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Abstract 

This thesis describes the work done on two open access microcavities that aims at 

detecting single rare-earth ions for quantum information applications. 

The initial microcavity faced mechanical instability due to its geometry, which 

limited robust design possibilities due to the 25 mm diameter space of the helium 

bath cryostat. A Purcell enhancement of 2.2 was realized for nanoparticles at 2.1 K, 

compared to an estimated enhancement of 18. The observed decrease in Purcell 

enhancement is attributed to the root mean square (rms) cavity length fluctuations, 

which resulted in a time-averaged Purcell effect. A cavity length jitter of 4 

linewidths has been observed to cause significant fluctuations in the detected 

fluorescence signal, which hinders the detection of single ions, particularly in 

scenarios with low Purcell enhancement. Consequently, approximately 7 ions affect 

the fluorescence measurements. Nevertheless, our focus is on single ion detection, 

which is essential for quantum computer applications (see Chapter 8).  

In my thesis project, I focused on developing a new microcavity assembly to resolve 

the issues associated with the previous design. The mechanical design is detailed in 

Chapter 5, while Chapter 6 addresses the stability measurements. The objective of 

the new assembly is to attain high mechanical stability within a closed-cycle 

cryostat, providing sufficient space for a robust design and minimizing photon 

leakage from the stabilization beam to the fluorescence detection system. This 

integration enables the use of a continuous wave laser for stabilization, which 

contributes to reduced cavity length fluctuations during fluorescence collection and 

enhances the Purcell effect.  

To attain a significant degree of mechanical stability while minimizing error 

photons, higher-order modes, particularly those with odd indices, are employed as 

a stabilization beam. This approach is effective because odd-indexed higher-order 

modes exhibit minimal overlap with the single-mode fiber used for sample probing 

and fluorescence collection. Chapter 4 analyzes suppression in coupling efficiency 

due to odd-indexed higher-order modes, ranging from 10 to 100, depending on 

excited mode and cavity length. 

A challenge associated with higher-order modes is the diffraction loss resulting from 

the finite diameter of the fiber mirror, which is dependent on the mode order. This 

aspect is essential when employing higher-order modes for stabilization, as the 

cavity length stabilization depends on the slope of the fringe side used for 



13 

stabilization. A cavity finesse of 1600 was measured for the TEM00 and TEM10 

locking beams. In contrast, the finesse measurements for other higher-order modes 

showed a finesse of 800 for TEM30 and 400 for TEM50, attributed to diffraction 

losses. The associated root mean square (rms) cavity length jitters ranged from 1.5 

pm to 2.5 pm measured at room temperature and using side-of-fringe locking. A 

threefold improvement in stability has been achieved through the implementation 

of a tilt locking scheme, which can be attributed to the observed steeper slope.  

At a temperature of 10 K, a cavity length jitter of 15 pm rms has been measured 

using side-of-fringe locking. This increase in length fluctuation is primarily due to 

noise from the closed cycle cryostat, predominantly arising from the vibration noise 

generated by the pulse tube cryocooler. For the measured length fluctuations an 

enhancement of an effective Purcell factor of 15 is anticipated with the second 

generation microcavity assembly. This enhancement allows for excitation power 

levels below 100 nW, significantly reducing power broadening from 36 MHz to 

under 1 MHz. Since this is factor is less than the 7 ions we can currently resolve, 

we can expect that a single rare-earth ion should be resolvable with the current setup. 
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Popular Scientific Summary 

In an attempt to harness the power of quantum mechanics — the principles initially 

formulated to explain the behavior of light-matter interaction — we have made use 

of the coherent nature of atoms. This understanding has been applied to create 

innovative technologies like lasers, transistors, and semiconductors. Currently, we 

are witnessing the second quantum revolution, which is moving from observation 

to the realization of innovative quantum technologies exploiting true quantized 

states. A pivotal aspect of this evolution involves instances where quantum 

computers can execute calculations that exceed the capabilities of classical, leading 

to major breakthroughs. Quantum computers have a special benefit because they 

rely on the concept that quantum particles can exist in multiple states until they are 

measured, known as ‘superposition’.  Additionally, they take advantage of the 

ability of quantum systems to be linked together over long distances without needing 

to be physically connected, known as ‘entanglement’. Maintaining quantum 

superposition and entanglement require well-isolated systems against 

environmental noise. One material that can achieve this is rare-earth ions embedded 

in crystals. These materials can hold quantum information for long durations when 

kept at very low temperatures. However, it is challenging to retrieve qubit states due 

to their prolonged excited states, leading to a very low emission rate. The atomic 

emission rate, a crucial property of matter, is influenced by interactions between 

atoms and their surrounding vacuums, largely influenced by the local environment. 

This phenomenon can be manipulated by positioning rare-earth ions within mirrors 

that create an optical cavity, which alters the density of the photonic vacuum states. 

This alteration has the potential to improve the rates of spontaneous emission, a 

phenomenon referred to as the Purcell effect, which may subsequently increase the 

speed at which information is extracted from the ion. Furthermore, high-

performance quantum computing requires an extensive search of particular 

materials with good optical coherence characteristics.  

The work in this thesis is focused on the development of a cavity consisting of two 

highly reflective mirrors that are spaced by a few microns of vacuum gap, which 

allows for the insertion of a diverse range of materials. The difficulty associated 

with this type of cavity lies in its susceptibility to external vibrational noise, 

including acoustic interference and thermal contractions that occur when cooling 

down to low temperatures necessary for good ion coherence. The presence of 

disturbances can interfere with the on-resonance excitation of ions, resulting in a 



18 

deterioration of the information collected from them. To address this issue, we 

construct a highly rigid framework for housing the cavity components, which must 

possess a strong ability to mitigate external noise while allowing the stable and 

faster transverse scan of cavity mirrors to locate good ions. Additionally, we 

explored different stabilization protocols that can ensure on-resonance interactions 

with the narrow linewidth of the emitter over extended durations. The work in this 

thesis is also aimed at improving the performance of single photon detection utilized 

in quantum information processing and computing by reducing error photons from 

the stabilizing beam, leaking during measurements. Furthermore, we also explore 

new nanomaterials that can fit into the small scales of this cavity. These findings are 

crucial for showcasing a single-photon source that relies on a highly localized single 

ion within an optical cavity, utilizing rare-earth ions, which is a promising platform 

for the implementation of quantum computing to address the demanding challenges 

in this field. 
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1 Introduction 

In the early 20th century, Einstein pointed out that quantum theory predicts a 

spookiness in understanding quantum entanglement, prompting him to describe it 

as "spooky action at a distance" [1]. Entanglement is a fundamental concept of 

quantum mechanics that describes a shared quantum state, between two or more 

quantum systems, such as a photon or an atom, even if they are separated by a large 

distance. Superposition is another important aspect of quantum mechanics because 

it allows a quantum system to exist in two states at the same time. The basic building 

block in a quantum information-carrying system is known as a quantum bit, or qubit, 

and is the key element of all quantum computations. After Richard Feynman’s 

lectures in 1982 on the potential benefits of computing with quantum systems, 

researchers began actively looking at it. In 2022, the Nobel Prize in Physics was 

awarded to Alain Aspect, John Clauser and Anton Zeilinger, who made ground 

breaking contributions in understanding quantum entanglement. Today’s quantum 

computers attract the attention of many large companies such as IBM, Intel, and 

Google, in addition to researchers.  

Quantum computers can interfere the results of multiple paths of calculations 

instead of only manipulating each individually, as in classical computing. These can 

potentially solve different problems in materials science, drug discovery, and 

optimization, among others, where the performance of classical computers is 

insufficient. Furthermore, a quantum network made up of quantum repeaters and 

quantum computers might allow users to communicate while ensuring the security 

of sent data using quantum physics principles. 

1.1 Quantum computer platforms 

Approaches that are being considered as potential quantum computing platforms 

must meet a set of requirements outlined by DiVincenzo in 2000 [2]. Since 

Feynman's original thoughts for a quantum computer [3], a variety of technologies 

have emerged as viable platforms for gate-based quantum computing, including 

trapped ions [4], superconducting qubits [5], nitrogen-vacancy centers in diamonds 

[6], and quantum dots [7].  One challenge for researchers is that all platforms have 

different types of trade-offs and that currently no system is best at everything. For 

example, superconducting qubits have many qubits and high speed of their gates but 
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short coherence time. Trapped ions have higher fidelities and longer coherence 

times, but controlling a large number of ions is challenging [4, 8].  

As another alternative, rare-earth-ion-doped (REI) crystals have become a 

promising solid-state quantum system in recent years [9-12], owing to the excellent 

optical and spin coherence characteristics of the 4𝑓-4𝑓 transitions when cooled to 

below 4K. This is the topic of this thesis project and the key advantages of RE ions 

for usage in quantum computing are given in the next chapter.   

There are, however, certain challenges to consider. For instance, the technology is 

relatively less developed, as it has not demonstrated significant progress in 

comparison to other systems. One of the main reasons for this is that detecting single 

ions presents considerable difficulties. This subject forms the basis of my thesis and 

will be examined in greater detail in the subsequent sections. 

1.2 Readout challenges with single rare-earth ions  

Direct 4𝑓 readout of single RE ions is difficult due to the weak oscillator strengths 

(weak fluorescence/long lifetimes) [13, 14]. The emission rate γ0 of a single isolated 

RE ion is inversely related to the optical excited state lifetime through the 

relationship γ0 =1/T1, where T1 is the lifetime. A lower T1 facilitates the emission of 

a greater number of photons, thereby enhancing the detectability of the single ion 

needed for quantum computing. Consequently, minimizing T1 is crucial for 

achieving effective detection. We therefore have competing interests: low T1 to 

make it easier to read out, but long coherence time T2, which demands a long T1, to 

have good qubit properties. To circumvent this trade-off one can use different rare-

earth elements as qubit ions and readout ions. In a quantum computer, it is beneficial 

to use different species for readout and qubit tasks. In this thesis project, co-dopants 

Nd and Pr are used, where Nd acts as the readout ion and Pr serves as the qubit 

ion. To improve detection of the readout ion, its emissions are enhanced by placing 

it in an optical cavity. For qubit ions, adequate operation can be achieved without 

cavity enhancement. 

Fabry-Pérot microcavities can be used to address readout ions inside the lowest-

lying 4f–4f transitions to enhance the emission from ensembles of ions and even 

resolve single ions [15]. Placing ions in a cavity enhances their emission rate by 

modifying the density of electromagnetic states available to the ions for optical 

decay into the cavity mode compared to ions in free space, which is known as the 

Purcell effect [16]. The emission enhancement is manifested by a reduction in the 

excited state lifetime of the readout ion by increasing the radiative decay rate by a 

factor FP, known as the Purcell factor. Another important parameter to consider is 

the cooperativity (C), which is defined in terms of field decay rates [18]. Cavity-

enhancing the decay rate γ might therefore result in a high cooperativity. When C 
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>> 1, the coherent coupling between emitters and photons leads to near-

deterministic atom-photon interactions, making it possible to achieve cavity-based 

quantum gates [9]. Furthermore, the coupling of the ions to Fabry-Pérot 

microcavities might also be a promising solution to realize single emitters with a 

high degree of indistinguishability for quantum networking applications [17].   

The cavities with large quality factors and small mode volumes compared to the 

scale of the optical wavelength help to produce the greatest emission enhancement. 

Several cavity types have been successful, including those made from a solid block 

such as ion-beam milled cavities [19], nano-photonic cavities [20], whispering-

gallery-mode disc cavities [21], but also open access cavities, such as the Fabry-

Pérot microcavities which are the main topic of this thesis [18, 22-27]. Solid cavity 

types offer stability against vibrations but are limited in material selection due to 

production methods. In contrast, open access cavities allow any material to fit within 

the desired microscales, but are harder to stabilize. The open access cavities are 

therefore crucial for high-performance applications like quantum computing, as 

good coherence properties often require special material selection, motivating the 

effort to overcome the stabilization challenge. 

1.3 Story of my thesis project  

The goal of this thesis project is to detect single RE ions using microcavities. 

Initially, Y2O3 nanocrystals doped with Nd3+ ions are employed to investigate the 

feasibility of Nd3+ ions as potential readout ions. The optical properties of these ions 

are examined through spectroscopic analysis to determine their suitability for this 

purpose. Subsequently, the nanocrystals are integrated into a fiber-based Fabry-

Pérot microcavity by being spin-coated onto the cavity mirror and cooled down, 

with the aim of enhancing the spontaneous emission from Nd3+ readout ion by 

Purcell effect.  Throughout my PhD, I focused on two microcavity assemblies. 

During my first three years, a first generation of the microcavity assembly was in 

operation where I detected ~ 7 ions of Nd3+ at 2.1 K using a cavity with a finesse of 

3400. Achieving the level of single ion detection with the first cavity assembly 

presented a considerable challenge, primarily due to the mechanical stability 

required to maintain resonance with the emitter's narrow linewidth over extended 

durations. Mechanical vibrations contribute to root mean square (rms) jitter in cavity 

length, which in turn decreased the time-averaged Purcell factor of the system by a 

factor of 8. This decrease in the Purcell factor complicates the process of detecting 

single ions. The assembly was sensitive toward low frequency vibrations. This made 

it challenging to construct a high finesse cavity, which is required to achieve Purcell 

enhancement of the samples.  
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While working on the first cavity assembly, I gained valuable insights into how the 

assembly components and the electronics contribute to the cavity stability. The next 

step was to leverage this understanding to design and construct a new high-stability 

cavity assembly, employing simulation tools to assess its performance at low 

temperatures, with an emphasis on achieving mechanical stability of under 10 pm 

rms. During the final phase of my PhD, I focused on assembling and evaluating the 

mechanical performance of the new setup at room temperature and cryogenics using 

various stabilization protocols. We employed higher-order spatial cavity modes to 

achieve effective cavity length stabilization while reducing the leakage of error 

photons from the stabilization beam into the fluorescence detection setup. The 

technique of scanning cavity microscopy utilized the scattering losses from 

nanoparticles that were spin-coated onto the cavity mirror to determine the 

appropriate nanoparticle for measurement purposes. This configuration is then 

applied to conduct spectroscopic measurements on the identified rare-earth 

nanoparticles. We anticipate that these findings will be crucial for quantum 

technology implementations involving various emitter-cavity setups, and that the 

approach will be a valuable tool in meeting the extremely challenging demands.  

1.4 Outline of this thesis 

The thesis chapters are outlined as follows:  

• Chapter 2 presents the relevant background of the spectroscopic properties 

of rare-earth ions and their potential for quantum computing. The discussion 

includes the cryostats utilized for experiments, along with the laser 

employed for sample probing and cavity stabilization. 

• Chapter 3 presents the fundamental concept of quantum systems. The 

quantum master equation is used to discuss cavity-enhanced light matter 

interactions in various coupling regimes. The Purcell effect and cavity 

output signals, such as the fluorescence signal, are discussed.    

• Chapter 4 discusses optical properties of the fiber-based microcavity. 

Microcavity characteristics (such as cavity modes, Gouy phase, and 

stability conditions) are studied as well as mirror coating modelling. The 

modelling of transverse mode excitation, coupling efficiency, and 

diffraction loss caused by the fiber mirror's limited aperture are explored.   

• Chapter 5 presents the mechanical properties of the new microcavity 

assembly design. This chapter elaborates in detail about the design 

considerations, mechanical and electronic components. In addition to 

simulating the assembly mechanical performance at low temperatures.   



23 

• Chapter 6 outlines the experimental work conducted on the newly 

developed cavity setup. It covers the construction of the cavity, the optical 

setup, and the doubly resonant technique employed for measuring the cavity 

parameters. Additionally, it presents the various stabilization protocols 

implemented to examine the stability of the new microcavity design. The 

analysis of the electronic closed-loop circuit, as well as the stability of the 

cavity at both room temperature and cryogenic conditions, is also presented. 

Furthermore, the error photons leaking from the locking beam into the 

single-mode fiber and subsequently to the fluorescence detector is 

addressed. 

• Chapter 7 presents measurements performed on Nd3+- doped Y2O3 

nanocrystals. It presents the spectroscopic measurements and the potential 

of using Nd+3 ions to read out a qubit is discussed. It discussed how the 

scanning cavity microscopy can be used to locate the Nd3+-doped Y2O3 

nanocrystals spin coated on the cavity mirror. It also presents the room 

temperature and cold measurements performed using the microcavity with 

Nd3+- doped Y2O3 nanocrystals. The discussion includes the Purcell 

enhancement and the number of excited ions estimations. Furthermore, the 

necessary conditions for achieving single ion detection levels using the new 

microcavity.  

• Chapter 8 presents the outcomes related to the requirements for rare-earth 

quantum computers. To further advance this field, I identify potential 

enhancements that could contribute to achieving even greater results. 
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2 Rare-Earth Ions and their 

Experimental Setup 

This chapter covers the properties of rare-earth-ion-doped crystals used in the 

experiments presented in this thesis. This chapter outlines the readout scheme 

employed for qubit state measurement, utilizing various materials integrated within 

the cavity. It also discusses the cryostats employed as cooling systems for the rare-

earth samples, enhancing their coherence properties.  Furthermore, the chapter 

covers the stabilized laser sources that are essential for the experiments, facilitating 

precise excitation of the rare-earth ions and enabling accurate measurements. By 

integrating these elements, the chapter aims to provide a comprehensive 

understanding of the experiments based rare-earth ions and the significance of each 

component in attaining the necessary coherence properties for quantum information 

applications. 

2.1 Rare-earth ion properties 

This section explores the origins of rare-earth crystals' unique properties for 

quantum applications. We will first examine the electronic configurations of rare- 

earth ions and their impact on coherence properties. Next, we will analyze energy 

levels and how the host crystal affects the wave function of rare-earth ions, enabling 

weakly allowed transitions for detection. The origins of homogeneous and 

inhomogeneous linewidths in rare-earth ions are discussed. It highlights the 

potential of RE ions in nanocrystals as a promising candidate for quantum 

computing. 

2.1.1 Electronic configuration 

The rare-earth (RE) elements are a group of seventeen metallic elements. These 

contain all fifteen lanthanides on the periodic table, as well as scandium and yttrium.  

When lanthanides are doped into solid crystals, they reside in either a double (RE2+) 

or a trivalent (RE3+) state with an electronic configuration of [Xe] 4𝑓N. Where the 

occupied electrons, N, range from 1 to 14 for the different lanthanides, the 𝑓-orbital 
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corresponds to the angular momentum quantum number of l=3, and the principal 

quantum number is 4. The 4𝑓N electron shell is closer to the nucleus than the outer 

filled 5s and 5p shells, which shields the 4𝑓N electron shell from external electronic 

disturbances. The observed long coherence times of these transitions can be 

attributed to this shielding effect. Lanthanides share considerable similarities in their 

chemical, physical, and electromagnetic properties. However, their primary 

distinguishing attributes lie in their magnetic and optical properties, which enable 

their utilization in diverse applications, including quantum technology [28-31], 

biomedical imaging [32-37], and laser stabilization [38-43]. 

2.1.2 Energy level structure 

This thesis involves mostly praseodymium (Pr3+) and neodymium (Nd3+) co-doped 

into Yttrium oxide Y2O3 crystals. For RE3+ ions, as used in this work, two electrons 

are removed from 6s and one electron from the 4f shell while the 5s and 5p shells 

are remaining filled to act as shields. The electronic transitions within the 4f shell 

are not allowed due to parity conservation [44]. However, the non-centrosymmetric 

character of the doped crystals disturbs the wave function of the RE ions, resulting 

in weakly allowed 4𝑓- 4𝑓- energy transitions. The level configuration of the Nd and 

Pr-doped LaCl3 crystal, as depicted in Fig. 2.1 (a), is also relevant to the rare-earth 

ions in Y2O3 crystals in our context. It is important to note that the crystal field 

splitting of ions within crystals is typically smaller than the intrinsic level structure 

of free ions, resulting in a resemblance across various host materials [45]. The 

energy levels of rare-earth ions in crystals are influenced by the free ion, crystal 

field, and applied magnetic field [45], with the free ion component mostly including 

Coulomb interactions and spin-orbit coupling. The energy levels have been defined 

as 2𝑆+1𝐿J, where 𝑆, L, and J are spin, orbital angular momentum, and total angular 

momentum quantum numbers, respectively. Each level manifold exhibits a 2𝐽 + 1 

degeneracy.  

RE ions with an odd number of electrons in the unfilled 4𝑓 shell, such as Er3+, Yb3+, 

and Nd3+, are called Kramers’ ions. Non-Kramer’s ions have an even number of 

electrons in the unfilled 4𝑓 shell, and includes Eu3+, Pr3+, and Tm3+. The energy 

levels of Kramer (Nd3+) and non-Kramer (Pr3+) ions comes from hyperfine 

interaction, i.e., interaction with the spin of the nucleus resulting in a variety of low-

lying spin levels that can be used as qubit states as well as excited electronic levels 

that can couple to optical photons as shown in Fig. 2.1 (b) and (c).  

The splitting of hyperfine levels ranges from MHz to a few GHz, depending on the 

ions and the host material. The hyperfine splitting levels of the ground state can 

exhibit long lifetimes at cryogenic temperatures, making them a suitable option for 

qubit states.  
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For Pr3+ doped Y2O3 crystals, the hyperfine levels |± 1/2 g⟩ and | ± 3/2 g⟩ are 

considered as qubit states for quantum computing. The qubit state can be 

manipulated by optical transitions at 606 nm targeting 3H –1D hyperfine levels (see 

Fig. 2.1b). When RE ions are cooled down below 4 K, two of the hyperfine ground 

levels can be used as qubits, e.g., |0⟩ and |1⟩. These qubit states can be accessed 

using optical transitions to an excited state, which allows for precise control. 

Figure 2.1: (a) Energy level diagram of trivalent Pr3+, and Nd3+ ions in LaCl3 with 

dominant optical transitions observed in Y2O3. The figure is reproduced from [47]. 

(b) illustration of the Pr3+ doped Y2O3 hyperfine structure of the first optically 

excited state and the ground, which is used as qubit. (c) Relevant energy level 

structure of Nd3+ in a crystal with the lowest optical transition at 892 nm, which 

used as a readout ion. It is reproduced from [15].  
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By repeatedly sending optical pulses, an empty spectral window of ions can be 

prepared. The qubit can be initialized into the desired ground state, such as |0⟩ state, 

by burning back the ions into the spectral region, thus separating the qubits from the 

non-qubit ion. State-selective optical transitions associated with hyperfine (qubit) 

states enable rapid, all-optical single-qubit gate operations [9], which are essential 

for the development of efficient quantum computing systems. The presence of non-

qubit ions can lead to crosstalk with the qubit ion, potentially affecting the 

bandwidth of gate operations by necessitating an extension of gate duration to 

mitigate this issue, ultimately leading to a slowdown in the overall process. 

For the readout ion, the transition of interest in this thesis project concerning Nd3+ 

is 4I9/4 − 4F3/2 (illustrated in Fig. 2.1c). This transition is notable for its high oscillator 

strength [15, 46] and high branching ratio to the ground state, indicating an 

enhanced collection efficiency of the fluorescence at this wavelength. This feature 

is a primary motivation for exploring this transition for possible applications in 

single-ion readout, with further details provided in Section 7.1. Given that Nd3+ is a 

Kramers’ ion, the crystal field induces a splitting of the 4I9/2 state into five Kramers’ 

doublets, while the 4F3/2 state is divided into two Kramers’ doublets. In the presence 

of a magnetic field, each doublet can be split into two singlets. Section 7.2 has a 

detailed discussion of this.  

2.1.3 Homogenous and inhomogeneous 

linewidth 

The homogeneous linewidth serves as a crucial measure of 

the coherence properties of rare-earth ions, playing an 

essential role in identifying the most appropriate candidate 

materials for quantum computing. A narrower 

homogeneous linewidth signifies a longer coherence time, 

enabling a qubit to maintain its quantum state for a more 

extended duration which is required for high fidelity gate 

operation before experiencing decoherence from 

environmental influences. The homogenous linewidth of 

an individual isolated rare-earth (RE) ion is inversely proportional to the lifetime of 

the optical excited state T1, represented by,                 

                                         Г0 = 1 2𝜋𝑇1⁄ .                                                                    (2.1) 

In crystals doped with RE ions different broadening mechanisms can restrict the 

homogeneous linewidth of the transition, resulting in a broader profile (see colored 

narrow lines in Fig. 2.2). Thermal broadening is one of the processes that can lead 

to an increase in linewidth, resulting from the interaction between crystal lattice 

phonons and the transition. This contribution to the homogeneous linewidth can be 

Figure 2.2:  illustration 

of homogenous (colored 

narrow lines) and in- 

homogeneous (dark 

blue) 
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reduced by cooling the crystal below 4 K, utilizing the cryostat described in the 

following section. The homogeneous linewidth is also influenced by the dynamic 

processes taking place in the immediate surroundings of the rare-earth (RE) ion. For 

example, fluctuations in the nuclear spin and electronic spin of the host material can 

induce broadening. These effects can be reduced by choosing host crystals that have 

low magnetic moments, such as Y2SiO5 or Y2O3 and providing a sufficient magnetic 

field can help to freeze out electronic spin. Another factor that could affect the 

homogeneous linewidth is the change in the electric field around an ion when nearby 

ions are optically excited from their ground state. This effect led to a shift in the 

energy levels, with the magnitude of the change being inversely related to the cube 

of the distance between the ions. This effect can be mitigated by lowering the doping 

concentrations or using low intensities for optical excitations [15] to mitigate the 

power broadening effect. 

As a consequence of the above broadening mechanisms, the homogeneous linewidth 

of a transition is not only limited by the lifetime of the excited state but also by the 

dephasing time (𝑇2
⋆). The homogeneous linewidth, Γh, is associated to the coherence 

time, T2, through a time-frequency Fourier transform:  

                                                             Гℎ =
1

𝜋𝑇2
,                                                        (2.2) 

The coherence time T2 describes the total dephasing time due to finite excited state 

lifetime and the dephasing processes and can be written as: 

                                                  Гℎ =
1

𝜋𝑇2
=

1

2𝜋𝑇1
+

1

𝜋𝑇2
⋆                                            (2.3) 

As previously mentioned, the mechanisms contributing to broadening may be 

somewhat diminished. This leads to an extended coherence time crucial for high-

fidelity gate operation needed for quantum computing and for applications in laser 

stabilization and biomedical imaging [28-43]. In the doped crystal, there are many 

ions with – to some extent – overlapping frequency response. These ions can be 

used as an individual qubit, referred to as an ensemble qubit with the narrowness 

ultimately limited by the homogeneous width, which is about 7 kHz for Pr3+ [45] 

and sub-kHz for Eu3+ features among the narrowest optical linewidths [48].    

RE ions have also an inhomogeneous linewidth (dark blue line shown in Fig. 2.2) 

due to the spatially dependent "DC Stark shift" and imperfections in the crystal, e.g., 

caused by the dopant ions, which differ in size from the ions in the host crystal. The 

physical environment experienced by the ions will differ due to this variability of 

the crystal fields, leading to distinct center frequencies for each overlapping 

ensemble of ions. This results in an inhomogeneous broadening of the absorption 

spectra of the crystal, which covers a broad range between 10-100 GHz.  
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2.1.4 Key features of RE-ions for quantum computing 

Recent research highlights the primary benefits of rare-earth ions (REIs) in quantum 

computing applications (Ref. [9]). Notably, the optical coherence time is several ms, 

while the spin coherence time can be up to six hours under the influence of magnetic 

fields when cooled down to ~ 4 K. Qubits are differentiated by having different 

transition frequencies. To avoid crosstalk, each qubit must occupy its own frequency 

channel. A controllably broad inhomogeneous line and the tuning range of the laser 

used to control the qubits set the maximum number of qubit channels to ~ 102-103. 

The small spacing between the ions inside the crystal allows for strong coupling via, 

e.g., the dipole blockade mechanism [10]. This interaction can be utilized to carry 

out logical gate operations between different qubits [9]. This is also the mechanism 

that is used to identify the ions that can be used as qubits in the quantum processor 

(see Chapter 8). Transitions are available at the telecom wavelengths, e.g., erbium 

at 1.50 μm. Additionally, ensemble-based qubits consisting of ~ 109 ions may be 

used to increase interaction with single photons for quantum memory applications. 

2.1.5 Readout scheme  

Rare-earth ions-based quantum computing requires reading out the final state of a 

single qubit ion for quantum computing scalability [9]. Direct readout approaches 

use microcavity implementation due to the Purcell enhancement effect, which 

shortens lifetimes and enhances fluorescence rate. This approach could help 

enhance their weak emission rate. 

Additionally, a significant challenge with REIs is that the same physical ion cannot 

serve both as a qubit and for readout purposes, as state-selective readout cannot be 

achieved through a cycling transition. This because when a qubit hyperfine state 

gets excited and falls back to the ground states, which are used as qubit states, it can 

decay into any qubit level, destroying state information.  

This study presents a novel approach to overcome this problem by employing 

different physical ions. It utilizes readout ions that align with a high finesse cavity 

to enhance its spontaneous emission via the Purcell effect and to use its fluorescence 

to identify the qubit state that are outside the cavity resonance (see Section 6.1.2).  

The scheme used for qubit state readout is shown in Fig. 2.3 and it can be 

summarized as follows: Two laser pulses with frequencies 𝜈1and 𝜈2 are applied, 

resonant with the qubit state |0⟩ → |𝑒⟩ and the readout ion coupled to a high finesse 

cavity, respectively. When the qubit is in state |1⟩, as shown in Fig. 2.3a, the laser 

pulse does not excite the qubit ions, allowing the readout ion to continue emitting 

(ON). Conversely, if the qubit ion is in the state |1⟩, as shown in Fig. 2.3b, the pulse 

excites it to the state |0⟩ → |𝑒⟩.  This transition results in a change in the permanent 

electric dipole moment, causing a shift in the transition of the neighboring readout 
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ion by 𝛿𝜈, which depends of Δμeg = μe − μg and on the separation between the ions. 

As a result, the readout driving field becomes non-resonant with the detuned 

transition of the readout ion, leading to the absence of a fluorescence signal (OFF), 

which indicates that the qubit is in the state |0⟩. This allows for state-sensitive 

detection by differentiating the photon counts based on whether the readout ion 

emits or does not emit (only background). 

2.1.6 Potential materials for cavity integration 

Numerous RE materials can be synthesized, including thin films, e.g., grown or 

polished down from bulk materials, and nanoparticles. One advantage of using the 

open access microcavity is its capacity to accommodate various materials at the 

required microscales. A key motivation for selecting nanoparticles for my thesis 

project was their availability at the onset of my PhD. Nanoparticles doped with rare 

-earth ions are significantly simpler to produce compared to thin films, for instance. 

Additionally, these nanoparticles can be precisely positioned in microcavities in a 

controlled manner, allowing for selective addressing of individual ions via spectral 

addressing [49, 50]. Moreover, confining rare-earth (RE) ions in nanoscale solid-

state materials allows for high qubit densities with nanometer spacing, 

Figure 2.3: The readout ion functions as a sensor, detecting the states of nearby 

qubit ions through dipole-dipole interaction. The emitted fluorescence signal from 

the readout ion is coupled to high finesse cavity for Purcell enhancement, either (a) 

ON when the qubit ion state is |1⟩ or (b) OFF when the qubit ion state is |0⟩.  This 

allows identification of the corresponding qubit ion's state (See the text for more 

details). Note that the dipole blockade scheme shown here is also used for the two-

qubit gates discussed in Chapter. 8. 

ON OFF 
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correspondingly strong qubit-qubit interactions [10]. One challenge associated with 

nanoparticles is their susceptibility to considerable extra dephasing processes (T2, NP 

/T2, bulk ≈ 10-3). For future scalable production, a well-polished bulk YSO crystal could 

meet the requirements for good optical T2 and readout [9].  

2.2 Cryostats 

Cryostats are essential for maintaining low temperatures, which significantly 

enhance the coherence properties of the rare-earth-ion-doped crystals. To attain 

optimal coherence properties, the RE ions need to be cooled to temperatures below 

4 K. This thesis employs two cryostats, the Oxford Spectromag (SM400) and 

MyCryoFirm. The Oxford Spectromag, equipped with a 20-liter internal liquid 

helium reservoir, regulates temperature by modulating liquid helium flow rate, 

pressure, and vacuum pump operation. It allows optical measurements across a 

temperature range of 1.5 to 300 K and accommodates magnetic fields of up to 7 

Tesla. However, operating the microcavity setup within this cryostat proved 

challenging due to its limited sample space of 25 mm in diameter, complicating the 

construction and operation of a stable, high-finesse cavity capable of three-

dimensional scanning. The MyCryoFirm cryostat presents a significant 

advancement in cryogenic technology, offering extended operational durations of 

Figure 2.4: The left image displays the inner gas cell after it has been taken out of 

the cryostat. The upper flange serves as the connection point for various 

experimental setups. On the right, there is a photo of the MyCryoFirm with the inner 

gas cell installed along with the main parts of the cryostat. 
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several weeks at a reduced cost compared to traditional bath cryostats. Unlike 

conventional closed-cycle cryostats that rely on conductive cooling, MyCryoFirm 

employs direct cooling of the sample through an exchange gas. This innovative 

device is capable of achieving a temperature of less than 2 K, accompanied by a 

cooling power of no less than 10 mW.  It features a sample space designed for a 1 

K gas cell (see Fig. 2.4), characterized by a diameter of 48 mm, which aligns well 

with the new assembly cavity design proposed in this thesis. Additionally, the 

design of the sample chamber facilitates accessibility for optical fibers and 

incorporates optical windows to support transmission experiments, while also 

providing DC and RF electrical connections to the sample. The primary difficulty 

associated with this type of cryostat lies in the mechanical vibrations, which 

measure approximately 10 nm rms on the cold plate. The development of a robust 

microcavity assembly is essential, one that exhibits considerable strength to 

suppress these vibrations, as discussed in Paper I. 

2.3 Light sources 

The primary light source utilized in this experiment was a continuous wave 

titanium-sapphire laser,1 at a wavelength of 892 nm corresponding to the atomic 

transition line (4I9/4 − 4F3/2 transition of Nd3+). The laser was frequency stabilized 

through the Pound-Drever-Hall technique to a reference cavity2 that is both 

vibration isolated and temperature controlled. This stabilized laser source was 

directed through a double-pass acousto-optic modulator (AOM) configuration, with 

optical pulses being produced by an arbitrary waveform generator3 (AWG). The 

output from the double-pass AOM was then coupled into a polarization-maintaining 

fiber, which facilitated the routing of the light to the experimental setup.  

In this thesis project, an additional light source employed is a single-mode pigtailed 

distributed feedback (DFB) diode laser manufactured by Nanoplus in Germany, 

which operates at approximately 935 nm and delivers an output power of around 4 

mW. This light source is used for actively stabilizing the cavity length throughout 

the experimental procedures. This diode laser employs a Peltier element for 

temperature stabilization, allowing for both temperature and current adjustments. 

This dual tuning capability ensures that the lock beam and the probe beam, operating 

at a wavelength of 892 nm, can concurrently align with their respective cavity 

resonances. Variations in temperature and current drift from the controllers result in 

a frequency drift that ranges from 21 MHz to 56 MHz over a 24-hour period, a range 

 
1 M-squared SolsTiS pumped with a Lighthouse Photonics Sprout system at 15 W. 
2 Menlo Systems GmbH, ORS-Cavity. 

3 Agilent N8241A. 
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deemed adequate for maintaining the stability of the lock beam during the 

measurements. 
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3 Fundamental Concepts of Light-

Matter Interactions 

This thesis focuses on optimizing optical microcavities to improve the interaction 

between light and the weak transitions of rare-earth ions, thereby enhancing their 

efficacy for quantum information applications. This chapter establishes a theoretical 

framework for understanding light-matter interactions in optical cavities and the 

dynamics of quantum systems. This enables the investigation of various coupling 

regimes between atoms and the optical cavity. Furthermore, this chapter provides 

insights into the Purcell effect, outlining its fundamental principles and analyzing 

the various factors that affect the Purcell effect.  The fluorescence signal generated 

by a single atom coupled to a cavity is analyzed, with a focus on the impact of power 

broadening on the excitation of off-resonant ions, which poses challenges to 

reaching the single ion level. This theoretical framework was important for 

modelling the operation of the cavity, and in turn essential for a successful design 

of a stable setup as will be discussed further in the coming chapters.  

3.1 Closed quantum system 

This section introduces the theoretical description of the dipole interaction between 

a single two level (TL) atom with a resonant transition frequency 𝜔𝑎 and an electric 

field sustained by the optical cavity as shown in Fig. 3.1. The theoretical concept is 

based on a Hamiltonian 𝐻̂, which describes the total energy of the system provided 

by the Jaynes-Cummings Hamiltonian 𝐻̂𝐽𝐶 [51]. Under the rotating-wave 

approximation, the complete Hamiltonian 𝐻̂ for the TL system coupled to an optical 

mode takes the form:  

                                      𝐻̂𝐽𝐶 = 𝐻̂𝑐 + 𝐻̂𝑎 + 𝐻̂𝑖,                                                    (3.1) 

Where the first two terms correspond to the energies of the TL system 𝐻̂𝑎 and the 

optical field 𝐻̂𝑐. The energy stored in the interaction between the first two terms is 

given by the last term 𝐻̂𝑖. The optical field Hamiltonian 𝐻̂𝑐 can be derived by 
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quantizing the electromagnetic (EM) field in a one-dimensional cavity given by the 

wave equation solution:  

                                              𝐻̂c = ℏ𝜔c( 𝑎̂†𝑎̂ +
1

2
 ) ≈ ℏ𝜔c𝑎̂†𝑎̂,                                             (3.2)    

We can justify ignoring the energy of the vacuum term ℏ𝜔𝑐/2 in Eq. (3.2) if the 

assumption can be made that there are many field quanta in the cavity mode. 

This approximation is applied in the following derivations. The operators 𝑎̂†and 𝑎̂ 

Figure 3.1: The interaction of a two-level atom with a single quantized mode of an 

optical cavity’s electromagnetic (EM) field tuned to the cavity resonance 𝜔𝑐. (a) 

EM wavevector is pointing along z while the electric field is polarized along the x 

axis. The EM field has a harmonic energy ladder where the steps count the number 

of excitations. (b) An atom is described as a two-level system with ground and 

excited states |g⟩ and |e⟩ with a transition frequency of 𝜔𝑎. In an external electric 

field, the centroids of the negatively charged electron shell and the positively 

charged nucleus no longer coincide; an electrical dipole is induced. (c) The atom is 

coupled to the field and localized to an antinode, described by the anharmonic 

Jaynes-Cummings ladder. In resonance with one of the weak excitation fields, the 

system operates like a two-level system (red) as long as the transition to the next 

dressed states is not overdriven (light red). 
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represent the field amplitudes in the cavity mode, which are the creation and 

annihilation operators for photons, respectively.  

Figure 3.1a shows different eigenstates corresponding to the states of different 

photon numbers where each photon contributes to the field by ℏ𝜔𝑐 resulting in an 

equidistant energy ladder of the quantum harmonic oscillator. The TL single atom, 

as depicted in Fig. 3.1b, consists of ground state |g⟩ and excited state |e⟩ split by 

energy ℏ𝜔𝑎. The atomic transition is described by the creation 𝜎̂+ = |e⟩⟨g| and 

annihilation 𝜎̂− = |g⟩⟨e| operators. The excited state population of the TL system 

is determined by 𝜎̂+𝜎̂− = |e⟩⟨e| in units of ℏ𝜔𝑎. The Hamiltonian that describes 

that state can be expressed as, 

                                            𝐻̂𝑎 = ℏ𝜔𝑎  𝜎̂+𝜎̂−.                                                  (3.3) 

For a free atom, as discussed above, the transition between the states |g⟩ ↔ |e⟩  

using 𝜎̂+and 𝜎̂−operators induce an atomic dipole moment operator 𝐝̂ in the TL 

system. That means 𝐝̂ can be expressed as,  

                                                               𝐝̂ = 𝐝 (𝜎̂+ + 𝜎̂−).                                                       (3.4) 

where 𝐝  represents the transition dipole moment. When the TL system is placed in 

the optical cavity, the TL system dipole moment in Eq. (3.4) interacts with the 

electric field of the cavity mode. This interaction can be described by the remaining 

Hamiltonian 𝐻̂𝑖 in Eq. 3.1 and can be given as, 

                                                                  𝐻̂𝑖 = −𝒅 ̂ · 𝐸̂𝑥(𝑡).                                                     (3.5)        

 Where Êx represent the electric field operator of the quantized field along the cavity 

z axis and polarized in the x direction as shown in Figs. 3.1a and 3.1b. The Êx field 

operator can be described using the 𝑎̂†and 𝑎̂ operators mentioned in Eq. (3.2), 

                                                 Êx(𝑡) = √
ℏ𝜔𝑐

2𝜖0𝑉
 𝜖𝑥  (𝑎̂†𝑒−𝑖𝜔𝑐𝑡 + 𝑎̂𝑒𝑖𝜔𝑐𝑡).                        (3.6)  

where 𝑉 is the cavity mode volume, 𝜖0 is the dielectric constant for free space. 𝜖𝑥 is 

the field polarization unit vector. 

Various considerations must be considered to proceed with the interaction 

Hamiltonian derivation given in Eq. (3.5). As in the TL system, a single atom is 

located at the antinode of the quantized optical mode field, so the atom experiences 

spatially constant field amplitudes. The dipole d of the free single atom is considered 

to be polarized in the x direction as the electric field.  Using those considerations 

together with Eqs. (3.4) and (3.6), the interaction Hamiltonian in Eq. (3.5) can be 

rewritten as,  
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                                         𝐻̂𝑖 = √
ℏ𝜔𝑐

2𝜖0𝑉
𝐝(𝜎̂+ + 𝜎̂−)(𝑎̂†𝑒−𝑖𝜔𝑐𝑡 + 𝑎̂𝑒𝑖𝜔𝑐𝑡).                    (3.7)  

This interaction can be simplified using the rotating-wave approximation mentioned 

earlier. The 𝑎̂† and 𝑎̂  field operators can be represented as time varying field 

amplitudes with 𝜔𝑐, and the 𝜎̂+and 𝜎̂−operators oscillate between the atomic states 

with the resonance frequency 𝜔𝑎. The fast oscillation components can be ignored 

from Eq. (3.7), resulting in [15],  

                                                        𝐻̂𝑖 = ℏ𝑔(𝜎̂+𝑎̂ + 𝜎̂−𝑎̂†).                                                (3.8) 

Where 𝑔 is the dipole coupling strength, which quantifies the interaction strength. 

Assuming the dipole is properly aligned with the electric field, the maximum value 

is given by [18]:  

                                                     𝑔0 = √
𝜔𝑐 𝐝𝟐

2 ℏ 𝑉𝜖0
 = √3𝜆𝑐

2𝑐 𝛾

4𝜋 𝑉
.                                            (3.9)                     

Eq. (3.9) gives the maximum coupling strength, which depends on three parameters, 

two related to the TL system, the atomic dipole transition strength 𝐝 and the decay 

rate 𝛾, whereas the third is related to the cavity geometry 𝑉. However, the effective 

coupling strength has one more parameter that depends on the position of the atom 

with respect to the cavity mode, and this can be given by,  

                 𝑔 (𝑟) = 𝑔0 𝜓(𝑟), where 𝜓(𝑟) = [
𝜔0

𝜔(𝑧)
]  sin (𝑘𝑧)𝑒−(𝑥2+𝑦2) 𝜔0

2⁄           (3.10) 

where 𝜓(𝑟) is the spatial distribution of the Hermit-Gaussian HG00 cavity mode 

standing field. The higher order spatial modes discussed in chapter 4 are not 

employed for atom excitation; instead, they serve the purpose of stabilizing the 

cavity length. In contrast, a different wavelength of the HG00 probe beam is utilized 

to excite the rare-earth ions. For a stationary atom located at the maximum field 

antinode in the cavity (𝑔 = 𝑔0), the full Jaynes-Cummings Hamiltonian writes, 

                         𝐻̂𝐽𝐶 = ℏ𝜔𝑐𝑎̂†𝑎̂ + ℏ𝜔𝑎  𝜎̂+𝜎̂− + ℏ 𝑔 (𝜎̂+𝑎̂ + 𝜎̂−𝑎̂†).               (3.11)  

As shown in Fig. 3.1c, the eigenstates of the Jaynes-Cummings Hamiltonian are 

arranged in doublets (except for the unchanged ground state, ∣0, g⟩), which we call 

the nth-order dressed states, ∣n, ±⟩, where n = 1, 2... corresponding to the photon 

number. If the atom is in resonance with the cavity (ωa = ωc), the splitting of the 

doublets can be given as 2ℏ𝑔√𝑛=ℏΩ, where Ω = 2𝑔√𝑛 is called the Rabi 

frequency.    
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3.2 Open quantum system: Dissipation process 

3.2.1 Quantum Master Equation 

Equation (3.11) describes an isolated quantum system. For any practical system, 

dissipation from coupling to the environment causes the quantum system to 

decohere into several states, which can model using an open system. There are two 

sources of dissipation processes in our case: photons leak out from imperfectly 

reflecting cavity mirrors at a rate of 2κ and the TL system spontaneously emit 

photons into free space at a rate of 2γ. These dissipation processes can be included 

in the system by using the quantum master equation [52], which describes the time 

dependence of the coupled atom–cavity system. To derive the induced dynamics, 

the coupling system must be driven by an external light source. In our case, the 

cavity with TL system is driven by a coherent probe field for fluorescence 

measurements discussed in Section 7.5.2. The probe beam can operate in two 

modes: continuous-wave (CW), which is used to locate the good nanoparticle for 

measurements as well as cavity length and finesse measurements, and pulsed mode, 

which is used to excite the TL system and collect the fluorescence signals. For the 

CW driving mode, the Hamiltonian takes the form of 𝐻̂𝑑1 = ℏ𝜀(𝑎̂ + 𝑎̂†), which 

adds a photon rate of 𝜀 to the cavity field, and 𝐻̂𝑑2 = ℏΩ(𝜎̂+ + 𝜎̂−) for the pulse 

mode where the atom excitation is driven by the Rabi frequency, Ω, of a probe beam.  

In the Schrödinger picture, the density matrix 𝜌 = ∑ 𝑐𝑖𝑖 |Ψ𝑖⟩⟨Ψ𝑖| is used to describe 

the ensemble of states with  𝑐𝑖 giving the probability of the system being in the state 
|Ψ𝑖⟩. The time evolution for 𝜌  is given by the master equation formalism [53]: 

                                          
𝑑

𝑑𝑡
(𝜌) =

−𝑖

ℏ
[𝐻, 𝜌] + ℒ𝑐𝜌 + ℒ𝑎𝜌,                                 (3.12)  

where ℒ𝑐 and ℒ𝑎 represent the Lindblad operators which takes into account the 

dissipation process: cavity decay losses, and the atom spontaneous emission, 

respectively. The first term of Eq. (3.12) describes the coherent evolution of the 

driven system, and includes the density matrix 𝜌 and the Hamiltonian 𝐻̂. The 

Hamiltonian  𝐻̂ takes the form,  

                                                 𝐻̂ = 𝐻̂𝐽𝐶 + Ĥ𝑑,                                                         (3.13) 

Where Ĥ𝑑 is the driving Hamiltonian, which is defined by the specific excitation 

mode used (continuous wave or pulse mode) and 𝐻̂𝐽𝐶 presented in Eq. (3.11).   
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3.2.2 Solving the Master Equation  

For a weakly excited atom, the population of the excited state 〈𝜎̂+𝜎̂−〉 is small, and 

the transitions shown in Fig. 3c become limited to |0,g⟩, and |1,±⟩. The total state 

vector Ψ(t) can be written as [53],  

                   𝛹(𝑡) = 𝑐+(𝑡)|1,+⟩ + 𝑐−(𝑡)|1,−⟩ + 𝑐0(𝑡)|0,𝑔⟩,                      (3.14) 

where the components 𝑐±(𝑡) represent the complex amplitudes of the atom and 

cavity excitations. Eq. (3.12) can be solved analytically and the derivation can be 

found elsewhere (see, e.g., [53, 54]), we will only state the results. The solution 

yields the population of the excited state 〈𝜎̂+𝜎̂−〉 and the average intracavity photon 

〈𝑎̂†𝑎̂〉, which can be rewritten as,  

                         〈𝜎̂+𝜎̂−〉 = |
𝑖𝑔𝐸 

𝛾̃ 𝜅̃+𝑔2|
2
, 〈𝑎̂†𝑎̂〉 = |

𝐸 𝛾̃

𝛾̃ 𝜅̃+𝑔2|
2
                            (3.15) 

where E represents the pump amplitude for the atom excitation, γ̃ = (γ + 𝑖∆𝑝𝑎), 

and κ̃ = (κ + 𝑖∆𝑝𝑐). ∆𝑝𝑎= (𝜔𝑝 − 𝜔𝑎) and ∆𝑝𝑐= (𝜔𝑝 − 𝜔𝑐) are the pump-atom 

detuning and the pump-cavity detuning, respectively. The cavity field can be 

expressed more clearly as,    

                     〈𝑎̂†𝑎̂〉 =
𝐸2 𝜅2⁄

1+(∆𝑝𝑐 𝜅⁄ )
2  

1

|1+2𝐶̃|2, where 𝐶̃ =
𝑔2

2𝜅̃𝛾̃
                        (3.16) 

We have now separated the expression into two factors: The first term represents 

the intracavity field of the bare cavity given in the Lorentzian curve while the second 

stands for the dressing induced by the atom. We have introduced a convenient term 

called the atom complex cooperativity C̃, which on resonance can be given as 𝐶 =
𝑔2 (2κ⁄ γ) [18]. This expression represents the cavity figure of merit that compares 

the rates of lossy processes, κ and γ, with the energy exchange between the field 

and the atom, 𝑔. 

3.2.3 Coupling regimes 

Different coupling regimes can be established depending on the comparative values 

of the atom-cavity coupling strength 𝑔, the decay rate of the electric field in the 

cavity κ, and the spontaneous emission rate of the atom in free space, γ. In the limit 

𝑔 → 0, one retrieves the bare cavity Lorentzian profile (see Fig. 3.2, black dashed 

curve), which is the standard profile of the Fabry-Pérot resonator with a linewidth 

κ.  
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Strong coupling regime: In this regime the coupling (𝑔 ≫ κ, γ), therefore it is high 

enough for the atom and the cavity field to exchange the energy several times before 

leaking out of the cavity and, therefore, oscillates between the electronic and optical 

system (vacuum Rabi oscillations). This regime is represented in Fig. 3.2 as a dark 

orange and blue line at different coupling strengths, 𝑔 = 1.5κ and 𝑔 = 5κ, 
respectively. As we detune the cavity from resonance, it exhibits two peaks with 

equal amplitude.   

This single-photon Rabi splitting or normal-mode splitting can be understood as 

follows (Fig. 3.2): In a resonant atom-cavity system the atomic absorption degrades 

cavity finesse (defines the total loss in cavity), resulting in low intracavity and 

transmitted power. As the laser is detuned away from resonance, atomic absorption 

decreases and transmission increases until the cavity loss caused by atomic 

absorption no longer limits constructive interference from numerous round trips. 

Figure 3.2: Transmission through the cavity for a resonant atom-cavity system vs. 

detuning ∆ = ∆𝑝𝑎= ∆𝑝𝑐 in units of cavity decay rates κ. The cavity transmission is 

given for different cavity to atom linewidth ratios (solid lines). The solid lines 

represent a cavity with one atom and the system is in the strong (blue with 𝑔 = 5 κ 

, and dark orange with 𝑔 = 1.5 κ) and fast (bright orange with 𝑔 = 6 × 10−4 κ) 

coupling regimes. The parameters of our cavity are (𝑔, κ, γ) = 2π × (10 MHz, 17 

GHz, 0.32 kHz) gives a cooperativity of C=10. This is consistent with the fast-

coupling regime bright orange plot. The dashed line represents an empty cavity (𝑔 =
0) which shows one peak centered on resonance ∆= 0. The transmission (𝑇 =
κ 〈𝑎̂†𝑎̂〉 ) are normalized to the bare cavity transmission. 
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Further detuning reduces intracavity power and constructive interference within the 

cavity. This yields two symmetric transmission peaks at ∆ = 0.  

Fast coupling regime: The fast-coupling regime can be achieved when the cavity 

decay rate κ ≫ 𝑔, γ.  In this scenario, because the cavity decay rate exceeds the 

atom-cavity coupling rate 𝑔, a photon emitted by an excited atom will exit the cavity 

before the atom has the opportunity to reabsorb it. This regime relates to our cavity 

in the context of this thesis, which investigates a mode volume of 5 λ³ and a finesse 

of 3000, using Nd³⁺ ion-doped nanoparticles with a branching ratio of 23%. The 

parameters are specified as (𝑔, κ, γ) = 2π × (10 MHz, 17 GHz, 0.32 kHz). In this 

regime, the cavity decay rate κ is significantly greater than both 𝑔 and γ. As a result, 

the atomic absorption diminishes the cavity transmission at resonance, resulting in 

the absence of the Rabi splitting. Rather, there is a dip in a narrow region around 

the atomic resonance point with a width corresponding to the atomic linewidth γ. 

This regime is plotted as a bright orange line in Fig. 3.2.  

The presence of the cavity in this regime is to modify the optical density of states, 

thereby increasing spontaneous emission rate, a phenomenon known as the Purcell 

effect. This effect is utilized to improve the emission rate of Nd3+ readout ion-doped 

nanoparticles, which are integrated into the microcavity, an essential component for 

quantum computing based single rare-earth ion. 

3.3 Enhancement of spontaneous emissions: Purcell 

Effect 

The decay rate of an excited atom, according to Fermi’s Golden Rule [55], is 

proportional to the density of the final states 𝜌(𝜔) and the dipole coupling strength 

𝑔 between the field and the TL atom and given by,  

                                                        γ|e⟩→|g⟩ = 2𝜋 𝑔2𝜌(𝜔).                                                (3.17) 

 Where 𝑔 is given by Eq. (3.9). In free space, the density of states 𝜌(𝜔) have a 

continuum of radiation modes, and the decay rate results from integration over the 

coupling to all modes. As a result, the atom-field interaction is still weak, and any 

coherent coupling to the TL system will be lost due to dissipation from all 

surrounding modes. For a TL system integrated into an optical cavity with finesse 

ℱ, the density of states of the TL system is just the cavity's structure factor, given 

by the Lorentzian spectrum feature and can be defined as,  

                                                 𝜌(𝜔𝑎) =
1

𝜋

𝜅 2⁄

(𝜅 2⁄ )2+(𝜔𝑐−𝜔𝑎)2.                                           (3.18) 
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where κ, 𝜔𝑐 , and 𝜔𝑎 are defined previously, and representing the cavity decay rate, 

cavity frequency, and atomic resonance frequency, respectively. As given in Eq. 

(3.18), the existence of the cavity modifies the density of states, resulting in a 

notably higher decay rate into the cavity mode, which acts as the only resonant loss 

channel in contrast to free space. On resonance (𝜔𝑐 = 𝜔𝑎), the density of states 

given by Eq. (3.18) becomes 𝜌(𝜔𝑎 = 𝜔𝑐) =  2 𝜋 κ⁄ .  Using Eq. (3.17) the decay 

rate into the cavity mode becomes, 

                                          γ𝑐 =
γ|e⟩→|g⟩

4
=

𝑔2

κ
.                                                  (3.19)  

Notably, divide by 4 to consider only the emissions occurring within the cavity 

mode. The total decay rate can be written in terms of the cooperativity which is 

given by Eq. (3.16), 

                                   γ𝑡𝑜𝑡 = γ +
𝑔2

κ
= γ (1 + 2C)                                  (3.20)                     

The existence of the cavity clearly has the potential to influence the atom’s decay 

rate, which now consists of two terms: one related to the free space decay rate γ and 

the other part describing the decay rate to the cavity mode 𝑔2 κ⁄ .  

The ratio of the total decay rate to the free space decay rate γ is the so-called Purcell 

enhancement and can be given as, 

                                                         
𝜏0

𝜏𝑐
 =

γ𝑡𝑜𝑡

γ
= (1 + ζ𝐹𝑝).                                          (3.21) 

 Where 𝜏𝑐 is the reduced lifetime as compared to free space lifetime 𝜏0. 𝐹𝑝 = 2𝐶 is 

the Purcell factor and is defined as the ratio of the spontaneous emission rate in the 

cavity γ𝑐 (see Eq. 3.19) to the one in free space γ and ζ defines the branching ratio 

of the relevant transition. The factor 𝐹eff = ζ𝐹𝑝 is defined as the effective Purcell 

factor. The Purcell factor can be expressed in relation to the parameters of the cavity 

as follows, 

                                                         𝐹𝑝 =
𝑔2

κγ
=

6

𝜋3 (
𝜆

𝑛
)

2  ℱ

𝑤0
2.                                             (3.22)  

Where n is the refractive index inside the cavity, λ is the wavelength, ℱ is the cavity 

finesse and 𝑤0 is the cavity mode waist.  

In the context of our cavity parameters discussed in the previous section on the fast-

coupling regime, the effective cooperativity is approximately ζC ≈ 9. This results in 

an effective Purcell effect of 𝐹eff = ζ𝐹𝑝 = 2ζ𝐶 =18. This value represents the 

expected improvement in the emission rate of Nd3+ within cavity parameters 

mentioned above.  
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3.3.1 Consideration of enhancement in our system 

Several factors that are not accounted for in the theoretical calculations may impede 

the achievement of the Purcell enhancement value (𝐹eff = 18). The derivations 

assume the particle is at an antinode of the standing wave field, maximizing 

coupling strength, 𝑔. However, the effective coupling strength also depends on the 

atom's position relative to the cavity mode, as described by Eq. (3.10). An additional 

factor that can influence the Purcell enhancement is the degree of overlap between 

the emitter linewidth Γh and the cavity linewidth κ. The earlier derivations are based 

on the assumption that the emitter homogeneous linewidth Γh is significantly 

narrower than the cavity linewidth κ, which is referred to as the fast cavity regime. 

In contrast, in the bad emitter regime where Γℎ ≫ κ, such as Nd3+ readout ion at 

room temperature, the effective Purcell factor decreases in accordance with 𝐹eff ∝ 

𝜅/Γh. The ratio of 𝜅/Γh for Nd3+ ions at the relevant transition 4I9/4 − 4F3/2 is about 

0.04, indicating minimal Purcell enhancement at room temperature. This aligns with 

the measurements presented in Section (7.5.2), highlighting the necessity of 

conducting experiments at cryogenic temperatures, as this condition allows the 

emitter linewidth to narrow down to just a few kHz. The last factor that greatly 

influences the Purcell effect of the readout ion is the root mean square jitter in the 

cavity length [56, 57] due to the mechanical noise coupled to the cavity mode from 

the noisy surroundings. This presents a primary challenge when dealing with open 

access cavities. This effect can be reduced by building a highly stable cavity 

assembly and working on different stabilization techniques to improve the stability 

of the cavity length during the measurements which is the main topic of this thesis.   

3.4 Fluorescence signal and power broadening 

In Chapter 7 we will discuss experiments, where an atom inside a cavity will be 

driven by a probe beam with Rabi frequency Ω. According to the Bloch equations 

[55], a strong driving field (Ω → ∞) tends to equalize the populations (half of the 

atoms are excited). Equivalently the excited state has a steady state population ρee 

given as [55],  

                                           𝜌𝑒𝑒 =
Ω2

(2∆𝑝𝑎)2+2Ω2+4γ𝑡𝑜𝑡 2
                                          (3.23) 
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With full width at half maximum (FWHM) given as [ 55],  

                                                        FWHM = √γ2 + 2Ω2                                                (3.24) 

Where γ𝑡𝑜𝑡 represents the total decay rate given by Eq. (3.20). The cavity 

fluorescence signal is generated by atoms emitting photons at a rate of 2γ into the 

cavity mode, which are then enhanced by a Purcell factor of 𝐹𝑝 = 2C. The TL 

system fluorescence signal on the resonance can be derived as,  

                                              𝐽𝑓𝑙 = 4γC𝜂 (
𝑠 2⁄

(1+2C)2+𝑠+(∆𝑝𝑎 γ⁄ )2)                                    (3.25) 

where s = Ω2 2γ2 ⁄ represents the saturation parameter and we have introduced the 

parameter η to account for the total coupling efficiency between intracavity photons 

to the detector used for fluorescence detection. Equation (3.25) represents the 

fluorescence signal in steady state where the excited state population saturate at 

Figure 3.3: (a) The power broadening effect is represented as a modification of the 

Lorentzian lineshape to different Rabi frequencies that is proportional to the 

amplitude of the excitation field. This phenomenon shows that the effective 

linewidth increases as the power of the laser used increases, even if the laser's 

linewidth remains constant. This is due to the laser intensity approaching the 

saturation intensity of the transition. (b) shows the on resonance (∆𝑝𝑎= 0) 

fluorescence signal as a function of Rabi frequencies to linewidth transition ratios 

in the saturation and weak excitation scenarios. This obtained for collection 

efficiency of 𝜂=10% and cooperativity of 10. 
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𝜌𝑒𝑒 = 1 2⁄ , (see Fig. 3.3a, blue line). In the limit of weak excitation where s ≪ 1, 

and for no detuning between pump and atom,  ∆𝑝𝑎= 0, Eq. (6.25) is given as4, 

                                       𝐽𝑓𝑙 = 4γC𝜂 (
𝑠 2⁄

(1+2C)2) = 𝜂
κ

2
(

Ω

𝑔
)

2
(

2𝐶

1+2𝐶
)

2
                           (3.26) 

Equation (3.26) presents the fluorescence signal based on the assumption of weak 

excitation (see Fig. 3.3b, purple line). This equation can be used to represent the 

resulting fluorescence signal of TL atom driven by coherent excitation [54], which 

is relevant to our discussion in Chapter 7.  

As depicted in Fig. 3.3a, linewidth profile indicates a ‘power broadening’ that scales 

with  √𝑠 = Ω √2γ⁄ .  This reflects that using a high excitation power for TL system 

can improve the fluorescence signal (see Fig. 3.3b, purple line); however, it may 

also lead to power broadening, which can hinder the ability to achieve single-ion 

level by facilitating off-resonant excitation of adjacent ions. This effect is discussed 

later in Section 7.6.3 and is used to calculate the total number of excited ions at low 

temperature. 

 
4 

𝑥

𝑥+𝑀
≅

𝑥

𝑀
 𝑓𝑜𝑟 𝑥 ≪ 1 𝑎𝑛𝑑 𝑀 > 1. 
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4 Optical Properties of Fiber-Based 

Microcavities 

The experimental difficulties encountered with two generations of microcavity 

configurations, which will be elaborated upon in Section 5.1, have led me to conduct 

a more thorough examination of the operational functions involved. These 

challenges are primarily based on integrating stability with fluorescence detection, 

especially when the wavelengths of the stabilization and fluorescence beams are 

similar. This situation requires the development of innovative techniques that 

maintain cavity stability while simultaneously allowing for the probing of samples 

with an alternative beam. In addition to understanding our experiments, this analysis 

can also allow us to make well supported suggestions for future improvements. 

This chapter explores different properties of fiber-based Fabry-Pérot microcavities, 

higher-order spatial modes, diffraction loss, and coupling efficiency between the 

cavity mode and the single-mode fiber (SMF)-based mirror. 
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4.1  Fiber Fabry-Pérot microcavities 

Based on earlier discussions, it is obvious that an atom-cavity coupled system has a 

figure of merit that we want to maximize: single atom cooperativity, C. In terms of 

the cavity parameters, it can be written as:  C = 𝑔2 2κ⁄ γ = (3𝜆𝑐
2 ℱ 𝜋3𝑤0

2⁄ ), where 

𝜆𝑐 is the wavelength, ℱ is the cavity finesse, 𝑤0 is the cavity mode beam waist.  As 

a result, achieving high cooperativity necessitates small waist and high finesse. A 

small waist of about 1.4 µm can be accomplished by combining a small radius of 

curvature, Rc, for the mirrors and a small cavity length, L. Fiber Fabry-Pérot 

microcavities (FFPCs) succeed at achieving high finesse while maintaining small 

radii of curvature with very low roughness [18]. Hunger, Reichel, and colleagues 

[18, 58] made a breakthrough in FFPCs by integrating high-quality mirrors on 

optical fiber end facets (see Section 6.1). FFPCs are produced by micromachining 

the tip of an optical fiber with CO2 laser ablation [18, 59]. This approach produces 

surfaces with controlled ellipticity [60] and very low roughness, resulting in reduced 

scattering loss, allowing micro-machined fiber tips to be used with high-finesse 

mirrors. Curved mirrors with different radius of curvatures 20−65 μm and different 

finesse 600 and 3000 were designed for our cavity as part of the PhD project of 

Mohammed Alqedra [15].  

As shown in Fig. 4.1, the microcavity in our setup is formed by two high-reflectivity 

mirrors facing each other: one flat mirror acts as a sample holder, while the second 

one is a fiber-based mirror for sample probing and fluorescence collecting. These 

mirrors are typically made up of two highly reflecting Distributed Bragg Reflectors 

(DBR), which can confine light in a limited mode volume as small as a few 

wavelengths cubed [61] and hence enhance light-matter interaction. The quality 

factor of the FFPCs is not a fixed quantity but depends on the separations between 

Figure 4.1: Schematic of fiber based Fabry-Pérot microcavity. The cavity is 

composed of a concave fiber mirror and a flat macroscopic mirror, with 

nanoparticles exhibiting a decay rate γ positioned between them, coupled to the 

cavity mode with a coupling strength of 𝑔.    
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the cavity mirrors. The microcavity assembly depicted in Fig. 4.1 is equipped with 

three nanopositioners indicating as x, y and z, enabling precise control over the fiber 

mirror and the lateral scanning of the flat mirror that supports the samples. This 

arrangement allows for dynamic tuning of the resonance frequency, making it 

possible to target multiple ions at different frequencies and the open geometry 

allowing flexibility in material selection, an essential aspect of quantum computing 

as previously discussed in Section (2.1.6). Furthermore, a notable characteristic of 

the fiber-based microcavity is its integration with optical fibers, which efficiently 

couples light for detection or further use within a network. The numerous benefits 

of FFPCs position them as an excellent option for meeting the demands of quantum 

computers, especially when compared to alternative cavities like focused ion beam 

milled cavities [19] and nanophotonic cavities [20]. 

To provide an elementary understanding of the topics employed throughout this 

thesis, the operating principle and basic characteristics of Fabry-Pérot resonators 

must first be introduced. 

4.2 Microcavity Properties 

Consider an open resonator that consists of two mirrors 𝑀𝑖=1,2, as shown in Fig. 

4.2a. The cavity mirrors are separated by a distance L and have a power reflectivity 

and transmittance given by  𝑅𝑖 = |𝑟𝑖|2 and 𝑇𝑖 = |𝑡𝑖|2, where 𝑟𝑖 and 𝑡𝑖 are the 

frequency dependent reflectivity and transmittivity respectively. In such a cavity, 

light is confined along the cavity axis; as a result, light bounces back and forth 

according to the cavity parameters of each mirror (such as reflectivity, diameter, and 

curvature) and other loss channels caused by objects within the cavity. The finite 

cut-off diameters (D = 2a) of the mirrors may produce diffraction loss to beams with 

larger transversal size such as higher order transverse modes that are excited within 

the cavity. This may result in a higher order mode suppression and a reduction in 

the finesse as detailed below. With a resonator of this kind, three parameters may 

be used to describe the stable resonance, and they need to be unchanged after one 

complete round-trip: 

(i) The phase introduced to the beam as it propagates, 

(ii) The field amplitude along the cavity axis,  

(iii) The transverse distribution of the on-axis beam profile.  

In the following discussion, we will investigate the origins of the phase and the 

transverse modes inside the microcavity formed by the curved mirror and the flat 

mirror. Then, we will demonstrate how to excite the various TEMmn modes inside 

the microcavity, which are employed to stabilize the microcavity length. We 
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demonstrate how the fiber mirror's finite dimension affects cavity measurements 

such as finesse and coupling efficiency for the single mode fiber (SMF).  

4.2.1 Phase 

In this section, we derive the phase shift introduced on the beam as it propagates in 

a flat-concave cavity with highly reflecting DBRs. Figure 4.2a, shows the schematic 

of an incoming continuous beam travelling along the cavity z-axis with amplitude 

E0 and frequency ωc as measured at the input mirror of the cavity (M1). Assuming 

two parallel flat mirrors, on the transmission side (M2), the incident beam makes 

N=1,3,5… passes corresponding to amplitudes 𝐸1 , 𝐸3 , 𝐸5 , etc. On the reflection 

side (M1) the reflection amplitudes are given by 𝐸2 , 𝐸4 , 𝐸6 , etc. The transmitted 

and reflected beams are obtained by summing the amplitudes of all these beams, 

taking into account their phase shift. In the case where M2 is a curved mirror, it is 

essential to consider new parameters for the mirror, especially Rc , a, and zt  which 

denote the radius of curvature, the cut−off radius, and the depth of the mirror, 

respectively.  

Figure 4.2b shows the simulated refractive index and the electric field intensity 

distribution inside the FFPC structure with field penetration into the Bragg mirror. 

The cavity mirror coatings used in this thesis project are made of about 12 pair of 

Figure 4.2: (a) Shows a continuous beam entering a cavity at M1. The beam's 

amplitudes are derived by summing components and considering phase shifts. If M2 

is replaced with a curved mirror, parameters Rc, a, and zt represents the radius of 

curvature, the mirror cut-off radius, and the mirror depth, respectively. (b) The 

simulated distribution of refractive index and electric field intensity is shown, 

highlighting the field's penetration into the Bragg mirror using the transfer matrix 

method [62].  
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layers of Ta2O5/SiO2 (DBRs) designed for a wavelength of 892 nm, corresponding 

to the transition of the readout ion Nd3+.  

At resonance, the high intensity of |E|2 indicates significant optical confinement 

along the cavity axis, with an anti-node near to the flat mirror front face, where the 

attainable RE ions samples are located. The top layer of both DBR mirrors was 

coated with a SiO2 layer of about 𝜆 4⁄  thickness in order to bring the RE ions 

samples closer to the field maximum and maximize their interaction with the cavity 

field. Consequently, there is a phase shift of 𝜑1,2 =+40°. This phase shift is 

provided by the manufacturer and is also simulated using the transfer matrix 

method, as explained in Section 6.1. When evaluating the round-trip conditions, it 

is essential to include the phase shift introduced by the additional layer on both 

mirrors in the round-trip phase delay as, 2𝑘𝐿 + 𝜑1 + 𝜑2, where k is the wave 

number and L is the cavity length.  

The spatial transverse electromagnetic resonant modes (TEMmn) in cavities with 

flat-concave mirrors have a flat wavefront at the flat mirror and curvature matching 

at the concave mirror. During single pass propagation, TEMmn modes, with 

transversal mode orders 𝑚 and 𝑛, experience a phase lag compared to a plane wave 

(the case of two flat cavity mirrors) proportional to (𝑚 + 𝑛 + 1) and can be given 

as,  

                 𝜗𝑚𝑛 = (𝑚 + 𝑛 + 1) 𝑎𝑟𝑐𝑐𝑜𝑠 √1 − (𝐿 + 2𝐿𝜑) 𝑅𝑐⁄  .                   (4.1) 

The arccos term represents the Gouy phase, 𝜑𝑔𝑜𝑢𝑦. The 2𝐿𝜑 represents the phase 

penetration depth [63] to cavity mirrors and given as, 𝐿𝜑1,2
= 𝜑1,2 2𝑘⁄ ≈ 50 nm. In 

Figure 4.2b the intensity decay into DBRs represents the frequency penetration 

depth, which has been calculated to be 1.1 μm for the coatings of our cavity mirrors 

[63].  

To ensure the constructive interference between the transmitted field’s amplitudes 

𝐸1 , 𝐸3 , 𝐸5 , etc., as depicted in Fig. 4.2a, which leave the cavity from the partially 

transmitting mirror M2, the phase should be a multiple of 2 𝜋 for each cavity round-

trip. According to the previous discussion, the resonant TEMmn optical modes must 

meet a round-trip phase constraint given by, 

                          𝜑 = 2𝑘𝐿 + 𝜑1 + 𝜑2 − 2ϑ𝑚𝑛 = 𝑞2𝜋.                                     (4.2) 

The parameter q is an integer and each value of q represents a different longitudinal 

mode of the microcavity. The separation between two consecutive longitudinal 

modes is known as the free spectral range (FSR), which is ∆𝐿𝐹𝑆𝑅 = 𝜆 2⁄  in terms of 

cavity length or ∆𝜈𝐹𝑆𝑅 = 𝑐 2𝐿⁄   in frequency. The full-width at half-maximum 

(FWHM) of the cavity signal on resonance 𝛿𝜈, is defined by the cavity decay rate 

[18], 



51 

                                    κ 2π⁄ =  δν =
c

2 ℱ Leff
.                                             (4.3)  

Here, Leff = L + 2L𝜑, is the effective cavity length including the separation 

between the cavity mirrors, L, and the DBRs phase penetration depth L𝜑. The 

finesse ℱ is approximately inversely proportional to ℒtot as [18],  

                                               ℱ ≈
2 π 

ℒtot
 .                                                      (4.4) 

Where ℒtot is the round-trip loss including all the loss channels within the cavity. It 

is worth noting that the total cavity loss includes, the loss from mirrors like 

transmission, absorption and scattering loss due to mirror roughness. In addition to 

the loss from samples and the clipping loss caused by the fiber mirror's finite 

diameter, which varies with cavity length, as discussed below. The quality factor is 

another important aspect of the cavity, and is given as [18], 

                                                      Q =
ν

δν
=

q (𝜆 2⁄ )

δd
= q ℱ.                                               (4.5) 

Where 𝛿𝑑 represents the cavity length resonance linewidth as FWHM. The term 

q (𝜆 2⁄ ) is equal to the cavity length L.   

4.2.2 Cavity TEM modes  

Eq. (4.2) states that for a given cavity geometry, a family of TEMmn modes that meet 

the round-trip phase condition are resonant with the cavity. The TEMmn modes are 

in orthogonal coordinates, and the beam's transverse profile is the product of x and 

y components that have the same function. The derivations of the cavity beam 

Figure 4.3: (a) Mode radii on the flat mirror 𝑤0 (dashed lines) and on the curved 

𝑤(𝑧) (solid lines) for different radii of curvature as a function of cavity length. (b) 

An example of Gaussian beam transverse mode profiles up to the 5th order.  
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transverse profile are well known and can be found in standard textbooks (for 

example, [64]). The transverse profile along x can be rewritten as,   

  𝐸𝑥,𝑚 = 𝐴𝑚 𝐻𝑚 (
√2 𝑥

𝑤(𝑧)
) × 𝑒𝑥𝑝 [−

𝑥2

𝑤2(𝑧)
−

𝑖

2
(𝑘𝑧 +

𝑘 𝑥2

𝑅(𝑧)
− (2𝑚 + 1)𝜑𝐺𝑜𝑢𝑦)].   (4.6) 

With a field amplitude, 𝐴𝑚 = √2 𝜋⁄4
√𝑤0 (2𝑚𝑚!  𝑤(𝑧))⁄ . 𝐻𝑚, are Hermite 

polynomials of degree 𝑚. The functions 𝑤0, 𝑤(𝑧),  𝑅(𝑧) represents, respectively, 

the cavity mode waist located at the flat mirror for our microcavity geometry, the 

transverse beam size at the fiber mirror, the wavefront curvature radius, and they 

are given as [18,64],  

                                   w0 = √λ π⁄ √L(Rc − L)4
                                         (4.7a) 

                                   w(z) = w0√1 + (z zR⁄ )2                                        (4.7b) 

                                    R(z) = z (1 + (zR z⁄ )2)                                            (4.7c) 

Where 𝑧𝑅 = 𝜋 𝑤0
2 𝜆⁄  is the Rayleigh length, which determines the distance at 

which the beam size is near to its minimum (to within √2𝑤0). As can be seen in Fig. 

4.3a, the minimal mode waist radius is located at the flat mirror, where the rare-

earth ion sample is placed. For rare-earth ion samples with 80-100 nm radius as used 

in our measurements, the beam waist may limit the resolution for microscopy [65]. 

As the cavity length approaches the radius of curvature of the fiber mirror, the mode 

size on the curved mirror diverges and the cavity becomes unstable. It is obvious 

from Fig. 4.3b that the higher order modes spread out further in diameter as the 

mode index 𝑚 increases. The numerical calculations derived in [65, 66], shows that 

the mode patterns of the higher-order modes (HOMs) spread out considerably 

farther than the lowest order Gaussian mode (𝑚 = 0) by a factor approximately 

given by √𝑚 + 1. As a result, the edges of the curved mirror may truncate the mode 

sizes of HOMs, causing a quick increase in energy losses for all modes with higher 

indices and this is elaborated next in Section 4.4.  

4.2.3 ABCD matrix and stability condition   

According to geometrical optics and paraxial-ray approximations, the propagating 

beam between two planes can be represented by an ABCD matrix that characterizes 

all optical elements between the two planes [64]. For the microcavity shown in Fig. 

4.2a, constituted by a flat mirror and curved mirror separated by a distance L, the 

round-trip matrix starting from mirror M1, is then given by,  
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                           Mrt=Mflat,refl Mp MFib,refl Mp = (
A B
C D

)                      (4.8) 

Where Mflat,refl represents the ABCD matrix of the flat mirror, 𝑀𝑝 represents 

propagation in vacuum over a distance L, and MFib,refl is the ABCD matrix of the 

curved mirror given as [64],  

           Mflat,refl = (
1 0
0 1

) , MFib,refl = (
1 0

−2 Rc⁄ 1
) , Mp = (

1 L
0 1

),     (4.9) 

Where Rc represents the radius of curvature of the fiber mirror. For the resonator to 

be stable, the beam after one round trip should not diverge. This means that the 

ABCD matrix given in Eq. (4.8) must not diverge as well. This implies that the trace 

(A+D) of the round-trip matrix is of modulus |𝐴 + 𝐷| < 2 [64]. By using Eq (4.9) 

and performing the matrix multiplication in Eq. (4.8), we obtain,  

                        −2 < [𝐴 + 𝐷 = 4 (1 −
𝐿

Rc
) − 2] < 2                             (4.10)                     

                                          0 < (1 −
𝐿

Rc
) < 1                                               (4.11) 

Eq. (4.11) gives the stability condition of the flat-curved microcavity discussed in 

this thesis.  This condition corresponds to a cavity length L larger than zero and less 

than the radius of curvature of the curved mirror Rc. In practice, the shortest cavity 

length possible between the two cavity mirrors is limited by the mirror depth zt , as 

illustrated in Fig. 4.4. The mirror depth is given as, 𝑧𝑡 = 𝑎2 2𝑅𝑐⁄  and it depends on 

curved mirror geometry such as cut-off diameter (D = 2a) and radius of curvature 

𝑅𝑐 [18]. 

4.3 Transverse modes excitations 

In this section, we examine the parameters that influence the effective coupling of 

higher-order spatial modes to the microcavity, with the goal of utilizing them for 

stabilization. As elaborated in Section 4.5, higher-order modes, particularly those 

with odd indices, exhibit reduced overlap with single-mode fibers. Consequently, 

employing these higher-order modes as a stabilization beam can minimize the 

leakage of photons to the fluorescence detector during measurements. This method 

reduces reliance on wavelength filters and allows the stabilization beam to function 

in continuous mode. This improvement increases the efficiency of cavity length 

stabilization by minimizing cavity length jitter during fluorescence collection, 
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which is essential for achieving high effective Purcell enhancement (see Section 

3.3.1). 

Equations (4.6) and (4.7) can be utilized to characterize a resonant mode, such as 

the well-known fundamental Gaussian beam TEM00. In a perfectly aligned and 

mode matched cavity, only the fundamental mode can resonate in the cavity. 

However, maladjustments in the input beam alignment and mode matching give rise 

to off-axis mode couplings [67], and modes of different orders, i.e., having different 

transverse profiles, can resonate simultaneously. Indeed, the cavity field distribution 

on the Hermite-Gauss basis should be expanded, and the Gouy phase shift for each 

basis mode can be taken into account. 

Furthermore, in order to efficiently evaluate the cavity response over the excited 

transverse modes, the incoming beam's projection with respect to the cavity 

reference coordinates is required. Figure 4.4 illustrates the necessary 

transformations to convert the incident beam coordinates (x´,y´,z´) with angle θ to 

the reference coordinates (x,y,z). The fraction of the incoming beam that is coupled 

to a particular TEMmn mode is given by the overlap between the amplitude of the 

cavity field and the incoming beam,                                                         ,   

                                         

                                         𝐶𝑥,𝑚 = ∫  𝐹𝑥(𝑥, 𝑧) 𝐸𝑥,𝑚
∗ (𝑥, 𝑧)  𝑑𝑥                                   (4.12) 

Where the  𝐸𝑥,𝑚
∗ (x, z) is the complex conjugate of the spatial field amplitude given 

by Eq. (4.6) and the function 𝐹𝑥(𝑥, 𝑧) represents the incoming beam amplitude 

defined as,  

                                  𝐹𝑥(𝑥, 𝑧) = 𝐴̃0𝑒𝑥𝑝 [− 𝐾𝑥 𝑥′2
−

𝑖

2
(𝑘𝑧′ − 𝜑𝐺𝑜𝑢𝑦)]             (4.13) 

with 𝐴̃0 = √2 π⁄4
 √w0 𝑤(𝑧′)⁄ , x´ and z´ are the incident coordinates given as in 

Fig. 4.4.  The factor 𝐾𝑥 = [(𝑖𝑘 2𝑅(𝑧′)⁄ ) + 1 w(𝑧′)2⁄ ], with 𝑅(𝑧′), and w(𝑧′) given 

similarly to Eqs. (4.7) as a function of 𝑧′. w0 represents the incoming beam waist at 

the flat mirror and is given by Eq (4.7 a).   
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The whole intracavity field describes the complete set of cavity modes excited by 

an input paraxial field that may enter the cavity from the flat mirror side of the cavity 

and is given as,  

                                  𝐸𝑥
𝐼𝐶(𝑥, 𝑧, 𝜑) =

1

𝑡2
∑ 𝐶𝑥,𝑚 𝐸𝑥,𝑚  

𝑡1𝑡2

1−𝑟1𝑟2𝑒𝑥𝑝[𝑖𝜑]
M
m=0                         (4.14) 

Here M is the maximum index value to be kept in a finite expansion. Odd-indexed 

HOMs are especially useful because, unlike even HOMs, they have a lower coupling 

to the single-mode fiber (SMF) mirror. 

As will be shown later, this minimizes the number of stray photons that reach the 

fluorescence detector when they are used to stabilize the cavity length. 𝐸𝑥
𝐼𝐶 given by 

Eq. (4.14) is equivalent to the cavity transmission, times a factor of 1/𝑡2 because we 

are taking this field before the output mirror transmission. 𝜑 is the round-trip phase 

given by Eq. (4.2). The expression 
𝑡1𝑡2

1−𝑟1𝑟2exp[𝑖𝜑]
 identifies longitudinal cavity 

resonances. The resonance condition for different HOMs with longitudinal mode 

order q and transverse mode order (m, n) can be defined as, 

                                               𝐿𝑞𝑚𝑛 =
𝜆

2
(𝑞 +

ϑ𝑚,𝑥

𝜋
+

ϑ𝑛,𝑦

𝜋
)                                         (4.15) 

Where ϑ𝑚(𝑛),𝑥(𝑦) = [𝑚 (𝑛) + 1 2⁄ ]𝜑𝑔𝑜𝑢𝑦 is given by Eq. (4.1). Notably, the higher 

order transverse modes resonate at longer cavity lengths than the fundamental mode 

of a longitudinal mode order q, as indicated by Eq. (4.15). Additionally, the 

Figure 4.4.: shows the coordinates for an incident beam with tilt angle θ to excite 

HOMs. The included transformation is used to convert the incident coordinate 

(x´,y´,z´) to the reference coordinate (x,y,z) with axis offsets x0 and y0. 
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separation between these modes increases with an increase in mirror separation 

(large mode order q).  

Figure 4.5 shows the results obtained by Eq. (4.14). In a perfectly aligned and mode 

matched cavity, only the fundamental mode resonates in the cavity (blue line), but 

if the incident beam is misaligned relative to the cavity axis, HOMs also resonate. 

Figure 4.5 illustrates that tilting the incoming beam at an angle θ = 6° while 

examining a 1 μm axis offset relative to the cavity axis z can excite up to 5th order 

modes within narrow-band dielectric mirror coatings. The resonant modes shown in 

Fig. 4.5 corresponds to TEM00, TEM10, TEM30 and TEM50 (orange line). These 

modes occur at wavelengths that can be spectrally filtered in comparison to the 

fundamental mode at 892 nm, which is aligned with the RE ions under this study. 

The parameters used for calculations are optimized to have high coupling efficiency 

for TEM10 as shown in Fig. 4.5 while the other HOMs exhibit different coupling 

efficiencies within the cavity. This variation arises because the coupling efficiency 

of each TEMmn mode is primarily influenced by factors such as cavity length, 

incidence tilt angle, and axis offset, which will be further detailed in Fig. 4.7a. On 

resonance, the intracavity power of each HOMs can be derived from Eq. (4.14) in 

terms of the finesse which include all loss channels as given by Eq. (4.4). The 

maximum intracavity power can be derived as 𝑃𝐼𝐶 = 𝑇1(ℱ 𝜋⁄ )2𝑃𝑖𝑛, here both the 

transmission and reflectivity are assumed to be independent with regard to which 

transverse mode is used.  
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The calculations performed in this section assume a perfect sphere of the 

micromirror. Due to manufacturing imperfections the profile shape of the machined 

mirror deviates from a perfect sphere leading to ellipticity of the mirror profile 

[68,69].  

Figure 4.5.: calculated intracavity transverse modes travel along the cavity axis z 

and the corresponding transmission and reflection resonances when the cavity 

length is scanned across two FSR. The color code corresponds to the intracavity 

field amplitude given by Eq. (4.14). The calculations are performed for an empty 

cavity with reflectivity of 99% and a curved mirror with radius of curvature of  

31 𝜇𝑚 and 935 nm wavelength. The normal and tilted incident field effect is 

included in the cavity transmission and reflection spectrum. The incident beam 

coupling with 6 ° angle results in an observable offset from the x-axis for various 

cavity modes. 
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In the case of elliptical mirror profiles, the resonances exhibit a splitting into 

doublets that correspond to orthogonal polarizations. For smaller fiber profiles, 

which generally have a low ellipticity, this splitting may be less than the linewidth 

[69]. In the experiments conducted in this study, the polarization of the incoming 

light was consistently selected to ensure that only one of the two lines was targeted. 

4.4 Diffraction loss  

Diffraction losses occur due to the limited dimensions of mirrors, which disturb the 

field at the edges, leading to beam truncation and a deviation from a pure Gaussian 

mode caused by the mirrors' finite size. This section discusses how diffraction loss 

affects TEM00 and higher-order modes as they propagate within the microcavity 

which consists of the flat mirror and curved mirror with a finite cut-off radius. An 

estimation of diffraction losses for various modes is required to evaluate cavity 

length stabilization using different modes. This is due to the feedback gain of the 

closed loop being determined by the slope of the error signal, which is in turn 

determined by the resonance's finesse as detailed in Chapter 6. Figure 4.6 shows 

that the higher-order modes exhibit different diffraction losses in relation to the cut-

off radius (Fig. 4.6a) and cavity length (Fig. 4.6b). These variations significantly 

affect the finesse (shown in Fig. 4.6c) as a result of the diffraction loss. 

For a given microcavity, the final field distribution on the flat mirror after one round 

trip must reproduce its shape. However, the transverse mode pattern will be reduced 

in amplitude and shifted in absolute phase by the complex eigenvalue γmn. The 

eigenvalues γmn after one round trip at the same input plane (in our case it is M1) 

will satisfy the simplified round trip propagation expression [64]: 

               𝛾𝑚𝑛 𝐸𝑚𝑛(𝑥, 𝑦, 0) = ∫ ∫ 𝕂(𝑥̅1, 𝑦̅1; 𝑥1, 𝑦1) 𝐸(𝑥1, 𝑦1, 0) 𝑑𝑥1 𝑑𝑦1
∞

−∞

∞

−∞
. (4.16)                    

Where the double integral is taken over the infinite diameter of the flat mirror M1, 

with the overall kernel 𝕂 given as, 

𝕂(𝑥̅1, 𝑦̅1; 𝑥1, 𝑦1) = 

                    ∫ ∫ K
𝑀2→𝑀1

(𝑥̅1, 𝑦̅1; 𝑥2, 𝑦2) K
𝑀1→𝑀2

(𝑥2, 𝑦2; 𝑥1, 𝑦1) 
𝑎

−𝑎

𝑎

−𝑎
𝑑𝑥2 𝑑𝑦2.       (4.17) 

where K
𝑀1→𝑀2

(𝑥2, 𝑦2; 𝑥1, 𝑦1)  represents the propagation kernel from the flat mirror 

M1 at z = 0 to z = L, where the curved mirror M2 is lying. K
𝑀2→𝑀1

(𝑥̅1, 𝑦̅1; 𝑥2, 𝑦2) 

represents the propagation kernel from z = L going back to z = 0, but the total length 

traveled is 2L and the double integral in Eq. (4.17) is taken over the curved mirror 

cut-off radius a. 



59 

The magnitude |γ𝑚𝑛|2 of the eigenvalues due to the round-trip losses gives the 

remaining intensity after one round trip and the yield losses introduced to the cavity 

Figure 4.6: The round-trip diffraction loss experienced by the curved fiber mirror 

with finite cut-off radius. (a) Diffraction loss introduced from the fiber mirror with 

different cut-off radius and for different higher order modes excited in a cavity. (b) 

The diffraction loss up to 5th modes within the microcavity as a function of the 

cavity length. The calculations are performed at 𝑅𝑐 = 31 𝜇𝑚 and a mirror cut-off 

radius 𝑎 = 10 𝜇𝑚, which are typical values for our setup. (b) The variation in the 

finesse of such a cavity, resulting from diffraction loss, is calculated at up to 5th 

order modes.  
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mode due to the diffraction losses from the finite radius of the curved mirror is given 

as,    

                                    𝑃𝑜𝑤𝑒𝑟 𝑙𝑜𝑠𝑠 𝑝𝑒𝑟 𝑟𝑜𝑢𝑛𝑑 𝑡𝑟𝑖𝑝 = 1 − |𝛾𝑚𝑛|2.                            (4.18) 

Figure 4.6 gives a typical example of losses introduced to various HOMs coupled 

separately to the cavity mode with a mode radius 𝑤𝑚 impinging on a fiber mirror of 

finite cut-off radius 𝑎. The larger spatial distributions of HOMs may give greater 

diffraction loss compared to the fundamental mode. Figure 4.6a, shows the 

diffraction loss of the cavity modes at different cut-off sizes. As shown in Fig. 4.6a, 

lower index modes, such as 𝑚 + 𝑛 = 0 and 𝑚 + 𝑛 = 1, can reach performance that 

is not limited by clipping loss, whereas higher-order modes are significantly 

affected by diffraction loss. For a fiber mirror with a cut-off radius of 10 μm, the 

various cavity modes get altered significantly with the diffraction loss as the cavity 

length increases (see Fig. 4.6b). The reason for this is that the mode waist 𝑤𝑚 = 

√𝑚 + 1 𝑤(𝑧) is impacting the fiber mirror with a finite radius, which increases as 

the cavity length grows, leading to further truncation. In Fig. 4.6c, the diffraction 

loss contribution to the cavity finesse is calculated by using Eq. (4.4). The finesse 

of the higher order modes decreases significantly as the separation between the 

cavity mirror increases. To achieve performance that is not constrained by 

diffraction loss, a fiber mirror with a cut-off radius 𝑎 > 3𝑤𝑚 is required to couple 

up to 5th odd indexed HOMs to the cavity without further clipping loss. These 

investigations can provide insights into the performance of cavity length 

stabilization by utilizing various higher-order modes, as will be elaborated on later 

in Section 6.5.  

4.5 Coupling efficiency  

The coupling efficiency between different components of the microcavity, e.g., 

incident beam to cavity mode through the flat mirror and intracavity mode to single 

mode fiber SMF, can be computed as  

                                  𝜂𝑚𝑛 
=

|∬ 𝐸𝑚𝑛
∗ (𝑥,𝑦) 𝐹(𝑥,𝑦) 𝑑𝑥 𝑑𝑦|2

∬|𝐸𝑚𝑛(𝑥,𝑦)|2 𝑑𝑥 𝑑𝑦 ∬|𝐹(𝑥,𝑦)|2 𝑑𝑥 𝑑𝑦
                                   (4.19) 

Where the 𝐸𝑥,𝑚
∗ (𝑥, 𝑦) is the complex conjugate of the spatial field amplitude inside 

the cavity given by Eq. (4.6). The function 𝐹(𝑥, 𝑦) represents the incoming beam 

amplitude defined by Eq. (4.13) or the near-field fundamental mode distribution of 

the single mode fiber, depending on the interface in question. 
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4.5.1 Coupling through flat mirror 

Due to the small mode size at the flat mirror (see Fig. 4.3), spatial mode matching 

to the cavity mode is achieved with an aspheric lens that offers diffraction limited 

performance. This aspheric lens has a numerical aperture (NA) of 0.6, resulting in a 

spot size of approximately 1.5 μm at the flat mirror and a depth of field of 3 μm, 

thereby achieving optimal mode matching. Figure 4.7a shows that the coupling 

efficiency of odd indexed HOMs are mainly determined by the cavity length and 

incidence tilt angle, in addition to axis offset (not included in Fig. 4.7a).  

4.5.2 Coupling through fiber mirror 

The fraction of the intracavity mode TEMmn coupled to TEM00 mode of the single 

mode fiber SMF is given by the overlap integral given by Eq. (4.19).  The function 

𝐹(𝑥, 𝑦) represents the fundamental mode distribution of the single mode fiber and 

can be well approximated by a Gaussian function of the form,   

                                            𝐹(𝑥, 𝑦) = 𝐹0 exp [− 4
(x2+y2)

MFD2 ]                                      (4.20) 

Where 𝐹0 is a constant and MFD represents the Gaussian mode field diameter of the 

fiber at the operating wavelength.  

Figure 4.7: (a) The coupling efficiency of the odd indexed TEMmn modes to the 

cavity modes as a function of tilt angle of the incident beam and the cavity length. 

(b) The coupling efficiency between the cavity mode and the single mode fiber, 

both with and without considering diffraction loss due to the limited size of the 

mirror.  
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For a step-index single-mode fiber, the following empirical expression may be used 

to determine MFD  [70]: 

                                     MFD = 2𝑤core × (0.65 +
1.619

V1 2⁄ +
2.879

V6 ),                               (4.21) 

                                              V =
2𝜋 𝑤core

𝜆
√ncore

2 − nclad
2 ,                                                 (4.22) 

Where 𝑤core is the core size, ncore and nclad are the fiber core and cladding refractive 

indices. V is the well-known fiber dimensionless parameter, and for SMF, it should 

be less than 2.4 [70]. We take the double integral over the infinite mirror diameter 

to calculate the maximum coupling efficiency between the cavity mode and the 

single mode fiber, and then compare it with the results over the finite diameter of 

the fiber mirror. Figure 4.7b indicates that the overlap between odd indexed HOMs 

and SMF with MFD of about 5 μm results in mode suppression by 10-100 folds 

dependent on the cavity length. However, the finite diameter of the fiber mirror may 

lower this suppression, particularly for TEM30 and TEM50 at long cavity length. 

4.6 Evaluation of HOMs as a Stabilizing Beam 

According to previous discussions, higher-order spatial modes can assist in 

addressing the challenge of integrating the stability beam working in continuous 

mode with fluorescence detection. This can be achieved by detecting fluorescence 

through single mode fibers, which inherently suppress higher-order modes needed 

for stabilization by more than 100 times when compared to the fundamental mode, 

reducing the need for wavelength filters but can also work in combination with such 

filters.  One issue associated with higher order modes is the clipping loss that arises 

from the cut-off radius of the micromirror, which leads to a decrease in finesse. This 

factor plays a crucial role when utilizing higher order modes for stabilization, as the 

effectiveness of cavity length stabilization is highly reliant on the slope of the fringe 

side employed for this purpose. Future setups can mitigate this issue by producing 

micromirrors with a larger cut-off radius that aligns with the desired modes. This 

approach not only reduces clipping loss but also allows for the excitation of modes 

up to TEM90, resulting in a suppression of 104 in error photons from the locking 

beam.  
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5 Mechanical Modeling and 

Assembly Design 

The aim for this project has been building a setup to detect single rare-earth ions, 

which places challenging requirements on the microcavity assembly in terms of 

robust mechanical stability, low temperature operation and optical access. 

Previously, a first attempt to make such an assembly was made and although some 

early fluorescence measurements were realized, the assembly never reached the 

required stability or operation performance. In this chapter, I go through the process 

of designing the second generation of an assembly that meets all the requirements. 

Solidworks simulation tools are utilized to model the assembly performance at low 

temperature and investigate the mechanical responses. The upcoming chapters will 

detail the experiments conducted on the new design. 

5.1 The challenge 

Designing a customized cavity assembly capable of fitting any material is 

interesting for quantum computing applications. Such applications require the 

selection of materials with high coherence properties. One challenge of such a cavity 

is the mechanical stability which is needed to maintain the cavity on resonance with 

the narrow transition of the emitter for long time periods. This necessitates that the 

relative positions between the cavity mirrors remain constant. Mechanical 

disturbances from the surroundings, along with electronic noise from the 

nanopositioning controllers, may counteract this goal. The cavity assembly is 

embedded at cryogenic temperatures of about 1 K. This requires a more rigid 

assembly in order to minimize excessive strain while allowing the stable and fast 

transverse scan of one of the cavity mirrors. To fulfill these needs, a more integrated 

mechanical model is developed here.    
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5.2 Performance of the first-generation setup 

Before my PhD, the first assembly prototype was developed and is described in Ref 

[15,71]. The first cavity setup (see Fig. 5.1b) used commercial ANPx51 and 

ANPz51 slip-stick positioners from Attocube to control the cavity length and the 

transverse scanning of the mirror. With this, long scan range translations of about 

2.5 mm on all cavity axes are possible with nanometer resolution. Long scanning 

ranges along the cavity axis and throughout the sample are required to counteract 

contraction during cooldown to low temperatures and to resolve the structures of 

interest. However, the design of the first prototype resulted in lower mechanical 

resonance frequencies, leading to further instability. Another problem of the 

positioners is that their operation is dependent on the friction between its parts [15]. 

This causes the assembly to shake when driving, and makes it difficult to reliably 

scan an area on the mirror. The other challenge was related to the rigidity of the 

cavity parts assembly. The previous design was constrained by the geometry of an 

older cryostat with only 25 mm diameter space, barely accommodating the 

positioning stages, leaving no room for a rigid design. The cavity components (part 

A and part B in Fig. 5.1b) were attached together by a cylinder, fixed by screws, and 

mounted vertically along the cavity axis to the end of the cryostat rod, making it 

highly susceptible to low frequencies and relative drifts between the cavity parts. 

Figure 5.1: Old cavity setup stability performance at room temperature. The 

spectral analysis of the cavity length fluctuations obtained by side of fringe locking 

technique. The cavity resonance frequencies (top) and cumulative rms noise 

(below). (b) a photograph of the old cavity setup with the main components [15, 

71].  
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This added some difficulty to be actively stabilized at low temperature even with a 

low finesse cavity. The performance of the cavity operation can be determined by 

measuring the fluctuations in cavity length (see Fig. 5.1a). We measured the 

transmission fringes of the cavity after the outcoupling mirror by using a photodiode 

(PD). The slope of the side of fringe was employed to convert the voltage level to 

positional readout. The amplitude spectrum density (ASD) and the cumulative root 

mean square (rms) length fluctuations of the setup were obtained by using the Fast 

Fourier Transform of the cavity transmission. As shown in Fig. 5.1a, the cavity setup 

exhibited high susceptibility to low frequencies, with the maximum resonance peaks 

occurring between 30 Hz and up to 500 Hz. A 30 pm rms cavity length jitter was 

demonstrated when active stabilizing a cavity with a finesse of 700. These 

fluctuations make it challenging to actively stabilize a high finesse cavity (less than 

15 pm rms length stability is needed for 3000 finesse), which is required for 

sufficient Purcell enhancement of the readout RE ions.  

During working on the first cavity assembly, I gained initial knowledge into the 

impact of assembly parts, proportional-integral (PI) controllers, cavity translation 

stages, electrical noise, and noise suppression. The next step was to employ this 

knowledge to develop a rigid and high passive stability mechanical model and 

determine if these improvements, in addition to active stabilization, could reach a 

stability of less than 15 pm rms on the length scale with an acceptable transverse 

scan range of one of the cavity mirrors.   

5.3 Requirements for improving stability 

In our case a cavity of 3000 finesse is used for Purcell enhancement of rare earth 

ions as stated in Section 3.3. To not destroy this enhancement, the fluctuations in 

the cavity length during the measurements should be at least one order of magnitude 

less than the full width at half maximum (FWHM) of the cavity resonance of 145 

pm. Achieving this level of stability depends on improving both rigidity and passive 

stability, alongside active stabilization. Additional requirements for the cavity 

design are detailed below: 

• The cavity length coarse scan range should be large enough to access 

different longitudinal mode orders, each separated by λ/2. For example, to 

allow for the simultaneous cavity resonance of different laser wavelengths 

of the stabilized beam and the sample probe beam. 

• To compensate for large length drifts due to the temperature changes as well 

as the surrounding noise sources at cold temperatures, few microns 

continuous longitudinal scanning ranges are required.  
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• The setup should be compatible with mounting into our new cryostat 

chamber (diameter approximately 48 mm). 

• The movement along all axes, including the cavity length and transversal 

scan axes, should be repeatable. 

• To enhance usability, the cavity should feature quicker scannable cavities 

and improved data acquisition speeds. 

During the design phase, many suggestions for potential improvements were 

considered, as detailed below. 

5.4 Implementations to the new design 

5.4.1 Enhancing rigidity.  

To reduce susceptibility to low frequencies and minimize the strain at low 

temperature, the assembly should be as stiff as possible. This could be improved by 

• Building all the assembly parts in the same base housing block.  

• Titanium is used to manufacture assembly parts and nanopositioners due to 

its low thermal expansion coefficient and excellent mechanical rigidity, 

which reduces relative thermal contraction during cooling. 

5.4.2 Stable moving components 

This could be achieved by, 

• Minimize moving parts to avoid low resonance and build-up frequencies. 

• Increasing the mechanical bandwidth along the cavity axis by using a low 

load.  

• Thicker walls (rigidity). 

• Improving the contact between the assembly parts, particularly the fiber 

mirror and the flat mirror holders.   

• Separating the cavity axis from the movement in X and Y might help in 

lowering coupling frequencies and ensuring beam alignment. 

• Using low load, precise and low noise nanopositioning for the transversal 

scanning of the cavity mirror and the cavity axis control.     
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• Using suitable springs to decouple frequencies which could couple to the 

cavity from the surroundings.      

5.5 New mechanical modelling 

Figure 5.2 illustrates the second-generation assembly design with its main 

components (see Paper I for more details). It utilizes an integrated passively damped 

base housing block to improve stiffness and rigidity while reducing impact on the 

environment coupling. The cavity length and the transversal scan of the mirror with 

samples is controlled by fine and coarse tuning translation stages with complete 

access in XYZ directions and two degrees of angular alignment in the YZ plane 

(where Z refers to the cavity length). In addition, a fully adjustable aspheric lens is 

included for cavity mode matching using the flat mirror. 

Figure 5.2: The second-generation assembly of the microcavity with the main 

components. The yellow arrows indicate the direction in which the various 

components should be assembled. 
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5.5.1 Material choices 

Choosing materials with high resonance frequencies and low thermal drifts are 

required to improve the mechanical stability with noisy and low temperature 

surroundings. Solidworks simulations are performed for Titanium, stainless steel 

and Aluminum. Due to their similar density to elastic module ratio, the same natural 

resonance frequencies are obtained. However, an assembly setup made of Titanium 

has lower thermal deformations at 1 K compared to stainless steel and Aluminum 

(see Fig. 5.3) due to the smaller thermal expansion coefficients (Titanium: 9 ppm/K, 

316 steel: 17.2 ppm/K, Aluminum: 23 ppm/K). In addition, Titanium is the same 

material as the nanopositioners that are used to control the transversal position of 

the cavity mirror and the cavity length, which minimizes the relative thermal drift 

of different components.  

The fine adjustments screws and threaded Bushing (Thorlabs F2ES6 Adjuster and 

F2ESN1P Threaded Bushing) are made of stainless steel and Phosphor Bronze, 

respectively. The compression and extension springs used to clamp the assembly 

Figure 5.3: Simulated exaggerated thermal deformation of the assembly base block 

made of Titanium, stainless steel and Aluminum when cooled down from room 

temperature to1 K. The block with transparent side showcases the structure at room 

temperature. 
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parts to the base block and hold the assembly in the cryostat are made of stainless 

steel, which is nickel plated to reduce the magnetism in stainless steel.  The balls of 

1 mm and 3 mm diameters are also made of stainless steel, and are used for contact 

between the mirror holder and the base block with the fiber mirror so that the top 

stage (angle control stage, Fig. 5.2) can still slide for coarse alignment.  

5.5.2 Positioners 

The slip-stick-based positioners employed in the previous assembly induced 

vibrations during the transverse scan and the cavity length control, resulting in 

reduced mechanical stability. To avoid that in the new assembly the all-piezo-based 

low noise nanopositioners ANSx150 and ANSz100 from attocube are used. A 

transversal scan range of 80 × 50 μm at room temperature and 125 × 30 μm at low 

temperature with high precision in X/Y axes can be achieved. With the combination 

ANSx150 + ANC300/ANM200 drivers only half of the full scanning range of 125 

μm is available at low temperature.  The reason is that the ANSx150 is bidirectional, 

i.e., negative voltages can also be applied here, but the ANM200 module can only 

output positive voltages. With the scanners and the ANM200 module it is able to 

scan or fine positioning the sample by applying a DC voltage through the ANM200. 

The ANM200 controller is equipped with output filters at 1.6, 160, and 1600 Hz.  

For fast transversal scan, X and Y positioners use a 1600 Hz filter, whereas the 

cavity length controller uses 1.6 Hz, since this directly impacts the cavity stability. 

Figure 5.4b depicts the controller output noise as amplitude spectral density (ASD) 

Figure 5.4: (a) Exaggerated thermal deformation simulation of the cavity assembly 

hanging from the roof of a cryostat cold plate at 1 K. The deformation is displayed 

in vertical axis. (b) The spectral noise density output of ANC300/ANM200 

controller for nanopositioners at different internal setting filters.  
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for different filters. The only drawback of these positioners is their limited tuning 

range, particularly at low temperatures.  Therefore, if we use coarse tuning to 

identify a good sample at room temperature and then put it in the cryostat and cool 

down, there is a risk that the scan range may be insufficient to compensate the drift 

due to thermal contraction.  Therefore, choosing the nanopositioners are based on a 

few requirements. A small relative drift between the fiber tip and the center of mirror 

at low temperature is required. This can be checked by simulating the assembly's 

thermal contraction from room temperature to 1 K and estimating the relative drift 

between the fiber tip and the mirror, as illustrated in Fig. 5.4a. The results show a 

relative drift of 12 μm in the X and Z axes and 16 μm in the Y axis compared to 

room temperature, which are within the positioners scan range. Additional micro-

adjustment screws can be used to control the position of the sample at room 

temperature by using an angle control stage (see Fig 5.5b).  

This control stage can be adjusted using four adjusters (Thorlabs F2ES6 Adjuster 

and F2ESN1P Threaded Bushing). The stage provides 200 µm/rev of fine 

adjustment over 2.5 mm of travel in the Y and Z axes with pitch and yaw angles of 

Figure 5.5: (a) The rear of the base block with actuators used to control the cavity 

Z axis for coarse scan and the Y axis to overcome the limited scan range of the fine 

nanopositioners. (b) Angle control stage clamped to the base block by four 

extension springs and pins. (c) The F2ES6 micro screws adjuster and the F2ESN1P 

threaded bushing are in contact with a titanium rod that holds two 3 mm balls for 

Y-axis control, and they are connected to a compression spring at the end. 

Z-axis+ angle 

Y-axis 



71 

0.6°/rev (see Fig. 5.5). In addition, it is essential to bring sufficiently large 

ensembles of nanoparticles onto the flat mirror with high homogeneity and avoiding 

agglomerations. This ensures that, even if the thermal drift caused by thermal 

contraction surpasses the capabilities of the piezo, there is a high chance to still find 

a single nanocrystal.  

5.5.3 Spring systems 

The angle control stage (Fig 5.2 and Fig 5.5b) is mounted to the base block by using 

four extension springs with a force of 10 N each, calibrated so that the stage moves 

smoothly on the four stainless steel spheres with a diameter of 3 mm. The 

specifications of the extension springs are presented in Table 5.1 

Compression springs are designed to decouple the assembly from the higher 

vibration frequencies coming from e.g., the cryostat. This can be achieved by 

hanging the cavity assembly from the roof of the inner cell of the cryostat (see 

Section 2.2 in Chapter 2 for details on the construction of the cryostat) by three 

identical parallel compression springs, resulting in an effective spring constant of 

Keff =K1+K2+K3=3K. The spring constant can be given by, 𝐾 = 𝐺𝐷𝑡
4 8𝐷𝑚

3𝑛𝑡⁄ , 
where G is the shear modulus of the stainless-steel material, and the other 

coefficients are given in Table 5.1. The resonance frequency of the assembly, hung 

by the three springs, is dependent on the total number of active coils nt, and it can 

be given by 𝑓 = √𝐾𝑒𝑓𝑓 𝑚⁄ = 28 Hz (𝑓𝑜𝑟 𝑛𝑡 = 12, 𝑚 = 0.8 kg ). If the driving 

force 𝐹0, representing the vibrations, has a low frequency in comparison to the 

system's frequency f, we can anticipate the assembly to move in lockstep with it. 

This is similar to saying that the term 𝑚
𝑑2𝑥

𝑑𝑡2   plays a small role compared to the term 

𝐾𝑒𝑓𝑓x in the motion equation, [𝑚
𝑑2𝑥

𝑑𝑡2 + 𝐾𝑒𝑓𝑓 𝑥 = 𝐹0𝑐𝑜𝑠(𝜔𝑡)]. Therefore, the 

amplitude is controlled by the spring constant K. On the other hand, at frequencies 

very large compared to the frequency f, the opposite situation holds. The 𝐾𝑒𝑓𝑓x term 

Dm 

(mm) 

Dt 

(mm) 

nt L0 

(mm) 

Ln 

(mm) 

Type 

3.75 0.35 12 15 4.5 compression 

2.8 0.5 12 13.5 18 extension 

Table 5.1: Compression and extension springs specifications used in the new 

assembly. Dm = outer diameter. Dt = wire diameter. nt = total number of coils. L0 = 

unloaded length Ln = loaded length. 
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becomes small compared to 𝑚
𝑑2𝑥

𝑑𝑡2. In this case, we expect a relatively smaller 

amplitude of oscillation than for the above case. A problem that occurred in the lab 

was that the compressor that pumps helium into the cold head generated a roughly 

47 Hz vibration of the 1.5 K cell, and we could use this principle to suppress noise 

at that frequency.   

5.6 Assembly frequency response 

When we measure the total vibrations on our assembly later, the peaks will come 

from different sources. Here, we simulate the mechanical response from the 

assembly alone, which will help us distinguish this from external sources of 

vibration later. The cavity frequency response is estimated using Solidworks linear 

dynamic analyses. The program determines the model's response by adding up the 

contributions of each mode to the loading environment. In this study, the load is 

applied to the top of the assembly with constant amplitude and a frequency range 

between 0 and 10 kHz. In most cases, only the lower modes have a substantial role 

in the response as shown in Fig. 5.6. 

Figure 5.6: Simulation of the assembly frequency response at the fiber mirror tip 

and the flat mirror. The insets show the ASD of the assembly response at different 

resonant frequencies. The simulation is performed by linear dynamic simulation 

tool in Solidworks.  
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A mode's contribution is determined by the load's frequency, size, direction, 

duration, and position. In Fig. 5.6, the frequency response amplitudes on the fiber 

tip and the mirror show resonant frequencies at 663 Hz, 2400 Hz, and 3900 Hz, 

reflecting high rigidity with less susceptibility to low frequencies. The first two 

resonance frequencies are within the range of the closed-loop circuit bandwidth used 

for active stabilization; therefore, it is suppressed by about two orders of 

magnitudes, as shown in the next chapter. The component at 3900 Hz is not so far 

from the closed-loop bandwidth, so it could be suppressed by using components 

with a higher stabilization bandwidth. These high frequencies are also expected to 

be decoupled by hanging the assembly by compression springs as discussed in 

previous section. The next chapter will detail the experiments conducted with this 

new assembly setup, focusing on performance at both room temperature and 

cryogenic conditions. It will also explore various stabilization techniques necessary 

to attain the high level of stability required for the detection of single rare-earth ion. 
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6 Micro-cavity length stabilization 

This chapter covers the experimental findings obtained from the microcavity 

assembly described in the previous chapter. It includes the construction of the cavity 

and the modeling of the mirror coatings. We outline the operational principles of 

the doubly resonant microcavity and how we utilized it to measure the quality factor, 

finesse and the cavity length. Furthermore, we analyze the stability of the cavity 

based on a closed-loop circuit model, presenting data on cavity length fluctuations 

across various higher-order modes, which is also the topic of Paper I. In this chapter 

we experimentally demonstrate the capacity of using higher order modes as locking 

beam to mitigates the impact on fluorescence detection setup. We address the 

design's performance limitations and propose suggestions for improvement. In 

addition, this chapter focuses on measurements conducted within a closed-cycle 

cryostat, discussing the noise generated by the pulse tube cryocooler, its interaction 

with the microcavity, and measurements taken at a temperature of 10 K. The final 

section evaluates the stability performance we achieved in comparison to other open 

access microcavity configurations. 

6.1 Cavity Assembly setup 

6.1.1 Cavity building  

A photograph of the open microcavity is shown in Fig. 6.1a. It includes a flat mirror 

and a fiber-based concave mirror for the resonator. Three Attocube piezos are used 

for fine tuning: two ANSx150 piezos for Z and X control, and one ANSz100 for Y 

control. Coarse tuning is done with translation stages and micro-adjustment screws 

(see Section 5.5.2 for more details). A fully tunable lens with a numerical aperture 

(NA) of 0.6 is used for collimation and matching cavity modes, while a shear piezo 

is used for scanning and stabilization. At room temperature, the shear piezo has a 

scan range of 3 μm. At 1 K, the scan range is reduced by approximately a factor of 

3. 



75 

  

Figure 6.1: (a) A photograph of the constructed cavity assembly and (b) Profile of 

the fiber mirror end facet surface, measured using a white light interferometer giving 

a fiber mirror depth of about 1.5 μm. (c) Mirrors transmission measured by 

LaserOptik (blue line) and simulated (red dash) using the transfer matrix method 

(described in Section 4.2.1), and the simulated reflection phase of the cavity mirrors 

(gray dash). The cavity mirrors have 1×103 ppm transmission at 892 nm (probe 

beam) with a reflection phase of +40° and 2×103 ppm transmission at 935 nm (lock 

beam) with a reflection phase of + 80°. The phase undergoes a significant change at 

the edges of the stop band due to the transmissivity of the stack. 
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6.1.2 Cavity mirrors and coatings  

Figure 6.1b shows the profile of the fiber mirror end facet surface produced by CO2 

laser machining [18], and measured using a white light interferometer. The profile's 

parabolic fit results in a radius of curvature, ROC = 31 μm, and a mirror depth of 

about zt = 1.6 µm. The mirror parameters yield a cut-off radius of 10 μm resulting 

in a cavity mode truncation at the edge of the curvature (see Section 4.4) and to 

ensure resonator stability, the physical cavity length L should be between 2 and 30 

μm.  

In this thesis project co-dopants of Nd and Pr impeded in nanoparticles are used as 

a redout ion and qubit ions, respectively (see Section 7.1). Since Nd is the main 

candidate for the readout ion, Purcell enhancement should be optimized for its 

transition wavelength of 892 nm. For qubit ions (Pr), no enhancement is needed as 

long as a single pass of the beam provides an adequate Rabi frequency for rapid gate 

operations. Any resonant effect on the qubit wavelength would require a doubly 

resonant cavity which has no guaranteed alignment. Thus, the high-reflective 

coatings were engineered to be entirely transmissive at the qubit wavelength of 619 

nm. For 892 nm, two different reflectivity levels were selected, R=99.5% and 

R=99.9%, which correspond to a cavity finesse of approximately 600 and 3000, 

respectively. The measurements discussed in this thesis are based on using a mirror 

reflectivity of R=99.9%. The mirror coatings have 12 layers of Ta2O5 and SiO2, with 

refractive indices of 1.46 and 2.09. They feature a stopband at 892 nm and an AR 

coating at 619 nm. As discussed in Section 4.2.1, a top layer of SiO2 was made 

roughly ~ λ/4 thick to assure that the samples are placed at the field maximum, thus 

increasing the sample interaction with the cavity field.  

The mirror parameters are utilized to model the transmission characteristics of the 

coatings and the reflection phase through the transfer matrix method, as shown in 

Fig. 6.1c. The reflection phase of the cavity mirrors defines the position of the cavity 

node relative to the nanoparticle for increasing the light matter interaction. A 

reflection phase of +40° at 892 nm and +80° at 935 nm gives a phase penetration 

depth of 50 nm and 105 nm, respectively (see Section 4.2.1 for more details).  The 

diode laser operates at a wavelength of 935 nm is employed to maintain the stability 

of the cavity length throughout the experiments.  

6.1.3 Optical setup  

Figure 6.2 shows the basic optical setup and a schematic of the electronics used to 

perform the cavity length stabilization and fluorescence collection experiments. 

Paper I discusses the setup in detail, but I'll provide an overview below. 

The microcavity uses two laser beams, an 892 nm Ti:sapphire laser and a 935 nm 

diode laser, to probe the spin coated samples on the flat mirror and stabilize the 

cavity length, respectively. The diode laser beam is coupled to the cavity using a 
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mode-matching lens, while the Ti:sapphire laser probe beam is coupled to the fiber 

side through a fiber optic coupler's input port (10%). The other fiber port (90%) is 

used to quantify leak photons transmitted from the single mode fiber (SMF) during 

stabilization, with measurements recorded on PD3. 

A variable neutral density filter (ND) is used to vary the laser power entering the 

cavity. A dichroic mirror separates the two wavelengths from the cavity, directing 

the reflected light to photodetectors PD1 and PD2 (DHPCA-100) for analysis. This 

project implements two cavity length stabilization methods: the tilt locking scheme, 

which uses a split detector for the locking signal, and the side of fringe scheme, 

which employs PD1 to generate the locking signal. 

6.1.4 Data acquisition 

Performing fast measurements is essential for efficient data acquisition, either by 

averaging the data or by compensating drifts and fluctuations with a quick response. 

Figure 6.2: The experimental setup includes optical and electrical components, 

different optical schemes for cavity length stabilization using higher order modes, 

and error photons detection in a fluorescence setup. This is the same figure as in 

Paper I, but reproduced here for convenience. 

M1 

Single mode fiber 
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This is also essential for the scanning cavity microscopy to allow for faster sample 

imaging and the collection of many rapid measurements. In this respect, a fast field 

programmable gate array (FPGA) offered by RedPitaya5 is used for sweeping the 

cavity length, and as a lockbox for cavity length stabilization. A fast digital 

oscilloscope6 is used to acquire cavity signals, and MATLAB is employed to 

transfer them to the computer and perform data analysis.  

6.2 Experimental methods  

6.2.1 Using higher order modes for cavity length stabilization  

Chapter 4.3simulations reveal that the narrow-band coatings on cavity mirrors 

enable higher order modes (HOMs) near the fundamental TEM00 mode, which can 

be used to stabilize the cavity length. Using a fiber for fluorescence detection 

reduces odd-indexed HOM output coupling by over 100-fold due to the small 

overlap between the cavity mode and SMF, making HOMs with different 

wavelengths from the probe beam excellent candidates for cavity length 

stabilization. 

The coupling of HOMs to the cavity involves using the angle of one of the coupling 

mirrors, M1 in Fig. 6.2, to create misalignment between the lock beam and the cavity 

axis, enabling higher-order mode coupling. The efficiency of coupling for each 

higher-order mode is influenced by factors like cavity length, tilt angle, off-axis 

displacement, and mode-matching aspheric lens alignment, as detailed in the 

calculations presented in Section 4.5.  

Figure 6.3a shows the cavity reflection at 935 nm on detector PD1 and the 

transmission at 892 nm on detector PD2 when the cavity length is scanned across 

two free spectral ranges (FSR) and when the lock beam is optimized for a first order 

mode TEM10. Up to 5 HOMs can be excited in one FSR with different reflection 

dips due to different coupling efficiencies. A good spatial overlap between the 

atomic transition at 892 nm and the lock beam at 935 nm is required for cavity length 

stabilization (see Fig. 6.3). The next section will discuss the conditions and 

parameters that control the longitudinal overlap between the two wavelengths. 

 
5 STEMlab 122-16. The device features two 16-bit 50-ohm inputs and 14-bit outputs, and an ultra-low 

phase noise of 122.88MHz. 
6 LeCroy HDO 6104A,12-bit, 10 GS/s, 1GHz bandwidth. 
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6.2.2 Doubly-resonant cavity  

Equation (4.2) states that a doubly resonant cavity must have a phase shift of 2π for 

both wavelengths during a single round trip. This can be achieved by considering 

the fundamental TEM00 mode (probe beam) with longitudinal index q1 for 𝜈1 =

Figure 6.3: (a) Cavity reflection spectrum of the lock beam from the flat mirror side 

(orange) and probe beam transmission (blue), see Fig. 6.2. The expression (n+m) 

denotes a collection of resonant modes. (b)  The overlap between the transmitted 

probe beam and the reflected lock beam is shown together. 
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𝑐 𝜆1⁄  and TEMmn mode (lock beam) with q2 for 𝜈2. The frequency 𝜈2 = 𝑐 𝜆2⁄  of the 

lock beam should satisfy the condition, 

                         𝜈2 = 𝜈1 +
𝑐

2𝜋𝐿
[𝜋(𝑞2 − 𝑞1) −  ∆𝜑 + (𝑛 + 𝑚)𝜑𝐺𝑜𝑢𝑦],                     (6.1) 

This equation represents the condition for the overlap between the two standing 

waves inside the cavity.  ∆𝜑 represents the relative phase shifts at the reflection on 

the cavity mirrors for both wavelengths λ1 and λ2. 𝜑𝐺𝑜𝑢𝑦 is the Gouy phase shift.   

For our experiment, λ1 is the wavelength of the probe, which is fixed by the atomic 

transition to 892 nm. The relative reflection phase shift between the two 

wavelengths can be obtained by the reflection phase simulated by the transfer matrix 

method (see Fig. 6.1c) giving, ∆𝜑 =  80° −  40° = 40°.  By applying the values of 

λ1 and ∆𝜑 to Eq. (6.1), it becomes possible to derive the optimal conditions. Figure 

6.4(a) shows the resonant wavelength λ2 of the locking beam, corresponding to the 

condition where the cavity is simultaneously resonant at λ1= 892 nm and expressed 

as a function of the cavity length L for different resonant cavity TEMmn modes. The 

optimal condition for achieving double resonances, is constrained by the tunability 

range of the diode laser employed as a locking beam, giving q1 = q2 + 1 in our case. 

The tunability range of the lock beam is plotted in the inset of Fig. 6.4a as a green 

rectangle. The wavelength of the diode laser is controlled by adjusting the current 

or the temperature. To observe the cavity resonances, we measure the cavity 

transmission and reflection signals while scanning the cavity length with a shear 

piezo (P-121.03T).  

Starting with a long cavity length of approximately 15 µm between the fiber mirror 

and the flat mirror, the cavity length is progressively moved closer to the flat mirror 

using the ANSx150 piezo. At every step, λ2 is tuned so that both wavelengths are 

resonant with the cavity length. In order to know λ2, we measure the transmission 

from the fiber using a spectrometer. We repeat this procedure for different HOMs 

at various cavity lengths. An example of a doubly resonant cavity is shown in 

Fig.6.3, when the cavity is turned to be resonant with both the TEM10 lock beam 

and the TEM00 probe beam. The inset of Fig.6.4a compare the calculated and the 

measured overlap for different HOMs and the measured values are plotted as blue 

circles.  

6.2.3 Measuring cavity parameters 

Different methods can be employed to assess cavity parameters. One approach to 

determine finesse involves sweeping the cavity length using the shear piezo element 

over one free spectral range (FSR). Finesse is defined as the ratio of the FSR to the 

full width at half maximum (FWHM) linewidth, making this a straightforward 

technique. However, this method has limitations regarding precision, primarily due 
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to mechanical fluctuations and the non-linear behavior of piezo elements. 

Additionally, it enables the measurement of finesse without requiring knowledge of 

the cavity length. 

Another method is to use an electro-optic modulator (EOM) to add sidebands at a 

specific frequency separation with respect to the laser, which subsequently serves 

as frequency markers. Given the cavity parameters we are considering, the cavity 

demonstrates a linewidth of  𝜅 2𝜋⁄ = 17 GHz (κ 2𝜋⁄  =  
𝑐

2𝐿 ℱ
 ) for L = 3 μm and ℱ 

= 3000. Therefore, a modulation frequency exceeding 20 GHz is necessary, 

otherwise the sidebands will overlap with the carrier, rendering the extraction of the 

linewidth impossible. For a common modulation of 2 GHz at a wavelength of 780 

nm, the measurable finesse is consequently restricted to >10,000 [65].  

In this section, we present an alternative approach for assessing cavity parameters 

through the use of a doubly resonant cavity. This method serves as a tool for the 

simultaneous measurement of various cavity parameters, such as the quality factor, 

cavity finesse, mode order, and cavity length. The cavity parameters can be 

determined by measuring transmission and reflection signals at two resonant 

wavelengths under length change for calibrations, as illustrated in Figs. 6.4b and 

6.4c. Each wavelength can serve as a reference for the other, provided that the 

previously established condition for overlap is met. The Lorentzian fitting method 

allows for the determination of FWHM linewidth of a mode in relation to changes 

in cavity length δd and wavelength δλ. By incorporating the known wavelengths 

λ1,2 of the resonant modes, it is possible to estimate the cavity quality factor Q 

utilizing Eq. (4.2.2).).  

The mode order of a specific resonant wavelength can be determined by utilizing 

the fact that the ratio of the measured  δd to δλ linewidths is 𝑞 2⁄ . Additionally, the 

overlap condition q1 = q2 + 1 can assist in estimating the mode order of the 

corresponding mode. The finesse of a mode can therefore be determined by dividing 

the quality factor by the mode order q, while the cavity length is determined by 

multiplying the free spectral range of a mode by its corresponding mode order, 

L1,2 = q1,2 (λ1,2/2).   
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Figure 6.4: (a) Illustrates the theoretical curves given by Eq. (6.1) for different 

resonant cavity modes. The inset highlights the tunable range of the locking diode 

laser (indicated by the rectangle) alongside the measured cavity length (represented 

by the blue circles). The signals from the probe and lock beams with Lorentzian 

fittings are illustrated in parts (b) and (c), with the x-axis calibrated in terms of cavity 

length change units and wavelength, respectively, for measuring of both cavity 

length and finesse. 



83 

In Figs. 6.4b and 6.4c, the fitting results indicate δd1,2 = 0.15 nm, and 0.26 nm, 

along with δλ1,2 = 0.012 nm, and 0.021 nm for the probe beam at 892 nm and the 

lock beam7 at 935 nm, respectively.  The calculated quality factors are Q1,2 =

7.4 × 104 and 3.5× 104, while the mode orders are q1,2 = 25, and 24. The finesse 

values,  ℱ1,2 ≈  3 × 103, and 1.6 × 103  can be obtained by dividing the quality 

factor by the respective mode order. The final parameter is the cavity length, L1,2 =
L approximately equal to 11.25 μm regardless of if the 892 nm or 935 nm data is 

used. It is important to note that the precision of these values is determined by the 

accuracy of the wavelength measurements, which is generally very high. For the 

different HOMs these measurements are repeated and for the lock beam we 

observed a maximum finesse of 1600 for TEM00 and TEM10, 800 for TEM30, and 

400 for TEM50 at cavity lengths shown in the inset of Fig. 6.4a. The discussion 

regarding finesse-dependent HOMs is presented in Section 4.4. As outlined in that 

section, the finite dimensions of the fiber-based mirror introduce clipping losses to 

the higher order cavity mode, limiting the finesse. The precision of these 

measurements is contingent upon the correct values of wavelengths, mechanical 

fluctuations and the hysteresis associated with the sweeping shear piezo. 

 
7  The signal reflected at 935 nm is inverted to allow for a direct comparison of FWHM linewidths of 

two different wavelengths. 

Figure 6.5: (a) The cavity transmission (blue line) under cavity length variation for 

a finesse of 3000 at 892 nm, and a peak photodiode signal of 1 V. The set point 

(bright orange) corresponds to the locking point on the transmission side of the 

fringe where the locking can be performed. The slope given by the derivative of 

the transmission signal (dark orange). (b) The conversion factor across different 

voltage levels. It is determined by inverting the slope (dark orange (a)) and 

interpolating the relevant values at distinct setpoints (bright orange point).  
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6.2.4 Conversion factor  

To ensure optimal mechanical stability during operation, it is essential that the 

variations in cavity length are significantly smaller than the linewidth of the cavity 

resonances, expressed as 𝛿𝑑 =
𝜆 2⁄

ℱ
 [65]. Here, δd is the FWHM linewidth under 

length change measured via the finesse. In Fig. 6.5a, a transmission signal measured 

in volts on the oscilloscope, corresponding to variations in cavity length, is shown. 

The FWHM linewidth of the transmission signal at 3000 Finesse is δd = 148 pm. 

Figure 6.5b illustrates a derived conversion factor in units of pm/V, as a function of 

the setpoint (lock point) on the flank. The conversion factor is utilized for converting 

the measured voltage fluctuations into position fluctuations. 

6.3 Locking schemes  

It is essential to maintain a constant cavity length, since this determines the 

resonance frequencies of the cavity, thereby influencing spectral characteristics, 

such as the transmission spectrum and the lifetime of the emitters contained within. 

For a given cavity, this can be improved by implementing active stabilization, which 

effectively suppress any vibrations that could disrupt the system. The first step of 

the locking procedure involves creating an electronic error signal, which can be used 

for the locking of the cavity. In this research project, both side-of-fringe locking and 

tilt locking techniques have been utilized to produce the error signal necessary for 

actively preserving the stability of the cavity, while assessing their performance 

across various parameters. 

The following sections will outline the methods employed for generating the error 

signal, which can then be corrected for by the piezo positioners. 

6.3.1 Pound-Drever-Hall (PDH)  

The PDH scheme [72, 73] employs frequency-modulated light that interacts with 

the incoming light within the cavity, leading to the production of an error signal. 

This method relies on breaking the symmetry of the fringe around resonance, which 

causes the error signal to exhibit odd symmetry about the line center, thereby 

facilitating locking to the peak of a cavity fringe. The short cavity length leads to a 

broad spectral width, despite the high finesse, requiring high modulation 

frequencies to effectively modulate error signals (see section 6.2.3). For the sake of 

simplicity and to avoid increased expenses, which would arise from the need for 

high-frequency electronics and electronic optical modulators (EOMs), PDH cavity 

locking has not been implemented. 
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6.3.2 Side-of-fringe  

The side-of-fringe locking technique employs the slope on either side of the cavity 

resonance, whether in transmission or reflection, to transform fluctuations in cavity 

length into corresponding amplitude changes. Locking to the peak of the transmitted 

signal, as shown in Fig. 6.5a, does not yield any information regarding the sign of 

the cavity length deviation, which is why side of the fringe locking must be used. A 

similar argument is true if the reflected signal is used instead. As shown in Fig. 6.5a, 

the reference lock point is given by a set voltage which defines a specific cavity 

length compared to the photodetector voltage in reflection. This method has the 

immediate advantages of great simplicity and even versatility, as a lock point can 

be chosen at an arbitrary cavity length along the flank. Despite its advantages, side-

of-fringe locking has considerable downsides. 

The main concerns include the slope of the error signal, which itself depends on the 

finesse and contrast of the cavity signal near resonance. In addition, side-of-fringe 

is susceptible to fluctuations in laser power, which can directly introduce noise into 

the piezo elements used for length fluctuations compensations.  

6.3.3 Tilt locking 

The tilt locking scheme shown in Fig. 6.6, utilizes the phase of an off-resonant mode 

as a stable reference beam [74, 75]. This reference can be used to compare with the 

phase of a beam resonant with the cavity, to extract the length fluctuations. In this 

research project, we suggest the first-order mode as the cavity resonance mode, 

which ensures minimal coupling with the single-mode fiber (SMF) (see Chapter 4), 

while the locking laser's TEM00 mode serves as the off-resonant phase reference.  

The study uses a split detector (First Sensor QP5.6-TO5) to break the symmetry of 

the fringe around the line center, resulting in a nearly linear phase response. The tilt 

error signal is derived from a difference between the two halves. A silicon quadrant 

photodiode is used for tilt locking analysis, connected to a micrometre stage for 

adjustable xyz axes. The mathematical derivations of the tilt error signal are 

presented in [76].  

The problem with the tilt locking scheme is the high sensitivity of the lock signal to 

the beam positioning on the split photodiodes, so secure photodiode mounting and 

avoiding optical components before the split photodiode are crucial to avoid beam 

displacement.  
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6.4 Feedback locking circuit analysis 

When the cavity length is stabilized at a lock point, even minor fluctuations of the 

cavity length can lead to an error signal, which is measured by photo detector PD2 

or split detector SD in Fig. 6.2. To maintain the system's output at the lock point, a 

feedback control loop is required. This control loop consists of several components, 

such as a FPGA for proportional-integral (PI) controller, a low-noise pre-amplifier 

(SRS, Model SR 560), a first-order RC low-pass filter, a post-amplifier (TD250), 

and finally the shear piezo (P-121.03T) to actuate the compensation. The 

feedback/control design to make a stabilization cavity is illustrated in Fig. (6.7).  

The system's closed-loop transfer function, where 𝑠 = 2𝑖𝜋𝑓, is denoted as [77],  

                                               H(s) =
𝐶𝑠(𝑠) 𝐻𝐴(𝑠) 𝐻𝑃𝐼(𝑠)    

1+𝐶𝑠(𝑠) 𝐻𝐴(𝑠) 𝐻𝑃𝐼(𝑠) 
                                                        (6.2)                                                      

 

Figure 6.6: Tilt locking detection scheme. When a tilted beam is coupled into the 

cavity from the flat mirror side, it excites the TEM10 mode, whereas the symmetric 

TEM00 mode is directly reflected because it resonates at a different cavity length. A 

vertically split detector can be utilized to measure the spatial phase gradient that 

arises from the interference of the two modes. By subtracting the signals from the 

two halves, a lock signal is generated.  
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The forward gain (open-loop gain) from setpoint R(s) to detector output Y(s) is 

represented by the numerator 𝐶𝑠(𝑠) 𝐻𝐴(𝑠) 𝐻𝑃𝐼(𝑠), whereas the denominator is one 

plus the gain, referred to as loop gain. The transfer function HA(s) of the amplifier 

with LPF is given as 𝐻𝐴(𝑠) = 𝐴𝑢 (1 + 𝜏 𝑠)⁄ , 𝐴𝑢 is the gain of the amplifier and 𝜏 =
0.6436 2𝜋𝐵𝑊⁄  is the low pass filter time constant and BW represents its 

bandwidth. The transfer function of the PI controller is defined as, 𝐻𝑃𝐼(𝑠) = 𝐾𝑝 +

𝐾𝐼 𝑠⁄ , where 𝐾𝑝 is the proportional gain and 𝐾𝐼 is the integration gain. The function 

Cs(s) determines the combined gain of the cavity and photodiode and can be given 

as,    

                                                           𝐶𝑠(𝑠) = 𝐾 𝐺𝑠(𝑠),                                                             (6.3) 

The transfer function 𝐺𝑠(𝑠) represents the perturbation in the intracavity field due 

to the cavity length fluctuation [78-80]. On the reflection side and for a symmetric 

cavity, 𝐺𝑠(𝑠) can be rewritten as [80],   

                                      𝐺𝑠(𝑠) = −ik (
𝜆

2ℱ
)

 ℛ 𝑒−𝑖β

(1−ℛ 𝑒−𝑖2β)
; β = s ×

L

c
.                                   (6.4) 

Here, k = 2𝜋 𝜆⁄  is the wavenumber, 𝜆 is locking wavelength, ℱ is the cavity finesse, 

ℛ is the cavity mirrors reflectivity, L is the cavity length, and c is the speed of light. 

The parameter K in Eq. (6.3) specifies the gain factor of the photodetector for the 

signal reflected from the cavity and is given by [77],  

                                                     K = 𝜂 𝑃r𝐺 ℜ 𝑟𝑝𝑖𝑒𝑧𝑜 𝛿𝑑⁄
 
,                                                     (6.5) 

where 𝜂 is the coupling efficiency to the cavity mode, 𝑃𝑟 is the reflected power from 

the cavity on the detector with transimpedance gain of G (V/A), ℜ (A/W) is the 

Figure 6.7: Block diagram of the feedback control system showing the control input 

R, 𝑍𝑚 perturbations, and photo diode noise 𝑑𝑠. The physical system is represented 

by 𝐶𝑠 , the amplifier with low-pass filter LPF by 𝐻𝐴, the control algorithm by 𝐻𝑃𝐼, 

and photo detector PD (which measures the cavity's output).  
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photodiode responsivity,  𝑟𝑝𝑖𝑒𝑧𝑜 𝛿𝑑⁄  is the ratio between the piezoelectric coefficient 

𝑟𝑝𝑖𝑒𝑧𝑜(nm/V) and the cavity resonance linewidth 𝛿𝑑 = (𝜆 2ℱ⁄ ). 

6.4.1 Circuit performance 

The closed loop transfer function given by Eq. (6.2) shows that the performance of 

the feedback circuit depends on the circuit gain, closed-loop circuit bandwidth, and 

the slope of the cavity signal, which is a function of the cavity finesse. In addition, 

the electronic noise from the amplifiers, drivers and the shot noise of the detector 

can limit the performance. One of the key parameters is the closed loop bandwidth, 

which evaluates the efficiency of a locking circuit by defining the frequency range 

in which the condition 𝐶𝑠𝐻𝐴 𝐻𝑃𝐼 > 1, and thus the extent to which the 

environmental noise can be effectively suppressed. 

6.4.2 Noise suppression using feedback circuit 

The output Y(s) of the feedback circuit can be expressed, as derived in the 

supplementary material of paper I, by taking into account a potential disturbance of 

the cavity (see Fig. 6.7) caused by Zm, along with the photodiode noise ds, 

                                𝑌(𝑠) = H(s) [𝑅(𝑠) − 𝑑𝑠(𝑠)] +
1    

1+𝐶𝑠(𝑠) 𝐻𝐴(𝑠) 𝐻𝑃𝐼(𝑠) 
 𝑍𝑚.           (6.6) 

This demonstrates that, if the open loop gain is large enough, perturbations 𝑍𝑚 

impacting the system may be effectively minimized. In contrast, noise that enters 

through the PI controller from the photo detector cannot be suppressed as discussed 

later. The error signal of the feedback loop is given as, 

                                                         e(s) = R(s) − 𝑌(𝑠).                                                            (6.7) 

Using Eq. (6.6), the error signal, when affected by Zm and ds, can be given by,  

                                           e(s) = [
R(s)−𝑍𝑚

1+𝐶𝑠(𝑠) 𝐻𝐴(𝑠) 𝐻𝑃𝐼(𝑠)
] + H(s)𝑑𝑠(𝑠).                             (6.8) 

When 𝐶𝑠(𝑠) 𝐻𝐴(𝑠) 𝐻𝑃𝐼(𝑠), is significantly greater than 1, the first term of Eq. (6.8) 

diminishes considerably and H(s) ≈ 1. Consequently, the error signal is primarily 

influenced by the detector noise and additional electronic noise introduced into the 

closed loop by the amplifiers and the PI controller, allowing for an approximation 

as follows, 

                                                            e(s) ≈ 𝑑𝑠(𝑠).                                                                (6.9) 
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As a result, the photo detector PD should have a low noise level compared to the 

cavity perturbations to allow them to dominate the signal.  

In the side-of-fringe locking measurements the cavity signals are focused on a 

photodiode (Hamamatsu, S5973) connected to a transimpedance FEMTO amplifier 

(DHPCA-100). With no light incident, the integrated output peak-to-peak detector 

noise Vpp is 36 mV at 108  V/A transimpedance gain (G) and 220 kHz bandwidth 

(BW). We can then calculate the limit where the shot noise from the useful signal is 

dominating over the detector noise as [81], 

                                                           Pr =
𝑉𝑝𝑝

2

2 𝐺2 ℜ 𝑞 𝐵𝑊
,                                                          (6.10) 

where q is the electronic charge. For the photodiode detector with responsivity ℜ = 

0.26 A/W at the 935 nm lock beam wavelength, and 220 kHz bandwidth, the power 

Pr that would be necessary for the shot noise of the beam to exceed the detector 

noise is 7 µW. This power P0 is equivalent to 4 mW intracavity power at 1600 

finesse. The quadrant split detector for tilt locking error signal generation has a 

minimum detectable power of 12 pW per element, but noise from the reverse-biased 

circuit and operational amplifier increases this power limit. 

6.4.3 Noise amplitude analysis 

The noise amplitude spectral density (ASD) can be given as,  

                                                   𝑆 (
𝑝𝑚

√𝐻𝑧
) =

|𝑒(𝑠)|

√2∆𝑓𝐸𝑁𝐵𝑊
.                                                    (6.11) 

ENBW=1.5 indicates the equivalent noise power bandwidth, while ∆f denotes the 

frequency interval. The root mean square (rms) length fluctuation, measured in 

picometers (pm), can be determined by integrating the amplitude spectral density 

across the frequency bandwidth as follows:                     

                                           ∆𝐿𝑟𝑚𝑠(𝑝𝑚) = (∫ [𝑆 (
𝑝𝑚

√𝐻𝑧
)]

2
𝑑𝑓)

0.5

                                (6.12) 
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The rms amplitude is used for evaluating the performance of the cavity setup under 

various perturbations, as well as assist in further improvements during cavity 

building and operation in noisy environments. 

6.5 Evaluating circuit performance at room temperature 

This section aims to characterize the cavity assembly's locking performance, using 

side-of-fringe and tilt locking schemes. We present our results for the closed-loop 

measurements, where we investigate the stability across multiple higher-order 

modes and intracavity locking powers to attain an optimal balance between high 

mechanical stability and low photon leakage in fluorescence detection via the 

single-mode fiber (SMF).  

Figure 6.8: Room temperature stability measurements. (a) Shows the amplitude 

spectral density (ASD) at different TEMmn modes. (b) The cumulated rms length 

fluctuation obtained by using the analysis performed in Section 6.4.3 at 32 mW 

intracavity locking power and 237 μW intracavity power for probing beam.  
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Figure 6.8 illustrates the stability measurements of the cavity at room temperature 

while it is positioned on the air dumper optical table. The locking circuit bandwidth 

is 3 kHz, limited by the post amplifier. Measurements are done using a 892 nm 

probe beam with a cavity finesse of 3000, allowing comparisons of different modes 

and input powers. Peaks around 260-500 Hz are due to acoustic and electronic 

noises. Assembly resonances range from 0.6 kHz to 5 kHz as described in Section 

5.6. Higher-order modes have worse locking due to the reduced finesse and 

therefore have larger length fluctuations, but that the locking can be improved by 

using fiber mirrors with a larger cut-off radius in future setups. Breaking the 

symmetry of the cavity fringe is a significant distinction between tilt locking 

methods and the side of the fringe, resulting in a steeper slope around the line center. 

This adjustment facilitates locking at the peak of a cavity fringe when using the tilt 

locking method. A threefold increase in stability is demonstrated in Fig. 6.8b, 

reaching around 0.5 pm rms, while maintaining the same intracavity power when 

contrasted with the TEM10 side of fringe result of about 1.5 pm rms. This 

improvement can be attributed to the steeper slope observed. 

6.5.1 Noise analysis 

In our locking circuit, the minimum length fluctuations achieved with a feedback 

loop operating at a 3 kHz bandwidth are 0.5 pm, as determined by the tilt locking 

method. This performance is constrained by the closed-loop bandwidth. To enhance 

technical performance, we can transition to a high-voltage amplifier, such as the 

ADHV4702-1, which is designed to operate over a wide bandwidth while ensuring 

a low noise profile. By utilizing this amplifier, approximately 150 fm rms can be 

attained when the closed-loop bandwidth is increased to 80 kHz as given in Paper I, 

which is nearly aligned with the fast-lock shear piezo bandwidth of 84 kHz. 

Thermal fluctuations represent a significant factor that may restrict overall 

performance. Figure 6.9 illustrates the thermal noise generated by light absorption 

in mirror coatings and substrates, which leads to variations in the refractive index 

of the coating layers and substrate linked to both cavity length (thickness-related) 

and beam size (area-related) elastic deformations [82]. These fluctuations 

subsequently initiate photothermal phenomena [82, 83], including photo-thermal 

elasticity (PTE) and photo-thermal refraction (PTR). Furthermore, Brownian noise 

is associated with the random motion in the coating materials and substrate. The 

total amplitude spectral density (ASD) of the thermal length fluctuations S can then 

be written as [82], 

                            𝑆 (
𝑚2

𝐻𝑧
) = 𝑠𝑃𝑇𝑅

𝑐𝑜𝑎 + 𝑠𝑃𝑇𝐸
𝑐𝑜𝑎 + 𝑠𝐵𝑟𝑜𝑤𝑛

𝑐𝑜𝑎 + 𝑠𝑃𝑇𝐸
𝑠𝑢𝑏 + 𝑠𝐵𝑟𝑜𝑤𝑛

𝑠𝑢𝑏 .                     (6.13) 

The integrated noise over all frequency range gives about 115 fm rms at 1 W 

intracavity power. The calculated shift in cavity resonance for our specific cavity 
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parameters and mirror coating material (Ta2O5/SiO2) is 0.22 linewidths per watt of 

intracavity power, as determined by Eq. (28) in [18]. The thermal noise predictably 

diminishes as the intracavity power decreases, ultimately nearing the Brownian 

noise threshold of 15 fm rms at an intracavity power of 32 mW in our setup. 

6.6 Error photon suppression 

In addition to the stability performance, using higher order modes also brings a 

benefit to fluorescence measurements conducted in the stabilized cavity, which we 

now discuss. Figure 6.10 shows the measured error photons that are coupled to the 

single-mode fiber from the odd-indexed higher order modes locking beam, across 

different intracavity power levels.  

The light transmitted through the single-mode fiber during cavity length 

stabilization is captured by the transimpedance photodetector PD3 (see error photon 

detection configuration in Fig. 6.2), which generates an output signal measured in 

volts from which the photon count per second can be calculated. The fundamental 

mode, TEM00, exhibits a significantly higher error photon rate compared to the 

Figure 6.9: Thermal length fluctuation within the microcavity mirrors of coatings 

Ta2O5/SiO2 as a function of frequency, including photo-thermal elasticity (PTE), 

photo-thermal refraction (PTR), and Brownian thermal noise. The calculation is 

performed at 1 W intracavity power, 3μm cavity length, 100 ppm mirror coating 

absorption, and 20 ppm substrate absorption at 935 nm. 
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higher-order modes, due to overlap between the cavity mode and the single mode 

fiber. When intracavity power decreases, the error photons approach the noise 

threshold of the detector, rendering them undetectable by the standard detector. A 

fitting procedure has been applied to the data presented in Fig. 6.10, where the 

photon rate transmitted from the fiber mirror through the cavity to the detector is 

described by the equation, 

                                                              𝐽𝑜𝑢𝑡 = 𝑇
𝑃𝑐𝜂

𝐸
.                                                            (6.14) 

where 𝑃𝑐 = P𝑖𝑛T(ℱ/π)2  is the intracavity power, P𝑖𝑛 is the incident power, ℱ is 

the cavity mode finesse, E is the energy of the single photon, 𝜂 is the total probability 

to detect each emitted photon, and 𝑇 is the transmission through the symmetric 

cavity mirrors.  

The mode coupling to the fiber is a component of the total probability 𝜂 = 𝜂c 𝜂setup 
𝜂SMF 𝜂d, where 𝜂c is the mode coupling to the cavity, 𝜂d = 0.26, is the detector 

quantum efficiency, 𝜂setup = 0.22 is the optical setup detection efficiency.  The fitting 

yields the values of 𝜂SMF for TEM00, TEM10, and TEM30 as 0.24, 0.03, and 0.012, 

Figure 6.10.: Shows the leakage of error photons through the single-mode fiber 

mirror when the cavity is stabilized at various higher-order modes (HOMs). The 

error photon rate is recorded by PD3 (see to Fig 6.2) across different HOMs, with 

power levels normalized to intracavity power for each mode. The lower plateau 

indicates the detection limit of the photodiode; however, the results demonstrate that 

employing locking powers down to 10−4 W, which facilitate effective stabilization 

(as described in Paper I), results in a suppression of error photons by approximately 

two orders of magnitude when higher-order modes are utilized. 
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respectively. Using larger cut-off radius mirrors could lead to even greater 

suppression of error photons since it allows for coupling higher odd order modes. 

6.7 Stability in a closed-cycle cryostat   

The stabilization measurements discussed in the previous sections are performed at 

room temperature when the cavity assembly is clamped to an optical table resting 

on air dampers. However, the cavity assembly is required to attain a base 

temperature of less than 2 K while providing a cooling power of no less than 10 mW 

[15] to maintain the long coherence times of the rare-earth ions. To accomplish this, 

the closed-cycle cryostat described in Section 2.2 is employed. Figure 6.11a shows 

the inner gas cell with the top flange used to hang the cavity assembly described in 

Fig. 6.11b.  

Figure 6.11: (a) The inner gas cell with the top flange on which the cavity assembly 

is mounted. (b) Finished cavity assembly hanging from the top plate of the inner 1K 

cell of the cryostat, where one side has been rendered to be transparent.  
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6.7.1  Pulse tube cryocooler noises 

Pulse tube (PT) cryocoolers work by using the principle of compressing and 

expanding a gas in a sealed space to remove the heat from the working gas [84]. 

Because of the oscillatory response, which is required for cooling down the gas cell, 

mechanical noises can be induced by the high-pressure signal from the compressor 

and the cooling cycle. Thus, the operation of stable open-access microcavities 

presents a significant challenge due to vibrations induced by PT cryocoolers, which 

can impact the functionality of these cavities.  

To initiate our investigation into operations within such noisy environments, we 

conducted measurements and analyses of the vibration noise produced by the pulse 

tube (PT) cryocooler, utilizing an amplified accelerometer. The fast Fourier 

transform of the time trace recorded by the accelerometer while it is attached to the 

gas cell with the PT cryocooler ON, is illustrated in Fig. 6.12. The time traces (inset) 

show a strong and a weak pulse, both with a period of 0.6 s (1.7 Hz) separated by 

0.26 s. A variety of resonance peaks appears between 10 Hz-2500 Hz, with a 

maximum peak at 47.6 Hz and 100 Hz. The peak at 47.6 Hz corresponds to an 

oscillatory high-pressure signal from the compressor and the peak at 100 Hz is 

probably from the pulse tube cryocooler cycle [85].  

6.7.2 Microcavity performance in closed-cycle cryostat  

The assembly hangs by three compression springs (see Fig. 6.11b), each with a 

spring constant of 220 N/m, designed to suppress the resonance frequency of the 

assembly at 47.6 Hz coming from the compressor that pumps the helium gas into 

Figure 6.12: Amplitude spectral density of the signal from the time trace (inset) 

obtained by an accelerometer mounted on the gas cell when the cryocooler is 

operated at room temperature.  
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the cold head. As discussed in Section 5.5.3, the assembly noise suppression is 

dependent on the total number of active turns of the springs. The springs are adjusted 

to reduce 47.6 Hz because the microcavity was less affected by other higher 

frequency components, as measured by the accelerometer in the previous section.  

Figure 6.13 shows measurements performed with the optical setup described in 

Section 6.2, when the microcavity assembly was operated in the cryostat under 

vacuum at room temperature with both cryocooler off (blue curve) and cryocooler 

on (red curve). 

The cumulative length fluctuations in Fig 6.13b indicates that the microcavity was 

slightly more stable at higher frequencies when the assembly was hanging in the 

cryostat with the cryocooler turned off, compared to when the microcavity assembly 

was placed on the optical table, as illustrated in Fig.6.8. As previously mentioned in 

Section 6.5, the mechanical noise of the cavity length fluctuations is dominated by 

Figure 6.13: Room temperature stability measurements of the microcavity hanging 

from the ceiling of a cryostat inner cell top plate using side of fringe locking 

scheme. This includes (a) the vibration spectrum recorded with the cryocooler both 

activated and deactivated, and (b) the cumulative root mean square length 

fluctuations associated with the corresponding resonance frequency. 
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acoustic noise, along with electronic noise that is coupled into the positioning piezo 

elements. When the assembly is suspended from the 1.5 K gas cell, it functions as 

an acoustic isolator, significantly reducing the amount of acoustic noise picked up 

by the cavity assembly. The cryocooler leads to noise excitation, particularly at the 

natural frequencies of the assembly between 0.6 kHz to 3 kHz. Figure 6.13 shows 

that the peaks at 477 Hz, 870 Hz, 1.3 kHz, and 8.35 kHz are present even when the 

cryocooler is off, indicating these frequencies are not generated by the cryocooler 

but are enhanced by its activation. 

Figure 6.14 illustrates the performance of the cavity at cryogenic temperatures 

alongside its performance at room temperature for comparison. At 10 K, we observe 

increased rms fluctuations by about an order of magnitude compared to the room 

temperature measurements. A shift and change in the resonance frequencies while 

cooling down was observed at 567 Hz and 1.4 kHz and this might be due to the 

Figure 6.14: Stability measurements of a microcavity hanging from the ceiling of a 

cryostat cell top plate recorded with the cryocooler activated using side of fringe 

locking scheme. This includes (a) the vibration spectrum at room temperature and 

70 K and 10 K, and (b) the cumulative root mean square (RMS) length fluctuations 

associated with the corresponding resonance frequency at the same temperatures. 
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system being stiffer at cold temperatures. Strong peaks were observed at 47.65 Hz 

and 143 Hz, which originates from the compressor and the pulse tube cryocooler 

cycle as defined by the manufacture at low temperatures. The presence of three 

degrees of freedom in the spring systems allows for various tuning options to 

suppress multiple frequency components. This capability can be utilized to mitigate 

the peaks at 47.6 Hz and 143 Hz, thereby enhancing the overall stability of the 

system at 10 K.  

At 10 K, the root mean square fluctuations could also be reduced to around 2 pm if 

the fiber tip is in direct contact with a flat mirror. However, this setup might limit 

the range of cavity length adjustments, which is necessary for using higher orders 

for stabilization. Moreover, direct contact risks scratching the fiber coatings, and 

nanoparticles may adhere to the fiber tip, leading to a loss of finesse, as seen in our 

experiments.  

In conclusion, a root mean square length fluctuation of 15 pm has been attained at 

a finesse of 3000 and a temperature of 10 K through the implementation of side 

fringe locking. It is anticipated that a stability of approximately 5 pm rms can be 

realized by employing a tilt locking scheme. These measurements indicate that 

single ion detection is feasible with the existing cavity. 

6.8 How does the stability compare to other fiber cavity 

setups? 

The old slipstick attocube positioner-based setup achieved passive stability of about 

500 picometers (pm) rms at low temperatures, improving to around 300 pm with a 

fast lock obtained at room temperature. High stability configurations have been 

reported in helium bath [25, 86] and closed-cycle cryostats [87, 88], demonstrating 

their effectiveness for precise measurements. Recent developments have led to 

systems with spatial tunability and passive stability of tens of picometers in closed-

cycle cryostats, achieving 2 to 20 pm rms through active stabilization [25, 56, 77, 

86-89]. 

The stability can be improved further in systems with limited scanning capabilities, 

particularly those that can only be adjusted along the cavity length. Gallego et al. 

achieved a stability of 0.24 pm in a piezo-actuated fiber-fiber cavity using a 3 kHz 

Pound-Drever-Hall (PDH) locking method [90]. Brachmann et al. attained a 

remarkable stability of 110 femtometers (fm) with a fiber linked to a shear piezo 

and a gimbal-mounted mirror, employing a 1.1 kHz PDH lock and photothermal 

stabilization at 500 kHz [83], effectively combining various stabilization techniques 

for ultra-high precision. 
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The conclusion is that the proposed configuration demonstrates comparable or 

better stability compared to systems with the same scanning capabilities. In addition, 

the assembly design with a high number of degrees of freedom ensures stability if 

the mechanical and electronic components are well optimized while simultaneously 

allowing flexibility for sample materials and wavelengths. 
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7 Neodymium as a readout ion  

The main scheme for realizing a rare-earth quantum computer uses a dedicated 

readout ion that can sense the state of nearby qubit ions via e.g., dipole interactions 

as discussed in Section 2.1.5. This means that a state-selective excitation of the qubit 

can cause the fluorescence of the readout ion to be switched off or remain, allowing 

the qubit state to be readout [91–95].  

In this chapter we examine the desired properties of materials that can be good 

readout ions, and present experimental results. Section 7.2 details the spectroscopic 

characteristics of Nd3+ co-doped Pr3+ in Y2O3 crystal, as analyzed in Paper II. Section 

7.3 discuss the Nd3+ as a potential redout ion. Section 7.4 details the experiments 

performed with the microcavity under both room temperature and cryogenic 

conditions of 2.1 K. It covers the application of scanning cavity microscopy for 

identifying nanoparticles, presents fluorescence measurements, and includes a 

discussion on estimating the number of excited ions as well as the effects of power 

broadening. 

7.1 Single-readout ion and qubit ion requirements  

For the readout scheme outlined in Section 2.1.5 to function effectively, specific 

criteria must be satisfied by both the readout ion and the qubit ion. Long optical and 

hyperfine coherence periods are essential for the qubit ion in order to preserve the 

quantum state. In this context, Eu3+ is a highly interesting choice with an optical 

coherence time of 2.6 ms [97] and a ground hyperfine coherence time that, in a 

Y2SiO5 host, can reach several hours [46]. Another interesting possibility that has 

been the focus of a lot of study (also this study) is Pr3+, which was used in the first 

spin qubit gate demonstration [11]. Pr3+ exhibits a hyperfine coherence time of 42 s 

[98] and an optical coherence time of 152 μs [99] within the Y2SiO5 host. Eu and Pr 

are potential qubit ions but not readout ions due to their weak fluorescence and low 

branching ratio to the ground state. Despite potential use of cavity enhancement, the 

readout photon rate is still somewhat limited.  
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The readout ion requires a short-excited state lifetime and high fluorescence yield 

to achieve efficient readout of the qubit state. A narrow homogeneous linewidth is 

essential; the narrower the linewidth, the smaller the interaction shift caused by 

dipole-dipole interactions needed for the qubit ion to effectively impact the readout. 

This allows the interaction to shift the resonance frequency of the readout ion by a 

few homogeneous linewidths, off-resonance with the driving field. One of the 

primary advantages of utilizing Nd as a readout ion is its notable branching ratio to 

the ground state. The transition of the readout ion must be cycled to yield high 

fluorescence, avoiding long-lived trapping energy levels [96]. Spectral overlaps 

between the qubit ion and the readout ion must also be avoided to prevent 

fluorescence yield reduction and perturb the qubit state if the emission of the readout 

ion is absorbed [15].  

This study examines Nd3+ ions in Y2O3 nanocrystals, which are integrated with a 

microcavity to shorten the excited state lifetime, positioning them as a potential 

readout ion. Nd is particularly noteworthy due to its significant transition dipole 

moment associated with 4f transitions. Furthermore, it exhibits a high branching 

ratio to the ground state, approximately 23%, and a favorable long wavelength at 

892 nm. The next section will address the Nd3+ spectroscopic properties.  

Figure 7.1.: The photoluminescence (PL) spectrum of co-doped Nd3+ nanoparticles 

in Y2O3 at 10 K was recorded using 813 nm excitation. The inset illustrates the 

energy level diagram featuring the relevant transition 4F3/2(Y1) to 4I9/2(Z1) at a 

wavelength of 892 nm, which has a branching ratio of 23% utilized in these 

experiments. The five peaks shown in the figure correspond to decays to the five 

possible Kramers doublets (Z1-Z5) of the 4I9/2. These results are discussed further in 

Paper II. 
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7.2 Spectroscopic properties of Nd3+ doped Y2O3 

The purpose of these early measurements was to determine if Nd had sufficiently 

favorable properties in terms of lifetime, coherence time and branching ratio. Two 

samples of Nd3+: Y2O3 were examined in this study, which were prepared by 

Professor Philippe Goldner at CNRS in Paris. The first sample consisted of Y2O3 

ceramic infused with Nd3+ ions at a concentration of 100 ppm. The second sample 

comprised Y2O3 nanocrystals with an average diameter of 380 nm that were co-

doped with Nd3+ and Pr3+ ions at concentrations of 100 ppm and 500 ppm, 

respectively. Nd was co-doped with a high concentration Pr to allow strong coupling 

strengths between the inter-species. Additionally, a third nanocrystal sample, 

featuring an average diameter of 180 nm at concentrations of 100 ppm, was analyzed 

in cavity experiments (Section 7.4.2).  

Figure 7.1 shows the fluorescence spectrum of the 4F3/2(Y1) − 4I9/2(Z1) transition, 

with five peaks corresponding to possible Kramers doublets (Z1-Z5) of the 4I9/2.  The 

ratio of emission into the transition 4F3/2(Y1) − 4I9/2(Z1) was measured to be about 

23% compared to the emission into all other transitions, including the other 4I Stark 

levels. This is one of the highest branching ratios of rare-earths and it allows a higher 

likelihood of photon emission into the cavity mode.  

The spectroscopic characterization of Nd3+: Y2O3 was carried out using a CW 

Ti:sapphire laser at 892.16 nm, a double pass AOM for pulse shaping, and a copper 

holder with a pinhole for sample fixation inside a bath cryostat at 2.15 K. The 

nanocrystal powder was contained in a custom-made holder where the thickness of 

the powder layer was ∼500 μm.  A lens was mounted to collimate the fluorescence 

signal, which was focused onto an APD. A 900 nm long-pass filter was inserted to 

filter out excitation light, allowing detection of emission to the higher I-states. 

Further information about the experimental setup is available in Paper II. 

7.2.1 A non-transparent ceramic 

The sample was a non-transparent ceramic of micron-sized Y2O3 crystallites, 

pressed and doped with 100 ppm of Nd for characterization. The fluorescence signal 

revealed an excited state lifetime of about 350 μs measured by a pulse excitation of 

the transition 4I9/2(Z1) −  4F3/2(Y1) followed by detection time, and an inhomogeneous 

line of about 5 GHz was obtained by scanning the excitation wavelength while 

detecting fluorescence at λ >  900 𝑛𝑚. 

7.2.2 Nanocrystals in powder 

The fluorescence lifetime of Nd nanocrystal powder with an average diameter of 

380 nm was measured in a similar way as follows ceramic, and found to be about 
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540 μs, i.e., significantly longer than for the ceramics.  This can be explained by the 

fact that the loose powder has plenty of empty space around emitting ions, which 

leads to lower effective refractive index and to weaker emission modes. Previous 

studies indicate that Y2O3 nanocrystals in a PMMA layer (refractive index ~1.5) 

reduced the lifetime of Eu3+ ions [100, 101]. This might explain why the ceramic 

sample has a shorter lifetime than nanocrystals, as the change in refractive index 

around the ions in the ceramic is smaller than that in nanocrystals.  

 An inhomogeneous line of about 8.2 GHz was obtained. The broadening in the line 

compared to ceramic can be attributed to the high content of Pr3+which was doped 

at concentration of 500 ppm [13,102,103].  

To assess the coherence time, a photon echo sequence was utilized [15]. The pulse 

sequence for measuring homogeneous linewidths begins with a π/2 pulse that 

excites ions into a superposition state. Due to the inhomogeneous broadening among 

the ions, they start to dephase. After a time, interval τ, a second π pulse is applied, 

which reverses the dephasing, enabling the ions to re-establish their phase after an 

additional time τ following the second pulse. The in-phase atoms then emit a 

coherent photon echo, which has a quadratic relationship with the number of atoms. 

A coherence time of 5.14 μs was measured at a temperature of 1.6 K, corresponding 

to a homogeneous linewidth of 62 kHz using Eq. (2.3).  

7.3 Readout fidelity estimations 

The readout scheme outlined in Section 2.1.5 necessitates a high detection rate 

(decay rate of the readout ion × optical collection efficiency) for effective 

differentiation between the qubit states. For the Nd readout ion, which has a lifetime 

of 540 μs, a Purcell factor of approximately 5000 is necessary to reduce the readout 

ion's lifetime by approximately 100 ns. This reduction enables multiple cycles 

during the Pr qubit excitation period, considering 𝑇1,𝑃𝑟  =  140 μs  [104]. The 

decreased lifetime of the readout ion results in a detection rate of 1 MHz, calculated 

from a decay rate of 10 MHz (1/100 ns) multiplied by an optical efficiency of 10%. 

This is based on a fiber-based microcavity that achieves an overall optical efficiency 

of 10%, which encompasses an 80% detector efficiency, a 25% coupling efficiency 

from the cavity mode to the fiber, and about 50% optics efficiency. Notably, this 

detection rate is an order of magnitude lower than the estimated frequency shift8 of 

approximately 10 MHz between a Nd3+ ion and a Pr3+ ion when they are separated 

by roughly 5 nm [105]. This difference between the frequency shift (10 MHz) and 

 
8 For two Pr3+ ions 5 nm apart, a frequency shift of about 10 MHz is expected, which roughly estimates 

the shift between a Nd3+ ion and a Pr3+ ion. 
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the detection rate of the readout ion (~1 MHz) is essential for effectively 

distinguishing between qubit states. 

When employing Pr3+ as the qubit ion, which has an excited state lifetime of 140 μs 

[104], the readout fidelity reaches 94% after 10 μs (see Paper II), as determined by 

Bayesian analysis [92] that utilizes photons detected from the readout ion to infer 

the state of the qubit ion. Conversely, using Eu3+ with a 2 ms lifetime [46] improve 

the fidelity to approximately 99% over the same time of 10 μs. This fidelity is 

limited by the finite lifetime of the qubit ion, which may result in a loss of state 

information due to spontaneous decay during the detection process. Buffer ion can 

improve Eu3+ fidelity to 99.9% [9], but increases detection time to 40 µs. This 

fidelity is primarily limited by decay during the transfer pulse between the qubit and 

the buffer ion. 

7.4 Scanning Cavity Microscopy 

Scanning Cavity Microscopy uses optical cavities to improve imaging of nanoscale 

objects enabling light to interact multiple times, which in turn enables high-

resolution images [22,106]. In this thesis work, this is accomplished by 

systematically scanning a plane mirror that holds the samples relative to a fiber 

mirror.  By assessing the power levels both in the presence and absence of the 

particle, one can infer the extinction cross section, which represents the quantity of 

light removed from a beam due to the particle's scattering and absorption effects.  

7.4.1 Sample preparations 

The particles used here are Y2O3 nanocrystal samples co-doped with 100-ppm of 

Nd3+ and Pr3+, with a mean diameter of 180 nm. To bring the sample to the mirror 

surface without contamination or aggregation, a pipette is utilized to prepare a 

mixture of a very low concentration of nanoparticles and a high-purity ethanol 

solution (99.9%). The sample within the pipette is then subjected to ultrasonic 

treatment for three hours to disintegrate any aggregates. Following this, 

approximately 100 µl of the processed solution is drawn into a clean syringe and 

deposited onto the slowly rotating mirror of the spin coater. After 30 seconds, 

allowing sufficient particles to settle on the mirror surface, the rotation speed is 

increased to 2500 rpm. The spin coating process may need to be repeated multiple 

times to achieve the desired particle density. 

The nanocrystals should be small to avoid high scattering loss in the cavity, but still 

large enough to preserve desirable coherence characteristics. Additionally, they 

should form sufficiently large ensembles to facilitate identification with the 
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scattering loss microscopy method mention above, and to address the limitations 

associated with the scanning range of positioners. 

7.4.2 Identification of Nd3+ nanoparticles 

The cavity is used to identify nanocrystals for fluorescence measurements by 

scanning the flat mirror relative to the fiber mirror, as illustrated in Fig. 7. 2a. The 

extra loss caused by particles (B) is connected to the cavity's peak transmission (Tp), 

providing valuable insights into particle distribution through the relation [106], 

                                                              𝑇𝑝 = 𝜖
4𝑇1 𝑇2

(𝐿𝑐+2𝐵)2                                                                   (7.1) 

The equation relates the peak transmission of the cavity Tp, with the coupling 

efficiency between cavity and fiber modes ϵ, and cavity mirror transmissions T1,2. 

The parameter 𝐿𝑐 = 𝑇1 + 𝑇2 + 2(𝐴 + 𝑆), defines the total loss from the empty 

cavity mirrors. This loss is due to the mirror transmission, which is equal for both 

mirrors at 𝑇 = 103ppm, along with absorption around A=40 ppm and the mirror 

roughness (0.2 nm rms) which induces scattering loss of about S=8 ppm. The loss 

from particles can also influence the finesse of the cavity by relation,  

                                                                ℱ ≈
2𝜋

(𝐿𝑐+2𝐵)
                                                                        (7.2) 

Equation (7.1) simplifies the process of finding the absolute value of extinction from 

a nanocrystal by normalizing it to the transmission of an empty cavity (B=0), 𝑇𝑐,0 =

ϵ 4T1 T2 𝐿𝑐
2⁄ . The normalized peak transmission amplitude of the cavity relates 

directly to the loss B by the nanoparticles inside the cavity through the relation 

[106], 

                                                            𝐵 =
𝐿𝑐

2
 (√

𝑇𝑐,0

𝑇𝑝
− 1)                                                         (7.3) 

The extinction Cext can be expressed in relation to the measured losses B and the 

cavity mode waist 𝑤0 by the relation [106],  

                                                              𝐶𝑒𝑥𝑡 =
𝜋 𝑤0

2

4
𝐵,                                                               (7.4) 

Assuming very small absorption form the particle, the volume of the nanocrystal 

(V) is related to the scattering extinction coefficient 𝐶𝑒𝑥𝑡 through the crystal's 

polarizability (𝛼) by the following equation [106]:  

                                                            𝐶𝑒𝑥𝑡 = (
2𝜋

𝜆
)

4 𝛼2

6𝜋𝜖0
2,                                                    (7.5) 
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where 𝜖0 is the dielectric constant of vacuum. The polarizability can be expressed 

in terms of the refractive indices of the nanoparticle np and the surrounding medium 

nm by relation [106], 

                                                          𝛼 = 3𝜖0𝑉 
𝑛𝑐

2−𝑛𝑚
2

𝑛𝑐
2+2𝑛𝑚

2 ,                                                        (7.6)     

Notably, the scattering loss introduced by a spherical nanoparticle, scale with its 

radius to the sixth power as, 𝐶𝑒𝑥𝑡 ∝  |𝛼|2 ∝ 𝑉2 ∝  𝑟6.  

7.5 Room temperature measurements 

As measurements inside a cooled cryostat may present its own challenges, we 

started testing the scattering imaging technique and fluorescence measurements in 

a room temperature setting. 

7.5.1 Extinction measurements 

Figure 7.2 presents experimental data on nanoparticles obtained through cavity 

transmission within a scanning area of roughly 25 μm × 25 μm. Cavity losses from 

particle scattering provide insights into nanoparticle distribution and size, as 

indicated by changes in cavity peak transmission (Eqs. 7.2 - 7.6). The resolution 

limit of the cavity setup is determined by analyzing the transmission loss in relation 

to the identical scan size of the empty mirror. In our case, the resolution is limited 

to a particle radius of  

73 nm with a standard deviation of 6 nm, which is lower than the mean radius of 90 

nm, reported by the crystal growers. 

Figure 7.2d presents a density histogram illustrating the distribution of particles. 

The distribution function, derived from a Gaussian size distribution, shows a particle 

radius of 95 nm with a standard deviation of 5 nm, which aligns with the expected 

value, indicating that the scattering formalism effectively accounts for observed 

losses. From a quantum computing perspective, accurately measuring the diameter 

of each particle based on the observed scattering losses, (𝐶𝑒𝑥𝑡)𝑁𝑃𝛼 𝑟6 in a scanning 

cavity image, enables the precise spatial identification of high-quality samples 

exhibiting a small scattering which is one component that is needed to have a high 

enhancement. This approach also facilitates the accurate calculation of the number 

of excited ions. Limiting factors include scattering loss and absorption from the 

mirror, which constrain the resolution of the smallest detectable particles. In this 

instance, the mirror roughness (~8ppm) imposes a limitation of approximately 73 

nm in radius, as previously discussed.  
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It is important to highlight nanoparticles possess a high surface area, resulting in a 

significantly greater number of surface atoms compared to their bulk. Small 

particles tend to cluster or agglomerate due to Van der Waals force attraction. 

Consequently, careful sample preparation is crucial, and extended ultrasonic 

treatment can help reduce agglomeration. 

7.5.2 Fluorescence detection  

Once the nanocrystals have been identified, a pulse sequence is initiated with the 

active locking on. The fluorescence detection experiments outlined in this section 

employ an experimental configuration that uses higher-order modes for stabilizing 

cavity length, as detailed in Chapter 6. A diode laser at 935 nm serves as a 

continuous locking beam, while a 892 nm laser is used for excitation in pulse mode. 

The detection scheme uses three acousto-optic modulators (AOMs) controlled by 

Figure 7.2: Scanning cavity microscopy. (a) illustration of the cavity used for 

sample identification using the scattering loss from the particles spin coated on the 

flat mirror. Arrows denote the light scattering from the nanoparticle. The V-groove 

is a titanium component utilized for fixing the fiber mirror. (b) shows map of an 

area with size of about 25 μm× 25 μm of the normalized cavity transmission in the 

presence of the particles. (c) the extinction cross section of the nanoparticles 

obtained by Eq. (7.2) for a 1.4 µm beam waist. Note that the visible sizes of the 

particles are in some cases limited by this beam waist. (d) histogram of the particle 

size with fitting to extract the radius. 
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an arbitrary wave generator9 (AWG) and a digital delay generator10 to effectively 

shape and manage pulses, preventing excitation light from reaching and saturating 

the single-photon avalanche detector (SPAD). The photon counting SPAD is gated 

such that it only detects photons while the excitation light is off. For additional 

information on the detection scheme, see [15]. Furthermore, prior to the SPAD, 

three short pass filters are employed to mitigate the error photons from the 

stabilizing beam at 935 nm during the detection period. These filters exhibit an 

optical density of 4 each at 935 nm locking beam, while maintaining a transmission 

rate greater than 95% at the detection wavelength. 

 Figure 7.3 shows the room temperature fluorescence measurements of the 4I9/4 − 
4F3/2 transition line of Nd3+ conducted at various nanoparticle locations, exhibiting 

different extinction losses. Ions are excited using a 100 μs pulse, while the cavity is 

continuously stabilized to the TEM30 mode, giving a low coupling to the single 

mode fiber of 𝜂30 ≈ 0.01. Before bringing the samples onto the mirror, a finesse of 

3000 is measured at 892 nm for an empty cavity. For the measurements shown in 

Fig. 7.3, the cavity length was adjusted to 3.5 μm across all measurement locations, 

tuned to allow a double resonance of the locking and probing beam, as explained in 

Section 6.2.2. The transmission loss due to particle size cause the observed finesse 

values to vary by site (white circles): 1100 at site I, 1400 at site II, 1800 at site III, 

and 2200 at site IV. Accurately assessing nanocrystal size is crucial for calculating 

 
9 Agilent N8241A. 

10 Stanford Research DG535 

Figure 7.3.: Room temperature fluorescence measurements. (a) shows a scanning 

cavity microscopy image of the same 25 μm × 25 μm area as Fig 7.2. The scan 

shows different particles (whites circles) with different extinction losses. (b) shows 

the binned fluorescence counts at the different sites identified in (a), captured over 

a duration of 2 ms following 100 µs excitation, from a total of 30,000 individual 

shots. The lifetime measurements recorded are 571 μs for site I, 570 μs for site II, 

507 μs for site III, and 450 μs for site IV. 
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excited ions as discussed later. Estimated radii at site I, II, III, and IV are 119, 111, 

100, and 92 nm, derived from observed finesse using Eqs. (7.2 - 7.5). Together with 

the doping concentration, this allows us to estimate the number of ions contained in 

each single crystal. With 100 ppm Nd3+ doping concentrations, the estimated 

number of Nd3+ ions in a single crystal are 1.8 ×104, 1.5 × 104, 1.1×104, and 8.5×103 

ions, respectively.   

Figure 7.3b shows fluorescence decay detected on the SPAD over a period of 2 ms 

after excitation and accumulated from 3×104 shots. The obtained traces were well 

fitted by an exponential decay and the resulting decay constants equal to the lifetime, 

571 μs for site I, 570 μs for site II, 507 μs for site III, and 450 μs for site IV.  

These results show lifetime shortening to some extent due to Purcell enhancement, 

especially at higher finesse. Theoretically, with a finesse of 3000 the maximum 

Purcell enhancement is 𝐹eff = ζ × 65 = 15, considering transition branching ratio 

of 23% using Eq. (3.22). However, this is limited by the ion linewidths at room 

temperature. The cavity exhibits a narrow linewidth κ = 17 GHz (κ =  
𝑐

2𝐿
×

1

ℱ
 ). On 

the other hand, at room temperature, the 892 nm transition has a broad homogeneous 

linewidth11 of Γh = 452 GHz, which leads to the bad emitter regime [106]. In this 

regime the effective Purcell factor reduces according to PFeff ∝ 𝜅/Γh = 0.04, resulting 

in the enhancement of only a limited portion of the ion's emission width. In contrast, 

at lower temperatures, the linewidth of the ions narrows to ~100 kHz, which is 

considerably less than that of the cavity. This allows us to effectively amplify the 

entire spectrum of the ions. 

7.6 Cryogenic measurements 

This section provides a detailed discussion of the spectroscopy measurements 

conducted on the Nd3+ nanoparticle at 2.1 K.  In this section, we conducted 

cryogenic measurements utilizing the first-generation assembly microcavity 

described in Section 5.1. A beam of 892 nm served as an excitation beam. Although 

the stability of the fringe at low temperatures was suboptimal, it was enhanced by 

carefully pressing the fiber against the flat mirror once a good nanocrystal was 

identified. Additionally, the z-attocube was employed to compensate for drift during 

the measurements (see Section 5.2). Cavity mirrors with transmissions of 1000 ppm 

and 60 ppm are utilized for these measurements, resulting in a finesse of 6000 at the 

empty areas of the cavity mirror. 

 
11  The transition linewidth is ∆λ=1.2 nm which is converted to frequency units by relation: Γh=∆λ × 

c / λ2. 
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In Figure 7.4b, the inhomogeneous linewidth of the transition was measured by 

collecting the signal for the first 200 μs after the excitation pulse, and accumulating 

the fluorescence counts from 2×104 shots while adjusting the laser wavelength 

across the inhomogeneous line for the transition.  

A Lorentzian fit is applied to the data, revealing a FWHM linewidth of 

approximately 14 GHz, which is consistent with the linewidth measured in 

nanocrystals with a diameter of 380 nm, as discussed in Section (7.2.2). The pulse 

sequence used for excitation and fluorescence collection at cold temperature is 

shown in Fig.7.4c.  A 100 μs pulse is used for excitation 4I9/2−4F3/2 transition 

followed by 1 ms collection time, repeated 5×105 times.  

Figure 7.4.: cryogenic measurements. (a) scanning cavity microscopy shows the 

extinction loss of an isolated nanocrystal with a 105 nm radius with measured at 10 

K. (b) measurement of the inhomogeneous line of the 4F3/2−4I9/2 transition at 2.17 

K.  The solid line is a Lorentzian fit, yielding a fullwidth-half-maximum linewidth 

of 14 GHz. (c) pulse sequence employed for measuring fluorescence, consisting of 

a 100 μs excitation pulse and a 1 ms detection period. The input signals employed 

are uniform square pulses; however, the blue trace is not uniform as a result of rms 

cavity length jitter. (d) binned fluorescence counts (blue) detected during 1 ms after 

excitation and accumulated from 105 shots, and a single exponential fit (red) with 

a lifetime of 260 μs. The background dark-count level is plotted as dashed grey 

corresponding to 30 Hz.   
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Figure 7.4d shows fluorescence decay measurements of Nd3+ at 2.1 K with the 

background level included. The data were fitted with a single exponential, giving a 

lifetime of 260 μs ± 15 μs. showing a small amount of Purcell enhancement.  

7.6.1 Purcell enhancement  

The effective Purcell factor (𝐹𝑒𝑓𝑓) can be evaluated experimentally by comparing 

the excited state lifetime within the cavity (T1, c) to the lifetime (T1) without cavity 

enhancement at room temperature as given by Eq. (3.21). For this measurement, we 

utilized T1=570 μs, which represents the maximum lifetime measured at room 

temperature, suggesting the absence of cavity enhancement (see Section 7.5.2). We 

measured 260 μs lifetime at 2.1 K for the 892 nm Nd transition.  This gives an 

estimate of a twofold Purcell enhancement, 570 μs /260 μs ∼ 2.2.   

We can compare the observed value with an estimate of the theoretically effective 

Purcell factor by utilizing Eq. (3.22), under the assumption of optimal alignment 

between the dipole and electric field vectors, along with placement at the maximum 

cavity field. At the transition wavelength of 892 nm, the cavity finesse is measured 

to be ℱ = 3400 at the nanoparticle, using a mode volume of 5λ3. Consequently, the 

effective Purcell effect is determined to be 𝐹𝑒𝑓𝑓 = 𝜁 × 73 ≈ 17, where 𝜁 represents 

a branching ratio of 23% for this transition.  This is ~ 8 times greater than the 

measured value of 2.2. This discrepancy can be ascribed to several factors that are 

not accounted for in the theoretical calculations. The primary reason is the rms 

Figure 7.5: The effective Purcell factor Feff in dependence of the cavity finesse. The 

dashed blue curve is without noise and marks the upper limit [∆𝐿 𝑟𝑚𝑠= 0, full term 

in Eq. (3.19)] whereas the other curves correspond to ∆𝐿 𝑟𝑚𝑠 = 15 𝑝𝑚 𝑡𝑜 500 𝑝𝑚. 

Additionally, the result from Fig 7.4(d) is displayed as red cross, and the expected 

result from the new design is displayed as a black crosse, corresponding to Feff =15). 
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cavity length jitter due to the mechanical vibrations, which causes a lower time-

averaged Purcell-factor of the system [56, 57]. When the cavity length jitter of 500 

pm rms was taken into account using the formula given in [56], the resulting 

effective Purcell factor became 2.6 (see Fig.7.5), which is in excellent agreement 

with the measured value.  

7.6.2 Excited ions estimations 

Nanocrystals with a limited number of ions allow for easier spectral selection of 

individual ions, which are essential for quantum computing applications. In this 

section we will estimate the number of excited ions based on the total photon counts 

number obtained from the fluorescence decay measurements as shown in Fig.7.4d.  

The number of excited ions can be estimated by [15], 

                                   𝑁𝑜. 𝑜𝑓 𝑒𝑥𝑐𝑖𝑡𝑒𝑑 𝑖𝑜𝑛𝑠 =
(𝐶𝑜𝑢𝑛𝑡𝑠 𝑁𝑜.𝑜𝑓 𝑠ℎ𝑜𝑡𝑠⁄ )

𝜁×𝜂
,                                  (7.7) 

In this context, ζ indicates the branching ratio, which is measured as 23% for 
4F3/2(Y1) − 4I9/2(Z1) transition at 892 nm, as detailed in Section 7.2. The detection 

efficiency (η) is calculated to be 1.2%. This accounts for a combination of factors, 

including 20% optical setup, 40% quantum efficiency of the SPAD, and 15% out-

coupling efficiency. The sum of the binned counts shown in Fig. 7.4 (d), after 

subtracting the dark count, was 9415, based on 5×105 shots. If we assume half of 

the excited ions decayed during the 1 ms detection period, we can apply Eq. (7.7) to 

approximate the number of ions that contributed to the signal, yielding an estimate 

of ~ 7 ions. This value can be assessed in relation to the number of targeted ions by 

utilizing the laser power, as will be elaborated upon in the following section. 

7.6.3 Power broadening and targeted ions estimations 

In this section, we estimate the number of targeted ions during the measurements 

based on factors like particle size, doping concentration, and linewidths, along with 

excitation power. 

 For the average nanocrystal radius of 100 nm (see Fig. 7.4a), a total of N∼ 1.1×104 

Nd3+ ions are estimated within the crystal of 100 ppm concentration. With a 

homogeneous linewidth of about 𝛾ℎ = 62 kHz spread over an inhomogeous 

linewidth of 𝛾𝑖𝑛ℎ = 14 GHz, this estimate leads to 𝑛 = 𝑁
𝛾ℎ

𝛾𝑖𝑛ℎ
= 0.05, i.e., the ion 

transitions are separated by about 21 linewidths (1/n), and low power spectroscopy 

would in most cases address at most a single ion. In this experiment, we use a high 

excitation power to improve the signal to noise ratio which leads to strong power 

broadening, and thus off resonant excitation of small ion ensembles (see Section 

3.4).  
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In these experiments, the input to the cavity is approximately 37 nW, which is then 

amplified by a factor of about ~ ℱ /π resulting in an intracavity power of 40 μW for 

ℱ = 3400, as measured at the 100 nm particle. For the given transition dipole 

moment, μ = 5.48 × 10−32C. m [15], a corresponding Rabi frequency of ΩR = 25 

MHz can be estimated. The power broadening can be calculated using Eq. (3.24), 

giving a FWHM broadening of ∼ 36 MHz. This value exceeds the 62 kHz 

homogeneous linewidth of 380 nm nanocrystals by over two orders of magnitude, 

as detailed in Section 7.2.2. 

With ions spaced by approximately 21 linewidths and an ions density of about 8 × 

10-4 ions per kHz (N /𝛾𝑖𝑛ℎ), around 28 ions were influenced by the estimated 36 

MHz power broadening. In a steady state excitation scenario, only half of the ions 

would be excited, resulting in approximately 14 ions contributing to the 

fluorescence measurements. Nevertheless, our focus is on single ion detection, 

which is essential for quantum computer applications (see Chapter 8). Given the 

uncertainties in the various estimates, this is in good agreement with the measured 

value (7 ions). This indicates that at this level of finesse, we are in the few-ions 

regime. By reducing the power broadening from 36 MHz to 1 MHz, it would be 

possible to target a single ion, on average. This can be done using < 100 nW 

intracavity power, provided that the signal to noise ratio can be improved 

accordingly. 

Working with the first-generation cavity assembly at such low power levels, 

presents challenges due to poor mechanical stability of the earlier design. This 

instability is estimated to be approximately 500 pm rms length fluctuations at a 

finesse of 3400, which is about four times the cavity linewidth (𝛿𝑑 = 𝜆 2ℱ⁄ =
131 𝑝𝑚). For a length fluctuation of 15 pm rms, observed at a finesse of 3000 and 

a temperature of 10 K, using the second generation microcavity assembly (see 

section 6.7), the effective Purcell factor can be improved by a factor of 7, up to 15, 

as illustrated in Fig. 7.5 (black cross). This improvement allows for excitation power 

levels below 100 nW, which minimizes power broadening effects while still 

achieving a satisfactory signal to noise ratio, thus enabling the detection of 

individual ions. 
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8 Quantum Computer requirements 

and Outlook 

In this chapter, we will take a step back to get a broader view of the rare-earth 

quantum computing (REQC) proposal as we understand it at this point. This analysis 

is formed by feedback on the challenges encountered and proposed enhancements 

derived from measurements and calculations on our setup, as outlined in earlier 

chapters. 

I will describe six key components required for REQC: selecting materials with 

optimal properties, readout mechanisms, single-qubit gates, two-qubit gates, 

forming a single processor node, and the interconnection of multiple nodes (refer to 

Fig. 8.1 and see Ref. [9] for more details). 

Figure 8.1: REQC building components (See Ref. [9] for more details). The most 

promising REQC uses single RE ions, with one as a qubit and another for 

readout. Ion-ion interactions enable two-qubit gates and connect qubits to the 

readout ion, see the text for more details.  
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8.1 Materials 

The most promising approach to REQC involves using individual rare-earth (RE) 

ions, where one RE species functions as a qubit while another species enhances 

emission through a microcavity, facilitating qubit state readout, as outlined in 

Section 7.1. 

For the qubit, europium (Eu) doped into Y2SiO5 is recommended due to its long 

coherence time in both optically excited and spin states, along with a significant 

separation between optical hyperfine levels, which contributes to improved gate 

operation performance as discussed later. However, the increased spacing of 

hyperfine levels may impose limitations on the number of qubits, because a larger 

frequency interval have to be reserved for each qubit to avoid overlap. 

Consequently, praseodymium (Pr) emerges as an alternative qubit option, 

characterized by smaller hyperfine level spacing. This could potentially lead to a 

substantial increase in the number of qubits within the node by reducing the 

bandwidth allocated per qubit, although at a cost of having less coherence time.  

Neodymium (Nd) is identified as a promising material for the readout ion, as 

discussed in Chapter 7. It has a short lifetime and high emission rate, attributed to a 

relatively high oscillator strength. In addition, it has a high branching ratio to the 

ground state along with a long transition wavelength of 892 nm, giving a relatively 

low scattering loss when working with nanoparticles, positioning it as an ideal 

candidate for integration within the cavity. 

A large addressable inhomogeneous width is necessary to have many qubits in one 

processor node (see Fig. 8.1). This can be achieved by high doping concentrations. 

Only a few readout ions are needed, so trace amounts can be used in a highly doped 

crystal with Eu. Another concern is the overlap of spectral lines between Stark levels 

of the readout and qubit ions, which can cause energy transfer. This may lead to loss 

of coherence in excited qubit ions. These issues mainly affect ions under ~1 nm 

apart. If too close, a qubit ion can be removed by optical pumping. Spectral overlap 

of excitation wavelengths can cause issues, such as a possible overlap between Eu's 

main line at 580 nm and Nd's excitation. In the Y2SiO5 host, there are two usable 

sites with typical wavelength differences in the nm range [108], likely ensuring at 

least one site will work. For Er or Pr, no overlap is expected, but further 

investigation on cross-species transfers would be useful for quantum information. 

The qubit and readout species can be integrated into the microcavity using 

nanocrystals or thin films. Smaller nanoparticles maintain single qubit spectral 

selectivity while enabling numerous interacting qubits due to the high concentration 

of dopants. However, a significant challenge associated with nanoparticles is their 

susceptibility to considerable extra dephasing processes (T2/T2, bulk ≈ 10-3). 

Conversely, a bulk crystal thinned down to about 10 µm, which has been realized 

in Ref [87], would contain about 104 more ions than a nanoparticle, thus providing 
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more potential qubits but also making addressing single ions more difficult. This 

issue suggests that a polished down bulk YSO crystal can better meet the 

requirements of good optical T2, since it appear to retain the coherence properties 

close to that of bulk crystals [87]. 

8.2 Readout 

The fundamental aspect of the readout scheme involves multiple qubit ions being 

coupled through dipole interactions to a distinct readout ion as discussed in Section 

2.1.5. The emission from this readout ion is enhanced by the Purcell effect through 

a cavity, which helps to address the issue of weak fluorescence.  

To evaluate the readout impact on a quantum computer, it's essential to consider 

both readout fidelity and duration, ensuring the process doesn't degrade compared 

to standard gate operations. As discussed in Section 7.3, using Eu3+ with a 2 ms 

lifetime achieves about 99% readout fidelity over 10 μs as shown in Paper II, limited 

by spontaneous decay of the qubit ion during detection. Introducing a buffer ion 

[91] increases fidelity to 99.9%, but extends detection time to 40 μs, with fidelity 

primarily constrained by decay during the transfer pulse between the qubit and 

buffer ion. 

To attain high readout fidelity, it is essential to have a well-isolated readout ion 

during excitation to accurately differentiate between qubit states, as well as a high 

detection rate through Bayesian analysis [92]. The first requirement can be 

addressed by optimizing the doping concentration of the qubit ion, ensuring that a 

sufficient number of qubit ions interact strongly with the readout ion. Additionally, 

the detection rate can be increased by leveraging high Purcell enhancement of the 

readout ion transition and improving the optical detection efficiency. Drawing from 

the insights obtained in the preceding chapters, I will address the challenges 

associated with the current setup and propose potential enhancements. 

8.2.1 Purcell enhancement: challenges and improvements 

• Challenges 

A qubit state readout with high fidelity may optimally use a readout ion lifetime 

down to 100 ns, as outlined in Paper II. This lifetime corresponds to a maximum 

shifting bandwidth of 10 MHz, which is expected between two ions that are closely 

spaced ~5nm apart. A detection rate of 106 photons/second is expected, assuming a 

reasonable optical efficiency of 10%. This detection rate is high enough to 

differentiate between the qubit states. In our investigations involving Nd3+ ions, we 

observed a lifetime of roughly 540 µs in free space, absent of a cavity (see Paper 



117 

II). This suggests that a Purcell enhancement of about 5000 is necessary to attain 

this reduction in lifetime (100 ns). Based on Eq. (3.22), such an enhancement 

necessitates a cavity finesse of 3×105. 

There are two main challenges to consider regarding this high finesse. The first 

challenge relates to cavity finesse, which is limited by the total losses from the 

cavity mirrors, including factors such as absorption and surface roughness, as well 

as scattering caused by nanoparticles. This scattering is proportional to the sixth 

power of the nanoparticle radius, as outlined in Eq. (7.5). The second challenge 

focuses on the mechanical stability required to realize a substantial effective Purcell 

effect with time averaging due to cavity length fluctuations. The situation is 

particularly challenging when the system is connected to the noisy closed-cycle 

cryostat described in Section 6.7. 

• Improvements 

Mirror coatings: Enhancing the parameters of the mirrors is essential for increasing 

the finesse of the cavity and improving the resolution of scanning cavity microscopy 

(SCM) utilized for identifying nanoparticles (see Section 7.4) allowing for using 

small nanoparticle sizes. In the measurements outlined in Section 7.5.1, the 

resolution of the SCM was constrained to approximately 70 nm in radius, which 

was associated with a scattering loss from the mirror's roughness of around 8 ppm. 

By employing a mirror that exhibits a scattering loss of under 2 ppm12 (with 

 
12 Based on discussion with LaerOptik it is possible to have roughness <0.1nm, called super polished. 

Expected scattering losses is 2ppm for super-polished substrates. 

Figure 8.2: (a) The simulation of a λ/4 Bragg mirror with 23-layer pairs of Ta2O5 

and SiO2 demonstrates high reflectivity (4 ppm transmission) near the design 

wavelength of 892 nm, with a near linear phase (orange) at the surface across 

various wavelengths. (b) shows the refractive index profile (blue) and electric field 

intensity distribution (orange) inside the microcavity, with red dots indicating the 

nanocrystal's position and size. 

 

(a) 
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roughness less than 0.1 nm), it becomes possible to detect nanoparticles with a 

radius of 38 nm. By applying Eq. (7.2), it is possible to attain a cavity finesse of 

3×105 using 38 nm nanoparticles and a mirror scattering loss of 2 ppm. To achieve 

this, a mirror with T + A ≤ 8 ppm is necessary, where T represents the mirror 

transmission and A denotes the mirror absorption. Figure 8.2a illustrates a model 

for new mirror coatings designed to achieve a transmission of 4 ppm at 892 nm for 

the redout ion transition. This coating type demonstrates negligible absorption loss, 

with a practical value of A = 2 ppm. Additionally, the reflection phase can be 

optimized to create field maxima at the 38 nm nanoparticle radius spin-coated to the 

flat mirror (see Section 6.1.2), thereby improving interaction, as depicted in Fig. 

8.2b. One challenge with nanoparticles is making them with such small radius, 

although down to 30 nm radius has been demonstrated [109]. Otherwise, thin films 

with small surface roughness will work. 

Mechanical stability: The other challenge associated with utilizing such high finesse 

is ensuring the mechanical stability of the setup, which can lead to time averaging 

of the Purcell effect, thereby diminishing the effective enhancement. The resonance 

linewidth corresponding to the finesse of 3×105 is given by 𝛿𝑑 = (𝜆 2ℱ⁄ ) =1.5 pm, 

so in order to be substantially below this we should aim for a root mean square (rms) 

of about 0.15 pm. This is two orders of magnitude smaller than the 15 pm rms used 

in the measurements presented in Chapter 6, which is challenging but possible.  

Our cavity design may reach this degree of stability through enhancements in the 

feedback circuit bandwidth utilized for active stabilization, along with a novel 

method to mitigate noise from the closed-cycle cryostat. As outlined in Paper I, 

increasing the closed-circuit bandwidth from 3 kHz to 80 kHz can reduce the rms 

length fluctuation to 0.15 pm, which is essential for achieving a Purcell 

enhancement of 5000. This stability enhancement is anticipated in the absence of 

the closed-cycle cryostat. Operating in a noisy environment may increase the rms 

fluctuations by approximately one order of magnitude. 

The spring system designed to mitigate noise transmitted to the cavity from the 

cryostat (refer to Section 5.5.3) can be adjusted to address multiple frequency 

components affecting the cavity. Additionally, a feedforward technique can 

effectively reduce the prominent peak associated with the cryocooler, which occurs 

at approximately 47.7 Hz. This method utilizes an accelerometer mounted on the 

1K cell (see Section 2.2), with the resulting electronic signal directed to a larger 

scanner (z-attocube) that regulates the cavity length (see Section 5.5.2). By 

integrating the signal from the accelerometer with the PID controller and a bandpass 

filter, it appears from preliminary data that the 47.7 Hz noise from the cryocooler 

can be reduced by roughly an order of magnitude when combined with the 

aforementioned spring system. 

In addition to the enhancement and the mechanical stability, the optical coupling 

efficiency can also be improved, which I will describe next.  
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8.2.2 Optical coupling efficiency  

Our configuration encounters two challenges regarding coupling efficiency. The 

first challenge pertains to the coupling of higher order modes (HOMs), which serve 

as the stabilizing beam to the cavity mode via the flat mirror. The second challenge 

relates to the coupling between the cavity mode and the single-mode fiber, a critical 

component for fluorescence collection. 

Coupling of HOMs: The current challenge in utilizing higher-order modes to 

stabilize cavity length and reduce error photons is the clipping loss that occurs 

because the large beam size of HOMs is limited by the finite cut-off diameter of the 

fiber mirror (see Section 4.4). This aspect is essential when employing higher-order 

modes for stabilization, as the effectiveness of cavity length stabilization depends 

on the slope of the fringe side used for this purpose. 

The maximum cut-off diameter of the fiber mirror may be constrained when 

employing single-laser pulses for end-face machining. However, this limitation can 

be addressed by adopting a multiple-pulse technique [110]. This method has 

successfully achieved a cut-off diameter of approximately 100 µm while 

maintaining minimal overall losses, leading to a finesse of 105. To efficiently couple 

higher-order modes to the TEM90 cavity mode without compromising finesse due to 

clipping loss, a minimum cut-off diameter of 30 µm is necessary. This improvement 

will reduce clipping losses, thereby maintaining finesse and enabling the 

suppression of error photons from the stabilization beam, by a factor of 104. 

Consequently, this reduces the dependence on optical filters, which can cause some 

loss in the detected fluorescence, while also increasing the fluorescence signal 

relative to the background, thereby facilitating the differentiation between qubit 

states. 

Figure 8.3: Coupling efficiency between cavity mode and the single mode fiber at 

different deviation distances between the center of the concave mirror and the fiber 

core. 
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Coupling to single mode fiber (SMF): Two parameters that need optimization 

govern the coupling to the single-mode fiber: the outcoupling efficiency and the 

overlap between the cavity mode and the SMF. Improving the mirror parameters 

discussed in the previous section, while making sure that the mirror transmission 

exceeds other losses (absorption and scattering), can result in a higher outcoupling 

efficiency. This enhancement optimizes the coupling to the single-mode fiber and 

the higher-order modes (HOMs) that are coupled through the flat mirror and utilized 

for stabilization. As a result, there is a significant reduction in locking power by 

several orders of magnitude. This advancement contributes to the reduction of error 

photons from the stabilizing beam while providing improved stability, as outlined 

in Paper I.  

An additional critical parameter that requires improvement is the deviation distance 

between the center of the concave mirror and the fiber core (Δd). Minimizing this 

distance is essential to improve the high coupling efficiency between the cavity and 

the fiber, which is necessary for high-fidelity readout ions as discussed in Section 

7.3. Currently, fibers with deviation distances Δd ranging from 0.2 to 1.5 µm are 

utilized. As illustrated in Fig. 8.3, a notable loss in coupling for the TEM00 mode 

was observed. 

The last important parameter that requires improvement is the mode-matching 

efficiency between the cavity mode and the single mode fiber, which is influenced 

by the overlap between the cavity mode and the fiber transmission mode. As 

illustrated in Fig. 8.3, short cavities can achieve a high mode-matching efficiency 

compared to long cavities when utilizing standard single-mode fiber. For short 

cavity lengths, a maximum coupling efficiency of approximately 25% can be 

attained, indicating a need for improvement. This issue can be enhanced by specially 

designed integrated mode-matching optics. For instance, splicing graded-index 

(GRIN) fibers with multimode fibers [111] can significantly enhance mode-

matching at longer cavity lengths, achieving up to 90% efficiency. This 

improvement can lead to better outcoupling efficiency between the cavity mode and 

the detectors, thereby improving the detection efficiency.  

The integration of the previously suggested improvements to our system allows for 

the effective detection of single ions at the high detection rate required for quantum 

computing. Even before such a high rate is achieved, we can measure the dipole-

dipole interaction between the Nd3+ and Pr3+ ions. This measurement will be crucial 

for assessing our advancement in obtaining a high-fidelity readout of the state of 

nearby qubit ions via the dipole-blockade mechanism described in Section 2.1.5. 
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8.3 Single-qubit gate operation  

Gate operations are carried out via an optically excited state. 

Single-qubit gate operations utilize a two-color pulse, which 

consists of a pair of frequencies resonant between the states 

|0⟩ and |e⟩, as well as |1⟩ and |e⟩ as shown in Fig. 8.4. This 

enables the excitation of any qubit superposition state to an 

optically excited state, followed by its de-excitation using a 

different phase state [112]. 

The fidelity of the gate decreases exponentially with the gate 

duration and can be approximated as 𝐹 ~ 𝑒−𝑡𝑑𝑢𝑟 𝑇2,𝑜𝑝𝑡⁄ . The 

primary requirement for high fidelity gates is a long optical 

T2 together with high bandwidth (~1/𝑡𝑑𝑢𝑟). The hyperfine T2 

needs to be sufficiently long, and since hyperfine dephasing 

affects the qubits at all times and not just during gates, the 

hyperfine T2 should be much longer than the optical T2. The 

reason for requiring a high gate fidelity is to ensure that 

quantum error correction, which used to mitigate the effects of errors (loss of 

fidelity) in quantum gates, can be used to recover all errors. The exact threshold for 

this depends on the error correction protocol but usually varies between 10-2–10-4. 

Using simulations of quantum error correction in a small REQC processor node it 

has been estimated that the hyperfine T2 should be about a factor of 1000 longer 

than the optical T2 for this to no longer be the main bottleneck during an algorithm 

[113]. 

Fast gates not only provide high fidelity but also ensure a reduced algorithm 

execution time. However, the speed of these gates is constrained by limitations on 

the available bandwidth, which can cause crosstalk errors. This phenomenon occurs 

when a light field is activated, potentially causing off-resonant transitions within the 

same ion, which can negatively impact qubit gate performance due to internal 

crosstalk. Furthermore, off-resonant excitation of ions that are not part of the qubit 

can lead to decoherence. Ions located near the qubit may undergo off-resonant 

excitation, which can affect the qubit through dipole interactions, resulting in 

rotations of the qubit Bloch vector and unintended entanglement, a process referred 

to as instantaneous spectral diffusion (ISD) or external crosstalk. Therefore, the gate 

bandwidth must be considerably lower than the frequency separation from other 

transitions, both within the ions and between different ions, as any overlap of the 

gate bandwidth with other transitions can lead to crosstalk. To mitigate these effects, 

qubit ions must be isolated in frequency space from non-qubit ions, limiting the 

number of addressable qubits and requiring longer pulse durations to avoid 

unwanted excitations, which slows down operations.  

Figure 8.4: shows a 

lambda system 

where the qubit 

states are the two 

ground states. 
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In summary, the reliability of single-qubit gates is influenced by both the 

characteristics of the materials used and various trade-offs, such as the impact of 

ISD and the number of qubits within a processor node. Given these limitations, 

simulations of the Lindblad master equation [114, 115] conducted on multi-level 

single ions predict a single-qubit gate fidelity error of approximately 3 × 10−4 for a 

realistic rare-earth-ion qubit. This level of gate error is within the threshold that 

necessary for error correction.  

8.3.1 Integrated cavity with a thin film. 

On the longer term, thin films are better candidates for quantum computing 

materials than nanocrystals, due to avoided difficulties of scattering from the 

particles and because much better coherence properties have been achieved in thin 

films. Thin films are therefore a superior option for achieving high gate fidelity. 

Recently, we obtained a single crystalline membrane of YSO, doped with 0.01% 

Nd3+, that was attached to a mirror with a reflectivity of 99.9%, by the group of 

Roman Kolesov from Stuttgart, Germany. With a thickness of around 10 μm, the 

membrane is suitable for studies involving ion ensembles. The surface flatness is 

about 0.2 nm rms and it would thus be beneficial to examine this material using the 

previously mentioned cavity, which would not only evaluate this innovative sample 

preparation method but also allow for an assessment of the properties of Nd3+ within 

the YSO host membrane. Following a successful test of this, we envision an optimal 

material for high fidelity gates to be a thin film (as thin as possible) with only trace 

amounts of the readout ion, but with a high doping concentration of the qubit ion to 

achieve high qubit densities. 

8.4 Two-qubit gate operation  

The permanent dipole moment that previously contributed to the excitation-induced 

frequency shift discussed in Section 2.1.5 also plays a significant role in facilitating 

qubit-qubit interactions. In fact, Fig 2.3 that describes conditional readout, also 

describes conditional gates with the same mechanism. The concept involves finding 

a control qubit that shifts the target qubit's center frequency beyond the gate 

operation bandwidth, preventing laser pulse interactions with it and enabling 

conditional operations between the two qubits. Two-qubit gates using rare-earth 

ions can be executed with fidelity errors in the order of 10-3 [114], taking into 

account crosstalk and bandwidth limitations similar to single-qubit gates. The higher 

error is due to a longer total gate sequence duration. 

To optimize gate fidelity, there are several steps to consider: i) perform optical 

pumping to minimize ISD. An optical pumping scheme can be used to selectively 
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transfer ions into other hyperfine spin states that are further away in frequency from 

the gate transition, thereby minimizing crosstalk. ii) Limit the number of qubits in a 

node and their connectivity. This allows more bandwidth to be allocated to each 

gate operation and can thus reach a higher fidelity.  iii) optimize pulse parameters 

to minimize decoherence and internal crosstalk. For instance, complex pulse 

schemes [116] can be used to minimize internal crosstalk errors. 

8.5 Processor nodes  

The dipole-blockade mechanism allows for the sequential identification of ions that 

influence the readout ion and other controlling ions, revealing a network of 

interconnected ions that can serve as a processor node (See Fig.8.1).  

The number of qubits in such a local node is limited by material properties and laser 

technology. To achieve a large number of qubits in a single processor node, a large 

addressable inhomogeneous width is required. This width can be broadened through 

high doping concentration [13], co-doping with defect species [117], applying 

external fields with electrodes to the crystal, or by mechanical pressure. For 

example, using Eu3+ doped YSO with a concentration of 5%, a width of 100 GHz 

addressable inhomogeneous profile can be achieved. Simulations indicate that a 

local processor node could contain around 100 qubits with these conditions [28]. 

8.6 Many nodes 

Processor nodes can scale by connecting readout ions in cavities to similar nodes, if 

they can be entangled with high fidelity, using e.g., entangling swapping techniques 

[9]. This scaling technique is similar to other quantum computing schemes, such as 

trapped ions [118] and other defect centers. This is advantageous because any 

techniques developed for these other platforms will be directly usable in the RE 

case. Although the REQC efforts are still far from reaching this step, entangling 

swapping techniques are also crucial for quantum repeater schemes, and here the 

rare-earth efforts have been very successful [119, 120]. If the improved readout 

parameters that I discussed in Sec. 8.2 are reached, then the entangling rate used to 

connect multiple nodes will also be correspondingly high, since it depends on these 

emitted photons. For a theoretical example of what can be achieved with a rare-earth 

entangling swapping scheme based on single ions, see [121]. 
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