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Pioneering (theoretical) results 80 years ago

» Wheeler 1947 and Chu 1948

Physical Limitations of Omni-Directional Antennas*

L. J. Cuy
Massachuselts Institute of Technology, Research Laboratory of Electronics, Boston, Massachusetts
(Received May 27, 1948)

The physical limitations of omni-directional antennas are considered, With the use of the
spherical wave functions to describe the field, the directivity gain G and the Q of an unspecified
antenna are calculated under idealized conditions. To obtain the optimum performance, three
criteria are used, (1) maximum gain for a given complexity of the antenna structure, (2) mini-
mum Q, (3) maximum ratio of G/Q. It is found that an antenna of which the maximum dimen-
sion is 2a has the potentiality of a broad band width provided that the gain is equal 1o or less
than 4a/\. To obtain a gain higher than this value, the Q of the antenna increases at an astro-
nomical rate. The antenna which has potentially the broadest band width of a.[l omai- dxrec-

tional antennas is one which has a radiation pattern ing to that of an i
small dipole.
L INTRODUCTION signal which appears in the form of r-f energy

N antenna system, functioning as a trans- at the input terminals of the transmitter. The
mitter, provides a practical means of trans- performa.ncle of such an antenna system is judged
mitting, to a distant point or points in space, a by the quality of transmission, whnch_(s measured
“This work has been supported in part by the Signal DY Doth the efficiency of transmission and the
Corps, the Air Materiel Command, and O.N.R. signal distortion. At a single frequency, trans-
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Pioneering (theoretical) results 80 years ago

» Wheeler 1947 and Chu 1948
(Partly) motivated by results
on maximal directivity for
current distributions of
LaPaz, Miller 1943 and
Bouwkamp, deBruijn 1946

resolving power of a lens or a reflector is propor-
tional to the ratio of the linear dimension to
wave-length. Thus, over the entire frequency
range, there seems to be a practical limit to the
gain or the directivity of a radiating or focussing
system.

From time to time, there arises the guestion
of achieving a higher gain from an antenna of
given size than has been obtained conventionally.
Among published articles, Schelkunofi* has de-
rived a mathematical expression for the current
distribution along an array which yields higher
directivity gain than that which has been usually
obtained. It is mentioned at the end of this
article that an array carrying this current dis-
tribution would have a narrow band width as
well as high conduction loss. In 1943, LaPaz
and Miller? obtained an optimum current dis-
tribution on a vertical antenna of given length

S Schelkunoff, Bell System Tech. J. 2, 80-107
1943
* L. LaPaz and G. A. Miller, Proc. I.R.E. 31, 214-232

cality of supergain antennas. In his unpublished
notes he derived the source distribution within a
sphere of finite radius for any prescribed dis-
tribution of the radiation field in terms of a com-
plete set of arthogonal, spherical, vector wave
functions.* Mathematically, the series repre-
senting the source distribution diverges as the
directivity gain of the system increases indefi-
nitely. Physically, high current amplitude on
the antenna, if it can be realized, implies high
cnergy storage in the system, a large power
dissipation, and a low transmission efficiency.
This paper presents an attempt to determine
the optimum performance of an antenna in free
space and the corresponding relation between its
3C. J. Bouwkam gand N. G. deBruijn, Philips Research
Reporta 1, 135~15! 1946) This wm’k was extended tc
the current distribution over an area by H. J. RxbleL
{(Proc. LR.E, 36, 620-623 (1948)). RaymondM ‘Wilmotte,
commenting on Riblet's work in a letter to the Editor
(Proc. LR.E. 36, 878 (1948)), discussed the exceedingly
low radiation resistance associated with discrete current
distributions which have an abnormally high directivity.

*]. A. Stratton, Electromagnetic_Theory (McGraw-FHill
Book Company, Inc., New York, 1941). Chap. 7, p. 392.
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Pioneering (theoretical) results 80 years ago

» Wheeler 1947 and Chu 1948
> (Partly) motivated by results
on maximal directivity for

current distributions of
LaPaz, Miller 1943 and
Bouwkamp, deBruijn 1946
» Many fundamental results
and problems in Chu's paper

of pairs are reduced to N+2 including the input
pair. It is interesting to observe that the in-
stantaneous total energy density at any point
outside the sphere is independent of time when
Eq. (30) is satisfied. The difference between the
mean électric energy density and the mean mag-
netic energy density is zero at any point outside
the sphere enclosing the antenna. Furthermore,
the instantaneous Poynting vector is independent
of time. This implies that the power flow from
the surface of the sphere enclosing a truly circu-
larly polarized omni-directional antenna is a d.c.
flow, and the instantaneous power is equal to
the radiated power. These relationships are due
to the dual nature of TE waves and TM waves
as well as the 90° difference in time phase be-
tween the two sets of waves.

To obtain the Q of the antenna, it is conveni-
ent to combine the energies and dissipation in
Z, of the TM, wave with that in ¥, of the TE,
wave and define a new Q, as 20W,/P, where
W, is the mean electric or magnetic energy
stored in Z, and V,, and P, is the total power
dissipated in both. Then

aX,
Qn=3]pha|%p—, (31)
dp
where X, is the imaginary part of Z, For

p=2ma/A>n, this Q, is approximately equal to

Ct@hene En-me

II. FURTHER CONSIDERATIONS
A. Practical Limitations

The above analysis does not take into con-
sideration many practical aspects of antenna de-
sign. In the following, a qualitative discussion
will be given of some of the practical limitations.

It is assumed in the analysis that the antenna
under consideration is located in free space. The
results, with a minor modification are applicable
to the problem of a vertically polarized antenna
above a perfectly conducting ground plane. In
practice, this condition can seldom be fulfilled.
The performance of an antenna designed on the
free-space basis will be modified by the presence
of physical objects in the neighborhood. Cur-
rents will be induced on the objects. They will
give rise not only to an additional scattered
radiation field but also to a modification of the
original current distribution on the antenna
structure. Both the gain and Q of the antenna
will be changed from their unperturbed values.
The currents set up on the objects vary as the
unperturbed field intensity at the locations of the
objects. For the same power radiated, the r.m.s.
amplitude of the unperturbed field intensity in
the neighborhood of the antenna is approxi-
mately proportional to the square root of Q. In
view of the rapid increase of Q as the gain of an
antenna is increased above the normal value
shown in Fig. 6, the disturbance of the field dis-
tribution in space by physical objects in the

ichborhood of the antenna becomes increas-
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Pioneering (theoretical) results 80 years ago

Wheeler 1947 and Chu 1948
(Partly) motivated by results
on maximal directivity for
current distributions of
LaPaz, Miller 1943 and
Bouwkamp, deBruijn 1946
Many fundamental results
and problems in Chu's paper
maximal gain, minimum Q,
maximal G/Q, circular
polarization, surrounding
structures, and bandwidth

PR —
the surface of the sphere. For a high-Q antenna,
the ratio of the minimum conduction loss to the
power radiated is therefore approximately pro-
portional to the @ of the antenna computed in
the absence of losses. Although this conduction
loss is helpful in reducing the Q at the input
terminals, it reduces the efficiency and the power
gain of the antenna.

The condition of minimum energy storage
within the sphere is not always realizable. On
account of the unavoidable frequency sensi-
tivities of the elements of the antenna structure
or the matching networks, the Q of a practical
antenna computed on the no conduction-loss
basis will be usually higher than the one derived
in this paper.

B. Band Width and Ideal Matching Network

‘We have computed the Q of an antenna from
the energy stored in the equivalent circuit and
the power radiated, and interpreted it freely as
the reciprocal of the fractional band width. To
be more accurate, one must define the band width
in terms of allowable impedance variation or the

tolerable reflection coefficient over the band. For
a given antenna, the band width can be increased
by choosing a proper matching network. The
theoretical aspect of this problem has been dealt
with by R. M. Fano.® Figure 11 given here
through his courtesy illustrates the relations
among the fractional band width, absolute ampli-
tude of the reflection coefficient, and the pa-
rameter 2ra/\ of an antenna which has only the
TM, wave outside the sphere. As shown in
Section II, F this antenna has the lowest Q
of all vertically polarized omni-directional an-
tennas and its equivalent circuit is shown in
Fig. 3. The curve of Fig. 11 is computed on the
assumption that the input impedance of the an-
tenna is equal to Zy, and an ideal matching net-
work is used to obtain a constant amplitude of
the reflection coefficient over the band. The
phase of the reflection coefficient, however,
varies rapidly near the ends of the band.

s R. M. Fano, “Theoretical Limitations on the Broad-
band Maiching of Atbitrary Impedances,” R.L.E. Tech-
nical Report No. 41, January 2, 1948,
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Bounds for spherical regions by Chu and Harrington

» Radiated field expanded in spherical waves
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Bounds for spherical regions by Chu and Harrington

> Radiated field expanded in spherical waves
» Circuit representation of the spherical wave impedance with stored
energy from energy in the lumped elements

€oa
TM; Hoa 1o
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Bounds for spherical regions by Chu and Harrington

> Radiated field expanded in spherical waves

» Circuit representation of the spherical wave impedance with stored
energy from energy in the lumped elements

» Chu-bound (1948) for omni-directional antennas, i.e., _|

€oa

Q-factor:  Q > Qcpy = 1/(ka)® +1/(ka), TM1  poa 0

where k is the wavenumber k& = 21/\ and a sphere radius
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Bounds for spherical regions by Chu and Harrington

» Radiated field expanded in spherical waves

» Circuit representation of the spherical wave impedance with stored
energy from energy in the lumped elements

» Chu-bound (1948) for omni-directional antennas, i.e.,

Q-factor:  Q > Qcpy = 1/(ka)® +1/(ka), o
where k is the wavenumber k& = 2r/\ and a sphere radius NG T
> Recalculated using fields (Hankel functions) [CR64] | s >0
e
10 * L I;I }*5
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Bounds for spherical regions by Chu and Harrington

» Radiated field expanded in spherical waves

» Circuit representation of the spherical wave impedance with stored
energy from energy in the lumped elements

» Chu-bound (1948) for omni-directional antennas, i.e.,

2a

Q-factor:  Q > Qcpy = 1/(ka)® +1/(ka), o
where k is the wavenumber k& = 2r/\ and a sphere radius NG T
> Recalculated using fields (Hankel functions) [CR64] | s -
» Using higher order modes (dipole (I = 1), quadropole (I = 2), ...) . I*E
up to order L by Harrington (1958) [Har58] ; .| F

Directivity: D < L?*+2L, L~ ka for ka > 1 ) "
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Bounds for spherical regions by Chu and Harrington

» Radiated field expanded in spherical waves

» Circuit representation of the spherical wave impedance with stored
energy from energy in the lumped elements

» Chu-bound (1948) for omni-directional antennas, i.e.,

2a

Q-factor:  Q > Qcpy = 1/(ka)® +1/(ka), o
where k is the wavenumber k = 21/\ and a sphere radius NG T

> Recalculated using fields (Hankel functions) [CR64] AR\

» Using higher order modes (dipole (I = 1), quadropole (I = 2), ...) . i
up to order L by Harrington (1958) [Har58] s <.} G

Directivity: D < L?+42L, L~ ka for ka > 1 1
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> Related investigations by e.g., Hansen, Fante, Rhodes, Thal,
McLean, Yaghjian, Kim, Sievenpiper, ...
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» Radiated field expanded in spherical waves

» Circuit representation of the spherical wave impedance with stored
energy from energy in the lumped elements

» Chu-bound (1948) for omni-directional antennas, i.e.,

Q-factor:  Q > Qcpy = 1/(ka)® +1/(ka),

where k is the wavenumber k = 21/\ and a sphere radius

> Recalculated using fields (Hankel functions) [CR64]

» Using higher order modes (dipole (I = 1), quadropole (I = 2), ...)
up to order L by Harrington (1958) [Har58]

Directivity: D < L?+42L, L~ ka for ka > 1

> Related investigations by e.g., Hansen, Fante, Rhodes, Thal,
McLean, Yaghjian, Kim, Sievenpiper, ...

Electrically Small Magnetic Dipole Antennas With
Quality Factors Approaching the Chu Lower Bound

Approaching the Lower Bounds on Q for Electrically
Small Electric-Dipole Antennas Using High
Permeability Shells
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Bounds for spherical regions by Chu and Harrington

Much knowledge but
also many questions:

» Radiated field expanded in spherical waves » How is bandwidth

» Circuit representation of the spherical wave impedance with stored related to Q7
energy from energy in the lumped elements » How do materials

» Chu-bound (1948) for omni-directional antennas, i.e., affect the results?
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Bounds for spherical regions by Chu and Harrington

Much knowledge but
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» Chu-bound (1948) for omni-directional antennas, i.e., affect the results?
> How do
Q-factor: @ > Qcnu = 1/(ka)® +1/(ka), non-spherical

shapes perform?
Why does the
bandwidth depend
on the thickness of
a wire dipole?

Directivity: D < L>+2L, L ~ ka for ka > 1 > Can small
antennas have

where k is the wavenumber k& = 2r/\ and a sphere radius
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Much progress over the years

Arbitrarily shaped design regions Radiation properties

Theory and practice of small antennas have
developed tremendous over the years with
contributions from several researchers. This
presentation is focused on theory. For more
comprehensive overviews, design, and other
perspectives, see e.g., [Fuj+88; GTCI5;
Har68; HC11; VCF10]

Spherical design region

Design regions

» Bandwidth, Q-factor, and stored close to ground
planes or structures
energy

K. Fujimoto et al. Small Antennas. Antenna Series. Letchworth, England: Research Studies Press, 1988; M. Gustafsson, D. Tayli, and M. Cismasu. “Physical bounds of antennas”.

In: Handbook of Antenna Technologies. Ed. by Z. N. Chen. Springer-Verlag, 2015, pp. 107-233; R. F. Harrington. Field C ion by Moment Methods. New York, NY
Macmillan, 1968; R. C. Hansen and R. E. Collin. Small Antenna Handbook. \Wiley, 2011; J. Volakis, C. C. Chen, and K. Fujimoto. Small Antennas: Miniaturization Techniques &
Applications. New York, NY: McGraw-Hill, 2010
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» Bandwidth, Q-factor, and stored
energy
» Materials and temporal dispersion
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Spherical design region

Design regions
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Design regions
» Bandwidth, Q-factor, and stored close to ground
planes or structures
energy
» Materials and temporal dispersion
> Arbitrary shapes
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Stored energy and Q-factor

» Energy definition of the Q-factor from the ratio between

the stored electric, W, and magnetic, W,,, energies and »—|
the dissipated power, i.e., c "S=r IT c% L §R

2w max{We, Wy, }
Q= P
d

_ P L1?

We 1

and W, =
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Stored energy and Q-factor

» Energy definition of the Q-factor from the ratio between

the stored electric, W, and magnetic, Wy,, energies and »—I
the dissipated power, i.e., c "S=r IT cé L §R

_ 2wmax{W,, Wy, }

’ fa Cv|? L)1
We = 1 and Wy, = 1

> Fractional bandwidth for single resonances [YB05]
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2
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Stored energy and Q-factor

» Energy definition of the Q-factor from the ratio between

the stored electric, W, and magnetic, Wy,, energies and »—I }—ﬂﬂg
the dissipated power, i.e., c "S=r c8rL2r
1
Q= 2w max{We, Wi, }
= P,
C|V|? L|I?
woZ CIVE Ll

» Fractional bandwidth for single resonances [YBO05]
2 o
Q\1-T1¢

» Bode-Fano limit [Fan50; Han06] ~ x4 for VSWR=2 ,
see also [CJH15; GNO6; SBY07]
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Stored energy and Q-factor

» Energy definition of the Q-factor from the ratio between

the stored electric, W, and magnetic, Wy,, energies and »—I }—ﬂﬂ%
the dissipated power, i.e., c "S=r c8rL2r
1
Q= 2w max{We, Wi, }
N P,
’ b CIVE LI
> Fractional bandwidth for single resonances [YB05] ey m Ty

~ 2 1o
Q\1-T1¢

> Bode-Fano limit [Fan50; Han06] ~ x4 for VSWR=2 ,
see also [CJH15; GN06; SBY07]

» What are bandwidth, Q-factor, and stored (reactive)
energy for antennas?

B
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Yaghjian and Best 2005

Influential, many results, 27 pages

Impedance, Bandwidth, and () of Antennas

Arthur D, Yaghjian, Fellow, IEEE, and Steven R. Best, Senior Member, IEEE

fennas,a well s thenee forefficint acurale approvimat o
mulas for computing this bandwidth and and approi-

o are found or the handidth and @ of 4 gen-
eral single-feed (one-port) lossy or lossiess linear antenna tuned
o resonance or antiresonance. The approximate expression de-

5

vious approximate expressions in that it is inversely proportional

impedance and, for not (0o large a bandwidth, it is nearly equal
o he exat bandidih o the tune antenna i veryfrequency

o 5 o Shown o sppropriatlydefind exat Q of
a tuned lossy or lossless antenna is approximately proportional to
17 (n)] a1 thus this @I approsinatly iversey proporional

anicana at ol Iequences. The exact @ of 8 tned anteana f do-
ied I ler of verage Inermal ncrgles tat emerge naturally

defined quality-factor energies, and the associated @ are proven
1o ncreas without bound s he e of an antenna 1s decreacd,

more accurate than previous formulas. As part of the derivation
)

for the inputimpedance of the antenna and it derivative with re-
spect tofrequency are found in terms of the filds of the antenna.
The exet  of s gecr oy orlosiss neons s o

essed in e of two dispersion energiesand the frequency
Gervtive of he input reaianco of th antenn. The v o
the total internal energy. as well as one of these dispersion en-
ergies, for an antenna with an asymmetric far-field magnitude
pattern, and thus the value of @ for such an antenna, is shown
o depend on the chosen position of the origin of the coordi-
nate system to which the filds of the antenna are referenced. A
practical method is found to emerge naturally from the deriva-
tions that removes this ambiguity from the definition of @ for
general antenna.! The validity and accuracy of the expressions
are confirmed by the numerical solutions to stright-wire and
wire-loop, lossy and lossless tuned antennas, as well as 04 Yagi
anenns snd  Sight i sinna nbedded in s ety
depend material, over a

ire-loop lossy and
well 2 o 2

curacy of the approximate expressions and the inverse relation.
ship between the defined bandwidth and the delined Q over fre.
quency ranges that cover several resonant and antiresonant fre-
quency bands.

fex Terms—Antennas, antiresonance, bandwidth, impedance,
quality factor, resonance.

L. INTRODUCTION
HE primary purpose of this paper is twofold: irs, to define
& fundamental, universally applicable measure of band-
width of a tuned antenna and to derive a useful approximate
expression for this bandwidth in terms of the antenna’s input
impedance that holds at every frequency, that i, throughout the
ntire anizsonant u wel as resonan rquency angesof the
W second,

quencies to cover several resonant and aniresonant frequency
bands. The remainder of the paper, many of the results of which
were first presented in 9], is organized as follows.

Preliminary definitions required for the derivations of the ex-
pressions for impedance, bandwidth, and Q of an antenna are
given in Section I

In Section I, the fractional conductance bandwidih and the
fractional matched voltage:standing-wave-ratio (VSWR) band-
width are defined and determined approximately for a general
tuned antenna in terms of gnitude of

the frequency derivative of the input impedance of the antenna.
Itis shown that the matched VSWR bandwidth s the more fun-
damental messure of bandidth bocause, uniike the conde:
e badvidh, sty n gnerl ol egencie st hich

an antenna . (Throughou this paper, we are considering
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> Fields: subtracting
Poynting vector or
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differentiate or
circuit fit
> similar (identical)
results for electrically
small structures
> some results for
temporally dispersive
media

K. Schab et al. “Energy stored by radiating systems”.
IEEE Access 6 (2018), pp. 10553 —10568
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Stored energy expressed in currents and charges

Stored electric energy by Vandenbosch 2010 [Van10] (also [Gey03] in limit ka — 0).

_ Mo . cos(k|r; — 7o)
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1 N " sin(k|r; — r
- §(k2J(7“1) ~J(r2) = Vi J(r1)Va - J (T2))W dVydV,

» Can be derived from the subtracted far-field energy Wy ([GJ15])

K. Schab et al. “Energy stored by radiating systems” . |EEE Access 6 (2018), pp. 10553 ~10568; G. A. E. Vandenbosch. “Reactive
Energies, Impedance, and Q Factor of Radiating Structures”. |EEE Trans. Antennas Propag. 5
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Stored energy expressed in currents and charges

Stored electric energy by Vandenbosch 2010 [Van10] (also [Gey03] in limit ka — 0).
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> Can be derived from the subtracted far-field energy Wr ([GJ15])
> Negative values ([GCJ12])

K. Schab et al. “Energy stored by radiating systems”. |EEE Access 6 (2018), pp. 10553 ~10568; G. A. E. Vandenbosch. “Reactive
Energies, Impedance, and Q Factor of Radiating Structures”. |EEE Trans. Antennas Propag. 58.4 (2010), pp. 1112-1127
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Stored electric energy by Vandenbosch 2010 [Van10] (also [Gey03] in limit ka — 0).
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sin(k|ry — ra)

- %(k2J(’r'1) J*(rg) = Vi - J(r1)Va - J*(r2)) =
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> Can be derived from the subtracted far-field energy Wr ([GJ15])
> Negative values ([GCJ12])
> Differentiated method-of-moments (MoM) matrices in [HM72]

K. Schab et al. “Energy stored by radiating systems”. |EEE Access 6 (2018), pp. 10553 ~10568; G. A. E. Vandenbosch. “Reactive
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Stored energy expressed in currents and charges

Stored electric energy by Vandenbosch 2010 [Van10] (also [Gey03] in limit ka — 0).
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> Can be derived from the subtracted far-field energy Wr ([GJ15])
> Negative values ([GCJ12])

» Differentiated method-of-moments (MoM) matrices in [HM72]
» Can be used in convex optimization [GN13].

K. Schab et al. “Energy stored by radiating systems". IEEE Access 6 (2018), pp. 10553 ~10568; G. A. E. Vandenbosch. “Reactive
Energies, Impedance, and Q Factor of Radiating Structures”. IEEE Trans. Antennas Propag. 58.4 (2010), pp. 1112-1127
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Stored energy expressed in currents and charges

Stored electric energy by Vandenbosch 2010 [Van10] (also [Gey03] in limit ka — 0).

_ Mo . cos(k|r; — 7o)
We = dw /Q/Qvl J(T’l)VQ J (rz)—4ﬂk‘|']"1 —’l"2|
sin(k|ry — ra)

- %(k2J(r1) J*(rg) = Vi - J(r1)Va - J*(r2)) =

dV;dVa

Can be derived from the subtracted far-field energy Wg ([GJ15])
Negative values ([GCJ12])

Differentiated method-of-moments (MoM) matrices in [HM72]
Can be used in convex optimization [GN13].

> Extensions to temporal dispersion [GE17].

vyvyy

K. Schab et al. “Energy stored by radiating systems”. IEEE Access 6 (2018), pp. 10553 ~10568; G. A. E. Vandenbosch. “Reactive
Energies, Impedance, and Q Factor of Radiating Structures”. IEEE Trans. Antennas Propag. 58.4 (2010), pp. 1112-1127
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Material effects on () and stored energy

» Material properties are absent from the Chu limit, raising Overcoming the Chu Lower Bound on Antenna Q
with Highly Dispersive Lossy Material

questions whether engineered materials can affect the bound
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» Material properties are absent from the Chu limit, raising Overcoming the Chu Lower Bound on Antenna Q
with Highly Dispersive Lossy Material

questions whether engineered materials can affect the bound

> Losses reduce efficiency and gain [Har68]. Non-magnetic
materials restrict bandwidth [GSK07]. Temporal dispersion
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> Increases the stored energy [GE17] but deceases the
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» Time varying, or active materials can also enhance
performance, but is not discussed here
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Much progress over the years

Arbitrarily shaped design regions

Radiation properties

Spherical desi

Design regions
close to ground
planes or structures

K. Fujimoto et al. Small Antennas. Antenna Series. Letchworth, England: Research Studies Press, 1988; M. Gustafsson, D. Tayli, and M. Cismasu. “Physical bounds of antennas”.
In: Handbook of Antenna Technologies. Ed. by Z. N. Chen. Springer-Verlag, 2015, pp. 197-233; R. F. Harrington. Field Computation by Moment Methods. New York, NY:
Macmillan, 1968; R. C. Hansen and R. E. Collin. Small Antenna Handbook. Wiley, 2011; J. Volakis, C. C. Chen, and K. Fujimoto. Small Antennas: Miniaturization Techniques &
Applications. New York, NY: McGraw-Hill, 2010
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@, for arbitrary shaped electrically small antennas

> Bounds in the limit ka — 0 for d|p0|e radiation (D = 3/2) le {owersoundsonmerfEIecnn'cauySmaunzpol;
for TM (electric dipole) and TE (magnetic dipole) s S

67 67

Q™ = and Q,TE =
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with electric vy, and magnetic «,, polarizability dyadics

MINIMUM Q FOR LOSSY AND LOSSLESS ELECTRI-
CALLY SMALL DIPOLE ANTENNAS
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' Electromaguctics Research Consultant, 115 Wright Road, Concord,
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Department of Electrical and Information Tochnology, Lund
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Qm, for arbitrary shaped electrically small antennas

» Bounds in the limit ka — 0 for dipole radiation (D = 3/2). Qu,
for TM (electric dipole) and TE (magnetic dipole)
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Thal2; Vanll]

» UWB onset wavenumber k3 > 2G, /(31 maxeig~y) [SG08]

MINIMUM Q FOR LOSSY AND LOSSLESS ELECTRI-
CALLY SMALL DIPOLE ANTENNAS

Arthur D. Yaghjian'", Mats Gustafsson?, and B. Lars
G. Jonsson®

Electrom
MA 01742, USA
2

Rescarch Consultant, 115 Wright Road, Concord,

M. Gustafsson, C. Sohl, and G. Kristensson. “Physical limitations on antennas of arbitrary shape”. Proc. R. Soc. A 463 (2007),

pp. 2589-2607; M. Gustafsson, C. Sohl, and G. Kristensson. “lllustrations of New Physical Bounds on Linearly Polarized Antennas”.
IEEE Trans. Antennas Propag. 57.5 (May 2009), pp. 1319-1327; C. Sohl and M. Gustafsson. “A priori estimates on the partial
realized gain of Ultra-Wideband (UWB) antennas”. Quart. J. Mech. Appl. Math. 61.3 (2008), pp. 415-430; A. D. Yaghjian,

M. Gustafsson, and B. L. G Jonsson. “Minimum Q for Lossy and Lossless Electrically Small Dipole Antennas”. Progress In
Electromagnetics Research 143 (2013), pp. 641-673; A. D. Yaghjian and H. R. Stuart. “Lower Bounds on the Q of Electrically Small

Mats Gustafsson, Lund University, Sweden, 11


http://dx.doi.org/10.1098/rspa.2007.1893
http://dx.doi.org/10.1109/TAP.2009.2016683
http://dx.doi.org/10.1093/qjmam/hbn008
http://dx.doi.org/10.1093/qjmam/hbn008
http://dx.doi.org/10.2528/PIER13103107
http://dx.doi.org/10.1109/TAP.2010.2055790
http://dx.doi.org/10.1109/TAP.2010.2055790

Qm, for arbitrary shaped electrically small antennas

» Bounds in the limit ka — 0 for dipole radiation (D = 3/2). Qu,
for TM (electric dipole) and TE (magnetic dipole)

Q™ =

with electric 7, and magnetic =, polarizability dyadics
» Sum rule [GSKO07; GSKO09], EM energy [YGJ13; YS10], [CSV16;

Thal2; Vanll]

> UWB onset wavenumber k3 > 2G, /(3nmaxeig~y) [SGO08]
» mixed TM, TE, J, M Q-factors [GCS19; JG15; YGJ13], e.g.,

and Q, TE =

k3 max eig v, k3 max eigvy,,

Qm =
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Polarizability and EM antenna size

» Bounds for TM dipole radiation

6w 61
- > -
k3 maxeigvy, — k% maxeigy

Q™ =

with high-contrast v, polarizability
dyadic [GSK07; GSKO09; YS10]

M. Gustafsson, D. Tayli, and M. Cismasu. “Physical bounds of antennas”. In: Handbook
of Antenna Technologies. Ed. by Z. N. Chen. Springer-Verlag, 2015, pp. 197-233

Mats Gustafsson, Lund University, Sweden, 12



Polarizability and EM antenna size

» Bounds for TM dipole radiation

6m 6w
- > -
k3 maxeigvy, — k3 maxeigy,

Q™ =

with high-contrast ., polarizability
dyadic [GSK07; GSK09; YS10]

» Analytical expressions for many
shapes [GTC15]

M. Gustafsson, D. Tayli, and M. Cismasu. “Physical bounds of antennas”. In: Handbook
of Antenna Technologies. Ed. by Z. N. Chen. Springer-Verlag, 2015, pp. 197-233

high contrast polarizability dyadic v,

geometry

Sphere with radius a [s2]
Yoo = Yl = 47a’1 & 12.570°1

Solid hemisphere with radius a [32]

59 | 4 64 25 )
=4n(2— M +§h) + —= (5 — =(V3+1))a’2z

oo = Am(2 = 2)a’ (@8 + ) + == (5 — Il )

~ 9.28¢° (&d + §§) + 459022 = 074y (22 + §9) + 0.36712%

Hemispherical shell with radius a [82]
8 4 o 16 4w
Yoo = (27r+§)a (2@ +9y) + (27r7§+2+n

~ 8.95a° (@& + PP) + 3.39a° 22 & 0.71ygu (@2 + §§) + 0.2Tu2%

Ya*zz

Oblate spheroid with width 2a and height 2b, where b < a [82,
103]. Set € = bja and e = \/T— €
dnge

&+ h) + Sme? Yrrs
o Amel I
7 7 3(e = garccosd) Y9 3 arcoos € — €0

Circular disc with radius a [44]

16 5. PN JU
Yoo = ?a“(wz +9Y) ~ 5330 (@& + §Y) = 0.427,u(2E + YY)

Prolate spheroid with height 2a and width 25, where b < a [52,
103]. Set € = b/a and ¢ = /T — €2
8me? Mo + ) + 16me2e? P
@i 22
YT 5 —em )

Voo

30 E 2

T
4

~ 355 2 s
~ 3(11‘2711|§71>a 22+0(8) asf—0

Cube with side lengths £ = 2a/v/3 [66, 98]
Yoo & 3.644305190268(°1 & 5.61a°1 & 0.457,,,1
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Polarizability and EM antenna size

Bounds for TM dipole radiation
6m 6w

geometry

high contrast polarizability dyadic v,

Sphere with radius a [s2]
Yoo = Yl = 47a’1 & 12.570°1

Q™ = - > - I
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Yoo = w(—ﬂﬁ)u R e T +1))a’2z

with high-contrast ., polarizability
dyadic [GSK07; GSK09; YS10]

Analytical expressions for many

shapes [GTC15]

Quantifies the EM size. Note, volume and
area do not quantify EM size for
non-convex shapes
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Polarizability and EM antenna size

» Bounds for TM dipole radiation

6m 6w
- > -
k3 maxeigvy, — k3 maxeigy,

Q™ =

with high-contrast ., polarizability
dyadic [GSK07; GSK09; YS10]

» Analytical expressions for many
shapes [GTC15]

» Quantifies the EM size. Note, volume and
area do not quantify EM size for
non-convex shapes

» A spherical region v, = 4na®1
reproduces the limit by Thal
(2006) [Tha06] for spherical wire antennas

M. Gustafsson, D. Tayli, and M. Cismasu. “Physical bounds of antennas”. In: Handbook
of Antenna Technologies. Ed. by Z. N. Chen. Springer-Verlag, 2015, pp. 197-233

geometry

high contrast polarizability dyadic v,

Sphere with radius a [82]
Yoo = Yol = 47a*1 = 12.57a°1

Solid hemisphere with radius a [82]

: ) 4 64 25 )
Maw+9y) + —= (= — —(V3+1))a’2z
wva) @) (T Vi)
~ 9.28¢° (@& + §§) + 459022 = 0. 74y (&2 + §9) + 0.36712%

Yoo =4m(2—

Hemispherical shell with radius a [82]
8 16 4
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~ 8.950° (@& + §¥) + 3.39a° 22 ~ 0.7l (@2 + §§) + 0.277n22

Oblate spheroid with width 2a and height 2b, where b < a [82,
103]. Set € = bja and e = \/T— €

dnge? e e s
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3(e — arccos§) arccos € — £e)

Circular disc with radius a [44]

16 5. PN JU
Yoo = ?a“(wz +9y) ~ 5330 (@& + §Y) = 0.427,u(2E + YY)

Prolate spheroid with height 2 and width 20, where b < a [82,
103]. Set £ = b/a and ¢ = /T — €
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Polarizability v = € - v, - e: Interpretation
Wire dipoles (length ¢ ~ 2a) with coils

Geometries of the three wire dipoles

dipole 1 dipole 2 dipole 3

=

<

=

? wire dipole
=
%wire coil
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Polarizability v = € - v, - e: Interpretation
Wire dipoles (length ¢ ~ 2a) with coils

Geometries of the three wire dipoles

dipole 1 dipole 2 dipole 3

=

<

=

; wire dipole
=
%wire coil

v/a® = 0.73 vy/a® = 0.95 v/a~1.52
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Polarizability v = e - v, - e: Interpretation
Wire dipoles (length ¢ ~ 2a) with coils

External electrostatic field along the dipoles

dipole 1 dipole 2 dipole 3

=

ée=3% é=2

? wire dipole
%wire coil

v/a® = 0.73 vy/a® = 0.95 v/a~1.52
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Polarizability v = € - v, - e: Interpretation
Wire dipoles (length ¢ ~ 2a) with coils

Induced charge density on the wire

dipole 1 dipole 2 dipole 3

+ F+
+
€++++

wire dipole

kR _%wire coil
v/a® ~0.73 ~/a®~0.95 v/a®~1.52
Separation of charge for large polarizability.

Mats Gustafsson, Lund University, Sweden, 13




Properties of the polarizability dyadics

Removal of metal from circular and square plates

S

§6 a:a:+yy 34.3zx+4.59Y) a3(4.0 zz+4.8 gy)

uCF

1.04 B(@2+9y)  £3(0.94 2+0.96 gg) €3(0.51 2240.93 9g)

» The polarizability decrease (or is unchanged) if you remove material

» The region in the center of the structure does not contribute much to the polarizability
» Volume (and large area) is not needed for a large polarizability

> Important to be able to support a large separation of charge

» Quantifies 'Fat is good’ for the bandwidth of small antennas

» AntennaQ.m on matlabcentral fileexchange

Mats Gustafsson, Lund University, Sweden, 14



Much progress over the years

In: Handbook of Antenna Technologies. Ed. by Z. N. Chen

Arbitrarily shaped design regions

Radiatio

Spherical design regi

Design regions
close to ground

n properties

i
AL
See

=

planes or structures

K. Fujimoto et al. Small Antennas. Antenna Series. Letchworth, England: Research Studies Press, 1988; M. Gustafsson, D. Tayli, and M. Cismasu. “Physical bounds of antennas”.

Applications. New York, NY: McGraw-Hill, 2010

Springer-Verlag, 2015, pp. 197-233; R. F. Harrington. Field Computation by Moment Methods. New York, NY:
Macmillan, 1968; R. C. Hansen and R. E. Collin. Small Antenna Handbook. Wiley, 2011; J. Volakis, C. C. Chen, and K. Fujimoto. Small Antennas: Miniaturization Techniques &
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Gain and directivity effects on Qy,

> Hal’l’lngton [Har58] D S L + 2L =3 fOI’ L =1 A Monopole Superdirective Array
i
i

Electrically small supergain end-fire arrays

A, D. Yaghjian,' T. H. O'Donnell' E. E. Altshuler,' and $. R. Best®
Received 14 September 2007 revis 29 Jnusry 2005, scsepd 6 Mrch 2008; publshed 14 May 208
[ The theory, computer simulations, and experimental measurements are presented for
clectrically smal, two-clement supergain armays with near-optimal end-fire gains of 7 dB.
iow how the difficultis of nartow tolerances, large mismatches, low radiation
efficiencies, and reduced scatteing of electrically small parasitic clements are overcome.
y small the el iven and
singly driven (parasitic), two-clement, electrically small supergain end-fir arrays.
Although rapidly increasing nartow tolerances prevent the practical ealization of the
maximum theorctically possible end-fre gai

I electrically small th many

M. Gustafsson and S. Nordebo. “Optimal Antenna Currents for Q, Superdirectivity, and Radiation Patterns Using Convex
Optimization”. IEEE Trans. Antennas Propag. 61.3 (2013), pp. 1109-1118

Mats Gustafsson, Lund University, Sweden, 16


http://dx.doi.org/10.1109/TAP.2012.2227656
http://dx.doi.org/10.1109/TAP.2012.2227656

Gain and directivity effects on Qy,

» Harrington [Har58] D < L? + 2L =3 for L =1
» Can synthesize small arrays with superdirectivity and
supergain, e.g., [Alt+05; Yag+08]

M. Gustafsson and S. Nordebo. “Optimal Antenna Currents for Q, Superdirectivity, and Radiation Patterns Using Convex
Optimization”. IEEE Trans. Antennas Propag. 61.3 (2013), pp. 1109-1118

A Monopole Superdirective Array

Eduend . Al e Fello, EEE Ty H.0'Dosel. Menier IEEE. A . Noghon,Fllo IEE.
and Steven R. Bes. Senior Member, EE]

Electrically small supergain end-fire arrays

A. D, Yaghjian,' T. H. O'Donnell' E. E. Altshuler,' and $. R. Best®
wblishod 14 May 2005
11 The theoy,compuessmlaions, and expermental measurements are prsend ox
clcticlly small two<lement supergsin rays il car-opimal end- gans of 7 4B
how the difficultes of narrow tolerances, large mismatches, low radiation
lficicnie,and edoced satrng of dectrcally Smal parasic shements e overeome
by wsing eecircally smal esonant antennas s th clements n both separaely drven and
gl drven (parasitc), two-clement, slecticallysmall spergan nd e ey,
increasing narrow tolerances prevent the practcal realzation of the
sically posibl end- e gain of hocrially small aeys with many
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Gain and directivity effects on Qy,

» Harrington [Har58] D < L? + 2L =3 for L =1 v

» Can synthesize small arrays with superdirectivity and
supergain, e.g., [Alt+05; Yag+08]

» The cost in @ for increased directivity or gain and similar 0
problems can be formulated as optimization problems over
currents [GC19; GN13; JC17], e.g., '

100

minimize stored energy @/
subject to far ﬁeld(l;:, e) =1 w 5
radiated power < k*/Dy

Nett

10°

0 02 04 06 08 1
|IEEE APS 2013, Efficiency and Q for small antennas
using Pareto optimality

M. Gustafsson and S. Nordebo. “Optimal Antenna Currents for Q, Superdirectivity, and Radiation Patterns Using Convex
Optimization”. IEEE Trans. Antennas Propag. 61.3 (2013), pp. 1109-1118
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Gain and directivity effects on Qp,

» Harrington [Har58] D < L? + 2L =3 for L =1

» Can synthesize small arrays with superdirectivity and
supergain, e.g., [Alt+05; Yag+08]

» The cost in @) for increased directivity or gain and similar
problems can be formulated as optimization problems over
currents [GC19; GN13; JC17], e.g.,

minimize stored energy

subject to far field(k, &) = 1
radiated power < k*/Dq

» These problems are often convex or non-convex QCQPs
(quadratically constrained quadratic program) and e.g.,
solved using duality [BVO04]

M. Gustafsson and S. Nordebo. “Optimal Antenna Currents for Q, Superdirectivity, and Radiation Patterns Using Convex
Optimization”. IEEE Trans. Antennas Propag. 61.3 (2013), pp. 1109-1118

10°

100
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10°
0 02 04 06 08 1

|IEEE APS 2013, Efficiency and Q for small antennas
using Pareto optimality
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Antenna limits based on convex optimization, QCQP, and duality

Q f/GHz, I=10cm 10° end-fire short side ||
tos 0.6 0,9 1.2 15 o 0 end-fire long side
broadside
100 25 15 6 % antenna region «---- Harrington
+ + + Prediction _10% ~—— GO, GO/2
o o o Simulation =
">~ Physical bound S )
= 10
=
10°
10-1 i i
10! 10? 10°

ka ~ 3516/

/A

0.1 0.2 0.3 0.4 0.5 1/A

» Many antenna limits can be formulated as convex optimization and/or QCQP problems

M. Capek et al. “Optimal Planar Electric Dipole Antennas”. /EEE Antennas Propag. Mag. 61.4 (2019), pp. 19-29; C. Ehrenborg and M. Gustafsson. “Fundamental bounds on
MIMO antennas”. |EEE Antennas Wireless Propag. Lett. 17.1 (2018), pp. 21-24; M. Gustafsson and M. Capek. “Maximum Gain, Effective Area, and Directivity”. /EEE Trans.
Antennas Propag. 67.8 (2019), pp. 5282-5293; M. Gustafsson and S. Nordebo. “Optimal Antenna Currents for Q, Superdirectivity, and Radiation Patterns Using Convex
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Conclusions

» OQur understanding of limitations and possibilities
concerning small antennas has evolved significantly since
the classical publications by Wheeler (1947) [Whe47]
and Chu (1948) [Chu48]

» Have significant knowledge about the impact of size,
shape, and materials on antenna performance in relation
to bandwidth, efficiency, gain, directivity, and capacity

» Many fundamental results by A. Yaghjian

» | am very happy for collaboration, discussions, and
insights over the years

» Still many open theoretical and practical questions
concerning small antennas

Less knowledge and many open questions on, e.g.,

» multiband antennas
» multiport antennas

Lund University 2015
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