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Abstract 

A faster cruising speed increases drag and thereby the thrust (T) needed to fly, while weight and 
lift (L) requirement remains constant. Birds can adjust their wingbeat in multiple ways to 
accommodate this change in aerodynamic force, but the relative costs of different strategies 
remain largely unknown. To evaluate the efficiency of several kinematic strategies, I used a 
robotic wing (Ajanic et al., 2023(1)) and quantitative flow measurements. I found that, among the 
tested strategies, changing the mean wingbeat elevation provides the most efficient solution to 
changing T/L, offering insight into why birds tend to beat their wings with a greater ventral than 
dorsal excursion. I also found that although propulsive efficiency (p) may peak at a Strouhal 
number (St, measure of relative flapping speed) near 0.3, the overall efficiency of generating 
force decreases with St. This challenges the expectance of a specific optimal St for flapping flight  
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and instead suggest the chosen St depends on T/L. This may explain variation in preferred St 
among birds and why bats prefer flying at higher St than birds (Taylor et al., 2003(2)), since their 
body shape imposes relatively higher thrust requirements (Muijres et al., 2012(3)). In addition to 
explaining flapping strategies used by birds, my results suggest alternative, efficient, flapping 
motions for drones to explore aiming to extend their flight range. 

Significance Statement 

This research significantly advances our understanding of avian flight by revealing that an 
efficient kinematic strategy for birds is to flap their wings with a greater ventral than dorsal 
excursion. This strategy, overlooked previously, efficiently increases thrust and may have shaped 
the function of the flight apparatus. The study also challenges the notion that optimal flight and 
swimming are similar and should use a similar relative flapping velocities, highlighting 
fundamental differences in the selective pressures acting on these animals. Additionally, the 
findings offer exciting avenues for bio-inspired engineering, where understanding why birds use 
specific wing kinematics, as provided by this study, could significantly extend the flight range of 
flapping drones, addressing a main limitation in their design. 
 
 
Main Text 
 
Introduction 
 
Birds, unlike airplanes, use their wings for both weight support and thrust generation 
simultaneously(4, 5). This is achieved by flapping the wings - tilting the aerodynamic force 
forwards(4, 5). In cruising flight, flying faster increases the drag and thereby the required thrust, 
while the lift needed to counter the weight and stay aloft remains constant(4, 5). To achieve the 
necessary change in thrust to lift ratio, birds can alter the aerodynamic properties of their wings - 
through adjusting the shape of the wings or the angle with which the air meets the wing – but they 
can also change their kinematics, i.e. how the wings are flapped. Indeed, we see that birds 
change their kinematics across speed(6–10), but also that they flap their wings in ways that 
currently lack a mechanistic explanation (e.g. flapping their wings with a mean elevation below 
the horizontal plane going through the shoulder joint). Since thrust and lift are inherently linked in 
flapping flight, the manner in which birds flap their wings likely affects the efficiency of generating 
both forces simultaneously, but not necessarily in the same way. This dynamic interplay provides 
an evolutionary selection pressure, driving birds toward optimal wing motions that achieve force 
balance as efficiently as possible. Despite the topic’s relevance and our awareness that subtle 
changes in kinematics can have a large effect on force magnitude, vectoring and propulsive 
efficiency during flapping flight(1, 11–16), the topic has received relatively little attention.  
Understanding why birds flap their wings the way they do will help interpret the evolution of flight, 
the morphology and physiology of the flight apparatus and the diversity of flight styles found in 
nature(4, 5). However, our understanding of the relationship between kinematics and 
aerodynamic performance primarily relies on models that oversimplify wing kinematics(11, 12) or 
on correlative associations between kinematics and performance in flying birds(7, 8, 17–20). In 
these latter cases, untangling the effects of individual kinematic parameters becomes 
challenging, as birds often adjust multiple parameters simultaneously(6–8, 17–19). Consequently, 
we find ourselves lacking a mechanistic understanding of how specific wing motions and changes 
in motion across varying flight conditions impact performance and efficiency. To address this gap, 
we must explore alternative kinematic strategies to change T/L and assess their relative 
efficiency, which means going beyond studying birds.  
Here I explore the kinematic parameter space of variables known to change with flight speed (U∞) 
in birds(6–8, 10, 17–19, 21). I use a hybrid robotic wing(1) mounted in a wind tunnel(22) (Fig. 1c), 
and estimate the aerodynamic forces (Fig. 1d) and power (P) from the airflow measured behind 
the wing using particle image velocimetry (PIV)(19, 23). The wing is set to flap in a way 
resembling the flight of a jackdaw (Supplemental Figs 1 and 2) and is then adjusted to test three 
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different scenarios, while maintaining wing shape and the angle relative to the flow between 
scenarios. In the first case, I compare the effects of adjusting the wingbeat amplitude (A) and 
frequency (f), as captured in the Strouhal number (St = fAvert/U∞, where Avert is the tip-to-tip 
vertical excursion of the wing tip), when using a more realistic wing motion than previously used 
(e.g. (24–26)). In the second case I explore effects of adjusting the mean wing elevation (MWE = 
elevation - depression, Fig. 1a) during a wingbeat and finally I test the effects of adjusting 
downstroke ratio (dsr, the relative duration of the downstroke during a wingbeat, Fig. 1a) and the 
stroke plane angle (SPA, the direction the wing is flapped relative to the vertical). All the 
kinematic changes in each of these three scenarios have the potential to change T/L (Fig. 1b), 
but how they differ in efficiency is not known. 
 
 
Results and discussion 
 
One strategy to increase T/L is to increase the relative flapping velocity of the wing, by changing 
either Aang (angular amplitude) or f (Fig. 1), and thereby tilt the aerodynamic force forwards(5). I 
found that both increasing Aang and f (in effect increasing St when other parameters are kept 
constant) resulted in increased T/L, as expected (Fig. 2a & 3a, p<0.0001 in both cases). When 
comparing different measures of efficiency, I found that increasing St, within the range tested here, 
resulted in different trends for propulsive efficiency (p, see material and methods for definitions), 
cost of transport (COT) and power factor (PF). p increased with increasing St (Fig. 2d, p<0.0001), 
within the measured range, and the curve suggest a peak p near St = 0.3. COT increased with St 
(Fig. 2c, k = 2.07, p<0.0001), while PF (Supplemental Fig. S3c, p<0.0001) decreased, which both 
suggest that the efficiency of generating L and Fuse (magnitude of the vector sum of T and L) 
decreases with increasing St, at least within the measurement range. Together, the results suggest 
that the optimum St will either be the lowest possible to achieve force balance or depend on the 
relative cost of generating T and L. A high relative T demand will favor a high p and result in a 
relatively high optimal St, while a low relative T demand will favor a low COT and thus a low optimal 
St.  
Two decades ago, Taylor et al.(2) demonstrated that flying animals exhibit a preference to flap their 
wings within a St range of 0.2-0.4. This range has been associated with high p, around an optimal 
at St = 0.3, in heaving plates (e.g. (27)) and swimming animals(28), which suggested flying animals 
also optimized p. However, the goal of swimming (producing T) is not the same as for flying 
(producing T and L) nor is the motion of a tail fin (uniform along the span) and wing (pivoting around 
the base) the same. Consequently, it is not obvious why the optimal St should be consistent 
between swimming and flying. To date, as far as I know, no satisfactory explanation for the rather 
large observed variation (a factor two) in preferred St among flying animals(2) has been offered. 
Indeed, my results imply that a single optimal St for flapping flight may not exist. Instead, I propose 
that the chosen St should depend on the T/L and consequently that St alone has limited ability as 
predictor of optimal behavior in flying animals. I note that, in addition to variation in preferred St 
within clades (e.g. birds, bats and insects), the preferred St of flying bats tend to be higher than 
that of birds(2), which is consistent with bats having higher body drag(29, 30) and thus higher T/L 
demand than birds(3). This supports my argument that flapping flight differs in crucial perspectives 
from swimming and that we may expect higher variation in preferred St among flying compared to 
swimming animals since optimizing efficiency of T and L production may not require the same 
kinematics. 
In my second scenario I tested an alternative strategy to change T/L that, as far as I know, has not 
previously been recognized: to change the mean wing elevation. When changing MWE, while 
maintaining f and Aang, the wing continues to sweep through the same amount of air, at the same 
speed, and is expected to generate the same T. However, the resultant force of each wing tilts 
sideways, hence reducing L (Fig. 1b). The power required to generate the force is not expected to 
change, thus affecting efficiency relatively little. My results agreed with predictions for T/L (Fig. 3a, 
k = -0.0027, p<0.0001) and CL (Fig. 3b, k = 0.0023, p<0.0002), but instead of constant thrust 
coefficient (CT) I found an increase of CT (Fig. 3b, k = -0.0019, p<0.0001) with decreasing MWE. 
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One potential explanation for the latter is that the tunnel wall acts as an aerodynamic mirror(31, 
32). The wing then interacts with its mirror wing, causing a wing-wing interaction(33), enhancing T 
at the end of the downstroke. Such a wing-wing interaction is similar to the ground effect(34, 35) 
and has previously been suggested to help birds stay aloft during hovering flight(36). In addition to 
finding that CT increased the smaller the angle between the wing and its mirror wing was, I found 
that T increased during the end of the downstroke with decreasing MWE (Supplemental Fig. S4), 
supporting this interpretation. When I compared the efficiency of the different strategies, changing 
f or Aang vs changing MWE, I found that for positive T/L the MWE strategy had a lower increase in 
COT (T/L*Strategy, p<0.0001) and a higher increase in PF (Supplemental Fig. S3, T/L*Strategy, 
non-overlapping 95% CI). The propulsive efficiency, p, of the MWE strategy did not differ from the 
zero-MWE strategy (overlapping 95% confidence interval) relative to T/L (Fig. 3d) but resulted in 
higher p for a given St (excluded 95% CI in Fig. 2d). However, the PF was lower and had lower 
slope for the MWE strategy compared to the zero-MWE strategy when comparing across St 
(Supplemental Fig. S3c, MWE p<0.0001, St * MWE p<0.0001). These latter results may be caused 
by the definition of St (see below). An additional benefit of the MWE strategy was that T/L increased 
partly due to a decrease in CL, which is needed to match weight support when flying faster (𝐿 ∝
𝐶௅𝑈ஶଶ ). If the increased T/L is instead achieved by only increasing CT the animal would have to 
adjust its wingbeat to reduce L to maintain force balance at higher speeds. There are few, if any, 
studies available showing if birds adjust MWE across speeds, but there are several papers, from 
different species, showing that the mean wing elevation is below zero in birds(6–8, 37) (and bats, 
(38–41)) and my findings provide a plausible explanation for why. Exploring how MWE can benefit 
a wing-wing interaction in forward flight using different kinematic condition than studied here should 
thus provide exciting avenues for future research.  
A consequence of using a subzero MWE with constant Aang and f is that although the wing sweeps 
through the same amount of air at the same speed and aerodynamically should behave the same 
as when flapped symmetrically above and below the horizontal plane, the St changes. The reason 
is that St is defined using Avert, which is related to the sine of the elevation and depression angles 
(above and below the horizontal plane, respectively). Flapping with the same Aang thus results in a 
lower Avert when MWE differs from zero compared to when it is zero (Fig. 3b). The effect can be 
rather substantial. With an Aang of 75 degrees and a MWE of -25 degrees St is 10 % lower than if 
the wing is flapped symmetrically around the horizon (Fig. 3b). Birds fly at St close to, or even 
below, the lower limit of the optimal St range(2) for propulsive efficiency (0.2-0.4), which could be 
explained by birds tending to flap their wings with a subzero MWE(6–8, 37). However, since bats 
also tend to flap their wings with a negative MWE(e.g. (38–41)) and still flap at higher St than birds 
this effect would not necessarily explain the differences between birds and bats in preferred St 
discussed earlier and a proper test of the effect of MWE on birds and bats is required. Since St is 
intended to capture the transverse motion of the wing, or fin, in relation to the forward flight direction, 
I conclude that the current definition fails to do so when the MWE is subzero (or above zero). I 
therefore suggest that instead of using Avert to calculate St we should use the distance the wing tip 
moves transverse to the direction of flight. 
In my final set of experiments, I varied downstroke ratio (dsr) and stroke plane angle (SPA)(Fig. 
1a), which both affect the path the wing moves through the air and the relation between the vertical 
and horizontal velocity of the wing (Fig. 1b). A higher dsr results in a lower flapping velocity and a 
shallower path of the wing during the downstroke than with a lower dsr, predicting the resultant 
force to be more upwards directed. The same prediction is generated by increasing the SPA. It 
should be noted that the exact effects of these changes may depend on the effect of the upstroke, 
which relies on how much the wing can retract. The robotic wing has limited ability to retract, and it 
will be of great interest to further explore these effects in different bird species where the upstroke 
is used to different degrees for force production. As expected, both the dsr and SPA strategies 
affected the T/L and in general I found that tilting the SPA reduced the T/L (p<0.0001), following 
predictions, while deviating from a dsr of 0.5-0.55 instead increased T/L (Fig. 4a, dsr2>0, p<0.0001). 
For increased dsr, this latter result is likely a consequence of an increased vertical speed during 
the upstroke resulting in the outer part of the wing generating more T (Fig. 4b), since I at the same 
time found a higher CL with increased dsr (k=1.20, p<0.0001). The latter was according to 
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expectations from a shallower and longer duration downstroke. A decreased dsr, on the other hand, 
increases the T during the downstroke by tilting the downstroke aerodynamic force forwards. 
Increasing SPA, resulted in increased COT (Fig. 4c, p<0.0001) and decreased PF (Supplemental 
Fig. S3e, p<0.0001) compared to a vertical stroke plane, while dsr did not have any noticeable 
effect on COT (Fig. 4c, p=0.45) or PF (Supplemental Fig. S3e, p=0.64). dsr did not seem to 
influence p (Fig. 4d, dsr p=0.16 and dsr * T/L p=0.11), but for SPA there was a lower intercept the 
higher the SPA (p<0.0028) and a lower increase in efficiency the higher the SPA (p<0.0001). 
Compared to the strategy of changing only f and A, the SPA and dsr strategies resulted in a higher 
intercept (p<0.0001), but a lower slope for p across T/L (p<0.0001) resulting in lower p for positive 
T/L. I conclude that one probable reason birds and other animals increase SPA when flying 
slowere.g. (7, 19, 21) is to reduce the thrust while maintaining lift (Fig. 4 b) i.e. to be able to achieve 
force balance (as previously suggested by other studies e.g. (1, 16, 21)) and not generate too much 
thrust resulting in an acceleration, since this strategy comes with an increase in COT and a 
reduction in p. Changing dsr, as many birds do(6–9), may, on the other hand, be a flexible solution 
where changing the relative time of the downstoke increases T/L without apparent effects on either 
COT nor p. The same change in dsr had a larger effect on T/L when decreasing dsr compared to 
increasing it (Fig. 4a), suggesting that it may be more effective for animals to decrease dsr to 
increase T/L, which also seems to be preferred by birds(6–9). A small change in the contraction 
velocity of the muscles, which a change in dsr implies, may also maintain muscle efficiency and 
thereby the physiological cost of accommodating the change(4). 
 
 
Conclusion  
 
My study addresses a fundamental problem of flight with flapping wings: how to best deal with 
changes in the relative need for thrust and lift. My findings, based on systematic tests of different 
kinematics using a robotic wing, provide explanations for behaviors seen in real birds that have 
previously been ignored. Birds use a subzero mean wing elevation, which my results show is an 
efficient strategy to change the thrust to lift ratio (Fig. 3a). Also changing the downstroke ratio, as 
birds do, provides a flexible way to change the thrust to lift ratio without negative effects on 
efficiency. The results also provide an explanation for the systematic, unexpected, variation seen 
in preferred Strouhal number among flying animals(2). The fact that swimming animals seem to 
optimize propulsive efficiency by controlling their St has inspired the idea of a universal optimal St 
also in flying animals, based on propulsive efficiency, but my findings provide evidence this may 
not be the case. Instead, the selected St during flight should depend on the thrust to lift ratio (Fig. 
2). The reasoning behind this stems from the fundamental difference between the goal of 
swimming – producing thrust – and the goal of flying – producing both thrust and lift. Or put in a 
different way, that the produced force is aligned with the direction of travel in swimming, but not in 
flight. That said, there is a large variation in shape and flight style among flying animals and how 
these factors interact with the kinematic factors proposed here to determine the St selected by 
animals during cruising flight provides exciting prospects for future studies. Taken together, my 
findings should not only help to better understand the kinematics selected by flying animals, but 
also provide alternatives for efficient flapping kinematics to be explored by flapping micro air 
vehicles(42). 

 
 
Materials and Methods 
 
For this study I used an updated version of the hybrid robotic wing previously described in Ajanic 
et al. (1). The robot is based on a jackdaw (wing length 0.33 m) with a skeleton consisting of 3D 
printed “bones” and has a wing partly built by real flight feathers and partly by carbon fiber plates 
and silicone membranes (Fig. 1c). The robot is capable of independently controlling the angular 
elevation of the wing above (max 90 degrees) and angular depression of the wing below (max 90 
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degrees) the horizontal plane through the flapping axis, the wingbeat frequency (f, in the range 0-
15 Hz) and the pitch angle (γ, varying ±40 degrees). These factors can be controlled as 
continuous functions over time and essentially take any shape allowed by motor accelerations. 
Here I used this flexibility to control the mean wing elevation (MWE, elevation-depression angles), 
the downstroke ratio (dsr, which can be set between 0.2-0.8) and the angle of attack (α). In 
addition, the robot is mounted on a circular plate in the wind tunnel wall that allows setting the 
stroke plane angle (SPA, can be set to 0-40 degrees) by rotating the entire robot. The robot also 
has a wing folding mechanism, here allowing for a wing retraction during the upstroke (with a 
minimum span ratio of 0.7), by sweeping the hand wing and folding the arm wing. The robot is 
controlled using a custom software via a microcontroller (Nucleo-144, STM32F429ZIT6, 
STMicroelectronics, USA). Compared to the original version of the robot(1), two changes have 
been made. First, the motor controlling the wing folding has been replaced with a ClearPath-
SDSK (Teknic, Victor, USA). Second, the software limitation of a maximum f has been changed 
from 5 Hz to 15 Hz. To accommodate these changes the control software has been updated.  
I ran three different sets of experiments, one investigating the effect of Strouhal number (St), one 
investigating the effect of MWE and one looking at the effects of changing dsr and SPA. All 
experiments were conducted at a tunnel speed of U∞ = 8 m/s. For each kinematic condition I took 
three measurements. The wing motion was stopped between each measurement and 
subsequently started again. This provides unique starting conditions for the wing for each 
sequence, and I therefore considered the measurements to be statistically independent. 
Prior to the experiments I conducted measurements of the wing extended and at zero flapping 
angle across a range of pitch angles to determine the zero-lift pitch angle. This angle was then 
used as a reference angle to calculate the pitch angle needed to generate the desired α of the 
wing. For all experiments the wing was then flapped, with each half stroke (downstroke or 
upstroke) following a sinusoidal curve for the flapping angle with the angular speed determined by 
the Aang, f and dsr. The α was set to follow a sinusoidal curve with a peak value of 18 degrees 
during the downstroke and 3 degrees during the upstroke. At the turning points the wing was set 
to have an α of 2 degrees, by adding 2 degrees to the angle of attack throughout the wingbeat. 
The α was determined at a position mid wing, taking into account the wing retraction during the 
upstroke and the flapping velocity and direction. The MWE was set by independently controlling 
the maximum elevation and depression angle of the wing. Wing length (b(t)) was controlled to 
have its maximum during the downstroke and minimum during the upstroke. To allow the change 
in wing length to occur smoothly and distributed in time around the transitions between 
downstroke and upstroke I started the retraction of the wing 25% of the duration of the upstroke 
plus 3% of the stroke duration before the start of the upstroke and finish the extension of the wing 
25% of the duration of the upstroke minus 3% of the stroke duration into the downstroke. The 
retraction and extension of the wing followed a sinusoidal curve to generate a smooth motion 
(Supplemental material, Fig. S1). 
For measurements of the aerodynamic performance of the robot I used stereo particle image 
velocimetry (sPIV) in a plane perpendicular to the freestream flow of the Lund University wind 
tunnel(22). The sPIV system (Lavision, Göttingen, Germany) includes a dual pulse laser 
(LDY304PIV laser, Litron Lasers, Rugby, England), operated at fL=720 Hz, four high speed 
cameras (Photron Nova R2, Photron Deutschland GmbH, Reutlingen, Germany) and acquisition 
and analysis software (Davis 10.2.1, Lavision, Göttingen, Germany). The cameras were set up in 
a side-by-side configuration, where two cameras viewed the right side of the tunnel (upper part of 
the wingbeat) and two cameras viewed the left side (the lower part of the wingbeat), similar to 
Ajanic et al.(1). The analysis settings were; pre-processing with a subtract sliding background of 
length 32, followed by a vector calculation with an initial box size of 64x64 and a final box size of 
32x32, with 50% overlap. The final vector field, with a vector spacing of 3.8 mm (~2.6 
vectors/cm), was subjected to a vector validation of strength 2. To remove erroneous vectors and 
noise I ran an anisotropic denoising with strength 2.5 using a 9x9 kernel and a fixed uncertainty of 
0.1. As a final step I ran “Fill small gaps in the vector field” process with two passes. The resulting 
vector fields party overlapped and were merged into a single vector field rotated to be aligned 
with normal flight conditions i.e. downwards aligned with gravity. The final vector field was 
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approximately maximum 600 mm in the spanwise direction and 780 mm in the vertical direction, 
with a somewhat irregular shape.  
The vector fields were analyzed using custom written software in Matlab R2022a (Mathworks 
Inc.). The data were masked to remove erroneous vectors at the edge of the vector field and 
mirrored in the sagittal plane of the robot, to generate a wake representing both wings of a bird. 
Mirroring the vector field is motivated by the wind tunnel wall acting as an aerodynamic mirror 
((31–33, 35)), making it possible to study wing-wing interactions using a single wing (33). This 
procedure ignores effects of the boundary layer, but given that the boundary layer in the current 
tunnel is thin (34) and that all measurements are performed at the same speed I consider these 
effects to be small. To remove any effects of calibration errors or systematic variation in the 
background flow I estimated the average flow field of the static wing at zero-lift angle of attack 
and removed the wake of the wing by setting a threshold to the free-stream flow. I then fitted a 
plane to the velocity component in the freestream direction using the fit function in Matlab (with 
settings 'poly11','robust','bisquare' and 'Weights', where the weights were the inverse of the 
product of the standard deviations for each velocity component). I subtracted the systematic 
variation in background flow and then estimated the mean of the background flow (U∞) before 
proceeding with the analysis. The mean background flow was determined as the freestream 
speed that generated the lowest mean square of the residuals when subtracting the speed from 
the measured streamwise velocity in an area of the measurements not affected by the wake of 
the wing. I stacked the vector fields in the streamwise direction with a spacing of U∞/fL and 
estimated the vorticity (, a measure of the rotation of the flow) as the curl of the flow velocities in 
the volume. 
For the force calculations I used a masking procedure based on the total vorticity, previously 
described in(43) to isolate the wake structures and reduce the effect of noise in the flow.  
The weight support or lift (L) was calculated according to, 
 

𝐿 ൌ 𝜌𝑈ஶ∬௪௔௞௘ ௔௥௘௔ 
⬚

ሺ𝑦 െ 𝑦଴ሻ ⋅ 𝜔௫ሺ𝑦, 𝑧ሻ 𝑑𝑦𝑑𝑧 
 
where ρ is the air density, y is the spanwise position, y0 the spanwise position of the center of the 
body and ωx is the vorticity along the freestream axis.  
I estimated the thrust (T) as the time derivative of the impulse(44) in the direction of flight as, 
 

𝑇 ൌ
1
2
𝜌𝑈ஶ∬௪௔௞௘ ௔௥௘௔ 

⬚
ሺ𝑦 െ 𝑦଴ሻ ⋅ 𝜔௭ሺ𝑦, 𝑧ሻ െ ሺ𝑧 െ 𝑧଴ሻ ⋅ 𝜔௬ሺ𝑦, 𝑧ሻ 𝑑𝑦𝑑𝑧 

 
where ωz is the vorticity along the vertical axis, ωy is the vorticity along the spanwise axis, z the 
vertical position and z0 the vertical position of the center of the body.  
For the comparisons in this paper, I used the time-averaged force over three wingbeats. To 
evaluate the performance of the different kinematic conditions I calculated several key 
parameters. The direction of the resultant force was determined as the average thrust to average 
lift ratio (T/L) and the ability to generate force was determined by estimating the force coefficients, 
 

𝐶௅ ൌ
𝐿

qS
 

𝐶் ൌ
𝑇
qS

 

 
where q is the dynamic pressure (qൌ

ଵ

ଶ
𝜌Uஶ

ଶ ) and S is the wing area. 

I also made an estimate of the relative useful force (Fuse) as the magnitude of the vector sum of T 
and L. Since T was sometimes negative, which does not constitute a useful force, I subtracted the 
minimum T (based on all sequences) from all the measurements before estimating Fuse. As with T 
and L I normalized Fuse according to, 
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𝐶ி௨௦௘ ൌ
𝐹௨௦௘
qS

 

 
To get a measure of the cost of generating the forces I estimated the kinetic energy in the 
wake(19, 23). For this purpose, I used the masked vorticity field (see above) to estimate the flow 
using the Helmholtz-Hedge decomposition and extend it beyond the dimensions of the wind 
tunnel (here to a size of 2.4x2.4 m cross section)(19, 23). Due to the flow field being 
reconstructed from the vorticity based on the stacked 2D-slices of the flow, velocity at the edges 
of the volume did not always become zero. I therefore subtracted the mean streamwise velocity 
at the edges of the volume before calculating the kinetic energy. The kinetic energy was 
estimated according to,  
 

𝐸 ൌ
1
2
𝜌 ∭ௐ௔௞௘ ௩௢௟௨௠௘ 

⬚
ሺ𝑢ଶ ൅ 𝑣ଶ ൅ 𝑤ଶሻ ⋅ ൬1 ൅

𝑢
𝑈ஶ

൰𝑑𝑥 𝑑𝑦 𝑑𝑧, 

 
where u, v, w are the induced velocities in x, y, z, respectively. From the kinetic energy I 
estimated the power by dividing with the number of wingbeats (Nwb=3) and multiplying with the 
wingbeat frequency (f). Since the net thrust does not necessarily sum to zero in this setup I added 
TU∞ to the estimate the total power (P), which can be seen through eq 34 in (45) looking only at 
the work rate through the Treftz-plane and assuming zero pressure work. 
 

𝑃 ൌ
𝐸
𝑁௪௕

𝑓 ൅ 𝑇𝑈ஶ, 

 
I then normalized the power by calculating the power coefficient (CP) as, 
 

𝐶௉ ൌ
𝑃

𝑞𝑆𝑈ஶ
 

 
Since the force generation differs between the different kinematic settings, I estimated several 
performance parameters to allow for a comparison between the cases. A traditional measure of 
performance is the cost of transport (COT), defined as the energy required to transport a unit of 
weight a unit of distance. By equating the weight with the lift generated by the wing I estimated 
COT as, 
 

𝐶𝑂𝑇 ൌ
𝑃
𝐿𝑈ஶ

 

 
The propulsive efficiency (P) as, 
 

𝜂௉ ൌ
𝐶்
𝐶௉

 

 
, the power factor (PF) as 
 

𝑃𝐹 ൌ
𝐶ி௨௦௘
ଵ.ହ

𝐶௉
 

 
and the 𝐹௨௦௘/ത where 𝜀 ̅is the mean enstrophy estimated as  
 

𝜀̅ ൌ meanሺ|𝜔|ଶሻ 
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Each of these factors represents different aspects of efficiency, where COT is a measure of the 
relative cost of generating L (weight support) while the propulsive efficiency relates to the 
efficiency of thrust production. The power factor originates from the actuator disk model and the 
fact that force is proportional to the induced velocity squared, while power is proportional to the 
induced velocity cubed. Enstrophy has previously been shown to scale with power(46) and 𝐹௨௦௘/𝜀 ̅
is thus a measure similar to the milage of a car. Since  is estimated from  and not the velocities 
the wake structures have a relatively larger influence on the results and the extension of the wake 
as done for the kinetic energy estimate is not needed. 
To compare the outcomes of the different kinematic strategies I performed general linear models 
in JMP Pro 15.0.0 (SAS Institute Inc., Cary, USA). For the T/L and CT data I tested against a 
second order polynomial for the relation with dsr, but in the other cases I used a linear function. 
For the P data I performed a Yeo-Johnson transformation(47) prior to the analysis. The l-
coefficient was chosen to get the most linear data based on the loglikelihood of a fitted linear 
model in Matlab. l for the data in Fig. 2d was 2.8, in Fig. 3d 3.8 and in Fig. 4d it was 4.4. 
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Figures and Tables 
 
 Figure 1. A robotic wing is used to control the flapping motion. a) The wing can separately 
set the elevation and depression angle to set the angular amplitude (Aang) and change the mean 
wing elevation (MWE). The pitching angle can be adjusted as a continuous function over time to 
control the angle of attack (α). In addition, the wing can fold, and the stroke plane angle (SPA), 
the direction relative to the vertical that the wing is flapped, can be adjusted by rotating the 
circular plate that the robot is mounted on. The flapping frequency (f) can be set between 1 and 
15 Hz and the motion adjusted as a continuous function over time, allowing control of the relative 
duration of the downstroke within the wingbeat (downstroke ratio, dsr). See Ajanic et al. (1) for 
details. b) Several kinematic changes relative to a symmetrical flapping (upper left) are expected 
to alter the direction of the force generated, as shown by the vector sum of thrust (T) and lift (L). 
Here changes in the direction of the force at mid downstroke, relative to the vector for 
symmetrical flapping (transparent in background) are shown while varying different kinematic 
parameters. Light blue shaded areas indicate upstroke. c) The hybrid robotic wing(1) mounted in 
the Lund University wind tunnel(22). d) A sample sequence of lift (L) and thrust (T) measured 
from the wake of the robotic wing during one wingbeat period. Curves show averages of three 
wingbeats. 
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Figure 2. Optimal Strouhal number (St) depends on flight demands. a) Increased St resulted 
in increased thrust to lift ratio (T/L) and a fixed St resulted in different T/L depending on the 
frequency-angular amplitude combination when the mean wing angle (MWE) is below zero. b) 
The same wing motion, i.e. f and Aang, result in different St depending on the MWE, due to the 
effect of MWE on the vertical amplitude (Avert) used in the St definition. This shows that the 
current definition of St is not suitable for flapping flight. c) and d) Within the range of St studied 
here, efficiency of lift production (low Cost Of Transport, COT) decreased with increasing St while 
the propulsive efficiency (P) increased, suggesting preferred St depends on the T/L required to 
fly. For a given St, P was higher when using a MWE of -15 degrees than when flapping with 
MWE of 0 degrees. Birds tend to fly at lower St than bats(2), as indicated by the images next to 
the St illustrations. 
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Figure 3. Mean wing elevation (MWE) can control thrust to lift ratio (T/L) and flight 
efficiency. a) Increased flapping frequency (f) and amplitude (Aang) resulted in increased T/L, but 
so did lowering MWE. b) The increased T/L when lowering MWE is a result of a decreasing lift 
coefficient (CL) and an increasing thrust coefficient (CT). The latter is likely a result of increasing 
wing-wing interaction at the end of the downstroke. c) and d) When CT is positive, decreasing 
MWE resulted in more efficient lift production (lower Cost Of Transport, COT) but not a higher 
propulsive efficiency (P) than when achieving the same T/L by increasing f or Aang. 
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Figure 4. Downstroke ratio (dsr) and stroke plane angle (SPA) influence lift (L) and thrust 
(T). a) Deviating away from a dsr (the relative duration of the downstroke) of 0.5-0.55 increased 
T/L, while tilting the SPA reduced T/L. b) SPA had little influence on the lift coefficient (CL) but 
reduced the trust coefficient (CT). Increasing the dsr increased CL, while deviating from a dsr of 
0.5-0.55 increased CT. c) The Cost Of Transport (COT) increased with increased SPA but did not 
vary with dsr. d) The propulsive efficiency (P) was negatively affected by increasing SPA, 
compared to the strategy of only changing f or A. 
 



flapping pitching

folding stroke plane

z
xy

z y
x

0°

0°

y
z

0° 0°

+

+
+

+

elevation

depression

pronation

supination

-60
-30

0
30

0° u.s.d.s.
downstroke ratio

d.s. = downstroke 0 0.4 0.8
fraction of wingbeat

10.2 0.6

u.s. = upstroke

a c

d

0 0.05 0.1 0.15 0.2 0.25-1

0

1

2

3

4

Time (s)

L

TFo
rc

e 
(N

)

MWE 

SPA

b

0°
mean wing 
elevation stroke plane

downstroke ratio

flapping amplitudex y
z

z yx

L
T

dsr = 
tds

tds+tus

x
z

xy

flight direction



C
O

T

St

� p
 (C

T/C
P)

Mean wing elevation [°]

St

a

b

c

d
St

T/
L

St

0°

+0°
-5°
-10°
-15°
-20°
-25°

0.2

0.1

0

-0.1
0.2 0.25 0.3 0.2 0.25 0.3

0.2 0.25 0.3-20 -10 0

0.25

0.21

0

0.1

0.2

0.3

0.4

-1.5

1

0.5

0

-0.5

-1

St = 0.2

St = 0.3

St = 0.25

4 Hz
4.5 Hz
5 Hz

4.5 Hz
4.99 Hz
5.66 Hz
6.58 Hz

0.5

Avert

Aang

Aang

0.23



C
O

T

T/L

� p
 (C

T/C
P)

Mean wing elevation [°]

C
L (

  )

C
T(

  )

0°

+

4 Hz
4.5 Hz
5 Hz

0°
-5°
-10°
-15°
-20°
-25°

a

b

c

d

-20 -10 0
-0.04

-0.02

0

0.02

0.04

0.06

-0.1 -0.05 0 0.05 0.1
0

0.1

0.2

0.3

0.4

-0.1 -0.05 0 0.05 0.1
-1.5

-1

-0.5

0

0.5

1
Amplitude [deg]

T/
L

60 70 80
-0.1

-0.05

0

0.05

0.1

T/L

0.5

0

0.2

0.4

0.6

0.8

1



C
O

T

T/L

� p
 (C

T/C
P)

C
L (

  )

C
T 
(  

)

0°

+

0°
15°
30°-10°

a

b

c

d

T/
L

T/LDownstroke ratio
0.45 0.5 0.55 0.6 0.65

-0.1

-0.05

0

0.05

0.1

Downstroke ratio
0.45 0.5 0.55 0.6 0.65

0

0.2

0.4

0.6

0.8

1

-0.04

-0.02

0

0.02

0.04

0.06

-0.1 -0.05 0 0.05 0.1
0

0.1

0.2

0.3

0.5

-0.1 -0.05 0 0.05 0.1
-1.5

-1

-0.5

0

0.5

1

0°

+

0.4



 
 

1 
 

 

 
 
 
 
 
Supporting Information for 
Aerodynamic efficiency explains flapping strategies used by birds. 
 
 
L. Christoffer Johansson* 
 
* L. Christoffer Johansson 
Email: Christoffer.Johansson@biol.lu.se 
 
 
This PDF file includes: 
 

Supporting text 
Supporting references 
Figures S1 to S4 

  



 
 

2 
 

Supporting Text 
Material and methods 
The statistical models fitted to the data were the following, and all variables were treated as 
continuous if not stated otherwise. 
Fig. 2a, Y(T/L), Effects(St, f, f * St). f was treated as ordinal. 
Fig. 2c, Y(COT), Effects(MWE, f, St, St * MWE, St * f). 
Fig. 2d, Y(hp(k=2.8)), Effects(MWE, f, St, St * f, St * MWE). MWE was treated as nominal. 
 
Fig. 3a, Y(T/L), Effects(f, Adeg, f * Adeg). f was treated as ordinal. 
Fig. 3b, Y(CL, CT), Effects(MWE).  
Fig. 3c, Y(COT), Effects(Group, T/L, T/L * Group), where Group refers to the combination of f and 
constant vs changing MWE. Group was treated as nominal. 
Fig. 3d, Y(hp (k=3.8)), Effects(T/L, Group, T/L * Group). Group was treated as nominal. 
 
Fig. 4a, Y(T/L), Effects(dsR, SPA, dsR2, dsR * SPA, dsR2 * SPA). SPA was treated as nominal. 
Fig. 4b, Y(CL), Effects(SPA, dsR, dsR * SPA) and Y(CT), Effects(SPA, dsR, dsR2, dsR * SPA, 
dsR2 * SPA). SPA was treated as ordinal. 
Fig. 4c, Y(COT), Effects(dsR, SPA, T/L). SPA was treated as nominal. 
Fig. 4d, Y(hp (k=4.4)), Effects(T/L, SPA, T/L * SPA, dsR, dsR * T/L). SPA was treated as nominal. 
Y(hp (k=4.4)), Effects(T/L, Strategy, T/L * Strategy), where Strategy refers to changing f and Aang 
or SPA and dsr. Strategy was treated as nominal. 
 
Fig. S3a, Y(1/(CF1.5/CP)), Effects(Group, T/L, T/L * Group). Group was treated as nominal. 
Fig. S3b, Y(Fuse/e), Effects(Group, T/L, T/L * Group). Group was treated as nominal. 
Fig. S3c, Y(1/(CF1.5/CP)), Effects(St, MWE, f, St * MWE, St * f). MWE was treated as nominal. 
Fig. S3d, Y(Fuse/e), Effects(St, MWE, f, St * MWE, St * f). MWE was treated as nominal. 
Fig. S3e, Y(1/(CF1.5/CP)), Effects(T/L, SPA, dsR, T/L * SPA, T/L * dsR). 
Fig. S3f, Not tested. 
 
Results and discussion 
The results from the 𝐹௨௦௘ 𝜀̅⁄  (where 𝐹௨௦௘ is the total useful force and 𝜀 ̅is the enstrophy) were not 
presented in the main text, but to a large extent follow the same patterns as PF, but with relatively 
more variation in the data. 𝐹௨௦௘ 𝜀̅⁄  decreased with T/L (Supplemental Fig. S3b, p<0.0001), similar 
to PF. There was a significant difference between the MWE strategy and the non-MWE strategy 
in the slope, but only for the data that used the same f (Supplemental Fig. S3b, T/L * Group(4.5 
Hz) p=0.0479). 𝐹௨௦௘ 𝜀̅⁄  decreased with St (Supplemental Fig. S3d, p<0.0001), similar to PF, which 
supported the conclusion that the efficiency of generating 𝐹௨௦௘ decreases with increasing St, at 
least within the measurement range. In addition, 𝐹௨௦௘ 𝜀̅⁄  was lower and had lower slopes for the 
MWE strategy compared to the zero-MWE strategy when comparing across St (Supplemental 
Fig. S3d, MWE p<0.0001, St * MWE p=0.0090), following the same trend as PF. 
 
In addition to the main findings, I found a significant interaction effect between Aang and f so that 
T/L increased faster with Aang at high f than at low f (Fig. 3a, Aang*f, p<0.0001). This suggests that 
pitch rate may affect the T/L, providing an interesting avenue for future research. Pitch rate could 
influence force production through “fanning”, similar to what has been suggested for slow flying 
bats (1) or through controlling the rotational circulation, which can have an significant effect also 
in forward flight (2). This interaction effect between Aang and f could also be linked to my findings 
that increased f resulted in higher hp for a given St (Fig. 2d, p<0.0001), but also in a higher COT 
(Fig. 2c, p<0.0001) and a larger effect of f at higher St than at lower (Fig. 2b, St*f, p<0.0001). 
Together with my findings that there may be a wing-wing interaction effect also when the wings 
are relatively far apart this suggests that these effects that are generally ignored in cruising flight 
need further attention in systems with flapping wings pivoting around their base. 
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Fig. S1. A sample wingbeat used by the robot. Flapping frequency is 4.5 Hz, flapping amplitude 
80 degrees, mean wing elevation ‐10 degrees and downstroke ratio 0.6. The wing is folded during 
the upstroke and the angle of attack (α) is set to peak at 20 degrees, mid‐span, during the 
downstroke and at 5 degrees during mid upstroke, while set at 2 degrees at the turning points. 
The pitch is adjusted to maintain the prescribed α taking the flapping and forward speed into 
account, resulting in a pitch angle close to zero during the downstroke and a pitch up during the 
upstroke. Light blue background represents upstroke. 
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Fig. S2. Kinematic pattern for a single wingbeat of a jackdaw. The bird was flying at 8.7 m/s with 
a wingbeat frequency of 4.1 Hz. The flapping amplitude was 96 degrees, with a mean wing 
elevation of ‐20 degrees and a downstroke ratio of 0.73. The wing was folded during the upstroke 
and here the curve represents the wing length reduction scaled so that the minimum has the 
same value as the angular value of Fig. S1. The pitch of the wing is close to zero during the 
downstroke and is pitched up during the upstroke. The curves should only be seen as 
confirmation that the general patterns of the kinematics used by the robot (e.g. Fig. S1) is 
relevant for flapping flight in birds. Light blue background represents upstroke. 
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Fig. S3. Alternative measures of efficiency. The power factor (𝐶ிଵ.ହ/𝐶௉) (a, c, e) and 𝐹௨௦௘/𝜀 ̅(b, 
d, f) are measures of the “milage” of force generation. Both these factors decrease with 
increasing T/L and Strouhal number (St), except for 𝐹௨௦௘/𝜀  ̅when changing stroke plane angle 
and downstroke ratio (f). The legend shows, from left to right, the mean wing elevation (MWE), 
wingbeat frequency and stroke plane angle (SPA). Figure partly adapted from ref. (3), which is 
licensed under CC BY 4.0. 
  



 
 

7 
 

 

Fig. S4. Thrust during wingbeats with different mean wing elevation (MWE). Decreasing the 
MWE, while keeping all other kinematic parameters constant, results in an increase in thrust 
during the end of the downstroke (encircled in green), indicating the cause is a wing-wing 
interaction. The curves represent the means of all sequences with the same kinematic 
parameters. Figure partly adapted from ref. (3), which is licensed under CC BY 4.0. 
 


