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Abstract

The maximum drawdown of a stochastic process is the largest peak-to-trough
decline observed over a given horizon [0,7]. Using arguments from extreme
value theory, we derive the limiting distribution of the maximum drawdown for
a Brownian motion with positive drift as T' — oco. We show that, after suitable
centering and scaling, the maximum drawdown converges in distribution to the
Gumbel law.
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1. Introduction

The purpose of this paper is to study the limiting distribution of the maximum
drawdown for a Brownian motion with positive drift. We let W (t), 0 < ¢ < T, denote
a Brownian motion and set X () = pt+oW (t), where both u, o > 0. We also introduce
the variables M (t) = sup,<, X(s) and D(t) = M(t) — X(t), and refer to them as the

running maximum and the drawdown, respectively. The maximum drawdown is then
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2 H.-P. BERMIN AND M. HOLM

defined by

D(T) = OZE)TD(t). (1)

Hence, this random variable quantifies the largest observed drop from a peak value to
a subsequent trough up to time 7T'. In other words, it measures the worst-case loss from
a high point, before a new high is achieved, of an asset or portfolio. In the financial
literature, maximum drawdown has been used both as a basis for various risk measures,
see e.g. [5, 12], and as a basis for various performance measures, see e.g. [1].

The maximum drawdown has been thoroughly studied in [9], based on the results
in [3]. In [9], the authors express the complementary cumulative distribution function,

denoted G pry(h) = P(D(T) > h), as an infinite series

o0 .
0, sin0,, _uh _ofelT .27
Gpry(h) = 20" Z o402 + 2h? — uho2e o (1 —e e 207 ) +L(h), (2)
n=1 n

where {6,,},,>1 are the positive solutions of the equation phtané, = 020,,, and

0 i ph < o2,
2
3 _piT . _ 2
L(h) = e (1 —e 27 ) i ph=o07, (3)
2047] sinh n —% %QWQT _“LQTE 2
U4n2—u2h2+uhaze o 1—e2n? e 20 i ph>o%,

with 1 being the unique positive solution to the equation phtanhn = o2n. The
authors further claim that their expression is consistent with an asymptotic Gumbel
distribution, but provide no further evidence for the statement. However, the authors
derive the asymptotic behavior (when T is large) for the expected maximum drawdown
2 2
BD(T) ~ 5 (m P C) , (@)
in terms of a numerically calculated constant C' = 4 - 0.49088.

This brings us to our contribution. We prove that, when properly centered and
scaled, the cumulative distribution function converges to a standard Gumbel distribu-
tion as T'— oo. Hence, we derive deterministic functions ar and by (Theorem 1) such
that

lim P(D(T) < ar + brx) = exp (—exp(—2x)). (5)

T—o0

In doing so, we also identify the numerical constant

C=2In2+7, (6)
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where v ~ 0.577216 is the Euler-Mascheroni constant.

Our approach is based on extreme value theory. However, while classical theory
(that is, the weak convergence of the maximum of independent, identically distributed
random variables) has been well understood for some time [4, 6], much less is known
about the maximum of stochastic processes. Even weak convergence of the maximum
of stationary stochastic processes poses significant technical difficulties; see [8] for
extensive details on all aspects of extreme value theory. We overcome those difficulties
by constructing an approximating sequence to which the classical theory can be applied.
Having derived candidate deterministic functions (ar,br), we then prove that the
approximating sequence and the maximum drawdown are asymptotically equal in law.
We also study the convergence rates of the approximating sequence and the maximum
drawdown towards the asymptotics.

Throughout the paper, we use the notations ® and ¢ for the cumulative and proba-
bility distribution functions, respectively, of a standard Gaussian random variable. We

also introduce the risk-related constant
R = 5 (7)

as it frequently appears. In fact, as noted in Appendix A, R is equal to the expected
long-term drawdown E[D(oc0)].

2. Approximating sequence

Let D1(00), Da(00), ..., D,(c0) be independent copies of the random variable D(00).
Heuristically, we think of the sequence as observations at time points 17,75, ..., T},.
Then, as shown in Appendix A, for a given point in time D;(oo) has first-order
stochastic dominance over D(T;), 1 <i < n, and can therefore be seen as a worst-case

outcome. We set

D" (n7) = max Di(oc). ®
and choose the constant
2
_ o
7= THQ’ (9)

to match the long-term average drawdown time, see Appendix B. This enables us to

identify the time points T,, = n7, such that D™**(n7) can be regarded as a worst-case
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approximation of D(n7), when n is large.
We now apply classical extreme value theory to the random variable D™**(n7). It

follows that

}P’(Dma‘r(ﬂﬂt) < .’E) — []P(D(OO) < :B)]” — (1 — e*x/l’%>n7 (10)

see Appendix A. Note that the largest order statistic of independent exponentially
distributed random variables, like D(o0), is not exponentially distributed. Neverthe-
less, the expected value can be derived by integrating the complementary cumulative

distribution function

E[Dmaf(m)]=/OOOIP’(DW(m) >gc)cza:=/ooo (1= (1=e®)Yar. )

7w/R)n

This integral can be evaluated by expanding the binomial (1 —e . Alternatively,

we can use the result that D™ (nT) is identical in distribution to the weighted sum

of n independent and exponentially distributed random variables, as shown below.

Lemma 1. For any integer n > 1, we have
E [D™**(nT)] = RH,,

where H, =1+ % + -4 % is the n’th harmonic number.

Proof. Tt follows from [11] that D™ (n7)/R has the same law as E?Zl Z;/j, where
{Z;}j<n is a sequence of independent, identically distributed standard exponential

random variables. Consequently, since E[Z;] = 1, for all j, the proof concludes. O

The harmonic number H,, further admits the expansion
H, Inn+~v+ ! (12)
n = 1NN 5 —En,
7 2n

where v a2 0.577216 is the Euler-Mascheroni constant and 0 < &,, < 1/(8n?); see [2].

Proposition 1. Let T = % and set T,, = n7, then

lim P(D™*(T,) < RIn(T,/7T) + Rzx) = exp(—exp(—x)),

T,,—o0
with
lim (E[D™**(T,)] — Rln (T, /7)) = Ry.

T, —o0
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Proof. We set F,(z) =P (D™**(T,) < RIn(T,,/7) + Rz) and use (10) to obtain

Fo(z) = (1 — exp (-W))n - <1 - %exp (-:;;))n.

By sending T;, to infinity, via n, the first part of the proof is concluded, while the

second part is imminent from Lemma 1 and (12). O

Remark 1. The preceding arguments were based on knowledge of the cumulative
distribution function (10) at discrete points in time T,, = n7, where n is a positive
integer. We now postulate that for any time T there exists a real number n = T'/7 such
that (10) holds. It follows that Lemma 1 extends to E [D™*(T)] = R(Y(T/T+1)+7),

where 1 is the digamma function defined as the logarithmic derivative of the gamma

d

function ¢(z) = 4 InT(z). Since asymptotically ¥(z) ~ In z— -

5., we therefore conclude

that Proposition 1 is valid for any time T > 0, with a corresponding positive real
number n = T/7. In particular, E [D"™%*(T)] ~ R (In(T/7) + ), for T large enough,

which we interestingly compare with (4).

3. Main result

In this section, we show that the maximum drawdown D(co) has the same law as

D™ (o0). Hence, from (2) it follows that we want to study the term

0.2

242

Since the argument tends to infinity, as T — oo, we start by considering G D(T)(h)

T—o0

for large values of h. In this case, the sequence {6, },>1, associated with the positive
solutions to the equation tané,, /0, = 0, is given by 6,, = nw. Consequently, when A is

large, G'p(ry(h) ~ L(h) and it is clear which branch of the function L, in (3), to use.

Lemma 2. Let h > 02/p and define n as the unique positive solution to the equation

phtanhn = o%n. Then

lim ( —ﬂh):o, lim 1= £

h—o0 o2 h—oo h o2

Proof. We note that when h approaches infinity, so does 7. Next, we find that

A S T T
g2t =n tanhn ) e —1’

from which the proof concludes. O
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Using the results above, it follows that
. _ph _
2sinhnpe™ o2 = (677 - e_") e o2 =1, ash— oo, (13)

o'n
o2 — 12h2 + pho?

—1, ash— oo, (14)

which leaves us with

o2n2T wlT

GD(T)(h) ~1—e 20 e 207, (15)

for h sufficiently large. The following is the main result of the paper:

Theorem 1. Let T = %, then

lim P (D(T) < RIn(T/7) + Rx) = exp(— exp(—z)),

T— 00
with

lim (E[D(T)] — RIn(T/7)) = Ry.

T—00

Proof. Let hr(x) = Rln (T/7)+ Rz and define nr(x) as the solution to the equation

tanhnr(z) 2R

@) b TR

Clearly, both hp(z) and nr(x) tend to infinity as T goes to infinity. According to (15),

the first part of the proof follows once we show that

2 2 2
o RE@\eT
qgi<ﬂ l@@» 5 —oxplma), weR

In order to tackle this problem, we start with the observation that

. L N InT _
Th—I};o (1 —tanhnr(z))InT = Th—IE(l;o 2R (T]T(J;) - hT(x)) @) 0

The result follows from Lemma 2 and the fact that InT/hr(z) — 1/R, as T — oo.
Next, note that

2 2 2 2
ptomp(e) opt p? 4
o h%(l’) = o (1 tanh nT(I)) - v 627]T($) _|-e—277T($) + 9’

where

T tanh ny (x)
eQnT(w) _ etanhnT(z)hT(m)/R — <€$> )
T
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Therefore, for T large, we find that

(uQ n%(z)) 02T 1

4 2 = ankh — =)
ot hi(z)) 2 z (gex)“n””(’”) + Ze~2m(@) 4 22
1—tanh ny(:
~ z anbonr () e ® tanh nr (x)
7,_ )
— e 7

)

since (1 — tanhnr(z))InT — 0, as T — oco. Because the random variables D(oc0)
and D™ (c0) are shown to be equal in law, the second part follows directly from

Proposition 1. O

Summing up, we have proved the weak convergence of

D(T) — Rln(T/7) o? o?
R ’ 2u?’ 24

to a standard Gumbel random variable as T' — co. It is now straightforward to identify

the constant C in (4), which appears in [9], with 2In2 + ~.

4. Rate of convergence

From a practical point of view, it is of interest to know the convergence rate of the

normalized stochastic processes

- D(n7) — Rlnn

Z(n7) = - , D™ (nT) — Rlnn.

R

Zm (nr) =

Since both terms converge weakly to a standard Gumbel random variable, as n — oo,

we know that

nll)ngo E[Z(nT)] = n11_>11010 E[Z™% (nT)] = 7, (16)
lim V[Z(n7)] = lim V[Z7(n7)] = = (17)

But which process converges faster, and what does infinity mean in real life; is it tens,
hundreds, thousands, or maybe millions of years? We are also interested in knowing

the convergence rate for the quantiles
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since this quantity is important for financial risk management via the concept of value-
at risk; see [5, 12] for additional details on risk measures based on the maximum
drawdown. Although the convergence rate associated with higher moments can also

be derived, we have decided to focus only on the variables above.

Proposition 2. Let 7 = then

227

E[Z™**(nT)] =y+¢(n+1) —1Inn,
V(Zme (n7)]) = % =MD (n+ 1),

Fmas (nry(P) = —In (n (1 - pl/"))7 p€[0,1],

where ¢(2) = L InT(z) is the digamma function and YV (2) = “Ly(2) the polygamma

function of order one.

Proof. For integer values of n, we make use of [11] as in the proof of Lemma 1. That
is, since D™**(n7)/R has the same law as > 7_; Z;/j, where {Z;};<, is a sequence
of independent and identically distributed standard exponential random variables, we

obtain

n

1 1 "1 1
E]E [Dmaw n'r ZZ—]CE ZZk ;EE Z EE[Z]]E[Zk]

j=1 k:l

Because E[Z;] =1 and E [Z?] = 2, for all k, and E [D™"(n7)/R] = H,, we get

n n n

maz 1 1 1
L RIS oS IF S ot
7 J,k=1 k=1
J#k
Similar to Remark 1, we then extend the results to real values of n. O

Z™* with the normalized maximum drawdown Z, we have

In order to compare
chosen, for efficiency reasons, to use a Monte Carlo simulation rather than to work
with the infinite series expansion in (2). The parameters (u, o) used in the simulation
are uniquely set so that R = 7 = 1; that is, u = 1 and o = v/2. For precision, we use 1
million paths with 10,000 points per year, over an interval spanning 100 years. Other
combinations of (u, o) are subsequently obtained through appropriate scaling.

Since we are initially interested in the convergence rates of the mean and the variance

of the normalized processes Z and Z™% we are looking for the exponents (ay,as) in
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Log-Log Error Mean Log-Log Error Variance
1
0500 F: 1 1
0.50 :
E o100k o
5 0.050f = 0.0 :
= © .05
005 001
1 5 10 50 10 5 10 50 100
time (T) time (T)

FI1GURE 1: This figure shows the magnitude of the differences between the mean and the
variance against their Gumbel limits. The result based on Z are plotted in magenta, while
those based on Z™* are plotted in blue. Note that time is measured in units of 7 and error

in units of R (R?) for the mean (variance).
the expressions
E [Z(n7)] —~| < Cin®, |V [Z(n7)] — T| < Con®2, (19)

and similarly for Z™%*. In Fig. 1, we plot the results in a log-log diagram, where
we highlight that (R,7) are the fundamental parameters, rather than (u,0). As
anticipated from proposition 2, we find that oy = as = —1 for Z™**. However, for
Z the convergence is slower, with «; approaching —1 and as =~ —0.7. We notice that
Z has lower variance than Z™*, which is further confirmed by plotting the quantiles,

see Fig. 2. However, this time we consider

Fpl ()= RFZ} () + RInn,  Fpluw (s (p) = REjua(n) (p) + Rlnn,  (20)

since these are the variables that ultimately matter. From Fig. 2, we see that the
left-side tails agree less well than the right-side tails, especially for short time horizons.
4.1. Application to financial risk management

We conclude with a short discussion on the implications for risk management. First,
as a reasonable approximation, we let the process X represent the logarithmic return

of an asset with price process S, so that

In (S()/S(0)) = X(t). (21)
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MDD Quantile Plot

4]
T

—-08
—0.8
et 0.7
= 0.6
=05

mMOD (R
o

B 04
_ EE]
B o2

— 0.1

[v] 20 40 G0 20 100

time (T)

FIGURE 2: This figure shows the inverse cumulative distribution function of D (magenta) and
D™*® (blue) for various confidence levels p as a function of time. Note that time is measured

in units of 7 and the output in units of R.

It then follows that the maximum relative drawdown (for S) equals

] supoy () — S(1)
U(T) & =
@) = D ey &)

=1—exp(-D(T)). (22)

Similar to the concept of Value-at-Risk, we now look at the risk variable

Q) (T) £ inf{y € [0,1] : P(¥(T) >y) <1—p}, pel0,1], (23)

for some confidence level p; typically around 0.90 or higher. It follows that

QF(T) =1 —exp (~Fplp (), Jim QF(T) =1, (24)

T—00

where we have used (18) and (20) when calculating the limit.

Example 1. Let p = 0.9 and consider an asset that is very similar to S&P500 with
u = 0.1 and o = 0.2. This gives us R = 0.2 and 7 = 2.0. We now consider the times
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Ty = 57 = 10 years and T» = 507 = 100 years. From Fig. 2 we obtain:

~ -1 ~
(0.9) ~ 3.70R,  Fpl (0.9) ~ 6.10R,

-1

FD(5%)
which yields Q¥¢(10) ~ 52.3% and Q¥(100) ~ 70.5%. By repeating the same
procedure for the term

max

QY (T) =1 — exp (fFB},W(T) (p)) —1- (1 _ pf/T)R’

pmar pmawz

we get Qp g (10) = 53.9% and Q9 (100) = 70.8%. Hence, by using D™** instead of
D, we obtain a conservative and accurate estimate of the maximum relative drawdown

risk.

Appendix A. Drawdown distribution

We show that the terminal drawdown D(oo) has first-order stochastic dominance
over any other drawdown D(¢), when the underlying process X (t) = ut + oW (t) has
positive parameters p, o > 0. Letting M(t) = sup,, X(s) it follows from the well-

known joint distribution

POXW) < o b <) = (T4 ) - onp (TE2) R -

that D(t) = M(t) — X (t) has the law

P(D(t) <z) = d (”3;:}:’5) _oe/Rg (W) .

We leave the proof to the reader, but note that D(cc)/R has the law of a standard ex-

ponential distribution. Hence, the constant R equals the expected long-term drawdown

E[D(0)]-

Proposition 3. The drawdown D(co) has first-order stochastic dominance over any

other drawdown D(t), t < oco.

Proof. Define H(z) =P (D(t) < z) —P(D(c0) < ) and evaluate

We need to show that H(x) > 0, for all z > 0, with strict inequality for some x. First,

note that H(0) = lim, ,o H(xz) = 0. Hence, it suffices to show that H'(0) > 0 and

that H has a unique local maximum point.
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By using the identity

() () ()

we express the derivative of H as

e = g (2o () -2 ()

We analyze the derivative over the interval [0, ut] using the auxiliary function

2R _
207 ) y) ,

where now y € [®(—uv/t/o), ®(0)]. Hence, the sign of h is determined by the sign of

1 _
h(y) = HI(Mt =+ U\/E@il(y)) _ Eefﬁ(utko.ﬁq) 1(y)) <

o) = ~ 0@ () — .
Since )
Lo 2RF@Ny) 2R

it is clear that k' is a strictly decreasing function with h/(®(—uv/t/o)) = 0 and
B (®(0)) = —1; thus negative over the chosen interval. Therefore, h is also strictly
decreasing and consequently so is h.

Returning to the original variables, we have shown that H' is strictly decreasing

over [0, ut]. Next, consider
H'(0) = — <¢>(—z) — P (—z)) R gﬁ > 0.
Since z < oo it follows from the estimate
o0 o0 1 o0
D(—2)=1—-P(2) = / 1-¢(u)du < / g - p(u)du = —;/ ¢ (u)du,

that H'(0) > 0. We also see that lim, ,oo H'(x) = 0. Now, two cases can occur:
either H'(ut) > 0 or H'(ut) < 0. We treat each case separately, but first we set
f@) = (z — pt)/(oV/1).

If H'(ut) > 0 it follows that there is no point z* < ut such that H'(z*) = 0 because
H' is strictly decreasing over [0, ut]. Therefore, there is a unique point z* > ut such

that H'(z*) = 0 because the function ¢o f is decreasing and the function ®o f increases

over [ut, o).
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If H'(ut) < 0 it follows that there is no point x* > ut such that H'(z*) = 0
because the function ¢o f is decreasing while the function ® o f increases over [ut, c0).
However, there is a unique point 2* € [0, ut] such that H'(2*) = 0 because H' is strictly

decreasing in this interval. O

Appendix B. Drawdown time

We consider the time since the last maximum of the process X (t) = ut + oW (t)
over the interval [0,T]. In particular, we evaluate the expectation as T — oo under
the assumption that p,o > 0. Following [10] we set

p= sup {T —t: M(t)=M(T)}, M(t)= sup X(s),
0<t<T 0<s<t
and notice that .

E[TT] = ; P(TT > t)dt.

It follows (through standard arguments) that

lim E[rr] = /OOO (1 ~ lim P(rp < t)) dt,

T— 00 T—o0

where

T—o00 g
according to [10]. We now set 7 = limr_, o E[rr] and refer to 7 as the long-term

average drawdown time, see [7] for further information in this vein.

Proposition 4. The long-term average drawdown time satisfies

0.2

T:ﬁ.

Proof. We start by a change of variables
4g? [

v ’U?’ —v —1}2 v v
) (e e)e() —?6(w)) do,

T =

and recall the well-known expressions

| ot = ST @+ 1),
0 i=1

= ame1 R T A

/0 v ¢(—v)dv—% ; v p(v)dv,
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which follow from iterated usage of the integration by parts formula, the identity

¢'(v) = —vé(v), and the symmetry of the Gaussian density. Straightforward calcula-

tions conclude the proof. O

Funding information

There are no funding bodies to thank relating to this creation of this article.

Competing interests

Both authors work at Hilbert Group, an investment manager. There were no com-

peting interests to declare which arose during the preparation or publication process

of this article.

(1]

[9]

References

Bacon, C. R. (2008). Practical Portfolio Performance Measurement and Attribution, Wiley,
New York.

Boas, R. P. Jr. AND WRENcH, J. W. Jr. (1971). Partial sums of the harmonic series. Am.
Math. Mon. 78, 864-870. https://doi:10.1080/00029890.1971.11992881

DoMINE, M. (1996). First passage time distribution of a Wiener process with drift concerning
two elastic barriers. J. Appl. Prob., 33, 164-175. https://doi.org/10.2307/3215274

GALAMBOS, J. (1978). The Asymptotic Theory of Extreme Order Statistics, Wiley, New York.

GOLDBERG, L. R. AND MaAHMOUD, O. (2017). Drawdown: from practise to theory and back
again. Math. Financ. Econ. 11, 275-297. https://doi.org/10.1007/s11579-016-0181-9

GUMBEL, E. J. (1958). Statistics of Extremes, Columbia University Press, New York.

LANDRIAULT, D., L1, B. AND ZHANG, H. (2015). On the frequency of drawdowns for Brownian

motion processes. J. Appl. Prob. 52, 191-208. https://doi.org/10.1239/jap/1429282615

LEADBETTER, M. R., LINDGREN, G. AND ROOTZEN, H. (1983). Extremes and Related Properties

of Random Sequences and Processes, Springer, New York.

MAGDON-IsMAIL, M., Ativa, A. F., PraTAP, A. AND ABU-MOSTAFA, Y. S. (2004).
On the maximum drawdown of a Brownian motion. J. Appl. Prob. 41, 147-161.
https://doi.org/10.1239/jap/1077134674



Limiting Distribution of Mazximum Drawdown for Brownian Motion with Drift 15

[10] MARTIN, R. J. AND KEARNEY, M. J. (2018). Time since maximum of Brownian motion and
asymmetric Lévy processes. J. Phys. A: Math. Theor. 51, 275001. https://doi.org/10.1088/1751-
8121/aac191

[11] RENYI, A. (1953). On the theory of order statistics. Acta Math. Hung. 4, 191-231.
https://doi.org/10.1007/BF02127580

[12] RosseLLO, D. AND Lo Cascio, S. (2021). A refined measure of conditional maximum drawdown.

Risk Manage. 23, 301-321. https://doi.org/10.1057/s41283-021-00081-8



