute input to Paper V, in which the extent of the
damage, at different positions in a pallet rack, was regarded as stochastic parameters.
Assuming a certain probability distribution of the damage magnitudes of the columns,
and with knowledge regarding the reduction of capacity of individual columns, the prob-
ability distribution of the remaining load-carrying capacity of an entire pallet rack was
evaluated by probabilistic calculations. In addition to the analysis of damaged columns,
Paper V comprises an analysis of the influence of uncertainties in the stiffness of beam-
column connectors in pallet racks.

The probabilistic calculations were performed using Monte Carlo simulations and
Latin hypercube sampling. The mechanical modelling was carried out using the deter-
ministic finite element software ABAQUS (1996), which is a general and comprehensive
software that admits advanced modelling including material and geometrical nonlinear-
ities. Paper V considers a special application, but it also suggests a simple and general
strategy for the handling of stochastic parameters of engineering structures in general.

2.3.2 Geometrical Imperfections in Roof Trusses

Wooden roof trusses with nail-plate joints are widely employed in modern roof construc-
tion. The large volume makes a detailed understanding of the mechanical behaviour of
these structures vital, as it is necessary in order to secure a satisfactory safety level and
serviceability of the structures and to achieve an optimal use of resources in terms of
material consumption and manufacturing control.

In Paper VI, a roof truss with nail-plate joints was analysed with a focus on the
influence of misplaced nail plates and gaps between wooden members, see Fig. 2.6.
Misplacement of nail plates, as well as gaps between wooden members, occur as a
consequence of lack of precision and insufficient control in the manufacturing process,
and the magnitudes of the imperfections should be regarded as uncertain parameters.
The influence of the imperfections on the deflection of a roof truss was investigated
in Paper VI by means of probabilistic analysis and deterministic parameter studies,
using a mechanical model capable of considering the non-linear stiffness of the nail-
plate joints including contact pressure between the wooden members. It was found
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Figure 2.5: A typical pallet rack used in industry. Damaged columns and floor connectors
are highlighted, as well as a beam-column connector.

that small initial gaps between wooden members, present at different locations in a
20° W-truss, considerably increase the deflection, especially for heavy load cases. The
influence of moderate misplacement of nail plates was also significant, but smaller than
the influence of gaps.

In addition to the probabilistic analysis using Monte Carlo simulations, the ideal
nail-plate locations were investigated by performing numerical optimization of these
locations, aiming at a minimum deflection of the roof truss. The analysis showed that
significant improvements could be achieved by small changes in the nail-plate locations
in relation to the initial locations. The optimization was performed using a very effective
procedure utilizing the elastic properties of the non-linear mechanical model, and it is
interesting to note that a similar procedure can be employed in the search for the design
point in a reliability analysis. No such analysis is presented in Paper VI as further
developments of the mechanical model would be required in order to capture the small
probabilities of failure or extreme deflection. However, in contrast to presently available
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commercial software using very simple mechanical models, the employed model allows
such modifications at a reasonable additional effort. Further research on geometrical
imperfections in roof trusses should comprise this development of the mechanical model
and the analysis should be carried out using efficient reliability methods.

Example of gap between
wooden members

Example of misplaced
nail plate

‘L 8400 mm L

Figure 2.6: W-truss with nail-plate joints showing an example of a gap between two
wooden members and a misplaced nail plate.

2.4 Concluding Remarks

The overall aim of the work presented in this thesis has been to add knowledge and
contribute to an increased employment of efficient methods for probabilistic analysis of
engineering structures. Hopefully, this aim has been obtained, even though it is hard
to assess the result with respect to this general aspiration. In more precise terms, the
most important results of the work can be summarized by the following items:

¢ By employing Latin hypercube sampling on a transformed, uncorrelated set of
stochastic variables, the Latin hypercube sampling plan was brought into line with
finite element analysis. The benefit of the transformation is that the restriction
of a minimum number of Monte Carlo runs can be eased if the original stochastic
variables are correlated.

e A novel orientation of the Latin hypercube sampling plan in conjunction with
simple importance sampling for reliability analysis was introduced. In contrast to
some previous attempts using Latin hypercube sampling, this approach was shown
to contribute considerably to the computational efficiency of importance sampling.
In addition, Latin hypercube sampling was efficiently employed in conjunction with
axis orthogonal importance sampling.

e The general applicability of the Latin hypercube sampling plan was illustrated
through applications considering randomly distributed damage to columns in rack-
ing systems and randomly distributed gaps between wooden members in roof
trusses.
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¢ Quantitative results were obtained concerning (1) the influence of truck impacts
and damage of different magnitudes to individual thin-walled steel columns of
racking systems, and (2) the influence of gaps between wooden members and the
effect of misplaced nail plates on the deflection of wooden roof trusses.

Further work in the area should comprise application of advanced reliability meth-
ods, such as importance sampling using the Latin hypercube sampling plan, on realistic
problems, such as racking systems and roof trusses analysed using advanced non-linear
mechanical models. This would clearly illustrate the capability and efficiency of meth-
ods for probabilistic analysis of engineering structures, but also expose possible lack of
applicability and pave the way for further research and development.
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Abstract

An overview of different methods for stochastic finite element analysis is pre-
sented, including different versions of the Latin hypercube sampling method, the
Neumann expansion method for solving equation systems, and a perturbation
method using Taylor series expansions. The methods are evaluated and com-
pared by means of a numerical example, with respect to computational efficiency
and general applicability. The Latin hypercube sampling method, including a
procedure for reduction of spurious correlation, is shown to be very competitive
in computational efficiency, especially if combined with the Neumann expansion
method. Also, the sampling methods do not require any modifications of finite
element software developed for deterministic analysis. The perturbation method,
on the other hand, requires extensive modifications compared to deterministic
analysis, but for some cases it gives a very good computational efficiency.
Keywords: stochastic finite element method, Latin hypercube sampling, corre-
lation reduction, Neumann expansion, Taylor expansion, perturbation method.

1 Introduction

Nowadays elaborate deterministic numerical methods and models, including sophisti-
cated strategies for dealing with a variety of mechanical processes, have become wide-
spread and are employed in everyday engineering design practice. However, in most
design cases the engineer is left with uncertainties about how to actually model a struc-
ture. The uncertainties can be directed towards the stiffness values of structural mem-
bers or connections, geometrical or material properties. Production errors or damage,
caused by accidents or inadequate management, are in many civil engineering structures
uncertain parameters that should be considered in the analysis as well. Other issues are
how the load is applied and, in dynamic analysis, the time history of the load.

There is a growing realization that unavoidable uncertainties must be considered
in a computational scheme to produce reliable computational and engineering results.
Traditionally, designers have used safety factors to provide increased confidence in the
structural performance, but this approach does not take into account the special prob-
ability characteristics of a particular structure and does not provide the designer with
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adequate information about the reliability of the entire system. This has lead to rather
extensive research aiming at combining efficient methods of structural analysis with
stochastic analysis, where the influence of random variables is thoroughly evaluated.

The only method that has become widespread in engineering design practice is the
Monte Carlo simulation technique. Probabilistic design parameters are sampled and a
number of deterministic computations are performed to provide information about the
distribution, or some statistics of response parameters. This is an accurate and simple
approach, but also very expensive in terms of computer resources. Several methods
that could be employed at a lower computational cost have been proposed. These
can be divided into three main categories. The methods of the first category concern
the sampling itself of the Monte Carlo technique in order to reduce the number of
realizations required to provide reliable statistics of the response. To this category
belong stratified sampling and Latin hypercube sampling. Most work in this area is
carried out by mathematical statisticians [e.g., McKay et al. (1979); Iman and Conover
(1982); Stein (1987); Owen (1994); Kjell (1995)], and elaborate sampling techniques
are rarely employed in the field of structural analysis using finite elements. A major
advantage of these methods is that the consequent analysis, i.e. the runs determined by
the sample, is identical to the deterministic analysis. Thus, full advantage can be taken
of existing commercial code developed for deterministic analysis (Sandberg and Olsson
1999; Olsson and Sandberg 2001).

The methods of the second category also employ Monte Carlo simulations. However,
the strategy is to reduce the computational work by using efficient solutions techniques
for the equation system of each run by making use of the similarity between the differ-
ent realizations. The Neumann expansion method, and the preconditioned conjugate
gradient method belong to this category. The Neumann expansion method in conjunc-
tion with the standard Monte Carlo method has been employed by several researchers
and found to be efficient [e.g., Yamazaki et al. (1988); Chakraborty and Dey (1996)].
The preconditioned conjugate gradient method has been used in conjunction with the
Neumann expansion method, and the standard Monte Carlo method by Papadrakakis
and Papadopoulos (1996).

Methods of the third category do not compute the response statistics through Monte
Carlo simulations but through series expansions of random variables. The most well-
known methods are probably: the Taylor expansion method, in which a truncated Taylor
series of the response variable is established (Liu et al. 1986; Kleiber and Hien 1992),
and the Neumann expansion method, in which a truncated Neumann series is employed
for the equation system (Shinozuka and Deodatis 1988; Spanos and Ghanem 1989) A
comprehensive exposition of a wide range of stochastic finite element methods, from the
second and third category, is given in Matthies et al. (1997).

The present paper gives a presentation of the most well-known methods from the
different categories and apply them on a random field finite element problem. Compar-
isons on the accuracy, efficiency and general applicability of the different methods are
presented. The paper does not comprise methods for reliability analysis, i.e. methods
for estimating small probabilities of events such as failure.



2 Representation of Random Fields

This section contains some basics of the theory of random fields, and a brief account of
the most commonly employed discretization methods in connection with finite elements.
A thorough treatment of the theory of random fields is found in Vanmarcke (1984).

The random field, H(x), of some physical property such as the modulus of elasticity,
or the thickness of a plate can be expressed as the sum of its mean value function, u(x),
and its fluctuating component, a(x), where x indicates the position vector,

H(x) = p(x) + a(x) (1)

The mean value is then a deterministic function of the spatial variables, whereby the
fluctuating component is a random function, with a mean of zero, of the same variables,

Ela(x)] =0 (2)
Furthermore, the random field is represented by the auto-covariance function,
Coa(x,%) = Efa(x)a(x')] (3)

where x and x' are two locations in the variable space. Higher order expectations
might also be employed in the modeling of the random field. However, it is convenient,
and often sufficient, to confine the statistics to the mean value function and the auto-
covariance function. For Gaussian fields these statistics unambiguously determine the
distribution. If the random variation is assumed to be homogeneous, i.e. the covariance
between two points depends only on the relative position, & = x—x', the auto-covariance
function can be expressed as

Caa(EaUO) = 0'3 paa(&) (4)

in which oy is the standard deviation, the same at every location, and p,,(£) is an auto-
correlation function with p,,(0) = 1. Furthermore, if the random field is isotropic, i.e.
the covariance between two points depends only on the distance, the auto-covariance
function can be expressed as

Caa(£700) = 03 paa(|£|) (5)

It should be noted, however, that the finite element approaches presented herein are not
limited to isotropic or homogeneous random fields.

The next step is to discretize the random field and its statistics to fit the consequent
finite element analysis. Several discretization methods have been proposed. One of
the most simple and widely employed is the midpoint method in which the value at the
center point of each element is used to represent the random field within the element.
The discretization of the random field may differ from the finite element mesh, but it is
convenient, and often suitable, to assume that the random field discretization coincide
with the finite element mesh. Another point discretization method is the integration
point method in which the integration points are used to represent the random field.
These two methods have the advantages of yielding positive definite covariance matrices
and to allow other marginal distributions than the Gaussian. The major disadvantage
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is that the finite element mesh has to be very fine in order to capture the correlation
of the random field sufficiently, especially if the correlation length is short. Alternative
methods are the interpolation method, which is based on representing the random field
in terms of an interpolation rule involving a set of deterministic shape functions and the
random nodal values of the field, and the local averaging method, which integrates the
random field function over each element or domain. These latter methods are able to
represent the random field with coarser meshes than the point discretization methods,
but they are strictly valid only in the case of Gaussian random fields. Also, the local
averaging method might in some cases lead to non-positive definite covariance matrices.
More detailed descriptions, and several references on random field discretizations are
given in Matthies et al. (1997).

The discretized random field is now represented by the mean value vector, and the
covariance matrix, corresponding to the mean value function, and the auto-covariance
function of the undiscretized random field. Using the midpoint method, letting the
discretization of the random field coincide with the finite element mesh, the length of
the mean value vector and the number of rows and columns in the symmetric covariance
matrix are equal to the number of elements in the problem. The mean values at the
center points of the k finite elements are derived as

m; = p(x;), 1=1,2,..,k (6)
and stored in the mean value vector m. The covariance between each pair of element
center points is computed as

Cz‘j = Caa(xiv XJ')’ 7 k (7)

and stored in the covariance matrix C.

3 Standard Monte Carlo Sampling

When the mean value vector and the covariance matrix are established, the Monte Carlo
method can be employed to generate realizations that correspond to the statistics of the
random field. For Gaussian random fields it is possible to generate a set of realizations
with estimated statistics arbitrary close to the target statistics, and thereby to the
joint distribution function, provided that a sufficiently large sample is considered. The
procedure is to generate n independent Gaussian distributed random numbers with a
mean of zero and a variance of one for each of the £ variables. The random numbers
are then stored in an n x k£ matrix R. The correlation is met by performing Cholesky
decomposition of the target covariance matrix C so that

LLT = C (8)
where L is lower triangular. Then the covariance is applied as
U =RL" (9)

yielding the n x k matrix U of Gaussian random numbers with a mean of zero, and a
covariance in accordance with the target covariance matrix. The target mean values are
applied by adding the mean value vector m to each row in U.
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The preservation of the Gaussian distribution from R to U is dependent on the fact
that the sum of Gaussian variables is also a Gaussian variable. As other distributions are
not preserved during this operation, the described procedure is only valid for Gaussian
random fields. However, for non-Gaussian random fields the target covariance can be
approached approximately by establishing R and U as if the field was Gaussian and
then map the elements of U on the target distribution. This non-linear transformation
is performed as

1 1=1,2,...,n
‘/ij - Fj {(PJ[UZJ]}a j=1,2, ,k (10)
where ®; represents the Gaussian cumulative distribution function, and Fj_l repre-
sents the inverse of the target cumulative distribution function with respect to specified
marginal statistics.

The transformation is illustrated in Fig. 1 and yields a sample with marginal dis-
tributions exactly approaching the target distributions, and correlation approximately
approaching the target correlation. The closer the target marginal distributions are to
the Gaussian distribution the better the approximation. The sampling method described

above will in the following be designated SMC (Standard Monte Carlo).

Figure 1: Transformation from Gaussian distribution, ®(u), to non-Gaussian distribu-
tion, F(v).

The correlation of V can be improved using an iterative algorithm proposed by
Yamazaki and Shinozuka (1988). Yamazaki and Shinozuka applied the algorithm on
the spectral density function of the stochastic field, but also outlined the corresponding
procedure for the covariance matrix decomposition method according to the following:
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Cl =C
C, := cov(V)

repeat until C, &~ C

for : = 1 : number of variables
for j =1 : number of variables

Ci(4,5)

end
end
L :=chol(C,)
U =RLT

for j = 1 : number of variables
for ¢ = 1 : number of realizations

V(i,j) = F;7{®;[U(i, )]}

end
end

C, := cov(V)

end

where cov denotes estimation of the covariance, and chol denotes calculation of the
lower triangular matrix by Cholesky decomposition. After a few iterations C, ~ C,
and the algorithm is terminated. The sample stored in V then closely matches the
target correlation. Omne problem, however, is that there are no guarantees that C;
remains positive definite during the iteration, not even if the midpoint method is used.
If the covariance matrix is not positive definite the Cholesky decomposition can not be
performed and the algorithm can not be employed.

4 Latin Hypercube Sampling

In order to reduce the required number of realizations, Latin hypercube sampling can
be employed. This sampling scheme for computational planning was first proposed by
McKay et al. (1979). As for the SMC method, the desired accuracy in the estimated
distribution function determines the required number of realizations. Let n denote the
required number of realizations and & the number of random variables. The sampling
space is then k-dimensional. An n X k matrix P, in which each of the k& columns is a
random permutation of (1,n), and an n x k matrix R of independent random numbers
from the uniform (0,1) distribution are established. Then the elements of the sampling

matrix V are determined as
_ P:—R.-
_ —1 1] (]
Vij = Fj (T) (11)



where ijl represents the inverse of the target cumulative distribution function for vari-
able j. Each row in V now contains input for one deterministic computation. For two
input variables and five realizations, a possible sampling plan is shown in Fig. 2. Note
that the sample is spread over the entire sampling space as the generation of the Latin
hypercube sampling plan requires one image from each row and each column. If n re-
alizations from the entire sampling space had been chosen completely at random, as in
SMC sampling, there is a risk that they would form a cluster and some parts of the
sampling space would not be investigated.

1 2 5 °
2 4 ! °
8
3 3 g3 o
[as]
4 1 g2,
55 1 °
1 2 3 4 5
(a) (b) Parameter 1

Figure 2: Latin cube, two variables and five realizations. The 5x 2 matriz (a) determines
the plan illustrated in (b).

Even though the marginal distribution of each variable is efficiently represented, there
is a risk that some spurious correlation appears, Fig. 3(a). However, it has been shown
(Iman and Conover 1982) that such spurious correlation can be reduced by modifications
in the permutation matrix P. The elements of P are divided by the number of realizations
plus one, and mapped on the (0,1) Gaussian distribution,

L (P
Y= (1) (12

Then the covariance matrix of Y is estimated and Cholesky decomposed as
LL” = cov(Y) (13)

where L is lower triangular. A new matrix Y* with sample covariance equal to the
identity is computed as
Y =YL YH (14)

and the ranks of the elements of the columns of Y* become the elements in the columns
of the matrix P*. If the elements of P in Eq. (11) is replaced by the elements of this
matrix, the sampling matrix V will contain a considerably lower amount of spurious
correlation. Fig. 3 illustrates the effect of the correlation reduction procedure in a two
variable sampling plan: (a) represents the sampling plan before, and (b) the sampling
plan after the correlation reduction.

If the target correlation matrix is different from unity the target correlation is applied
by replacing Eq. (14) with

Y* =YL ™'LT (15)
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reduction
=
— N
=

(a) (b)

Figure 3: Spurious correlation of sampling plan (a) is reduced in plan (b).

1

where L is the lower triangular matrix from the Cholesky decomposition of the target
correlation matrix. The Latin hypercube sampling method without correlation reduc-
tion will in the following be designated LHS, and the Latin hypercube sampling with
correlation reduction will be designated CLHS (correlation Latin hypercube sampling).
As for SMC sampling, the correlation of V will exactly approach the target correlation if
the stochastic field is Gaussian, and approximately approach the target correlation if the
stochastic field is non-Gaussian. An iterative algorithm, similar to the one described in
the previous section, could be employed to improve the correlation in the non-Gaussian
case.

It is important to note that the correlation reduction procedure described above re-
quires the covariance matrix of Y to be positive definite. This means that the inequality

n>k (16)

must be fulfilled for the CLHS method. Unfortunately this is a severe restriction in many
applications. If the random field is discretized to coincide with the finite element mesh,
the CLHS method requires the number of realizations to be higher than the number
of finite elements in the mesh. This restriction could be relieved to some extent by
employing a coarser mesh for the random field, but the representation of the random
field would then deteriorate, and separate discretizations of the structure and the random
field would be necessary. If the random properties of adjacent elements are correlated,
however, the original set of random variables can be represented by a lower number
of uncorrelated random variables. This representation is called principal component
analysis and is commonly employed in conjunction with SMC sampling to decrease the
computer effort of generating random numbers. Olsson and Sandberg (2001) showed
that principal component analysis can also be efficiently used in combination with CLHS
in order to relax the restriction of Eq. (16). The section below gives a presentation of
the procedure.



4.1 Correlation Control in Transformed Variable Space

The target covariance matrix C can be factorized as
D =2"CZ (17)

where D is the eigenvalue matrix of C, and Z is the corresponding, orthogonal eigen-
vector matrix. If C contains significant correlation, the sum of the r largest eigenvalues,
where 7 is a small number compared to the total number of eigenvalues, is approximately
equal to the trace of D. This means that if the r largest eigenvalues are stored in the
diagonal 7 x r matrix D, and the corresponding eigenvectors are stored in the &k x r
matrix Z the target covariance matrix is approximately equal to

C =ZDZ" (18)

The original set of k correlated random variables, with target covariance matrix C,
can thus be replaced by a set of r uncorrelated random variables with target covariance
matrix D. It is easy to transform the uncorrelated random variables back to the original
variables. Let X be an n x r matrix of Gaussian distributed random numbers with target
covariance matrix D. The transformation to the corresponding n x k matrix X with
covariance matrix close to C is then performed as

X =XZ" (19)

When principal component analysis is employed in conjunction with Latin hypercube
sampling the restriction of Eq. (16) is thus relaxed to

n>r (20)

In many situations, as stated above, r < k. The Latin hypercube sampling on the
uncorrelated variables starts by generating an n x r matrix P in which each of the r
columns is a random permutation of (1,n). Then the procedure continues, equivalent to
Eqgs. (12)—(14), as

1 ﬁ)ij
Yij = B4k (n—ﬂ) (21)
LLT = cov(Y) (22)
¥ = (i (23)

Now the ranks of thg elements of the columns of Y* becpme the elements in the columns
of the new matrix P*, and the final sampling matrix V, in the original variable space,
is established as

Vij = F1 (9 (Qi5)) (24)

9



where

Q= Qy/D7" (25)

and
o (Bi-hy
0, oty () -

Note that the transformations ®; and ijl are performed with respect to the specified
marginal statistics of the k variables. The sampling matrix V represents the random
field efficiently with respect to the marginal distributions, as well as to the correla-
tion structure. The method will in the following be designated CTLHS (Correlation
Transformed Latin Hypercube Sampling).

5 The Neumann Expansion Method

When the sample is determined, the deterministic solutions of the n equation systems
must be computed. The system to be solved reads

Ku=f (27)

where K is the stiffness matrix of one realization, u is the corresponding unknown
displacement vector, and f is the force vector. A standard procedure is to perform a
Cholesky decomposition of K and then solve the system by backward and forward sub-
stitutions. The major part of the computational work in this method is the Cholesky
decomposition of K which has to be performed n times. An alternative method, pro-
posed by Yamazaki et al. (1988), takes advantage of the similarity between the different
stiffness matrices and employs the Neumann expansion technique to solve the systems.
The stiffness matrix of each realization can be decomposed into two matrices,

K = K, + AK (28)

where Kj is the non-fluctuating mean stiffness matrix, and AK is the fluctuating part
that is different for each realization. The displacement vector corresponding to the
non-fluctuating part of the stiffness matrix can be obtained as

The actual inverse of the stiffness matrix is not computed, but the notation Kg* is used
to represent a Cholesky decomposition with backward and forward substitutions. The
Neumann expansion of K=! takes the form

K_lz(K0+AK)—1:(I_J+J2—J3+...)Kgl (30)

where J = K;'AK and I denotes the identity matrix. This expression for K~ in
combination with Eq. (29) result in the following series expansion for the displacement
vector,

u=uy—Juy+J*uy — Jug+... (31)
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Introducing the recursive equation
w; = Kj'AKu; 5, i=1,2,... (32)
the series expression of the displacement vector can be written as
u=u;—u; +u;—uz+... (33)

The series may be truncated after a fixed number of terms, or according to an error
norm as for example

- ||111||2 (34)
o (—1)Fuy,

k=0

2

where ¢ is the allowable error and ||ul|, is the vector norm defined by vuTu. The
major advantage of the Neumann expansion method is that only the non-fluctuating
part of the stiffness matrix has to be factorized and this only once. The additional
computational work consists of elementary matrix-vector multiplications and additions
of matrices. Thus a considerable amount of computational resources can be saved by
using this method. However, it must be checked that the series of each realization
converges. This can be done by the error norm given by Eq. (34) in combination with
a maximum number of terms, or by concluding that the series does not converge when

sll2 < [Jaisall (35)

Yamazaki et al. (1988) showed that the convergence criterion of Eq. (34) can always
be met by replacing the decomposition of Eq. (28) by

K = mK, + AK* (36)

where m is a scalar chosen to satisfy the convergence criterion. It is beyond the scope of
the present paper to describe this modified procedure in detail, but it should be noted
that in order to compute the value of the scalar m it is necessary to compute the eigen-
value of J with the largest absolute value. Unfortunately, the calculations required to
find that eigenvalue appear to be more demanding, in terms of computational resources,
than to perform the Cholesky decomposition of K. Therefore, the Neumann expansion
method should only be employed for applications where most of the realizations result
in series that are convergent without modifications. If a small number of the realiza-
tions result in non-convergent series, the equation systems of these can be solved by the
standard Cholesky decomposition method.
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6 The Taylor Expansion Method

In this method, the unknown random field is approximated by a Taylor series expansion.
The statistics of the random field are computed by integrating the product of this series
expansion and the probability distribution of the input variables over the domain of
these variables. An extensive description of the method is found in Kleiber and Hien
(1992) and the notation employed below is similar to the notation used by Kleiber and
Hien.

The stiffness relation of the structure reads

Kapug = fa (37)

where K, and f, are the stiffness matrix and force vector, respectively, and ug repre-
sents the unknown random displacement field of the system. A Taylor series expansion
of the displacement vector is established as

1
ta(so) = g (sp) + wf(s) Asy + Suf7(s5) As,Asy + - (38)

where uQ(s)) is the deterministic solution of the system corresponding to the mean

values of the stochastic input variables, and u?(s9) and u;”(s9) are the first and second
derivatives of the displacement vector with respect to the stochastic input variables, s,.
The mean value vector and the covariance matrix of the displacements are defined as

Elus) = /oo /oo .- -/oo UaPr(S1, S2, - - -, S )ds1dsy . . . dsg (39)

COV[Ug, Ug) = /_o:o/_ / {ua — Elus|Hupg — Elug|}pr(s1,s2,. .., 5k)
dsidss . .. dsg (40)

where u, = uy(S1,82,.--,58), Pr 1S the k-dimensional probability density function of
the stochastic input variables and & is the number of stochastic input variables of the
system. Substituting Eq. (38) into Egs. (39)—(40), disregarding higher order moments
than the second order, yields

1
Elug] = ud + 2u;f"Cf" (41)
cov|ug, ug] = wfug Cf” (42)

where C?7 is the covariance matrix of the stochastic input variables. The derivatives of
the displacements are obtained by partial derivatives of the system equation. The first
and second order partial derivatives read

Kog(so)ug (sg) = fel(s5) — Kipug(sy) (43)

Kap(sp)ug” (sg) = f27(sy) — 2K 5s(sp)ui (s5) — K5 (sp)ua(sy) (44)

e @ e
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When the derivatives of the displacement vector are derived, they are substituted into
Eqgs. (41)—(42) and the displacement statistics are computed. The described procedure
shows the basic concept of the Taylor expansion method. When the statistics of the
displacements are computed, the statistics of secondary unknowns, such as strains and
stresses, can be derived. This procedure, however, is not described in the present paper.

As in the sampling methods, the original set of stochastic input variables can be
replaced by a set of uncorrelated stochastic input variables, i.e. principal components.
The transformation of the covariance matrix is performed as

D = Z5Ct Z s (45)

where D? is the diagonal covariance matrix of the new set of random variables, t5, and
Z;, contains the eigenvectors of C'?” corresponding to the k largest eigenvalues of C'?7.
The expressions for the displacement statistics become

1 .. .
Elua] = ug + 5ui” Dy (46)
covltg, ug| = u;f’ung& (47)

where the displacement derivatives are derived from the partial derivatives of the system
equation

Ko (t)uf (tg) = £2(t5) — Kp(t3)up(ty) (48)

Kop(t)ug” (t9) = £ (1) — 2K Jp(tg)ug (1) — K5 (13)ug (1)) (49)
The derivatives of the system matrix are computed as

K5(t5) = Zs, K g (s,) (50)

K5 (t3) = Zpe K35 (59) Z s (51)

It should be emphasized, however, that as D?° is diagonal, only the subset with index
p = & has to be dealt with in Eqgs. (46)—(51). Thus no mixed derivatives of the system
matrix with respect to the transformed set of random variables have to be derived. This
advantage, and the fact that the considered number of principal components is much
lower than the original number of random variables, are the reasons why the method
with transformation often can be employed at a considerably lower computational cost
than the method without transformation. A disadvantage of the principal component
approach is that the extremely sparse structure of the third order tensor K;(s)) is
damaged when transformed according to Eq. (50).
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7 Numerical Example

To compare the accuracy and efficiency of the described methods, and to a certain
degree illustrate the significance of the random field discretization, a numerical example
is employed. All calculations are performed on a SGI Octane, 195 MHz computer, using
the software MATLAB (1998). A square plate with unit side length and unit thickness
is modeled by plane-stress Melosh elements. The material of the plate is assumed
to be isotropic with stochastic modulus of elasticity and deterministic Poisson’s ratio,
v = 0.3. The plate is loaded with a deterministic, uniformly distributed load with
unit magnitude. Nodal displacements in the y-direction are constrained along the lower
edge, and nodal displacements in both directions are constrained at the lower left corner.
Fig. 4 shows the geometry, loading, and boundary conditions of the structure. Note that
in the deterministic case, with constant modulus of elasticity in the entire plate, the
displacement field is computed exactly independently of the finite element mesh. Thus
the need of a refined mesh is solely to capture the properties of the random field, i.e. the
stochastic modulus of elasticity. A similar example was used by Yamazaki et al. (1988)
to illustrate the advantages of using the Neumann expansion method in conjunction
with SMC simulations.

Uniform load, q=1.0

HEEEEEEEERENEEE

1.0

<

V 1-0 ‘/

Figure J: Square plate, loaded in tension, modeled by 15 x 15 elements.
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7.1 Correlation and Discretization

A log-normal random field is adopted for the modulus of elasticity of the plate. The
field is characterized by its mean value function, which is constant and equal to one in
the entire plate, and the isotropic auto-covariance function,

Ciy = o3 eap |- ( o ) (52)

in which og is the standard deviation of the random field, and d is a positive parameter
such that a larger value indicates a stronger correlation. The random field is discretized
using the midpoint method. Thus |;;| is the distance between the centroid of element
7 and the centroid of element j, and the size of the covariance matrix C is equal to the
square of the number of elements in the plate. Fig. 5 shows the correlation according to
Eq. (52) as a function of the distance, and the discretization of the correlation function
corresponding to the midpoint method with 15 elements along the edge of the plate.
It is quite clear from Fig. 5 that the discretization yields better approximations of the
correlation function for large values of d.

2

"05 06 07 08

Correlation

05 06 07 08

0.5f

0 L i o

0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8

Distance

Figure 5: The correlation as a function of the distance.

The displacement field of the plate is now evaluated for all combinations of d = 0.1,
0.2, 0.3 and oy = 0.1, 0.2, 0.3 in order to investigate how fine the finite element mesh
has to be to capture the random field sufficiently well. Calculations are performed
using 10, 15, 20, and 25 elements along the edge of the plate. The Latin hypercube
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methods are employed, as they are more efficient than the SMC method in obtaining
the statistics of the displacement field. A sample of 10,000 realizations is established for
each calculation. The CLHS is used when possible, but in the models with fine mesh
and strong correlation the covariance matrix becomes close to singular, resulting in
numerical difficulties. In those cases the CTLHS is employed, considering a sufficiently
large number of the eigenvalues of the covariance matrix. The quantities given in Table 1
are the mean value of the vertical displacement of the upper right corner of the plate, the
variance of the same displacement, and the covariance between the vertical displacements
of the upper left and upper right corners. An asterisk in Table 1 indicates that the
CTLHS is used for that calculation. The significance of the values in Table 1 is not
evaluated in the strict mathematical sense but five repetitive simulations of each model
are performed showing that the errors should not exceed one unit of the last digit given
of each value.

Fig. 5 illustrates that the same finite element mesh represents a different quality of
the correlation function discretization depending on the value of the parameter d; the
higher the value of d the better the representation. Thus a short correlation distance
requires a finer mesh than a longer correlation distance. This is confirmed by the values
in Table 1. In the following study of the performance of the different sampling methods
and expansion methods, the correlation of the modulus of elasticity is determined by
d = 0.2, and the 15 x 15 element mesh is employed.

Comparison of Different Methods

The efficiency of the different sampling methods is first and foremost dependent
on the accuracy of the output distributions and statistics that can be achieved for a
given number of realizations. The computer effort of generating the input sample is
in most finite element applications comparatively low. As a measure of the ability of
capturing the true values of the statistics the coeflicient of variation, R, of the statistics
is employed. A good performance of the applied sampling method results in a low
coefficient of variation of the estimated output statistics. Naturally, also the bias due
to the different sampling methods should be evaluated. A brief investigation on this
matter is performed, though not thoroughly accounted for herein, showing that no
significant bias appears in the evaluated statistics. However, it should be noted, that in
some situations significant bias actually appears for the Latin hypercube methods with
correlation control, e.g Kjell (1995).

The coefficient of variation of the statistics is evaluated for each combination of
oo = 0.1, 0.2, 0.3, and n = 10, 100, 1000. 100 calculations for each combination
are performed in order to estimate the coefficient of variation of the statistics. The
expression reads

100
Z (Az - A'mean)2 /99

R(A) = \= - (53)
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L1

Standard deviation | Mean value of vertical Variance of vertical Covariance of vertical

and element mesh | displacement displacement displacements

d=0.1 d=02 d=03|d=01 d=02 d=03|d=0.1 d=0.2 d=0.3

op=0.1 10x10 | 1.00697 1.00807 1.00870 | 0.00120 0.00318 0.00519 | -0.000350 -0.00099 -0.00147
15 x 15 1.00721 1.00813 1.00873* 0.00116 0.00315 0.00515* -0.000343 -0.00098  -0.00148*
20 x 20 | 1.00735 1.00816* 1.00873* 0.00115 0.00313* 0.00514* -0.000341 -0.00098* -0.00148*
25 x 25 1.00742 1.00818* 1.00874* 0.00114 0.00312* 0.00513* -0.000340 -0.00098* -0.00148*

oo =02 10x10 | 1.02776 1.03216 1.03474 | 0.00496 0.0132 0.0216 |-0.00143 -0.00406 -0.0061
15 x 15 | 1.02873 1.03243 1.03482% 0.00480 0.0131  0.0215* | -0.00141  -0.00404 -0.0061*
20 x 20 | 1.02927 1.03255* 1.03487* 0.00474 0.0130* 0.0214* | -0.00140  -0.00403* -0.0061*
25 x25 | 1.02955 1.03261* 1.03487* 0.00472 0.0130* 0.0214* | -0.00140  -0.00403* -0.0061*

oo =03 10x10 |1.0620 1.0720 1.0779 | 0.0117 0.0315 0.0519 |-0.00334 -0.0096 -0.0144
15 x15 |1.0642 1.0726 1.0781* | 0.0114 0.0312 0.0516* | -0.00329  -0.0095 -0.0144*
20 x 20 | 1.0654 1.0729* 1.0782* | 0.0112 0.0311* 0.0515* | -0.00329  -0.0095*  -0.0144*
25 x25 | 1.0660 1.0730* 1.0782* | 0.0112 0.0310* 0.0515* | -0.00327  -0.0095*  -0.0144*

Table 1: Statistics of the vertical displacements of the upper corners. When the CTLHS is used instead of the CLHS this is indicated
by an asterisk.



where

100

A'rnean = Z Az/loo (54)
i=1

and A represents the mean value, the variance, or the covariance. Actually, for the
results presented in Table 2, 5 x 100 calculations are performed in order to verify the
significance of the computed numbers. The relative error received using the Taylor
expansion method is also given in Table 2. Even though this error is not equivalent to
the coefficient of variation given for the sampling methods it can be used for a rough
comparison of the different strategies.

Consider first the coefficient of variation of the mean value. It is quite clear that
all the Latin hypercube methods perform excellently, at least ten times better than
the SMC method. When applicable, the CLHS is the most efficient method but as it
requires n to be higher than the number of stochastic variables, in the present case
15 x 15, it can not be used for n = 10, or n = 100. The CTLHS is suitable when the
n — 1 largest eigenvalues are sufficient to represent the random field, and for n = 100,
more than 99.99% of the eigenvalue sum is captured. The Taylor expansion method
performs excellent when oy = 0.1, but even for 0y = 0.3 the error is smaller than the
coefficient of variation using any of the sampling methods with n = 100.

More interesting than the mean displacements is the ability to capture the variance
and the correlation of the displacements as they normally require much larger samples.
For example, using the SMC method with n = 10, and oo = 0.1, the coefficient of
variation of the variance amounts to 50% whereas the coefficient of variation of the
mean value only amounts to 2%. Table 2 shows that the LHS is only slightly better
than the SMC method, whereas the CLHS and the CTLHS are much more efficient.
For example, using the CTLHS with n = 100, better results are achieved regarding the
variance and correlation than using the LHS with n = 1000. Note that the CTLHS
is almost as efficient as the CLHS. Furthermore, a comparison shows that the Taylor
expansion method performs approximately as well as the CTLHS with n = 100. The
performance of the Taylor expansion method is relatively better for small values of og.

As a principal component representation is employed for the CTLHS, and can be
employed for the Taylor expansion method, the number of eigenvalues required for the
analysis should be studied. Fig. 6 shows, for d = 0.1, 0.2, 0.3, the relative error of
the mean value and the relative error of the variance as functions of the number of
eigenvalues considered. It is clear that the required number of eigenvalues decreases as
the correlation of the random field increases.

As pointed out earlier, the sampling methods can be employed in conjunction with
the Neumann expansion method in order to reduce the computational effort required
for analyzing each realization. Realizations that, according to Eq. (35), do not result
in a convergent series are solved with the standard Cholesky decomposition method.
If the standard deviation of the random field is small, the number of such realizations
is quite low compared to n, but they are important to detect as they otherwise would
significantly affect the statistics of the displacement field. Table 3 shows the error of the
displacement statistics, the same as in the previous tables, due to the approximations of
the Neumann series expansions. The number of realizations treated with the standard
Cholesky decomposition is given in parenthesis. The values of Table 3 are evaluated
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61

Standard  deviation | Coefficient of variation of Coefficient of variation Coefficient of variation
and sampling method | the mean value, R(m) of the variance, R(v) of the covariance, R(c)
n =10 100 1000 n=10 100 1000 n=10 100 1000
o0 =0.1 SMC 0.018  0.005 0.0019 0.5 0.14 0.05 1.1 03 0.11
LHS 0.0012 0.00016 0.00005 0.4 0.12 0.04 1.1 03 0.10
CLHS - - 0.000008 - - 0.004 - - 0.008
CTLHS - 0.0003  0.00002 - 0.03 0.005 - 0.06 0.010
Taylor 0.00001 0.01 0.01
oo =0.2 SMC 0.04 0.011 0.004 0.5 0.14 0.05 1.1 03 0.11
LHS 0.0028 0.0006  0.00019 04 012 0.04 1.0 03 0.11
CLHS - - 0.00004 - - 0.008 - - 0.019
CTLHS - 0.0006  0.00006 - 0.03 0.009 - 0.07 0.018
Taylor 0.0002 0.05 0.03
oo =0.3 SMC 0.05 0.016 0.006 0.5 0.15 0.05 1.2 03 0.11
LHS 0.006 0.0013  0.0004 04 012 0.04 1.1 03 0.11
CLHS - - 0.00008 - - 0.010 - - 0.02
CTLHS - 0.0009  0.00013 - 0.05 0.013 - 0.09 0.02
Taylor 0.0006 0.10 0.08

Table 2: The coeflicient of variation of the statistics using the different sampling methods, and the relative error using the Taylor
expansion method.
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Figure 6: Relative error as a function of the number of eigenvalues.

using the CLHS with n = 1000, and d = 0.2, but it should be noted that the errors
given are due to the use of the Neumann expansion method and would not decrease or
increase if another number of realizations was considered or if any of the other sampling
methods was employed instead of the CLHS.

Fig. 7 shows how the solution of the Neumann expansion method approaches the
solution of the Cholesky decomposition method as the order of the expansion increases.
The relative errors of the mean displacement and the variance of the displacement of the
upper right corner are given as functions of the order of the Neumann series expansion
for d = 09 = 0.2. It is noted that the error of the mean displacement according to the
second order expansion, and the error of the variance of the displacement according to
the first order expansion are comparable to the corresponding errors when the Taylor
expansion method is employed.
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Figure 7: The relative error as a function of the order of the Neumann series expansion.
To compare the Neumann expansion method with the Cholesky decomposition method,

and the sampling methods with the Taylor expansion method, the computational effort
required for the different methods must be evaluated. However, it is not an easy task
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statistics 2nd order 4th order 6th order 8th order
mean oo = 0.1 | 0.000006 (0) 0.000009 (0) 0.0000010 (0) 0.00000012 (0)
value, op = 0.2 | 0.00010 (6) 0.0005 (24) 0.0003 (39) 0.00015 (563)
oo = 0.3 | 0.0003 (219) | 0.003 (704) | 0.002 (1107)| 0.0012 (1424)
variance, oo = 0.1 | 0.05 (0) 0.002 (0) 0.00013 (0) 0.000011  (0)
00 =0.2|0.17 (6) 0.03 (24) 0.009 (39) 0.005 (563)
00=0.310.3 (219) | 0.10 (704) | 0.04 (1107)| 0.02 (1424)
co- oo =0.1 | 0.04 (0) 0.0017 (0) 0.00010 (0) 0.000009 (0)
variance, oo = 0.2 | 0.16 (6) 0.03 (24) 0.009 (39) 0.005 (563)
00=0.310.3 (219) | 0.10 (704) | 0.04 (1107)| 0.02 (1424)

Table 3: The relative errors of the estimated statistics due to the approximations of the Neumann series expansions. The number of
realizations evaluated by Cholesky decompositions are given in parenthesis.



to perform a fair comparison as the required computational effort very much depends
on the implementation in the computer code. Therefore, it should be noted that even
though much effort is spent on implementing the different methods efficiently, the rela-
tions between the CPU-times given in Tables 4-6 could be significantly different if the
calculations were performed using another computer code. Nevertheless, Table 4 shows
that the Neumann expansion method can be employed at a considerably lower cost than
the standard Cholesky method, and the difference is more pronounced for large systems.
Table 5 shows the CPU-times required for generating one log-normal realization
using the different sampling methods. The values given are valid for n = 100 and
n = 1000, the latter in parenthesis. For small values of n, the major part of the cost is
due to initial preparation of the sampling such as Cholesky decomposition or eigenvalue
transformation of the covariance matrix. Considering the total computational costs of
generating the sample and solving the corresponding equation systems, it appears most
favorable to employ the CTLHS in conjunction with the Neumann expansion method.
Table 6 shows the CPU-times required using the Taylor expansion method with and
without eigenvalue transformation. The displayed CPU-times for the latter alternative
correspond to 100 considered eigenvalues. For small problems the values of Table 6 indi-
cate that the eigenvalue transformation method is better only if the considered number
of eigenvalues is much smaller than the number of original random variables. A com-
parison between the Taylor expansion method and the CTLHS method in conjunction
with the Neumann expansion method is hard to perform as the types of error of the two
approaches are different, and as the implementation might favor one of the approaches.
From the evaluation of the square plate example none of the two alternative approaches
can be regarded as superior to the other with respect to computational efficiency. The
relative performance depends on the number of degrees of freedom and the number of
stochastic variables of the problem, and on the variability of the stochastic input vari-
ables. Also, it matters how the random error of the sampling method is valued compared
to the error of the Taylor expansion method due to the second order approximation.

element mesh | Cholesky N. 2nd ord. | N. 4th ord. | N. 6th ord. | N. 8th ord.
15 x 15 0.047 0.022 0.036 0.050 0.064
25 x 25 0.241 0.077 0.130 0.184 0.238
50 x 50 2.430 0.441 0.787 1.137 1.506

Table 4: CPU-time required for the Cholesky and Neumann methods.

element mesh | SMC LHS CLHS CTLHS (100)
15 x 15 0.008 (0.009) | 0.014 (0.018) | -  (0.018) | 0.023 (0.018)
25 x 25 0.036 (0.028) | 0.055 (0.051) | -  (0.059) | 0.282 (0.060)
50 x 50 1116 (0.227) | 1.255 (0.330) | - - 1.876 (0.346)

Table 5: CPU-time required for generating input samples.
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element mesh | No transf. eig.transf (100)
15 x 15 1.65 14.83

25 x 25 16.3 74.0

50 x 50 558 551

Table 6: CPU-time required for the Taylor expansion method.

8 Conclusions

The objective of this paper is to give an overview of different methods for stochastic finite
element analysis and to compare the methods with respect to computational efficiency
and general applicability. This has been done by analyzing a square plate with stochastic
modulus of elasticity subjected to a deterministic loading.

The comparison of different Monte Carlo simulation methods showed that the Latin
hypercube sampling is superior to the standard Monte Carlo method for estimating the
mean value of the output quantity of the example problem, i.e. the displacement of
a corner of the square plate. When estimating the variance of the same quantity, and
the covariance with another displacement, the Latin hypercube sampling method was,
however, only moderately more efficient than the standard Monte Carlo method. The
correlation control procedure, on the other hand, was very efficient for reducing the
coeflicient of variation of the estimates of the variance and the covariance. Only about
ten percent of the sample size needed for the standard Monte Carlo method was needed
when using the correlation control Latin hypercube sampling to reach the same order
of accuracy of the estimates of the variance and the covariance. When the problem
comprised a high number of stochastic variables of the discretized stochastic field, a
transformation into principal components was needed in order to limit the required
number of realizations for the correlation control procedure. This transformation into
uncorrelated variables did not have any significant negative effect on the correlation
control procedure.

Irrespective of type of sampling, the Neumann expansion method can be employed
to decrease the computational effort of solving the equation systems corresponding to
the realizations. For large linear systems with moderate standard deviations of the
input variables, considerable savings can be made using the Neumann expansion method
instead of the Cholesky decomposition method. For example, the cost of calculating the
Cholesky decomposition of the stiffness matrix of a mesh with 2,500 elements and a
standard deviation of twenty percent (using matlab and taking advantage of the sparse
structure of the stiffness matrix) was more than twice as high as solving the same system
with the Neumann expansion method. One should, however, note that the use of the
Neumann expansion method requires minor changes in the computer code of the finite
element software developed for deterministic analyses.

The Taylor expansion method does not involve any sampling and it is not easy to
compare it with the other methods. The method can be very efficient for some problems,
but the computational costs grow rapidly with the number of stochastic variables and
the method gives significant errors if the standard deviations of the variables are large.
A rough summary of the results of the present investigation is that the computational
efficiency is of the same order as the best sampling methods, but the relative efficiency
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obviously depends to a high degree on the problem. It is, however, clear that the Taylor
expansion method, in contrast to the sampling methods, has considerable limitations in
general applicability and availability for everyday engineering design practices.
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Abstract

A Latin hypercube sampling method, including a reduction of spurious cor-
relation in input data, is suggested for stochastic finite element analysis. This
sampling procedure strongly improves the representation of stochastic design pa-
rameters compared to a standard Monte Carlo sampling. As the correlation con-
trol requires the number of realizations to be larger than the number of stochastic
variables in the problem, a principal component analysis is employed to reduce
the number of stochastic variables. In many cases this considerably relaxes the
restriction on the number of realizations. The method presented offers the same
general applicability as the standard Monte Carlo sampling method but is superior
in computational efficiency.

Keywords: finite element method, sampling design, stochastic processes.

1 Introduction

During the last two decades much effort has been directed towards reliable and efficient
methods for probabilistic analysis of engineering structures. Several of the suggested
approaches are closely connected to the finite element method, which is the dominating
tool in deterministic analysis, and are called stochastic finite element methods. Some
of the more well known are: the Taylor series expansion method (Liu et al. 1986)
and the Neumann series expansion method, alternatively the preconditioned conjugate
gradient method, in conjunction with Monte Carlo simulations (Yamazaki et al. 1988;
Papadrakakis and Papadopoulos 1996). The only approach that has become widespread
in engineering practice, however, is the Monte Carlo simulation technique. Probabilistic
design parameters are sampled and a number of deterministic computations are per-
formed to provide information about the distribution, or some statistics of response
parameters. This is an accurate, simple, and indeed general approach, hence its popu-
larity, but also very expensive in terms of computer resources.

In order to reduce the number of realizations required to provide reliable statistics of
the response, and thereby reduce the computational cost, different sampling techniques
such as stratified sampling and Latin hypercube sampling can be employed. Most work
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in this area has been carried out by mathematical statisticians (e.g. McKay et al. (1979);
Iman and Conover (1982); Kjell (1995)), and elaborate sampling techniques are rarely
employed in the field of structural analysis using finite elements. A major advantage of
these methods is that the consequent analyses, i.e. the runs determined by the sample,
are identical to the deterministic analysis. Thus full advantage can be taken of existing
commercial codes developed for deterministic analyses (Sandberg and Olsson 1999).

In the present paper, the Latin hypercube sampling plan is brought into line with
finite element analysis. The sampling plan is developed further to overcome a restric-
tion implying that the number of realizations must exceed the number of correlated
random variables. By means of a numerical example, the suggested method is com-
pared to the standard Monte Carlo sampling method and the Latin hypercube sampling
method according to McKay et al. (1979) and Iman and Conover (1982) with respect
to computational efficiency.

2 Random Fields and Monte Carlo Simulations

The random field, H(x), of a physical property such as the Young’s modulus, or the
thickness of a plate, can be expressed as the sum of its mean-value function, u(x),
and its fluctuating component, a(x), where x indicates the position vector. The mean
value is then a deterministic function of the spatial variables, whereby the fluctuating
component is a random function with a mean of zero. The fluctuating component is
represented by the autocovariance function,

Caa(%, ") = Ela(x)a(x)] (1)

where x and x' are two locations in the variable space. If the random variation is assumed
to be homogeneous and isotropic, i.e., the covariance between two points depends only
on the distance, £ = |x — x'|, the autocovariance function can be expressed as

Caa(fa UO) = 0'3 paa(g) (2)

in which ¢ is the standard deviation, the same at every location, and pe.(§) is an
autocorrelation function with p,,(0) = 1.

In order to fit a finite element analysis, the stochastic input data must be discretized.
One of the most simple discretization methods is the midpoint method, in which the
value at the center point of each element is used to represent the random field within
the element. Many other discretization methods have been presented and a thorough
survey of several of these methods is given in Matthies et al. (1997). The discretized
random field is represented by the mean-value vector, m, and the covariance matrix,
C, corresponding to the mean-value function, and the autocovariance function of the
undiscretized random field. It should be noted that the discretization of the random
field may differ from the finite element mesh, but it is convenient, and suitable for our
purpose, to assume that the random field discretization coincide with the finite element
mesh. Thus, using the midpoint method, the length of the mean-value vector and the
number of rows and columns in the symmetric covariance matrix are equal to the number
of finite elements in the problem.

The Monte Carlo method can now be employed to generate realizations correspond-
ing to the statistics of the random field. For Gaussian random fields it is possible
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to generate a set of realizations with estimated statistics arbitrary close to the target
statistics provided that a sufficiently large sample is considered. The procedure is to
generate n independent Gaussian distributed random numbers with a mean of zero and
a variance of one for each of the k variables. The random numbers are then stored in
an n X k matrix R. The correlation is met by performing a Cholesky decomposition of
the target covariance matrix C so that

LLT = C (3)
where L is lower triangular. Then the covariance is applied as
U =RL” (4)

yielding the n x k& matrix U of Gaussian random numbers with a mean of zero, and a
covariance in accordance with the target covariance matrix. The target mean values are
applied by adding the mean-value vector m (1 x k) to each row in U. For non-Gaussian
random fields the target covariance can be approached approximately by establishing
R and U as if the fleld was Gaussian and then map the elements of U on the target
distribution (Liu and Der Kiureghian 1986). The described sampling method will in the
following be designated the standard Monte Carlo (SMC) method.

3 Latin Hypercube Sampling

In order to reduce the required number of realizations, Latin hypercube sampling can
be employed. This sampling scheme for computational planning was first proposed by
McKay et al. (1979). Let n denote the intended number of realizations and k the number
of random variables. The sampling space is then k-dimensional. An n x k matrix P, in
which each of the k columns is a random permutation of 1,...,n, and an n x k matrix
R of independent random numbers from the uniform (0,1) distribution are established.
Then the elements of the sampling matrix V are determined as

_ P — R,
vy = (P ) )

where F'~! represents the inverse of the target cumulative distribution function. Each
row in V now contains input for one deterministic computation. For two input variables
and five realizations, a possible sampling plan is shown in Fig. 1. Note that the sample is
spread over the entire sampling space as the generation of the Latin hypercube sampling
plan requires one image from each row and each column. If n realizations from the entire
sampling space had been chosen completely at random, as in SMC sampling, there is a
risk that they would form a cluster and some parts of the sampling space would not be
investigated.

Even though the marginal distribution of each variable is efficiently represented,
there is a risk that a spurious correlation appears [Fig. 2(a)]. However, it has been
shown (Iman and Conover 1982) that such a spurious correlation can be reduced by
modifications in the permutation matrix P. The procedure is as follows. The elements
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Figure 1: Latin cube, two variables and five realizations. The 5x 2 matriz (a) determines
the plan illustrated in (b).

of P are divided by the number of realizations plus one, and mapped on the (0,1)
Gaussian distribution,

_ B
() 0
Then the covariance matrix of Y is estimated and Cholesky decomposed as
LLT = cov(Y) (7)

where L is lower triangular. A new matrix Y* with sample covariance equal to the
identity is computed as

Y =YL Y (8)

and the ranks of the elements of the columns of Y* (permutations of 1, ...,n) become the
elements in the columns of the matrix P*. If the elements of P in Eq. (5) are replaced
by the elements of this matrix, the sampling matrix V will contain a considerably lower
amount of spurious correlation. Fig. 2 illustrates the effect of the correlation-reduction
procedure in a two variable sampling plan: (a) represents the sampling plan before, and
(b) the sampling plan after the correlation reduction.
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reduction
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Figure 2: Unwanted correlation of sampling plan (a) is reduced in plan (b).




If the target correlation matrix is different from unity the target correlation is applied
by replacing Eq. (8) with

Y* = Y(LHILT (9)

where L is the lower triangular matrix from the Cholesky decomposition of the target
correlation matrix. The Latin hypercube sampling method without correlation reduction
will in the following be designated as LHS, and the Latin hypercube sampling with
correlation reduction will be designated as CLHS. As for SMC sampling, the correlation
of V will exactly approach the target correlation if the stochastic field is Gaussian, and
approximately approach the target correlation if the stochastic field is non-Gaussian.
It is important to note that the correlation-reduction procedure described above re-
quires the covariance matrix of Y to be positive definite. This means that the inequality

n>k (10)

must be fulfilled for the CLHS method. Unfortunately, this is a severe restriction in many
applications. If the random field is discretized to coincide with the finite element mesh,
the CLHS method requires the number of realizations to be larger than the number of
finite elements in the mesh. However, if the random properties of adjacent elements are
correlated, the original set of random variables can be represented by a smaller number
of uncorrelated random variables. This is taken advantage of in the sampling procedure
proposed in the following section.

3.1 Correlation Control in Transformed Variable Space

The target covariance matrix C can be factorized as
D =7Z"Cz (11)

where D is the eigenvalue matrix of C, and Z is the corresponding orthogonal eigenvector
matrix. If C contains a significant correlation, the sum of the r largest eigenvalues, where
r is a small number compared to the total number of eigenvalues, is approximately equal
to the trace of D. This means that if the r largest eigenvalues are stored in the diagonal
r x r matrix D, and the corresponding eigenvectors are stored in the k x r matrix Z the
target covariance matrix is approximately equal to

C = ZDZ" (12)

The original set of k correlated random variables, with target covariance matrix C, can
thus be replaced by a set of r uncorrelated random variables with target covariance ma-
trix D. This representation is called a principal component analysis and is commonly
employed in conjunction with SMC to decrease the computer effort of generating ran-
dom numbers. It is easy to transform the principal components, i.e. the uncorrelated
random variables, back to the correlated space. Let X be an n x r matrix of Gaussian
distributed random numbers with target covariance matrix D. The transformation to
the corresponding n x k£ matrix X with a covariance matrix close to C is then performed
as

X = Xz" (13)



When a principal component analysis is employed in conjunction with Latin hyper-
cube sampling, with correlation reduction, it also contributes to relax the restriction of
Eq. (10). The new restriction reads

n>r (14)

and in many situations, as stated above, r <« k. The Latin hypercube sampling on the
uncorrelated variables starts by generating an n x r matrix P in which each of the r
columns is a random permutation of 1,...,n. Then the procedure continues, equivalent
to Eqgs. (6)—(8), as

7 =ity () (15
LIT = cov(?) (16)
¥ (i an

Now the ranks of the elements of the columns of Y* (permutations of 1,...,n) become
the elements in the columns of the new matrix P*, and the final sampling matrix V, in
the original variable space, is established as

Vij = F7H(2(Qs5)) (18)
where
Q= Qy/D7" (19)
and
) B R
e

Note that the transformations ® and F~! are performed with respect to the specified
marginal statistics of the k variables. The sampling matrix \Y% represents the random
field efficiently with respect to the marginal distributions, as well as to the correlation
structure. This is confirmed by means of the numerical example below. The method
will in the following be designated as transformed correlation Latin hypercube sampling
(TCLHS).



4 Numerical Example

To compare the computational efficiency of the described methods, a numerical example
is employed. A square plate with unit side length and unit thickness is modeled by
plane-stress Turner-Clough elements. A square hole with a side length of 1/3 is located
in the middle of the plate. The material is assumed to be isotropic with stochastic
Young’s modulus and deterministic Poisson’s ratio, v = 0.3. The plate is loaded with a
deterministic, uniformly distributed load with unit magnitude. Nodal displacements in
the y-direction are constrained along the lower edge. Fig. 3 shows the geometry, loading,
element mesh and boundary conditions of the structure.

Uniform load, g=1.0

S S A

2
° 1.0
y
| !
F— X
L 1.0 L

\ \
Figure 3: Square plate, loaded in tension, modeled by 200 elements.

A log-normal random field is adopted for the Young’s modulus of the plate. The
field is characterized by its mean-value function, which is constant and equal to one in
the entire plate, and the isotropic autocovariance function,

O,y = o2 cap [_ (%)] 1)

in which o9 = 0.2 is the standard deviation, d = 0.2 is a positive parameter that
determines the correlation length of the field, and &;; is the distance between the centroid
of element 7 and the centroid of element j. Fig. 4 shows the correlation according to
Eq. (21) as a function of the distance, and the discretization of the correlation function
corresponding to the midpoint method with 15 elements along the edge of the plate.
The displacement field and the stress field of the plate can now be estimated using
any of the described sampling methods. The efficiency of the different sampling methods
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depends primarily on the accuracy of the output distributions and statistics that can be
achieved for a given number of realizations, and the computer effort of generating the
input sample is in most finite element applications comparatively low. Consequently, it
seems reasonable to evaluate the computational efficiency of the sampling methods by
comparing the coefficient of variation of the structural response statistics when repeated
simulations are performed. A good performance of the applied sampling method results
in low coefficients of variation of the estimated output statistics. Naturally, the bias due
to the different sampling methods should also be evaluated. A brief investigation into
this matter is performed, though not thoroughly accounted for here, indicating that no
significant bias appears in the evaluated statistics. However, it should be noted that in
some situations a significant bias actually appears for Latin hypercube methods with
correlation control. This has been illustrated by Kjell (1995).

For the evaluation of the coefficient of variation of the statistics, 500 simulations are
performed for each sampling method with n = 10, n = 100, and n = 1000. In Table 1
the coeflicients of variation of the mean values, and variances of two different structural
response quantities are presented. These are the vertical displacement of the upper right
corner of the plate, and the stress in vertical direction at the right edge of the square
hole in the plate (the stress in the middle of the element marked in Fig. 3).

Consider first the coefficient of variation of the displacement and the stress mean
values. It is quite clear that all the Latin hypercube methods perform excellently. When
applicable, the CLHS is the most efficient method, but as it requires n to be higher than
the number of stochastic variables, in the present case 200, it can not be used for n = 10,
or n = 100. The TCLHS is suitable when the n — 1 largest eigenvalues are sufficient to
represent the random field, and for n = 100, more than 99.99% of the eigenvalue sum is
captured.

More interesting than mean displacements and mean stresses is the ability to capture
the variance of displacements and stresses as the variance normally requires much larger
samples. For example, using the SMC method with n = 10, the coefficient of variation
of the variance amounts to 50%, for the displacement as well as for the stress, whereas
the coefficient of variation of the mean values only amounts to 4% and 3% respectively.
The results displayed in Table 1 show that the LHS is only slightly better than the SMC
method, whereas the CLHS and the TCLHS are much more efficient. For example, using
the TCLHS with n = 100, better results are achieved regarding the variance than using
the LHS with n = 1000.



Sampling | mean(displacement?®) variance(displacement®) | mean(stress®) variance(stress®)
method | n =10 100 1000 n =10 100 1000 n =10 100 1000 n =10 100 1000
SMC 0.04 0.012  0.004 0.5 0.14 0.05 0.03 0.009 0.003 0.5 0.14 0.04
LHS 0.0028 0.0006 0.00018 04 0.11 0.04 0.005 0.0006 0.0002 04 0.12 0.04
CLHS - - 0.00003 - - 0.007 - - 0.00003 - - 0.006
TCLHS - 0.0007 0.00007 - 0.03 0.009 - 0.0005 0.00004 - 0.028 0.007

Table 1: Coefficient of variation of statistics using different sampling methods. *Vertical displacement of the upper right corner of
the plate. ®Stress in the y-direction in the element at the right edge of the square hole.



5 Conclusions

The objective of this paper is to introduce the correlation-controlled Latin hypercube
sampling plan in transformed variable space for finite element applications. As the
sampling plan is used only to establish input data for a number of deterministic runs, the
method can be unimpededly employed for applications involving complicated mechanical
processes such as geometrical and material non-linearities, and dynamics. Existing
finite element codes, developed for deterministic analysis can, without modifications, be
employed in conjunction with the sampling method.

The paper shows the superior efficiency of the suggested method compared to stan-
dard Monte Carlo sampling and Latin hypercube sampling without correlation control.
It also shows the superior applicability of the method compared to correlation-controlled
Latin hypercube sampling in original variable space.
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Abstract

Latin hypercube sampling is suggested as a tool to improve the efficiency of
different importance sampling methods for structural reliability analysis. In simple
importance sampling, where the sampling centre is moved from the origin to the
design point, standard Monte Carlo sampling can be replaced by Latin hypercube
sampling. The efficiency improvement is then highly dependent on the choice
of sampling directions. Different versions of Latin hypercube sampling are also
successfully employed to improve the more efficient axis orthogonal importance
sampling method. By means of different numerical examples, it is shown that more
than 50% of the computer effort can be saved by using Latin hypercubes instead
of simple Monte Carlo in importance sampling. The exact savings, however, are
dependent on details in the use of Latin hypercubes and on the shape of the failure
surfaces of the problems.

Keywords: Latin hypercube sampling, reliability, FORM, importance sampling,
axis orthogonal, directional sampling.

1 Introduction

An important part of the analysis of any engineering structure is to calculate the prob-
abilities of failure or of unacceptable structural performance. For complex problems,
the simplest, most adequate and widely employed method is the standard Monte Carlo
simulation technique (SMC). When the probabilities of failure are small, however, as
they usually are in reliability analysis, such an analysis is extremely time-consuming
and expensive in terms of computer resources. Alternative methods should therefore be
considered.

In the first order reliability method (FORM), the most likely failure point in the
space of independent, standard Gaussian variables, the design point, is sought by the
use of a search method like the gradient projection method or the Haasofer-Lind method
[11]. When the design point is found, the failure surface, i.e. the failure criterion, is
approximated by its tangent hyperplane at the design point, and the probability of failure
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can be calculated by integration. In the second order reliability method (SORM), the
failure criterion is approximated by a second order function instead of a linear function.

The approximation of the failure surface causes an error in the estimated probability.
In order to improve the approximate result, or just to verify that the FORM/SORM
approximation is acceptable, the initial analysis can be supplemented with importance
sampling. Several importance sampling methods have been suggested during the last two
decades and a brief overview of the most well-known methods is given in the following
section.

Latin hypercube sampling (LHS), which is very efficient for estimating mean values
and standard deviations in stochastic structural analysis, e.g. [15, 16, 19], is only slightly
more efficient than the SMC for estimating small probabilities [6]. If, however, it is used
in importance sampling, i.e. if the sampling is centred at the design point, it might be an
interesting method for reliability analysis as well. This approach has been presented in a
few publications, e.g. [18, 22], but when tested critically, the LHS on the basic stochastic
variables, centred at the design point, is found to be considerably more efficient than the
SMC version only if the probability of failure is dominated by a single basic stochastic
variable. This is not the case in most realistic applications. It seems that the use of
Latin hypercube sampling for reliability analysis has not yet been thoroughly evaluated,
and that no efficient strategy has been presented in this area. In the present paper, Latin
hypercube sampling is employed, in a fruitful way, in combination with two different
well-known importance sampling methods. The efficiency of the proposed methods
compared to SMC importance sampling and LHS importance sampling, as it has been
previously presented, is evaluated for a number of numerical examples.

Several different designations of methods, some well known and others introduced
herein, are employed in this paper. To make it easier for the reader, the employed
methods and their abbreviations are listed in Table A1 of the Appendix.

2 Importance Sampling

A simple and widely employed importance sampling approach is to move the sampling
centre from the origin in standard Gaussian space to the design point on the failure
surface [20]. About half the sample will then be located in the failure domain. This is,
of course, much more efficient than if only a small fraction of the sample falls in the
failure domain, which is the case when the sampling is centred at the origin. The failure
probability is calculated from the sum of the weight factors of all the realizations for
which a failure occurs as
1N
Pr= 3 (W (@)lg(w:) <0) (1)

i=1

where N is the number of realizations, V; is a realization of the importance sampling
distribution, g(V;) < 0 indicates failure for realization ¢, and W (¥;) is the corresponding
weight factor calculated as

Wi(w) = o @)



where ¢, is the joint probability density function of the set u of stochastic variables
u; in standard Gaussian space, and h, is the employed importance sampling density
function. The most straightforward sampling density is the multivariate Gaussian dis-
tribution with standard deviations equal to one, but other sampling distributions and
other sampling centres than the design point may of course be employed and might be
even more efficient. Discussions on the choice of importance sampling distribution are
found in [7, 12].

In most cases the design point is determined by some gradient-based search algorithm
that works in standard Gaussian space, the gradient projection method or the Haasofer-
Lind method [11] for example. However, if discrete stochastic variables are involved,
and a transformation from the basic stochastic variables into standard Gaussian space
is not possible, importance sampling can be performed by moving the sampling centre
according to information from a previous sampling, [3, 4, 12]. This approach is usually
less efficient than the gradient methods, but it does not require transformation to u-
space. Moreover, it does not require the failure surface to be differentiable.

Another method is the axis orthogonal importance sampling method [7, 9]. As in
the approach described above, the procedure starts by a FORM or a SORM analysis.
Then a Monte Carlo sample, centred at the design point, is established on the tangent
hyperplane of the failure surface. The sample space is thus reduced by one dimension,
the direction orthogonal to the hyperplane. For each of the Monte Carlo realizations
on the hyperplane, a line-search is then carried out in the direction orthogonal to the
hyperplane to find the intersection with the actual failure surface. The FORM analysis,
alternatively the SORM analysis, gives good start values for the line-search. Finally, the
failure probability can be estimated, by means of numerical integration of the probability
density function, since the true position of the failure surface is calculated at N points
distributed over the failure surface.

In the directional importance sampling methods [1, 5, 13], the intersection with the
failure surface is calculated for a set of directions crossing the origin. The directions
are sampled with higher density towards regions where the failure surface is close to the
origin. The approach is, according to [7], somewhat less efficient than the axis orthogonal
importance sampling method, at least when the number of stochastic variables is large,
but it may be employed directly on the basic stochastic variables [5]. Also, directional
sampling is most suitable for spherical, or almost spherical failure surfaces in u-space [1].

Several thorough state-of-the-art reviews of importance sampling methods have been
published over the years, e.g. [2, 8]. A comparative benchmark study on different
methods is found in [7].

3 Latin Hypercube Sampling

Latin hypercube sampling was first proposed by McKay et al. [14] and has been further
developed for different purposes by several researchers, e.g. [10, 15, 17, 21, 22]. To
facilitate the presentation of the LHS importance sampling, the original and most simple
form of the sampling plan for general Monte Carlo simulation purposes is presented
below. Also, an important modification of the method, aiming at reduction of spurious
correlation of the Latin hypercube sample is presented.



3.1 Standard Latin Hypercube Sampling

As for the SMC method, the desired accuracy of the estimated distribution function
determines the number of realizations required. Let N denote the required number
of realizations and K the number of random variables. The sampling space is then
K-dimensional. An N x K matrix P, in which each of the K columns is a random
permutation of 1,..., N, and an N x K matrix R of independent random numbers from
the uniform (0,1) distribution are established. These matrices form the basic sampling
plan, represented by the matrix S as

1
S=(P-R) (3)

Each element of S, s;;, is then mapped according to its target marginal distribution as

- -1

Zij = F,, (si5) (4)
where 1‘72_],1 represents the inverse of the target cumulative distribution function for vari-
able j. A vector X; = [#;; ;2 ... Z;] now contains input data for one deterministic
computation.

A possible sampling plan for two input variables and five realizations is shown in
Fig. 1. Note that the sample is spread over the entire sampling space as the generation of
the LHS plan requires one image from each row and each column. If N realizations from
the entire sampling space had been chosen completely at random, as in SMC sampling,
there is a risk that they would form a cluster and some parts of the sampling space
would not be investigated.

1.0 ;
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Figure 1: Latin cube, two variables and five realizations. The 5x 2 matriz (a) determines
the plan illustrated in (b).

3.2 Reduction of Spurious Correlation

Even though the marginal distribution of each variable is efficiently represented, there
is a risk that some spurious correlation will appear, as shown in Fig. 2a. However, it has
been shown [10, 17] that such a spurious correlation can be reduced by modifications
in the permutation matrix P. The elements of P, p;;, are divided by the number of



realizations plus one, and mapped on the Gaussian distribution with mean zero and
standard deviation one as

g1 Pij
5= (311) ®)

Then the covariance matrix of Y is estimated and Cholesky decomposed as
LLT = cov(Y) (6)

where L is lower triangular. A new matrix Y* with a sample covariance equal to the
identity is computed as

Y =Y@LYH (7)

and the ranks of the elements of the columns of Y* become the elements in the columns
of the matrix P*. If the elements of P in Eq. (3) are replaced by the elements of this
matrix, the sampling matrix S will contain a considerably lower amount of undesired
correlation. It should be noted, however, that the Cholesky decomposition of Eq. (6)
requires that cov(Y) is positive definite, which in turn requires that the number of
realizations is higher than the number of stochastic variables, i.e that N > K. Fig. 2
illustrates the effect of the correlation-reduction procedure in a two variable sampling
plan: (a) represents the sampling plan before, and (b) the sampling plan after the
correlation reduction.
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Figure 2: Undesired correlation of sampling plan (a) is reduced in plan (b).

If the target correlation matrix is different from unity, the target correlation is applied
by replacing Eq. (7) with

Y = Y(L LT (8)

where L is the lower triangular matrix from the Cholesky decomposition of the target
correlation matrix. The correlation of the sample X, Eq. (4), will approach the target
correlation exactly if the stochastic variables are Gaussian, and approximately if the
stochastic variables are non-Gaussian. An iterative algorithm may be employed to
improve the correlation in the non-Gaussian case.



The sampling plan, including the correlation-reduction procedure, will in the follow-
ing be called the correlation Latin hypercube sampling plan (CLHS), in contrast to the
standard version, LHS. Finally, it is important to note that the correlation-reduction
procedure may introduce some bias, i.e. unlike the LHS, the CLHS does not give an
unbiased estimator.

4 Latin Hypercubes in Importance Sampling

Latin hypercubes can be employed instead of standard Monte Carlo in different ways
and for different types of importance sampling. Below, the simple importance sampling
method and the axis orthogonal importance sampling method are considered.

4.1 Latin Hypercubes in Simple Importance Sampling

When employed in simple importance sampling, the LHS plan is constructed as follows.
First the transformation into standard Gaussian variables is performed as

dij = B (5i5) (9)

where s;; is an element of the matrix S, Eq.(3). A vector @; = [G;1 U ... U] now
contains a realization in u-space centred at the origin. In the simple importance LHS
(SILHS) [18, 22], the sample is then centred at the design point by adding the design
point position vector, m, to each realization, i.e.

As is clear from Eqgs. (1)—-(2), other distributions than the standard Gaussian could have
been employed for the importance sampling distribution, but we make the straightfor-
ward assumption that Gaussian distributions with standard deviations equal to unity
are employed for the importance sampling in u-space. The probability of failure is now
calculated as
1 N
Py =+ Y- (W(@)lg(i) < 0) (11)
i=1
where N is the sample size, g(@1;) < 0 indicates failure for realization i, and W (i) is
the corresponding weight factor calculated as

_ ¢u(ﬁi)
where ¢, represents the standard, K-dimensional, Gaussian probability density function
centred at the origin.

Fig. 3a shows the SILHS plan in a two-variable example and the actual failure surface
of the problem. From Fig. 3a it is clear that there is a risk that most of the realizations
will be located on one side of the failure surface, in conformity with when standard im-
portance Monte Carlo sampling (SIMC) is employed, even if about 50% of the sample
should be located on each side. However, by introducing a transformed set of uncorre-
lated standard Gaussian variables, this can be avoided. The hypercube directions can

W (i)

(12)



be rotated in such a way that one of the directions coincides with the normal of the
approximating hyperplane, Fig. 3b. The new set of directions is established by first
identifying the direction orthogonal to the tangent hyperplane of the failure surface at
the design point. This direction is simply given by the unit vector in the direction of
the position vector of the design point,

a = — (13)

The remaining K — 1 directions are chosen so that they are orthogonal to each other
and to a;. This results in a square matrix A, in which row p contains the unit vector
a, and with the property

ATA =1 (14)

Naturally, there is an infinite number of possible sets of directions satisfying Eq. (14).
Only the direction vector a; is clearly specified. It would be logical to choose the
directions so that all mixed second derivatives of the failure function at the design point,
with respect to the chosen directions, become zero [9], but this requires calculations of
the second derivatives. In this paper no particular choice of orthogonal directions is
recommended. When the method is employed in the evaluation problems below, a
straightforward choice is made that results in numbers different from zero in just the
first two positions of the second direction vector, numbers different from zero in just
the first three positions of the third direction vector and so forth. A sample, centred at
the origin, is then established, Eq. (3) and Eq. (9), but we let the coordinates of u; (for
i=1:N, @ is a row-vector with K components) refer to the set of directions defined
by the rows of A. A transformation to the original coordinate system is performed as

i = A (15)

The sample is finally centred at the design point by adding the vector m to each
realization, 4}, i.e.

i =a +m (16)
Note that the only difference between the sample [@1;, @2, ..., U], Eq. (10), and the
sample [af, @}, ..., @], Eq. (16), is, as shown in Fig. 3, that the Latin hypercube

stratification is ensured in different sets of directions in u-space. Both samples corre-
spond to the same target importance sampling function. They just represent it with
different degrees of efficiency with respect to the failure function. In the following, the
latter approach will be called the transformed importance Latin hypercube sampling
(TILHS). If the actual failure surface is close to its tangent hyperplane, the TILHS can
be expected to give very good estimates of the failure probability, even if the number
of realizations is small, as a very good representation of the sampling distribution is
ensured in the important direction orthogonal to the hyperplane. The uncertainty in
the probability estimate arises mainly because of second- and higher-order derivatives
of the failure function. Therefore, the method should be suitable for verification of the
accuracy of a FORM analysis.
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Figure 3: Latin hypercube importance sampling in (a) original coordinate system, SILHS,
and (b) transformed coordinate system, TILHS.

4.2 Latin Hypercubes in Axis Orthogonal Importance
Sampling

The axis orthogonal importance sampling, briefly described in the section about impor-
tance sampling, can easily be used in combination with Latin hypercubes. If the number
of stochastic variables is K, the dimension of the tangent hyperplane is K — 1. Thus
an LHS or a CLHS sample in the K — 1 dimensional standard Gaussian space is estab-
lished in the directions of the tangent hyperplane. In the LHS version, an N x (K — 1)
matrix P, in which each of the K — 1 columns is a random permutation of 1,..., N,
and an N x (K — 1) matrix R of independent random numbers from the uniform (0,1)
distribution are established. P and R form the sampling plan as
1 - _

S=(P-R) (17)

Each element of S, 5,7, is then mapped on the standard Gaussian distribution as
wij = o) (5i5) (18)

Note that the coordinates given by @;; now refer to a local coordinate system with axes
defining the hyperplane. The probability of failure is calculated as

1 N
Pr=+5 > Po,(—bi) (19)
i=1
where b; is the root of



The argument [b; ©;] is thus a row-vector with K components of which b; constitutes the
first component and @; constitutes the second to the Kth component. When searching
for the solution of Eq. (20), using the Newton-Raphson algorithm in one dimension, a
suitable start value for b; is of course the distance between the origin and the design
point, 8. The transformation to the original coordinate system in wu-space, which is
needed for the g-function evaluations, is performed as

a = [b; ;] A (21)

The coordinates given by @} thus refer to the coordinate system of the basic variables
in u-space.

Of course, the sample stored in %;; may be established using the SMC or the CLHS
as alternatives to the LHS, and the modifications are straightforward in the light of
the previous sections of this paper. The axis orthogonal importance sampling using the
different sampling procedures will in the following be called the axis importance Monte
Carlo method (AIMC), the axis importance Latin hypercube sampling method (AILHS),
and the axis importance correlation Latin hypercube sampling method (AICLHS) re-
spectively. Fig. 4a illustrates the AIMC method, and Fig. 4b illustrates the AILHS or
the AICLHS methods for a problem with two stochastic variables. Note that there is no
difference between the AILHS and the AICLHS in a problem with only two stochastic
variables.

u, u;
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Figure 4: (a) AIMC sampling and (b) AILHS/AICLHS sampling. Line-search is em-
ployed to find the intersection with the actual failure surface.

5 Evaluation by Numerical Examples

The present evaluation of the proposed methods is limited to the analyses of three
different example problems, each comprising a number of different cases. The purpose
is to compare the new methods with the alternative importance sampling methods
presented herein, and if we assume that each importance sampling is preceded by a
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search for the design point in the standard Gaussian variable space, all the methods are
equally applicable. Thus, we only focus on the computational efficiency of the different
methods for different applications, i.e. we examine how much is gained when the TILHS
is employed instead of the SIMC or the SILHS, and how much is gained when the AILHS
or the AICLHS are employed instead of the AIMC. The example problems below allow
us to study the following aspects, namely the importance of the shape of the failure
surface, the significance of the probability level, and the significance of the number of
stochastic variables in the problem.

5.1 Example 1

A simple spring system, Fig. 5, is loaded with two forces, f; and f,. All the four spring
stiffnesses and the magnitudes of the two forces are stochastic parameters and it is
assumed that the system will collapse when the displacement d, exceeds a certain level.
This is indeed a very small system of only six variables and only two degrees of freedom,
but it could represent a simple model of many different engineering applications. We
will consider four different cases. In the first case (a), a log-normal distribution with
mean p = 10 and standard deviation o = 2 is adopted for the spring stiffnesses as well
as for the magnitudes of the forces. Failure occurs when dy > 2.30, which corresponds to
a failure probability of 0.01. In case (b), the spring stiffnesses have the same properties
as in case (a), but the forces are now uniformly distributed in the interval (7,13). In
this case the failure criterion d > 2.17 is adopted, which corresponds to the failure
probability 0.01. Case (c) is identical to case (a), except that the failure criterion is
changed to dy > 2.98, which corresponds to a failure probability of 0.0001. Case (d)
is identical to case (b) except that the failure criterion is changed to d» > 2.60, which
corresponds to a failure probability of 0.0001. The characteristics of cases (a)-(d) are
summarized in Table 1.

d, d,

‘ ‘

ANANANANANAN

Figure 5: System with four springs, stochastic stiffness, loaded with two stochastic forces.

Using the FORM, the failure probabilities are estimated in case (a) to 0.009, in
case (b) to 0.02, in case (c) to 0.00009, and in case (d) to 0.0003. From this we can
conclude that the FORM gives good estimates for cases (a) and (c), but rather poor
estimates for cases (b) and (d). Or to put it another way: in cases (b) and (d) the
actual failure surface is not very close to a hyperplane. Using the SORM, the failure
probabilities are calculated to 0.012 and 0.00014 for the cases (b) and (d) respectively.
These results are of course closer to the true failure probabilities than the FORM results,

and for problems with only a few stochastic variables the computational cost of using
the SORM is moderate.
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case | spring stiffnesses | force magnitudes | failure probability
(a) log-normal log-normal 0.01

(b) log-normal uniform 0.01

(c) log-normal log-normal 0.0001

(d) log-normal uniform 0.0001

Table 1: Summary of the characteristics of cases (a)-(d).

The different importance sampling methods are now employed. Neglecting the com-
putational costs of generating the random numbers, establishing the Latin hypercube
sampling plans and carrying out the necessary transformations, the efficiency of the dif-
ferent methods can be judged by the mean error of the failure probability estimate, when
repeated simulations using the same number of g-function evaluations are performed.
For the SIMC, the SILHS, and the TILHS, the number of g-function evaluations is equal
to the number of realizations of the sample plus the number of g-function evaluations of
the FORM analysis, whereas for the AIMC, the ATLHS, and the AICLHS, about four to
six g-function evaluations are required for each realization during the line-search proce-
dure. Of course, for all the methods, the mean error will decrease for increasing sample
sizes. The assumption that the computational costs of establishing the Latin hypercube
sampling plans and carrying out the necessary transformations are comparatively small
is justified for most realistic finite element applications.

Fig. 6 shows, for the four cases (a)—(d), the mean error of the estimated failure
probability as a function of the number of g-function evaluations (not including the g-
function evaluations carried out for finding the design point, i.e the FORM analysis) for
the six importance sampling methods. For each evaluated sample size and each method,
one thousand simulations are performed in order to calculate the mean error.

The TILHS is, in all the cases, the most efficient method using simple importance
sampling centred at the design point. In (a) and (c), there is no significant difference
between the performance of the SIMC and the SILHS, but the proposed method is much
more efficient. Using the TILHS, it only takes slightly more than one third of the sample
size, compared to the alternative methods, to reach a specified mean error, i.e. a level
of accuracy. Cases (a) and (c) represent different failure probabilities, but this does
not seem to have major effect on the relative performance of the methods. In cases (b)
and (d), the SILHS is more efficient than the SIMC, but less efficient than the TILHS.
To reach the same level of accuracy, about half the sample size is required, using the
proposed method, compared to using the SIMC method. It is interesting to note that
the proposed importance sampling method is considerably more efficient than the SIMC,
even in the cases where the failure surface differs considerably from the approximating
hyperplane employed in FORM analysis.

From Fig. 6 it is obvious that the axis orthogonal importance sampling method is
much more efficient than the simple importance sampling method. This holds for all
the different versions of the method using Monte Carlo sampling or Latin hypercube
sampling. It is, however, also clear that the choice of SMC, LHS, or CLHS in the
axis orthogonal importance sampling strongly influences its efficiency. In (a) and (c),
the AILHS is only moderately more efficient than the AIMC, about 10-30%, but the
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AICLHS is substantially more efficient. In (b) and (d), the AICLHS is only moderately
more efficient than the AILHS, but both methods are much more efficient than the
AIMC. Only about one third of the sample size, compared to the AIMC, is needed to
reach the same level of accuracy using AILHS or AICLHS. In conclusion, large effects
of using Latin hypercube sampling in different ways for importance sampling are shown
by this example, but, as expected, differences are found for the different cases, i.e. for
different shapes of the failure surface.

(a) (b)
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Figure 6: Mean error of estimated failure probability as a function of the number of
g-function calls using the siz importance sampling methods.
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5.2 Example 2

We now compare the importance sampling methods by considering an example problem
with a higher number of degrees of freedom and a high dimensional stochastic variable
space.

A square plate with unit side length and unit thickness is modelled by four-node,
plane-stress elements with two degrees of freedom at each node. A square hole with a
side length of 1/3 is located in the middle of the plate. The material is assumed to be
isotropic with stochastic Young’s modulus and deterministic Poisson’s ratio, v = 0.3.
The plate is loaded with a deterministic, uniformly distributed load with unit magnitude.
Nodal displacements in the y-direction are constrained along the lower edge. Fig. 7 shows
the geometry, loading, element mesh and boundary conditions of the structure.

A log-normal random field is adopted for the Young’s modulus of the plate. The
field is described by its mean-value function, which is constant and equal to one in the
entire plate, and the isotropic auto-covariance function,

. [_ (’57)] (22)

in which o¢ = 0.2 is the standard deviation, [ = 0.2 is a positive parameter determining
the correlation length of the field, and &;; is the distance between two points in the
plate. c¢;; is the auto-covariance between the two points. In discretized form, using the
midpoint method, ; is the distance between the centroid of element ¢ and the centroid
of element j, and c;; becomes the element in row ¢ and column j of the r x r covariance
matrix C, where r is the number of finite elements in the problem. Fig. 8 shows the
correlation in continuous form as a function of the distance, and the discretization of the
correlation function according to the midpoint method in which the midpoint position
of each element is used to represent the random field within the element.

The present discretization gives a problem with two hundred correlated stochastic
variables. However, a transformation into uncorrelated variables is performed by calcu-
lating the eigenvalues and the eigenvectors of the covariance matrix, C. The eigenvalues
give the variances of the transformed variable set, and, by regarding the variables with
a small variance as deterministic, the number of stochastic variables is reduced to one
hundred. The stochastic variable set, in u-space, thus consists of one hundred standard
Gaussian variables. Details about the transformations between the u-space and the
basic variables are given in [15].

We now focus on two different failure criteria, namely (a), failure occurs when the
vertical displacement of the centre of the upper edge of the plate exceeds 2.00, and (b),
failure occurs when the stress in the vertical direction at the right edge of the square
hole in the plate (the stress in the middle of the element marked in Fig. 7) exceeds 2.53.
Each of these criteria corresponds to a failure probability of 0.01. FORM analysis gives,
for case (a), a failure probability of 0.007, and, for case (b), a failure probability of 0.01.
SORM gives, for both cases, a failure probability of 0.01.
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Figure 7: Square plate, loaded in tension, modelled by 200 elements. The two dots
indicate positions in the plate with relevance to the failure criteria.
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Figure 8: Correlation as a function of the distance in continuous and discretized form.
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Figure 9: Mean error of the estimated failure probability as a function of the number
of g-function evaluations. For case (a), failure occurs when the vertical displacement of
the centre of the upper edge exceeds 2.00 units. For case (b), failure occurs when the
stress in the vertical direction at the right edge of the square hole exceeds 2.53 units.

When the position of the design point is calculated, importance sampling is per-
formed using the different methods. The mean errors, using the failure probability
estimates for different sample sizes, are displayed in Fig. 9. The comparison shows that
the TILHS produces much better results than the SIMC or the SILHS. In case (a),
for which the FORM does not give a very accurate result, only about one third of the
sample size is required to reach a certain degree of accuracy when the TILHS is used
compared to when the SIMC or the SILHS are used. In case (b), for which the FORM
gives a very accurate result, the superior efficiency of the proposed method is even more
pronounced. It can be noted that the SILHS is not significantly more efficient than the
SIMC.

The axis orthogonal importance sampling is, as in the previous example problem,
much more efficient than the simple importance sampling. For case (a), the AILHS is
about twice as efficient as the AIMC, but for case (b) there is no significant difference
between these two methods. The AICLHS, on the other hand, is far more efficient
for both cases. This implies that there are important dependencies between different
orthogonal directions of the failure surface and that the reduction of spurious correlation
of the CLHS sample on the hyperplane is of great importance. Fig. 10 shows histograms
of the failure probability estimates of case (a) using the AIMC, the AILHS, and the
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AICLHS with a sample size of one hundred, i.e. about six hundred g-function evaluations
for each simulation. One thousand simulations are carried out for each method and the
strong variance reduction effect of using the AICLHS is quite obvious. A drawback,
however, of the CLHS method, and thereby the AICLHS method, is that the sample
size must be greater than the number of stochastic variables, in this case one hundred,
which, due to the line-search procedure, corresponds to somewhat less than six hundred
g-function evaluations. A discussion on this restriction is found in [15].
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Figure 10: Histograms of the failure probability estimates of case (a) using the AIMC, the
AILHS, and the AICLHS with a sample size of one hundred realizations. One thousand
simulations of each kind were carried out.

In conclusion, this example with a high number of degrees of freedom and a high
number of stochastic variables gives approximately the same picture of the different
methods as the previous example. Very good estimates of the failure probability can be
achieved using, for example, the AICLHS with about six hundred g-function evaluations.
A SORM analysis, that also gives very good estimates, requires about five thousand g-
function evaluations in addition to the cost of the FORM analysis.
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5.3 Example 3

The examples above examine the ability of the different importance sampling methods
for different systems, failure criteria, and number of stochastic variables. This far,
however, the failure surfaces have not been highly nonlinear, i.e. analyses using SORM
resulted in fairly accurate estimates of the failure probabilities. Now an example problem
with a highly nonlinear failure surface in u-space will be employed in order to examine
the importance sampling methods for such cases.

The sum of ten independent, exponentially distributed variables, z;, i = 1,2,...,10,
with parameter A = 1 must not (a) excced a certain level, and (b) go below a certain
level corresponding to a failure probability of 0.01. For cases (a) and (b) respectively,
the failure criteria are expressed as

10
I (x) == 7+ Co (23)
i=1
and
10
g0 (x) = 3z — Cy (24)
i=1
In standard Gaussian space, the same failure criteria are expressed as
10
9w (w) = 31 [@ . (—uw)] /A + Clo (25)
i=1
and
10
90y () = = Y- In [@ 0 (—u)| /X = Cip (26)
i=1

The values of the constants are C(4) = 18.783 and C) = 4.130. For case (a), the failure
surface will have a positive curvature, i.e. the safe region will be convex, and for case
(b), the failure surface will have a negative curvature. The same problems, i.e. positive
and negative curvatures, are also considered at a lower failure probability. Cases (c)
and (d) correspond to cases (a) and (b) respectively at a failure probability of 0.0001
with constants C() = 26.193 and C(g) = 2.198. The characteristics of cases (a)—(d) are
summarized in Table 2.

The four cases have been analysed using the FORM and the SORM with the follow-
ing results. Probability of failure according to FORM/SORM: case (a) 0.00060/0.018;

case | failure surface failure probability

positive curvature | 0.01
negative curvature | 0.01
positive curvature | 0.0001
negative curvature | 0.0001

~— =

a
b
¢
d

NN S S
~

Table 2: Summary of the characteristics of cases (a)-(d).
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case (b) 0.094/0.020; case (c) 0.0000021/0.00023; case (d) 0.0035/0.00015. The FORM
results are thus completely inaccurate and the SORM results are wrong by approxi-
mately a factor of two.

Fig. 11 shows, for the four cases (a)-(d), the mean error of the estimated failure
probability as a function of the number of g-function evaluations for the six importance
sampling methods. For each evaluated sample size and each method, five thousand
simulations are performed to calculate the mean error. This high number of simulations
is needed in order to make reliable comparisons between the efficiency of the different
methods because the problems are highly nonlinear and some of the simulations give
very poor estimates of the failure probabilities.
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Figure 11: Mean error of estimated failure probability as a function of the number of
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For cases (a) and (c), only small differences in efficiency are found between the simple
importance sampling methods, SIMC, SILHS and TILHS. One explanation for this is
that the failure surface is highly nonlinear. As previously stated in this paper, it is for
cases with failure surfaces fairly close to their tangent hyperplanes that a large effect
using TILHS instead of SIMC or SILHS can be expected. An additional explanation,
valid for problems with convex safe regions, is that in some of the simulations individual
realizations of the importance sampling distribution may fall in the failure region even
if they are located far from the design point, but relatively close to the origin, i.e.
individual realizations may be assigned very high weight factors according to Eq. (12).
This gives very large errors for a small part of the simulations giving that the errors of the
simulations are not normally distributed. This problem is not avoided by using SILHS
or TILHS. According to [7], it can be favourable for this type of problems to employ
a more spread importance sampling distribution with a standard deviation larger than
one.

The axis orthogonal importance sampling methods are, as in the previous exam-
ples, considerably more efficient than the simple importance sampling methods for cases
(a) and (c). The positive curvature of the failure surface gives that a great deal of
the realizations contribute significantly to the failure probability estimation, i.e even
if a realization on the tangent hyperplane is far from the origin, the point of intersec-
tion between the failure surface and the direction vector orthogonal to the hyperplane,
through the realization, may be relatively close to the origin. Thus, it is important to
use the Latin hypercube stratification to reach a good representation of the importance
sampling density function. The AICLHS method, however, does not perform better
than the AILHS method, and there are at least two reasons for this. The first reason
is that the exact correlation between the different stochastic variables does not seem
to be particularly important for this function, which simply is the sum of ten equally
distributed variables. Thus the variance-reduction effect of using the AICLHS instead
of the AILHS is not very large. The other reason is that the AICLHS method gives a
biased estimate of the failure probability for this problem. Fig. 12 shows the histograms
of the failure probability estimates of case (a) using the AIMC, the AILHS, and the
AICLHS with a sample size of 50 realizations, i.e. about 350 g-function evaluations for
each simulation. The variance-reduction effect of using the AILHS or the AICLHS is
quite obvious, as well as the bias effect of using the AICLHS, i.e. the mean estimate of
the failure probability is clearly below 0.01 using the AICLHS. In Fig. 12, it can also
be seen that the mean errors of the failure probability estimates are not distributed as
Gaussian variables.

For case (b), significant, although not large, differences in efficiency are found be-
tween the SIMC, the SILHS, and the TILHS methods, but for case (d), the differences
between the simple importance sampling methods are very small. For both cases, the
TILHS method is the most efficient. Cases (b) and (d) consider a negative curvature
of the failure surface and only a small part of the realizations using simple importance
sampling is located in the failure region if the sampling is centred at the design point.
Moreover, only realizations close to the design point contribute significantly to the failure
probability estimates. On the other hand, there is no risk that individual realizations
will give huge contributions to the failure probability estimates as for cases (a) and
(c). It would probably be efficient for these cases [7] to use an importance sampling
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Figure 12: Histograms of the failure probability estimates of case (a) using the AIMC,
the AILHS, and the AICLHS with a sample size of fifty realizations. Five thousand
simulations of each kind were carried out.

distribution with standard deviation smaller than one.

For cases (b) and (d), the axis importance sampling methods are not generally more
efficient than the simple importance sampling methods. As a matter of fact, the AIMC
gives the poorest estimates of all the six methods. The benefit of using the AILHS
instead of the AIMC is, however, quite large. The AILHS is almost twice as efficient
as the AIMC. The AICLHS underestimates the probability of failure, especially for a
small sample size. Therefore, even if the method gives the best variance reduction, it
does not give the smallest mean error when estimating the failure probability.

6 Conclusions

The objective of this paper is to introduce Latin hypercube sampling as an efficient and
generally applicable tool in importance sampling for structural reliability analysis. In
simple importance sampling, where the sampling is centred at the design point, Latin
hypercube sampling can be employed instead of simple Monte Carlo sampling. To
reach a superior efficiency, however, it is shown that the sampling directions should be
transformed, so that one of the directions become orthogonal to the tangent hyperplane
of the failure surface at the design point. For problems with failure surfaces fairly close
to their tangent hyperplanes, the suggested method performs much better than simple
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importance sampling using standard Monte Carlo. Typically, better accuracy is reached
at half the sample size using transformed Latin hypercubes compared to using standard
Monte Carlo importance sampling. The exact savings, however, differ between different
problems.

This paper also presents a combined use of Latin hypercube sampling and axis or-
thogonal importance sampling. The axis orthogonal importance sampling is, in general,
more efficient than simple importance sampling, and the suggested combination with
Latin hypercube sampling is shown to perform very well. The Latin hypercube sample
is established on the tangent hyperplane of the failure surface, and a line-search pro-
cedure is carried out for each realization in the direction orthogonal to the hyperplane
in order to find the intersection with the failure surface. A more elaborate version of
the Latin hypercube sampling plan, including reduction of spurious correlation, may
also be employed in axis orthogonal importance sampling. This method is even more
efficient for many problems, especially for moderately curved failure surfaces, but gives
biased estimates of the failure probability. The bias can be severe for small sample sizes
and highly nonlinear failure surfaces. In general, however, the benefits of using Latin
hypercubes in axis orthogonal importance sampling, with or without reduction of spu-
rious correlation, are at least as large as using transformed Latin hypercubes in simple
importance sampling.

The use of Latin hypercubes does not put any serious restrictions on the applicability
of the importance sampling methods and the benefits of Latin hypercubes can be added
to the benefits of elaborate and efficient importance sampling strategies. Therefore,
Latin hypercube sampling has the qualifications to become a widely employed tool in
reliability analysis. In the future, when new efficient importance sampling methods
are developed, the possibility of increasing their efficiency further by the use of Latin
hypercubes should also be investigated.

A cknowledgements

This research was financed by the Swedish Research Council for Engineering Sciences,
and by the Swedish Council for Building Research. Their support is gratefully acknowl-
edged.

Appendix

Table A1 summarizes the different methods presented and compared in the paper. Some
of the methods and designations are widely accepted, whereas others are introduced here.
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Abbreviation | Full name Comment

FORM First Order Reliability Method Approx. of the failure surface with a hyperplane
SORM Second Order Reliability Method 2nd order approx. of the failure surface
SMC Standard Monte Carlo True random sampling

LHS Latin Hypercube Sampling Simple Latin hypercube sampling

CLHS Correlation Latin Hypercube Sampling LHS with reduction of spurious correlation
SIMC Standard Importance Monte Carlo SMC but centred at the design point
SILHS Standard Importance Latin Hypercube Sampling LHS but centred at the design point
TILHS* Transformed Importance Latin Hypercube Sampling Transformed hypercube directions

AIMC Axis Importance Monte Carlo SMC sampling on the hyperplane

AILHS® Axis Importance Latin Hypercube Sampling LHS sampling on the hyperplane
AICLHS* Axis Importance Correlation Latin Hypercube Sampling | CLHS sampling on the hyperplane

Table Al: Summary of methods and abbreviations employed in the paper.
@To the authors’ knowledge, these methods have not been presented before.
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Abstract

The influence of damage on the load-carrying capacity of thin-walled steel
columns with channel sections is investigated. The axial load-carrying capacity is
evaluated for different profiles, and different damage magnitudes are dealt with.
The profiles selected for the analysis are commonly used as upright members in
rack and shelving systems in industry. The type of damage corresponds primarily
to truck impacts. The strategy presented, however, is generally applicable to
different types of profiles, and suitable for parameter studies of different types
of damage, load cases, and boundary conditions. The main part of the analysis
consists of numerical simulations using the finite element method, but a verifying
laboratory test series is also presented. The results of the numerical simulations are
in good agreement with the laboratory tests, and show that even very small defects
in the thin-walled columns significantly reduce the axial load-carrying capacity.

1 Introduction

Thin-walled steel profiles with channel sections are commonly employed in civil engi-
neering structures to resist lateral and axial loads. The sections are easily assembled to
other structural members through welding or bolting. They are inexpensive to manu-
facture and fabricate as they may be pressed or rolled from flat steel sheets or coiled
strips. Although these profiles perform very well as structural members in relation to
their weights, they are susceptible to different types of buckling including distortion of
the cross section, local buckling, and torsional instability. They are also sensitive to
initial imperfections and damage.

Much research has been aimed towards accurate and efficient analysis of thin-walled
beam columns in terms of conventional beam theory, finite strip analysis, and finite
element analysis. Conventional beam theory proceeds from the kinematic assumption
that the cross section does not distort. The modes of deformation are limited to ex-
tension, bending about two principal axes and torsion. However, beam theory can be

!Division of Structural Mechanics, Lund University, P.O. Box 118, SE-221 00, Lund, Sweden.
Telephone: +46 46 222 46 89. Fax: +46 46 222 44 20.

2Prof. Division of Structural Mechanics, Lund University, P.O. Box 118, SE-221 00, Lund, Sweden.

3Assoc. Prof. Division of Structural Mechanics, Lund University, P.O. Box 118, SE-221 00, Lund,
Sweden.



extended by also incorporating distortional modes of deformation. This approach has
been employed by Davies and Leach (1992) using a generalized beam theory developed
by Schardt (1989). Another method for analysis of thin-walled beam columns is the fi-
nite strip method, where the thin-walled member is subdivided into longitudinal strips.
This method includes distortional modes because each strip is free to deform both in and
out of its plane. Buckling of channel sections for storage racks without imperfections has
been analyzed using this method by Hancock (1985). Nonlinear material models have
also been incorporated. Clarke (1994) and Rasmussen and Rondal (1997) used a Ram-
berg Osgood model and studied the influence of material parameters on the buckling
behavior.

The method used in this study employs large displacement finite element analysis,
material nonlinearity, and modeling by use of shell elements. This is necessary due
to the complexities involved in modeling the geometry, the boundary conditions, and
the material. It is then possible to model details in the geometry such as holes or
local defects. Moreover, the initial damage is modeled by indentation of a rigid surface
laterally into the beam columns, causing plastic deformations. Hence, this approach
is suitable when local deformations and strains at some place along the beam column
must be captured in detail. The disadvantage compared to the other methods is the
computational cost related to model preparation and the required number of degrees of
freedom.

The purpose here is to suggest and apply a strategy for investigating the effects of
damage for thin-walled steel columns. The work is comprised within a project concerning
failure sensitivity of pallet racks. Upright members in such structures are usually of the
type described above, and if they are damaged (for example by truck impacts or because
second-hand, crooked or squeezed components are used) the load-carrying capacity is
reduced and the risks of failure and accidents are increased. The scope of the present
investigation is restricted to three different profiles, and the type of damage considered is
related to truck impacts. The main part of the analysis consists of numerical simulations
using the finite element software ABAQUS (ABAQUS 1996). However, a laboratory test
series is also performed.

2 Profiles and Modeling

The three profiles selected for this study are frequently used in rack and shelving sys-
tems. One of the profiles selected for this study has an asymmetric cross section while
the other two have symmetric cross sections, one C profile and one 2 profile. Fig. 1
shows one repetitive segment of each profile with corresponding element meshes. To
bring down the required number of elements some simplifications in the modeling were
adopted. The asymmetric profile has impresses on its broad side along the upright axis.
These were neglected in the model. Further, small circular holes, occurring in all three
profiles were modeled by reductions in thickness of strips along the upright axis at the
location of these holes. The simplifications were performed after comparisons with finer
models, considering impresses and circular holes in detail. The comparisons showed that
the simplified models were able to capture the global, linear elastic stiffness, and overall
deformation modes of the columns when loaded as in the simulations below. The sim-
plified modeling of perforation in thin-walled columns has earlier been employed, and



Figure 1: Repetitive segments of the three profiles with corresponding element meshes.

shown to be valid, by Mroz (1995).

A four-node, thin-shell element (ABAQUS element S4R5) with five degrees of free-
dom at each node, and reduced integration was used in the analysis. The element
contains no drilling degree of freedom corresponding to rotation in the plane of the el-
ement. The element allows for large deformations but requires the strains to be small.
The material properties were founded on tension tests of the steel sheets from which the
profiles were fabricated. An isotropic, elastic-ideal plastic material model, von Mises
yield criterion, with a yield stress of 385 MPa and Young’s modulus of 212 GPa were
adopted. Initial stresses in the profiles due to the forming procedure were not considered
in the modeling.



3 Numerical Simulations

The columns considered are employed as upright members in pallet racks. The length
of the columns was set to 1,250 mm, which corresponds to a typical height of one
compartment in a pallet rack in industry. In most cases, however, upright members are
continuous without joints from the floor to the top of the rack. This, combined with
the fact that the stiffness of the connectors at the floor and at the horizontal beams
varies from one racking system to another, makes it difficult to achieve appropriate and
generally applicable boundary conditions for the columns. Therefore only the extreme
cases, rigid supports and pin-ended supports, were dealt with. In all the simulations
performed, warping and distortion of the cross sections were prevented at the ends of
the columns.

Each simulation was divided into a number of displacement-controlled preloading
steps where the columns were damaged laterally by indentation of a rigid body, and an
axial compression step where the remaining load-carrying capacity was evaluated. The
simulations were divided into three groups with different boundary conditions and load
cases. Simulations I and II consider impact normal to the broad side. In simulation I the
columns are rigidly supported and in simulation II the columns are pin-end supported.
Simulation III considers impact to the corners of the columns with pin-ended supports.
Each simulation was performed for all three profiles, and different magnitudes of damage
were considered.

3.1 Simulation I

The preloading, damaging part of this simulation was divided into three steps. Fig. 2
shows these steps and the consequent axial compression. First the broad side at the
middle of each column was indented by a rigid body pressed normally to the broad
side. The thickness of the rigid body was 40 mm but the edges were rounded off with a
radius of 5 mm so that only 30 mm initially came in contact with the structure. There
was no friction between the rigid body and the deformable structure. The columns
were supported so that they were free to rotate around the inplane axis of the cross
section, parallel to the broad side (dotted axis in the left part of Fig. 2) but no twisting
was allowed around the normal of the cross section at the ends. Then the rigid body
was released and lost contact with the structure. In the third step the ends of the
columns were bent so that the cross section normals at the supports ended up parallel
to the original upright axis. The reason why the ends were bent back to their original
orientation in a separate step was that the alternative, to keep the ends rigid from the
beginning, would yield a highly unstable behavior of the column when the rigid body
was released in the second load step. Elastic energy would rapidly be released and thus
cause major numerical difficulties. However, if a dynamic analysis had been carried
out it would probably be possible to deal with that behavior as the mass inertia would
contribute to stabilize the structural response.

The extent of the damage was represented by the average of the displacements of
two nodes, in the middle of each column in the direction normal to the broad side.
The nodes are indicated in Fig. 3 where the deformations of the midsections are also
shown for 10 mm damage. Fig. 4 shows the entire columns with the same magnitude
of damage. The preloading part of the simulation also initiated the mode of failure for
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Figure 2: Boundary conditions and load steps in simulation I

the columns and, as shown in Figs. 3 and 4, all three profiles failed in a combination of
flexural and distortional buckling.

In the final step, axial compression was applied to the columns. Different magnitudes
of damage, caused by the preloading steps, resulted in different reductions of the load-
carrying capacity. Fig. 5 shows the axial load-carrying capacity as a function of the
damage magnitude for the three profiles. A value of 100% corresponds to the load-
carrying capacity of undamaged columns, which for the asymmetric profile was 183 kN,
for the C profile 173 kN, and for the Q profile 187 kN. The asymmetric profile and the
Q profile were affected by damage in the same extent. The load-carrying capacity was
reduced by 50% for damage of approximately 12 mm.

The C profile did not lose as much load-carrying capacity as the other profiles for
small damage, but when the rigid body displacement in the first preloading step was
increased over a certain magnitude (40 mm) the cross section of the C profile distorted
substantially during the third preloading step. This resulted in severe damage, but
the representation of damage as defined was not able to capture the distortional part
of the deformation. To capture this behavior, it would be necessary to introduce a
more sophisticated definition of damage. However, it would then be cumbersome to
compare the effects of damage to different profiles as the definition of damage would
differ. It would also be more complicated to use the computational results to evaluate
the influence of damage to columns in industrial racking systems.

The axial compression stiffness was also affected by damage. Fig. 6 shows, for the
asymmetric profile, the axial force as a function of the axial compressive deformation
for a number of different damage magnitudes, 0-12 mm in steps of 2 mm. The stiffness
decreased with increasing damage magnitudes. However, it can also be seen in Fig. 6
that the load-carrying capacity at the maximum loading was less sensitive to additional
axial compressive deformation for columns with large damage. This is an advantageous
quality in statically indeterminate systems which are able to redistribute the paths of
the loading to other parts of the structure when some structural members are damaged.



Figure 3: Deformed cross sections.
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Figure 4: Columns with 10 mm damage.
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Figure 5: Load-carrying capacity as function of damage magnitude (Simulation I).
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Figure 6: Azial force as function of azial compression for the asymmetric profile.



3.2 Simulation II

The preloading part of this simulation was divided into two steps, identical with the
first and second steps of the previous simulation. Thus the boundary conditions allowed
the columns to rotate around the axis parallel to the broad side when the axial com-
pression step was applied. The extent of damage was represented as before with the
displacements of two nodes at the middle of each column, but the damage magnitude
was determined after the second preloading step (Fig. 2). The magnitudes of the dif-
ferent modes of deformation increased almost in proportion to the damage, and it was
possible to achieve much higher damage magnitudes than with the previous simulation.
Fig. 7 shows the axial load-carrying capacity of the different profiles as a function of
the damage magnitude. The 100% load-carrying capacity corresponds to 142 kN for
the asymmetric profile, 131 kN for the C profile, and 169 kN for the Q profile. The
reduction of load-carrying capacity due to different damage magnitudes was roughly the
same for all the profiles. As in the previous simulation, damage of 10-12 mm resulted
in reduction of the load-carrying capacity of 40-50%. Damage of 20 mm resulted in
approximately 60% reduction of the load-carrying capacity.
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Figure 7: Load-carrying capacity as function of damage magnitude (Simulation II).

3.3 Simulation ITI

This simulation was performed to investigate the effects of damage caused by impacts
to the corners of the profiles. Fig. 8 shows the steps in the simulation. In the first
preloading step a rigid body was pressed laterally to the corner of each column at an
angle of 45° to the broad side. The supports allowed the columns to rotate around
the axes normal to the upright axis, but no twisting was allowed around the upright
axis. Then, in the second step, the rigid body was released. Damage was defined as the
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displacement, in the plane of the cross section, of the indented corners when the second
preloading step was completed. Damage of different extent consisted mainly of bending
of the columns, and only moderate distortion of the cross sections occurred. Damage
was therefore sufficiently represented by the adopted definition.

As in the previous simulations, the columns were compressed through the centroidal
axis in the final load step. Fig. 9 shows the axial load-carrying capacity as a function
of the damage magnitude. The 100% load-carrying capacity corresponds to 115 kN for
the asymmetric profile, 131 kN for the C profile, and 169 kN for the Q profile. As the
axes parallel to the broad side coincide perfectly with the minor axes of inertia for the
symmetric profiles, the load-carrying capacities of those columns were equal to those of
simulation II. For the asymmetric profile, however, the load-carrying capacity was 19%
lower due to the difference in boundary conditions.
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Figure 8: Boundary conditions and load steps in simulation III.

4 Experimental Verification

To evaluate the reliability of the numerical simulations, a laboratory test series was
performed. Only the profile with asymmetric cross section was tested, and only one set
of boundary conditions was considered. Furthermore, the test series was restricted to
six 1250 mm long specimens, of which four were exposed to damage before the axial
load-carrying capacity was evaluated.

4.1 Test Setup

The ends of each specimen were welded to rectangular steel plates with edges parallel
to the broad side of the profile. The arrangement consisted of a preloading part and
an axial compression part. In the first step of the preloading, a solid steel bar, with
the same dimensions as the rigid body in the numerical simulations, was pressed to the
broad side as indicated in Fig. 10. In the second step, the steel bar was released and
the damage magnitude, as previously defined, was recorded. In the last step of the test,
the specimen was put into axial compression as shown in Fig. 11. It was compressed
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Figure 9: Load-carrying capacity as function of damage magnitude (simulation III).

through the centroidal axis, and a small ball, 28.5 mm in diameter, was placed between
two steel plates at each support so that the ends of the profile were free to rotate in any
direction.
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Figure 11: Axial compression of a damaged column.
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4.2 Comparative Computer Simulation

The boundary conditions in the experimental arrangement differed slightly from those
in the second numerical simulation. To imitate the conditions during the test series
as closely as possible, an additional simulation was performed. The steps are shown
in Fig. 12. In the first preloading step, a rigid body was pressed to the broad side of
the profile. The ends of the columns were free to rotate around the axes normal to the
upright axis. In the second step, the rigid body was released and the columns were
free to rotate around the upright axis as well. Finally, the columns were compressed
through the centroidal axis while the boundary conditions allowed them to rotate as in
the second load step.

The material parameters were, as previously, evaluated from tension tests of small
specimens of steel sheet. However, the properties of specimens from the same delivery
as the columns used in the laboratory test series differed from those previously adopted.
Due to these new material tests, the yield stress was 15% lower (328 MPa instead of
385 MPa) in this simulation than in simulations I-IIL
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Figure 12: Boundary conditions and load steps in the comparative simulation.

4.3 Results

The results of the laboratory test series in terms of the axial load-carrying capacity,
and the corresponding damage magnitudes, are shown in Table 1. The reduction in
load-carrying capacity in percent of the capacity of the undamaged column, according
to the comparative computer simulation, is also shown. Specimens one and two were
not exposed to any preloading, but even the undamaged columns were a little curved,
giving displacements of the midsections in relation to the ends. This is equivalent to
damage according to the definition. Specimens three and four were aimed to receive

13



damage of 15 mm, and specimens five and six were aimed to receive damage of 20 mm.
Guided by the numerical simulations, the displacement controlled lateral impress of the
steel bar was 10 mm deeper than the desired damage magnitudes.

The results from the numerical simulation were in good agreement with the labo-
ratory test series. Fig. 13 shows the results of the test series and the corresponding
simulation. The test specimens are represented by the circles, and the computational
results are represented by the curve. The load-carrying capacity is shown as a function of
the damage magnitude. The 100% load-carrying capacity corresponds to 103 kN, which
was the load-carrying capacity for an undamaged column according to the numerical
simulation.

Specimen | Damage® | Capacity® | Reduction®
(mm) (kN) (%)
1 0.4 97 —5.4
2 0.5 102 —0.5
3 13.6 63 —38.5
4 14.2 57 —44.4
5 21.8 45 —56.1
6 18.9 51 —50.2

Table 1. *Damage magnitude. ®Load-carrying capacity according to laboratory test.
¢Reduction in load-carrying capacity compared to undamaged column in comparative
computer simulation.
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Figure 13: Load-carrying capacity according to the laboratory test series, and the corre-
sponding numerical simulation.
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5 Conclusions

Thin-walled steel columns with channel sections damaged by truck impacts are treated
in this paper. The study comprised a C profile, an Q profile, and a profile with asym-
metric cross section. Numerical simulations and a verifying laboratory test series were
presented. The numerical simulations considered impacts in different directions, for
rigid supports as well as for pin-ended supports.

The different profiles were affected by damage to approximately the same extent.
For example, it was found that damage corresponding to 10 mm displacement of the
midsections of columns with length of 1250 mm resulted in 33—47% reduction of the axial
load-carrying capacity. The lower value corresponds to the Q profile damaged by a rigid
body pressed laterally to the column at an angle of 45° to the broad side of the cross
section, simulation ITI. The higher value corresponds to the asymmetric profile damaged
by a rigid body pressed laterally to the column in direction normal to the broad side of
the cross section (simulation IT). The mode of failure for the columns where for all three
profiles a combination of flexural and distortional buckling.

The laboratory test series only comprised the asymmetric profile. Damage of 0-
22 mm was tested and the results, both in terms of load-carrying capacity and defor-
mation modes, were in good agreement with the results of the corresponding numerical
simulation. The work presented in this paper is aimed at increasing the knowledge about
how damage to upright members in pallet racks affects their load-carrying capacity, and
to increase safety at the working sites where pallet racks are used. Effort is made to
present the results in terms that are easy to relate to actual damage in industrial rack
and shelving systems.
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Abstract

The present paper suggests a method to consider uncertainties in engineer-
ing structures in a computational scheme. Latin hypercube sampling is used to
prepare input data of probabilistic parameters for subsequent deterministic sim-
ulations where the mechanical response is evaluated. The approach is applied on
a pallet rack system where damaged columns and connector stiffnesses are con-
sidered as probabilistic parameters. The mechanical simulations are performed
with the finite element method, and full advantage is taken of existing commercial
code.

Keywords: finite element method, sensitivity analysis, uncertainties, probabilis-
tic parameters, Latin hypercube sampling, pallet rack.

1 Introduction

Computational mechanics has led to elaborate deterministic numerical methods and
models, including sophisticated strategies for dealing with a variety of mechanical pro-
cesses. Nowadays it is common practice in the design of engineering structures to rely
on computational analysis. However, in most design cases the engineer is left with un-
certainties about how to actually model a structure. The uncertainties can be directed
towards the stiffness values of structural members or connections, or geometrical or
material properties. Also production errors or damage, caused by accidents or inade-
quate management, are in many civil engineering structures uncertain parameters that
should be considered in the analysis. Another question is how the load is applied and,
in dynamic analysis, the time history of the load.

There is a growing realization that unavoidable uncertainties must be considered
in a computational scheme to produce reliable computational and engineering results.
Traditionally, designers have used safety factors to provide increased confidence in the
structural performance. However, this approach does not take into account the under-
lying, more sophisticated probability characteristics and does not provide the designer
with adequate information about the reliability. This has lead to rather extensive re-
search aiming to combine efficient methods of structural analysis with stochastic analysis
where the influence of random variables is evaluated.
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The finite element method, which is the dominating numerical tool in deterministic
analysis, is the basis of many methods involving random parameters. Stochastic finite
element approaches are based on the representation of stochastic fields as a series of
random variables. The probabilistic design parameters are represented in the system
matrices, often at the element level, by submatrices containing the nominal or mean val-
ues of the uncertain parameters and other submatrices considering the perturbation of
the parameter values. The size of the system matrices increases rapidly with the number
of probabilistic parameters and the order of the series expansion, see e.g. Jensen [1].
Kleiber and Hien [2] give a theoretical background in stochastic finite element analysis.
The applicability of these methods is, however, limited since they in most cases are not
capable of dealing with problems involving non-linearities or dynamic loading. Further-
more they are accurate only for small values of variability of the stochastic properties.
Many methods also place restrictions on the element mesh.

A simple and widely used strategy for dealing with probabilistic parameters is Monte
Carlo Simulations. The probabilistic input parameters are sampled from their distribu-
tions and a number of deterministic computations are performed to provide information
about the distribution of the output parameters. This approach is the most accurate
one and it is able to handle any mechanical processes which the deterministic methods
are dealing with. The disadvantage is the computational cost, frequently very high due
to the repeated analyses that have to be performed. In order to keep the computa-
tional cost low and be able to handle complex mechanical processes, combinations of
stochastic finite element approaches and Monte Carlo simulations are suggested, see e.g.
Papadrakakis and Papadopoulos [3]. A remaining disadvantage, however, common for
most probabilistic methods, is the need for considerable revision in the finite element
software developed for deterministic analysis.

In the present paper a Monte Carlo simulation approach, based on the Latin hy-
percube sampling plan, is applied to analyse the failure sensitivity of a complex civil
engineering structure in an efficient manner. Latin hypercube sampling gives a good rep-
resentation of the input distribution with proportionately few samples. The structure
considered is a pallet rack system of a type frequently used in industry. The influence of
damage to thin-walled steel columns and the influence of variations in connector stiff-
nesses are investigated. The sampling plan is only used to prepare the input data for
the subsequent analyses. Thus the influence of uncertainties are evaluated without any
revision of the deterministic finite element code, in this case ABAQUS [4]. The present
procedure is aimed not only towards advanced and unique problems, but also towards
everyday engineering design practice.

Sensitivity has a precise mathematical significance. In this paper, however, sensi-
tivity is more of system sensitivity for engineering structures. Thus it has here a more
general meaning.

2 Latin Hypercube Sampling

The Latin hypercube sampling plan was theoretically described in 1979 in a paper by
McKay et al. [5]. The desired accuracy in the estimated distribution function determines
the required number of simulations. Let n denote the required number of simulations
and k the number of uncertain parameters; the sampling space is then k-dimensional.



The sampling plan is constructed as follows. For each of the k parameters, divide the
outcome into n intervals with equal probability of occurrence and construct a column
matrix with permutations of the integers 1,2, ..., n. Note that two such matrices can be
identical. By putting the column matrices together, an n x k-matrix is obtained. Each
row in that matrix defines a k-dimensional hypercube cell in the sampling space. Take
one random sample from each such cell. For two input variables with a uniform (0,1)
distribution and five simulations, a possible sampling plan is shown in Fig. 1. Note that
the samples are spread over the entire sampling space as the generation of the Latin
hypercube sampling plan requires one sample from each row and each column. If n
samples from the entire sampling space had been chosen completely at random, there is
a risk that they would form a cluster and some parts of the sample space would not be
investigated. For sampling in higher dimensions than three it is not possible to visualize
the sampling plan, but it is clear that n samples spread over the whole sampling space
are obtained. An interesting overview on different sampling plans is found in Kjell [6],
and applications to structural analysis are suggested in Sandberg et al. [7].
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Figure 1: Latin cube, two parameters and five calculations. The b x 2 matriz (a) deter-
mines the plan illustrated in (b).

3 Load-carrying Capacity of Pallet Racks

The development of pallet racks and other load-carrying systems is undergoing a rapid
growth, and progressively higher pallet racks are being designed. The development is
requested by industry, and the competition between different manufacturers makes it
necessary to minimize the cost of materials and production. Uncertainties in strength
and stiffness of different structural members occur and cause uncertainties in the struc-
tural performance. This results in difficulties in achieving valid guarantees of the load-
carrying capacity. To preserve the safety and serviceability at the working site, addi-
tional knowledge concerning the mechanical behaviour and the influence of changing
different parameters in pallet racks is therefore needed.

In this paper the influence of two different parameters are studied with respect to
the load-carrying capacity. At first the effect of damage to thin-walled steel columns
with open cross-sections is evaluated. Damage could for instance be caused by trucks



running into the columns. The study comprises a close, deterministic investigation of
the reduction in load-carrying capacity of individual columns due to different damage
levels, and a global, probabilistic analysis of the influence of damaged columns in an
entire pallet rack system. The analysis of the local, single column, level is only briefly
discussed in this paper, see Olsson and Sandberg [8] for further details. The second
parameter is the stiffness of the connectors between columns and horizontal beams.
The influence of variations in stiffness between different connectors is investigated.

3.1 Damaged Thin-walled Steel Columns

A model of an upright profile is built up of shell elements. The model describes the
geometry of the profile in detail and is able to capture both in-plane and out-of-plane
deformation of the cross-section. An elasto-plastic material model is used, and large
deformation theory is applied. The length of the column is 1,250 mm, which corresponds
to the height of one compartment in the global pallet rack considered in the following
study.

Simulations are performed to apply damage of different magnitudes to the profile
and evaluate the influence of damage on the axial load-carrying capacity. The first part
of the simulation, divided into three steps, applies the damage to the structure. At first
the broad side at the middle of the column is compressed by a rigid body in direction
normal to the broad side. There is no friction between the rigid body and the deformable
structure. The column is supported so that it is free to rotate around the in-plane axis
of the cross-section, parallel to the broad side. Then the rigid body is released and
loses contact with the structure. If the compression was big enough to cause yielding
in the material, there will be remaining deformations in the structure. Finally the ends
of the column are bent so that the cross-sections at the supports end up normal to the
original upright axis. Fig. 2 shows the result of these steps in the simulation, a damaged
column. Depending on the magnitude of the rigid body compression, different damage
levels are obtained. Damage is represented by the imperfection, or the displacement of
the cross-section at the middle of the column.

The second part of the simulation puts the column into axial compression. Fig. 3
shows the axial force as a function of the axial displacement for a number of columns
with different damage levels (0-12 mm) and Fig. 4 shows the remaining load-carrying
capacity as a function of the initial damage level. It is shown that even very small
damage causes significant reduction in strength and stiffness. For example, a 12 mm
imperfection causes a 50% reduction of the axial load-carrying capacity. However, to
investigate the global influence of damage an entire pallet rack must be analysed.

3.2 Damaged Columns Modelled by Beam Elements

To achieve a reasonable size of the stiffness matrix of a global pallet rack model, the
properties of damaged columns must be transformed from the shell model to a more
simple beam model. In the shell structure, damage involved bending of the upright axis
as well as in-plane deformation of the cross-section. To capture the effects of damage in
the beam model, changes in two different characteristics are performed. The first change
affects the geometry. An imperfection, equal to the damage level defined for the shell
model, is introduced. This decreases the stiffness and strength of the beam structure,
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Figure 2: Damaged column according to the computer simulation.
yield stress of the material in the beam structure is decreased. The reduction of the yield
stress is adjusted to achieve equal reduction in load-carrying capacity according to the
different models. The calibration results in good agreement concerning axial stiffness,
axial load-carrying capacity, and stiffness to bending. Fig. 5 shows the principal features

damage effects, the material properties are involved. For increasing damage levels the
of the calibration process.

but not as mush as the corresponding damage in the shell structure.
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3.3 Global Analysis of a Pallet Rack

The pallet rack in the present study contains five sections and four horizontal beam
levels. Fig. 6 shows the geometry of the structure. The components in the pallet rack
are typical for many racking systems used in industry. Laboratory tests, as well as
numerical simulations, are performed to evaluate their mechanical properties, see Mroz
[9].

The columns are modelled by beam elements which are able to capture torsion and
warping of the cross-section. The horizontal beams are modelled by ordinary beam
elements according to Timoshenko beam theory, and the diagonal elements, used for
stabilization of the pallet rack in the cross-aisle direction, are modelled by truss elements,
i.e. with pinned connections to the columns. The connections between the horizontal
beams and the columns are modelled as finite elements with specified non-linear stiffness,
evaluated from tests. The floor end connectors are modelled in the same manner. Large
displacements are considered in the model as well as material non-linearities.

Fig. 7 shows the load configuration in the pallet rack. In the first load step the
box loads and the corresponding horizontal loads are applied. Each box in the model
represents a load of 10 kN and the horizontal loading amounts, in accordance with the
FEM norm [10], to 0.31% of the vertical loading at the corresponding beam level. The
pallet rack is also loaded by the weight of its own components. In the second load step
the vertical loads at the columns at the top of the pallet rack and the corresponding
horizontal loading are applied. The magnitude of the top loads is increased until failure
occurs. Fig. 8 shows the three-dimensional structure of the pallet rack without damage,
and the failure mode due to the loading applied, a global down-aisle sway mode.

3.4 Damage Distribution in Pallet Racks

As the exact damage locations and damage magnitudes in a pallet rack are not known,
it is not possible to perform an accurate deterministic computation to evaluate the
influence of the damage. However, if the distribution of damage is known or can be
estimated, this would be enough to perform a probabilistic analysis and find the dis-
tribution of the global load-carrying capacity. Inspections of pallet racks have shown
that the main part of the damage is located in the lower parts of the pallet racks since
impacts often occur there. It is also clear that the loading is bigger in the lower parts
of the structure and damage there is likely to be of greater importance than damage in
the upper parts of the structure.

In the present analysis it is assumed that every column in the lowest level of the pallet
rack is damaged. The damage is of the type presented above and is located with equal
distance to the floor and the lowest horizontal beam level. The damage magnitudes for
the 12 columns are assumed to be uniformly distributed in the interval 0-12 mm.

3.5 Probabilistic Analysis of Global Influence of Damage

The Latin hypercube sampling plan is used to choose damage magnitudes for the
12 columns for a number of finite element simulations. The technique is already generally
described, but the procedure for the present application is also presented with an exam-
ple where input data to four deterministic computations are to be performed. Twelve
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Figure 7: Load configuration in the pallet rack.

Figure 8: Failure mode for the pallet rack.



columns are damaged, i.e. k = 12, and four different damage cases are considered, i.e.
n = 4. The sampling space for the 12 parameters is divided into four intervals.

0-1%

Intervals : correlates to

B 0 DN =

L
11
Twelve permutations of the damage intervals are performed.

Perm. 12 =

Perm.1 = Perm.2 =

[ ORI NS )
W N
W N

A matrix, four rows and 12 columns is established from the permutations.

[CRT NSry)
W DN ™
W N

For each component, i.e. interval in the matrix above a random value is picked and
multiplied by 12 mm. A new matrix is then established in which each line contains the
damage magnitudes for the 12 columns for one deterministic computation.

72 17 ... 92
1.9 116 --- 54
107 49 ... og | (@m)
34 71 ... 87

The damage magnitudes affect, as described above, the geometry and material for each
of the 12 columns.

Fig. 9 shows the computational results in terms of the distribution of the load-
carrying capacity for simulations with n = 30, n = 100 and n = 300. The load-carrying
capacity is approximately uniformly distributed according to the simulations. The distri-
butions become smoother when the number of samples increases, but even the 30-sample
simulation gives a good representation of the variation of the load-carrying capacity.
Failure arises for load levels between 0.68 and 0.86 (MN), where the latter value is equal
to the failure load for a pallet rack without damage. The damage distribution causes a
reduction in the load-carrying capacity of up to 20%. For all the damage cases consid-
ered in the simulations, the pallet rack fails in a global down-aisle sway mode as for a
pallet rack without damage.
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3.6 Stiffness of Beam end Connectors

Many pallet rack systems are designed without stabilizing bracing members in the down-
aisle direction. The stiffness in that direction is then obtained with the framework of the
horizontal beams and the columns. In this type of structures the stiffnesses of the beam
end connectors are of vital importance for the behaviour of the pallet rack, and if failure
occurs in a global down-aisle sway mode, as is the case for the pallet rack considered
in this paper, the load-carrying capacity of the entire pallet rack is dependent on the
stiffnesses of these connectors.

3.7 Connector Stiffnesses as Probabilistic Parameters

There are always individual differences in the stiffness relations of the beam-end con-
nectors in a structure. Usually mean values of stiffness and failure moment, including
safety factors, are evaluated from tests of a number of specimens and used as design
values for all the connectors in the structure. In this study the sensitivity with respect to
the failure load is investigated when individual connector stiffnesses, picked from known
distributions, are applied to the pallet rack model. Fig. 10 shows the bending moment
as a function of the rotation for five specimens tested according to the recommenda-
tions in FEM [10]. Five specimens are too few to draw any reliable conclusions about
the distribution of the stiffness, but the aim of this analysis is to illustrate a method
to evaluate the distribution of the load-carrying capacity when the distribution of the
connector stiffnesses is known. It is assumed that the bending moment, at a number
of different rotations, is normally distributed. Mean values and standard deviations are
then computed. Fig. 11 shows a schematic sketch of the mean stiffness curve evaluated
from the curves in Fig. 10. The lengths of the vertical bars indicate the size of the stan-
dard deviations at different rotations. Each bar is divided into a number of intervals
where all the intervals represent equal probability.

Latin hypercube sampling is used to produce an optional number of stiffness intervals.
From the sampling plan each connector stiffness is only represented by one interval
from the uniform (0,1) distribution, as in the preceding study on damaged columns,
but in the finite element model each stiffness curve is defined by five rotations and
five corresponding bending moments. To prepare each curve, five random values are
picked from its interval and mapped on five normal distributions, with mean values
and standard deviations evaluated from the laboratory test. The mapping is performed
according to Eq. (1) and illustrated in Fig. 12.

N(r) =20 erf *(2r —1) +m (1)
where S
erf(2r — 1) = ﬁ/o e " dt (2)

In Eq. (1) o is the standard deviation, m is the mean value, r is a random value from
the current interval, and N(r) is the value of r mapped on the normal distribution. If
the sampling space is divided into four intervals, 4 x 80 stiffness curves are established.
A possible result of the procedure for one connector is shown in Fig. 13.
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Figure 10: Stiffness curves of beam-end connectors according to laboratory test.

3.8 Influence of Variations in Connector Stiffnesses

Simulations with n = 30, n = 100 and n = 300 are performed. Fig. 14 shows the
distribution of the load-carrying capacity according to the simulations, and Table 1
shows the mean values and the standard deviations of the connector stiffnesses and the
load-carrying capacity. The standard deviation of the load-carrying capacity is very
small compared to the standard deviations of the connector stiffnesses. This means
that the global stiffness, and global load-carrying capacity are not very sensitive to
variations around the mean values of the connector stiffnesses. This does not imply
that the behaviour of the pallet rack is insensitive to variations of the mean value of the
connector stiffnesses, but it could be concluded that in this particular case it is sufficient
to treat the connector stiffnesses as deterministic parameters.
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Parameter Mean value Standard deviation
M(¢ = 0.010 rad) 559 Nm 18.6 Nm 3.3%
M(¢ = 0.020 rad) 838 Nm 31.0 Nm 3.3%
M(¢ =0.040 rad) | 1092 Nm 48.5 Nm 4.4%
M(¢ =0.050 rad) | 1222 Nm 35.7 Nm 2.2%
M(¢=0.090 rad) | 1592 Nm 34.0 Nm 2.1%
L-c. ¢. 30 samples 865.9 kN 3.19 kN 0.37%
L-c. c. 100 samples 865.8 kN 2.38 kN 0.27%
L-c. ¢. 300 samples 865.6 kN 2.68 kN 0.31%

Table 1. Mean values and standard deviations of connector stiffnesses and load-carrying
capacity (L.c.c).
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4 Summary and Conclusions

In this paper Latin hypercube sampling is used to prepare input data of probabilistic
parameters to deterministic finite element analyses where non-linearities in structural
behaviour are considered. An analysis of a pallet rack system shows that small damage
to thin-walled steel columns is of great importance for the load-carrying capacity of the
entire pallet rack as well as for the load-carrying capacity of individual columns. In
a global pallet rack model damage is treated as a probabilistic parameter since it is
impossible to predict the exact locations and magnitudes of damage. The simulation
shows that damage corresponding to less than 12 mm imperfections causes reduction of
the global load-carrying capacity of up to 20%.

The influence of deviations in the connector stiffnesses is also investigated. Labora-
tory tests of a few connectors are used to evaluate mean values and standard deviations
of the stiffness relation. Synthetic stiffness curves are then generated and applied in the
finite element model. The simulation shows that the global stiffness and thereby the
load-carrying capacity are not very sensitive to deviations around the mean stiffness of
the connectors.

The approach with Latin hypercube sampling allows the designer to analyse engi-
neering structures, with probabilistic parameters, without keeping back the possibilities
of using elaborate models and existing, deterministic codes. Compared to Monte Carlo
simulations, where the samples are chosen completely at random, the representation of
the distributions of the inputs are more accurate with the same number of samples.
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Abstract

The influence of gaps between wooden members and displaced nail plates in
roof trusses is investigated by means of probabilistic calculations and structural
optimization. The employed mechanical model, using the finite element method,
captures the non-linear behaviour of the nail-plate joints. The joint stiffness in-
volves the size and location of the nail plate and the presence of contact or gap,
respectively, between the wooden members. The analysis shows that even small
initial gaps considerably increase the deflection of a roof truss. Misplaced nail
plates also affect the deflection negatively, but it is also shown that the deflection
can be significantly decreased, and the utilization of nail plates improved, by opti-
mizing the nail-plate positions with respect to critical load cases and requirements.
Keywords: roof truss, nail-plate joint, geometrical imperfection, gap, finite ele-
ment, probabilistic calculation, optimization.

1 Introduction

Wooden roof trusses with nail-plate joints are widely employed in modern roof construc-
tion. In Sweden, for example, roof trusses with nail-plate joints constitute the main
load-carrying system of the roof structure in more than 50% of all residential build-
ings. This large volume makes a detailed understanding of the mechanical behaviour of
these structures vital, as it is necessary in order to secure a satisfactory safety level and
serviceability of the structures and to achieve an optimal use of resources in terms of
material consumption and manufacturing control.

In addition to a detailed mechanical modelling of ideal roof trusses and nail-plate
joints, it is important to consider uncertainties in material properties and in geometrical
imperfections. Such uncertainties may significantly affect the stiffness and load-carrying
capacity of wooden roof trusses. Variations in stiffness and strength of wood material
have been studied by several researchers, e.g. Isaksson (1999), and probabilistic models
for wood have been applied on roof trusses, aiming at a better understanding of the
actual safety levels (Hansson 2001). Research with a probabilistic approach on geo-
metrical imperfections in nail-plate joints have, however, to the author’s knowledge, not

! Division of Structural Mechanics, Lund University, P.O. Box 118, SE-221 00, Lund, Sweden.
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been carried out before. The present paper is the result of ongoing research on roof-truss
modelling and geometrical imperfections. It presents models and calculations of the in-
fluence of misplaced nail plates and gaps between wooden members in roof trusses. The
research also aims at the development and comparison of methods for probabilistic anal-
ysis and optimization that can be efficiently employed in conjunction with non-linear
finite element models of roof trusses and structural systems in general.

2 Modelling of Roof Trusses

2.1 Overview of Methods

In commercial software for roof-truss analysis, the nail-plate joints are typically regarded
as either rigid or pin-ended, and the wooden members are modelled by beam elements
with a linear elastic behaviour. Several such models have been collected and evaluated
by Petersson and Olsson (1994) and Olsson and Rosenqvist (1996). In reality, however,
nail-plate joints have complicated stiffness properties. The load-deformation relation
cannot be expected to behave linearly and when approaching the limit-state loading,
the failure of a joint, and thereby the entire truss, may be caused by different phenomena
such as fracture in the wooden members, pull-out behaviour of the nails or buckling of
the nail plates. Thus, this type of modelling only gives rough predictions of failure or
unacceptable deformations through indirect criteria specified by structural codes. The
codes, in turn, must rely on more advanced models and calculations in combination with
laboratory tests.

Linear and non-linear elastic models considering joint deformations have also been
developed. Foschi (1977) presented a model for nail-plate joints, capable of capturing
the nail stiffness for different orientations in relation to the loading and wood-fibre
direction. It was also capable of capturing local plate buckling and gaps or contact,
respectively, between wooden members. The key work by Foschi has been followed
by further development, modifications and software development (e.g. Petersson and
Olsson 1994; Olsson and Rosenqvist 1996; Nielsen 1996; Berglund and Holmberg 2000;
Ellegaard 2001).

More advanced models, using 2D or 3D finite elements, plasticity theory and fracture
mechanics, must be employed in order to capture the nail-plate joint behaviour in detail
when loaded until failure. Some work in this area has also been carried out (e.g. Nielsen
1996 and Kevarinméaki 2000), but these models have only been employed on single joints
and are primarily suitable for research on details of the mechanical behaviour of joints
and for calibration of simplified joint models.

Our purpose is investigating the impact of gaps between wooden members, and the
influence of randomly misplaced nail plates, on the deformations of roof trusses. This
requires a large number of computer runs which is why it is important that a single
deterministic calculation can be carried out at a low computational cost. The Foschi
type model fulfils our requirements, and a simple version of this model will be employed
here. The following presentation of the mechanical model is similar to the presentation
and model by Nielsen (1996), although it differs in some respects.



2.2 A Non-linear Model for Nail-plate Joints

A roof truss can be divided into nail-plate joints and wooden members between the
joints. The wooden members between the joints are modelled herein by Timoshenko
beam elements, which are located in the system lines. The wooden members are assumed
to behave linearly elastic.

The joints are modelled by three different types of elements, namely: nail elements,
splice elements and contact elements. A nail element represents the nails of a plate area
fastened into one wooden member. The splice element represents the plate covering the
border between two wooden members. It is connected, in the model, to two nail elements.
The splice element captures the normal and shear deformations of the plate. The contact
element is used to capture the contact pressure between wooden members. A gap may
be initially present between wooden members due to tolerances and fabrication errors,
but contact may occur as a consequence of the roof-truss deformation when loaded. It
is required, of course, that an initial gap is closed in order to put the contact element
into action. Finally, rigid connections are employed in the model, too. They are used
to couple other elements and transfer forces and moments due to the geometry of the
joint and the model. Fig. 1 shows an arbitrary nail-plate joint and the elements used
in the modelling. Below follows the derivations of the element stiffness matrices of the
joint elements.

Timoshenko beam element

© Nail element
— Splice element
<4  Contact element
............. Rigid connection

Figure 1: Nail-plate joint and corresponding mechanical model. Different element sym-
bols are introduced.

2.2.1 The Nail Element

Each nail of the nail-plate area contributes to the stiffness of the corresponding nail
element. The contribution of a nail to the rotational stiffness is dependent on the



distance to the rotational centre. This is captured by the distance to the nodal points
of the nail element, i.e. to the reference positions in the wooden and nail-plate parts
respectively. An important assumption is that the plate area and the corresponding
wooden area of the nail element transform and rotate rigidly, i.e. do not deform. Fig. 2
shows the local coordinate system of a nail element along with the global coordinate
system of the model. It also shows the nodal points of the nail element and the position
of an arbitrary location ¢ in the nail-plate area. Thus, even though the nail-element
symbol introduced in Fig. 1 indicates that both nodes of the element are located at
the same position, this is only one possible choice. The node positions may be chosen
arbitrarily.

Figure 2: Global and local coordinate systems of a nail element and delimitations of
the corresponding nail-plate area. The degrees of freedom of the node of the plate are
denoted [u,, v,, wy] and the degrees of freedom of the node of the wood are denoted [u,,,
Vs Wp)-

The absolute displacement between the wood and the plate in point 7 of the nail-plate

area is calculated as
A= /A2 + Ag (1)

where A, and A, are the displacements in the z-direction and in the y-direction, re-
spectively, calculated as

A, = qfu("); A, = qfu(") (2)
where, with reference to Fig. 2,

GL=[10—-(-v) -1 0 (yu-y)" (3)

=01 (z-2) 0-1—(zi—z)" (4)



u®™ =[uy Vo Wy Uy U, wp]T (5)

The displacement between two arbitrary points, in the plate and in the wood respec-
tively, can thus be uniquely determined by the translations and rotations of the nodal
points.

The stiffness relation adopted in the model, Eq. (6), was suggested by Foschi (1977).

&) =+ 1) (1 eap (122 ©)
The force, p, on a nail in position ¢ is a function of the absolute displacement between the
plate and the wood, A, and three stiffness parameters. These parameters, py, ko and ki,
can be estimated by means of laboratory tests. The parameters may be functions of the
angle between the grain direction of the wood and the principal axis of the plate, and of
the direction of the force transmitted by the nail (Foschi 1977). In our simplified version
of the model, however, and in accordance with Nielsen (1996), the stiffness parameters
are assumed to be independent of directions. Fig. 3 illustrates the force-displacement
curve and shows the significance of pg, ky and k; in the model.

pA)|IN]

INE (p0+k,A)(I— exp (_I;;)OA ))

1 A [m]

Figure 3: Force-displacement relation for one nail of the plate area represented by the
nail element, and definitions of the model stiffness parameters.

The secant and tangent stiffness matrices of the nail element, in the local coordinate
system, can now be established. The reader may consult Nielsen (1996) for details in
the derivation of the secant stiffness matrix using the principle of virtual work. Only
the resulting expression is presented herein. The secant stiffness matrix, K™, can be
expressed as

A
K0 = [ S28 (007 4+ g,q7)da )

where & is the nail density, i.e. the number of nails per unit area, and A is the nail-plate
area represented by the nail element. As a typical nail element comprises a large number
of nails, it is practical to consider the nails and their stiffness contributions as smeared



out over the plate area and thus calculate the stiffness matrix of a nail element by
numerical integration over the plate area of the element. The tangent stiffness matrix,
K™ is finally expressed as

(n) _ C\Bp(A) T T
K" = [ 0 (adf + 4,4])dA (®)

2.2.2 The Splice Element

The splice element is used to model the plate area close to the splice between two wooden
members. The nails are ineffective in this area because they are located between the
wooden members or very close to the edges of the wooden members. As the nails are cut
out from the plate, the remaining, perforated plate area, shaded in Fig. 4, consists of
a network of approximately rectangularly formed small pieces. In the models presented
by Foschi (1977) and Nielsen (1996), the plate area of the splice element was modelled
by a number of beam elements representing the plate material between the holes. In the
present model, the stiffness of the splice element is captured by adopting a non-linear
spring stiffness [N/m?| in the z-direction and in the y-direction, respectively, along the
splice, see Fig. 4. The advantage of this approach is that the stiffness is smeared over
the length of the splice and thereby continuous. The beam approach, on the other hand,
represents the splice by a discrete number of small beams. This difference is important
as regards to probabilistic calculations and optimization of the structure later on.

ke [N/m2]
ky [N/m2]

Xg

Figure j: Geometry, degrees of freedom and coordinate systems of a splice element.
The degrees of freedom of the nodal points are denoted [ug, va, w,] and [uy, vy, wp),
respectively, and the translations and rotations in some position along the splice are
denoted [uy, vy, wi] and [us, ve, ws|, respectively.



As the adjacent plate areas represented by the nail elements are assumed to be rigid,
the displacement of each point along the borders of the splice element, z, < z < zg and
Yy = yi Or y = yo, see Fig. 4, is uniquely determined by the translations and rotations of
the nodal points of the splice element. The locations of the nodal points, a and b, are
arbitrary.

The kinematic relation between the nodal points and the positions along the edges
of the splice area is expressed by

i = Du® (9)
where
_ T
= [ U V1 Wp Uy Vs Wsy ] (10)
ul®) = [ Uy Vg Wg Up Up Wp ]T (11)
and, with z = z; = z,,
1 0 Yo — Y1
01 z—=x, 0
00 1
D= 12
10 g (12)
0 01 z—ux
0 0 1

In correspondence with the displacement vectors, u®) and @, force vectors are defined
by £f() and fdz. The force components and moment components of f*) correspond to
the translation directions and rotations of u®) and the components of f correspond in
the same way to the components of @. The vector f*) is related to f as

£5) — / ¥ DTfde (13)

and the relation between f and i is expressed by

f = Ka (14)
where
k, 0 0 —k, 0 0
0 k 0 0 —k, O
— | 0o 0 0 0 0 0 )
K=l _% 0 0 & 0 o0 [N/m’] (15)
0O -k 0 0 Kk 0
0 0 0 0 0 O

The parameters k, and k, are the spring stiffness of the splice element in the z-direction
and y-direction, respectively, per unit length along the splice. By inserting Eq. (9) and
Eq. (14) into Eq. (13), the local finite element equation is established by

£8) — K1) (16)



where the stiffness matrix, K(), is given by

ZW”:/WINKDM (17)

Finally, the spring stiffness, k, and k,, must be supplied to the model and a bi-
linear relation between stiffness and displacement is adopted herein, see Fig. 5. As for
the nail element, the secant stiffness matrix as well as the tangent stiffness matrix are
derived, but since a general expression for the stiffness matrix is already given, Eq. (17),
it only remains to supply values for k, and k, for the two alternative stiffness matrices.
However, even though the values of the parameters in the z-direction and in the y-
direction may differ, the same procedure is employed for the derivation of &, and k,.
Therefore, only the derivation of &, is presented below. (k, can be derived by replacing
index z by index y in Eqgs. (18)-(20), and by replacing [ui(z), us(z)] by [v1(z),v2(2)] in
Eq. (20)). For the secant stiffness matrix the value assigned to k, is

_ ke + kg6 — c5)

k, 5. , d, < C

ky = K, <6, < (18)
0.4 tis ot

b — Edct + kL(6, — cb) 5> ct

T 51: )

and for the tangent stiffness matrix the value assigned to k, is

k, = K, 5y < &
ky =K, <6, <ch (19)
k. =K., 8z >

where 0, is the displacement defined by
0s = ua(z) — uy(2) (20)

The parameters kS, k2, ki, c¢ and ¢!, are defined by Fig. 5 and should be determined by

T T
means of laboratory tests.

2.2.3 The Contact Element

Contact pressure between wooden members arises in different locations of the roof truss
when it is loaded, unless the initial gaps between the wooden members are too large.
Contact elements should therefore be added to the model in locations where contact
pressure may occur. Fig. 6 shows the locations of two contact elements capturing the
potential contact pressure between two wooden members. A contact element may be
coupled to the beam elements of the wooden members by auxiliary beam elements or
by geometrical transformations directly to the nodes of the beam elements representing
the wooden members. The stiffness matrix of a contact element is derived below with
respect to the degrees of freedom located where the contact takes place.
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Figure 5: Bi-linear spring stiffness in the z-direction. ¢ and c. indicate critical dis-
placements for which the tangent stiffness changes. The tangent stiffness for different
displacements, 0, is represented by kS, k2 and k!, respectively.

The important parameters of a contact element are: the initial gap size between the
wooden members, the normal stiffness of the contact element when put into action and
the coefficient of friction between the wooden members.

The element displacement vector is defined, with reference to Fig. 6, as

T

ul® = [ Ug V4 U Vg ] (21)

The criterion for contact between the wooden members at the location of the element is
Vg —UB > g (22)

where g is the initial gap size. The element stiffness matrix of the contact element can,
in the local coordinate system, be expressed as

ke 0 —kf O
¢ 0 ke 0 —k,
KO =| | ke 0 k0 [N/m] (23)
0 —kn 0  ky

where k, is the normal stiffness perpendicular to the edges of the two wooden members,
and k; is the shear stiffness caused by friction between the wooden members. k; is a
function of the normal force and the coefficient of friction. In the following derivations,
however, friction is neglected, giving k; = 0.

The element equation in local coordinates can be expressed as

£lo) — K@@ (24)

where the four components of the force vector, f(¢), correspond to the four components
of the displacement vector, u(®).

The remaining task is to determine the value of the normal stiffness component, k,,
of K©). As before, the tangent as well as the secant stiffness matrices will be considered.
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Figure 6: Contact elements for modelling of contact pressure between wooden members.

The tangent and secant stiffness k; and k,, respectively, are indicated in Fig. 7. For the
tangent stiffness matrix, k, is given by

k, =k =0, d<g (25)
_ EA,
- L ] -

kn:kt

where d is the current relative displacement, vy — vg. FE is the modulus of elasticity
of the wood material, which depends on the angles between the fibre directions of the
wooden members and the contact surface. A, is the estimated area of the contact surface
between the members represented by the contact element, and L is the length of the
wood material in contact pressure modelled by the contact element. It may be noted
that the estimated parameters F, A, and L are only employed in order to find a physical
foundation for the estimation of the stiffness k;(d > g). If ks(d > g) can be estimated
by laboratory experiments, £, A, and L are not needed.

The secant stiffness, k,, is a function of the tangent stiffness parameter, k;, and the
initial gap size, g. For the secant stiffness matrix, k, is defined by

k, =k, =0, d<g (26)
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Figure 7: Contact force, f,, as a function (solid line) of relative displacement and initial
gap size. The tangent stiffness, k;, and the secant stiffness, ks, are illustrated. d is the
current relative displacement.

2.3 Application on a Roof Truss

The elements presented are now employed in the analysis of a complete roof truss using
the software MATLAB (2002) and the finite element toolbox CALFEM (1999). The
considered roof truss is a common symmetric W-truss with a roof angle of 20° and a
span of approximately eight metres. The geometry of the truss and the nail-plate joints
is shown in Fig. 8, and the mechanical model of the joints, using the element symbols
defined in Fig. 1, is presented in Fig. 9. The same truss was analysed by Nielsen (1996),
and some material properties for the nail-plate joints are taken from his work.

Table 1 states the parameters of the truss elements. The first column contains the
stiffness parameters of the wooden members. FEj is the modulus of elasticity in the fibre
direction and Fyg is the modulus of elasticity in the direction perpendicular to the fibre
direction. G is the shear modulus. These wood parameters could be chosen differently
depending on strength class, load duration and climate conditions for the structure. For
our purposes, however, i.e. calculating the influence of geometrical imperfection, it is
sufficient to choose realistic stiffness values for the wooden members and not define under
which precise conditions the chosen values are valid. Column two and column three of
Table 1 state the parameters of the nail elements and the splice elements, respectively.
The parameters originate from the plate type GNA20S produced by MiTez (former
Gang-Nail Systems), and the given values are valid for single nail plates. As nail plates
are present on both sides of the wooden members of the truss, double nail elements and
splice elements are assembled in the model.

The normal, tangent stiffness of the contact elements in action depends on the esti-
mated contact area, A, the estimated length of the contact zone, L, and the modulus
of elasticity of the wood in compression, F, which is highly dependent on the angle
between the contact pressure and the wood-fibre direction. The employed stiffness of
each contact element, k;, = FA./L, is, with reference to the contact element numbering
of Fig. 9, supplied in the fourth column of Table 1.

Two different load cases are considered in the present study. Load case A, shown in
Fig. 10, represents a realistic loading in relation to the design of the truss. Load case B
is simply twice the loading of load case A. Load case B is hardly realistic for the truss
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under consideration, but it is useful for studying the effects of geometrical imperfections

when the joints are heavily loaded.

Wooden members | Nail element par.

Splice element par.

Contact stiffness

Fy — 7200 MPa | pp — 150 N
Fop = 240 MPa | ko = 900 N/m?
G = 480 MPa | k; = 900 kN/m
$ = 14650 nails/m?

ke = 86.8 MN/m?
k2 = 4630 MN/m?
k. = 86.8 MN/m?
ke = 3.44 MN/m?
k2 = 183 MN/m”

k! = 3.44 MN/m?

1) k = 14.5 MN/m

2) k, = 29.5 MN/m

(3a) k; = 295 MN/m

3b) k, = 295 MN/m

4a) k; = 254 MN/m

(4b) k; = 254 MN/m
)

¢S = 0.0022 (5) k = 15.1 MN/m
ct = 0.0022

o = 0.01

c, =0.01

Table 1: Parameters of the truss elements.

The first column contains the stiffness

parameters of the wooden members. The second and third columns state the parameters
of the nail elements and the splice elements, respectively, and the fourth column states
the normal stiffness of the contact elements.
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Figure 8: Geometry of a symmetric, 20°, W-truss, including the nail-plate locations.
Lengths are given in mm.
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Figure 9: Mechanical model of the nail-plate joints using nail elements, splice elements
and contact elements. The numbering refers to the contact elements.

1.8 kN/m

%&&&&&&&&&liilliilil&++++++$$+

0.3 kN/m 0.3 kN/m
1.0 kN/m

Figure 10: Definition of load case A.
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2.3.1 Results

The results presented here are restricted to the deflection of the truss. The deflection
supplies a measure of the overall stiffness of the truss, and requirements on the deflection
are often critical for the design of roof trusses.

The maximum deflection of the truss under consideration takes place in the middle of
the chord. This is indicated in Fig. 11, which shows the deformation mode of the entire
truss for load case A. The relation between the deflection of the middle of the chord and
the applied loading is shown in Fig. 12. The different curves represent cases with: initial
contact between the wooden members, no contact between the wooden members and
rigid nail-plate connections. The stiffness curve representing the rigid connection model
shows that a substantial part of the deflection depends on the limited stiffness of the
wooden members, modelled by Timoshenko beams. Otherwise, the deflection for this
model would be smaller. However, even though the stiffness of the nail-plate joints is
relatively high, the presence of contact between the wooden members makes a significant
contribution to the overall stiffness compared to the case without any contact between
the wooden members. Lack of contact also results in a more pronounced non-linear
behaviour as larger deformations are reached in the nail-plate joints.

Depending on the load level, the maximum deflection of the truss differs about 15—
25% for models with initial contact compared to models without any contact between
the wooden members. For load case A, the deflection is 18.6 mm in case of initial contact
and 21.3 mm in case of no contact. For load case B, the deflections are 38.9 mm and
48.4 mm for initial contact and no contact, respectively. In reality, the initial gap may
close as a result of deformations in the nail-plate joints subjected to loading. Large
initial gaps, however, may not close for any realistic loading on the roof truss and the
magnitude of the initial gap is therefore of vital importance for the overall stiffness and
deformation of the truss.

Figure 11: Deformation mode of the W-truss, with initial contact between wooden mem-
bers, subjected to load case A. The deformation is shown with a magnification factor of
twenty.
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Figure 12: The relation between loading and deflection for cases with initial contact
between wooden members, and no contact between wooden members, respectively. The
stiffness curve of a roof-truss model with rigid joints is also presented.

3 Geometrical Imperfections

3.1 Gaps Between Wooden Members

The computational results presented above comprise the case of initial contact between
all pairs of wooden members, and the case of no contact between any wooden mem-
bers. Below follows a parameter study on gaps at different locations and a probabilistic
analysis of the influence of randomly distributed gaps in a roof truss.

3.1.1 Parameter Study on the Effect of Gaps

For each pair of wooden members, for which contact as well as gaps are possible and have
an influence on the behaviour of the truss, the effects of gaps of different magnitudes
are investigated. Table 2 and Table 3 state, for load cases A and B, respectively, the
relative increase in deflection of the roof truss for gaps of different magnitudes and at
different locations. The numbering, 1-5, corresponds to the contact location numbering
of Fig. 9. For those joints modelled by more than one contact element (joints 3 and 4),
the same initial gap size is assumed to be present throughout the splice. In each case of
Tables 2-3, initial contact between wooden members is assumed at all other locations
of the roof truss.
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Gap size |1 2 3(a-b) | 4(a-b) |5
0.25 mm | 1.003 0.999 1.012 1.019 1.015
0.50 mm | 1.006 0.999 1.013 1.036 1.025
1.00 mm | 1.006 0.999 1.013 1.055 1.025
1.50 mm | 1.006 0.999 1.013 1.055 1.025

Table 2: For load case A, influence of gaps of different magnitudes at different positions
where contact matters. The values given are the ratio between the deflection of the truss
with a certain gap, and the deflection of the truss with initial contact.

Gap size |1 2 3(a-b) | 4(a-b) |5
0.25 mm | 1.002 0.999 1.007 1.010 1.007
0.50 mm | 1.003 0.999 1.012 1.018 1.015
1.00 mm | 1.007 0.999 1.020 1.035 1.028
1.50 mm | 1.008 0.999 1.020 1.054 1.028
2.00 mm | 1.008 0.999 1.020 1.073 1.028
4.00 mm | 1.008 0.999 1.020 1.106 1.028

Table 3: For load case B, influence of gaps of different magnitudes at different positions
where contact matters. The values given are the ratio between the deflection of the truss
with a certain gap, and the deflection of the truss with initial contact.

The most important location, with respect to contact vs gap, is joint 4, at the top of
the roof truss. An initial gap here results in an increase in deflection of, at most, 5.5%
for load case A, and 10.6% for load case B. For load case B, however, the initial gap
must be almost 4 mm in order to remain open when the entire load is applied, whereas
for load case A, an initial gap of 1 mm remains open. An initial gap of 1 mm gives, for
load case B, an increase in deflection of 3.5%.

A gap at joint 2 actually decreases, though not significantly, the deflection of the
chord. This result may surprise at first glance, but the deflection of the middle of the
chord does not capture the complete behaviour of the truss. For example, a gap at
joint 2 also results in increased deflection of the rafter for the same load cases.

In contrast to a gap at joint 2, a gap at joint 5, at the opposite end of the short
diagonal wooden member, has a significant and increasing effect on the deflection. It
is actually the second most important contact location after the top joint. The reason
is that a gap/contact at joint 5 has a direct impact on the internal forces and the
deformations of the entire nail plate connecting the chord and the two diagonal members.
A gap at joint 5 thus increases the internal forces and the deformations of the adjacent
nail and splice elements, coupled to the chord and the longer diagonal.

Joint 3, the splice joint of the rafter, is sensitive even to small gaps. An initial gap
of 0.25 mm in this single joint results in, for load case A, an increase of 1.2% of the
deflection.

A gap at joint 1, the heel joint, does not have a major effect on the deflection. The
reasons are that the contact element is relatively weak as it models wood in compression
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in the weak direction parallel to the fibre direction, and that friction between wooden
members is ignored. Also, the size of the nail plate at the heel joint is quite large,
giving a stiff connection and only small relative displacements of the wooden members
in the direction perpendicular to the contact surface. Therefore, the additional effect of
contact between the chord and the rafter is moderate.

For load case A, no initial gap of more than 1 mm closes during loading. Thus, the
deflection for a case with a gap exceeding 1 mm coincides with a case where contact is
ignored. For load case B, larger gaps are closed during loading, but when the initial gap
size is increased above a certain level, this has no impact, according to the model, on the
behaviour of the roof truss. The reason is that the employed model does not capture
phenomena such as buckling of the nail plates, caused by large gaps, as the stiffness
of the splice elements are not sensitive to the gap size. Therefore, the present model,
and consequently our results, are not valid for very large gaps. However, in contrast
to available commercial software using very simple mechanical models, the employed
model allows the modifications required with a reasonable additional effort.

3.1.2 Probabilistic Analysis of the Influence of Gaps

The presence of gaps in manufactured roof trusses is a consequence of lack of precision,
and possibly lack of control, in the manufacturing process. Gaps are therefore randomly
distributed and a roof truss may contain several gaps of different sizes at different joint
locations. A proper analysis of the influence of gaps must therefore involve probabilistic
calculations, where the presence of gaps is modelled by statistical distributions. These
distributions should rely on thorough investigations of the actual gap sizes present in
manufactured roof trusses. Unfortunately, however, no such investigation is available at
this point. Instead, we must make reasonable assumptions and rely on these assumptions
in the following calculations.

Four different distributions of the initial gap sizes are considered. In each case, a
uniform distribution is assumed and the intervals are [0 : 0.25], [0 : 0.5], [0 : 1.0] and
[0 : 1.5] mm, respectively. In total, nine pairs of wooden members are modelled by twelve
contact elements, see Fig. 9 (not showing joints represented by their reversed joints).
No correlation or dependence is assumed between the gap sizes at different locations
within the roof truss.

The probabilistic analysis is performed using Monte Carlo simulations and the Latin
hypercube sampling plan. The Latin hypercube sampling plan, first proposed by McKay
et al. (1979), is more efficient than standard Monte Carlo sampling, as it accurately
represents the distributions of the input data, in this case the gap sizes, with a reasonable
sample size. The method has been further developed for different purposes by several
researchers [e.g. Owen (1994); Olsson and Sandberg (2001)] and has been evaluated for
structural mechanics applications by Olsson (1999).

The results of the probabilistic analysis are shown in Fig. 13 and Fig. 14 for load
cases A and B, respectively. The histograms, comprising one thousand deterministic
calculations each, show the distributions of the roof-truss deflection (the deflection of the
middle of the chord) for the four different distributions of the gap size. The deflections
for the extreme cases, with initial contact and no contact between wooden members,
respectively, are marked by dashed lines in the histograms. The deflections for the cases
with initial gap sizes equal to the upper limits of the distributions (0.25, 0.5, 1.0 and
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1.5 mm, respectively) are marked in the histograms by dotted lines.

It is clear from Figs. 13-14 that even a small initial gap, gap < 0.25 mm, significantly
affect the deflection of the truss. For initial gap sizes equal to 0.25 mm, the deflection
is increased by 7.5% and 4.0%, for load cases A and B, respectively, compared to the
truss with initial contact. It is interesting to note that for load case A, a small gap
results in a larger relative increase of the deflection than for load case B. Gaps larger
than approximately 1 mm, on the other hand, have a larger impact on the deflection for
load case B.

The probabilistic results presented by the histograms give useful information on the
probability for a certain deflection to be exceeded. However, without going into details
about exact probabilities, it is clear that for each gap distribution and each load case,
there is a significant risk that the deflection comes close to the upper bound of that
particular case, i.e. close to the dotted line in the histogram. For load case A, assuming
the wide gap intervals of [0 : 1.0] and [0 : 1.5] mm, it even seems reasonable to neglect
the contact between wooden members when calculating the deflection.

It is finally concluded that a thorough investigation of the actual presence of gaps in
roof trusses would be most interesting in order to establish a valid statistical distribution
of the gap size. It would also be very interesting to study, by means of laboratory tests
and advanced finite element calculations, the behaviour in bending and compression
of nail-plate joints when large gaps between wooden members are present. Such an
investigation would probably imply a sensitivity to the gap size in the properties of the
splice element.
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Figure 18: Histograms of the roof-truss deflection corresponding to load case A, and four
different uniform distributions of the gap size.
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Figure 14: Histograms of the roof-truss deflection corresponding to load case B, and four
different uniform distributions of the gap size.
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3.2 Location of Nail Plates

In contrast to models frequently employed in industry, the model employed here captures
the exact nail-plate location when calculating the deformations. Thus, we are able to
investigate the effects of changes in the nail-plate locations. Displacements of nail plates
in relation to the prescribed locations may occur as a result of lack of precision in the
manufacturing process and it is investigated how such random misplacement influences
the behaviour of the roof truss. Another aspect considered is the possibility of improving
the roof-truss behaviour with respect to some critical criterion, in this case the deflection
of the middle of the chord, by performing an optimization procedure on the nail-plate
locations.

Nail plates are located on both sides of the wooden members, and this is modelled, as
before, by double nail and splice element stiffness. Thus, the plates on the opposite sides
of the wooden members (with identical zy-coordinates) are restricted, in the present
model, to move in the same way.

3.2.1 Probabilistic Analysis on Misplaced Nail Plates

In similarity with the analysis of gaps between wooden members, a probabilistic analysis
of misplaced nail plates is carried out. The probability distribution of the misplacement
of the nail plates should, preferably, be founded on a thorough investigation of actual
nail-plate locations of manufactured roof trusses. As no such investigation is available,
the employed distribution of misplacement is instead founded on typical tolerances for
nail-plate locations. A misplacement of, at most, 5 mm is often accepted, and a uniform
distribution in the interval [—5 : 5] mm is therefore adopted here for the misplacement
in the length direction and cross direction, respectively, of each nail plate.

The probabilistic analysis is performed using Monte Carlo simulations and the Latin
hypercube sampling plan. Cases with initial contact between wooden members as well
as without any contact between wooden members are considered, and simulations are
carried out for load cases A and B, respectively. For each of the four combinations,
a probabilistic analysis consisting of one thousand deterministic calculations is carried
out. The resulting deflections of the middle of the chord are visualized by the histograms
in Figs. 15-16.

The distributions of the roof-truss deflection appear, in all the cases, to be approx-
imately normally distributed with a moderate standard deviation. Of course, however,
the intervals between the largest and smallest possible deflections are limited as the
nail-plate displacements are moderate and limited. It is also clear from Figs. 15-16 that
the influence of misplaced nail plates is larger for roof trusses without contact between
wooden members than for roof trusses with initial contact, and larger for load case B
than for load case A. For load case B and no contact between wooden members, the
difference between the smallest and largest deflection is about 5%, or a 2.5 mm deflec-
tion. For load case A and initial contact, the difference is only about 2%, or a 0.5 mm
deflection. The reason is that for load case B, the nail plates are heavily loaded and have
a lower tangent stiffness. Small changes in positions, therefore, have a large impact on
the deformation. Also, in case of no contact between wooden members, the nail plates
constitute the only load carriers between the wooden members, and the overall stiffness
and deformation of the truss are more sensitive to changes of the nail-plate positions
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than if contact is present.

The deflection for the case with nominal positions of the nail plates is marked in
Figs. 15-16 and it is obvious that the nominal nail-plate positions do not result in
minimal deflection of the middle of the chord. For all four cases considered, a significant
number of the random nail-plate configurations give lower deflections than the nominal
configuration. This observation turns our interest towards an optimization of the nail-
plate positions with respect to the deflection.
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Figure 15: Histograms of the roof-truss deflection corresponding to load case A, and
uniformly distributed displacements of nail plates, [-5 : 5] mm. Cases with initial
contact and no contact between wooden members, respectively, are presented.
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Figure 16: Histograms of the roof-truss deflection corresponding to load case B, and
uniformly distributed displacements of nail plates, [-5 : 5] mm. Cases with initial
contact and no contact between wooden members, respectively, are presented.
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3.2.2 Optimization of Nail Plate Positions

It is fundamental for all optimization that a certain function of the involved variables is
defined for evaluation. In the present case, the selected function is the deflection of the
middle of the chord. The purpose is to find the nail-plate configuration that minimizes
this deflection. The displacements of the nail plates in the length direction and cross
direction, see Fig. 17, are thus the variables determining the deflection.

Figure 17: Left part of the roof truss with definition and numbering of displacement
directions of the nail plates.

Different constraints, i.e. restrictions on the optimization variables, may be applied
in the search for the optimal solution. In the present case, restrictions are placed on
the displacements of the nail plates. For example, the plate connecting the chord with
the two diagonal wooden members is not allowed to be moved more than 5 mm in
its length and cross directions, respectively. The reason is that, for the present load
cases, an extreme displacement of this nail plate, towards loss of connection between
the short diagonal and the other wooden members, would be favourable for the deflection
under consideration. It is obvious, however, that such a displacement would be far from
optimal with respect to other demands on the roof truss and for other load cases.

The analysis comprises the four cases considered in the investigation of misplaced
nail plates, i.e. with and without contact between wooden members, and load cases A
and B, respectively. The resulting optimal nail-plate displacement, with reference to the
variable numbering of Fig. 17, are presented in Table 5 along with the corresponding
deflections of the middle of the chord. Displacements restricted by constraints are
marked by a (C) in Table 5.

According to the calculations, the optimum location for the nail plate at the heel
joint is fairly close to the nominal position. A moderate displacement to the right and
downwards is, however, favourable for decreasing the deflection. This holds for all four
cases considered, but the exact optimal displacement differs somewhat for the different
cases. No constraints are activated at the heel joint.

The nail plates at the splice joints, connecting the wooden members of the chord
and the rafter, respectively, are moved towards the upper edges of the wooden members.
For all cases considered, the best location is such that the upper edges of the nail-plates
coincide with the upper edges of the wooden members. This is a reasonable result
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Initial contact No contact
Displacement | Load case A | Load case B | Load case A | Load case B
1 1.9 mm 2.2 mm 2.4 mm 3.2 mm
2 —3.9 mm —4.4 mm —0.5 mm —0.6 mm
3 —0.1 mm —0.1 mm —0.1 mm —0.2 mm
4 90mm (C) | 9.0mm (C) | 9.0mm (C)| 9.0 mm (C)
5 50 mm (C) | 50 mm (C) | 5.0mm (C)| 5.0mm (C)
6 50mm (C) | 5.0mm (C) | 4.3 mm 3.4 mm
7 0.6 mm 0.3 mm 1.0 mm 0.4 mm
8 —0.1 mm —0.1 mm —0.1 mm —0.1 mm
9 0.1 mm 0.1 mm 0.1 mm 0.2 mm
10 90mm (C) | 9.0mm (C) | 9.0mm (C)| 9.0 mm (C)
11 0.0 mm 0.0 mm 0.0 mm 0.0 mm
12 —5.0 mm (C) | —5.0 mm (C) 5.8 mm 7.3 mm
Reduction of
deflection 1.6% 2.4% 1.7% 3.8%

Table 4: Nail-plate displacements, in relation to the initial positions, giving minimum
deflection of the chord of the roof truss. Activated constraints are indicated by (C). The
resulting reductions of the deflection are also supplied.

knowing that the maximum tension at the splice joint of the chord, as well as the
maximum compression at the splice joint of the rafter, are located at the upper edges.
It is assumed herein that the nails remain effective even if they are located close to
the edges of the wood. It should also be noted that a different load case could give
maximum tension at the lower edge of the splice joint of the chord, which would result
in a nail-plate displacement towards the lower edge at this joint.

The nail plate connecting the chord with the two diagonal members of the roof truss
is moved upwards and towards an increased connection between the chord and the long
diagonal member. The displacement of the nail plate is limited by constraints allowing
only 5 mm displacements in the length and cross directions of the plate.

The optimal position of the nail plate at the top joint depends on the presence
of contact between the two rafters. In case of initial contact, the plate is displaced
downwards, increasing the connection between the long diagonal elements of the roof
truss and the rafters. The two rafters are connected by contact pressure in combination
with the nail plate. On the other hand, in the cases of no contact between the wooden
members, the nail plate is displaced upwards. In this case the nail plate is moved towards
a stiffer connection between the rafters.

The results of the optimization procedure with respect to the target function, the
deflection of the middle of the chord, are also presented in Table 5. The reduction of
the deflection is 1.6-3.8%, compared to the deflection with nominal nail-plate positions,
where the higher value is valid for load case B, in case of no contact between wooden
members. This reduction is modest, but significant. In the design of a roof truss, there
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is often a critical deflection for one load case that must not be exceeded. If calculations,
considering a preliminary design, show that the allowed deflection will be exceeded, it
may be a solution to perform optimization on the nail-plate positions aiming at decreased
deflection. This is, of course, an attractive option compared to increasing the dimensions
of wooden members and nail plates.

3.2.3 The Optimization Procedure

Finally, a few comments on the optimization procedure should be supplied. A traditional
optimization procedure using the steepest descent method is employed. In brief, starting
at the nominal nail-plate positions, the gradient of the target function, i.e. the deflec-
tion, is calculated with respect to the nail-plate displacements. Then the quadratic
fit method is employed. The target function is evaluated at two additional locations
along the direction of the calculated gradient, giving that the deflection is known at
three different locations, and that a quadratic polynomial can be fitted to these values.
The polynomial, in turn, suggests a new position along the gradient direction for which
the target function is minimized (according to the quadratic approximation). Then a
new gradient is calculated at this new position and the procedure proceeds with a new
quadratic fit, and so on. The procedure is a common strategy in structural optimization
and a textbook on the subject has been written by Luenberger (1989).

An important detail in the implementation of the present optimization problem is
the calculations of gradients. The gradient is calculated numerically, and a general
perturbation procedure, for calculating the gradient once, would require a complete
calculation of the deflection for twenty-two different nail-plate configurations (as the
truss has eleven nail plates, each with two displacement degrees of freedom). However,
as the non-linear model is elastic, i.e. the response is path independent, the gradient can
be calculated by only performing one additional increment, and not a complete solution,
for each of the twenty-two nail-plate displacements. This feature is very important for
the computational efficiency, giving that the optimization procedure can be carried out
at a very low computational cost, namely the cost of solving the problem for one nail-
plate configuration times three (for the quadratic fit) times the number of iterations
for convergence (about five or ten). The strategy for effective calculations of gradients
in non-linear elastic problems has been presented in detail by Liu and Der Kiureghian

(1991).

4 Concluding Remarks and Further Research

An investigation of the influence of geometrical imperfections in roof trusses has been
carried out using a non-linear model capable of considering the stiffness of nail-plate
joints, including contact pressure between wooden members.

A gap between wooden members, compared to initial contact between members, was
found to be of great importance for the deflection and overall stiffness of the considered
20° W-truss. For moderate loading, the deflection of the middle of the chord was about
15% larger for the case without contact, and the difference was even larger for higher
loading. It was also found that small initial gaps between wooden members, less than
0.5 mm, distributed at different locations in the truss, result in a significant impact on
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the deflection.

Further work on gaps between wooden members should comprise a thorough inves-
tigation of actual gap sizes present in manufactured roof trusses. Also, laboratory tests
on nail-plate joints, in order to calibrate stiffness properties of nail plates and contact
pressure, should be carried out. In particular, the friction coeflicients for different wood
fibre directions, and the influence of the butt effect, should be evaluated and considered
in the calculations. The butt effect means that sawn surfaces of wood, pressed into
each other in the fibre direction, tend to have a relatively low initial contact stiffness.
Moreover, the splice elements of the mechanical model should be modified, according
to laboratory tests, to be able to capture the effects of very large gaps between wooden
members. Such gaps could be disastrous for the behaviour of the truss. In addition,
the dependence on the angle between the plate direction and the splice direction should
be evaluated and considered for the stiffness parameters of the splice element. Finally,
not only stiffness and deformations should be considered in the evaluations, but also the
ultimate strength of roof trusses.

Misplaced nail plates may have a negative effect on the stiffness and deflection of the
roof truss. However, if the misplacement magnitudes are moderate, less than 5 mm, the
influence on the deflection is much smaller than the influence of gaps between wooden
members. Controlled displacements of nail plates, on the other hand, can be used in
order to improve the behaviour of the roof truss. It was shown that the deflection can
be reduced by about 2-4%, depending on the load case and the presence of contact.
Moreover, it was shown that the employed non-linear and elastic mechanical model can,
at a low computational cost, be combined with an optimization procedure adapted for
the problem.

One type of geometrical imperfection, not considered here, is poorly pressed nail
plates. Such nail plates have reduced stiffness and strength and the problem should be
considered in a way similar to the types of geometrical imperfections treated here, in
combination with laboratory work.

The conclusions from research on geometrical properties of wooden roof trusses with
nail-plate joints can be used for the development of more accurate and complete com-
puter software than those employed in industry today. The suggested models and rou-
tines can be used not only to increase the safety and performance of roof trusses, but
also to improve the utilization of material, components and tolerances in industry.
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