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Abstract

Abstract

The topic of this thesis is how to infer geometric information using sound data. Achieving
this requires solving several subproblems. First, signal processing of the recorded sound
is needed to compute measurements of primitive geometric relations. Secondly, robust
estimation is needed to go from primitive geometric measurements to more useful higher-
level information such as the locations of microphones and sound sources.

In the case of an uncontrolled sound source, one of the main ways of extracting geometric
information comes from computing the time between a sound arriving at each of two
microphones. This measurement is referred to as the Time-Difference-of-Arrival (TDOA)
and it defines a hyperboloid relative to the two microphones, on which the sound source
must lie. While classical correlation-based techniques exist for how to compute the TDOA
from two recordings, they typically struggle in reverberant environments where the two
signals are not just shifted noisy versions of each other. One of the results of this thesis
is showing that better time-delay estimation can be performed by using a learning-based
approach. The main issue with using a learning-based approach in this domain is a lack
of data. However, this thesis demonstrates that it is possible to solve this issue by utilizing
simulations of sound propagation to create synthetic data. This data can then be used
to train an energy-based model, which demonstrates improved performance on real data
compared to classical methods.

After computing primitive geometric relationships from the sensor data, the goal is to con-
vert them into more useful higher-level information such as the locations of microphones
and sound sources. The main problem here lies in that a fraction of the measurements are
outliers which means that robust estimation methods such as RANSAC (a hypothesis-and-
test framework) need to be used. Since the speed of hypothesis creation is key when using
RANSAC, this thesis shows how to construct new minimal solvers for several problems.
One example is that we show that sensor network self-calibration in the presence of a re-
verberant plane allows for minimal problems containing fewer microphones than in the
echo-free case.
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Popular Summary

Imagine an action you regularly perform. As an example, consider turning around to face
a friend who has called for your attention. In order to achieve this, you use the sound you
heard to know which direction to turn to. If you instead wanted to pick up an object, you
need to use a combination of your sense of sight and touch to first place your hand in the
approximately right position and then grab with the right amount of force. In general,
processing sensor data into useful information is key, regardless of the task at hand. While
many types of sensors exist, each with their respective advantages and disadvantages, the
primary focus of this thesis is how to use sound to gain information about our surroundings.
More precisely, we focus on finding the location of various sound sources, microphones or
walls, see Figure P.�.

How do we use sound recordings to infer where objects are? An illustrative example is
a thunder strike. You first see a flash of light, three seconds later you hear the sound of
thunder. Since the sound traveled for three seconds and the speed of sound is around ���
m/s, you can conclude that the distance to the strike is about one kilometer. Similarly,
if the same sound is picked up by two microphones, the sound will arrive at the closer
microphone first. In this way, we can process the recorded sound to obtain information on
the relative positions of microphones and sound sources.

After the signal processing is completed, we know simple geometric relationships such as
the distances between pairs of objects. These basic measurements can then be refined into
more high-level knowledge, such as the �D position of each object. This could for instance
be finding the position of a sound source using the sound recorded from a few microphones
of known position. A more complex and less well-known problem is self-calibration. Es-
sentially, even without prior knowledge of the position of sound sources and microphones,
we can simultaneously estimate all the locations using only the recorded sound.

These types of problems are challenging because they involve real-world data. If we consider
a robot arm automating a task in a factory, it can perform difficult tasks with a high degree of
efficiency. However, it can only operate in a very controlled environment. If the conditions
change, such as just moving the position of the robot arm slightly, it will completely stop
the robot arm from performing its task. For the problems described above, it is common
to not only have noisy measurements but also for some to be incorrect altogether. While
the problems are still solvable, they require methods with robustness; how to achieve this
is the subject of this thesis.
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Popular Summary

Time (samples)
5000

Figure P.�: (top left) A set of microphones with unknown positions. (top right) Using pairs of mi-
crophones, it is possible to measure the marked distance. (center left)Measuring is done
by finding the corresponding time-delay in the recorded sound of the two microphones.
(center right) This measurement reduces the possible positions of the sound source re-
lative to the microphones. Possible locations are shown as the blue curve and the two
microphones are the two bronze points. (bottom) Combining many of these measure-
ments allows for the simultaneous estimation of the position of both microphones and
speakers. Here the estimated microphones are marked as blue points and the red traject-
ory is the estimated path a speaker was moved along.
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Populärvetenskaplig Sammanfattning

Föreställ dig en handling som du ofta utför. Som exempel kan vi tänka oss att du vänder dig
mot en vän som har ropat på dig. För att veta åt vilket håll du ska vända dig använder du din
hörsel. Om du istället vill plocka upp ett föremål behöver du använda en kombination av
syn och känsel för att först placera handen ungefär rätt och sedan greppa med lagom kraft.
Den gemensamma nämnaren är att du behöver använda dina sinnen för att interagera med
din omvärld, det vill säga omvandla sensordata till användbar information. På samma sätt är
det värdefullt att utveckla algoritmer som kan tolka sensordata, eftersom det skulle förbättra
maskiners förmåga att interagera med omvärlden. Fokus för denna avhandling är hur ljud
kan användas för att ta reda på information om vår omgivning. Mer specifikt fokuserar vi
på att hitta positionerna för olika ljudkällor, mikrofoner eller väggar, se Figure P.�.

Hur går vi från ljud till att veta var saker befinner sig? Ett illustrativt exempel är ett blixt-
nedslag. Du ser först ett ljussken, och tre sekunder senare hör du åskan. Eftersom ljudet
har färdats i tre sekunder och ljudets hastighet är ungefär ��� m/s kan du dra slutsatsen
att avståndet till nedslaget är ungefär en kilometer. Om vi istället har två mikrofoner kan
vi på liknande sätt lista ut att mikrofonen som är närmast ljudkällan kommer höra ljudet
först. På detta sätt kan vi utföra signalbehandling för att gå från ljud till information om
var mikrofoner och ljudkällor befinner sig.

När signalbehandlingen är klar har vi mätningar, till exempel avståndet mellan par av ob-
jekt. Dessa enkla mätningar kan sedan användas för att dra mer användbara slutsatser, till
exempel den tredimensionella positionen för varje objekt. Beroende på vilken information
man har till att börja med blir det olika geometriproblem att lösa. En typ av problem är att vi
vet var våra mikrofoner är men vill identifiera positionen av en ljudkälla. Ett mer komplext
och mindre välkänt problem är självkalibrering. Det innebär att utan förhandskunskap om
var ljudkällor och mikrofoner befinner sig är det möjligt att skatta alla positioner samtidigt,
endast baserat på det inspelade ljudet.

Dessa geometriska problem är utmanande eftersom de involverar riktig data. Om vi till
exempel tänker oss en robotarm som automatiserar en uppgift i en fabrik, kan den utföra
komplexa uppgifter med hög effektivitet. Den fungerar dock bara i en kontrollerad miljö.
Om vi till exempel skulle flytta robotarmen en liten bit skulle den inte längre utföra sin
uppgift, den saknar robusthet med andra ord. För de problem som beskrivits ovan är det
vanligt att inte bara ha brusiga mätningar, utan även att vissa mätningar är direkt felaktiga.
Även om problemen fortfarande går att lösa kräver de metoder med robusthet, hur detta
kan uppnås är ämnet för denna avhandling.
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Populärvetenskaplig Sammanfattning

Time (samples)
5000

Figure P.�: (övre vänster) En samling av mikrofoner med okända positioner. (övre höger) Genom
att använda par av mikrofoner är det möjligt att mäta det markerade avståndet. (mit-
ten vänster) Detta görs genom att uppskatta tidsfördröjningen mellan att ljudet hörs i
respektive av de två mikrofonerna. (mitten höger) På grund av denna mätning kan vi
begränsa var ljudkällan kan befinna sig. Möjliga positioner för ljudkällan är markerat
med blått och de två mikrofonerna är de bronsfärgade punkterna. (nedre) Genom att
kombinera flera av dessa mätningar är det möjligt att samtidigt uppskatta positionerna
för mikrofonerna och ljudkällorna. I bilden är de uppskattade mikrofonpositionerna
markerade som blåa punkter och banan vi tror ljudkällan har rört sig längs är markerad
med rött.
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Background and Research Context





Chapter �

Introduction

Interpreting sensory data is a fundamental problem shared across biological and artificial
systems. Humans use information from multiple senses to perform everyday tasks such as
maintaining balance or locating objects. Similarly, improving the perception of artificial
systems is a key problem in expanding the domain in which these systems can operate,
which would increase their usefulness. While there are many sensory modalities and tasks
available, the main research question of this thesis is how to infer geometric information
using sound.

Localization is the task of finding the position of objects in some reference frame. While
vision has traditionally dominated research in spatial perception and scene understanding
[�–�], sound offers a complementary and often underexplored modality. Acoustic sens-
ing can provide information in situations where vision is unreliable, such as in darkness
or when objects are occluded. While sound is unlikely to replace vision for most tasks, a
combination of sensors can leverage the advantages of both modalities. A biological ex-
ample of this is how humans use sound to decide which direction to look. Unlike sensing
methods such as radar [�] or lidar [�], sound can be used passively, i.e. without emitting
signals, making it both energy-efficient and unobtrusive. These characteristics make sound
a relatively inexpensive and versatile source of spatial information, motivating the study of
how to extract geometric knowledge from acoustic data.

The initial challenge in acoustic localization lies in transforming the recorded signals into
primitive geometric relations between objects. One example of how this can be done is to
compare the arrival times of a sound at two microphones. Using the difference in arrival
times together with the speed of sound, we get a constraint on the relative positions of
the sound source and the two microphones. Other information can also be extracted,
depending on what prior knowledge is available.
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Chapter �. Introduction

The question of using low-level geometric relationships to reconstruct high-level spatial in-
formation gives rise to several classes of problems. One example is triangulation, where the
positions of sound sources are estimated using known positions of microphones. Another
example is self-calibration, where the positions of both sound sources and microphones are
estimated simultaneously. Self-calibration is particularly challenging because the geometry
must be inferred solely from the data, without prior spatial reference. An example of a
problem setup is shown in Figure �.�.

Figure �.�: The image shows an experiment setup and result for the problem of self-calibration. The
blue points mark estimated microphone locations and the red curve shows the estimated
path a speaker moved along while emitting sound.

A key difficulty in using the measurements is that they are imperfect. Not only in the
sense of noise, but measurements are also outliers some fraction of the time, i.e. entirely
incorrect. This is the case in real-world environments, where sound propagation is affected
by reverberation, noise, and sensor uncertainty. Because of this, the estimation techniques
used need to be robust to outliers, which makes the estimation problem significantly harder.

As explained above, robust localization is essential in order to interact with the physical
world and sound is one of multiple sensor modalities useful to that end. However, there are
also some applications where acoustic localization is particularly advantageous. Examples
of these applications are: active acoustics e.g. using speakers and microphones to affect the
acoustics of an auditorium [�], virtual perception [�], and active noise control (also known
as noise-cancelling) in a point or volume [�]. However, existing localization methods need
more robustness to function in a real-world setting. The aim of this thesis is therefore to
develop and improve methods for robust geometric inference from acoustic data, enabling
accurate localization and calibration.
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While the common thread among the papers in this thesis is that they can be used for
acoustic localization, individually they can also be applied to other areas. The most com-
mon such area is computer vision, which is exemplified by the fact that two of the papers
are framed as computer vision problems. The reason for the overlap with computer vision
is that both areas share challenges such as solving geometric problems using measurements
that are outlier-prone.

This thesis is made up of a collection of papers, preceded by an introductory part where
relevant background information is presented with the aim of being accessible to new PhD
students. The introductory part consists of the following chapters. In Chapter �, sound
and how it propagates are described. Chapter � contains an introduction to statistics, ro-
bustness, and a brief description of machine learning with a focus on energy-based models.
Using the background from previous chapters, Chapter � presents the geometric estim-
ation problems of interest. In Chapter �, the theory needed to create minimal solvers
is described. This is a key building block when performing robust estimation. Finally,
Chapter � describes each paper in its scientific context.
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Chapter �

Sound

�.� TheWave Equation

In this thesis, we infer information about the world from sound. Thus, a good starting
point is to gain some understanding of sound and how it propagates. While the underlying
physics is not directly the topic of the papers presented in this thesis, it is nevertheless
valuable background information to have. Also, sound propagation is a large subject, and
as such this is only a brief introduction discussing some aspects. See [��–��] for more
information.

Qualitatively, when a note is played, it creates a change in air pressure in one location.
This oscillation then travels through the air until it interacts with our eardrums, which is
interpreted as a sound. In order to make this description quantitative, we introduce the
pressure field p(x, t) : R3 × R → R, which is the pressure at a position x at time t. The
propagation of sound is then governed by the wave equation

∂2p

∂t2
= c2∇2p, (�.�)

where c is the speed of sound in the medium and

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
, (�.�)

is the Laplace operator. Further insight can be gained by seeing how the wave equation is
derived from the laws of mechanics. For the interested reader, included below is a derivation
of the wave equation in �D based on lecture �� of the Feynman Lectures on Physics [��].
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Chapter �. Sound

�.�.� Derivation of the Wave Equation

First, the problem can be broken down into the three following subproblems:

(I) A change in density will affect the pressure.

(II) The displacement of air will change its density.

(III) Pressure differences result in a net force which causes air motion.

Consider subproblem (I) first. The pressure is connected to the density by some function
f(ρ) and before we have perturbations in the pressure field we have some equilibrium
pressure p0 and density ρ0 such that p0 = f(ρ0). We split the pressure and density into
an equilibrium part and an excess part

p = p0 + pe, ρ = ρ0 + ρe. (�.�)

Assuming the changes in density and pressure are small, we can use a first-order approxim-
ation

p = p0 + pe = f(ρ0 + ρe) = f(ρ0) + ρe
df

dρ
∣∣∣ρ=ρ0

. (�.�)

By introducing the constant

κ =
df

dρ
∣∣∣ρ=ρ0

, (�.�)

the relation between excess pressure and density is

pe = κρe. (I)

In the case of subproblem (II) we have some displacement χ(x, t), monotonic in x, which
describes how the air that was initially at position x has moved at time t. In order to find
the change in density we study the change in volume of the air between x and x+∆x, see
Figure �.�a. Initially, this air had a volume

Vold = (x+∆x)− x = ∆x. (�.�)

After being displaced, the same air now occupies

Vnew = (x+∆x+ χ(x+∆x, t))− (x+ χ(x, t)) (�.�)
= ∆x+ χ(x+∆x, t)− χ(x, t). (�.�)
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�.�. The Wave Equation

x

x

x x+∆x

x+ χ(x, t) (x+∆x) + χ(x+∆x, t)

Vnew

Vold

(a)

x

P (x, t) P (x+∆x, t)

∆x

(b)

Figure �.�: (a) Sketch showing how a displacement field corresponds to a volume a slice of air oc-
cupies. (b) Sketch showing that the net force on a slice of air is proportional to the
derivative of the pressure function.

Since mass is conserved, we know the density ρ = ρ0 + ρe fulfills

ρ0∆x = ρ(∆x+ χ(x+∆x, t)− χ(x, t)). (�.�)

By dividing both sides by ∆x and taking the limit ∆x→ 0 we get

ρ0 = (ρ0 + ρe)

(
1 +

∂χ(x, t)

∂x

)
, (�.��)

which can be rewritten as

ρe

(
1 +

∂χ(x, t)

∂x

)
= −ρ0

∂χ(x, t)

∂x
. (�.��)

In the case of sound waves we assume that ∂χ(x,t)
∂x � 1, which is reasonable since the

pressure changes from sound are mu§ch smaller than the equilibrium pressure. This means
we can approximate

ρe = −ρ0
∂χ(x, t)

∂x
, (II)

which is how we will model air movement’s effect on density.

For subproblem (III), again consider a small section of air between x and x + ∆x, see
Figure �.�b. The net force on this air is

pe(x, t)− pe(x+∆x, t), (�.��)
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Chapter �. Sound

note that pressure and force in �D are equivalent. Combining the net force with Newton’s
second law of motion yields

pe(x, t)− pe(x+∆x, t) = ρ0∆x
∂2χ(x, t)

∂t2
. (�.��)

Again, consider the limiting case when ∆x→ 0

−∂pe(x, t)

∂x
= ρ0

∂2χ(x, t)

∂t2
. (III)

We can now combine the three relations found to get the wave equation. First, combining
(III) and (I) gives

−κ∂ρe(x, t)
∂x

= ρ0
∂2χ(x, t)

∂t2
. (�.��)

We can then further reduce this expression using (II)

κ
∂2χ(x, t)

∂x2
=

∂2χ(x, t)

∂t2
. (�.��)

This can then be turned into a relationship of pressure by differentiating both sides by x
and using (I) and (II) as

pe = −κρ0
∂χ(x, t)

∂x
, (�.��)

to get

κ
∂2pe(x, t)

∂x2
=

∂2pe(x, t)

∂t2
, (�.��)

which is the wave equation in �D. Since adding a constant to pe will not change whether it
solves the wave equation, we can add back the equilibrium pressure p0 to the excess pressure
pe. I will therefore hereafter write p and only refer to pressure and not specify if it is excess
pressure or not.

The general solution to the wave equation in �D was derived by Jean le Rond d’Alembert
[��]. The solution takes the form

p(x, t) = F (x− ct) +G(x+ ct), (�.��)

where F and G are arbitrary �D functions. The interpretation of this is that the solution
corresponds to a wave F traveling in the positive x-direction and a wave G traveling in the
negative x-direction, see Figure �.�a. Both waves have a speed of c since a unit change in
t results in translating the function in x by c. That this is a solution to the wave equation
can easily be shown by substitution.
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�.�. Propagation from Point Source

x

F(x ct0)
F(x ct1)

(a)

x

p1
p2
p1 + p2

(b)

Figure �.�: (a)Demonstration of howF (x−ct) can be interpreted as a wave traveling in the positive
x-direction. Plotted is the functionF (x−ct) = Ce(x−ct)2 sin(kx−kct), for the times
t1 > t0. (b) Since derivation is a linear operator, the principle of superposition states
that the linear combination of two solutions is also a solution (assuming all boundary
conditions hold).

�.� Propagation from Point Source

Another interesting problem to study is how sound propagates from a point source in R3.
We will model the point source as an oscillating boundary condition on a small sphere of
radius ε, which starts oscillating at a fixed time t0 = ε

c . The goal is then solving for the
p(x, t) outside this boundary. Consider the problem

c2∇2p =
∂2p

∂t2
, x ∈ Ω,

p(x, t) =
1

ε
sin
(
t− ε

c

)
, x ∈ ∂Ω, t ≥ t0,

p(x, t) = 0, x ∈ Ω, t < t0,

(�.��)

with the domain
Ω = {x ∈ R3 | ε < ||x||}. (�.��)

The boundary condition corresponding to the oscillation might look more convoluted than
necessary, but the reason for this will become apparent soon. Since the problem is symmet-
ric with respect to rotations we change to spherical coordinates, since the derivatives with
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Chapter �. Sound

respect to θ and φ can be ignored
c2

∂2

∂r2
(pr) =

∂2

∂t2
(pr), r > ε,

p(ε, t) =
1

ε
sin
(
t− ε

c

)
, t ≥ t0,

p(r, t) = 0, r > ε, t < t0.

(�.��)

Set f(r, t) = p(r, t)r to get
c2
∂2f

∂r2
=

∂2f

∂t2
, r > ε,

f(ε, t) = sin
(
t− ε

c

)
, t ≥ t0,

f(r, t) = 0, r > ε, t < t0,

(�.��)

which as we have seen before is the wave equation in �D. This problem can be solved using
separation of variables and the solution is given by d’Alembert’s formula [��].

f(r, t) = F (r − ct) +G(r + ct), (�.��)

where F,G : R→ R. We can find F and G by using the initial condition

f(r, t) = 0, r > ε, t < t0, (�.��)

which gives
F (a) +G(b) = 0, a > 0, b ∈ R, (�.��)

and thus {
F (a) = C, a > 0,

G(b) = −C, b ∈ R,
(�.��)

where C is a constant. All that is left is to solve for F (a) when a ≤ 0, by using the
boundary condition, we get

f(ε, t) = sin
(
t− ε

c

)
= F (ε− ct)− C, t ≥ t0, (�.��)

so
F (a) = sin

(
−a

c

)
+ C, a ≤ 0. (�.��)

Combining everything together we get our final solution

p(r, t) =


1

r
sin
(
ct− r

c

)
, ct− r ≥ 0, t ≥ t0, r > ε,

0 , else.
(�.��)
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�.�. Reverberations

Notice that the solution does not depend on ε. In particular, we can let ε get arbitrarily
close to �, in which case we have a point source which oscillates with an arbitrarily high
amplitude. It is also possible to do this derivation for the limit case, however, we would
then need to work with distributions instead of functions; see [��] for an example of this.
The solution is shown in Figure �.�.

One key takeaway from this derivation is that the amplitude of the wave decreases with
distance proportionally to 1

r . This is usually explained by using an energy conservation
argument on larger and larger spheres. Since the energy of a wave scales as the square of
the amplitude, and thus decreases proportionally to 1

r2
, this is known as the inverse-square

law [��, ��]. However, as shown, we could also arrive at this result from the wave equation.
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Figure �.�: (a) Pressure p(r, t0), shown as a function of distance to the point source. The fixed time
t0 is large enough for the wave to have propagated beyond r = 2 shown in the figure.
The amplitude decreases in proportion to 1

r . (b) Pressure p(x, y, z0, t0) shown in the
�D slice z0 = 0. Here t0 is a smaller value, so the wave has not propagated to the edge
of the image. Note that the color values shown are truncated since very large values are
found close to the origin.

�.� Reverberations

So far we have discussed how sound propagates in an open environment consisting solely
of air. However, when objects are present this will affect how the sound propagates. This
is called reverberation, and it is the reason why different acoustics are found in a stone
church compared to a small closet. Even though the same initial sound was produced in
both environments, the pressure field will be different because of the interaction with the
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Chapter �. Sound

walls. A spectacular example of this can be observed in the whispering gallery of St Paul’s
Cathedral in London, see Figure �.�a. Sound waves travel along the circular wall of the
dome allowing whispers originating close to the wall to be heard on the other side of the
dome [��].

(a) (b)

Figure �.�: (a) Painting of St Paul’s Cathedral. The whispering gallery beneath the dome is a notable
example of a reverberation effect. (b) Sketch of an environment consisting of a wall,
speaker, and microphone. Also shown are the two paths which the sound travels along.
This sketch corresponds to the setup used in Figure �.�.

An example of the same phenomenon is echoes. An echo is a repetition of the sound after a
short delay and typically occurs when walls or other surfaces are present in the environment.
The sound can then be reflected by the walls, creating multiple possible paths from the
speaker to the listener, see Figure �.�b. Since the two paths have different lengths, the
sound will arrive at the listener at two different times, creating an echo. By performing
measurements with and without a single wall in an anechoic (i.e. soundproof ) chamber, it
is possible to clearly separate the direct path from the echo, see Figure �.�.

We can also study reverberation theoretically. One way of doing this is to model the air
next to the wall as having zero displacement in the normal direction n of the wall, as

∂p

∂n
= 0. (�.��)

An example problem in �D is when there is a point source located at (1, 0, 0) and the
yz-plane is a wall, and solving the problem on the domain

Ω = {(x, y, z) ∈ R3 | x > 0}, (�.��)
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(a)

0 5 10 15
time (ms)

(b)

Figure �.�: (a) Recording setup in an anechoic chamber. The octagon closest to the camera is the
microphone and the black box on the opposite wall is the speaker. The whiteboard
on the left was present during one recording and then removed from the room for a
second recording without moving any other part of the setup. (b) Sound recording, i.e.
air pressure as a function of time, with the board present (black), without the board
present (blue). The difference between the recordings (bronze) is well described as a
shifted and scaled version of the recorded sound without the board.

is of interest. Here the problem can be solved by extending the domain and introducing an
additional point source at (−1, 0, 0) producing the same sound as the first source. Since
the problem is now symmetric with respect to the reflection in the yz-plane, we know that
the solution will also be symmetric. This means that the boundary condition ∂p

∂n = 0
in the yz-plane is fulfilled. The problem now becomes solving the wave equation for two
point sources. Since the equations are linear, we can simply add the solutions for each of
the point sources to get the solution, see Figure �.�b. The setup and solution are shown in
Figure �.�.

�.�.� Impulse Response

If we have a single reverberant plane causing the echo, viewing the received sound pr(t)
as a combination of the played sound ps(t) and a delayed and scaled version of the played
sound

pr(t) = a1ps(t−∆t1) + a2ps(t−∆t2), (�.��)

is a useful way to view what is happening. However, if we introduce a second reverberant
surface we now not only get another term corresponding to echoes from the new surface,
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Figure �.�: Example of wave propagation in the presence of a wall (y-axis). The sound source S
has emitted a pulse, shown in blue. (a) The wavefront of the pulse before it arrives at
the wall, it propagates radially. (b) Sketch shows the same pulse after hitting the wall.
The interaction with the wall results in a sound field which is equal to introducing a
mirrored sound source S′ and pretending that there is no wall.

we also get higher-order echoes where the sound interacts with multiple surfaces before
arriving at the microphone

pr(t) =
∑
i

aips(t−∆ti). (�.��)

In the general case, the number of paths could be uncountable, and so this summation is
typically described as a convolution instead

pr = h ∗ ps, (�.��)

where h is referred to as the room impulse response. Naturally, it depends on the environ-
ment as well as the position of the microphone and sound source.

�.� More Properties of Sound

Many of the sound phenomena we observe can be derived as consequences of the wave
equation, and thus the wave equation contains much of the information needed to under-
stand sound. It is nevertheless useful to look further at some of these phenomena to better
understand how sound propagates.
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�.�.� Propagation Speed

From our derivation earlier we saw that the propagation speed was related to how pressure
changes as a function of density

c =
√
κ =

√√√√df

dρ
∣∣∣ρ=ρ0

. (�.��)

Assuming this function f comes from the ideal gas law, the speed of sound then depends
on the temperature of the air as

c ∝
√
T . (�.��)

We can compare this to measurements of the speed of sound, see Figure �.�a. In reality,
the speed of sound depends on more factors, e.g. humidity, see [��] for a more detailed ex-
position of the subject. Later on in this thesis, the travel time of sound is used to measure
distance. This means that the uncertainty in the air temperature will give an uncertainty
in our distance measurements. Although this is a source of error, it should be noted that
sound, in conjunction with other sensors such as vision, could potentially be used to meas-
ure temperature.
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Figure �.�: (a) Speed of sound in dry air as a function of temperature, data from [��]. Although
the data looks quite close to a line, using a square-root model leads to a better fit of
the data. (b) Attenuation at �� °C for three levels of relative humidity, based on model
from [��]. From the plot we can conclude that lower frequencies travel further than
higher frequencies, which explains why the distant rumble of thunder sounds different
from thunder which originated close by.
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�.�.� Diffraction

While both sound and light are waves, we have to be careful about making the same as-
sumption when modeling them. For multiple applications such as ray tracing [��], light
is treated as a ray. This means if you put an object between you and a light source, you
no longer see any light. If you switch out the light source for a sound source the object
no longer stops you from hearing the sound source (even if it is a perfect sound absorber).
This is merely a consequence of the wave equation; however, the phenomenon is usually
referred to as diffraction. The reason we observe different behavior in sound and light is
that diffraction is wavelength-dependent and because light has a much shorter wavelength,
the effects of diffraction can in many cases be ignored. When dealing with high-frequency
sound this assumption can also be made, this area of study is called geometrical acoustics
[��].

�.�.� Attenuation

While the wave equation is a good model and captures many aspects of how sound propag-
ates, it is nevertheless just a model with assumptions and simplifications made in modeling.
This means not all aspects of real sound propagation are captured. One such example is
attenuation. If an experiment with a point source is performed, we would see that the
amplitude of the oscillations would decrease faster with distance than the theory predicts.
One reason for this is that we have not modeled attenuation, which is that some energy
gets lost due to the viscosity and heat dissipation in air [��]. This effect obviously depends
on many factors, one of which is the frequency of the sound. To get an understanding of
the size of this effect, see Figure �.�b.

��



Chapter �

Statistics and Machine Learning

�.� Estimation of Parameters

This chapter contains an introduction to statistics, since we are interested in performing
inference from data. For more complete source material, see [��, ��]. In the typical statist-
ical inference problem we have an unknown distribution D and data x sampled from that
distribution

x = (x1, . . . , xn), xi ∈ D. (�.�)

The goal is to infer some information about D from the data. One problem is that D
is unknown and could therefore in theory be almost anything, regardless of the observed
data x. This is known as the problem of induction [��]. Because of this, we typically make
some assumptions aboutD, and as such our conclusions will be based on those assumptions
being true.

As an example, consider the problem of inferring the mean, θ from the measurements

x ∈ Rn, xi ∈ N (θ, 1). (�.�)

The values we estimate, θ in this case, are typically referred to as parameters. One approach
to solve this problem is to use Bayesian inference. If we have a belief p(θ), known as a
prior, about the probability of different values of θ before getting our data, then based on
the data x we should update our belief using Bayes’ rule

P (θ|x) ∝ P (x|θ)P (θ), (�.�)

where P (x|θ) is the probability (or probability density) of our data x given θ. When
P (x|θ) is viewed as a function of θ it is referred to as the likelihood function. Thus, if
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we initially believe all values of θ are equally likely, then after observing the data we should
believe the most probable value of θ to be the value which maximizes the likelihoodP (x|θ).
This method is appropriately named maximum likelihood estimation (MLE).

In our example this would mean choosing our parameter to be

θ∗ = argmax
θ

∏
i

Pθ(xi) = argmax
θ

∏
i

1√
2π

e−(xi−θ)2 . (�.�)

Finding θ∗ is done by first using that the logarithm is monotonic, so that

argmax
θ

∏
i

1√
2π

e−(xi−θ)2 = argmax
θ

∑
i

ln
(

1√
2π

e−(xi−θ)2
)
, (�.�)

then the expression can be further reduced to

θ∗ = argmin
θ

∑
i

(xi − θ)2, (�.�)

which is known as the least squares method. Both maximum likelihood and least squares
are common terms. One way to view how they are connected is that the least squares
method is performing MLE in the case of a normal distribution as shown above.

In our example, solving the least squares problem is done by computing the mean of the
data. However, it is also possible to find a solution in the larger class of linear problems,
which is the class of problems that can be formulated as a matrix equation

argmin
θ

||Aθ − b||2, A ∈ Rm×n, θ ∈ Rn, b ∈ Rm, (�.�)

where A and b are the data and θ are the parameters. The solution can be found in closed
form, using Moore-Penrose inverse [��]. In the non-linear case, a closed-form solution
cannot generally be found, a common approach is to use local optimization instead.

�.� Local Optimization

Local optimization refers to a process with the goal of finding the value θ which optimizes a
given function L(θ) using local properties such as gradients. The best value of θ is referred
to as the global optimum. In the case of trying to find a minimum, the function we are
optimizing over is often referred to as a loss function. For example, consider the problem
from the previous section, where θ∗ is the global optimum of the loss function

L(θ) =
∑
i

(xi − θ)2. (�.�)
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One commonly used process, Gradient Descent, consists of starting at an arbitrary point
θ0. The point is then iteratively updated using

θi+1 = θi − γ∇L(θi), (�.�)

where γ is a small positive number, typically referred to as step size or learning rate. By
stepping in the direction of the negative gradient, the idea is to get progressively lower
values of L(θi), hopefully ending up close to θ∗. For small changes ∆θ

L(θ +∆θ) ≈ L(θ) + ∆θ∇L(θ), (�.��)

and thus the update results in θi+1 such that

L(θi+1) < L(θi), (�.��)

given a small enough step size γ.

One important property when discussing local optimization is if the loss function is convex.
A function L is convex if for any two points θ1, θ2 we know for all λ ∈ [0, 1], we know
λθ1 + (1− λ)θ2 exists and

λL(θ1) + (1− λ)L(θ2) ≥ L(λθ1 + (1− λ)θ2). (�.��)

Optimization on convex function is the topic of convex optimization, and it can in some
circumstances provide guarantees of convergence to the global optimum [��]. An example
of convex problems is the class of linear problems described above.

�.� Robust Estimation

In Robust estimation, the goal is to perform estimation even when the data distribution
contains some fraction of measurements that have large errors. Here, large error does not
mean normally distributed with a large standard deviation, rather, it should be thought of
as data points not having any connection to what it is measuring. These are referred to as
outliers. Instead of following the assumed noise distribution, outliers are drawn from some
unknown distribution. As an example, consider the problem of linear regression. We have
measurements (xi, yi) where

xi ∈ U(0, 1) and yi = kxi +m+ ε, ε ∈ N (0, σ2). (�.��)

An instance of this problem is shown in Figure �.�a. In Figure �.�b, ��% of the samples
have been replaced with outliers (outliers are actually yi ∈ U(0, 1) in this example, but
that is unknown). The goal here is to estimate the parameters θ = {k,m} of the model
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fθ(x) = kx + m. For the outlier-free case, this can be done using linear least squares.
However, using linear least squares in the case with outliers does not result in estimated
parameters close to the true parameters. The outliers have a large impact on the model
parameters. Repeating the experiment many times we can study how often the estimated
parameters are close to the underlying parameters, see Figure �.�a.
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Figure �.�: Estimation of parameters from line model using the least square method on: (a) data
free from outliers, (b) data containing ��% outliers.

�.�.� Robust Loss Function

Since we want our estimate to be close to the true parameters of the underlying distribution,
we have to make some change to the optimization problem. Currently, our loss function
looks like

L(θ) =
∑
i

l(fθ(xi)− yi), (�.��)

where l(x) = x2 and maps the residual into a loss and is called L� loss. One way of
mitigating the impact of outliers is to change l from L� loss described above to a different
function such as L� loss

l(x) = |x|, (�.��)

Huber loss [��]

lc(x) =

{
1
2x

2, |x| ≤ c,

c(|x| − 1
2c), |x| > c,

(�.��)

��



�.�. Robust Estimation

(a)

1.5 1.0 0.5 0.0 0.5 1.0 1.5
x

0.0

0.5

1.0

1.5

2.0

Lo
ss

L2
L1
Huber
Tuckey

(b)

Figure �.�: (a) Point cloud showing the resulting parameters when the line estimation experiment
was repeated 105 times, without outliers (blue), with outliers (bronze). The white cross
corresponds to the true underlying parameters. (b) Plot of different loss functions as a
function of residual.

or Tukey’s biweight loss [��]

lc(x) =

 c2

6

(
1−

(
1−

(
x
c

)2)3)
, |x| ≤ c,

c2

6 , |x| > c,
(�.��)

which is a smooth version of truncated L� loss. The different loss functions are plotted
in figure �.�b. The choice of loss function highlights a trade-off between convexity and
influence of outliers, ranging from L� loss where outliers have high impact, but the optim-
ization problem has good properties, to Tukey’s biweight loss where outliers have almost no
impact, but the problem is not convex. To be able to find the optimum on non-convex loss
functions, we want to use some other method than local optimization. Also, for many of
the problems discussed in the next chapter, the problem of interest is not a linear problem
and can often also be non-convex.

�.�.� Random Sample Consensus

A classical robust method for parameter estimation is random sample consensus (RANSAC),
introduced by Fischler and Bolles in ���� [��]. The idea is to use a subset of the data to
estimate the parameters. The estimated model can then be evaluated by how well it fits the
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rest of the dataset by computing the loss for some chosen robust loss function. Because
of this, RANSAC is referred to as a hypothesize-and-test framework. The most common
choice of loss function is counting how many points have a residual smaller than some
predefined tolerance.

This process is then repeated, choosing new subsets, and storing the model that best fits the
data. This model can optionally be improved by local optimization on a robust loss metric,
since the parameters are already close to the optimum, non-convexity is not an issue.

One idea behind selecting subsets is to increase the chance that a subset is outlier-free, in
which case a non-robust estimator will work. Consider a dataset of size m with an outlier
ratio or. If a subset of size n is chosen then the probability of the subset containing no
outliers is (

m(1−or)
n

)(
m
n

) ≈ (1− or)
n, m� n. (�.��)

The probability of a given subset being outlier free decreases exponentially with the size
of the subset. Hence, the subset is often chosen to be as small as possible in order to
reduce the number of iterations needed. Later on we will discuss minimal solvers, which
are a way of finding a finite set of parameter candidates, which makes them suitable to use
in conjunction with RANSAC. They are minimal because they require the usage of the
smallest possible subset. The size of this subset is often of interest, which is described for
some problems of interest in Chapter �. How to construct minimal solvers is the subject
of Chapter �.

We can now apply RANSAC to the linear regression example from earlier. First, an inlier
threshold is chosen, typically based on some prior knowledge of the noise distribution
on the inlier measurements. Two points are selected randomly, since that is the minimal
number of points needed to define a line, which is our model. The model is evaluated by
counting the number of points with a residual less than the inlier threshold. After iterating
the process some number of times the model with the most inlier points is chosen. The
process is shown in Figure �.�.

�.� Machine Learning

In recent years, machine learning as a field has attracted considerable attention. This is true
both in a research context, where the number of researchers active in the field has increased
considerably, but also in public awareness with multiple applications such as AlphaGo [��]
and Large Language Models [��–��]. While the field as a whole is too broad a topic to
discuss here, since machine learning techniques are used in the papers, a brief introduction
and discussions of some points of interest is warranted. The main focus of this section will
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Figure �.�: Example of using the RANSAC method to estimate a line robustly. (a) Two points
have been randomly selected defining a model (solid bronze line). After repeating this
process ��� times, keeping the line with the most points between the dashed lines, the
result is the model shown in (b).

be to introduce energy-based models since that is a topic less commonly covered in other
sources. For both a deeper and broader introduction of the field at large, see [��]. One
thing to note is that the field has up until this point largely been empirically driven, that is
to say, theoretical explanations of why current methods work are generally lacking.

�.�.� Supervised Learning

One of the most common ways of performing machine learning is supervised learning.
Using the same framework as previously in this chapter, the main difference with supervised
learning is that we split the data sampled from D into two pieces (x, y). The estimation
problem of interest is to find parameters θ of model fθ that approximates some aspect of
p(y|x) in particular. This is typically done by performing local optimization [��–��] on
the function

E(x,y)∼D[L(fθ(x), y)], (�.��)

where L is some function.

One of the main ways in which machine learning is different from classical statistics is the
number of parameters used in the estimation. This difference stems from the interpretation
of the bias-variance trade-off [��], which roughly says that as the complexity of the model
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class increases it will be able to fit the training data better and better while the generalization
will start to degrade after a certain point. Traditionally, the complexity of the model class
has been thought of as correlated to the number of parameters, and thus the reasonable
course of action was to limit the number of parameters used. More recent results challenges
this connection [��], and results regarding double descent [��], suggest that using more
parameters than are needed to exactly fit the data actually results in a model that generalizes
even better. This is referred to as the model being in the over-parametrized regime. Since
many parameter values fit the training data perfectly this suggests there is some bias in which
parameters are selected. It is unknown from where this bias stems from, but one hypothesis
is that solutions with better generalization properties take up an increasingly larger part of
the space of optimal parameters [��]. They hypothesize that this is a form of simplicity bias,
which is why we should expect the model to generalize well, at least according to Occam’s
razor [��].

Note in particular that we care about how well fθ performs on the underlying distribution
D, not on the specific dataset D we have. Since we have samples from D we can compute
an empirical estimate of the true objective function. However, we should be careful using
the same data for choosing θ and estimating the objective, since if we change θ based on
the data the empirical estimator is no longer valid.

In practice, we usually split the dataset into three parts: a training set Dtrain, a validation
set Dvalid and a test set Dtest. The training set is used for directly choosing θ and the
validation set is used for selecting hyperparameters, such as learning rate, which indirectly
affects which θ is chosen. The test set should then ideally only be used one time, when a
final choice of θ is made, to get an unbiased estimation of how well fθ will work on new
samples from D.

�.�.� Classification and Regression

Problems are often categorized based on which space y is an element in. If y ∈ Zn it is
called classification, and regression if y is from a continuous space, usually Rn. In classific-
ation problems, the model usually returns a probability distribution over the output space
fθ(x) ∈ P(Zn) together with Cross Entropy loss chosen as the loss function

L(p, y) = − ln p(y), p ∈ P(Zn) y ∈ Zn. (�.��)

Minimizing Cross Entropy loss corresponds to MLE. The typical example of a classification
problem is classifying images of cats and dogs.

For regression problem, the output of the model is usually a point fθ(x) ∈ Rn and a
common choice of loss function is Mean Squared Error loss

L(ŷ, y) = ||ŷ − y||2, ŷ, y ∈ Rn. (�.��)
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The prototypical example of a regression problem is linear regression as presented earlier.
Examples of both problem types are shown in Figure �.�.

x1

x2

(a)

x

y

(b)

Figure �.�: (a) Example of a classification problem. The aim is to predict the class (shown as color)
of a point based on its coordinates (x1, x2). (b) Example of a regression problem. The
aim is to predict y of a point given x. In this case, there is a lack of data in part of the
input domain and thus interpolation based on the rest of the data is required.

�.�.� Energy-Based Models

Consider the regression problem shown in Figure �.�. For a given input, the underlying
data distribution is not necessarily a single value or a unimodal distribution, but instead
follows a multimodal distribution. If we, as described above, use a model which only
outputs a single value it will not be able to describe the entire distribution.

If we naively apply the regression framework anyway, the model which minimizes regres-
sion loss will output the mean of the underlying distribution, which in the multimodal
case is unsatisfactory. Because of this, it is desirable if the model can output a probability
distribution over continuous spaces. This turns out to be an interesting problem, since it is
unclear what the best way is of mapping the model output, that is in Rm, to a probability
distribution.

For a start, if we change the output of the network to a probability distribution instead
of a point, we have to change the loss function. Similar to the discrete case, we want to
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Figure �.�: (a) Plot shows an example of dataset that goes from being unimodal (and Gaussian) on
the left to multimodal on the right. If the aim is to minimize the mean squared error
the best prediction is y = 0, regardless of the input x. However, in the multimodal case
we see that this is unsatisfactory, since no probability mass is close to the prediction. (b)
This shows the underlying probability distribution points (blue) on the right edge of the
other plot. The dashed black line shows the Gaussian distribution which maximizes the
likelihood, if both mean and standard deviation are parameters. If the goal is to predict
a distribution as similar as possible to the underlying distribution, there is clearly room
for improvement.

maximize the likelihood of the observed data

L(p, y) = − ln p(y). (�.��)

One of the simplest ways of getting a probability distribution as output is to map ŷ to
N (ŷ, 1). As it turns out, this is equivalent to performing standard regression, because of
the correspondence between least squares estimation and MLE with a normal distribution
mentioned earlier in the chapter. Naturally, this mapping does not allow us to represent
all probability distributions, and it in particular does not solve the problem of representing
multimodal distributions.

�.�.� Regression-via-Classification

Another approach is dividing up the output space into a finite number of bins, allowing
the problem to be recast as a classification problem where the output is a distribution over
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the bins. This approach is usually referred to as regression-via-classification (RvC). The
downside of this approach is that the size of the bins limits the resolution of the probability
distributions which is possible to represent. Furthermore, if the dimension of the output is
large, this method is unfeasible to use because the number of bins grows exponentially in
n, which is known as the curse of dimensionality [��]. However, if n is small, this solution
is attractive due to its simplicity.

�.�.� Energy-Based Models

Since we want to represent a distribution and our model is a function approximator anyway,
one idea is to have y in the input and the network outputting the probability density p(y)
which is a single number. This is convenient, since during training, the loss is computed
by finding the probability density at a single point, which is the answer y. The problem
with this approach becomes readily apparent if we consider the constraints p must satisfy
to be a probability distribution 

p(y) ≥ 0, ∀y ∈ Rn,∫
Rn

p(y)dy = 1.
(�.��)

That is to say, there is nothing constraining the model to represent a probability distribu-
tion. This can however be solved. First, to ensure the output is positive it can be mapped
through a function that has a range x ≥ 0. The exponential function is a common choice.
Enforcing the second constraint then amounts to multiplying with the right constant. To-
gether, this means that we go from model output fθ to probability density p through

p(ŷ) =
efθ(ŷ)

Z
,

Z =

∫
Rn

efθ(ŷ)dŷ.

(�.��)

When using this approach, the model is typically referred to as an Energy-based model
[��]. The name comes from the similarity to Gibbs distributions from statistical physics
[��].

The main problem with using energy-based models is computing the constant Z, since it
requires integrating over Rn. Even if computing Z is intractable there are still ways of op-
timizing the parameters of the model [��]. It is also worth noting that how classification is
usually done is an energy-based model on a discrete space. The difference is that computing
Z is easy on a discrete space.
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�.�.� Diffusion

An interesting solution to the problem of computing Z is to, instead of modeling the
probability density p(y), model ∇y log p(y), which is called the score function. This ap-
proach is referred to as score-matching or diffusion modeling [��, ��], and has gained a
lot of interest in recent years for generative modeling [��, ��]. These models work using
stochastic differential equation theory, which allows sampling to be made from p using the
approximated score function, see [��].

The advantage of modeling∇y log p(y) is that it is independent of Z

∇y log p(y) = ∇y log
eg(y)

Z
= ∇y(g(y)− log(Z)) = ∇yg(y). (�.��)

In other words, if a function is rescaled, its corresponding score function does not change.
What this means is that if we want to update our belief by adding probability mass to a
certain region, the score function outside that region does not change. Therefore, approx-
imating the score function is desirable.

The astute reader might have noticed that we started the discussion about modeling prob-
ability distributions with the need to enforce that probability mass is zero and in the end we
have a new constraint, the vector field being conservative, which is not enforced in practice
today, see [��] for more details about this topic.
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Localization

In this chapter, we first discuss what types of measurements are typically used for acoustic
localization and how they are typically found. We then move on to the different types of
geometric problems that arise, depending on what prior knowledge is available, and how
these problems are solved. For other sources describing this material generally, see [��, ��].

�.� Geometric Measurements from Sound

�.�.� Time-of-Arrival

The simplest environment we could consider consists of one speaker, one microphone, and
no other walls or objects for the sound field to interact with. If we can measure the time
between a sound being emitted by the speaker and the time of its arrival at the microphone,
we have a measurement of the distance between the speaker and microphone, given that
the speed of sound is known. This is known as a Time-of-Arrival (TOA) measurement.
Note that for these types of measurements, TOA can refer to either the measured time or
the corresponding distance depending on the context.

An example of this is measuring the distance to a lightning strike. When lightning strikes,
the light reaches us approximately instantly. There is then a delay until the thunder arrives.
Using the fact that the speed of sound is approximately ��� m/s we know that the lightning
struck one kilometer further away for every three seconds of delay, see Figure �.�.
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(a) (b)

Figure �.�: (a) Example of a speaker and a microphone with the distance measured by the TOA
marked. (b) By using the time between when this image was taken and the time the
thunder arrived, it is possible to measure the distance to the Eiffel Tower.

�.�.� Time-difference-of-Arrival

One problem withTOA measurements is that they require knowledge of when a sound was
emitted, which is not always available. In this case, instead of using only one microphone,
we now use two microphones. A sound is emitted at some unknown time, and if we can
detect when the sound arrives at each of the microphones, we can compute how much closer
the speaker is to one microphone than to the other, see Figure �.�a. Similar to before, we
are computing a time delay, however, here it is the difference between two arrival times and
the measurement is therefore called a Time-Difference-of-Arrival (TDOA) measurement.

As can be seen in Figure �.�b, if the speaker is far away relative to the distance between
the microphones, then TDOA corresponds to measuring the direction in which the sound
arrives. This measurement is sometimes referred to as a Direction-of-Arrival (DOA) meas-
urement instead.

�.�.� Other Sources of Information

There are various other ways of extracting information from sound measurements. For
instance, the Doppler shift gives information about velocity, or we could use relative amp-
litude as a way of measuring distance [��]. There is also semantic information available,
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Figure �.�: (a) Two microphones and a speaker shown together with the distance measured by the
TDOA. (b) The blue curve consists of points which are

√
2 closer to (�,�) than to (-

�,�). The dashed lines show that as the speaker moves far away relative to the distance
between the microphones, the TDOA corresponds to which direction the sound arrives
from.

such as what type of animal is emitting the sound or emotion behind a tone of voice. While
these sources of information are interesting, they are outside the scope of this thesis.

�.�.� Time Delay Estimation

In the TDOA setup, we have two microphones and thus two sound recordings. We want
to find the optimal delay between them. What we mean by this qualitatively is illustrated
in Figure �.�. To do this, we must first define what being optimal means. Let us say the
speaker emits a sound ỹ(t) : R→ R, then the idealized sound field at the i-th microphone
position is x̃i(t) = ỹ(t−cdi), where di is the distance between the speaker and microphone
i, and c is the speed of sound. For this idealized case, what we mean by optimal delay is
the delay ∆∗ ∈ R that minimizes

∆∗ = argmin
∆

||x1(t)− x2(t−∆)||2, (�.�)

which is the estimate that maximizes the likelihood of the data assuming white noise, since
both signals are shifted versions of each other. This also corresponds to maximizing the
correlation between the signals.

��



Chapter �. Localization

(a) (b) (c)

Figure �.�: Qualitative example of sound signals and delays are shown in the plots. (a) Simulated
sound pulse, the time delay is easy to estimate by eye. (b) Simulated sine wave, multiple
time delays fit the data well, and thus the TDOA can not be determined. (c) Two
recordings of a chirp sound. The delay is not easily estimated by eye, however, it is still
possible to estimate using a method such as GCC-PHAT.

When measuring the real sound field, we sample the sound field at some sampling rate fs.
That means the recording is a vector xi ∈ Rn, not a function, such that

x
(k)
i = x̃i

(
k

fs

)
+ ε, ε ∈ N (0, σ2). (�.�)

The microphone also is not a point but has some size, which means that we are measuring
some average of the pressure field.

In practice, we use a method known as Generalized Cross-Correlation with Phase Trans-
form (GCC-PHAT), introduced by Knapp and Carter [��], which estimates ∆ at the
sample level. The method is summarized in Algorithm �. GCC-PHAT performs a sim-
ilar task to finding the best ∆ but with some adjustments.

An example of a difference is that instead of shifting the signal, the signal is circularly shifted
meaning the end of the signal is looped back to the start. This is a consequence of using
the Fourier transform. Since the true signal in general is not periodic this is a downside.
However, performing the computations in the Fourier domain allows us to speed up the
algorithm from a time complexity of O(n2) to O(n log(n)), which is the time complexity
of computing the Fast Fourier Transform [��]. Since the shift is usually a small fraction of
the length of the signal, the circular shift has a relatively small impact on the result.

In the case where the sound emitted by the speaker is available, GCC-PHAT can also
be used to acquire TOA measurements by using the sound of the speaker along with the
recording from one microphone as input.
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Algorithm �: GCC-PHAT
Input: x1, x2 ∈ Rn

X1 ← F(x1), where F denotes the discreate Fourier transform.
X2 ← F(x2)
c← X1�X̄2

|X1||X2| , where | · | is the element wise norm.
s← F−1(c)
Output: s, use argmax s as circular shift between x1 and x2.

�.� Geometric Problem Formulations

Here follows a description of common geometric estimation problems. Since TOA and
TDOA measurements can also be measured by other sensor types, e.g. WiFi signal strength
[��] or Radio [��], the problems described in this section are applicable to more than sound.
Because of this, I use the words sender and receiver instead of sound source and microphone
in this section.

Except for the measurement type, there are also variants of all of these problems. This de-
pends on factors such as the dimension of the problem (usually �D or �D), or if something
is far enough away that a far-field assumption can be made. Unless otherwise stated, assume
that the problem is in �D and that all sound sources and microphones are at comparable
distances from each other. However, many of the other variants share similarities with these
problems. I have chosen to write d̂ to denote the measurement of d. This is relevant when
reformulating equations, since constraints involving d hold exactly true, which is not true
for d̂.

�.�.� Trilateration

When performing trilateration, the goal is to find the position s of a single sender using
TOA measurements d̂ to a set of receivers with known positions r. We can formulate the
optimization problem for this as

argmin
s

∑
i

l(||s− ri|| − d̂i), (�.�)

where l is some robust loss function. To figure out the minimal number of receivers needed
to define a finite number of possible candidates for s, we can study the number of degrees
of freedom of the problem. In this case, there are three unknown coordinates in s. Because
each receiver gives one constraint, we need at least three receivers to have more constraints
than degrees of freedom. Finding s from the measurements is often visualized as finding the
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intersection of three spheres. How to solve this algebraic for the �D case is also provided as
an example in the next chapter. For the non-minimal case, the problem can be reformulated
into an eigenvalue problem [��].

�.�.� Multilateration

Multilateration is similar to trilateration except that, instead of having TOA measurements
to the set of receivers, we have TDOA measurements ẑ between pairs of receivers. The
optimization problem is formulated as

argmin
s

∑
i,j

l(||s− ri|| − ||s− rj || − ẑij). (�.�)

One important aspect to consider is that not all measurements are independent in this case,
since for three receivers ri, rj , rk we have the constraint

zij + zjk + zki = 0. (�.�)

This means that each additional receiver beyond the first adds only one new constraint, and
because of this the minimal case for multilateration is four receivers and using a set of three
measurements such that all receivers are represented, e.g. {ẑ12, ẑ13, ẑ14}.

Instead of solving multilateration from this set of equations, multilateration is often solved
in two stages. First, note that the vector d, with di = ||s− ri||, fulfills

di − dj = zij , ∀i, j. (�.�)

However, d is not uniquely defined from z, since any vector q with

qi = di + o, o ∈ R, (�.�)

also satisfies
qi − qj = zij , ∀i, j. (�.�)

As for terminology, we refer to z as the TDOA-matrix and q as the TDOA-vector. We
know q fulfills the constraints

||s− ri||+ o = qi, ∀i, (�.�)

which we refer to as the offset formulation, since it looks like the trilateration problem ex-
cept for the added unknown o. One way of performing multilateration is therefore solving
for q from z, and as a second step solve for s and o from q. Both steps typically need to be
solved using robust estimation.
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It should be noted that breaking down a robust estimation problem into multiple steps
is in many cases a significant advantage, referred to as stratification in Paper II. This is
because solving subproblems is typically faster and more numerically stable, but also because
after solving one subproblem, it provides outlier filtering so that the input to the next
subproblem contains fewer outliers. Using multilateration as an example, if z contains a
certain ratio of outliers, then the estimated q contains a lower ratio of outliers.

When solving for q from z, any translation of q creates an equally valid solution to the
problem. More generally expressed, there exists a family of transformations which trans-
form solutions into new equally valid solutions. This is referred to as gauge freedom. It is
important to be aware that there are multiple correct solutions, one example of why is that
it affects how we compare the similarity of two solutions. Additional constraints are often
added to remove the gauge freedom.

�.�.� Self-Calibration

Self-calibration, sometimes referred to as sensor network self-calibration or structure from
sound, refers to the process of finding both the unknown sender positions s and receiver
positions r at the same time. In the case of using TOA measurements we naturally call this
TOA self-calibration and the problem is formulated as

argmin
s,r

∑
i,j

l(||si − rj || − d̂ij), (�.��)

whereas if we have TDOA measurements the problem is called TDOA self-calibration and
is formulated as

argmin
s,r

∑
i,j,k

l(||si − rj || − ||si − rk|| − ẑijk). (�.��)

Since the problem only depends on the distances between our unknowns ||si − rj ||, the
gauge freedom is any transformation which preserves relative distances. This is the set of
Euclidean transformations, i.e. translations, rotations, and reflections

s̃ = R(s∗ + t), r̃ = R(r∗ + t), t ∈ R3, R ∈ O(3), (�.��)

since

||s̃i − r̃j || = ||R(s∗i + t)−R(r∗j + t)|| = ||s∗i − r∗j ||. (�.��)

The fact that solutions can differ by a Euclidean transformation is also common when
performing structure from motion in computer vision and is often described by saying
that the choice of coordinate system is arbitrary, see Figure �.�a. Finding this Euclidean
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transformation is often of interest when performing map merging, i.e. combining solutions
from different self-calibration or structure from motion problems, such as in Paper V.

Hereafter, the main focus will be TDOA self-calibration, which is what we refer to when
writing only self-calibration. Similar to the multilateration case, the offset reformulation is
often used. Using the same logic, we obtain one unknown offset oi for each sender si. The
resulting equations used to solve for s, r and o are

||si − rj ||+ oi = qij , ∀i, j. (�.��)

Figuring out what the minimal case is for self-calibration is more complicated than the
previously discussed cases and was described in [��]. Each sender introduces four unknown
variables, three in si and one in oi, while each receiver adds three unknowns. Each pair
of sender and receiver adds one constraint. The gauge freedom of the problem also has to
be factored in, which means that there effectively are additional constraints equal to the
number of degrees of freedom in a Euclidean transformation, which is six. Thus, for the
problem to be solvable there needs to be more constraints than unknowns, which means
that if we have n senders and m receivers

nm+ 6 ≥ 4n− 3m. (�.��)

It is easy to check that n > 3 and m > 4. After this we can enumerate the minimal cases
to be

(m,n) = {(5, 9), (6, 6), (7, 5), (10, 4)}, (�.��)
which is also visualized in Figure �.�b.

While there is enough information that the problems are solvable, current methods are
unable to solve these minimal cases. However, it is possible to solve for the offsets first, as
presented in [��]. Using their method, it is possible to solve the cases

(m,n) = {(6, 8), (7, 6), (9, 5)}. (�.��)

The first two cases are solved using tools from algebraic geometry, which were improved
upon by [��], while the (m,n) = (9, 5) case can be solved using linear methods. How
to solve this is shown in the next section for the interested reader. After solving for the
first set of offsets, it is possible to use that solution to expand to more senders, receivers,
and offsets, as shown in [��]. Expanding the solution is also what allows us to evaluate
the solution in order to make robust estimation possible. What the best way of expanding
versus evaluating the solution is currently relatively open problems.

�.�.� Offset Solver

Included below is how to solve for offsets in the (m,n) = (9, 5), as described in [��]. I
have included this to give an understanding of what these types of handcrafted solvers look
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Figure �.�: (a) The plot shows two sets of nodes such that f(pi) = p̄i, where f is a Euclidean
transformation. If all constraints of a problem depend on distances between nodes, then
both sets of nodes are equally valid solutions. This is an example of a gauge freedom.
(b) Visualization showing how many senders and receivers are needed to make self-
calibration possible. The plotted curve corresponds to when there are equally many
constraints and unknowns. The problem is therefore solvable on or above the curve.
The black points mark the minimal cases.

like. To solve for offsets using linear methods, we start with our original equations squared

||ri − sj ||2 = (qij − oj)
2, ri, sj ∈ R3, i ∈ 1 . . .m, j ∈ 1 . . . n. (�.��)

Pick one value for j (here we choose j = 1) and form

||ri−sj ||2−||ri−s1||2 = (qij−oj)2−(qi1−o1)2, i ∈ 1 . . .m, j ∈ 2 . . . n. (�.��)

Expanding both sides gives

sTj sj − sT1 s1 − 2rTi (sj − s1) = q2ij − q2i1 − 2qijoj + 2qi1o1 + o2j − o21, (�.��)

and rearranging the terms gives

sTj sj − sT1 s1 − 2rTi (sj − s1)− o2j + o21 = q2ij − q2i1 − 2qijoj + 2qi1o1. (�.��)

The equations can be gathered into a matrix equation where the element on row a and
column b correspond to the equation with i = a and j = b+ 1 above. The left-hand side
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can then be factored into AB with

A =

1 −2rT1
...

...
1 −2rTm

 , (�.��)

and

B =

[
sT2 s2 − o22 − sT1 s1 + o21 . . . sTnsn − o2n − sT1 s1 + o21

s2 − s1 . . . sn − s1

]
. (�.��)

The rank of AB is at most � since A has size m× 4 and B has size 4× (n− 1). Assuming
B has full rank, for any vector w1 in the range of A, there exists a vector w2 ∈ Rn−1 such
that

ABw2 = w1. (�.��)

In particular, there exists a w ∈ Rn−1 such that

ABw = 1m, (�.��)

where 1m is a column matrix of length m with every element equal to one.

Coming back to the right-hand side of the matrix equation, it can also be factorized into a
product of two matrices CD with

C =
[
Q�2 −Q�2

1 1Tn−1 −2Q 2Q1

]
, (�.��)

where

Q =


q12 q13 . . . q1n
q22 q23 . . . q2n
...

...
. . .

...
qm2 qm3 . . . qmn

 , Q1 =


q11
q21
...

qm1

 , (�.��)

and [ · ]�2 denotes squaring element-wise, and

D =



1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1
o2 0 . . . 0
0 o3 . . . 0
...

...
. . .

...
0 0 . . . on
o1 o1 . . . o1


. (�.��)
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We now have C, which contains no unknowns, and we know

1m = ABw = CDw. (�.��)

By introducing the variable
u = Dw, (�.��)

we can solve for u in 1m = Cu, since the size of C is m× (2n− 1), which in the (9, 5)
case is a 9× 9 matrix. The offsets can then be extracted from u as

o1 =
u9∑4
i=1 ui

, (�.��)

and
oj =

uj+3

uj−1
, (�.��)

using u = Dw.
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Minimal Solvers

Consider a simple problem of finding x satisfying

x2 + ax+ b = 0. (�.�)

This can be solved by rearranging the terms and arriving at the following closed-form ex-
pression

x = −a

2
±
√

a2

4
− b. (�.�)

Now, regardless of the values of the coefficients a and b, we can quickly find the roots
using the formula we have precomputed. As it turns out, something similar is also possible
for systems of polynomial equations. This precomputed template for solving a system of
polynomial equations is referred to as a minimal solver. The strength of these methods is
that they give us a fast way to compute solutions to non-convex problems, without having
to rely on a good initial guess. By combining minimal solvers and RANSAC, we can create
a method which is very robust to outliers.

�.�.� Companion Matrix

At first glance, one should be skeptical of the existence of minimal solvers. This is because of
Abel’s impossibility theorem which states that no closed-form formula can exist for finding
the roots of a general quintic polynomial [��]. Instead, we need to look for something
other than a closed-form solution. To start with, consider finding the roots of a univariate
polynomial

p(x) = xn+1 + anx
n + · · ·+ a1x+ a0. (�.�)
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We form the equation system

x


xn

xn−1

xn−2

...
1

 =


−an −an−1 . . . −a1 −a0
1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0




xn

xn−1

xn−2

...
1

 , (�.�)

where the equality of the first row comes from p, and the rest are trivial equalities. The
matrix

Cp =


−an −an−1 . . . −a1 −a0
1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

 , (�.�)

is called the companion matrix (depending on the source, the companion matrix might be
defined with possible permutations of rows and columns and also possibly transposed) [��].
The characteristic polynomial of Cp is p which means that the eigenvalues of Cp coincide
with the roots of p.

Good numerical methods exist for computing eigenvalues of a matrix, e.g. the QR al-
gorithm which was introduced in [��, ��] and its more recent variants that incorporates
shifts [��]. This gives us a good way of computing roots of a univariate polynomial of de-
gree five or higher. Notice that this does not contradict Abel’s impossibility theorem, since
the QR algorithm is an iterative method for approximating eigenvalues, not a closed form
solution. In fact, the correspondence between eigenvalues and roots means no closed form
solution can exist for finding eigenvalues either.

Constructing a matrix such that its eigenvalues contain the solution of interest turns out
to generalize to the multivariate case. The reason we could construct the companion mat-
rix was because xn+1 could be written as a combination of lower-degree terms using the
polynomial p. If a system of polynomial equations can be encoded into a matrix equation
of the form

αXb = AXb, (�.�)

where α is a polynomial, A is a matrix of coefficients, andXb is a monomial vector (defined
below), then we could again find the possible values of α by finding the eigenvalues of A.
By choosing α to be one of our variables, this method would give us the solutions for that
variable. This method is called the action matrix method. To find α and A from a system
of polynomial equations, we will need some theory from algebraic geometry.
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�.� Algebraic Geometry Terminology

In this section we will briefly introduce some concepts from algebraic geometry based on
Cox et al. [��]. This material specifically is also presented in the following sources [��, ��].

Given a finite set of variables X = {x1, x2, . . . , xn}, we can define the following terms.

Definition �.�. A monomial w is a finite product of variables

w =
∏
i

xdii , (�.�)

where di ∈ N denotes the degree of xi.

Definition �.�. A polynomial p is a linear combination of monomials over a field K.

p =
∑
i

ciwi, (�.�)

where wi is a monomial and ci ∈ K is called a coefficient.

We write K[X] to denote the ring of all polynomials with coefficients in K and variables
in X . The field K is typically chosen to either be C or Zp, where p is prime.

For a set of polynomials f = {f1, f2, ...fm} we make the following definitions:

Definition �.�. The Ideal I generated by f , denoted 〈f〉, is

I = 〈f〉 =

{
m∑
i=1

hifi

∣∣∣ hi ∈ K[X]

}
. (�.�)

Definition �.�. The (affine) variety V (f) is

V (f) =

{
x ∈ Kn

∣∣∣ fi(x) = 0, ∀fi ∈ f

}
. (�.��)

In other words, the roots of a system of polynomial equations correspond to an affine
variety. Examples of varieties are shown in Figure �.�. In the case when the variety consists
of a finite number of points, it is called zero-dimensional.

In the multivariate case, it is not obvious when a monomial is larger than another. We agree
that x2 is larger than x, but is x2 larger than xy? Because of this, a monomial ordering is
introduced to fix this ambiguity.
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Figure �.�: (a)The plot shows the varieties corresponding to f1 = x2+y2−
√
2 (blue), f2 = x−y

(bronze), and their intersection (black). (b) The plot shows the varieties corresponding
f1 = y + 1 (blue) and f2 = x2 − 4y (bronze). While the intersection looks empty
from the plot, remember that the field is C, not R as shown in the plot. This means
that the intersection is {(x, y) ∈ C2| y = −1, x = ±2i}.

Definition �.�. Amonomial ordering< is a binary relation between monomials satisfying

�. < is a total ordering of the monomials.

�. If f, g, h are monomials, then f < g ⇒ fh < gh.

�. It is a well-ordering of the monomials, i.e. every non-empty set of monomials con-
tains a smallest monomial under <.

Multiple monomial orderings are regularly used, two examples are lexicographical ordering
and graded lex ordering. In both of these orderings we first fix an ordering among the
variables, such as z < y < x or x3 < x2 < x1. In lexicographical ordering, the degree
of the largest variables is first compared and ties are then broken by comparing smaller and
smaller variables. Using graded lex ordering, the total degree (i.e. sum of the degrees of the
variables) of the monomial is first compared, lexicographical ordering is then used to break
ties. An example of how some monomials are ordered is

Lexicographical y < y3 < x < xy < x2, (�.��)

Graded Lex y < x < xy < x2 < y3. (�.��)
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Figure �.�: The point (a,b) corresponds to the monomial xayb. The arrow from monomial m
points to the smallest monomial that is larger than m under monomial ordering: (a)
Lexicographical, (b) Graded Lex.

The two orderings are illustrated in Figure �.�.

Definition �.�. Given a monomial ordering< and a non-zero polynomial f , define LT(f)
to be the leading term of the polynomial, which is the term in f containing the greatest
monomial under <. The leading term consists of a coefficient and a monomial which we
refer to as the leading coefficient LC(f) and leading monomial LM(f).

This means LT(f) depends on what monomial ordering is used, e.g.

LT(2x+ 3y2 + 4) = 2x, (�.��)

using lexicographical ordering, but

LT(2x+ 3y2 + 4) = 3y2, (�.��)

using graded lex ordering. By using a monomial ordering, we also have a partial ordering
on K[X] by defining

f < g ⇐⇒ LM(f) < LM(g), f, g ∈ K[X]. (�.��)

For the rest of this thesis, whenever we talk about reduction, we will assume that we have
decided on which monomial ordering to use.
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�.� Building Solvers

�.�.� Division Algorithm, Gröbner Basis, and Quotient Rings

Given a set of polynomials f1, . . . , fm ∈ K[X], we want to be able to rewrite a polynomial
f ∈ K[X] as a smaller polynomial using the equations fi = 0. It is therefore natural to
study the set of polynomials which can be reached by using combinations of our known
equations {

f + q1f1 + · · ·+ qmfm

∣∣∣ q1, . . . , qm ∈ K[X]

}
. (�.��)

This set is called an equivalence class and is denoted [f ]. If we look at the set of all equival-
ence classes we get a quotient ring. In particular, if f, g ∈ [f ], then

f(x) = g(x), ∀x ∈ V (〈f1, . . . fm〉). (�.��)

Definition �.�. Given a ring K[X] and an ideal I , the quotient ring K[X]/I is the ring
with elements consisting of the equivalence classes induced by

a ∼ b ⇐⇒ a− b ∈ I, (�.��)

such that [ · ] is a ring homomorphism, i.e. satisfying

a⊕ b = c⇒ [a]⊕ [b] = [c], ∀a, b ∈ K[X], (�.��)
a⊗ b = d⇒ [a]⊗ [b] = [d], ∀a, b ∈ K[X], (�.��)

[1]⊗ [a] = [a], ∀a ∈ K[X]. (�.��)

Example �.�. Consider the ring Z and the ideal of integers divisible by �

I3 = {3n | n ∈ Z}. (�.��)

The quotient ring Z/I3 then consists of three equivalence classes, {[0], [1], [2]}.

To understand a given quotient ring K[X]/I we want to answer two questions about it:

�. What equivalence classes are there?

�. How to find the equivalence class of a given polynomial?

To answer these questions we need to talk about what a Gröbner basis is.

Definition �.�. Given an ideal I , a set {g1, . . . , gk} 6= {0} is aGröbner basis if and only if
for any f ∈ I there exists an i such that LT(f) is divisible by LT(gi) and 〈g1, . . . , gk〉 = I .
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Definition �.��. Given a Gröbner basis {g1, . . . , gk} 6= {0}, the standard monomials are
the monomials which are not divisible by any LT(gi).

Given an ideal I , we can find a Gröbner basis, e.g. using Buchberger’s algorithm [��, ��].
One reason we care about having a Gröbner basis is that we can combine it with the division
algorithm, see Algorithm �.

Proposition �. Given a Gröbner basisG, any polynomial f ∈ K[X] has a unique reduction
which is a linear combination of standard monomials. This unique reduction can be found
as the remainder by using the division algorithm with G.

Algorithm �: Division Algorithm
Input: f, f1, . . . fm ∈ K[X]
Output: r, q1, . . . qm ∈ K[X]

� r, q1, . . . qm ← 0
� while f 6= 0 do
� i← 1
� progress← False
� while i ≤ m AND progress = False do
� if LT(fi) divides LT(f) then
� qi ← qi +

LT(f)
LT(fi)

� f ← f − LT(f)
LT(fi)

� progress← True

�� else
�� i← i+ 1

�� if progress = False then
�� r ← r + LT(f)
�� f ← f − LT(f)

We can use this to answer both of our questions. First, the equivalence classes of K[X]
form a vector space Kd, where d is the number of standard monomials. The standard
monomials form a linear basis of this space. Secondly, we can find the equivalence class of
a given polynomial by reducing it using the division algorithm.

We now have all the pieces needed to use the action matrix method, given that there are a
finite number of standard monomials. Select Xb to be a vector consisting of the standard
monomials, then regardless of the choice of α we can reduce every monomial in αXb into
a linear combination of standard monomials. Hence, we can form the equation

αXb = AXb, (�.��)
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and solve for the value of α by computing the eigenvalues of A. The maximum number
of solutions is the number of standard monomials. One way of solving for the values of all
the variables is to choose α as the monomial consisting of a single variable, then repeating
this method for each variable. We can then test all combinations of variable values to find
all the solutions. Usually, there are easier ways of finding the rest of the variables such as
using back-substitution into an earlier equation or finding the eigenvectors of A.

�.�.� Trilateration Example

We will now show how to use the action matrix method to solve trilateration in �D. The
position of the sender we want to find is (x, y), and the given information is the position
of two receivers located at (x1, y1) = (3, 2) and (x2, y2) = (−5, 0), along with their
respective distances from the sender d1 = 5 and d2 = 13. This gives us the equation
system {√

(x− 3)2 + (y − 2)2 = 5,√
(x+ 5)2 + (y − 0)2 = 13.

(�.��)

To start with, we have to turn this into a polynomial equation system for our method to
work. We solve this by squaring both sides, while noting that this might introduce spurious
solutions. We also rearrange the terms such that we have zero as the right-hand side{

(x− 3)2 + (y − 2)2 − 52 = 0,

(x+ 5)2 + y2 − 132 = 0.
(�.��)

Using Buchberger’s algorithm with graded lex ordering, we find a Gröbner basis for the
ideal generated by the polynomials

G = {4x+ y − 33, 17y2 − 106y + 105}. (�.��)

The set of leading monomials in our Gröbner basis is {x, y2}, which means that the stand-
ard monomials are {1, y}, see Figure �.�a. Hence, we know we have at most two solutions.
Choosing y as the action polynomial, we then need to reduce the polynomials inαXb using
the division algorithm with the Gröbner basis

y

[
y
1

]
=

[
106
17

−105
17

1 0

] [
y
1

]
. (�.��)

Finally, we solve for y by computing the eigenvalues of A. For each solution to y we then
back-substitute into an earlier equation, e.g. 4x + y − 33 = 0. The candidate solutions
are then filtered by verifying that they solve all of our original equations. This gives us the
solutions

(x, y) ∈

{
(7, 5),

(
135

17
,
21

17

)}
. (�.��)
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The solutions are also shown in Figure �.�b.
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Figure �.�: (a) The point at (α, β) should be interpreted as the set of polynomials with xαyβ as the
leading monomial. The Gröbner basis {4x+ y − 33, 17y2 − 106y + 105} is marked
as the two bronze points. Any polynomial corresponding to a non-black point can be
reduced using the Gröbner basis into one of the black points, which are the standard
monomials. (b)The figure shows the variety corresponding to the first (blue) and second
(bronze) equation. The variety corresponding to the equation system consists of the
two points {S1, S2}, which are the possible positions of the sender. Also marked in the
figure are the known positions of the receivers {R1, R2}.

�.�.� Elimination Template

As described in Chapter �, a typical setting where solving polynomial equation systems is
relevant is in a hypothesize-and-test framework such as RANSAC. In this case, we want to
solve many instances of the same system of polynomial equations. These instances are all
made up of the same monomials terms but possibly with different coefficients. It is pos-
sible to solve each of the problem instances separately using the method from the previous
section. However, since there is a common structure among the problem instances, the
solution can be found quicker by using something called an elimination template.

To understand the idea behind an elimination template, consider our previous solution
approach. The main problem was to reduce αXb to a linear combination of Xb using our
given equations fi. We did this by first finding a Gröbner basis and then using it and the
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division algorithm to find hi ∈ K[X] such that,

αXb −
∑
i

ciXbi =
∑
i

higi, (�.��)

where ci ∈ K. Each of our Gröbner basis elements is a combination of our original equa-
tions

gi =
∑
j

qijfj , (�.��)

where qij ∈ K[X]. Using this, we can rewrite the reduction to be in terms of the original
equations

αXb −
∑
i

ciXbi =
∑
i

hi(
∑
j

qijfj , ) =
∑
j

wjfj , (�.��)

with
wj =

∑
i

hiqij . (�.��)

The idea behind an elimination template is that we first study an example problem instance
and compute hi for it. We then use that for almost all problem instances only the coeffi-
cients of hi will change, i.e. they will be made up of the same monomials (see the end of
this section for a discussion of this assumption). If we know the monomials in hi and want
to find the coefficients for a new problem instance we set up the matrix equation CX = 0
where X contains all the monomials present in hifi for some i, and the matrix C, called
the elimination template, contains the coefficients such that each row of CX corresponds
to one monomial in wi multiplied by fi. Since we are free to choose the permutation of
our monomials we choose to order them as

X =

Xe

Xr

Xb

 , (�.��)

where Xb is again the standard monomials, Xr are the monomials we want to reduce, i.e.
αXb, except the monomials already present in Xb, and Xe are the rest of the monomials
present in wifi, for some i. Correspondingly, we now have

C =
[
Ce Cr Cb

]
, (�.��)

which is made up of the coefficients from our equations fi. By performing Gaussian elim-
ination on C we can reduce it such that the bottom rows of it become[

0 I −A
]
, (�.��)

where A corresponds to the action value matrix for this problem instance [��]. The key
advantage of using this method to find A is that performing the Gaussian elimination is
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faster than the method described in the previous section. The size of C will affect how fast
a solution can be found and the numerical stability of the solver, and there exist methods
to sometimes, such as when the solutions are symmetric, reduce the size of C, see [��–��].

As for our assumption thatwi will almost always contain the exact same monomials for dif-
ferent problem instances, this will be the case as long as in all the steps, i.e. when computing
a Gröbner basis and reducing αXb, the same terms cancel for both problem instances. If
the original equations have coefficients in C, one can show that this condition is almost
always true. This is because two terms canceling is the same thing as the coefficients being
a root of some polynomial. This almost never happens in the sense that the set of roots to
a non-zero polynomial has lower dimension than the number of variables. In practice, we
always have some finite precision when representing numbers, so there is some probabil-
ity that our assumption is not satisfied. However, since we are using this method inside a
RANSAC framework this is not much of a problem, since it can be mitigated by running
more iterations.

�.�.� Saturation

For some problems, we know ahead of time that only some solutions are of interest. Often
this occurs as a consequence of how the modeling of the problem is done. In this situation,
we would like to remove unwanted solutions from the variety. By reducing the number
of solutions, we typically get a solver that is both faster and more numerically stable. For
some problems, the variety might not be zero-dimensional initially, so removing solutions
is necessary before the method described in this chapter can be applied, see Figure �.�.
Removing solutions where the polynomial g is zero can be done using Rabinowitsch trick
[��] and considering the larger ideal

J = 〈f1, . . . , fm, 1− gy〉, (�.��)

where we introduce y as a new variable in addition to the original variables x1, . . . , xn. To
see that this works, we check what points are in the corresponding variety V (J). Consider
the three cases:

• If f(x) 6= 0 then x 6∈ V (J)
• If f(x) = 0 and g = 0, then x 6∈ V (J) since 1− g(x)y = 1− 0y 6= 0
• If f(x) = 0 and g(x) 6= 0, choosing y = 1

g(x) ensures that 1 − g(x)y = 0, so
x ∈ V (J)

This means that the projection

{x | ∃y, (x, y) ∈ V (J)} = V (〈f1, . . . , fm〉) \ V (〈g〉), (�.��)

contains the solution set we want. Since y is an auxiliary variable, we would prefer not to
have to solve for it along with x. There are ways of achieving this, see [��, ��].
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x

y

Figure �.�: The variety corresponding to the ideal generated by f1 = (x−1)(x+1)(x2+y2−9)
and f2 = (y−1)(y+1)(x2+y2−9). To find the four discrete points, the techniques
described in this chapter cannot be applied since the variety is not zero-dimensional.
The solution is to first remove the points along the circle (x2+y2−9) using saturation.

�.�.� Automatic Solver Generation

While one can perform the computation required by the above method by hand, there
exists good software for working with polynomial ideals. Two examples of such software
are Macaulay� [��] and the Python package SymPy [��]. There also exist tools [��, ��],
known as automatic solver generators, to allow the user to specify a set of equations and
more directly get a solver from these. In this thesis, [��] has mainly been used which uses
MATLAB [��] and Macaulay�.

��



Chapter �

Summary and Contributions

I SONNET: Enhancing Time Delay Estimation by Leveraging Simulated
Audio
E. Tegler, M. Oskarsson and K. Åström
International Conference on Pattern Recognition (ICPR), ����.
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Scientific contribution: The problem considered in this paper is the signal processing
task of time delay estimation. While there exist classical methods for reverberation-free
environment with Gaussian noise, these methods typically struggle in real-world scenarios
when their theoretical assumptions are invalid. Furthermore, it is unclear how to extend
classical methods to improve performance in environments with reverberation. One pos-
sible reason for this is that classical methods consider all possible signals, while only a small
subset are naturally occurring signals. This is one of multiple reason why learning-based
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systems could outperform classical methods at time delay estimation. The contribution of
this paper consists of demonstrating this, as well as giving access to the proposed system.
Since learning-based systems need data, the other contribution of the paper is showing that
this problem can be solved by using simulated data. This approach is also a more gener-
ally applicable to some problems where we can generate new problem instances but lack
solution methods.

Author’s contribution: For this paper ET came up with the idea, performed the experi-
ments and did the majority of the writing. MO and KÅ provided support by supervising
and helping with writing.

II Sensor Node Calibration in Presence of a Dominant Reflective Plane
E. Tegler, M. Larsson, M. Oskarsson and K. Åström
European Signal Processing Conference (EUSIPCO), ����.
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Scientific contribution: While reverberation increases the difficulty of the signal pro-
cessing task, it may also increase the information content in the recorded signal. This paper
studies this in the simplest form of a reverberant environment: a single plane. The sound
produced by a speaker can then be described as having two paths to each microphone: a
line-of-sight path and a reflected path. Given the TDOA measurements between all pairs
of paths (to different microphones), the paper shows that a stratified approach can be used
in order to solve for: offsets, distances from reflective plane, projections in the reflective
plane. One key advantage of using this method is that the required number of microphones
and sound events decreases to (�,�) from (�,�), which is required in the non-reverberant
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case. Since the polynomial system is smaller, the solver also runs faster and exhibits better
numerical stability. Because the approach is stratified, it can also solve the problem of self-
calibration given TOA measurements for all paths, by skipping the initial offset estimation.
In the TOA case, the improvement lies in decreasing the required number of microphones
and sound events to (�,�) from (�,�). The proposed method also estimates the position of
the plane with respect to the microphones. This is of interest because it allows geometric
estimation of the environment.

Author’s contribution: The original idea was developed by KÅ and MO. The experiments
and writing were done jointly by all the authors.

III TheMulti-view Geometry of Parallel Cylinders
E. Tegler, J. Engman, D. Gillsjö, G. Flood, V. Larsson, M. Oskarsson and K.
Åström
Scandinavian Conference on Image Analysis (SCIA), ����.

Scientific contribution: In vision the basic component used for geometric estimation is
usually a keypoint, i.e. a salient point in an image. One problem with using keypoints is
that they are typically hard to match between images when the change in viewing direction
is large. One approach to address this problem is to use semantic information instead, so
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rather than using the coordinates of a keypoint one uses information such as what types of
objects one can see. The main idea is that we might be able to identify the semantic class of
an object from most directions. Another advantage of semantic positioning is that we can
select features to be more stable over time. This paper aims to combine the advantages of
both paradigms. Instead of relying on keypoints, we study larger primitives: cylinders. This
means that we get more geometric information than pure semantic positioning, allowing
for more accurate position estimation. The paper also demonstrates localization under very
large viewpoint changes. The paper specifically contributes solutions to the minimal prob-
lem of simultaneously solving for the structure (the position and the size of the cylinders)
and the camera poses in the case of parallel cylinders. This paper is also connected to au-
dio localization. Imagine multiple microphone arrays calibrated to register the same sound
pressure as the same amplitude. For each sound played, both an amplitude and a direction
can be registered for each microphone array. By associating the width of a circle with the
amplitude of sound, we get the same geometric problem as presented in the paper. So the
minimal solvers developed in the paper is directly applicable to this sound application.

Author’s contribution: The main ideas for the paper were developed by ET and KÅ, based
on previous work of MO. Implementation and experiments was primarily performed by
JE and ET and MO. The writing of the paper was done jointly by all the authors.
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IV Detection and Localization of Drones and UAVs Using Sound andVision
E. Tegler, M. Modig, P. Skarin, K. Åström, M. Oskarsson and G. Flood
Computer Vision and Pattern RecognitionWorkshops (CVPRW), ����.
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Scientific contribution: This paper should be viewed as an application paper, where the
contribution lies in demonstrating possibilities and limitations of current techniques. The
problem studied is detecting and estimating the location of drones using an ad-hoc micro-
phone array. As an application, the localization of drones has gained significant attention
in recent years. While it is possible to find drones using many types of sensors, and each
sensor has its own set of advantages, using passive sensors offers low detectability and in
general low power consumption. In this paper we demonstrate that it is possible to detect
drones using sound at a distance of several hundred meters, even under windy conditions.
This is accomplished by computing TDOA measurements between pairs of microphones
combined with grid searching to estimate the best angle of incidence under the assumption
of a planar wave. A further contribution also lies in the collection and public release of
relevant data for the this application.
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Author’s contribution: The data collection was done in collaboration by all the authors.
ET did the majority of work with data analysis and results. The paper was written by all
the authors.

V Minimal Solvers for Point Cloud Matching with Statistical Deformations
G. Flood, E. Tegler, D. Gillsjö, A. Heyden and K. Åström
International Conference on Pattern Recognition (ICPR), ����.

Scientific contribution: While most of this thesis deals with how to create accurate �D
maps from sensor data, this paper instead deals with a post-processing step of map creation.
The paper builds on the observation that the same �D point is sometimes represented
multiple times. This can happen in two ways. The first way is that the same real-world
point has multiple representations within a single map. This is commonly referred to as
the loop closure problem, since it often occurs when the camera return to a location it
has previously recorded. In this case, the accuracy of the map can be improved if the
information that certain points corresponds to the same location is incorporated. The
second way is when there exist multiple maps of the same environment, hence it is natural
that some points are represented in multiple maps. In this case, the matched points provide
an opportunity to merge the maps into one large map. A problem in both cases is that by
adding the constraints that some points should end up in the same location, the residuals
minimized during map creation will increase. The paper solves this problem by searching
in directions which will increase the residuals as little as possible. These directions are found
by computing the eigenvectors corresponding to the smallest eigenvalues of the Hessian of
the optimization problem. The paper develops methods to do this search efficiently.
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Author’s contribution: ET did the work with developing and writing the section about
merging duplicated points within a point cloud. GF took a leading role in both writing
and research. The idea to use minimal solvers to refine matches came from KÅ, based on
discussion with the other coauthors.

VI TheLuViRADataset: SynchronizedVision, Radio, and Audio Sensors for
Indoor Localization
I. Yaman, G. Tian, M. Larsson, P. Persson, M. Sandra, A. Dürr, E. Tegler, N.
Challa, H. Garde, F. Tufvesson, K. Åström, O. Edfors, S. Malkowsky, L. Liu
International Conference on Robotics and Automation (ICRA), ����.

Scientific contribution: As this is a dataset paper the main contribution is the collec-
tion and publication of data. In particular this dataset simultaneously collects data from
multiple sensor modalities: vision, radio and audio. The idea behind the simultaneous col-
lection was both to allow for comparison between different positioning methods, but also
to provide a dataset enabling sensor fusion between the different modalities.

Author’s contribution: The main work was done by IY, this also includes organizing the
collaboration between the large number of coauthors. The parts of the experiment which
dealt with audio was done by ML with support from ET, and KÅ. ET did the main body
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of work with post-processing of the audio, such as: time synching, mapping into common
coordinate system and organizing the data.
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