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STABILITY OF THE NYSTROM METHOD FOR THE
SHERMAN-LAURICELLA EQUATION*

VICTOR D. DIDENKO! AND JOHAN HELSING#

Abstract. The stability of the Nystrom method for the Sherman—Lauricella equation on piece-
wise smooth closed simple contour I is studied. It is shown that in the space Lo the method is stable
if and only if certain operators associated with the corner points of I' are invertible. If I does not
have corner points, the method is always stable. Numerical experiments show the transformation of
solutions when the unit circle is continuously transformed into the unit square, and then into various
rhombuses. Examples also show an excellent convergence of the method.
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1. Introduction. Let D be a domain in the complex plane C bounded by
a simple closed piecewise smooth positively oriented contour I', and let 9p :=
{70,71,...,74—1} be the set of the corner points of I'. Thus, at any point 7; € Mrp
the angle 6; € (0,27) between the right and left semitangents is not equal to 7.

The boundary value problem

(1.1) o(t) +te'(t) +o(t) = f(t), tel,

where the bar denotes the complex conjugation and functions ¢ and ¢ are analytic in
the domain D, plays an important role in various applications. Thus the deflection of
plates, the elastic equilibrium of solids, and the behavior of viscous flows with small
Reynolds numbers can be modeled by (1.1) [16, 21, 23, 24, 25, 26]. More generally,
a variety of boundary problems for the biharmonic equation can also be reduced to
the boundary problem (1.1); see, for example, [7, Chapter 5]. On the other hand,
the solution of problem (1.1) can be obtained from either of two famous integral
equations, viz., from the Muskhelishvili or the Sherman-Lauricella equation. The
first was suggested by Muskhelishvili [22] in the mid 1930s. The origin of the other
is due to Lauricella [20]. He was the first to use the method of integral equations
in elasticity. In 1940, Sherman [30] rewrote Lauricella’s equation in a complex form
and proposed a new simple way to derive it. More precisely, the unknown analytic
functions ¢ and ¢ in (1.1) are sought in the form

(1.2)  p(2) = i/F w(r) dr, zeD,

211 T—2Z
1 w(T) 1 w(T) _ 1 Tw(T)
L =5= +o— - | 2 D
(1.3) - ¥(2) 2mi /p T—2 dr 21 Jp T — 2 dr 2mi /p (1 —2)2 dr, z€D,
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1128 VICTOR D. DIDENKO AND JOHAN HELSING
with an unknown function w. If one substitutes the boundary values of functions (1.2)
and (1.3) into (1.1), then w satisfies the integral equation

T—1

(1.4) (Arw)(t) = w(t) + % /Fw(r) dln <F f)

1 — T—1

This equation is named after Sherman and Lauricella, and it is worth mentioning
that (1.4) is not solvable in a closed analytic form. However, there is a vast literature
describing various approximation methods employed to resolve (1.4). These methods
mainly rely on Fourier series expansions, but under the circumstances the contour I'
must be a circle or a system of circles. For more involved geometries other approaches
are needed. In particular, a very efficient tried-and-true method is the Nystrom
method. It was used to obtain approximate solutions of various problems in elasticity
and fluid dynamics [5, 13, 14, 19]. Nevertheless, up to now there has been no rigorous
proof of its stability even in the simplest case of smooth contour I'. Such a situation is
attributed to peculiarities of the operator Ar. To be more precise, let us first introduce
some functional spaces. By Lo(I') we denote the set of all Lebesgue measurable
functions f on I' such that

1/2
111z = 1l = (/ If(T)IQIdTI) <o

and let W3 (') refer to the closure of the set of all functions f with bounded derivatives

in the norm
1/2
= )2 |dr "(7)|?|dr .
1l (/Flf( el + [ 1Pl |)

As usual, C(I) is the space of the continuous functions on I with the supremum norm.
It is well known that the operator Ap is not invertible in any of the spaces C(I),
Ly(T'), or W4(T'). Therefore, in order to apply an approximation method, either the
operator Ar or the space where it is considered should be corrected in a special way.
In this paper we prefer to correct the operator Ar since such an operation allows
us to not modify the approximation method used. Let us also point out another
problem related to the numerical solution of the Sherman-Lauricella equation. If
the contour I' possesses corner points, the integral operators in the left-hand side
of (1.4) are not compact in any of the functional spaces mentioned. This causes
additional difficulties in the investigation of both the invertibility of the operator Ap
and the stability of approximation methods for (1.4). In particular, the approaches
used to study approximation methods for equations with compact operators (see, for
example, [2, 3, 17]) are not working in the present situation. Instead, the theory of
Mellin operators and a localization technique have to be employed.

Thus the present paper deals with the following issues. First, we study the
Sherman-Lauricella equation on contours with corner points and show that on the
space Lo(I") the operator Ar is Fredholm and its index is always equal to zero. This
result is needed in order to establish the invertibility of an operator Ar + Tsy,, where
Tsr, is a specified compact operator. Moreover, for any function f € W4 (T') satisfying
the condition

(1.5) Re/rf(T)E:O,
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the solution of the equation
(16) (Ap + TSL)w =f

is simultaneously a solution of the original Sherman-Lauricella equation (1.4). There-
fore, the modified Sherman-Lauricella equation (1.6) can be used to obtain approxi-
mate solutions of the original equation (1.4). In passing, note that (1.5) is a necessary
condition for the solvability of the boundary value problem (1.1) [7, 21, 23, 26], so it
cannot be avoided while studying the solvability of (1.4).

The remainder of the paper is devoted to approximating the solution of equa-
tion (1.6). For this we use a Nystrom method based on composite Gauss—Legendre
quadrature

1 n—1d—1
(1.7) / a(s)ds = S5 wpusy) fn,
0 =0 p=0
where
!
(1.8) stp = 4:”, 1=0,1,...on—1,p=01,....d—1,

and w, and 0 < gg < g1 < -+ < gg-1 < 1 are the weights and the Gauss-Legendre
points on the interval [0,1]. The corresponding method is studied, and necessary
and sufficient conditions of its stability are presented. It is shown that the Nystrom
method is stable if and only if certain operators By ,,6,c associated with the corner
points 7; € Mr and with parameters of the quadrature formula are invertible. Note
that the operators By, 5. belong to an algebra of Toeplitz operators. On the other
hand, for the smooth contours the Nystrom method is always stable. Finally, we
consider a series of numerical examples that show an excellent convergence of the
sequence of approximate solutions for smooth and piecewise smooth contours. More-
over, we monitor the transformation of the Sherman—Lauricella equation solutions
when a smooth contour is continuously transformed into contours with angular points
of various magnitude.

2. The invertibility of the auxiliary operators Ar + Tsr. Let 7 = v(s)
be a l-periodic parametrization of I'; and let 7; € 9Mr be the corner points of I'.
Without loss of generality, one can assume that 7; = v(j/¢) for all j =0,1,...,¢. In
addition, we assume that the function v is two times continuously differentiable on

each interval (j/q, (j +1)/q) and
(o
q

(59
q

Let £444(X) denote the set of all additive continuous operators on the Banach
space X. Recall that an operator A : X — X is called additive if A(f+g) = Af + Ag
for all f,g € X. Consider now integral operators Ly, Kp : La(I") — Lo(T") defined by

21)  Lew(t) = — w(7)d1n<i_§), Kp = — W(T)d(F_f),

_2_777:1" _%F T—1

. j=0,1,...,q—1.

and the operator of complex conjugation

Muw(t) == w(t).
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Then the operator Ar of (1.4) can be written as
Ar =1+ Lr + MKr.
With each angular point 7; € M we associate a curve I'; = T'g; g,:
T; = BitlIR U IR,

where 3; € [0, 2m) is the angle between the right semitangent and the real axis R and
0; € (0,2m), 6 # 7, is the angle between the right and left semitangents at the point
Tj-

Let us now consider the operators Ar, : La(I';) +— Lo(I';) associated with the
operator Ar and defined by

(2.2) Ar, = I+ Ly, + MKp,.

Note that Ly, and Kr, are defined by (2.1), but the contour I' is replaced by I';.

ProrosiTiON 2.1. If T satisfies the above conditions, then the Sherman—Lauri-
cella operator Ar : Lo(T') + Lo(I") is Fredholm if and only if each operator Ar, :
Ly(T';) = La(T';) is invertible,

Proof. Tt is easily seen that the operator Ap : Lo(T") — Lo(T') belongs to the
real algebra of additive operators Bs(I") that was studied earlier in connection with
the Muskhelishvili equation, so the result follows from the proof of Theorem 5.2.1 of
[7]. d

Thus the invertibility of the operators Ar; : La(I'j) = La(I';), 7 =0,1,...,¢—1,
has to be investigated. Usually this is a very difficult task. However, in our case the
operators Ar; are isometrically isomorphic to Mellin operators, so their invertibility
can be studied effectively.

Let M and M~! be the direct and inverse Mellin transforms,

+oo +oo
M@= [ s, () = o [ e

0 —o00
Recall that the Mellin convolution operator Mg (b) with the symbol b is defined by

_ < so ds _
23)  Mo(®)a(o) = (M~ 16M) f)(0) = /O k(2)2t) S, k=m(0).
THEOREM 2.2. For any angles B € [0,27) and 0; € (0,27), the operator Ar, :
Ly(T';) = La(T') 4s invertible.
Proof. For a given 0 € (0,27) consider the Mellin convolution operators

Nt =3 (5 [ Lo - L [T S ),

2 \ 27 s—oet? 27 s — gei(2m—0)

Mo f(o) = 1 /0+oo (E) = sin0 1(s) ds.

T s (o/s)e?)? s

Using the obvious relation M? = I, where I is the identity operator, rewrite (2.2)
in the form

Ar; =1+ Ly, + (M Ky, M)M.
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Let L3(R™) denote the Cartesian product of two copies of the space La(RT) provided
with the norm

(w1, u2)|| = (Jurllz,@+) + w2l La@e))? (ur,u2) € L3(RY).

Consider a mapping h : Lo(I';) +— L3(RT) defined by

(24) h(f) = (ha(f), ha(f))7,
where
(2.5) ha(f)(s) = f(se™ P00y ho(f)(s) = f(se'™).

Then the mapping 4 — hAh~! is an isometric algebra homomorphism of £444(L2(I';))
onto £444(L3(R™)), and it can be shown that the operators Ly, and M Kr, M are iso-
metrically isomorphic to the operators

— (0 A -
@—(N@ O>ea%@»,

— 0 €42B; Mor_op.
K; = _ ) € L(LA(RT)),
J < _elg(ﬁj_i_gj)Mej 0 ( 2( ))
respectively. Therefore, the operator Ar; is isometrically isomorphic to the block
Mellin operator with conjugation Ay, : L3(R™) — L3(R™),

Agj = Aj + BjM,

I Ng- 0 eiQﬁjMQﬂ'—Gj
'Aj = ( NGj I] ) ) Bj = ( _ei2(6j+0j)M9j 0 .

Note that for the operator of complex conjugation we use the same notation even if
it is considered on different spaces. A little thought shows that for any operator D
belonging to the algebra of Mellin operators, the operator M DM belongs to the same
algebra again. Therefore, transformation (1.21) and Lemma 1.4.6 of [7] imply that
the operator Ay, is invertible if and only if the block Mellin operator

where

i —( A B;
Ao, = < MB;M MA;M )

is also invertible. Simple computations show that the operator ggj has the form

I No, 0 €8 Mar_g,
N Nej I _eiQ(ﬁj+9j)M9j 0
Ay, = 0 — 7126 My _y, I ~Nan_o,
e*i2('81+01)./\/19j 0 —./\/277,9]. I

However, it is well known [9] that the block Mellin operator is invertible if and only if
its symbol does not vanish. The Mellin symbols ng and my of the operators Ny and
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My are also known [7, pp. 248-249], viz.,

sinh(m — 0)z — sinh(f — 7)z i
ng(2) = 2sinh 7wz ’ z=x+§, zek,
_ - .
my(z) = —6_19%6_(9_71-)'2, z:x+%, r € R,

so the symbol of the operator Avgj is

symb(Ay, ) (z) =
(2.6)
1 ny, (z) 0 ei2Bi marg,(2)
ny, (2) 1 —e28i+0)my (2) 0
0 —e Pimyr_g,(2) 1 ny, ()
e 28it0)my (2) 0 ny, (z) 1

Expanding the determinant of the matrix (2.6) by the first two rows and simplifying
the expression obtained, we arrive at the formula

det symb(Ay,)(2)
(22sin®(27 — 0;) — sinh((27 — 0;)z))(2%sin® §; — sinh(6;2))

2.7) B sinh? (72)

Let us now show that det symb(ggj) does not vanish on the line L/, :={z € C: 2z =
R +i/2}. Consider a factor 1)g; in the numerator of (2.7),

Yo, (2) = y?sin® 6; — sinh?(6;2).

For z € Ly /5, the imaginary part of zsin6; is
. 1.
Im (zsiné;) = 5 sin 6.
On the other hand,
. . (0
Im (sinh(f;2)) = cosh(6;z) sin 5 )

Thus on the line Ly /o the minimum

0, 1
zgiiflp |sinh(6;2)| = sin (EJ) > §| sinf;| = [Im (zsin ;)]

(recall that 6; # m). Therefore, det symb(ggj) does not vanish on the line L, /5, so
the operator Apj is invertible for any corner point of I'. a
Returning to the operator Ar, one can establish the following result.
COROLLARY 2.3. If T is a simple closed piecewise smooth contour, then the
operator Ar : La(I") — Lo(I") is Fredholm and its index is always equal to zero.
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Proof. The first part of the above statement follows from Proposition 2.1 and
Theorem 2.2. The proof of the equation

/i(AF) =0

can be done by standard homotopy arguments and is omitted here; cf. [10]. d
Now we can present the main result of this section. Let us consider an integral
operator Tsy, : Lo(T') — Lo(T) defined by

(2.8) Tepf(t) = — 1 /F<(“’(T)2dr+ w(r) d?),

(t—a) 2mi T —a) (F —a)?

where a is an arbitrary point in D.
THEOREM 2.4. If T is a simple closed piecewise smooth contour, then operator

(2.9) Ar := Ar+Tsr,

is invertible on the space Lo(T'). Moreover, if a function f € W1(T') satisfies condition
(1.5), then the solution of the equation

(2.10) Arw = f

belongs to the space W4 (L) and is a solution of the original Sherman—Lauricella equa-
tion (1.4).
Proof. First we note that the operator Tsy, : Lo(I') — Lo(I") is compact. There-

fore, on the space Ls(T") the index of the operator xr,,(Ar) of the operator Ar is equal
to the index of the operator Ap. Hence, by Corollary 2.3,

KLo (;{p) =0.

On the other hand, on the Sobolev space W (T'), the index of the operator Ar is
equal to zero as well [10]. Moreover, following the scheme proposed by Sherman [31]
(see also [7, 21, 26]), one can prove two facts:
1. If the right-hand side f of (2.10) belongs to the Sobolev space W3 (T') and
satisfies (1.5), then for any solution w of (2.10),

(2.11) TSLw = 0.

2. The kernel keryy ) (Ar) of the operator A on the Sobolev space W2(I)
contains only the zero element; i.e.,

(2.12) keryy (ry (Ar) = {0}.

Now (2.11) implies that in the Sobolev space W} (T') any solution w of (2.10) is
simultaneously a solution of the Sherman-Lauricella equation (1.4). On the other
hand, since the indices of the operator Ar on both spaces L(I') and Wi (T') coincide
and the Sobolev space W3 (I') is dense in the space La(I'), the kernel dimensions of
Ar on both spaces also coincide [11]:

dim kerp,(r) (A(T)) = dim keryyy (1) (A()).

Thus on the space Lao(T") the kernel of the operator Ar is trivial. Since Krym = 0,
the operator Ap : Ly(T') — Ly(T') is invertible. O
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Remark 2.5. There are other operators T that can be used to correct the
Sherman-Lauricella operator in order to satisfy (2.10) and (2.12). Note that a proper
choice of the operator T' can improve conditioning and convergence of the algorithms
used. Later on we present test results concerning the behavior of the condition num-
bers for different choices of the operator T.

3. The stability of the Nystrém method. Let ¢? = p%(s), s € R, be the
uniform cardinal B-spline of degree d. Recall that

‘PO = X[0,1)5
where x[o,1) is the characteristic function of the interval [0, 1) and

s if 0<s<1,
pl(s) =4 2—s if 1<s<2,

0 otherwise.

For other values d € N, the analytic expressions of the corresponding splines are also
well known [29]. Note that the functions ¢? can also be obtained by the recursive
formula

o = (" x " N)(s), sER,

where f * g is the convolution of f and g. Thus

¢ = [ xon(s—2) ¢ @) de
For a fixed d € N, we set
U(s) = ¢(s), seR,
and note [6, Lemma 5.4.1] that

(3.1) supp{¢} C [0,d + 1],

where supp{¢} refers to the support of the function .
For any fixed positive integer n, one can define the functions

YVin(s) :=v(ns — k), keZ, seR,

and this construction can be used to introduce spline spaces on the contour I'. Con-
sider the set A of all functions 1y, k > 0, such that

supp{¥xn} N[0, 1] # 0.
It follows from (3.1) that 15, € A? if and only if 0 < k <n — 1 and

E k+d+1
— |

supp{¥xn} C [ﬁ,

Thus if n is sufficiently large, one can consider the restriction ¥y l|[,14d/n) of the
function )y, on the interval [0,1 + d/n) and extend it on the whole real line R in
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a l-periodic way. For simplicity, such extensions will still be denoted by the same
symbol g, .

If v =v(s), s € R, is a 1-periodic parametrization of the contour I', then for any
tel,t=r(s), we set

Vkn (t) = Yien (5)-

It is clear that if (d + 1)/n < 1, then this definition is correct.

Let S¢ = S4(T") denote the corresponding spline space on T'; i.e., S? is the set of
all linear combinations of the functions tgn, k =0,1,...,n — 1.

Our goal now is to study operators associated with the Nystrém method and
the corner points of I'. Recall that we assume that contour I' has ¢ corner points
T0,T1s- .- Tq—1 and 75 = v(j/q), 7 = 0,1,...,¢ — 1. In accordance with such parame-
trization, we choose n = mq with an m € N. Thus any corner point of I' is always a
boundary point of an interval (y(k/n),v(k+1)/n).

Let 0 <eg<e1 <+ <eggo1<land0<dg <y < -+ < dg—1 <1 be real
numbers. Consider two sets of points on the contour I,

l I+4
Tlp:7<+5p)a th:7(+p>7 lzoalv"'vn_1ap:0517"'5d_17

n n

and approximate the integral operator [, k(t,7)z(r)d7 according to the quadrature
rule (1.7). Thus we set

/k(tﬁ)x(ﬂ dT=/ k(v(0),v(s))x(v(s))y'(s) ds
T 0
n—1d—1

~ KEM(t) = Z Z wyk(t, Tip)2(Tip) Ty /1,

=0 p=0

where 77, = 7/(sip) and sy, are defined by (1.8). Note that if k(¢,7) is the kernel of
the integral operator Ly or Kr, then for any point 7 € I' \ M, there is a finite limit
lim;_,, k(t,7) [8]. Therefore, for any 7 € I' \ M, one can define k(7,7) by

k(r,7) = 25171_ E(t,T).
Thus the expressions k(ty,, 7p) below are correctly defined even if €, = 6, .

Let Q5 : Loo(T) + S%(T) denote the interpolation projection on the subspace
S4(I") such that

Q2 x(tyy) = x(ty,), 1=0,1,....n—1,p=0,1,...,d—1

for all  from the set R(I") of the Riemann integrable functions. In passing, note that
the sequence of interpolation projections (Q? )nen : R(T') = Lao(T) strongly converges
to the corresponding embedding operator [27],

(3.2) T [|Q5f = flliary =0, f € R(T).

Let P, : Ly(T') = S? be the orthogonal projection onto the spline space S%. The
Nystrom method determines an approximate solution w, of the Sherman—Lauricella
equation

Arw=w+ Lrw+ MKrw+Tsrw = f
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by the equation

QP A" Pow, = Q) Pown + QL™ Powy, + QM K™ Pow, + QTS Pow,
(3.3) =Q°f, wp,eSY), neN.

Operator equation (3.3) is equivalent to the following system of algebraic equations:

n—1d—1 / =
Tlp 7-/lp 1
tkr—l——g gwpwnp — = = —
T T n

1=0 p=0 p — lkr Ip — tr
n—1d—1 1 Tl . tk ;l
4 P s P
E g wypw(T o T kT
27TZ =0 p=0 P P <T[p — tkr n (Tlp — tkr)2 n >
5 T, Gl) T

3.4 + = w + = f(ter),
54 tk —a) 27”;1)20 P\mp—a)®n  (Fp—a)? n f(ter)

k=0,1,....n—1,r=0,1,...,.d— 1.

Let (An)nen be a bounded sequence of bounded additive operators A,, : S¢ s S9.
The set T of all such sequences (A,,), equipped with componentwise operations of
addition, multiplication, involution, and multiplication by real scalars, and the norm

|[(An)| = sup [[An]],
neN

becomes a real C*-algebra; cf. [7] for more details.

DEFINITION 3.1. The sequence (Ay,) € T is called stable if there is an ng € N
such that for all n > ng the operators A, P, : Sff — Sﬁ are invertible and the norms
(A Pn) "t Pylln>n, are uniformly bounded.

As was observed in [18], the stability of an approximation method (4,,) is equiv-
alent to the invertibility of the coset (A,) + G in the quotient algebra 7 /G, where G
is an ideal of the algebra T consisting of all sequences of bounded additive operators
uniformly convergent to zero, i.e.,

G:={(Cy) e A: nhﬁn;o [|Grn|| = 0}.

Thus the study of the stability of approximation methods can be reduced to the
investigation of the invertibility in the algebra 7/G. However, in many cases the
algebra T /G is too large for the invertibility problem to be effectively treated. To
tackle this problem, Silbermann [32] proposed considering a subalgebra A of the
algebra 7 and an extension J 2 G of the ideal G such that the invertibility of the
corresponding coset (A,,) + G in T /G can be studied via the invertibility of the coset
(A,) + J in A/J. This approach facilitated the use of powerful Banach algebra
techniques in approximation methods. A version of the corresponding results of [32]
is used below.

Let A C T denote the set of all sequences (A;) for which there is an operator
A € £444(L2(T)) such that the strong limits

s— lim A,P,=A, s— lim (4,)*P, = A"

n—oo n—oo

exist.
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Let us recall the following result (see, for example, [7, Proposition 1.6.4]).
THEOREM 3.2. Let Kqqq(L2(T')) denote the ideal of all compact operators in
Ladd(L2(T)). Then the collection of the sequences

J =A{(Jn): Jp=P,KP,+C,, K €Kuu(L2(')), (Cyn)e€ G}

forms a closed two-sided ideal in A. Moreover, the mapping W : A L4qa(L2(T)),
(A,) — s—lim A, P, is a Banach algebra homomorphism, and the sequence (A,) € A
is stable if and only if the operator W (A,,) is invertible in £,q4(L2(T)) and the coset
(A,) + J is invertible in A/ T .

This result can be used to study the Nystrom method. It follows from (3.2)
that the sequence of approximation operators (A, )nen corresponding to this method
strongly converges to the operator Ar. A similar limit relation takes place for the
sequence of adjoint operators. However, our operators are not linear over the field of
complex numbers, so for the adjoint operators one has to use the definition from [7,
section 1.2]. By Theorem 2.4, the operator Ap is invertible in £q44(La(I')). Therefore,
we need only establish the invertibility of the corresponding coset (A4,)° := (4,) +J
in the quotient algebra .A/J. This can be done by using a localizing principle. Recall
that localizing principles connect the invertibility of an element from a given Banach
or C*-algebra with the invertibility of its local representatives [1, 12]. Notice that
in the neighborhoods of nonangular points 7 € I'; 7 ¢ i, the integral operators of
(1.4) behave like compact operators [8], so for such points 7 € " our approximation
sequence (A, )nen is locally equivalent to the sequence of projections (P, )nen which
is a stable sequence. Thus we need only identify and study local representatives of
the Nystrom method for the angular points 7; € I

With each corner point 7; we associate a model approximation method for the op-
erator Ar; of (2. 2) considered on the space Ly(I';). More precisely, let us approximate
the mtegral fr T)d7 by the quadrature formula

/F. u(r)dr

J

(3.5)

—! I i(Bi+0;) > 41 I iB;
Zpr ( T 1(54_9))6 +ZZWP ( R lﬁ)%a

l=—o00 p=0 =0 p=0

where €,,, p=0,1,...,d—1, are as above. We also need spline spaces on the contours

I'; and R*. Thus let S5"% be the smallest subspace of Ly(T;) that contains all
functions

)

wkn(S) if t= eiﬁfs, >
B { 0 otherwise, k20
(3.6) (,O]m(t) =

{ ¢k—d,n(3) if t:ei('@jJrej)Sv k<0

0 otherwise,

The spline space S, (R™) is constructed analogously, but in this case we set 8; = 0 in
(3.6) and take the functions @k, with k£ > 0 only. Let P,, and P, denote, respectively,
the orthogonal projections from Ly(I';) onto 5i7% and from Ly(RT) onto S, (R*).
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Let Ry(T';) refer to the set of functions on I'; which are Riemann integrable on
each finite part of I'; and satisfy the condition

0o 1/2
I fllrory) = Lo,y + <Z sup |f(t)|2>

k=0 tee'Pit0i) [k k41]

IS 1/2
+<Z sup |f(t)|2> < o0.

k=0 t€e'Pi[k,k+1]
Consider now the integral equation

(3.7) Ar,z =f, f€Ro(Ily).

Replacing z by an element z,, € S5% and applying quadrature formula (3.5) to
the integrals in the left-hand side of (3.7), and using the interpolation projections
Q% : Ry(T;) > S57% defined by

Qo a(ty) =x(ty), l€Z, p=0,1,....d—1;

R R e
tp = n
p l + 61) eiﬁj
n

if leoUuzT,

we approximate the operator Ar; by the sequence of operators (@iA(ri’n)ﬁn)neNa
where A(st’") are the approximations of the operator Ar, such that the identity oper-

ator is replaced by the projection operator ISn, whereas the integrals are replaced by
quadratures (3.5) with respect to variable 7. Let us point out that the equation

QAL Pyry = Q%f, wn € SP%, neN,
is equivalent to an infinite system of algebraic equations. The structure of this system
is similar to the structure of the system (3.4), but the expressions 7;; should be
replaced by e or e*(Pit%) depending on which part of the contour I'; is considered.
Let us study the operator sequence (@iA%i’”)ﬁn)neN. We consider approximations of
the equations

(38) Mo(b)ZIJ =9, g S RQ(RJr)v

where Mg (b) is the Mellin convolution operator (2.3) with the symbol b. Using
a quadrature formula similar to (3.5) but only for the integrals on the positive

semi-axis R, we approximate the operator My(b) by the sequence of operators
(Qi/\/l,(fm) (b)P,)nen. The interpolation operators Q° are similar to the operators

% but are defined on the positive semi-axis R*. The system of arising algebraic
equations for (3.8) is given below (see (3.9)) and will be studied later.

LeEMMA 3.3. The sequence (@iAffj’")ﬁn)neN is stable if and only if the sequence
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~S,em) D
(Aéj n)Pn))

A\é(?a,n)ﬁn _ A;&a,n) + B§57a,n)M,

A(.’isa”) _ ﬁn Q(SM e,n) (bl)ﬁn
g Q}Z,(;M((Jl—s,n)(bgl))Pn Pn )
B(é,s,n) _ N 0 R Q\ng&",TL) (b§2))ﬁn
j Q}L,(;M((Jl—s,n) (b§3))Pn 0 ;
where
b§1)(z) — ny, (2), bf)(z) = ¢?Pimy, 4 (2), b§3)(z) = 20t my (2),
is stable.

Proof. Let h: Lo(T';) = L3(R™) be the mapping defined by (2.4)-(2.5). It is easy
to check that

hQSh! = diag(Q%,QL7?%), hP,h~' = diag(P,,P,), neEN,

where diag(A, B) denotes the diagonal matrix operator with entries A, B €
Laaa(L2(RT)). In the case where A = B, such diagonal operators are denoted simply
by A. Thus we have

W@LAS " Poh™ = (hQoh ) (A W) (hPah ™),

and the calculation of the expression hA( n)h completes the proof. d
Let Iy be the space of sequences (§l)l_0 of complex numbers &,1 = 0,1,... such
that [|(&)]l, = (5%, 1612)" < oo, and let If refer to d copies of . Further, by

E,:ls— Sp(RT) and E_,, : S, (RT) — I3 we denote the operators defined by

fll 0 Zfl‘?lnt (Zfl@ln ) (fl)l 0)

It is known [4] that the operators E,, and E_,, are bounded and there is a constant
C such that ||E,||||E-n|| < C for all n € N.

COROLLARY 3.4. The sequence (@iAﬁ_’n)ﬁn)neN is stable if and only if the

operator By, s := E_lggj’671)ﬁ1E1 1s invertible.
Proof. Consider the system of algebraic equations

(3.9)
l€+5 Tpln k+61”

k P = =0,1,...,d—1 =0,1,...

prz <l+‘€p)l+5p g( n >7 r 0)7 7d ) k' 07) 3

where p, = z((l +¢p)/n), p = 0,1,...,d — 1,1 = 0,1,..., arising in the above
approximation of (3.8).
If (Arp(b))f);lo refers to the matrix of the system (3.9), with A,, : lo — [y for

all ,p =0,1,...,d — 1, then E_ nQ‘SM . ")( )PnEn = (A,,(0)*-L,. However, the

r,p=0
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operators E_n@gMéE’”) (b)]gnEn do not depend on n, and neither do the entries of the
operators E,nAgj’s’")PnEn. Hence the sequence E,nQiA(FEj’n)PnEn is stable if and

only if any member of the constant sequence E,nzzl\éé’s’")ﬁnEn, say E,lzzl\éé’s’l)ﬁlEl,
is invertible. O ’ ’

If the contour I' and its parametrization 7 satisfy the above condition, then the
stability of the Nystrom method (3.3) for the operator Rr + Ty, depends on the
behavior of the operators A,; associated with the corner points 7;,j =0,1,...,¢—1.
More precisely, the following result holds.

THEOREM 3.5. Let n = gm, m € N. The Nystrom method for the operator
Rr + Tsp @ Lao(T') = Lo(T') is stable if and only if all the operators By, s, j =
0,1,...,9 — 1 are invertible. Moreover, if the operators By, s, j = 0,1,...,m — 1,
are invertible, and if a function f belongs to the Sobolev space Wy (I') and satisfies the
condition (1.5), then the approximate solutions w, = w,(t) obtained by the Nystrom
method (3.3) converge to the solution of the Sherman—Lauricella equation (1.4).

Proof. Let A and J be the real C*-algebra and its ideal introduced in Theo-
rem 3.2. By C we denote the smallest closed C*-algebra that contains the sequences
(P.LrPR,), (PLMKrMP,), (P,fP,), f € C(I'), and the ideal J. Then C/J is a
C*-subalgebra of A/J; hence C/J is inverse closed in A/J [7, Corollary 1.4.11].
Therefore, the coset (A(Fé’")Pn) + J € C/J is invertible in A/J if and only if it is
invertible in C/J. However, the invertibility of this coset in C/J can be proved by
the localizing principle [7, Theorem 1.9.5(a)].

Thus the set

B:={(P.fP,) +J: f € Cr()},

where Cg(T") refer to the set of all real-valued continuous functions on I'. It is known
[27] that for any f € C(I') the operators F,, : Ly(T") — Lo(T'), F,, := fP, — P, f are
bounded and

lim [|F,|| = 0.
n—o0

This implies that B is a commutative subalgebra in the center of C. Moreover, the
space of maximal ideals of B is homeomorphic to I', and the maximal ideal N, C B
associated with the point 7 € I is

N = {(PofPy) +J : f(r) =0}.

Let Ju, be the smallest closed ideal of the algebra C containing A,. According to
[7, Theorem 1.9.5(a)], the coset (A%fs’n)Pn) + J is invertible in C/J if and only if
the coset (A(Fg’n)Pn)ﬁ = ((A(Fg’n)Pn) +J) + Ju, is invertible in the quotient-algebra
(C/T)/Tn;, for each 7 € T. However, as was already mentioned for 7 € T'\ Mr, a
local representative of (A”™ P,) is just (P,)?, which is obviously invertible. On the
other hand, for any corner point 7 € M a local representative of the corresponding
coset is the operator By, s, Therefore, in this case the coset (A%é’")Pn)i is invertible
if and only if the operator By, 5 is. Thus the conditions of Theorem 3.5 provide the
invertibility of the coset (A(Fé’n)Pn) +J in the quotient-algebra C/J, and that implies
its invertibility in .4/J. Recalling now that on the space La(T") the operator Ar+Ts;,
is also invertible and applying Theorem 3.2, we obtain the result. d

Theorem 3.2 raises an interesting and important question about the invertibility
of the auxiliary operators By, 5. It can be shown that entries of the corresponding
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operator matrices belong to a famous algebra of Toeplitz operators To. This allows
us to study conditions when the model operators By, 5. are Fredholm. However, at
the moment there are no effective theoretical tools to verify the invertibility of the
operators from the algebra Ts.

Remark 3.6. If an approximation method (4,,) is stable, then the error |jw — wy,||
can be estimated as follows [27, Proposition 1.23(c)]:

- Wn < f - A_l . An — 4 .
o= nl| < ing | (lfo vl + 147" - 1400 — QA A1)

Thus to evaluate the error of the method under consideration one can use known re-
sults of the approximation theory. Note that examples below demonstrate an excellent
numerical convergence of the method.

4. Numerical examples. The numerical examples for the Sherman—Lauricella
integral equation are performed in the MATLAB environment (version 7.6) and ex-
ecuted on an ordinary workstation equipped with an IntelCore2 Duo E8400 CPU at
3.00 GHz and 4GB of memory. The integral equation is discretized with a Nystrom
scheme based on composite Gauss—Legendre quadrature (1.7) with d = 15. The
GMRES iterative solver [28] with a low-threshold stagnation avoiding technique [15]
is used for the linear systems, and the stopping criterion threshold is set to 10 - €mach,
where €mach is machine epsilon. We use the Parton and Perlin [26] choice Tsy of
(2.8), except in the last numerical example, where we investigate the properties of
other choices of Tsy,. The point a is placed at the origin.

Eﬁo ‘

F1c. 4.1. From unit circle, via superellipse and square, to Thombuses with decreasing opening
angles 0. These curves I' are used in the numerical examples.

Note that in applications, right-hand sides f are not always continuous. There-
fore, it is important to study the applicability of approximation methods in this case
as well. Following the above scheme, one can replace the space W3 (I') by the space
WE(T,cr,ca,...,¢4).t Functions from W3 (L, c1,ca,...,¢,) can be discontinuous at
corner points, and examples with the so-called discontinuous square function show
that the Nystrom method picks up the smallest details of the solution. Moreover,
they also show a gradual transformation of the solution during continuous deforma-
tion of the unit circle into the series of contours both with and without corner points.

4.1. Curves I’ and right-hand sides f(z). All curves I' (see Figure 4.1) are
parameterized by a function ¢ = v(s) with —0.5 < s < 0.5 and with the origin at the
center. The superellipse (Lamé curve) has Cartesian equation

|z + [y|* =1,

and we consider examples with £ = 10 and & = 100. The square and the rhombuses
have arc length equal to four. The parametrization is chosen such that the corners of

1The definition of W3 (T, c1,¢2,...,¢cq) can be found in [10].
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the square and the rhombuses and the points where the superellipse has the highest
curvature (rounded corners) occur at parameter values s; = —0.375 (lower left corner),
sg = —0.125 (lower right corner), ss = 0.125 (upper right corner), and s4 = 0.375
(upper left corner). On the unit circle v(s1) = exp(—i3n/4), v(s2) = exp(—in/4),
v(s3) = exp(im/4), and v(s4) = exp(i37w/4).

The numerical examples make use of two different right-hand sides. The first
right-hand side is

(4.1) fit) =1t
The second right-hand side is
it
(12) £20) = fot) ~ 53 Re [ folr)ar.
where A is the area enclosed by I' and fy(¢) is the step function
0, —-0.5 <s<-0.375,
-1, —0.375 < s £ -0.125,
fo(t(s)) = 0, —-0.125 <s < 0.125,
1, 0125 <s < 0.375,
0, 0375 <s< 0.5.

Let us call this function fo the discontinuous square function. The denomination
reflects the fact that if one goes around the above unit square, then the image of the
pass under the mapping f> is the same unit square but taken not continuously.

Both functions (4.1) and (4.2) satisfy condition (1.5) for all curves in the examples.

Results from the computations, in graphical form, are presented in Figures 4.2,
4.3, and 4.4, where the left images show real and imaginary parts of the approx-
imate solution w, as a function of parameter s, whereas the right images repre-
sent the corresponding graph of w, in the complex plane. Note that the right-
hand side f; € Wy, so the corresponding solutions are continuous functions for
all contours under consideration (cf. Figure 4.2). However, especially intriguing is
the change of the solution for the equations with the discontinuous square function
fo € W3(T,~v(s1),7(s2),7(s3),7(s4)) as a right-hand side of (1.4). If the contour T
is subject to transformations shown in Figure 4.1, the changes of the solutions are
presented in Figures 4.3 and 4.4. In particular, if the opening angle of the rhombus
diminishes from /2 to 0, the four solution branches split into two pairs with the
elements of the corresponding pairs drifting to each other. This probably reflects the
fact that two angles of the rhombus tend to 7, and it looks like a disappearance of the
corresponding corner points (cf. the behavior of the graphs at the points s3 = —0.125
and s4 = 0.375 in the left images of Figure 4.4). On the other hand, for the lower left
and the upper right vertices, the angle tends to 0. The corresponding points on the
rhombuses mimic cusps, and such points cause additional computational difficulties.
Let us also point out that the corresponding parts of the solutions are experiencing a
remarkable growth.

Table 4.1 shows numerical convergence with increased mesh refinement.

4.2. Different choices of Tsy,. In the literature there are several choices for
the operator Tsz,. The Parton and Perlin [26] choice of Ty, is (2.8), and the Sherman
choice of Ty, [21, section 56] is

(4.3) TSLw(t):(t_la_tia+(tt__;)2) %Re/F%-
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Fic. 4.2. Solution w of (1.6) with the right-hand side f = fi. Left column: real and imaginary
parts of w as a function of parameter s. Right column: w in the complex plane. First row: superel-
lipse with k = 10. Second row: square. Third row: rhombus with 6 = 7 /3. Fourth row: rhombus

with 0 = /6.
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Fic. 4.3. Same as Figure 4.2 but with f = fa. First row: circle. Second row: superellipse with
k = 10. Third row: superellipse with k = 100.

In equation (26) of [14] an operator Tsy, is defined by

(4.4) Tspw(t) = %Re‘/r<w(7')+i. M) dr,

28 T Jr Z2—T

where S is the arc length of I' and n; is the outward unit normal at ¢ on T'.
Yet another option is the simple choice of Ts;, given by

(4.5) Tsrelt) = o Re /F w(r) dr,

where A is the area enclosed by T'.
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Fic. 4.4. Continuation of Figure 4.3 with f = fo. First row: square. Second row: rhombus
with 0 = w/3. Third row: rthombus with = 7 /6. Fourth row: rthombus with 6 = m/12.
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TABLE 4.1

Convergence of the relative error ||wn — wan||2/||w2n|l2. Each entry in the table compares
solutions computed on two meshes. The first mesh has n quadrature subintervals and gives wp,.
The second mesh is constructed by dividing all subintervals of the first mesh into two. It has 2n
subintervals and gives way,. There are 16 quadrature points on each subinterval. The following
abbreviations are used: C is the unit circle, E is the superellipse with k = 10, S is the square,
and R1, Ra, and Rs are the rhombuses with opening angles 6 = w/3, 0 = ©/6, and 0 = w/12,
respectively. Uniform meshes are used for the circle and the superellipse. Adaptively refined meshes
are used for the square and the rhombuses.

C, f1 C, f2 n E, f1 E, f2
8 | 2-10716 | 2.107 12 40 | 4-107Y | 3.107Y
16 | 6-10715 | 2.10"14 80 | 2-10711 | 1.-10~ 11
32 | 1-10714 | 9.10°15 160 | 5-10~14 | 4.10714
n S, fi S, f2 Ri1, fi Ri1, fo Re, f1 Ro, f2 Rs3, f1 Rs, f2
104 | 5-1073 | 1-1072 | 3-1073 | 21072 | 5-1072 | 2-1071 | 1-1072 | 9-102
184 | 9-100% | 3-1073 | 6-10% | 3-1073 | 41073 | 6-10"2 | 7-10~% | 2.102
344 | 3-107° | 9.-1075 | 2.1075 | 1-107% | 7-107% | 3.1073 | 1-1075 | 7-10~%

The Parton and Perlin choice of Ts The "simple" choice of T
B L o SL
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'\17‘;104 « 000000000000000 1 '\17‘;104 + +++++++ 1
+ 5 0o0° + +++;o 60000000000
< < 98 0°
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E 10 o 6=/ | ] € 10 * 6=m3 | 1
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ke] ke] + 0=n/12
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Number of discretization points 16n Number of discretization points 16n
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Fic. 4.5. Condition number in 2-norm of discretized operator Ar + Tsy as a function of
increased mesh refinement for rhombuses with different opening angles 6. The angle 6 = m/2
corresponds to the square. Four choices of Tsy are compared. Upper left: the Parton and Perlin
choice of Tsy, (2.8). Upper right: the “simple” choice of Tsy, (4.5). Lower left: the Sherman choice
of Tsy, (4.3). Lower right: the “zero average displacement” choice of Tsy (4.4).
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Note that each of the operators (4.3), (4.4), (4.5) satisfies condition (2.11), so the

solution of the corresponding corrected equation (2.9) is simultaneously a solution of
the original Sherman—Lauricella equation (1.4).

Figure 4.5 compares the behavior of the condition numbers of the system matrix

for different choices of Tgy,. It seems that for the values 6 close to 7/2 the choice
of the additional operator Ty, does not have a strong influence on the behavior of
condition numbers. On the other hand, this becomes more important if some angles
are small, and the operator Tsy, proposed by Sherman seems to be the least attractive
for computations.
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