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Abstract

This paper treats the radiation from a waveguide aperture in a perfectly con-

ducting plane. The shape of the aperture is arbitrary. The radiated �eld

into the half space, the re�ected �eld in the waveguide, and the surface cur-

rents on the ground plane are calculated by means of a matching technique

between the waveguide modes and the free space plane waves. A system of

matrix equations determines the coupling between the radiation into the half

space and the wave propagation in the waveguide. The accuracy of commonly

used approximations of the aperture �eld is compared with the exact solution.

Several numerical examples illustrate the method.

1 Introduction

Generic electromagnetic geometries have always played a great role in the under-
standing of complex electromagnetic scattering problems and in the design of appli-
cations. Examples are such generic geometries are scattering by a wedge (perfectly
conducting or dielectric wedge), scattering by a cylinder, a sphere etc. Exactly
soluble generic cases are also important in comparing the validity of various approx-
imations that often are used to simplify the calculations.

The termination of a waveguide antenna in a perfectly conducting plane is often
solved by approximating the �eld in the aperture by the exciting �eld, the use of
magnetic currents, and the method of images, see e.g., [2]. Other techniques, that
apply to the two-dimensional case are presented in a recent paper [4]. The present
paper solves the three-dimensional geometry exactly in the electromagnetic case, and
we are therefore in a situation to �nd out how good the existing approximations are.

Provided the transverse electric �eld Exy(r) in the aperture is known, the �eld
in the far �eld zone in the half space is (the time convention exp{−iωt} is used)

E(r) = F (r̂)
eik0r

r

The far-�eld amplitude F (r̂) can be expressed in terms of the aperture �eld Exy(r)
[2].

F (r̂) =
ik0

2π
r̂ ×

[
ẑ ×

∫∫
Ω

Exy(r)e−ik0r̂·r dx dy
]
, ẑ · r̂ = cos θ > 0

where ẑ is the normal to the perfectly conducting plane, Ω is the aperture, r̂ is the
direction of observation, see Figure 1, and k0 = ω/c0 (c0 is the speed of light in
vacuum). The question of determining the aperture �eld in a very general setting
is discussed and solved in this paper. We are then in a position of discussing the
accuracy of commonly used approximations of the aperture �eld and comparing the
results with the exact solution.

The �elds in the waveguide and in the half space are analyzed in Sections 2 and
3, respectively, and in Section 4 the technique that matches the boundary conditions
in the aperture and on the perfectly conducting plane is presented. Sections 5 and 6
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Figure 1: The geometry of the problem.

contain a proof of the power conservation of the problem and the expressions of the
�elds on the ground plane, respectively. The paper is completed by a presentation
of explicit examples and numerical computations in Section 7 and a conclusion in
Section 8.

2 Waveguide �eld

The perfectly conducting ground plane is located at z = 0. The sources in the
domain z < 0 in the waveguide generate a mode `0ν0, (` is the collective mode
index, and ν = TM, TE, or TEM1). The cross section of the waveguide is denoted
Ω, see Figure 1, and it is arbitrary in shape and may consist of a central conducting
part, i.e., Ω is not a simply-connected region in the x-y-plane. The region inside the
waveguide, z < 0 and rc = xx̂+ yŷ ∈ Ω, is assumed to be vacuous, and the domain
z > 0 is a half space, which also is assumed to be vacuum. Several generalizations
of these assumptions are trivial to relax, and they are not pursued in this paper.

The main objective of this paper is to determine the re�ected power in the
waveguide, z < 0, the transmission power into the half space, z > 0, and to analyze
the current induced on the ground plane, z = 0.

The sources generate an electric �eld in the waveguide, which is a mode denoted
by E+

`0ν0
(r). The corresponding magnetic �eld (mode) is denoted H+

`0ν0
(r). We

assume the frequency of this exciting wave is above cuto� for this mode, i.e., ω/c0 =
k0 > kt`0ν0 , where kt`ν is the transverse wave number (the wave number of the cut-o�
frequency).

1TEM-modes are present only in the case where the waveguide structure supports such waves.
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Since the waveguide is terminated at z = 0, there is a re�ected �eld in the region
z < 0. The electric and magnetic �elds in the region z < 0 are therefore [1, 3]

E(r) = E0

(
E+
`0ν0

(r) +
∑
`,ν

r`νE
−
`ν(r)

)

H(r) = E0

(
H+

`0ν0
(r) +

∑
`,ν

r`νH
−
`ν(r)

) z < 0, rc ∈ Ω (2.1)

where r`ν is the (relative) amplitude of the re�ected `ν-mode. The dimension of the
complex constant E0 is Vs.

2 The value of this constant is determined by the amount
of power sent in the waveguide in the positive z-direction, which is

Pi =

∫∫
Ω

ẑ· <S(t)> dx dy =
|E0|2

2η0

ReY E
`0ν0

=
|E0|2

2η0

Y E
`0ν0

(2.2)

where we have introduced the notion of energy admittance Y E
`ν , see (4.15).

The notation of waveguide modes follows the established standards with a few
modi�cations [1]. The TM-modes propagating in the ±z-directions are{

E±`ν(r) = {Et`ν(rc)± v`(rc)ẑ} e±ikz`νz

H±`ν(r) = ±Ht`ν(rc)e
±ikz`νz

ν = TM

where kz`ν =
(
k2

0 − kt
2
`ν

)1/2
, and kt`ν are the transverse wave number of the cut-o�

frequency. Similarly, for the TE-modes we have{
E±`ν(r) = Et`ν(rc)e

±ikz`νz

H±`ν(r) =
{
±Ht`ν(rc) + η−1

0 w`(rc)ẑ
}

e±ikz`νz
ν = TE

In these expressions the index t denotes the transverse component of the �eld. The
TEM-modes are de�ned by{

E±`ν(r) = Et`ν(rc)e
±ikz

H±`ν(r) = ±Ht`ν(rc)e
±ikz

ν = TEM

The dimension of Et`ν(rc) is 1/m. These expansion functions are only functions of
the geometry of the cross section of the problem.

The relations between the functions w`, v` and the transverse components Et`ν

and Ht`ν are 
Et`ν(rc) =

i

kt
2
`ν

{
kz`ν∇tv`(rc), ν = TM

−k0J · ∇tw`(rc), ν = TE

η0J ·Ht`ν(rc) =
i

kt
2
`ν

{
−k0∇tv`(rc), ν = TM

kz`νJ · ∇tw`(rc), ν = TE

(2.3)

2Remember that the Fourier transform of the electric �eld (dimension V/m) has dimension
Vs/m.
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where we have introduced the dyadic J = ẑ × I3 that rotates a vector in the x-y-
plane π/2 around the z-axis, and I3 is the identity dyadic in three dimensions. The
TEM-modes have transverse components de�ned by{

Et`ν(rc) = −∇tψ(rc)

η0J ·Ht`ν(rc) = −Et`ν(rc) = ∇tψ(rc)
ν = TEM

Note that we for convenience keep the index ` for the TEM-modes even if there are
no dependence of the index `.

The eigenfunctions v`(rc) an w`(rc) are normalized and orthogonal if integrated
over the cross section Ω, i.e.,

∫∫
Ω

v`(rc)v`′(rc) dx dy = δ`,`′∫∫
Ω

w`(rc)w`′(rc) dx dy = δ`,`′

and the function ψ is normalized by∫∫
Ω

∇tψ(rc) · ∇tψ(rc) dx dy = 1

The dimensions of v`(rc) and w`(rc) are 1/m and ψ has no dimension. The eigen-
functions v`(rc) and w`(rc) satisfy∇2

tv(rc) + kt
2
`νv(rc) =

∂2v(rc)

∂x2
+
∂2v(rc)

∂y2
+ kt

2
`νv(rc) = 0

v(rc) = 0 rc on Γ

(TM-case)

where Γ denotes the boundary curve of the cross section Ω, and
∇2

tw(rc) + kt
2
`νw(rc) =

∂2w(rc)

∂x2
+
∂2w(rc)

∂y2
+ kt

2
`νw(rc) = 0

∂w

∂n
(rc) = 0 rc on Γ

(TE-case)

and for the TEM-case{
∇2

tψ(rc) = 0

ψ(rc) = constant rc on Γ
(TEM-case)

Moreover, the tangential �eld satisfy an orthogonal relation, which reads

η0

∫∫
Ω

Et`ν(rc) · J ·Ht`′ν′(rc) dx dy = Y`νδ`,`′δν,ν′ (2.4)

where the waveguide admittance is given by

Y`ν =


k0kz`ν
kt

2
`ν

=
k0

(
k2

0 − kt
2
`ν

)1/2

kt
2
`ν

, if ν = TE, TM

−1, if ν = TEM

(2.5)
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3 Fields in the half space

A general expansion of the �elds in the domain z > 0 is given as a plane wave
expansion (we assume no sources in z > 0, i.e., all waves are propagation in the
+z-direction) 

E(r) =
1

4π2

∫∫
R2

E(kt)e
ikt·rc+ikzz dkx dky

H(r) =
1

4π2

∫∫
R2

H(kt)e
ikt·rc+ikzz dkx dky

z > 0 (3.1)

where the spectral components of the �elds are{
E(kt) = Exy(kt) + Ez(kt)ẑ

H(kt) = Hxy(kt) +Hz(kt)ẑ

and the relation between the transverse components Exy(kt) and Hxy(kt), and
between the z-components and the transverse components are [5]

η0J ·Hxy(kt) = −kz
k0

(
ktkt

k2
z

+ I2

)
·Exy(kt) = −γ(kt) ·Exy(kt)

Ez(kt) =
η0kt

k0

· J ·Hxy(kt) = − 1

kz
kt ·Exy(kt)

η0Hz(kt) = −kt

k0

· J ·Exy(kt)

(3.2)

The dimension of Exy(kt) is Vsm. Notice that all �elds can be constructed from the
�eld Exy(kt). The longitudinal wave number kz is

kz =
(
k2

0 − k2
t

)1/2
=


√
k2

0 − k2
t for kt < k0

i
√
k2

t − k2
0 for kt > k0

and the dyadic γ(kt) is de�ned as

γ(kt) =
kz
k0

(
ktkt

k2
z

+ I2

)
=
kz
k0

(
ktkt

k2
0 − k2

t

+ I2

)
This dyadic has the following important projections:

kt · γ(kt) · kt =
k2

t k0

kz

kt · J · γ(kt) · J · kt = −k2
t

kz
k0

(3.3)

The �eld at large distances from the aperture is

E(r) = F (r̂)
eik0r

r
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where the far-�eld amplitude F (ẑ) is [2]

F (r̂) =
ik0

2π
r̂ ×

[
ẑ ×Exy(kt = k0 sin θr̂c)

]
, cos θ > 0 (3.4)

The power radiated in the direction r̂ is

<S(r̂)>=
|F (r̂)|2 r̂

2η0r2
(3.5)

4 Mode matching

The boundary conditions at the interface z = 0 give the following condition for the
transverse electric �eld, see (2.1) and (3.1):

E0χΩ(rc)

(
Et`0ν0(rc) +

∑
`,ν

r`νEt`ν(rc)

)

=
1

4π2

∫∫
R2

Exy(kt)e
ikt·rc dkx dky rc ∈ R2 (4.1)

where χΩ(rc) is the characteristic function of the aperture Ω, and for the transverse
magnetic �eld we have

E0

(
Ht`0ν0(rc)−

∑
`,ν

r`νHt`ν(rc)

)
=

1

4π2

∫∫
R2

Hxy(kt)e
ikt·rc dkx dky rc ∈ Ω

(4.2)
Take the Fourier transform in the rc-variables of (4.1). With the use of the

de�nition of the Fourier transform, the result is

E0

(
Et`0ν0(kt) +

∑
`,ν

r`νEt`ν(kt)

)
= Exy(kt) (4.3)

where Et`ν(kt) is the Fourier transform of the waveguide mode Et`ν(rc), i.e.,

Et`ν(kt) =

∫∫
R2

χΩ(rc)Et`ν(rc)e
−ikt·rc dx dy =

∫∫
Ω

Et`ν(rc)e
−ikt·rc dx dy

with inverse

Et`ν(rc) =
1

4π2

∫∫
R2

Et`ν(kt)e
ikt·rc dkx dky

The Fourier transform of the TEM-mode is most conveniently computed directly
from the �eld Et`ν(rc), but for the TM- and the TE-mode the Fourier transform
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can be related to the Fourier transform of the functions v`(rc) and w`(rc), respecti-
vely. In fact, from (2.3) and Stokes' analogous theorem

∫∫
Ω
ẑ × ∇φ(rc) dx dy =∫

Γ
φ(rc) drc we get (Γ is the boundary curve of the cross section Ω)

Et`ν(kt) = − 1

kt
2
`ν

kz`νktv`(kt), ν = TM

−k0J · ktw`(kt) + ik0

∫
Γ

w`(rc)e
−ikt·rc drc, ν = TE (4.4)

The dimension of Et`ν(kt) is m, and the Fourier transforms of the eigenfunctions
v`(rc) and w`(rc) are

v`(kt) =

∫∫
R2

χΩ(rc)v`(rc)e
−ikt·rc dx dy =

∫∫
Ω

v`(rc)e
−ikt·rc dx dy

w`(kt) =

∫∫
R2

χΩ(rc)w`(rc)e
−ikt·rc dx dy =

∫∫
Ω

w`(rc)e
−ikt·rc dx dy

and v∗` (kt) = v`(−kt) and w
∗
` (kt) = w`(−kt) if the eigenfunctions v`(rc) and w`(rc)

are chosen real-valued. The dimensions of v`(kt) and w`(kt) are m.
We now proceed with the second boundary condition in (4.2). Multiply the

second integral in (4.2) with Et`′ν′(rc) ·J, integrate over the cross section Ω and use
(2.4). We get

E0Y`′ν′ (δ`0,`′δν0,ν′ − r`′ν′)

=
η0

4π2

∫∫
Ω

Et`′ν′(rc) ·
∫∫
R2

J ·Hxy(kt)e
ikt·rc dkx dky dx dy

=
η0

4π2

∫∫
R2

Et`′ν′(−kt) · J ·Hxy(kt) dkx dky

= − 1

4π2

∫∫
R2

Et`′ν′(−kt) · γ(kt) ·Exy(kt) dkx dky

where we also used (3.2). Solve for r`ν , and we get

r`ν = δ`0,`δν0,ν +
1

4π2Y`νE0

∫∫
R2

Et`′ν′(−kt) · γ(kt) ·Exy(kt) dkx dky (4.5)

which inserted in (4.3) becomes

Exy(kt) = 2E0Et`0ν0(kt)

+
∑
`,ν

1

4π2Y`ν
Et`ν(kt)

∫∫
R2

Et`′ν′(−k′t) · γ(k′t) ·Exy(k
′
t) dk′x dk′y

This equation can be written as an integral equation of the second kind in
Exy(kt).

Exy(kt) +

∫∫
R2

K(kt,k
′
t) ·Exy(k

′
t) dk′x dk′y = 2E0Et`0ν0(kt) (4.6)
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where the kernel K(kt,k
′
t) is given by

K(kt,k
′
t) = −

∑
`,ν

1

4π2Y`ν
Et`ν(kt)Et`ν(−k′t) · γ(k′t)

This is the basic integral equation that determines the aperture �eld Exy(kt).
We now aim at reformulating this integral equation as an in�nite system of linear

equations. This is possible since the kernel K(kt,k
′
t) is separable. To simplify the

notation, we introduce the pertinent normalization factor de�ned as, cf., (2.5)

N`ν =



√
k0

√
k2

0 − kt
2
`ν

kt`ν

, if ν = TM, TE, and k0 ≥ kt`ν√
k0

√
kt

2
`ν − k2

0

kt`ν

eiπ/4, if ν = TM, TE, and k0 ≤ kt`ν

i, if ν = TEM

Notice that N2
`ν = Y`ν . Introduce a dimensionless scalar quantity α`ν (containing

the unknown Exy(kt)) de�ned by

α`ν =
1

4π2N`νE0

∫∫
R2

Et`ν(−kt) · γ(kt) ·Exy(kt) dkx dky

Equation (4.6) is then rewritten as

Exy(kt)−
∑
`,ν

α`ν
E0

N`ν

Et`ν(kt) = 2E0Et`0ν0(kt) (4.7)

Provided we can solve for the coe�cients α`ν , the solution Exy(kt) can be found
since the Fourier transformed functions Et`ν(kt) are all de�ned by the geometry of
the waveguide.

If we multiply the equation (4.7) with the appropriate quantity and integrate
over the variable kt, we get

α`ν +
∑
`′,ν′

A`ν`′ν′α`′ν′ = β`ν (4.8)

where
β`ν =

1

2π2N`ν

∫∫
R2

Et`ν(−kt) · γ(kt) ·Et`0ν0(kt) dkx dky

A`ν`′ν′ = − 1

4π2N`νN`′ν′

∫∫
R2

Et`ν(−kt) · γ(kt) ·Et`′ν′(kt) dkx dky

(4.9)

The expression in (4.8) is a set of linear equations for the unknown α`ν , since the
entries of the matrix A`ν`′ν′ contain only known functions. Moreover, the entries of
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A`ν`′ν′ and β`ν are dimensionless, and the matrix A`ν`′ν′ is symmetric in the indices
`ν and `′ν ′ since the dyadic γ(kt) is symmetric and even in kt. Notice that

β`ν = −2N`0ν0A`ν`0ν0

The re�ection coe�cients r`ν in (4.5) can also be written in the coe�cients α`ν .

r`ν = δ`0,`δν0,ν +
α`ν
N`ν

To further simplify the matrix equation in (4.8), make a change in the variable
α`ν and de�ne a new quantity a`ν as

a`ν = δ`0,`δν0,νN`0ν0 + α`ν

Then a`ν satis�es
a`ν +

∑
`′,ν′

A`ν`′ν′a`′ν′ = b`ν (4.10)

where
b`ν = N`0ν0 (δ`0,`δν0,ν − A`ν`0ν0) (4.11)

Moreover, we have from (4.7)

Exy(kt) = E0Et`0ν0(kt) +
∑
`,ν

a`ν
E0

N`ν

Et`ν(kt) (4.12)

and
r`ν =

a`ν
N`ν

(4.13)

The far-�eld amplitude is for cos θ > 0, see (3.4)

F (r̂) =
ik0E0

2π
r̂ ×

[
ẑ ×

(
Et`0ν0(kt = k0 sin θr̂c) +

∑
`,ν

a`ν
N`ν

Et`ν(kt = k0 sin θr̂c)
)]

and its absolute value is

|F (r̂)|2 =
|E0|2 k2

0

4π2

{∣∣∣∣∣r̂c ·

(
Et`0ν0(kt) +

∑
`,ν

a`νEt`ν(kt)

N`ν

)∣∣∣∣∣
2

+ cos2 θ

∣∣∣∣∣φ̂ ·
(
Et`0ν0(kt) +

∑
`,ν

a`νEt`ν(kt)

N`ν

)∣∣∣∣∣
2}

kt=k0 sin θr̂c

4.1 The matrix entries

For the TM- and the TE-mode there is an alternative formulation of the matrix
entries in A`ν`′ν′ . With the use of (4.4), we obtain

A`TM`′TM =

√
kz`TM

√
kz`′TM

4π2kt`TMkt`′TM

∫∫
R2

k2
t

kz
v`(−kt)v`′(kt) dkx dky
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A`TM`′TE =
ik0

√
kz`TM

4π2
√
kz`′TEkt`TMkt`′TE

∫∫
R2

1

kz
v`(−kt)kt ·

∫
Γ

w`′(rc)e
−ikt·rc drc dkx dky

A`TE`′TM = − ik0

√
kz`′TM

4π2
√
kz`TEkt`TEkt`′TM

∫∫
R2

1

kz
v`′(kt)kt ·

∫
Γ

w`(rc)e
ikt·rc drc dkx dky

and

A`TE`′TE =
1

4π2
√
kz`TE

√
kz`′TEkt`TEkt`′TE

{∫∫
R2

k2
t kzw`(−kt)w`′(kt) dkx dky

+ i

∫∫
R2

kzw`(−kt)kt · J ·
∫
Γ

w`′(rc)e
−ikt·rc drc dkx dky

− i

∫∫
R2

kzw`′(kt)kt · J ·
∫
Γ

w`(rc)e
ikt·rc drc dkx dky

+

∫∫
R2

kz

∫
Γ

w`(rc)e
ikt·rc drc

·
(
ktkt

k2
z

+ I2

)
·
∫
Γ

w`′(r
′
c)e
−ikt·r′c dr′c dkx dky

}

4.2 Orthogonality relation

The waveguide expansion functions satisfy an orthogonality relation, cf., (2.4).
There exists also another orthogonality relation related to the energy integral, which
is used in this section.

The use of the Parseval's identity gives

−Y E
`ν δ`,`′δν,ν′ = η0

∫∫
Ω

Et`ν(rc) · J ·Ht
∗
`′ν′(rc) dx dy

=
1

4π2
γ`′ν′

∫∫
R2

Et`ν(kt) ·Et
∗
`′ν′(kt) dkx dky

(4.14)

where the energy admittance Y E
`ν is very similar to the admittance de�ned in (2.5).

Y E
`ν =


k0kz`ν
kt

2
`ν

, if ν = TM

k0kz
∗
`ν

kt
2
`ν

, if ν = TE

1, if ν = TEM

(4.15)

We notice that only the TE part di�ers between Y E
`ν and Y`ν and that ReY E

`ν =
ReY`ν (for the TEM-mode there is a di�erence in sign). Moreover, the di�erence
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between the electric and the magnetic expansion functions γ`ν is (η0J ·Ht
∗
`ν(rc) =

γ`νEt
∗
`ν(rc))

γ`ν =


− k0

kz
∗
`ν

, if ν = TM

−kz
∗
`ν

k0

, if ν = TE

−1, if ν = TEM

In the Fourier domain, we therefore have the following orthogonality relation∫∫
R2

Et`ν(kt) ·Et
∗
`′ν′(kt) dkx dky = γE`νδ`,`′δν,ν′ (4.16)

where

γE`ν = −4π2Y E
`ν /γ`ν = 4π2


kz
∗
`νkz`ν
kt

2
`ν

, if ν = TM

k2
0

kt
2
`ν

, if ν = TE

1, if ν = TEM

5 Power �ow and conservation

The purpose of this section is to prove the conservation of power, i.e., the amount
of power introduced into the system, (2.2), is either re�ected in the waveguide, Pr,
or radiated into the half-space, Ps. In this section we prove that Pi = Pr + Ps.

5.1 Power �ow in the waveguide

The power �ow in the waveguide is (use (2.1) and (4.14))∫∫
Ω

ẑ· <S(t)> dx dy = − 1

2η0

Re

∫∫
Ω

E(r) · J ·H∗(r) dx dy

=
|E0|2

2η0

{
ReY E

`0ν0
e−2 Im kz`0ν0z −

∑
`,ν

ReY E
`ν |r`ν |

2 e2 Im kz`νz
}

=
|E0|2

2η0

{
Y E
`0ν0
−
∑
`<k0,ν

Y E
`ν |r`ν |

2
}

=
|E0|2

2η0

{
Y`0ν0 −

∑
`<k0,ν

Y`ν |r`ν |2
}

= Pi − Pr

since it is assumed that k0 > kt`0ν0 , and where ` < k0 in the summation means
that the summation in ` is only over those modes for which kt`ν < k0 (propagating
modes), i.e., Y`ν real. The input power is given by (2.2)

Pi =

∫∫
Ω

ẑ· <S(t)> dx dy =
Y E
`0ν0
|E0|2

2η0
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and the re�ected power back into the waveguide is

Pr =
|E0|2

2η0

∑
`<k0,ν

Y E
`ν |r`ν |

2

Inserting (4.13) gives

Pr =
|E0|2

2η0

∑
`<k0,ν

|a`ν |2

5.2 Power �ow in the half space

The radiated power into the half space z > 0 is (see also Appendix B and (B.1))

Ps =
1

8π2η0

Re

∫∫
|kt|≤k0

Exy(kt) · γ(kt) ·E∗xy(kt) dkx dky

Using (4.12) we get

Ps =
|E0|2

8π2η0

Re

∫∫
|kt|≤k0

(
Et`0ν0(kt) +

∑
`,ν

a`νEt`ν(kt)

N`ν

)

· γ(kt) ·

(
Et`0ν0(kt) +

∑
`,ν

a`νEt`ν(kt)

N`ν

)∗
dkx dky

5.3 Power balance

We now prove that Ps = Pi−Pr. We expand the domain of integration (see Appen-
dix B) and get

Ps =
|E0|2

8π2η0

Re

∫∫
R2

(
Et`0ν0(kt) +

∑
`,ν

a`νEt`ν(kt)

N`ν

)

· γ(kt) ·

(
Et`0ν0(kt) +

∑
`,ν

a`νEt`ν(kt)

N`ν

)∗
dkx dky

or

Ps =
|E0|2

8π2η0

Re

∫∫
R2

{
Et`0ν0(kt) · γ(kt) ·Et

∗
`0ν0

(kt)

+
∑
`,ν

a∗`ν
N∗`ν

Et`0ν0(kt) · γ(kt) ·Et
∗
`ν(kt) +

∑
`,ν

a`ν
N`ν

Et`ν(kt) · γ(kt) ·Et
∗
`0ν0

(kt)

+
∑
`,ν

∑
`′,ν′

a`νa
∗
`′ν′

N`νN∗`′ν′
Et`ν(kt) · γ(kt) ·Et

∗
`′ν′(kt)

}
dkx dky
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Use the fact that
Y`νEt

∗
`ν(kt) = −

(
Y E
`ν

)∗
Et`ν(−kt)

and the de�nition of the matrix A`ν`′ν′ , see (4.9). We get

Ps =
|E0|2

2η0

Re
{(Y E

`0ν0

)∗
Y`0ν0

N2
`0ν0

A`0ν0`0ν0 +N`0ν0

∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`νA`ν`0ν0

+N`0ν0

(
Y E
`0ν0

)∗
Y`0ν0

∑
`,ν

a`νA`0ν0`ν +
∑
`,ν

∑
`′,ν′

(
Y E
`′ν′

)∗
N`′ν′

Y`′ν′N∗`′ν′
a`νa

∗
`′ν′A`′ν′`ν

}
Since Y E

`0ν0
= Y`0ν0 is real and

Y E
`νN`ν

Y`νN∗`ν
=

{
1, k0 ≥ kt`ν and the TEM-mode

± i, k0 ≤ kt`ν

where the upper (lower) sign holds for the TM (TE)-mode, we get

Ps =
|E0|2

2η0

Re
{
N2
`0ν0

A`0ν0`0ν0 +N`0ν0

∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`νA`ν`0ν0

+N`0ν0 (b`0ν0 − a`0ν0) +
∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`ν (b`ν − a`ν)

}
We have here also applied (4.10). Using (4.11), we have

Re

{
N`0ν0

∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`νA`ν`0ν0 −N`0ν0a`0ν0 +

∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`νb`ν

}

= Re

{∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`ν (N`0ν0δ`0,`δν0,ν − b`ν)−N`0ν0a`0ν0 +

∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`νb`ν

}
=0

since (
Y E
`0ν0

)∗
N`0ν0

Y`0ν0N
∗
`0ν0

= 1

We �nally get (use (4.11))

Ps =
|E0|2

2η0

Re
{
N2
`0ν0
−
∑
`,ν

(
Y E
`ν

)∗
N`ν

Y`νN∗`ν
a∗`νa`ν

}
=
|E0|2

2η0

Re
{
N2
`0ν0
−
∑
`<k0,ν

|a`ν |2
}

= Pi − Pr

and power �ow is conserved.
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6 Currents on the ground plane

The currents on the ground plane, z = 0, are determined by, see e.g., (3.1)

J(rc) = ẑ ×H(rc) = J ·H(rc) =
1

4π2

∫∫
R2

J ·H(kt)e
ikt·rc dkx dky

which, by (3.2) and (4.12), becomes

η0J(rc) = − E0

4π2

∫∫
R2

γ(kt) ·

(
Et`0ν0(kt) +

∑
`,ν

a`ν
N`ν

Et`ν(kt)

)
eikt·rc dkx dky

We introduce the notation

F `ν(rc) =
1

4π2

∫∫
R2

γ(kt) ·Et`ν(kt)e
ikt·rc dkx dky (6.1)

These vectors are known and can be computed for a given geometry of the cross
section of the waveguide. The current on the ground plane can be written as

η0J(rc) = −E0

(
F `0ν0(rc) +

∑
`,ν

a`ν
N`ν

F `ν(rc)

)

7 Explicit examples

In this section we analyze a few explicit examples in detail and compare with often
used approximations.

7.1 Rectangular waveguide

The eigenmodes and eigenvalues for a waveguide with rectangular cross section,
sides a and b in the x- and the y-directions, respectively, see Figure 2, are given in
Table 1. The collective mode index ` = {m,n} in this case. The Fourier transforms
of the eigenmodes in Table 1 are

v`(kt) = 2
√
ab
mπ
(
1− (−1)me−ikxa

)
m2π2 − k2

xa
2

nπ
(
1− (−1)ne−ikyb

)
n2π2 − k2

yb
2

m,n = 1, 2, 3, . . .

w`(kt) = −
√
εmεn
√
ab
kxa

(
1− (−1)me−ikxa

)
m2π2 − k2

xa
2

kyb
(
1− (−1)ne−ikyb

)
n2π2 − k2

yb
2

m,n = 0, 1, 2, 3, . . . , (m,n) 6= (0, 0)
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x

y

a

b

Figure 2: Geometry of the rectangular waveguide.

Eigenmodes v`(rc), w`(rc) Eigenvalues kt`ν

TM v`(rc) =
2√
ab

sin
(mπx

a

)
sin
(nπy

b

)
π

√
m2

a2
+
n2

b2

TE w`(rc) =

√
εmεn
ab

cos
(mπx

a

)
cos
(nπy

b

)
π

√
m2

a2
+
n2

b2

Table 1: Table over the normalized eigenmodes in a rectangular waveguide, see
Figure 2. The integer m and n assume the values m,n = 0, 1, 2, 3, . . ., with the
exception that m and n are nonzero for the TM-modes, and that m and n are both
not zero for the TE-modes (εm = 2− δm,0).

or in a form that more clearly shows the behavior at kx = ±mπ and ky = ±nπ

v`(kt) = −
√
ab

2
e−i(kxa−mπ)/2−i(kyb−nπ)/2

×
(

sinc
kxa−mπ

2
− (−1)msinc

kxa+mπ

2

)
×
(

sinc
kyb− nπ

2
− (−1)nsinc

kyb+ nπ

2

)
m,n = 1, 2, 3, . . .

w`(kt) =

√
εmεn
√
ab

4
e−i(kxa−mπ)/2−i(kyb−nπ)/2

×
(

sinc
kxa−mπ

2
+ (−1)msinc

kxa+mπ

2

)
×
(

sinc
kyb− nπ

2
+ (−1)nsinc

kyb+ nπ

2

)
m,n = 0, 1, 2, 3, . . . , (m,n) 6= (0, 0)

The general expressions of the Fourier transform of the eigenfunctions are for
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ν = TM, see (4.4)

Et`ν(kt) =− kz`ν
kt

2
`ν

ktv`(kt)

=− 2kt

√
ab

√
k2

0 − π2
(
m2

a2
+ n2

b2

)
π2
(
m2

a2
+ n2

b2

) mπ

m2π2 − k2
xa

2

(
1− (−1)me−ikxa

)
· nπ

n2π2 − k2
yb

2

(
1− (−1)ne−ikyb

)
m,n = 1, 2, 3, . . .

and for ν = TE

Et`ν(kt) =
k0

kt
2
`ν

J · ktw`(kt)− i
k0

kt
2
`ν

∫
Γ

w`(rc)e
−ikt·rc drc

=− J · kt

√
εmεn
√
ab

k0

π2
(
m2

a2
+ n2

b2

) kxa

m2π2 − k2
xa

2

(
1− (−1)me−ikxa

)
· kyb

n2π2 − k2
yb

2

(
1− (−1)ne−ikyb

)
+
√
εmεn

k0 (1− (−1)n)

π2
(
m2

a2
+ n2

b2

) √a

b
x̂

kxa

m2π2 − k2
xa

2

(
1− (−1)me−ikxa

)
−
√
εmεn

k0 (1− (−1)m)

π2
(
m2

a2
+ n2

b2

) √ b

a
ŷ

kyb

n2π2 − k2
yb

2

(
1− (−1)ne−ikyb

)
m,n = 0, 1, 2, 3, . . . , (m,n) 6= (0, 0)

The rectangular waveguide is not pursued further due to the fact that the matrix
entries of A`ν`′ν′ in (4.9) lead to integrals that involve extensive numerical integra-
tion. Instead, the circular waveguide is more suited for numerical computations.
This is done in the following subsection.

7.2 Circular waveguide

The next example is the circular waveguide. The eigenmodes and eigenvalues for the
circular waveguide with radius a, see Figure 3, are given in Table 2. The collective
mode index ` = {m,n, σ} in this case. The mode with the lowest cuto� frequency
is TE11, i.e.,

Et11σTE(rc) =− ik0a

η11

J · ∇t

√
2J1(η11rc/a)√
π (η2

11 − 1)J1(η11)

(
cosφ
sinφ

)
=

ik0a

η11

r̂c

√
2J1(η11rc/a)

rc

√
π (η2

11 − 1)J1(η11)

(
− sinφ
cosφ

)
− ik0φ̂

√
2J ′1(η11rc/a)√
π (η2

11 − 1)J1(η11)

(
cosφ
sinφ

)



17

x

y

a

rc

φ

Figure 3: Geometry of the circular waveguide.

where η11 ≈ 1.841. For the index σ = o the �eld is oriented along the x̂-axis. In
fact, we have

Et11oTE(rc = 0) =
ik0√

2π (η2
11 − 1)J1(η11)

x̂

The Fourier transforms of the eigenmodes are, see (A.1), (A.5), and (A.6)
v`(kt) = 2π(−i)m

√
εm√
π

ξmnaJm(kta)

k2
ta

2 − ξ2
mn

(
cosmα
sinmα

)
w`(kt) =

2π(−i)m
√
εmηmna√

π (η2
mn −m2)

ktaJ
′
m(kta)

η2
mn − k2

ta
2

(
cosmα
sinmα

)
where the indices are m = 0, 1, 2, 3, . . ., n = 1, 2, 3, . . ., and σ = e, o. Moreover, we
have, see (A.3)∫

Γ

w`(rc)e
−ikt·rc drc = 2π(−i)m−1

√
εmηmn√

π (η2
mn −m2)a

J · ∇ktJm(kta)

(
cosmα
sinmα

)

The general expressions of the Fourier transform of the transverse components
Et`ν(rc) are for ν = TM, see (4.4)

Et`ν(kt) =− kz`ν
kt

2
`ν

ktv`(kt)

=− 2π(−i)ma

√
k2

0a
2 − ξ2

mn

ξmn

√
εm√
π

ktaJm(kta)

k2
ta

2 − ξ2
mn

(
cosmα
sinmα

)
m = 0, 1, 2, 3, . . . , n = 1, 2, 3, . . . , σ = e, o
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Eigenmodes v`(rc), w`(rc) Eigenvalues kt`ν

TM v`(rc) =

√
εmJm(ξmnrc/a)√
πaJ ′m(ξmn)

(
cosmφ
sinmφ

)
ξmn
a

TE w`(rc) =

√
εmηmnJm(ηmnrc/a)√
π (η2

mn −m2)aJm(ηmn)

(
cosmφ
sinmφ

)
ηmn
a

Table 2: Table over the normalized eigenmodes in a circular waveguide, see Figure 3.
The constant ξmn is the nth positive zero to Jm(x) and the constant ηmn is the nth
positive zero to J ′m(x), i.e., Jm(ξmn) = 0 and J ′m(ηmn) = 0, m = 0, 1, 2, 3, . . .,
n = 1, 2, 3, . . ., εm = 2 − δm,0, and σ = e, o. Notice that ξmn > m and ηmn > m,
n = 1, 2, 3, . . ., see Ref. 6.

and for ν = TE

Et`ν(kt) =
k0

kt
2
`ν

J · ktw`(kt)− i
k0

kt
2
`ν

∫
Γ

w`(rc)e
−ikt·rc drc

=a
k0a

ηmn
J · kta

2π(−i)m
√
εm√

π (η2
mn −m2)

ktaJ
′
m(kta)

η2
mn − k2

ta
2

(
cosmα
sinmα

)
+ a

k0a

ηmn

2π(−i)m
√
εm√

π (η2
mn −m2)

·
(
J · kta

kta
J ′m(kta)

(
cosmα
sinmα

)
− kta

kta

mJm(kta)

kta

(
− sinmα
cosmα

))
=a

k0a

ηmn

2π(−i)m
√
εm√

π (η2
mn −m2)

{
J · kta

kta

η2
mnJ

′
m(kta)

η2
mn − k2

ta
2

(
cosmα
sinmα

)

− kta

kta

mJm(kta)

kta

(
− sinmα
cosmα

)}
m = 0, 1, 2, 3, . . . , n = 1, 2, 3, . . . , σ = e, o

From these expressions we get

Et`ν(−kt) = (−1)m+1Et`ν(kt)

We also have

Et`ν(kt = 0) =


0, ν = TM

i
k0a

2

ηmn

δm,1
√

2π√
η2
mn − 1

(
−ŷ
x̂

)
, ν = TE
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7.2.1 Matrix entries of A`ν`′ν′

The matrix entries of A`ν`′ν′ are needed to compute the interaction between the
ground plane and the waveguide modes. From (4.9) we have

A`TM`′TM =2 (1− δm,0δσ,o) δm,m′δσ,σ′
√√

κ2 − ξ2
mn

√
κ2 − ξ2

mn′

·
∫ ∞

0

x2 (Jm(x))2

(x2 − ξ2
mn) (x2 − ξ2

mn′)

x dx√
κ2 − x2

where we have introduced the dimensionless frequency parameter κ = k0a. To
continue, we have

A`TM`′TE =δm,m′ (δσ,eδσ′,o − δσ,oδσ′,e)
2mκ

√√
κ2 − ξ2

mn√√
κ2 − η2

mn′

1√
(η2
mn′ −m2)

·
∫ ∞

0

(Jm(x))2

x2 − ξ2
mn

x dx√
κ2 − x2

A`TE`′TM =δm,m′ (δσ,oδσ′,e − δσ,eδσ′,o)
2mκ

√√
κ2 − ξ2

mn′√√
κ2 − η2

mn

1√
η2
mn −m2

·
∫ ∞

0

(Jm(x))2

x2 − ξ2
mn′

x dx√
κ2 − x2

and

A`TE`′TE =δm,m′δσ,σ′
2κ2√√

κ2 − η2
mn

√
κ2 − η2

mn′

1√
(η2
mn′ −m2)

1√
(η2
mn −m2)

·

{
(1− δm,0δσ,o)

η2
mnη

2
mn′

κ2

∫ ∞
0

(J ′m(x))2
√
κ2 − x2

(η2
mn − x2) (η2

mn′ − x2)
x dx

+m2

∫ ∞
0

(Jm(x))2

x2

x dx√
κ2 − x2

}

7.2.2 Orthogonality relations

From (4.16) we can obtain integral identities for the di�erent modes. These integral
identities seem not know in the literature and for this reason we give the explicit
expressions of these identities in this subsection. For the TM-modes the following
integral identity is obtained (m = 0, 1, 2, 3, . . ., n, n′ = 1, 2, 3, . . .)

2

∫ ∞
0

(Jm(x))2

(x2 − ξ2
mn) (x2 − ξ2

mn′)
x3 dx = δn,n′
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and for the TM-modes we get (m = 0, 1, 2, 3, . . ., n, n′ = 1, 2, 3, . . .)

2√
(η2
mn −m2) (η2

mn′ −m2)

∫ ∞
0

{
η2
mnη

2
mn′ (J

′
m(x))2

(η2
mn − x2) (η2

mn′ − x2)
+
m2 (Jm(x))2

x2

}
x dx = δn,n′

or

2η2
mnη

2
mn′

∫ ∞
0

(J ′m(x))2

(η2
mn − x2) (η2

mn′ − x2)
x dx =

√
(η2
mn −m2) (η2

mn′ −m2)δn,n′ −m

For the cross-mode terms we get (m = 0, 1, 2, 3, . . ., n = 1, 2, 3, . . .)∫ ∞
0

(Jm(x))2

x2 − ξ2
mn

x dx = 0

7.2.3 The current on the ground plane

The expansion functions of the current on the ground plane are given by (6.1). For
the circular waveguide they are

F `TM(rc) = iκ

√
κ2 − ξ2

mn

ξmn

√
εm√
π
∇
∫ ∞

0

Jm(x)Jm(xrc/a)

x2 − ξ2
mn

x dx√
κ2 − x2

(
cosmφ
sinmφ

)
and

F `TE(rc) = −i
1

ηmn
√
η2
mn −m2

√
εm√
π

×

{
η2
mnJ · ∇

∫ ∞
0

J ′m(x)Jm(xrc/a)

η2
mn − x2

√
κ2 − x2 dx

(
cosmφ
sinmφ

)

− κ2m∇
∫ ∞

0

Jm(x)Jm(xrc/a)

x

dx√
κ2 − x2

(
− sinmφ
cosmφ

)}

7.2.4 Numerical examples

We illustrate the analysis presented in this paper with a series of numerical exam-
ples for the circular waveguide. The incident wave in the waveguide is assumed to
be a TE11-mode. In Figure 4, the normalized intensity at the normalized frequency
κ = k0a = 1.01η11 ≈ 1.86 is depicted as a function of the observation angle θ. This
frequency is just above the lowest cuto� frequency f = c0η11/2πa. The approximate
solutions, when the aperture �eld is approximated by the incident mode, are illuatra-
ted with red lines. As expected, the agreement in the forward direction is very good.
Both curves are normalized with their forward intensities, which are 0.036 (exact)
and 0.23 (approximate), respectively. The directivities3 of the aperture antenna are
4.09 dB (exact) and 3.80 dB (approximate), respectively.

3The directivity is related to radiation in a half space.
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Figure 4: The normalized intensity in a dB-scale as a function of the observa-
tion angle θ at the normalized frequency κ = k0a = 1.01η11 ≈ 1.86 (E-plane and
H-plane). The black lines are the exact solutions, while the red lines are the ap-
proximate solutions (see text), when the aperture �eld is identical to the incident
mode.

In Figure 5, the normalized intensity at a higher frequency, κ = k0a = 1.5ξ11 ≈
5.75, is shown. Both curves are normalized with their forward intensities, which are
21.1 (exact) and 21.4 (approximate), respectively. The directivities of the aperture
antenna are 11.6 dB (exact) and 11.6 dB (approximate), respectively. Both radiation
pattern and directivity are well predicted by the approximate solution. The reason
for this is found in Figure 6 which shows the re�ected power in the waveguide. This
re�ected power is negligible except for frequencies close to the cuto� frequency f =
c0η11/2πa. Notice the jump discontinuities at the location of the cuto� frequencies.
Finally, we give an illustration of the surface currents on the ground plane at the
normalized frequency κ = k0a = 1.5ξ11 ≈ 5.75 in Figure 7. The polarization ellipses
at several locations on the ground plane are depicted. Dots mark the center of the
ellipse and the current at a synchronized time (t = 0). This �gure clearly illustrates
the con�nement of the current to the aperture.

7.3 Coaxial waveguide

In this �nal example we address the coaxial waveguide. The waveguide has an outer
radius a and an inner radius b, see Figure 8. This geometry is slightly more complex
than the previous ones, but very important from an application point of view.

The collective mode index ` = {m,n, σ} is the same as for the circular waveguide
in Section 7.2. The radial eigenfunctions, Zmn(rc) and Ymn(rc), and the normaliza-
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Figure 5: The normalized intensity in a dB-scale as a function of the observation
angle θ at the normalized frequency κ = k0a = 1.5ξ11 ≈ 5.75 (E-plane and H-plane).
The black lines are the exact solutions, while the red lines are the approximate
solutions when the aperture �eld is identical to the incident mode.

tion constants, Cmn and Dmn, are de�ned by (m = 0, 1, 2, . . ., and n = 1, 2, 3, . . .)
Zmn(rc) = Jm(ζmnrc/a)Nm(ζmn)− Jm(ζmn)Nm(ζmnrc/a)

C−2
mn =

2π

εm

∫ a

b

(Zmn(rc))
2 rc drc =

π

εm

{
b2 (Z ′mn(b))

2 − a2 (Z ′mn(a))
2
}



Ymn(rc) = Jm(γmnrc/a)N ′m(γmn)− J ′m(γmn)Nm(γmnrc/a)

D−2
mn =

2π

εm

∫ a

b

(Ymn(rc))
2 rc drc

=
πa2

εmγ2
mn

{(
γmnb

2/a2 −m2
)

(Ymn(b))2 −
(
γmn −m2

)
(Ymn(a))2}

(7.1)

and the eigenvalues, ζmn and γmn, are determined by the positive roots (m =
0, 1, 2, . . ., and n = 1, 2, 3, . . .) of the transcendental equations{

Zmn(b) = Jm(ζmnb/a)Nm(ζmn)− Jm(ζmn)Nm(ζmnb/a) = 0

Y ′mn(b) = J ′m(γmnb/a)N ′m(γmn)− J ′m(γmn)N ′m(γmnb/a) = 0
(7.2)

where the Bessel function and the Neumann function of order m are denoted Jm(z)
and Nm(z), respectively, and εm = 2−δm,0. Notice that Zmn(a) = 0 and Y ′mn(a) = 0.

The Fourier transforms of the eigenmodes are presented in Table 3, see (A.1),
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Figure 6: The re�ected power in a dB-scale in the waveguide as a function of the
normalized frequency κ. The vertical lines give the location of the cuto� frequencies
in the circular waveguide.

(A.4)
v`(kt) = −2π(−i)mCmnaζmn

aZ ′mn(a)Jm(kta)− bZ ′mn(b)Jm(ktb)

ζ2
mn − k2

ta
2

(
cosmα
sinmα

)
w`(kt) = 2π(−i)mDmna

2Ymn(a)ktaJ
′
m(kta)− Ymn(b)ktbJ

′
m(ktb)

γ2
mn − k2

ta
2

(
cosmα
sinmα

)
where the indices are m = 0, 1, 2, 3, . . ., n = 1, 2, 3, . . ., and σ = e, o. We also have
from (A.3)∫

Γ

w`(rc)e
−ikt·rc drc =2π(−i)m−1Dmn

× J · ∇kt {Ymn(a)Jm(kta)− Ymn(b)Jm(ktb)}
(

cosmα
sinmα

)
The general expressions of the Fourier transform of the transverse components

of the electric �eld Et`ν(rc) are for ν = TM, see (4.4)

Et`ν(kt) =− kz`ν
kt

2
`ν

ktv`(kt) = 2π(−i)mCmna
2

√
k2

0a
2 − ζ2

mn

ζmn

× kt
aZ ′mn(a)Jm(kta)− bZ ′mn(b)Jm(ktb)

ζ2
mn − k2

ta
2

(
cosmα
sinmα

)
m = 0, 1, 2, 3, . . . , n = 1, 2, 3, . . . , σ = e, o
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Figure 7: The polarization ellipse of the surface current on the ground plane at
the normalized frequency κ = k0a = 1.5ξ11 ≈ 5.75. The dots at the center of each
ellipse locate the points at which the currents are computed and the dots on the
ellipse give the currents at a synchronized time. The thick circle locates the circular
aperture rc = a.

and for ν = TE

Et`ν(kt) =
k0

kt
2
`ν

J · ktw`(kt)− i
k0

kt
2
`ν

∫
Γ

w`(rc)e
−ikt·rc drc

=2π(−i)mDmn
k0a

2

γ2
mn

×

{
J · kta

2Ymn(a)ktaJ
′
m(kta)− Ymn(b)ktbJ

′
m(ktb)

γ2
mn − k2

ta
2

(
cosmα
sinmα

)

+ J · ∇kt {Ymn(a)Jm(kta)− Ymn(b)Jm(ktb)}
(

cosmα
sinmα

)}
m = 0, 1, 2, 3, . . . , n = 1, 2, 3, . . . , σ = e, o
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Figure 8: Geometry of the coaxial waveguide.

Similarly, the TEM-mode implies with the use of (A.2)

EtTEM(kt) = −
∫ 2π

0

dφ

∫ a

b

r̂c

2πrc ln a/b
e−iktrc cos(φ−α)rc drc

= −i
k̂t

ln a/b

∫ a

b

J ′0(ktrc) drc = −i
k̂t

kt ln a/b
(J0(kta)− J0(ktb))

8 Conclusions

In this paper, we have presented a method for computing the radiation into a half
space from a waveguide aperture in a perfectly conducting ground plane. The un-
derlying integral equation is rewritten as a matrix equation, which is easily solved
numerically by truncation. From the solution of the matrix equation, it is then
straightforward to calculate the re�ected power in the waveguide and the power ra-
diated into the half space as well as the surface currents on the ground plane. Several
numerical computations illustrate the performance of the method. It is possible to
extend the present method to several apertures in a perfectly conducting ground
plane.

Appendix A Integrals

A.1 Circular waveguide integrals

The following integrals are useful:∫ 2π

0

(
cosmφ
sinmφ

)(
cosm′φ
sinm′φ

)
dφ =

2π

εm
(1− δm,0δσ,o) δm,m′δσ,σ′

m,m′ = 0, 1, 2, . . . , and σ, σ′ = e, o
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Eigenmodes Eigenvalues kt`ν

TM v`(rc) = CmnZmn(rc)

(
cosmφ
sinmφ

)
ζmn
a

TE w`(rc) = DmnYmn(rc)

(
cosmφ
sinmφ

)
γmn
a

TEM ∇tψ(rc) =
r̂c

2πrc ln a/b
0

Table 3: Table over the normalized eigenmodes in a coaxial waveguide, see Fi-
gure 8. The functions, Zmn(rc) and Ymn(rc), the eigenvalues, ζmn and γmn, and the
normalization constants, Cmn and Dmn, are de�ned in (7.1) and (7.2), respectively.
The indices m, n, and σ take the values m = 0, 1, 2, . . ., n = 1, 2, 3, . . ., and σ = e, o.
Note that for m = 0 only σ = e exists.∫ 2π

0

eiktrc cos(φ−α)

(
cosmφ
sinmφ

)
dφ = 2πimJm(ktrc)

(
cosmα
sinmα

)
(A.1)

Useful are also∫ 2π

0

eiktrc cos(φ−α)

(
cosmφ
sinmφ

)
r̂c dφ =

2πim−1

rc

∇ktJm(ktrc)

(
cosmα
sinmα

)
= 2πim−1

(
k̂tJ

′
m(ktrc)

(
cosmα
sinmα

)
+ α̂

mJm(ktrc)

ktrc

(
− sinmα
cosmα

)) (A.2)

and ∫ 2π

0

eiktrc cos(φ−α)

(
cosmφ
sinmφ

)
φ̂ dφ =

2πim−1

rc

J · ∇ktJm(ktrc)

(
cosmα
sinmα

)
= 2πim−1

(
α̂J ′m(ktrc)

(
cosmα
sinmα

)
− k̂t

mJm(ktrc)

ktrc

(
− sinmα
cosmα

)) (A.3)

∫
Zm(αx)Ym(βx)x dx =

βxZm(αx)Ym−1(βx)− αxZm−1(αx)Ym(βx)

α2 − β2
(A.4)

where Zm(z) and Ym(z) are two arbitrary solutions of the Bessel's di�erential equa-
tion. Two special cases are

∫ a

0

Jm(ξmnx/a)Jm(βx)x dx =


a2 ξmnJ

′
m(ξmn)Jm(βa)

β2a2 − ξ2
mn

, β 6= ξmn/a

a2

2
(Jm+1(ξmn))2 , β = ξmn/a

(A.5)

and

∫ a

0

Jm(ηmnx/a)Jm(βx)x dx =


a2βaJm(ηmn)J ′m(βa)

η2
mn − β2a2

, β 6= ηmn/a

a2

2
(Jm(ηmn))2

(
1− m2

η2
mn

)
, β = ηmn/a

(A.6)
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Figure 9: The integration contour C in the complex z-plane.

The entries in the matrix A`ν`′ν′ contain integrals that have to be computed
numerically. The following change of independent variable illuminates the square
root singularity that is present in these integrals. To this end, assume f(x) is a
smooth function for x ∈ R. For real α and β, we have∫ ∞

0

f(x)
x dx

(α2 − x2)1/2
=

∫ α

0

f(x)
x dx√
α2 − x2

− i

∫ ∞
α

f(x)
x dx√
x2 − α2

=

∫ α

0

f(
√
α2 − t2) dt− i

∫ ∞
0

f(
√
α2 + t2) dt

A.2 Change of contour

To illustrate the e�ect of contour deformation, we consider the integral (ξn = ξ1n,
n = 1, 2, 3, . . .)

I1(κ, n, n′) =

∫
C

z2 (J1(z))2

(z2 − ξ2
n) (z2 − ξ2

n′)

z dz

(κ2 − z2)1/2

=

∫
C

z2J1(z)
(
H

(1)
1 (z) +H

(2)
1 (z)

)
2 (z2 − ξ2

n) (z2 − ξ2
n′)

z dz

(κ2 − z2)1/2

This integral enters in the matrix entries of A`TM`′TM for the circular waveguide.
The contour C is along the real axis in the complex z-plane, and is located below
the branch line between the points z = ±κ, see Figure 9.

Deform the contour C in the upper (lower) half plane for the integral contai-

ning H
(1)
1 (z) (H

(2)
1 (z)) and use I1(z) = −iJ1(iz), and K1(x) = −π/2H(1)

1 (ix) =

−π/2H(2)
1 (−ix) for x ≥ 0. We get

I1(κ, n, n′) =
2i

π

∫ ∞
0

x2I1(x)K1(x)

(x2 + ξ2
n) (x2 + ξ2

n′)

x dx√
κ2 + x2

+

∫ κ

0

x2J1(x)H
(1)
1 (x)

(x2 − ξ2
n) (x2 − ξ2

n′)

x dx√
κ2 − x2

− δnn′
π

4
J ′1(ξn)Y1(ξn)

ξn√
κ2 − ξ2

n
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Appendix B Power �ow in the half space

The total power �ow (average over one period) that passes the interface z = z1 is

Ps =

∫∫
Ω

ẑ· <S(t)> dx dy = −1

2
Re

∫∫
Ω

Exy(r) ·
(
J ·H∗xy(r)

)∣∣
z=z1

dx dy

By the use of the Parseval's identity (or use (3.1)) we get

Ps = − 1

8π2
Re

∫∫
R2

Exy(kt, z1) · J ·H∗xy(kt, z1) dkx dky

=
1

8π2η0

Re

∫∫
R2

Exy(kt)e
ikzz1 · γ(kt)

∗ ·E∗xy(kt)e
−ik∗zz1 dkx dky

Divide the domain of integration into |kt| ≤ k0 and |kt| > k0.

Ps =
1

8π2η0

Re

∫∫
|kt|≤k0

Exy(kt) · γ(kt) ·E∗xy(kt) dkx dky + I

where

I =
1

8π2η0

Re

∫∫
|kt|>k0

i
√
k2

t − k2
0

k0

e−2
√
k2t−k20z1Exy(kt)

·
(
ktkt

k2
0 − k2

t

+ I2

)
·E∗xy(kt) dkx dky = 0

since Exy(kt) · (ktkt/k
2
z + I2) ·E∗xy(kt) is a real quantity. Finally we have

Ps =
1

8π2η0

Re

∫∫
|kt|≤k0

Exy(kt) · γ(kt) ·E∗xy(kt) dkx dky (B.1)

which is independent of the plane, z = z1, at which the integral is evaluated on.
Finally, we prove that this expression, (B.1), of the radiated power is identical to

the radiated power over a half sphere of the far-�eld amplitude F (r̂). The radiated
power into the half space z > 0 is, see (3.4) and (3.5)

Ps =

∫∫
r̂·ẑ>0

r̂· <S(t)> dS

=
k2

0

8π2η0

∫ 2π

0

∫
π/2

0

∣∣∣r̂ × [J ·Exy(kt = k0 sin θr̂c)
]∣∣∣2 sin θ dθ dφ

This integral is of the form

I =

∫ 2π

0

∫
π/2

0

f(k0 sin θr̂c) sin θ dθ dφ
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which we transform into (kt = k0 sin θr̂c)

I =

∫∫
|kt|≤k0

f(kt)
dkx dky

k0

√
k2

0 − k2
t

We can now write the radiated power into the half space z > 0 as

Ps =
k2

0

8π2η0

∫∫
|kt|≤k0

∣∣∣k̂t ·Exy(kt)
∣∣∣2 +

∣∣∣∣∣
√
k2

0 − k2
t

k0

k̂t · J ·Exy(kt)

∣∣∣∣∣
2

dkx dky

k0

√
k2

0 − k2
t

where we used the decomposition

|r̂ × [J ·Exy]|2 = |Exy|2 − sin2 θ
∣∣∣φ̂ ·Exy

∣∣∣2 = |r̂c ·Exy|2 + cos2 θ
∣∣∣φ̂ ·Exy

∣∣∣2
The use of (3.3) implies

Ps =
1

8π2η0

Re

∫∫
|kt|≤k0

Exy(kt) · γ(kt) ·E∗xy(kt) dkx dky

which is identical to the expression above.
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