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S U M M A R Y 

Characterizing ore deposits or mining dumps in terms of mineral content and grain size re- 
mains a challenge. Since the 1950s the induced polarization (IP) method has been successfully 

applied in ore prospecting. Ho wever , reliably interpreting field surv e y data requires compre- 
hensive laboratory studies to establish a link between the IP parameters from empirical or 
phenomenological models and the type and quantity of ore minerals. In this study, we use 
numerical electrical networks to replicate the complex electrical resistivity spectra observed in 

experiments on sand-pyrite-water mixtures. A network consists of a 3-D assembly of resistors, 
representing the saturated pore space and leaky capacitors simulating the electrical behaviour 
of ore minerals. A sophisticated fitting procedure enables the precise determination of resis- 
tor and capacitor parameters, ultimately leading to strong agreement between measured and 

synthetic IP spectra. The results obtained from the 3-D network align well with the classical 
Pelton model, which is based on a simple equi v alent circuit. Our findings indicate that the 
network’s chargeability depends on the fraction of capacitors in the system (i.e. the number of 
capacitors divided by the number of capacitors and resistors), and that the Pelton time constant 
of the measured spectra is closely related to the resistor and capacitor parameters. We argue 
that a 3-D approach offers a more realistic framework, paving the way for future studies on 

the effects of ore grain size distribution, and the spatial arrangement of ore grains. 

Key words: Electrical properties; Induced polarization; Numerical modelling. 
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 I N T RO D U C T I O N  

he global demand for metallic resources is increasing, driven by
he development of technologies essential for the energy transition.
s a result, exploration efforts must expand to include a broader

ange of mineral resource types. Some of these minerals, previ-
usly overlooked, are found in mining and processing dumps as
esidual by-products. In addition to new ore deposits, the raw mate-
ial potential of these dumps is becoming a key focus in exploration
trategies. This growing interest underscores the urgent need for
dvanced prospecting technologies capable of reassessing mining
nd processing dumps in terms of mineral composition and content.

Surface geophysical methods, particularly geoelectrical tech-
iques, are well-suited for this challenge due to their non-inv asi ve
ature and ability to provide dense spatial sampling of study
reas. Among these, the induced polarization (IP) method has
een widely used in ore exploration since the 1950s (Seigel
C © The Author(s) 2025. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License (
permits unrestricted reuse, distribution, and reproduction in any medium, provided
t al. 2007 ). IP extends the classical geoelectrical method, which
rimarily focuses on the DC electrical resistivity of soils and
ocks. In addition to measuring the resistivity, IP records the
hargeability of materials, that is, their ability to re versibl y store
lectrical charges. The high chargeability of many ore minerals
orms the basis for the successful application of IP in mineral
rospecting. 

A reliable interpretation of field surv e y data relies on empirical,
henomenological or mechanistic models that establish a relation-
hip between model parameters and the type and quantity of ore
inerals. The development and validation of models linking IP

arameters to the underlying polarization mechanisms remain an
ngoing research effort. Moreover, these models must be calibrated
hrough comprehensive laboratory studies that systematically ex-
mine the influence of key factors, such as metallic particle con-
ent, grain size, grain shape and fluid conductivity, under controlled
onditions. 
oyal Astronomical Society. This is an Open Access 
 https://creati vecommons.org/licenses/b y/4.0/ ), which 
 the original work is properly cited. 1 
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2 A. Maineult et al . 

Figure 1. Cubic network. Each link is associated with an impedance. A 

potential difference is applied between the top and bottom faces, while no 
current flows through the lateral faces. The voltage difference is equal to 
V 0 exp( i ωt ), where V 0 is a fixed amplitude, ω the angular frequency and t the 
time. 
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Accurately computing the complex resistivity response of metal- 
lic grains embedded in a non-polarizing medium, such as sand–
water mixture, remains a challenge. Significant progress has been 
made in de veloping adv anced numerical models that account for 
the electrochemical origins of polarization at the surface of metallic 
particles (e.g. Wong 1979 ; Abdulsamad et al. 2017 ; B ücker et al. 
2018 ; Kreith et al. 2025 ). Ho wever , despite these advancements, 
existing models still fail to fully capture all the effects observed in 
experimental studies. 

Given the limitations of existing theoretical models, phenomeno- 
logical approaches remain a valuable tool for realistically describing 
IP spectra. Since the seminal work of Pelton et al. ( 1978 ), equi v alent 
electrical circuits have been widely used as an effective modelling 
framew ork. P elton et al. ( 1978 ) formulated an equation to describe 
the complex impedance spectra using a simple model consisting 
of a fluid-filled pore in parallel with a pore blocked by a metallic 
grain. The resulting four-parameter Pelton model—comprising DC- 
resistivity , chargeability , time constant and frequency exponent—
has been e xtensiv ely adopted due to its simplicity and its ability to fit 
a broad range of observ ed comple x resistivity spectra at both sam- 
ple and field scales. To extend the phenomenological description 
to a wider range of spectra, the Pelton model has been generalized 
and modified over time (e.g. Pelton et al. 1983 ; Dias 2000 ). Addi- 
tionally, questions regarding model equivalence have been explored 
(e.g. Weller & Slater 2022 ). 

A key question arises: Can a model with only two distinct pores 
in parallel accurately represent a sample containing a large num- 
ber of pores? To address this, we propose to apply network mod- 
elling following the approach of Maineult et al. ( 2017 , corrected 
by Maineult 2018 ). They developed a 2-D impedance network for 
the numerical simulation of complex resistivity spectra in material 
with varying pore radius distributions. Using this network mod- 
elling algorithm, Maineult et al. ( 2018 ) simulated the IP response 
during drainage and imbibition processes, while Mendieta et al. 
( 2023 ) predicted the shape of IP spectra for mixtures containing 
different types of clay . Additionally , Stebner et al. ( 2017 ) employed 
3-D network modelling to investigate the effects of membrane 
polarization. 

In our study, we extend the 2-D approach of Maineult et al. 
( 2017 ) to a 3-D network that simulates the IP spectra of sam- 
ples containing metallic particles dispersed in water-saturated sand. 
Fortunately, numerous studies have reported laboratory IP mea- 
surements on mixtures with metallic particles (e.g. Grissemann 
1971 ; Pelton et al. 1978 ; Nordsiek & Weller 2008 ; Gurin et al. 
2013 ; Placencia-Gomez et al. 2013 ; Hupfer et al. 2016 ; Abdul- 
samad et al. 2017 ; Martin & Weller 2023 ). Using our 3-D nu- 
merical network modelling approach, we successfully reproduce 
the IP spectra of pyrite-sand-water mixtures reported by Hupfer 
et al. ( 2016 ) and Martin & Weller ( 2023 ). In a second step, 
we analyse the relationship between IP parameters at the sample 
scale and the parameters of the network elements, which are in- 
tended to represent the electrical properties at the pore and grain 
scale. 

2  T H E O RY  

2.1. Principle of spectral induced polarization 

The spectral induced polarization (SIP) method involves injecting 
a sinusoidal electrical current I of various frequencies f , typically 
ranging from 1 mHz to 10 kHz, into a medium via two current 
electrodes. The resulting electrical potential difference � V is then 
measured between two potential electrodes (e.g. Binley & Slater 
2020 ). The frequency-dependent apparent complex resistivity is 
gi ven b y: 

ρ∗ ( f ) = K 

�V 

( f ) 

I ( f ) 
, (1) 

where K is a geometric factor that depends on the positions of the 
current and potential electrodes. Since ρ∗ is a complex quantity, it 
can be expressed as: 

ρ∗ ( f ) = ρ ( f ) exp ( iϕ 

( f ) ) , (2) 

where ρ( f ) represents the amplitude spectrum and ϕ( f ) the phase 
spectrum. 

2.2. Numerical computation of the SIP response of a 
cubic network of complex impedances 

Fig. 1 illustrates a cubic electrical network consisting of N i N j N k 

nodes, where each link between neighbouring nodes represents a 
complex impedance. An electrical potential of V 0 exp( i ωt ) is applied 
to the bottom face, while the top face is set to zero potential (both 
shown in grey in Fig. 1 ). No normal current flux is allowed to the 
four remaining faces. 

Appl ying Kirchhof f ’s law at each internal node ( i , j , k ), we obtain: 

I ( i−1 , j,k ) → ( i, j,k ) + I ( i, j,k ) → ( i+ 1 , j,k ) + I ( i, j−1 ,k ) → ( i, j,k ) + I ( i, j,k ) → ( i, j+ 1 ,k ) 
+ I ( i, j,k−1 ) → ( i, j,k ) + I ( i, j,k ) → ( i, j,k+ 1 ) = 0 , (3) 

where I p → q represents the electrical current between node p and 
node q . By applying Ohm’s law, eq. ( 3 ) transforms into: 

V i, j,k − V i−1 , j,k 

Z ( i−1 , j,k ) → ( i, j,k ) 
+ 

V i+ 1 , j,k − V i, j,k 

Z ( i, j,k ) → ( i+ 1 , j,k ) 
+ 

V i, j,k − V i, j−1 ,k 

Z ( i, j−1 ,k ) → ( i, j,k ) 
, 

+ 

V i, j+ 1 ,k − V i, j,k 

Z ( i, j,k ) → ( i, j+ 1 ,k ) 
+ 

V i, j,k − V i, j,k−1 

Z ( i, j,k−1 ) → ( i, j,k ) 
+ 

V i, j,k+ 1 − V i, j,k 

Z ( i, j,k ) → ( i, j,k+ 1 ) 
= 0 , (4) 

where V i , j , k stands for the electrical potential at node ( i , j , k ), and 
Z p → q is the impedance associated with the link between nodes p 

art/ggaf269_f1.eps


Replicating the complex electrical resistivity spectra 3 

Figure 2. Complex resistivity spectra [amplitude (a) and phase (b)] of a 
30 × 30 × 30 network containing a single capacitor at its centre, aligned 
with the potential gradient direction ( R = 100 000 �, C = 10 −10 F, c = 0.8, 
L = 200 μm). Dots represent the computed results, while lines correspond 
to the Pelton model fitting ( ρ0 = 20.001 �m, m = 1.724 10 −4 , τP = 7.478 
10 −5 s, c P = 0.8). 
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nd q . For the nodes located on the network’s boundary faces, eq.
 4 ) is modified to account for the boundary conditions described
bove. The resulting set of N i N j N k equations forms a complex
inear system in V for a given frequency f = ω/(2 π ). Once this
ystem is solved (as in Maineult et al. 2017 , see their eqs 9 to 11 ),
e can determine the resistivity amplitude ρ and of the phase ϕ for

he considered frequency f , as (see Maineult et al. 2017 for further
etails): 

= 

N i N j L 

2 

( N k − 1 ) L 

| �V | 
N i ∑ 

i= 1 

N j ∑ 

j= 1 
I ( i, j, 1 ) → ( i, j, 2 ) 

= 

N i N j L 

( N k − 1 ) 

V 0 

N i ∑ 

i= 1 

N j ∑ 

j= 1 
I ( i, j, 1 ) → ( i, j, 2 )

(5

nd 

 = − arg 

⎛ 

⎝ 

N i ∑ 

i= 1 

N j ∑ 

j= 1 
I ( i, j, 1 ) → ( i, j, 2 ) 

⎞ 

⎠ , (6) 

here L represents the characteristic length of the cubic mesh,
hat is, the distance between two adjacent nodes. The procedure is
epeated for the entire set of required frequencies. 

.3. Complex impedances for the sand-pyrite-water 
ixture 

s in the Pelton model (Pelton et al. 1978 ), we assume that a sand-
yrite-water mixture can be represented using only two types of
mpedances: perfect resistors and leaky capacitors. Ho wever , unlike
elton et al. ( 1978 ), we do not distinguish between free pores and
ores blocked by a pyrite grain. Instead, we classify the network into
wo types of links: ‘passive links’ and ‘active links’. On one hand,
assive links correspond to water-filled pores, which are purely
onductive and therefore modelled as resistors with impedance R .
ctive links, on the other hand, represent pyrite grains, which are

reated as leaky capacitors. In a first approximation, we neglect
heir resistance and assign them an impedance of the form ( i ωC ) −c ,
here C is the capacitance (in F). The exponent c (0 < c ≤ 1)

haracterizes the degree of capacitor imperfection: c = 1 for an
deal capacitor, and 0 < c < 1 to account for leakage through the
apacitor. 

For all the results presented hereafter, we make two additional
ssumptions: (1) All pores are considered identical, meaning they
ave the same length L and the same resistance R . (2) All pyrite
rains are assumed to be identical, having the same capacitance C
nd the same exponent c . 

.4. The Pelton model and fitting procedure 

ased on the assumption that a sand-pyrite-water mixture can be
odelled as an electrical circuit, where a resistor represents a free
ater-saturated pore and is placed in parallel with a series com-
ination of a resistor and a leaky capacitor representing a water-
lled pore blocked by a pyrite grain, Pelton et al. ( 1978 ) pro-
osed the following formula for the complex resistivity of such a
ircuit: 

∗
P = ρ0 

(
1 − m 

(
1 − 1 

1 + 

( iω τP ) 
c P 

))
, (7) 

here ρ0 is the DC resistivity, m the chargeability, τP a model-
pecific time constant and c P the Cole-Cole exponent, which
anges between 0 and 1 (Cole & Cole 1941 ). To compare the
arameters obtained from our simulation with those of the Pel-
on model, we developed an optimization procedure based on the
imulated annealing (see for instance, Maineult 2016 , but with-
ut the monotonicity constraint), followed by a refinement using
he simplex method (Nelder & Mead 1965 ). This approach al-
ows us to determine the optimal values of ρ0 , m , τP and c P for
 giv en comple x resistivity spectrum. The cost-function F used
n this procedure is derived from the adjustment coefficients for
he resistivity amplitude ρ and the phase ϕ, and is defined as
ollow: 

F = 

Na ∑ 

j= 1 

(
ρobserved 

j − ρ
predicted 
j 

)2 

Na ∑ 

j= 1 

(
ρobserved 

j − 〈
ρobserved 

〉)2 
+ 

N p ∑ 

j= 1 

(
ϕ 

observed 
j − ϕ 

predicted 
j 

)2 

N p ∑ 

j= 1 

(
ϕ 

observed 
j − 〈

ϕ 

observed 
〉)2 

. (8) 

 N U M E R I C A L  S I M U L AT I O N S  

irst, we examine the effect of a single leaky capacitor embedded
n a resistive medium. To do so, we placed a single active link at
he centre of a 30 × 30 × 30 network composed entirely of pas-
ive links. When the active link is aligned with the main direction
f the electrical current (i.e. perpendicularly to the two end-faces
here the potential is imposed, along the k -direction, Fig. 1 ), it
roduces a ‘classical’ spectrum (shown in Fig. 2 ) that can be per-
ectl y fitted b y the Pelton model (eq. 7 ), albeit with a low charge-
bility . Notably , the fitted c P value matches the c value assigned
o the leaky capacitor (i.e. 0.8). Conversely, when the active link
s orientated along the i - or j - direction (parallel to the two end-
aces where the potential is imposed), no polarization is observed.
nstead, the amplitude spectrum remains flat at 20 �m (not shown

art/ggaf269_f2.eps


4 A. Maineult et al . 

Figure 3. Effect of the fraction of capacitors ( f C ) in the network on the resistivity amplitude (a, b, c) and phase (d, e, f). Dots represent the computed results 
for 30 × 30 × 30 networks ( R = 50 000 �, C = 10 −8.5 F, c = 0.8, L = 200 μm), while lines correspond to the Pelton model fitting. On each graph, blue shades 
indicate the lowest f C values, red shades the highest, with f c varying from 0.025 per cent to 0.5 per cent (a, d), 0.5 per cent to 4 per cent (b, e) and 4 per cent to 
10 per cent (c, f). 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/advance-article/doi/10.1093/gji/ggaf269/8197926 by guest on 29 July 2025
here), indicating that the current lines are perfectly aligned with the k 
direction. 

To simulate an increase in pyrite content within the mixture, we 
generate networks in which active links are randomly distributed. 
The results shown in Fig. 3 demonstrate that polarization effects in- 
tensify with increasing fraction of capacitors f C , which corresponds 
to the number of capacitors normalized to the total number of cir- 
cuit elements in the network (equal to the number of capacitors plus 
number of resistors). The resulting spectra can still be accurately 
fitted using the Pelton model up to a fraction of 6 per cent. Ho wever , 
for higher f C values, the fit quality decreases, particularly near the 
phase peak. 

The DC resistivity ρ0 is directly proportional to f C , increasing 
with higher pyrite content, as shown in Fig. 4 (a). When the fre- 
quency tends towards 0, the behaviour of a capacitor is equivalent 
to an infinite resistance: as a consequence, increasing the number of 
resistors causes an increase of the resistivity ρ0 . Fig. 4 (b) illustrates 
the continuous increase of chargeability . Notably , the slope of the 
linear relationship between chargeability and the fraction of capac- 
itors f C is 4.355, which is intriguingly close to 9/2. This value has 
been reported by Revil et al. ( 2015 ) as approximation for the rela- 
tionship between chargeability and the volume fraction of metallic 
particles that has been derived from the effective medium theory 
with different mixing equations (e.g. Gurin et al. 2015 ; Revil et al. 
2015 ). 

Finally, the Cole-Cole exponent c P decreases as f C increases 
(Fig. 4 c). This indicates that the macroscopic parameter c P dif- 
fers from c , the microscopic (or local) value set at 0.8 in our 
simulations. This finding is consistent with the results reported 
by Maineult et al. ( 2017 ), where c p decreases with the increase 
of the heterogeneity of the radius distribution (see their figs 3 
and 4). In this context, increasing the fraction of capacitors ef- 
fecti vel y increases the heterogeneity of the medium. The presence 
of the capacitors affects the parallel (vertical) current flow in the 
network. Both inhomogeneous radius distribution and the presence 
of capacitors cause a distortion of the uniform current flow through 
the network. 

4  A P P L I C AT I O N  T O  DATA  

4.1. Monomodal sand-pyrite-water mixtures 

4.1.1 Data set and Pelton parameters 

We simulate the SIP response of sand-pyrite-water mixtures as re- 
ported by Hupfer et al. ( 2016 ) and Martin & Weller ( 2023 ). We 
refer to as monomodal samples those with a pyrite fraction with 
only one fixed grain size. A total of twelve spectra of monomodal 
samples are available (Fig. 5 ), corresponding to different pyrite con- 
tents in the solid fraction p vs (ranging from 0.5 to 6 per cent), and 
var ying pyrite g rain sizes (Table 1 ). After removing the high fre- 
quency trends from the data (see Appendix), we fitted the spectra 
using the Pelton model (eq. 7 ). Overall, there is a good agree- 
ment between the measured spectra and their corresponding Pelton 
model fits. The determined Pelton parameters are summarized in 
Table 2 . 

4.1.2 Determination of f C , R, C and c 

For each sample, we determine the fraction of capacitors f C 
(which differs from the volume fraction of pyrite grains in 
the solid phase p vs ), the resistance R of the passive links, 
as well as the capacitance C and exponent c of the active 
links. We used 15 × 15 × 15 networks (3375 nodes, 9 450 
links) with a characteristic cell size L set to the mean diam- 
eter of the sand grains. The procedure can be summarized as 
follows: 

art/ggaf269_f3.eps
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Figure 4. Effect of the fraction of capacitors f C on the Pelton parame- 
ters: DC resistivity ρ0 (a), chargeability m (b) and Cole-Cole exponent 
c P (c). 
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1) Generation of a random network with a fraction of capacitors f C 
andomly selected within a predefined interval; 
2) Determination of the resistance R needed to match the
mplitude of the given spectrum at both zero and infinite
requencies; 
3) Determination of the capacitance C and exponent c values that
est explain the amplitude and phase spectra across the entire fre-
uency range. 

Regarding step (2), it is important to note that at zero frequency,
he impedance of the capacitors is infinite, whereas at infinite fre-
uency, it approaches zero. Thus, when analysing the system at these
wo frequency limits, only one parameter, the resistance R , needs
o be determined. Consequently, using the system at zero and infi-
ite frequencies, we identify the optimal R value required to match

0 and ρ∞ 

b y appl ying the simplex method and the cost-function
 b  
 R : 

F R = max 
(∣∣∣ρobserved 

0 − ρ
predicted 
0 

∣∣∣ , ∣∣ρobserved 
∞ 

− ρpredicted 
∞ 

∣∣) . (9) 

Using the trial-and-error method, we found that when F R ex-
eeded 0.05 �m, the selected fraction of capacitors was not optimal.
n such cases, the procedure stopped before step (3) and returned
o step (1). Otherwise, the process continued. Once R was deter-
ined, we applied the simplex method again to optimize log 10 ( C )

nd c , using the cost-function F from eq. ( 8 ). The procedure was
epeated until a statistically sufficient number of models (i.e. 50)
atisfied the condition F < 0.0035 (0.0045 for C05 and 0.0055
or D05). 

The optimization results for sample E02 are presented in
ig. 6 , showing a well-constrained parameter estimation, with a
ell shape distributions and narrow variation ranges. The plots
n Fig. 7 indicate that most parameter pairs are weakly corre-
ated, except for log 10 ( C ) and c , which exhibit a stronger re-
ationship. The mean parameter values for the entire data set
re summarized in Tab le 3 . F inally, F ig. 8 confirms a good
greement between the measured and fitted spectra, compara-
le to the fitting quality achieved with the Pelton model in
ig. 5 . 

.1.3 Discussion of the results concerning monomodal samples 

 po wer-la w relationship between the radius of pyrite grains r
nd the time constant of the Pelton model τ P has been reported
n many experimental studies on sand-pyrite mixtures. Using the
ata displayed in Fig. 9 (a), we determine a po wer-la w exponent of
.706. 

The networks consisting of electrical elements (resistors and ca-
acitors) do not consider the radius of the pyrite grains. The pore
adius r is not an intrinsic parameter of network modelling. How-
ver, the resulting optimized parameters ( f C , R , C ) indicate a de-
endence on r as demonstrated in Figs 9 (b)–(d). The fraction of
apacitors f C does not exactly match the pyrite content in the solid
raction, as shown in Fig. 9 (b). Specifically, we observe a slight
ecrease in f C with increasing pyrite grain radius. This trend may
e explained by the fact that, for a given pyrite volume in the
olid fraction, the number of particles N increases as their size de-
reases. Ho wever , the increase of the number N follows a power
aw ( N ∼ 1/ r 3 ) that would overestimate the observed increase in
 C . Up to now, the electrical networks cannot correctly represent
he volume ratios between sand grains, pore channels and pyrite
ar ticles. Never theless, we found an empirical relationship between
 C and p vs multiplied by a correction factor that depends on the
atio r / r s : 

f C = p vs 

(
r 

r s 

)α

(10) 

ith r s is the radius of sand grain, and an exponent α equal to −0.22
hat has been determined by optimization. Eq. ( 10 ) indicates that
 C approaches p vs for r >> r s . The graph in Fig. 10 compares the
alue of f C resulting from network modelling with the prediction of
q. ( 10 ) that uses e xclusiv ely parameters characterizing the sand-
yrite-water mixture. 

The increase in R with r for samples E (Fig. 9 c) corresponds to
he increase of the resistivity ρ0 shown in Table 2 . This increase is
ttributed to a change in w ater resisti vity after sample preparation.
lthough, all samples have been saturated with the same NaCl-
rine of ∼ 0.1 �m, the chemical reaction of pyrite with water and
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Figure 5. Experimental data (dots) and Pelton model fitting (lines) for the monomodal samples (a, c, e, g: resistivity amplitude; b, d, f, h: phase). Red shades 
indicate the largest grain radii, w hile b lue shades correspond to the smallest ones. Note that data points marked with small dots were excluded from the fitting 
process. See Table 1 for details. 
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air during sample preparation caused a decrease in fluid resistivity 

shortly after sample preparation. The decrease became stronger 
for the samples with smaller grain size because of their larger 
surface area that contributes to the chemical reactions (Martin & 

Weller 2023 ). 
The strong relationship between capacitance C and r (Fig. 9 d) 

suggests that C is the most rele v ant parameter of the electri- 
cal network that enables a simulation of a change in r (see 
section 5.2 ). 

Regarding resistivity, Fig. 11 shows a perfect match between 
the mean values of R multiplied by the unit length L = 2 r S 
and the quantity ρS&W 

= 3/(2/ ρ0 + 1/ ρ∞ 

). This latter expression 
corresponds to the frequency-independent resistivity of the back- 
ground sand–water mixture without pyrite grains, as described 
b y Re vil et al. ( 2015 ). We find that R depends onl y on ρ0 and 
ρ∞ 

. Therefore, the determination of R by optimization can be 
omitted. 

As observed in the numerical simulations (see Section 3 ), charge- 
ability increases linearly with f C (Fig. 12 a), with a slope very close to 
the reported value of 9/2 (Revil et al. 2015 ). Assuming that the frac- 
tion of capacitors f C reflects somehow the volume fraction of metal- 
lic particles in the medium, the consistency in the slope suggests that 
network modelling and mixing laws reflect similar relationships. Re- 
garding the exponents, Fig. 12 (b) confirms that c P is al wa ys smaller 
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Table 1. Characteristics of the monomodal sand-pyrite-water mixtures. Samples C, D and F from Hupfer et al. ( 2016 ); Samples E from Martin & Weller 
( 2023 ). 

Sample 
Pyrite content in solid 

fraction p vs (vol. per cent) 
Pyrite grain 

r adius r ange ( μm) 
Mean pyrite grain 

radius r ( μm) ∗
Mean sand grain 
radius r s ( μm) ∗

C02 0.5 56–100 75 78 
C05 0.5 315–500 397 78 
D02 2 56–100 75 78 
D05 2 315–500 397 78 
E01 4 31–56 42 100 
E02 4 56–100 75 100 
E03 4 100–178 133 100 
E04 4 178–315 236 100 
E05 4 315–500 397 100 
E06 4 500–1000 707 100 
F02 6 56–100 75 78 
F05 6 315–500 397 78 

∗ Geometric mean. 

Table 2. Determined Pelton parameters for the monomodal samples. 

Sample ρ0 ( �m) m τP (s) c P ρ∞ 

= (1 −m ) ρ0 

C02 47.8 0.029 7.74 10 −5 0.709 46.4 
C05 57.9 0.022 1.32 10 −3 0.747 56.6 
D02 54.7 0.109 1.34 10 −4 0.706 48.7 
D05 61.5 0.072 1.83 10 −3 0.746 57.0 
E01 12.4 0.207 2.06 10 −5 0.798 9.80 
E02 15.7 0.195 7.24 10 −5 0.781 12.7 
E03 19.0 0.176 2.16 10 −4 0.767 15.6 
E04 19.3 0.154 5.30 10 −4 0.817 16.3 
E05 23.6 0.121 1.33 10 −3 0.795 20.7 
E06 23.5 0.117 2.42 10 −3 0.784 20.8 
F02 26.9 0.270 9.97 10 −5 0.715 19.6 
F05 67.8 0.181 2.28 10 −3 0.771 55.5 
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han c , and Fig. 12 (c) shows that the ratio c P / c decreases as f C 
ncreases. 

We relate the mean values of the optimized parameters R , C
nd c to the Pelton time constant τP . Our 3-D network simulations
ield: 

P = C 

(
R 

2 

)1 / c 
, (11) 

ith an excellent agreement, as demonstrated in Fig. 13 . 
Eq. ( 11 ) also explains the correlation observed between c and

og 10 ( C ) in Fig. 7 (f). Rearranging eq. ( 11 ), we obtain: 

 = 

log 10 
R 
2 

log 10 τP − log 10 C 

. (12) 

The curve in Fig. 7 (f) corresponds to the equation: 

 = 

log 10 
〈 R 〉 
2 

log 10 τP − log 10 C 

, (13) 

here < R > is the mean value of the resistances determined dur-
ng the optimization for the considered sample (see column 2 of
able 3 ). This equation is in good agreement with the observed
orrelation between c and log 10 ( C ). Obviously, small changes in c
an be compensated by changes in C without any loss in fitting
uality. 

.2. Bimodal sand-pyrite-water mixture 

s a next step, we applied our methodology to the data set
epor ted by Mar tin & Weller ( 2023 ) for the superposition of
wo monomodal sand-pyrite-water mixtures. The mixtures of two
onomodal mixtures are referred to as bimodal mixtures. The bi-
odal Z samples contain 4 per cent of pyrite in the solid frac-

ion with radius r 1 , and 4 per cent of pyrite in the solid frac-
ion with radius r 2 (Table 4 ). After removing the high-frequency
rend (see Appendix), we fitted the spectra using a double Pelton

odel: 

∗
P = ρ0 

(
1 − m 1 

(
1 − 1 

1 + 

( iω τP, 1 ) 
c P, 1 

)
− m 2 

(
1 − 1 

1 + 

( iω τP, 2 ) 
c P, 2 

))
, 

(14) 

ith the constraint that the chargeability m 2 and the Cole-Cole
xponent c P ,2 , associated to the content of pyrite grains of ra-
ius r 2 , were the same for the five samples (Figs 14 a and b and
able 5 ). 
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Figure 6. Optimization results for sample E02: sorted cost-function values for the 50 best models (a), values of the optimized parameters f C , R , log 10 ( C ) and 
c (b, d, f,h) and associated distributions (c, e, g, i). 
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Our methodology of network modelling does not allow to de- 
termine f C ,1 and f C ,2 separately, but f C ,1 + f C ,2 only. That is the 
reason why we decided to fix f C ,1 and f C ,2 , using the experi- 
mental relationship determined for the E samples ( p vs = 4 per 
cent), that is, f C = −1.838 log 10 ( r ) −3.290 (Fig. 9 b). We esti- 
mated the parameters R , C 1 , C 2 , c 1 and c 2 using 12 × 12 × 12 
networks (1728 nodes, 4752 links). Once again, the simulated 
spectra show excellent agreement with the experimental data 
(Figs 14 c and d). The mean values of the optimized param- 
eters, computed over the best 10 models, are summarized in 
Table 6 . 

We observe again a good agreement of τP with the results eq. 
( 11 ) using the parameters determined for the two fractions of pyrite 
particles. Fig. 15 adds to the graph in Fig. 13 the data points for 
the bimodal samples that are located close to the diagonal line 
representing eq. ( 11 ). Note that the spectra of sample Z05 with a 
continuous distribution of the pyrite radii from 315 to 1000 μm can 
be fitted by the original Pelton model (eq. 7 ), and optimized as a 
monomodal sample. The resulting parameters τP and C ( R /2) 1/ c are 
displayed by a black circle in Fig. 15 that is located at the diagonal 
line. 

5  D I S C U S S I O N  

5.1. Comparison with Pelton model 

As explained in Section 2.4 , the Pelton model considers two pores in 
parallel, one fluid filled pore having a resistance R 0 , and one blocked 
by a pyrite grain, having an impedance R 1 + ( iω C p ) c P . The time 
constant of this simple circuit is given by: 

τP = C P 

(
R 0 

m P 

)1 / c P 
, (15) 
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Figure 7. Correlations between the optimized parameters f C , R , log 10 ( C ) and c for Sample E02. Only c and log 10 ( C ) are correlated (f). The solid line in (f) 
corresponds to the prediction of eq. ( 13 ). 

Table 3. Optimized parameters for the monomodal samples. 

Sample < f C > (per cent) < R > ( �) < log 10 ( C ) > < c > 

C02 0.686 303 153 −11.199 0.729 
C05 0.487 367 909 −9.757 0.766 
D02 2.416 337 380 −10.911 0.742 
D05 1.633 384 204 −9.523 0.777 
E01 4.611 57 545 −9.809 0.869 
E02 4.383 73 560 −9.509 0.848 
E03 3.966 89 436 −9.279 0.828 
E04 3.493 91 451 −8.604 0.874 
E05 2.695 113 306 −8.464 0.848 
E06 2.567 113 203 −8.344 0.828 
F02 6.134 155 964 −10.125 0.798 
F05 4.067 407 403 −9.018 0.832 
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Figure 8. Comparison of measured and modelled resistivity spectra for the monomodal samples (a, c, e, g: resistivity amplitude; b, d, f, h: phase). For each 
sample, the 50 best models are shown (the purple colour corresponds to the model with the largest cost-function value, the blue colour to the model with the 
smallest cost-function value). Dots represent experimental data, while crosses indicate data points excluded from the cost-function computation. 15 × 15 × 15 
networks were used. 
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where m P is the chargeability equal to R 0 /( R 0 + R 1 ). Considering 
eq. ( 11 ), we find that our networks are equi v alent to Pelton circuits 
with R 1 = 0 and R 0 = R /2. Moreover, we observe in Fig. 12 a that 
f C is proportional to m . Eq. ( 11 ) indicates that the time constant τP 

only depends on the network parameters R , C , and c . Therefore, m 

and consequently f C has no influence on τP . This is a remarkable 
difference to eq. ( 15 ) that shows that in the Pelton model the time 
constant τP depends on all other parameters R 0 , m P , C P , and c P . 
We find that our network approach decouples the influence of the 
properties of the individual links ( R for the passive links, C and c for 
the active links, which controls the time constant) and the influence 
of the number of active links (i.e. f C , which controls the chargeability 
m ). The decoupling becomes e vident b y the absence of correlation 
between f C at the one side and R , C and c on the other side as shown in 
Figs 7 (a)–(c). 

5.2 Effect of the unit cell length L 

The selection of the unit cell length L is a non-trivial decision. In 
this study, we define L as the mean diameter of the sand grains. 
To investigate the impact of this choice, we examine the effects of 
varying L. Let us consider a different length L ’ = nL (with n being an 
arbitrary factor 
= 1 ), and determine the values C ’ and R ’ associated 
to L ’. 

F rom F ig. 11 , we can suppose that: 

R 

′ = 

ρS& W 

L 

′ = 

ρS& W 

nL 

= 

R 

n 

. (16) 
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Figure 9. Time-constant τP (a), fraction of capacitors f C (b), resistance R (c), capacitance C (d) as a functions of pyrite grain radius. The numbers in (d) 
indicate the exponent of the power law. 

Figure 10. Comparison of the fraction of capacitors f C with the prediction 
of eq. ( 10 ) using the pyrite content in the solid fraction p vs and the ratio 
between pyrite and sand grain radius r / r s . 

Figure 11. Relationship between LR and ρS&W 

= 3/(2/ ρ0 + 1/ ρ∞ 
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Moreover, the time constant τP (associated to the peak of the
hase) should not change, as well as the value of c (associ-
ted to the width of the phase curve), so we can write (from
q. 11 ): 

P = C 

(
R 

2 

)1 / c 
= C 

′ 
(

R 

′ 

2 

)1 / c 
= C 

′ 
(ρS& W 

2 nL 

)1 / c = C 

′ 1 

n 

1 / c 

(ρS& W 

2 L 

)1

= C 

′ 1 

n 

1 / c 

(
R 

2 

)1 / c 
. (17

It follows that: 

 

′ = C n 

1 / c (18) 

To verify the validity of eqs ( 16 ) and ( 18 ) and the assump-
ions behind, we applied our methodology to sample E02, us-
ng L ’ = 2 L . In this case, we obtained a value for f c equal to
.37 per cent (similar to 4.24 per cent, the value determined
sing L = 2 r s ) and a c value of 0.849 (close to 0.848). We
btained R ’ = 36 748 Ohm (close to R /2 = 36 774 Ohm), and
 ’ = 6.94 10 −10 F (close to C 2 1/c = 6.91 10 −10 F). As a conse-
uence, changing L will change R and C , but not the time con-
tant, and neither the fraction of capacitors nor the Cole-Cole
xponent c . 

.3. About the significance of f C 

he numerical network modelling has shown that 3-D networks are
ble to reproduce the complex resistivity spectra of the monomodal
nd bimodal samples. Considering the proportionality between f C 
nd m in Fig. 11 (a), we find that m is related to the v olume per -
entage of metallic particles as predicted by the ef fecti ve medium
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Figure 12. Pelton chargeability m (a) , optimized exponent c and Cole-Cole 
exponent c P (b) and ratio c P / c (c) as function of the fraction of capacitors 
f C . 

Figure 13. Quantity C ( R /2) 1/ c as function of the Pelton time constant τP 

for the monomodal samples. 
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theory (e.g. Gurin et al. 2015 ; Revil et al. 2015 ). Ho wever , beside 
the volume percentage of metallic particles, the particle size has 
a non-vanishing effect on the chargeability m . This effect has al- 
ready been reported for the experimental results in Martin & Weller 
( 2023 ). The additional grain-size effect may originate from the in- 
teraction of metallic particles in the electrical field that is ignored 
both in the ef fecti ve medium theory and in the electrochemical 
models that consider only a single particle (Wong 1979 ; B ücker 
et al. 2018 ). The network model ignores in a similar way the in- 
teraction between neighbouring capacitors. This is another reason 
that f C cannot correctly reflect the volume percentage of metallic 
particles. Ho wever , f C can be related to pyrite content expressed by 
its fraction in the solid volume p vs considering the ratio r / r s (Fig. 10 
and eq. 10 ). 

5.4. About the dependence of the microscopic parameters 
on pyrite grain radius 

The resistance R depends weakly on the pyrite grain radius r 
(Fig. 9 c). The reason has already been discussed in Section 4.1.3 . 
Ho wever , C depends strongly on r . Regarding Fig. 9 (d), we can- 
not exclude any influence of the fluid resistivity on the capacitance 
due to electrochemical reactions at the surface of the pyrite grains 
for instance. To remove the influence of R , we define a corrected 
capacitance: 

C corr = τP 
R m 

2 

−1 / c m 

, (19) 

where R m and c m are the mean values of < R > and < c > com- 
puted over the whole set of monomodal samples (Table 3 ), 
respecti vel y. 

The relationship between C corr and r , which is displayed in 
Fig. 16 , shows a strong correlation. The power law between C corr 

and r indicates an exponent of 1.706 that corresponds exactly to 
the exponent of the power law between τP and r as shown in 
Fig. 9 (a). 

The value of the exponent is higher than the theoretical value of 
1 for spherical condensers (see e.g. Feng et al. 2020 ). The higher 
value of the exponent may be attributed to the deviation from a 
spherical shape and to the rough surface of the pyrite particles. 
Regarding the existing power law relationship, it seems possible 
to determine the radius of the pyrite grains from the corrected 
capacity: 

r = αC corr 
β . (20) 

Using the data in Fig. 16 , we determined α = 77.6 and β = 0.59 
with C given in F and r in metre. 

5.5. Is a 3-D approach necessary? 

The question arise whether a 3-D approach is necessary. Do 
impedances perpendicular to the electrical potential gradient sig- 
nificantly influence the complex resistivity spectra of the inves- 
tigated network? To address this, we generate two random net- 
works, with 5 per cent and 10 per cent capacitors respecti vel y, 
and computed their responses (blue lines in Fig. 17 ). We then 
replaced the capacitors orientated along the i - and j - directions 
(see Fig. 1 ) with resistors and recomputed the spectra (red lines 
in Fig. 17 ). By comparing the two sets of spectra, it becomes 
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Table 4. Characteristics of the bimodal sand-pyrite-water mixtures [Martin & Weller ( 2023 )]. 

Sample 

Mean pyrite 
gr ain r adius r 1 

( μm) ∗

Mean pyrite 
gr ain r adius r 2 

( μm) ∗
p vs ,1 (per 

cent) 
p vs ,2 (per 

cent) 

Mean sand 
gr ain r adius 

r s ( μm) ∗
Z01 42 707 4 4 100 
Z02 75 707 4 4 100 
Z03 133 707 4 4 100 
Z04 236 707 4 4 100 
Z05 397 707 4 4 100 

Figure 14. Complex resistivity spectra resulting from double Pelton model fitting (a, b) and optimization with network modelling (c, d) for the bimodal Z 

samples. In (c) and (d), 12 × 12 × 12 networks were used, and the 10 best models are shown for each sample. The purple shade corresponds to the model with 
the largest cost-function value, the blue shade to the model with the smallest cost-function value. 

Table 5. Determined double Pelton parameters for the bimodal Z samples. 

Sample ρ0 ( �m) m 1 τP 1 (s) c P 1 m 2 τP 2 (s) c P 2 ρ∞ 

( �m) m tot 

Z01 9.48 0.219 1.44 10 −5 0.754 0.096 1.13 10 −3 0.731 6.49 0.315 
Z02 12.7 0.171 5.40 10 −5 0.754 0.096 1.60 10 −3 0.731 9.32 0.267 
Z03 18.6 0.173 2.34 10 −4 0.664 0.096 1.72 10 −3 0.731 13.6 0.269 
Z04 20.9 0.152 8.47 10 −4 0.672 0.096 1.06 10 −3 0.731 15.7 0.248 
Z05 21.8 0.135 2.63 10 −3 0.807 0.096 1.11 10 −3 0.731 16.7 0.231 
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Tab le 6. F ixed ( f C ) and optimized parameters ( R , C and c ) for the bimodal Z samples. 

Sample < f C, 1 > (per cent) < f C, 2 > (per cent) < R > ( �) log 10 ( C 1 ) log 10 ( C 2 ) < c 1 > < c 2 > 

Z01 4.756 2.504 42 366 −9.759 −8.666 0.873 0.769 
Z02 4.293 2.504 57 728 −9.530 −8.507 0.842 0.789 
Z03 3.830 2.504 84 491 −9.785 −9.199 0.735 0.755 
Z04 3.367 2.504 95 511 −10.047 −8.161 0.664 0.919 
Z05 2.946 2.504 100 298 −9.429 −7.573 0.702 0.969 

Figure 15. Quantity C ( R /2) 1/ c as a function of the Pelton time constant τP 

for all samples. The black circle corresponds to sample Z05 considered as a 
monomodal sample. 

Figure 16. Corrected capacitance as a function of pyrite grain radius for 
the monomodal samples. 
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evident that perpendicularly orientated capacitors do have an ef- 
fect, particularly at frequencies above the phase peak. This sug- 
gest that electrical currents also pass through these perpendicu- 
lar capacitors. Consequently, we conclude that a 3-D approach is 
necessary. 

5.6. On the influence of the network realization 

We examine the influence of network realizations. Since each net- 
work is generated randomly, the computed spectra may exhibit slight 
variations from one realization to another. To quantify the magni- 
tude of these differences, we generated 25 30 × 30 × 30 networks 
with identical characteristics in terms of f C , R , C and c . Ho wever , 
the spatial distribution of the active links in the network changes. 
Fig. 18 displays the variation for the different realizations. The 
results show that the maximum deviation between the resistivity 
amplitude and the mean amplitude across the 25 spectra does not 
exceed 0.5 per cent. For the phase, the variation remains below 4 
mrad (for a maximum phase of 65 mrad), which is within an ac- 
ceptable range. This finding highlights the importance of using a 
sufficient number of realizations to obtain reliable mean values for 
the model parameters. 

5.7. Limitations of the approach 

Theoretically, the fraction of active links in a network can reach up 
to 100 per cent. The simulation of the response of larger frac- 
tions of polarizing particles seems to be an advantage of net- 
work modelling compared to the ef fecti ve medium theory that is 
onl y v alid for small additions of metallic particles into a mix- 
ture. Ho wever , similarly to electrochemical models or models de- 
rived from the effective medium theory, network modelling is 
not able to consider the interaction between neighbouring po- 
larizing elements. We have learnt from the experimental results 
that even for a small amount of pyrite particles (e.g. p vs = 4 
per cent) the rising number of particles per volume causes an in- 
crease in chargeability that might be caused by the interaction of 
particles. 

The effect of the interaction of particles can only be investigated 
by numerical modelling at the grain scale (e.g. Kreith et al. 2024). 
A further step would be the integration of the results of small-scale 
modelling into the network modelling approach (e.g. by modify- 
ing the impedance expressions to take into account the possible 
interactions). 

In addition, the network used in our study is quite ‘rigid’, with 
a fixed cubic mesh (coordination number of 6), and identical ge- 
ometrical characteristics for the pores. Further works should in- 
clude the use of unstructured meshes allowing the pores to vary in 
length, radius and orientation. A higher coordination number would 
be necessary to enable the investigation of anisotropy by network 
modelling. 

6  C O N C LU S I O N S  

Using 3-D networks of impedances represented by resistors or 
leaky capacitors, we successfully reproduced the complex resis- 
tivity spectra of sand-pyrite-water mixtures reported by Hupfer 
et al. ( 2016 ) and Martin & Weller ( 2023 ). Water saturated pores 
were modelled as resistors with resistance R , while pyrite grains 
were represented by leaky capacitors with an impedance Z c = 

( i ωC ) −c . We found that chargeability is approximately 9/2 times 
the fraction of links associated with pyrite grains, in agreement 
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Figure 17. 3-D effects on a 30 × 30 × 30 network with 5 per cent and 10 per cent capacitors (a, c: amplitude; b, d: phase). Blue lines represent the response 
of the full network, while red lines correspond to network where capacitors perpendicular to potential gradient direction have been replaced by resistors 
( R = 50 000 �, C = 10 −8.5 F, c = 0.8, L = 200 μm). 

Figure 18. Influence of the network realization on resistivity amplitude (a) and phase (b), with differences between individual spectra and average spectrum 

(c and d). Results are based on 25 simulations of 30 × 30 × 30 networks with 4 per cent capacitors ( R = 50 000 �, C = 10 −8.5 F, c = 0.8, L = 200 μm). The 
black line represents the average spectrum (arithmetic mean). 
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ith models derived from the effective medium theory. Ho wever ,

he fraction of capacitors does not exactly correspond to the volume
raction of pyrite grains in the solid phase of the sand-pyrite-water
ixtures. 
The Pelton time constant is related to the parameters of the

etwork elements by τP = C ( R /2) 1/ c and it was found to be
roportional to the pyrite grain radius raised to the power of
.7. Our network modelling experiments also revealed that the
icroscopic exponent c is consistently larger than the macro-

copic Cole-Cole exponent obtained from Pelton fitting. By
omparing 3-D network modelling with the phenomenological
elton model, we demonstrated that the sample-scale parame-
ers are closely linked to the underlying pore and grain size
haracteristics. 

The methodology reported here, coherent with the classical
odel of Pelton et al. ( 1978 ), could be useful to study the ef-

ect of the spatial distribution of the ore grains, or mixing of
ifferent ore types, in a more realistic wa y. How ever, the net-
ork modelling does not take into account the interaction be-

ween neighbouring polarizing particles. Therefore, the results
ecome questionable if the interaction of particles cannot be
gnored. 
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Further works should include a combination of different networks 
to simulate larger volumes with a more complicated distribution of 
polarizing particles. The methodology reported here, which enables 
us to examine the effects of scale variation (i.e. from pore to sample 
scale) on the SIP response, is quite general, and could be applied 
to a variety of other polarizing material, such as mixtures with 
semiconductors, clays or organic matter. 
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A P P E N D I X :  R E M OVA L  O F  T H E  H I G H  

F R E Q U E N C Y  T R E N D  

At frequencies larger than about 1 kHz, IP spectra can be subjected 
to a divergence of their imaginar y par t, due to the classical dielec- 
tric behaviour and/or to experimental electromagnetic noise (for 
instance due to induction between cables). To remove this trend, we 
modelled the measured raw data ρ∗

meas using: 

ρ∗
mod = 

⎧ ⎨ 

⎩ 

[ 

ρ0 

( 

1 −
N ∑ 

k= 1 
m k 

(
1 − 1 

1 + 

( iω τk ) 
c k 

)) ] −1 

+ iωK 

⎫ ⎬ 

⎭ 

−1 

, 

(A1) 

K being positive or negative, and N = 1 for the monomodal 
samples, N = 2 for the bimodal samples. The parameters ρ0 , m k , 
τ k , c k and K are obtained by an optimization procedure (simu- 
lated annealing followed by simplex method to minimize the dif- 
ference between ρ∗

mod and ρ∗
meas ). We then simply removed the 

ter m i ω K from the raw data ρ∗
meas to obtain the corrected data 

ρ∗
corr , as: 

ρ∗
corr = 

{
1 

ρ∗
meas 

− iωK 

}−1 

. (A2) 

Fig. A shows an example of application of this procedure. 
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Figure A. Example of SIP spectra correction (sample C02). 
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