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A B S T R A C T

We investigate how the Re content affects the coefficient of thermal expansion (CTE) of the non-stoichiometric
W-based 𝜎 and 𝜒 phases, forming upon neutron irradiation of W, to explore and quantify its mismatch
between precipitates (W-Re) and matrix (W). To this end, we have conducted first-principles calculations
using two approaches: the Debye-Grüneisen (DG) model and the quasi-harmonic approximation (QHA). The
two approaches yield different results: the QHA, which is deemed to be the most accurate of the two, predicts
substantial changes with Re content, while the acoustic-modes based DG model does not. The CTE of the 𝜎
and 𝜒 at stable Re contents is compared to experimental values for bcc-W and bcc-W-Re containing 25 at.%
Re. Taking bcc-W as a reference, we find a significant mismatch in CTE of up to 37% and 62% for 𝜎 and
𝜒 , respectively, which may contribute to thermal stress buildup in the material at elevated temperatures. The
mismatch is shown to increase with the temperature and Re content for both phases. The produced data are
used to fit a temperature and Re concentration-dependent analytical function of the CTE for both phases, which
can be employed as input for continuum mechanical modeling.
1. Introduction

Tungsten (W) and its alloys are highly attractive as the basis of
plasma-facing components (PFC) in fusion reactors due to advantageous
properties such as high thermal conductivity, high melting point, and
low sputtering yield [1,2]. The W-based PFCs have been tested in
multiple experimental reactors [3,4], the ITER reactor will feature a
W-based divertor [5,6], and such development is underway also for the
Wendelstein 7-X test reactor [7]. Furthermore, W-based components
are expected to be critical for the proposed demonstration fusion power
plants like DEMO [2,8]. A major concern in developing PFCs is the
response of the components to the harsh operating environment with
plasma exposure, high thermal loads, and high flux neutron irradia-
tion [9–12]. Especially the neutron irradiation will cause microstruc-
tural changes in the material. The formation of 𝜎 and 𝜒 precipitates
consisting of W and its transmutation product, rhenium (Re), is one
example of such changes [13–17]. Due to neutron irradiation-induced
precipitation [18,19], they have been shown to form at overall Re
concentrations far below the solubility limit [20]. How these precipi-
tates may affect the longevity and structural stability of the W-based
components under the harsh operating environment is not yet fully
understood [4].

In previous studies, ab-initio tools, such as density functional the-
ory (DFT), have been used to explore the properties of the W-Re 𝜎
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and 𝜒 phases, such as the lattice site occupancy [21,22] along with
elastic and fracture-related properties [23,24]. However, an important
property currently overlooked in the literature is the coefficient of
thermal expansion (CTE). A mismatch in CTE between the host ma-
trix and a precipitate leads to a buildup of thermal stresses, which
may cause the initiation and propagation of cracks as well as the
generation of dislocations. Such dislocations can interact with the 𝜎
and 𝜒 precipitates thereby affecting the mechanical properties of the
W-based alloy, such as the hardness and brittleness [25,26]. Since
PFCs are subjected to large temperature fluctuations and cyclic thermal
gradients during reactor operation, a significant mismatch in CTE could
reduce the service lifetime of the components due to thermal fatigue.
Experiments reveal a high mismatch in CTE of up 50% between hcp-
Re [27] and bcc-W [28] at the high temperatures at which ITER will
operate [9]. Additionally, both experiments and simulation studies
show that increasing Re content in bcc-W generally causes an increase
in the CTE [29–31], with DFT calculations predicting a 38%–40%
increase in CTE of bcc-W containing 50 at.% Re at 1000–1400 K [32],
whereby 𝜎 and 𝜒 remain unexplored. This raises concerns for the high
Re-content 𝜎 and 𝜒 precipitates, especially the 𝜒 phase, which can
contain up to 75 at.% Re according to the phase diagram [20].

In the present work, we estimate the CTE using DFT and apply two
common approaches for thermal expansion: the Debye-Grüneisen (DG)
vailable online 29 May 2024
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Fig. 1. Unit cells of the (a) 𝜎 and (b) 𝜒 phases. Atomic positions have been colored with respect to their Wyckoff sites. The unit cells are created using VESTA [36].
model [33] and quasi-harmonic approximation (QHA) [34], as there is
a lack of experimental data. These approaches have their advantages
and disadvantages. The DG model is attractive because it is computa-
tionally fast since the phonon density of states (PDOS) is approximated
rather than explicitly calculated. The QHA, on the other hand, is based
on ab-initio calculation of the PDOS making it more accurate but also
computationally expensive. The calculations are performed on several 𝜎
and 𝜒 supercells with varying Re content. A unique challenge for the 𝜎
and 𝜒 phases is that they are stable over a range of Re concentrations.
Therefore, it is of interest to determine the CTE as a function of the
Re concentration as well as temperature. To accomplish this, we adopt
a framework inspired by the sublattice method which has previously
been applied to the 𝜎 and 𝜒 phases [22,23,35]. In this framework, the
non-equivalent lattice sites, also known as the Wyckoff sites, are treated
as sublattices. The formation enthalpy of every possible sublattice
configuration is then determined. This allows us to focus our study to
the most stable sublattice configurations of 𝜎 and 𝜒 .

We find that the DG and QHA result in opposite trends of the Re
dependence of the CTE. This difference is interpreted by analyzing
how the methods treat the PDOS. We argue that the DG model is less
appropriate for the 𝜎 and 𝜒 because it only considers acoustic phonon
modes. From the QHA results of the most stable sublattice configura-
tions, we provide an analytical function of the thermal expansion for 𝜎
and 𝜒 as a function of Re content and temperature. This can be used as
input for future continuum mechanical modeling of matrix-precipitate
interaction at elevated temperatures. From analysis of the PDOS, we
further find that the 𝜎-phase is not dynamically stable at high Re
concentrations. Lastly, we estimate the mismatch in CTE between 𝜎 and
𝜒 precipitates and the surrounding bcc matrix by comparing our results
with experimental data from the literature for bcc-W and W-Re with Re
contents near the solubility limit. We find that both types of precipitates
show significant values of mismatch in CTE at high temperatures with
the 𝜒 phase expected to have the largest mismatch. Further studies of
the consequences of the large CTE mismatch are justified as the results
may negatively affect the longevity of the W-based component.

2. Method

2.1. The 𝜎 and 𝜒-phase

The 𝜎-phase has a tetragonal crystal structure and belongs to the
space-group 𝑃 42∕𝑚𝑛𝑚, while the 𝜒-phase exhibits a cubic symmetry
with the 𝐼 4̄3𝑚 space-group [22]. The unit cell of 𝜎 contains 30 atoms
located at five Wyckoff sites: 2𝑎, 4𝑓 , 8𝑖1, 8𝑖2, and 8𝑗2, while the cubic
unit cell of 𝜒 comprises of 58 atoms distributed among four Wyckoff
2

sites: 2𝑎, 8𝑐, 24𝑔1, and 24𝑔2, see Fig. 1. Both phases are thermodynam-
ically stable over a range of Re concentrations as seen in the W-Re
phase diagram [20] and have no fixed stoichiometry. An efficient way
to treat this disorder is by applying the sublattice method as described
in the literature [35]. In this approach, the aforementioned Wyckoff
sites are treated as sublattices occupied by either W or Re. By adopting
this approach, several 𝜎 and 𝜒 configurations of different Re concentra-
tions were created. The formation enthalpy of the configurations was
calculated by subtracting the energies of W and Re in their reference
states (𝐸𝑏𝑐𝑐

𝑊 = −12.9507 eV/at. and 𝐸ℎ𝑐𝑝
𝑅𝑒 = −12.4259 eV/at.) from the

energy per atom of the 𝜎 and 𝜒 states

𝐻𝜎
𝑓 = 𝐸𝜎

𝑘𝑙𝑚𝑛𝑜 − 𝑥𝑊 ⋅ 𝐸𝐵𝐶𝐶
𝑊 − 𝑥𝑅𝑒 ⋅ 𝐸

𝐻𝐶𝑃
𝑅𝑒 ,

𝐻𝜒
𝑓 = 𝐸𝜒

𝑘𝑙𝑚𝑛 − 𝑥𝑊 ⋅ 𝐸𝐵𝐶𝐶
𝑊 − 𝑥𝑅𝑒 ⋅ 𝐸

𝐻𝐶𝑃
𝑅𝑒 , (1)

where the subscript, 𝑘𝑙𝑚𝑛(𝑜), refers to the occupancy of the Wyckoff
sites of the configurations and 𝑥𝑖 is the atomic fraction of W (or Re)
in the configuration. We limited our study to the most stable sublattice
configurations on the convex hull.

2.2. Coefficient of thermal expansion

The volumetric CTE is given by

𝛼𝑉 = 1
𝑉

d𝑉
d𝑇

, (2)

where 𝑉 is the volume and 𝑇 is the temperature. In the lack of
experimental data, 𝛼𝑉 can be estimated using computational methods
in which the temperature-dependent equilibrium volume is determined
from the Helmholtz free energy, which can be expressed as

𝐹 (𝑉 , 𝑇 ) = 𝐸0(𝑉 ) + 𝐹𝑣𝑖𝑏(𝑉 , 𝑇 ) + 𝐹𝑒𝑙(𝑉 , 𝑇 ) (3)

where 𝐸0(𝑉 ) is the strain energy of the ground state and 𝐹𝑣𝑖𝑏(𝑉 , 𝑇 ) is the
vibrational free energy. 𝐹𝑒𝑙(𝑉 , 𝑇 ) is the free energy contribution due to
electronic excitations [37] which consists of two terms: 𝐹𝑒𝑙 = 𝐸𝑒𝑙−𝑇 ⋅𝑆𝑒𝑙
where

𝐸𝑒𝑙 (𝑇 , 𝑉 ) = ∫

∞

−∞
𝑛 (𝜀, 𝑉 ) 𝑓 (𝜀, 𝑇 )𝜀𝑑𝜀 − ∫

𝜀𝐹

−∞
𝑛 (𝜀, 𝑉 ) 𝜀𝑑𝜀 (4)

and

𝑆𝑒𝑙 (𝑇 , 𝑉 ) = −𝑘𝐵 ∫

∞

−∞
𝑛 (𝜀, 𝑉 ) [𝑓 (𝜀, 𝑇 ) ln𝑓 (𝜀, 𝑇 ) +⋯

(1 − 𝑓 (𝜀, 𝑇 )) ln(1 − 𝑓 (𝜀, 𝑇 ))]𝑑𝜀 (5)

here 𝜀 is the energy level, 𝜀𝐹 is the Fermi energy, 𝑛(𝜀, 𝑉 ) is the electron
density of states, and 𝑓 (𝜀, 𝑇 ) is the Fermi-Dirac distribution. The two
terms were calculated using the method as described elsewhere [38].
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Within the DG formalism, the vibrational free energy term can be
specified as

𝐹𝐷𝐺
𝑣𝑖𝑏 = − 𝑛𝑘𝐵𝑇

[

3
( 𝑇
𝛩

)3

∫

𝛩∕𝑇

0

𝑥3

𝑒𝑥 − 1
𝑑𝑥 − 3 ln

(

1 − 𝑒−
𝛩
𝑇
)

− 9𝛩
8𝑇

]

(6)

ith 𝑘𝐵 being the Boltzmann constant, 𝑛 being the number of atoms,
nd 𝛩 the Debye temperature [39]. By applying the Slater approxima-
ion [40], the Grüneisen parameter, 𝛾, was estimated as

= −2
3
− 𝑉

2
𝜕2𝑃∕𝜕𝑉 2

𝜕𝑃∕𝜕𝑉
, (7)

here 𝑃 is the static lattice pressure at 0 K [33]. As a first approxima-
ion, 𝛾 can be assumed to be volume-independent [41] and Eq. (7) was
valuated at the equilibrium volume 𝑉0. The volume dependency of 𝛩,
s introduced by Moruzzi et al. [41], was utilized via

(

𝑉 , 𝑉0
)

= 𝛩0

[

𝑉0
𝑉

]𝛾
, (8)

where the Debye temperature evaluated at the equilibrium volume, 𝛩0,
as estimated using the elastic constants of the structures [33]. The
lastic constants of 𝜎 were adopted from [23], while those of 𝜒 were
dopted from our earlier work [24].

In the QHA, the vibrational free energy is calculated from the PDOS
ia the expression

𝑄𝐻𝐴
𝑣𝑖𝑏 (𝑇 , 𝑉 ) = 1

2 ∫

∞

0
𝑔 (𝜔, 𝑉 )ℏ𝜔𝑑𝜔 +⋯

𝑘𝐵𝑇 ∫

∞

0
𝑔 (𝜔, 𝑉 ) ln

[

1 − exp
(

− ℏ𝜔
𝑘𝐵𝑇

)]

𝑑𝜔 (9)

here 𝜔 is the phonon frequency, 𝑔(𝜔, 𝑉 ) is the PDOS, and ℏ is the
reduced Planck constant [34].

Helmholtz free energy, 𝐹 (𝑉 , 𝑇 ), was calculated for 11 volumes by
applying equally spaced strain increments in the range −1% to 1%,
such that a hydrostatic stress state was obtained. For the non-cubic 𝜎-
phase, the ratio of the strain in the 𝑥1- and 𝑥2-direction, and that in
the 𝑥3-direction, was computed by applying a hydrostatic stress to the
compliance matrix. In general, for tetragonal crystals the applied strain
corresponds to 𝜀11 = 𝜀22 ≠ 𝜀33, with the relation between strains being
𝜀11
𝜀33

=
𝐶33 − 𝐶13

𝐶11 + 𝐶12 − 2𝐶13
, (10)

which was computed using the elastic constants at 𝑇 = 0 K from [23,
24]. For the cubic 𝜒-phase, this relation boils down to 𝜀11 = 𝜀22 =
𝜀33. The free energy-volume data were fitted to the Birch–Murnaghan
equation of state to obtain the temperature-dependent equilibrium
volume [42]. The isothermal bulk modulus, 𝐵, can readily be ob-
tained from the Birch–Murnaghan equation of state. The volumetric
thermal expansion was calculated by numerical differentiation of the
temperature-dependent equilibrium volume.

2.3. Dependency of 𝛼𝑉 on the Re content

To estimate the thermal expansion as a function of Re content and
, the CTEs of the sublattice configurations were utilized as refer-
nce data to fit an analytical function using the linear least-squares
itting method with Trust-Region regularization [43]. The function of
𝑣(𝑥𝑅𝑒, 𝑇 ), was written as a separable-function

𝑉 (𝑥𝑅𝑒, 𝑇 ) = 𝛹 (𝑥𝑅𝑒) ⋅𝛷(𝑇 ), (11)

where 𝛹 (𝑥𝑅𝑒) determines the Re content dependency. The form was
chosen as the sum of two exponential functions which provided a good
fit

𝛹 (𝑥𝑅𝑒) =
2
∑

𝑎𝑖 exp
(

𝑏𝑖𝑥𝑅𝑒
)

, (12)
3

𝑖=1
where 𝑎𝑖, and 𝑏𝑖 are fitting parameters. For the temperature depen-
dency, we adopted a recently developed equation of state for W [44]

𝛷(𝑇 ) =
3
∑

𝑖=1

𝑋𝑖𝛩2
𝑖 exp𝛩𝑖∕𝑇

𝑇 2
(

exp𝛩𝑖∕𝑇 − 1
)2

+ 𝑔𝑘𝑇 𝑘−1 (13)

with 𝑋𝑖, 𝛩𝑖, 𝑔 and 𝑘 being fitting parameters. The function comprises
a three-term Einstein function plus an additional anharmonic term. We
note that a similar expression has been used to describe the thermal
expansion of several refractory metals including W [28,44].

2.4. Computational details

For the DFT calculations, the Vienna Ab initio Simulation Package
VASP 5.4) was used [45,46] with projector augmented wave (PAW)
otentials for W and Re with valence configurations of 5𝑠25𝑝66𝑠15𝑑5

nd 6𝑠15𝑑6 [47,48], respectively. The generalized gradient approxi-
ation based on the Perdew–Burke–Ernzerhof exchange–correlation

unctional [49] was adopted and the Methfessel–Paxton method [50]
or smearing with a width of 0.1 eV was applied. The Monkhorst–Pack
cheme [51] was used to generate 𝛤 -centered 𝑘-point grids. Conver-
ence tests revealed that a cut-off energy of 650 eV and k-point grids
f 7 × 7 × 13 and 7 × 7 × 7 were sufficient for the 𝜎 and 𝜒 unit cells.
hen treating supercells, the k-point grid was adjusted appropriately.
quasi-Newton algorithm [52] was used for ionic relaxation with a

trict force convergence criterion of 0.1meV∕∀, which was necessary
o produce well-converged phonon data. Calculations were also carried
ut on bcc-W and hcp-Re unit cells utilizing a cut-off energy of 450 eV
nd grids of 18 × 18 × 18 and 15 × 15 × 8 𝑘-points. The relaxed unit cell

parameters were in good agreement with experiments with deviation of
less than 1%, that is for bcc-W: 𝑎0 = 3.185 ∀ (expt. 3.155 ∀ [53]) and
for hcp-Re 𝑎0 = 2.771 ∀ and 𝑐0 = 4.490 ∀ (expt. 2.761 ∀ and 4.456 ∀ [54],
respectively).

The QHA calculations were carried out using Phonopy [55–57]
in which a variant of the Parlinski–Li–Kawazoe method [58,59] is
employed to obtain the force constants needed to compute the phonon
dispersion and PDOS. The integration over the PDOS was performed
on 39 × 39 × 61 and 39 × 39 × 39 q-point meshes for 𝜎 and 𝜒
structures respectively. To ensure that all relevant contributions to the
force constants were included, convergence tests of the supercell size
were performed. For the 𝜎 phase supercells of sizes 1 × 1 × 2, 1 × 1 × 3,
and 1 × 1 × 4 times the unit cell were tested. We found that a supercell
of size 1 × 1 × 2 gave converged results with a difference in CTE of less
than 0.6% at 1000 K compared to the 1 × 1 × 3 supercell. The cubic
𝜒 unit cells, which have approximately twice the volume of the 𝜎 unit
cell and the lattice parameter of ∼ 10 Å, were deemed large enough
for convergence (see Table A.1). For bcc-W, a supercell of 4 × 4 × 4
times the cubic unit cell, and for hcp-Re a supercell of 5 × 5 × 3 times
the hexagonal unit cell gave converged results. The integration over
the PDOS was carried out on 45 × 45 × 45 and 85 × 85 × 45 q-point
meshes for bcc-W and hcp-Re respectively.

3. Results

In Fig. 2 the formation enthalpy at 0 K of the 𝜎 and 𝜒 sublattice
configurations are plotted against the Re content. The convex hull is
drawn for 𝜎 and 𝜒 using the common tangent method to connect the
most stable configurations. The sublattice configurations investigated
in this work have been numbered and a table with the basic properties
of the structures is provided in the appendix (see Table A.1). The
configurations of the lowest formation enthalpy occur when Re atoms
occupy the low coordination number Wyckoff sites, that is 𝜎 No. 9
(𝐻𝜎

𝑓 = 0.028 eV/atom), and 𝜒 No. 13 (𝐻𝜒
𝑓 = −0.008 eV/atom).

These configurations have Re content equal to the ideal compositions
of the phases: 𝜎-W2Re and 𝜒-W5Re24. The preference of Re for the
sites of low coordination number agrees with the findings of other
investigations [21,60]. While the 𝜎 configurations no. 6 and no. 26 are
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Fig. 2. Formation enthalpies of the sublattice configurations for 𝜎 and 𝜒 . Common-
tangent lines between the most stable configurations are drawn forming a convex hull.
The selected configurations have been numbered according to Table A.1.

Fig. 3. The volume CTE for bcc-W and hcp-Re. Solid lines indicate QHA results while
dashed lines indicate DG results. Experimental data are shown with symbols [27,28].

not part of the convex hull, they were included due to their proximity.
The 𝜎 configurations of high Re concentrations: no. 26 (73 at.%), no. 30
(87 at.%) and no. 32 (100 at.%) were found to be dynamically unstable
due to imaginary frequencies observed in the PDOS and the CTE of
these configurations could therefore not be obtained.

To benchmark our implementation, QHA and DG results for 𝛼𝑉 and
the isothermal bulk modulus, 𝐵, were compared with experimental
data for bcc-W and hcp-Re in Fig. 3 and Fig. 4 respectively. In Fig. 3
it can be seen that the QHA results, plotted with a solid line, show
good agreement with experiments: at 1000 K, where the deviation is
largest, QHA predicts values of 𝛼𝑉 that are 13% and 5% higher than
experiments for bcc-W and hcp-Re, respectively. Even though the DG
model predicts values of 𝛼𝑉 for bcc-W that are close to experiments,
it greatly underestimates the values for hcp-Re. Others have observed
similar discrepancies [64,65]. It has been suggested to be due to the
inherent limitation of the DG model itself, which does not include the
contribution of the optical phonon modes [65]. Another issue is that
the estimation of 𝛾 within the DG method is critical [66] leading to
possible discrepancies.

The isothermal bulk modulus, 𝐵, is shown in Fig. 4. Comparison
with experimental values shows again good agreement: at 1000 K,
4

Fig. 4. Bulk modulus as a function of temperature for bcc-W, hcp-Re and the most
stable 𝜎 and 𝜒 sublattice configurations. Experimental data are shown as symbols [61–
63].

the deviations of the QHA are 6% and 8% for bcc-W and hcp-Re,
respectively. The DG method’s deviations are smaller still since it
more accurately reproduces the slopes of 𝐵(𝑇 ). However, it should
be noted that because resonance-based experiments resemble adiabatic
conditions, isentropic 𝐵 would be a more accurate comparison [67].
Because the isothermal 𝐵 is a lower limit of the isentropic values [67],
the direct comparison between DFT and experimental data is some-
what misleading and would suggest that the QHA is in fact in closer
agreement with experimental data than Fig. 4 reveals.

Results for 𝜎 No. 9 and 𝜒 No. 13 are also shown in Fig. 4. For 𝜎 No. 9
the bulk modulus is 322 GPa at 0 K and according to QHA decreases by
10% to 290 GPa at 1000 K while the DG model predicts a 6% decrease
to 305 GPa. The modulus of 𝜒-phase No. 13 is 354 GPa at 0 K and
decreases by 14% to 304 GPa at 1000 K according to the QHA, versus
a 6% decrease to 336 GPa as predicted by the DG model. The behavior
of the bulk modulus of 𝜎 and 𝜒 follows the behavior of the Varshni
relation [68] for the temperature dependence of the elastic properties

𝐵(𝑇 ) = 𝐵0 −
𝑠

exp(𝑡∕𝑇 ) − 1
(14)

where 𝐵0 is the bulk modulus at 0 K while 𝑠 and 𝑡 are material specific
constants. In the Appendix, we provide fitted values of 𝐵0, 𝑠 and 𝑡 for
the 10 selected 𝜎 and 𝜒 configurations, see Table A.2.

In Fig. 5 the CTEs of the 𝜎 and 𝜒 sublattice configurations are
shown. The QHA results are plotted with solid lines while the results of
the DG are plotted with dashed lines. The configuration numbers and
Re content are written in the figure legend. It is noticeable that the two
approaches predict different Re dependence. Where the results of the
DG model give rise to a minute change, the QHA predicts a trend of
increasing 𝛼𝑉 with increasing Re content. For example, at 1000 K the
QHA method predicts a 12% increase in 𝛼𝑉 between 𝜎 No. 1 and No.
20. For the 𝜒 phase, the QHA predicts a negligible difference between
No. 1 (0 at.% Re) and No. 6 (41 at.% Re) but as the Re content increases
further, the CTE of No. 15 (97 at.% Re) reaches 30.0 ppm/K at 1000
K, which is 45% higher than No. 1. Furthermore, at high Re content,
the gradient of the 𝛼𝑉 curves are steeper indicating a higher sensitivity
of 𝛼𝑉 to temperature fluctuations.

To further investigate the different predictions on the Re content
dependency, we compare the Grüneisen parameter as obtained by the
two approaches. The Grüneisen parameter is related to 𝛼𝑉 according to
the following relation [69]:

𝛼 ∼
𝛾

. (15)
𝑉 𝐵𝑉
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Fig. 5. The volume thermal expansion coefficient 𝛼𝑉 for (a) 𝜎 and (b) 𝜒 sublattice configurations as predicted by QHA (solid line) and DG (dashed line). The legend indicates
the sublattice No. and the atomic percentage of Re of the configurations.
Fig. 6. The Grüneisen parameter (top panel) and the bulk modulus (bottom panel) at
1000 K of the 𝜒 sublattice configurations as obtained by the DG model and the QHA.

We find that the DG model and the QHA predict different trends of 𝛾
concerning the Re content, as seen for the 𝜒 phase in Fig. 6, where 𝛾
evaluated at 1000 K is shown in the top panel. The DG model yields a
small nearly linear increase in 𝛾 that is counter-balanced by the rise in
𝐵 when the Re content is increased, see bottom panel of Fig. 6, leading
to a negligible change in 𝛼𝑉 . The QHA, however, predicts a larger
non-linear increase in 𝛾, meaning that the most significant changes
are observed at high Re contents. This explains why the difference in
𝛼𝑉 of sublattice configurations No. 1 and No. 6 is negligible while
the difference between configurations No. 13 and No. 14 is more
pronounced despite the relatively small increase in Re content.
5

Table 1
Parameters of the function of 𝛼𝑉 (𝑥𝑅𝑒 , 𝑇 ) given in
Eq. (11).

Parameter 𝜎 𝜒

𝑋1, (𝐾−1) 2.348 ⋅ 10−7 3.061 ⋅ 10−7

𝑋2, (𝐾−1) 3.629 ⋅ 10−7 3.066 ⋅ 10−7

𝑋3, (𝐾−1) 3.409 ⋅ 10−8 −1.717 ⋅ 10−9

𝛩1, (𝐾) 128.9 114.5
𝛩2, (𝐾) 260.9 270.5
𝛩3, (𝐾) 2150 2150
𝑔, (𝐾−𝑘) 8.944 ⋅ 10−13 5.929 ⋅ 10−13

𝑘 2.503 2.667
𝑎1 26.62 27.21
𝑏1 0.1918 −0.1239
𝑎2 0.6144 0.4879
𝑏2 1.136 ⋅ 10−2 3.400

RMSE, (ppm/K) 0.2419 0.3883

The 𝜎 phase contains a total of 90 phonon modes (3 acoustic modes
and 87 optical modes) while the 𝜒 phase contains 87 modes (3 acoustic
and 84 optical). In Fig. 7 the phonon dispersion structures of 𝜎 No. 9
and 𝜒 No. 13, are shown. The 𝜎 phase becomes dynamically unstable
at high Re content as imaginary phonon modes are observed. Similar
instabilities were found for the Cr-Re 𝜎 phase [70]. To the best of our
knowledge, this is the first time the phonon dispersion of 𝜒 is shown.
In both phases, the majority of the optical modes are located at a
densely packed belt in the frequency range of 2–6 THz. This results
in a complicated PDOS containing multiple sharp peaks arising from a
broad background with no obvious gaps, as also seen in Fig. 7.

To determine the Re content dependency of the thermal expansion
coefficient of 𝜎 and 𝜒 , Eq. (11) is fitted to the 𝛼𝑉 (𝑇 ) of the selected
sublattice configurations of each phase located on the convex hull.
Because the DG model predicts no significant Re dependency, the QHA
results were used as reference data to perform the fit. The values of
the fitting parameters are listed in Table 1. We obtain RMSE values of
0.2419 and 0.3883 ppm/K for 𝜎 and 𝜒 respectively, which at 1000 K
equates to a deviation of a few percent. For the 𝜎 phase, 𝛼𝑉 (𝑥𝑅𝑒, 𝑇 ) were
only fitted within the stable Re concentration range. We discourage
the use of the function outside of this Re range, as 𝛼 (𝑥 , 𝑇 ) increases
𝑉 𝑅𝑒
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Fig. 7. The phonon dispersion of (a) 𝜎 No. 9 and (b) 𝜒 No. 13. The points of high symmetry are 𝛤 = (0, 0, 0), 𝑋 = (1∕2, 0, 0), 𝑍 = (0, 0, 1∕2), 𝑀 = (1∕2, 1∕2, 0), 𝐴 = (1∕2, 1∕2, 1∕2),
𝑅 = (0, 1∕2, 1∕2), 𝐻 = (1∕2,−1∕2, 1∕2), 𝑃 = (1∕4, 1∕4, 1∕4) and 𝑁 = (0, 0, 1∕2) in units of the reciprocal lattice vectors. The PDOS of both phases (c) are shown to the right in solid
lines.
Fig. 8. The CTE of the 𝜎 and 𝜒 phase. The black dots show the result of the sublattice configurations while the surfaces show the fitted functions with parameters given in Table
Table 1.
rapidly for Re concentration above 60 at.%. For the 𝜒 phase, we provide
𝛼𝑉 (𝑥𝑅𝑒, 𝑇 ) for the entire Re concentration region since all sublattice
configurations were dynamically stable. The non-linear increase in 𝛼𝑉
with increasing Re content means that at 100 at.% Re the predicted
CTE of 𝜒 is 1.41 times larger than a pure W structure while for 𝜎 the
CTE at 60 at.% Re is only 1.11 times larger than the W structure.

4. Discussion

4.1. Modeling of the PDOS

The DG model and the QHA predict different behaviors of the CTE,
in particular: the QHA predicts an increase in the CTE when the Re
content is increased while, according to the DG model, the CTE is
largely indifferent to changes in the Re concentration. Studies show
that adding Re to bcc-W causes an increase in the CTE [29,32]. It is
not unreasonable to expect similar behavior of W-Re 𝜎 and 𝜒 phases.
Since the terms 𝐸 and 𝐹 are unchanged in Eq. (3), the cause of
6

0 𝑒𝑙
the discrepancy lies in how the methods predict the 𝐹𝑣𝑖𝑏 term. In
particular how they incorporate the PDOS. In Fig. 9 the PDOS at two
different Re concentrations as well as the approximated PDOS by the
DG method (dashed lines) are shown for 𝜎 and 𝜒 . The center-of-mass
of the PDOS for low (□) and high (×) Re concentrations are also shown
at the top of the figure. Overall, the replacement of W atoms with
the slightly heavier Re atoms causes a slight softening of the phonon
modes as peaks in the PDOS are shifted to lower frequencies. Such
changes in the phonon spectrum will affect the behavior of 𝛼𝑉 as the
PDOS is a decisive parameter in the 𝐹𝑣𝑖𝑏 term and consequently the
thermal properties [32]. In the DG model optical phonon modes are
treated as acoustic [71] resulting in a parabolic-shaped approximation
of the PDOS that is cut off at the Debye frequency. Despite the obvious
differences between the approximated and actual PDOS structure, the
DG model can often still be successful since 𝐹𝑣𝑖𝑏 depends on the
integration of the PDOS [32]. However, since optical modes contribute
differently to the thermal properties than acoustic [72] and the 𝜎 and
𝜒 phases contain a high number of optical modes, in this case the
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Fig. 9. Comparison of the PDOS of two (a) 𝜎 configurations and two (b) 𝜒 configurations at different Re concentrations. The dashed lines designate the approximated PDOS of
the DG model.
Table 2
Average values of CTE for 𝜎 and 𝜒 in their stable Re concentration ranges compared
to experimental values for bcc-W and bcc-W containing 25 at.% Re [28,29].

𝛼𝑉 (ppm/K)

T (K) 𝜎
(45%–60% Re)

𝜒
(70%–75% Re)

W [28] WRe [29]
(25% Re)

300 17.61 18.91 13.31 –
400 18.23 20.62 13.79 15.24
1000 20.77 23.76 14.66 16.05

approximation may lead to less precise predictions of 𝛼𝑉 . Furthermore,
the DG model does not predict a phonon softening when Re is added,
instead, the Debye frequency increases with increasing Re content. This
is because of the relationship between Debye temperature and the bulk
modulus [33] and that the phases are predicted to stiffen with higher
Re content [23,24]. In summary, in light of these approximations, there
is reason to question the reliability of acoustic phonon models, such as
the DG model, when applied to the 𝜎 and 𝜒 phases.

4.2. Thermal expansion mismatch

The W-based components in a fusion reactor are expected to operate
under extreme temperature fluctuations and thermal gradients, often
under cyclic loading. A mismatch in thermal expansion between 𝜎
and 𝜒 precipitates will contribute to the formation of thermal stresses,
which can negatively affect the longevity of the component due to
thermal fatigue. According to the W-Re phase diagram [20], the 𝜒
phase is thermodynamically stable at Re concentrations of about 70–
75 at.% Re and the 𝜎 phase is stable at about 45–65 at.% Re with the
exact range of stability depending on the temperature. From the fitted
function of the thermal expansion, we can estimate the average value
of 𝛼𝑉 in the ranges for 𝜎 and 𝜒 as listed in Table 2. Experimental values
of 𝛼𝑉 for bcc-W and W-Re with 25 at.% Re content are also included in
the table. If we compare 𝛼𝑉 of bcc-W with the average values for 𝜎 and
𝜒 in their stable concentration ranges, we find a mismatch of ∼32%
and ∼42% at 300 K, respectively, rising to ∼42% and ∼62% at 1000
K. Assuming the precipitates are embedded in a W-Re matrix with Re
content close to the solubility limit, comparison with the experimental
values of W-Re(25%) may provide a good estimation of the mismatch,
which reduces to ∼20% and ∼35% at 400 K for 𝜎 and 𝜒 , respectively,
while at 1000 K the respective mismatch increases to ∼29% and ∼48%.

To quantify the consequence of the mismatch in CTE, we evaluated
the thermal volumetric strain, 𝜀𝑇𝑉 = ∫ 𝛼𝑉 dT, when heating free-standing
single-crystals from room temperature to 1000 K. For bcc-W, we obtain
an 𝜀𝑇 of 1.1% while for the 𝜒 phase at its ideal composition (No. 13)
7

𝑉

the volumetric thermal strain becomes ∼1.6%, which is 42% higher,
indicating that the contribution of elastic energy buildup due to thermal
loading may be considerable. For the ideal-composition 𝜎 phase (No. 9)
a smaller deviation of a 𝜀𝑇𝑉 of 1.3% is reached. Hence, the mismatch
in the CTE and 𝜀𝑇𝑉 of the 𝜒 phase is noticeably higher than the 𝜎
phase. Fig. 8 shows that this is primarily due to the 𝜒 phase being
thermodynamically stable at higher Re concentrations combined with
the non-linear increase in 𝛼𝑉 . Therefore, in terms of thermal stresses
originating from a mismatch in CTE, the 𝜒 precipitates are predicted
to pose a higher risk than 𝜎 precipitates. It is tempting to assume that
due to the difference in the stable Re content, the 𝜒 phase is less likely
to form than the 𝜎 phase since irradiated W samples typically contain
only a few percent Re, however, experiments indicate that this is not
necessarily the case [14–16] with one early study identifying only 𝜒
type precipitates [73]. To translate the CTE and 𝜀𝑇𝑉 mismatch into
stresses, which lies beyond the scope of the present work, would require
detailed knowledge of, e.g., the morphology and size of the precipitates
as well as the coherency and the precipitate orientation relative to the
matrix. Moreover, insight into the surrounding microstructure would
be necessary, as the precipitates can interact with other types of irradi-
ation damage. A recent study by Dürrschnabel et al. [16] indicates that
𝜒 type precipitates are often located in connection with irradiation-
induced voids in contrast to the 𝜎 type. The study also found that
the precipitates primarily occur within ‘‘clouds’’ of sufficiently high
transmutation product concentrations [16]. Furthermore, the interface
between the precipitate and surrounding matrix may also significantly
impact the CTE [74]. To attain a more complete understanding of the
effects caused by the CTE mismatch, continuum mechanical model-
ing, using, e.g., the finite element method (FEM) with the CTE data
provided in this work as input can be used.

5. Conclusions

In this paper, we have studied the CTE values of the W-Re 𝜎 and
𝜒 phases using ab-initio calculations. We first determined the CTE of
the most stable sublattice configurations of the two phases using the
DG model and the QHA. The QHA predicts an increase in CTE with
increasing Re content, in line with experimental results for W-Re sam-
ples. On the contrary, the DG method predicts the Re content to have
an insignificant effect. This is because the DG model predicts a small in-
crease in the Grüneisen parameter, 𝛾, that is largely counteracted by an
increase in the bulk modulus, while the QHA predicts a larger nonlinear
increase in 𝛾 when the Re content is raised. It should also be noted that
the 𝜎 and 𝜒 phases contain a large number of optical modes which the
DG model approximates as acoustic. Since optical and acoustic modes
have different contributions to thermal expansion, this raises questions
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Table A.1
Data for the 𝜎- and 𝜒-phases. The sublattice configuration number, No., the elements of the Wyckoff sites 𝑘𝑙𝑚𝑛(𝑜), the rhenium
concentration, 𝑥𝑅𝑒, the formation enthalpy 𝐻𝑓 in units (eV/at.), and the lattice parameters 𝑎0 and 𝑐0 (∀) at 0 K.

𝜎 𝜒

No. 𝑘𝑙𝑚𝑛𝑜 𝑥𝑅𝑒 𝐻𝑓 𝑎0 𝑐0 No. 𝑘𝑙𝑚𝑛 𝑥𝑅𝑒 𝐻𝑓 𝑎0
1 WWWWW 0.000 0.173 9.800 5.143 1 WWWW 0.000 0.288 9.873
2 ReWWWW 0.067 0.142 9.785 5.127 2 ReWWW 0.035 0.301 9.865
3 WReWWW 0.133 0.197 9.741 5.147 3 WReWW 0.138 0.322 9.839
4 ReReWWW 0.200 0.170 9.730 5.084 4 ReReWW 0.172 0.339 9.831
5 WWWWRe 0.267 0.168 9.729 5.061 5 WWReW 0.414 0.144 9.749
6 WWWReW 0.267 0.058 9.734 5.085 6 WWWRe 0.414 0.057 9.743
7 WWReWW 0.267 0.153 9.719 5.112 7 ReWReW 0.448 0.161 9.740
8 ReWWWRe 0.333 0.136 9.718 5.084 8 ReWWRe 0.448 0.064 9.736
9 ReWWReW 0.333 0.028 9.726 5.061 9 WReReW 0.552 0.211 9.719
10 ReWReWW 0.333 0.121 9.708 5.094 10 WReWRe 0.552 0.094 9.713
11 WReWWRe 0.400 0.179 9.670 5.112 11 ReReReW 0.586 0.233 9.710
12 WReWReW 0.400 0.079 9.697 5.072 12 ReReWRe 0.586 0.109 9.706
13 WReReWW 0.400 0.180 9.674 5.105 13 WWReRe 0.828 −0.008 9.626
14 ReReWWRe 0.467 0.155 9.660 5.093 14 ReWReRe 0.862 0.002 9.619
15 ReReWReW 0.467 0.052 9.682 5.056 15 WReReRe 0.966 0.036 9.595
16 ReReReWW 0.467 0.151 9.664 5.087 16 ReReReRe 1.000 0.050 9.589
17 WWWReRe 0.533 0.060 9.677 5.034
18 WWReWRe 0.533 0.145 9.654 5.076
19 WWReReW 0.533 0.068 9.667 5.042
20 ReWWReRe 0.600 0.037 9.666 5.014
21 ReWReWRe 0.600 0.116 9.648 5.053
22 ReWReReW 0.600 0.040 9.658 5.021
23 WReWReRe 0.667 0.076 9.636 5.029
24 WReReWRe 0.667 0.171 9.596 5.085
25 WReReRew 0.667 0.098 9.627 5.033
26 ReReWReRe 0.733 0.057 9.622 5.012
27 ReReReWRe 0.733 0.147 9.588 5.065
28 ReReReReW 0.733 0.074 9.609 5.020
29 WWReReRe 0.800 0.085 9.595 5.014
30 ReWReReRe 0.867 0.067 9.589 4.991
31 WReReReRe 0.933 0.114 9.544 5.022
32 ReReReReRe 1.000 0.096 9.536 4.995
b
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Table A.2
Bulk modulus at 0 K (GPa) and Varshni parameters 𝑠 (GPa) and 𝑡 (K) as obtained by
the QHA and the DG model for selected 𝜎 and 𝜒 configurations. The numbering refers
to the configurations in Table A.1.

QHA DG

𝐵0 s t 𝐵0 s t

𝜎

No 1 294.1 6.227 208.6 294.9 2.316 129.8
No 2 299.6 5.667 182.8 300.5 1.890 104.9
No 6 316.1 5.154 160.7 317.0 2.096 118.3
No 9 321.9 5.741 168.5 322.8 2.055 112.7
No 20 337.6 5.880 161.5 348.5 2.932 145.1

𝜒

No 1 285.5 4.515 132.1 286.6 0.887 55.08
No 6 324.6 5.361 151.1 325.7 1.818 98.52
No 13 354.4 8.642 159.1 355.8 1.931 92.50
No 14 355.6 7.397 137.2 357.0 1.911 91.45
No 15 359.8 15.12 190.7 361.6 1.928 90.09

about the reliability of the DG model when applied to these two phases.
We used the CTEs as obtained by the QHA of the selected sublattice
configurations to fit an analytical function of the thermal expansion as
a function of temperature and Re content: 𝛼𝑉 (𝑥𝑅𝑒, 𝑇 ). An exponential
dependency on the Re concentration and adopting an equation of state
developed for W for the dependency of 𝑇 was applied and provided
a good fit with low values of RMSE. The 𝜎 configurations of high Re
content were determined to be dynamically unstable and therefore our
function 𝛼𝑉 (𝑥𝑅𝑒, 𝑇 ) for 𝜎 is only obtained for Re concentrations below
60 at.%. In terms of mismatch in CTE, an important variable due to
its influence on thermal stresses, both precipitates show high values of
mismatch at the 1000 K when phases at stable Re concentrations are
compared to bcc-W. When the Re content in the surrounding bcc matrix
is increased the mismatch is reduced, however, it remains high, at just
below 50%, for the 𝜒 phase at high temperatures. Therefore, based
on our results, 𝜒-type precipitates are expected to be a more crucial
8

source of thermal stresses than the 𝜎-type. This is due to the 𝜒 phases
eing stable at higher Re concentrations and that the CTE is predicted
o increase in a non-linear fashion with the Re content.
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Appendix A. The 𝝈 and 𝝌 configurations

Table A.1 lists the basic parameters of each of the 𝜎 and 𝜒 configu-
rations. The numbering (No.) is the same as in Fig. 2. Table A.2 lists the
fitted parameters of the Varshni relation, Eq. (14), for the selected 𝜎 and
𝜒 configurations as estimated by the quasi-harmonic approximation
(QHA) and the Debye-Grüneisen (DG) model. The numbering refers to
the configurations in Table A.1.
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