LUND UNIVERSITY

On a generalized matrix approximation problem in the spectral norm

Sou, Kin Cheong; Rantzer, Anders

Published in:
Linear Algebra and Its Applications

DOI:
10.1016/j.1aa.2011.10.009

2012

Link to publication

Citation for published version (APA):

Sou, K. C., & Rantzer, A. (2012). On a generalized matrix approximation problem in the spectral norm. Linear

Algebra and Its Applications, 436(7), 2331-2341. https://doi.org/10.1016/j.1aa.2011.10.009

Total number of authors:
2

General rights

Unless other specific re-use rights are stated the following general rights apply:

Copyright and moral rights for the publications made accessible in the public portal are retained by the authors
and/or other copyright owners and it is a condition of accessing publications that users recognise and abide by the
legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study
or research.

* You may not further distribute the material or use it for any profit-making activity or commercial gain

* You may freely distribute the URL identifying the publication in the public portal

Read more about Creative commons licenses: https://creativecommons.org/licenses/

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove
access to the work immediately and investigate your claim.

LUND UNIVERSITY

PO Box 117
221 00 Lund
+46 46-222 00 00


https://doi.org/10.1016/j.laa.2011.10.009
https://portal.research.lu.se/en/publications/9ff37117-a72f-433b-a20f-131b5007472b
https://doi.org/10.1016/j.laa.2011.10.009

Download date: 09. Dec. 2025



On the Generalized Matrix Approximation Problems
in the Spectral Norm

Kin Cheong Sotj Anders Rantzer

ACCESS Linnaeus Center and the Automatic Control Lab, $cfid@ectrical Engineering, KTH Royal
Institute of Technology, Stockholm, 10044, Sweden. Té&8#807427

LCCC Linnaeus Center and the Department of Automatic Chrttsnd University, Lund, 22100, Sweden

Abstract

In this paper theoretical results regarding a generalizeéthmum rank matrix approxi-

mation problem in the spectral norm are presented. An atesolution expression
for the generalized matrix approximation problem is olgdin This alternative ex-
pression provides a simple characterization of the achlevainimum rank, which is

shown to be the same as the optimal objective value of theicksproblem consid-

ered by Eckart-Young-Schmidt-Mirsky, as long as the gdire@ problem is feasible.
In addition, this paper provides a result on a constraingdioe of the matrix ap-

proximation problem, establishing that the later problemalvable via singular value
decomposition.

Keywords: Matrix approximation; Rank minimization; Singular valueadmposition

1. Introduction

This paper considers the following generalized minimunknamatrix approxima-

tion problem:
minixmize rank(X)

(1)
subjectto ||A+BXC||, < 1.
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Here the data matrices afec R™", B € R™™, andC € R™*". The symbol|-||,

denotes the spectral norm of a matrix (i.e., the maximumwargyalue).

Assumption 1.1. In this paper, it is assumed that snmy and B has full column rank.

In addition, n> ny and C has full row rank.

Remark 1.1. The assumed dimensions and ranks on B and C ensure that (Adtcan

be trivially reduced to the classical problem to be desalibe(2).

The problem in (1) is a generalization of the following ciaakproblem:

minimize rankX)
X (@)
subjectto |[M+X]||, <1

for any data matrisM, which plays the role ofin (1). The classical problemin (2) can
be solved efficiently using singular value decompositioviliy In addition, the mini-
mum rank in (2) can easily be characterized using the singalaes oM. Thoughless
well-known, (1) can in fact be solved via SVD using matrixatiibn/Parrott’s Lemma
results (e.g. [1, 2, 3]). However, to the authors’ best kmealgke, no simple charac-
terization of the minimum rank in (1) in terms of problem dataB andC is known.
This characterization is based on an alternative solutipnession for (1), which can-
not be found in [1, 2, 3]. In addition, this paper provides a&fDSased solution to a
constrained version of (1). This is also not available ir2[13].

There have been many efforts for the generalizations ofg2). (4, 5, 6, 7, 8]).
However, none of these results apply to problem (1) consitlar this paper. The
most related result is [8], which considers a variant of (ithwhe constraint being
|[A4+BXC]|r < 1 (i.e., the Frobenius norm). However, this paper is fundaaily
different from [8]. In particular, (1) is not a special caddle problem in [8] or vice
versa. Moreover, the result and proof technique in [8] doapyly to the problem
considered in this paper. Most importantly, none of the joevwork, including [8],
provide any simple characterization of the achievable mimnh rank analogous to the
main result of this paper.

In summary, this paper contains the following contribusevhich, to the authors’

best knowledge, have not been published:



1. An alternative solution expression for (1).
2. A simple characterization of the achievable minimum rizn(d).

3. An SVD based solution procedure for a constrained versigh).

The rest of this paper is organized as follows. In Sectioni2esbackground mate-
rial and notations necessary to the development of the gapaescribed. In Section 3
the main result concerning the simple characterizatiomefrhinimum rank of (1) is
presented. In Section 4 the SVD based solution procedudonstrained version of

(1) is described. Finally, conclusions are made in Section 5

2. Background

2.1. Definitions of Notations

To describe the main result, it is necessary to introducddteving SVD com-

putable terms related to the data matriBeandC. Denote the SVD oB andC as

B= {UB NB} SOS VBT :UBSBVBT

such that Ug € R™™x Us'Ug = Imy
Ng € R™(M-mx), NgTNg = Im_my
Sg € R™>*Mx diagonal and positive definite
Vg € R™XMx Ve Vs = Imy,
3)
C=Uc Sg Ve NC]T —UcsVeT
such that Uc € R™x"x UcTUc = Iny
S € R™*Mx, diagonal and positive definite
Ve € RMNx, VeTVe = Iny
Ne € R (n=mx) NN = Inny.
4)



Also from the SVD, the matrice%NB UB} and [Nc Vc} are orthogonal. Hence,

Ug"Ng =0
Ve™Ne =0
NgNs" +UgUg" = [NB UB} {NB UB}T =
NN VT = [Ne e e e

(5)

|
3

Il
S

2.2. Classical minimum rank matrix approximation via SVD

For any matrixM of rankr and an integerk > 0, the following operation is im-
portant for the solutions of the matrix approximation pehk in this paper. Let the
SVD of M beM = % uigiviT, whereu; andy; are the left and right singular vectors
andg; > 0 are the In:oln-increasing singular valuedvbf Then the rank truncation of

M, denoted agM ], is defined as

M k>r
k
M], = _zluiGiViT 1<k<r (6)
i=
0 k=0

The classical problem in (2) can be written as

minimize k
ke Z* minimize k
_ min  [[M+X||, = k7 (7)
subject to X <1 subjectto oyg.1(M) < 1,

subjectto rankX) <k

whereg;(M) > 0 fori = 1,2,... are the non-increasing singular values\bfand the
equivalence above is due to the theorem by Eckart-Youngr&itkMirsky (e.g. [9]).
Therefore, the minimum value &fin (7) (i.e., the minimum rank in (2)) is the number
of singular values oM which are greater than or equal to one. In subsequent, this
number will be referred to as thlengular value excess of M, and denoted as s{id).

That is,

k suchthat o1(M) > ... > ox(M) > 1> 0¢a(M) > ...
svgM) = ¢ 0 it 1> 01(M) (8)

rankM) if  Granmy(M) > 1.



Note that the definition of singular value excess in (8) algplias to matrices other
thanM considered here. Finally, by the theorem by Eckart-Younlgp3dt-Mirksy, an

optimal solution to (2) can be obtainedXds= —[M Jg ).

3. Simple Characterization of Minimum Rank

This section describes the main result of the paper, progidi simple charac-
terization of the minimum rank of (1). Before the main regslpresented, several

preliminary results should be described first.

3.1. Preliminary Results: A new equivalent constraint 9f (1

The first preliminary result, stated without proof, is knoasthe Parrott's Lemma
(e.g. [1], p.43). It provides the sufficient and necessanda@mns for the generalized

minimum rank matrix approximation problem in (1) to be féxdesi

Proposition 3.1. Let Aec R™", Be R™ ™ C e R™*" satisfy assumption 1.1. In
addition, let the matrices g} N, Sg, Vs be defined in (3) and &) &, Ve, Nc be

defined in (4). Then there exists a matrix@R™ *"x such that
|A+BXC||, 2 01 (A+BXC) < 1 9)

if and only if
[NsTA[,<1 and [ANg|, < 1. (10)

Remark 3.1. If (10) holds, then the following two symmetric positivemitdfimatrices

can be defined:

Dg (In—ATNgNgTA) - 0
Ac (Im— ANcNeTAT) - 0.

Ag andAc will be used in the subsequent discussions.

(11)

(>

The second preliminary result is an equivalent expressidgheogeneralized Par-
rott’'s Lemma (e.g. [1, 3]). The expression to be presenteg\vg and it is required to

prove the main theorem in Section 3.



Proposition 3.2. Let the data matrices be defined in the statement of Propastil.
If (10) is true (i.e., (9) is feasible), then the inequality() is equivalent to the follow-

ing inequality with a new unknow:
|A+X], <1 (12)
whereA € R™ > and is defined as

. 1 1
A 2 (Ug"AcUg) 2UsTAcAL (VcTAsVc) 2, (13)

whereAg and Ac are defined in (11). The equivalence means that there is a one-
to-one correspondence between the feasible solutions ®)iard X in (12). The
correspondence and its inverse are defined by
1. _1
X = VeSs ' (Us"AcUs) 2X(VcTlBVc) 2 Uc”

% = (Us"AcUg)® SeVeTXUcc (VeTAsVe) .

PROOF See Appendix. |

(14)

Remark 3.2. Many alternative forms of (12) exist (e.g. Corollary 2.244f(p. 43)).
However, the proof development of the main theorem in Se8trequires expressions
(12) and (13). The authors are not aware of any straightfadwapproach to arrive
at the conclusion in the main theorem using any expressioerdhan (12) and (13).
Moreover, it is not known if there is any simple transforraatbetween the alternative
expressions and (12) and (13), other than the fact that tmeyahl equivalent to (9).
The expression in (12) and (13) is obtained using a subspaxgeqbion idea. This is

different from the matrix dilation point of view in [1, 2, 3].

The equivalence in Proposition 3.2 implies the followirgtstent, connecting the
generalized matrix approximation problem in (1) and itssieal version:
Corollary 3.1. Problem (1) is equivalent to

minimize rankX)
X . (15)
subjectto ||A+X][, <1,

whereA is defined in (13). The equivalence means (a) that the nirimbof the two

optimization problems are one-to-one correspondent aneeéfin (14), and (b) the



minimum ranks of the two problems are the same. Also, an apsiotution to (1) can

be obtained as

NI

_ v _1
X*=-VeSs " (Us'AcUs) * [A]g gz (Ve BBVe) * & Uc’, (16)

where the matrices ) Sg, Vg are defined in (3), U, &, W are defined in (4)Ag, Ac
are defined in (11) and the rank constrained truncation opera[A] sve) is defined
in (6).

PROOF See Appendix. |

Remark 3.3. To characterize all optimal solutions to (1), it suffices baracterize all

optimal solutions to (15). The later task is standard (e9§).[

3.2. Main Result

While Corollary 3.1 provides an SVD based solution expmsédr the general-
ized matrix approximation problem in (1), it does not pravah intuitive relationship
between the rank of* and the original problem da#&, B andC. This is to be com-

plemented by the main result as follows.

Theorem 3.1. Let the data matrices be defined in the statement of Propastil.
Consider the following generalized minimum rank matrix@gpmation problem (i.e.,

problem (1)):
minimize rank(X
I KX) a7
subjectto ||A+BXC||, < 1.
If the above problem is feasible (i.e., (10) is true), thenrtinimum rank of the problem
in (17) issvegA), wheresvgA) is the singular value excess of A (i.e., the number of

singular values of A which are greater than or equal to one, ().

Remark 3.4. Theorem 3.1 provides a simple characterization of the minimank of
(17) in terms ofsvgA), and states that B and C affect the optimization problem only
through the feasibility condition in (10). No analogousutss known for the case

where the spectral norm in (17) is replaced with the Frobemarm.



Remark 3.5. Theorem 3.1 states that, under the feasibility assumptiofi0), the
minimum rank of Xe R™*"x js svg/A) with A€ R™™". Since itis assumed in (1.1) that
m> mx and n> nx, can a contradiction arise thaank(X) = svg/A) > min{mx,nx }?
Fortunately the answer is no. In particular, the proof of dhem 3.1 (cf. (19)) implies,
under the assumption in (10), thateA) = sve(A) < min{my,nx}. In another words,

max{ [NeTAl AN .} <1 = Omintme.nn(A) <1 (18)
Now the proof of Theorem 3.1 begins.

PROOF As it was argued in the proof of Corollary 3.1, the optimatkan (17) is
the same as that of its equivalence (15), which is(é)/.e To complete the proof, it
remains to show that s¢&) = svgA). Alternatively, denotd (M) as the number of
non-positive eigenvalues of any matik with real eigenvalues only, then the desired
statement to prove is_(1 — AAT) = k_(I — AAT). This proof is divided into two steps

via an intermediate matri& defined in the proof of Proposition 3.2:
k_(1—AAT) =k_(1 —ATA) = k_(1 — AAT). (19)

With the definition ofA in (33), the termk_(I —ATA) in the first equality in (19)
becomeg (I —VcTATACAL) =k (1 — AV TATAC), where the later equality is due
to the fact that the sets of nonzero eigenvaluegoAT AcAV: and AV TATAc are
the same. Using the definition and invertibility&s¢ in (13), the term further becomes
Ko (((Ac) "t =ARVCTAT)AC) = k- (I = A(NcNcT + VeV T)AT)Ac). With the identity
NeNeT +VeVeT =1 in (5), the above term simplifies to_((Ac)Z (1 — AAT)(Ac)?).
Finally, by the Sylvester’s law of inertia (e.g. [9], p.22B) (I — AAT) = k,((Ac)% =
AAT)(AC)%). Therefore, it has been established that

k(1 —ATA) = k_((Ac)2 (1 — AAT)(Ac)2) = k_(I — AAT). (20)

This shows the first equality in (19). Next, the second etyali(19) can be proved in
similar fashions. In particular, using the following foterins: (a) The definition of

in (13), (b) The definition ofA in (33), (c) The expression @5 in (37) in Section 6.1
(proved in Section 6.2) and (d) The expressiotgfin (39) in Section 6.1 (proved in



Section 6.3), the matri in (19) can be represented as

NI

A= ((UBTACUB)% Us' (Ac) ) ((Ac)%AVc> ((VCTABVC)%> = QUETA(AE)%,

whereQ in the above expression is an orthogonal matrix whose exaaoevs not
relevant. Using the above expression/fthe last term in (19) can be written as
k (1 —QUsTAAsATUsQT) = k_ (1 —UzT AAzATUg). By expandindJz andA, a simi-
lar statement as in the case of (20) shows that

K (1—ATA) =k_((8g)2(1 —ATA)(Ag)?) = k(1 — AAT). 1)

Combining (20) and (21) leads to (19). This concludes thefwbthe main resultl

4. Constrained Generalized Matrix Approximation Problem: SVD Solution

This section describes an SVD based solution proceduredonstrained version
of (1), which will be defined in (26). To arrive at this condlus, a preliminary result

based on the work in [4] should be described first.

4.1. Preliminary: SVD solution for a constrained version ¥

For any matrice € RP*% andL € RP*% such that. has full column rank=£ qy),
consider the following problem:
minimize rank( [—L X
subjectto |[M+X], < 1.
This problem is a variant of (2), by replacing rgiK in (2) with rank( [—L xD

Using the result in [4], the above problem can be solved davisl Denote

L = usVv' as the SVD oL
AM = UU™M asM projected on the range &f
PLLM = M-—BM asthe orthogonal complement@&fv

Then it is claimed that the achievable minimum rank in (22his- sveP.-M), and an

optimal solution can be constructed as

X* = — (H_M + [PLLM} (23)

sve(PLlM)) '

9



To see the assertion, note that by [4], for &y q; it holds that

argmin - [M+X|,=— (PLM+ [PﬁM]kql). (24)

[ )

Therefore, using (24) and the fact that= PM+ P-M, it can be verified that

PLiM — [PLLM}

min M=
rank([_L )(ng

For any integek, it is an upper bound of the achievable minimum rank in (22)nifl

H2 = O g1 (PLLM) . (25)
X

only if k renders the last term in (25) less than one. Therefore, thémmaim upper
bound, denoted d¢, satisfies the condition th&t — g1 + 1 is the index of the largest
singular value oP.-M which is less than one. In other words, the minimum rank of
(22) isk* = g1 + sve(P-M). Finally, substituting the expression kf into (24) gives

rise to the solution in (23).

4.2. Result

The equivalence in Proposition 3.2 (or any of its alterrejvprovides an SVD

based solution to the following constrained generalizettimapproximation problem.

Theorem 4.1. Let Ac R™", Be R™™, C € R™*" satisfy assumption 1.1. In ad-
dition, let My € R™*™1, X, ¢ R™*™2 and rx = nyq + Nx. Partition C into C' =
{clT CZT} , With G € R™1*" gand G € R™2*N,

Assume the datgh, B,C, M; ) are chosen such that the following optimization prob-

lem is feasible:
min)i(gnize rank( {Ml XZD

(26)
subject to HA+B{M1 xz} CH2< 1
Then (26) is equivalent to
mini;(mize rank([_[ )V(D e

subjectto [|A+X]|, <1,

10



where

L 2 —(R)M
. 1 1
A2 (Ufac,Us) 2ULAc, (A+BMC\, (VEAeVc, )
X 2 (A) (R
_1
R 2 VS ' (Us"AcUs) 2
_1
R = (VCZTABvcz) 2&271U(32T
28
B = [UB NB} [SB] Vg™ is the SVD of B (28)
0
T
C = U [SQ] [vc2 NCZ} is the SVD of &
0
Ag = (In—(A+BM1C1)TNBNBT(A+BM1C1))71
B, 2 (Im— (A+BMC1)Ne,Ne, T (A+BMCy)T) L.
PROOF Optimization problem (26) can be written as
m|n)|<r2n|ze rank([M1 XZD 29)

subjectto [|[(A+BM:Cy)+BXCs||, < 1.

The constraint in (29) has the same form as the inequalit®jn Under the feasi-
bility assumption, this constraint is equivalent to (12)specified by Proposition 3.2.

Therefore, the problem in (29) is equivalent to

mini;(mize rank( [Ml H_)V(PRD

! (30)
subjectto ||A+X||, <1,

with A, X, R, P given in (28). The desired statement is resulted by notiag ith
(30) R andPr are invertible and left and right multiplying invertible tniges does not

change the rank of a matrix. |

Remark 4.1. Problem (27) has the same form as (22), and hence the solefiomes-
sion in (23) can be applied. Once a soluti&h is found, the expression from (28) can

be used to find an optimal solution to (26) ag % A X*Pk.

11



5. Conclusion

Under feasibility assumption, the generalized matrix agpnation problemin (1)
is similar to its classical version in (2). (1) possesse®dmsivalent “classical” form
in (15). In addition, the minimum rank of (1) is s\, the singular value excess of
A. This is analogous to the minimum rank in the classical cag2). A more general
constrained version of (1), as described in (26), turns@biet SVD solvable as well.
Even though no simple minimum rank characterization caneipented in this case.
The practical applications of the results in this paperdigtussed here, are described
in [10, 11].
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6. Appendix

6.1. Proof of Proposition 3.2

The general idea of the proof is that (9) will be shown, susizedy, to be equiva-
lent to some intermediate inequalities until (12) is finahached. To begin, note that

because of (3), (4) and (5), inequality (9) is equivalent to
T T T TAT -1
(AVeVe' +BXC) (A +BXC) <1 —ANcNc' A = (Ag) ™, (31)

where the last equality is due to (11), and it is valid becaafsthe assumption in
(10). Inequality (31) is equivalent tH)(AC)%AVc—i— (Ac)%BXUC&;HZ < 1, after some

algebraic manipulations. Rewrite the above inequalitgmmis of new notations
|A+BX]||,<1 (32)

with
A2 (Ac)iAL and B2 (Ac)¥B and X2 XUcSe. (33)

12



Before the next step of the proof, certain notations needetintroduced first.
Since/¢ is invertible, B in (33) has the same dimension and rankBaassumed in

(1.1). Therefore, the SVD d can be written as

B= [Ug Ng} S:} Vg! =UsSsVis'
such that Ug € R™Mx, Us"Ug = Imy
Ng € R™<(m-mx) Ng"Ng = Im_my
S5 € R™ XM, diagonal and positive definite
Vg € RM*Mx V5TV = Imy.-
(34)
By the definition of SVD,{NLS’ Ug] is an orthogonal matrix and hence
Us™Ng=0 and NgNg'+UsUs" = [Ng Us) [Ng UB}T 1. (39

Now the proof of the equivalence between (9) and (12) can &iemed, with the
starting point being (32). From (34) and (35) it can be seah(8R) is equivalent to

N Y ~ ~
(uéuéTA+ Bx) (UgUgTA-i— Bx) <1 —ATNgNgTA (36)
It can be shown (in Section 6.2) that, under the assumptiofi®), the terml —

AT NéNéTA in the right-hand-side of (36) is positive-definite, andiitgerse, denoted

as/g can be described by the “non-tilde” matrices as
Dg 2 (1 - ATNgNgTA) ™ =V TAgVe - 0. (37)
Then, multiplying both sides of (36) witfAg)2, expanding asB = UsSsVisT, and
simplifying using the relationshipgs"Ug = 1, inequality (36) becomes
TR : T 3
|Us"Ag)? + SV X (8g)? | < 1. (38)
To obtain (12) withA andX represented by the original “non-tilde” matrices as in (13)

The following expressions (proved in Section 6.3) are ndede

Ug = (AC)%UB(UBTACUB)%Q
SVe' = Q' (Us'AcUs)” SsVs' (39)
1 1
Ns = (Ac) 2Ng(NgT(Ac)™™Ns) 2Qu,

13



whereQ andQ; are orthogonal matrices whose exact forms are irrelevathetalis-
cussion in here. Using the expressions of the “tilde” quistiin (39), (33) and (37),

inequality (38) becomes

1 1
Q" (USAcUg) 2Ug AcAL (VI As\c) 2

=A
T T 3 T T 3
Q" (Us'AcUg)? S8Ve' XUcS (Ve ' As\c)

=X

_|_

<1,
2

with Q being a unspecified orthogonal matrix. However, since theetsal norm is
unitarily invariant, the above inequality is equivalentii@ one withouQ. This is the
same as (12) witiA defined in (13) anK defined in (14). Finally, the one-to-one
correspondence and its inverse in (14) can be obtained fnerathove expression as
both (UgT AcUg) : SVe' andUcx: (VCTABVC)% are invertible. [

6.2. Proof of the expression in (37)

Using the definition of\g in (11), the matrix/c " AgVc > 0 is expanded into
VeTAaVe =VeT (1 - ATNgNeTA) Ve =VeT (1~ ATNg (NsTAATNg — 1) "NsTA) Ve,

with the second equality due to the matrix inversion lemng].[Using the definition
of Ac in (11) and the identitycVe"™ +NcNe™ =1 in (5), the last term becomes

_ -1
| —VcTATNg (Ng" (AVeVC'AT— (Ac) H)Ng) "N Ae.

With another application of the matrix inversion lemma, éifb®ve term becomes

1

3

(1= VeTATNg (N (Ac) *Ne) "NaT AV ) (- ATNgNgTA)

where the last equality is due to the definitionfoih (33) and the expression bk in

(39), which will be shown next. |

6.3. Proof of the expressions in (39)

To show the first line of (39), notice from (34), (33), (3) tila¢ SVD ofB is
B=UsSVs" = (Ac)2UsSaVe" = (Ac)?B. (40)

14



SinceSsVg" is invertible, the second equality above implies tgthas the form
Ug = (Ac) ?UsP. (41)

with P being an invertible matrix. By the definition bf; in (34), it holds thatlgTUs =
PTUgTACUgP =1. Since(UBTACUB)% P is a square matrix, the above equality implies
that there exists an orthogonal mat@xsuch thatP = (UBTACUB)*%Q. Substituting
the above expression into (4D yields the first line in (39).

From the second equality in (40) and the expressidiin the first line in (39) it

can be seen that

SeVa" = Us" (UgSsVaT) = UsT (Ac)2UsSsVeT = QT (UsTAcUs) 2 SsVe -

This is the same as the second line in (39).

To show the third line of (39), the relations in (35) and thstfiine in (39) imply
thatUsTNg = QT (UsT AcUg) " 2UgT (Ac)2Ng = 0. The fact thaQT (UsTAcUg) 2 is
invertible implies that/g" (AC)% Ng = 0. Hence(Ac)%Ng is in the kernel otJg", and

there exists a square matiixsuch that
_1
Nz = (Ac) 2NgY. (42)

Also, by the definition oNg in (34),N5"Ng = Y"Ng" (Ac) “*NgY = I. Since the matrix
(NgT (AC)*lNB)% is square, the above identity implies that there exists #rmogpnal
matrix Q; such that = (Ng" (AC)*lNB)*%Ql. Substituting the above expressionvof
into (42) yields the third line in (39). |

6.4. Proof of Corollary 3.1

The equivalence between the optimization problems in (&) @) is a conse-
quence of the equivalence of the inequalities in (9) and, @2)vell as the correspon-

dencein (14). Since an optimal solution to the classicadblgm (15) is— [A} an

svgA)’
application of (14) results in the desired expression ir).(16 |
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