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Abstract

Structural optimization aims to find the geometry of the best performing design in a
predefined setting, using mathematical techniques. The motivation for this study can
be categorized into three main benefits: efficient material usage, enhancing existing
designs and enabling new technologies. All of these benefits are crucial for solving
contemporary technological and environmental challenges.

An important topic of mechanical analysis is contact mechanics, which has been con-
sidered scarcely in structural optimization. Previous works have mainly considered
linear elastic structures, often in contact with rigid supports, which limits the applic-
ability to practical examples. The research herein investigates new structural optim-
ization methodologies that combine state-of-the-art contact models with established
optimization frameworks to develop methods capable of handling non-smooth con-
tact interactions between deformable bodies. For this purpose, two contact models are
investigated: the mortar method and the third medium contact method.

This thesis presents the underlying theory of frictionless contact, starting from the con-
tinuum formulation where both the mortar and third medium contact formulations
are described as optimization problems. Numerical aspects of the contact modeling
are discussed, after which the structural optimization framework is described. The
proposed research methods are then presented in five appended papers.

Papers A and E explore the third medium contact model. In paper A the model is used
to design metamaterials that can utilize internal contact using inverse homogenization
and both shape and topology optimization. Paper E develops a new regularization
method based on a rotation measure in the third medium that improves the efficacy
of the model. In paper B, the mortar method is used to design axisymmetric struc-
tures for energy absorption using spline-based shape optimization. A “contact aware”
shape optimization technique is developed in paper C which provides additional ro-
bustness to the optimization. This method is extended in paper D where the “contact
aware” shape optimization is combined with topology optimization to provide addi-
tional design freedom.
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Popular Scientific Summary

Efficient material usage is essential in manufacturing processes for maximizing profit
and minimizing environmental impact. Given a set of desired attributes in a design,
structural optimization finds the geometry that maximizes these attributes. Typically,
desired attributes are strong and durable structures of minimal weight, but other phys-
ical properties are possible.

This thesis develops new structural optimization methods for the design of structures
that are strongly influenced by contact interactions. Contact is important in many
areas of engineering such as manufacturing processes, lubrication, brakes, sealing struc-
tures and crashworthiness, to name a few. Accurate contact models that can be har-
nessed in engineering design is therefore crucial for improving existing designs and
developing new technologies. Unfortunately, the mathematical treatment of contact
mechanics is difficult. When two bodies come in contact and deform due to external
loading it is hard to determine the shape and size of the contact zone over which they
interact. Since the advent of numerical techniques, the field of contact mechanics
has solved increasingly complex problems. In spite of contact algorithms becoming
more sophisticated, many difficulties of contact mechanics still pose a challenge for
structural optimization methods. This is because structural optimization is based on
numerical simulations, so the difficulty of the numerical treatment of contact mech-
anics is inherited. Because of this, past research in structural optimization has to a
large extent been focused on small deformations and contact with rigid bodies. Large
deformation contact problems have begun to attract interest, although research in this
area remains limited.

This thesis develops methods that combine state of the art gradient based structural
optimization with modern algorithms in contact mechanics to enable new possibilities
for designing structures in frictionless contact that can experience large deformations.
Two main methods for contact modeling are explored. The first, called the mortar
method, is a widely used method that models contact in an average sense, which is
useful because the numerical treatment of contact involves faceted geometries as a res-
ult of the discrete nature of computer modeling. The second, called the third medium
contact method, utilizes a fictitious medium between contacting bodies to transfer
contact forces. This method has the advantage of treating the contact constraints im-
plicitly so that the cumbersome work of relating discrete contact surfaces to each other
isavoided. Both methods are combined with prominent structural optimization meth-
ods and showcased for several applications.



Populirvetenskaplig sammanfattning

Effektiv materialanvindning dr avgorande i tillverkningsprocesser for att maximera
vinst och minimera miljdpaverkan. Givet en uppsittning 6nskade egenskaper i en kon-
struktion finner strukturoptimering den geometri som maximerar dessa egenskaper.
Typiske sett utgdrs de onskade egenskaperna av starka och héllfasta strukturer med
minimal vikt, men dven andra fysikaliska egenskaper dr mojliga.

Denna avhandling utvecklar nya metoder f6r strukturoptimering vid utformning av
konstruktioner som ir starkt paverkade av kontaktinteraktioner. Kontakt spelar en
viktig roll inom manga omriden av ingenjdrsvetenskapen, sisom tillverkningspro-
cesser, smorjning, bromsar, titningsstrukturer och krocksikerhet, for att nimna na-
gra. Noggranna kontaktmodeller som kan utnyttjas i berdkningsbaserad konstruktion
ir dirfor avgorande for att forbitera befintliga konstruktioner och utveckla ny teknik.
Dessvirre dr den matematiska behandlingen av kontaktmekanik komplicerad. Nar tva
kroppar kommer i kontakt och deformeras pd grund av yttre belastning ar det svart att
bestimma formen och storleken pi den kontaktzon Gver vilken de interagerar. Sedan
numeriska metoder introducerades har omradet kontaktmekanik kunnat hantera all-
tmer komplexa problem. Trots att kontaktalgoritmer har blivit mer sofistikerade ut-
gdr manga av kontaktmekanikens svirigheter fortfarande en utmaning for strukeurop-
timeringsmetoder. Detta beror pd att strukturoptimering baseras pd numeriska sim-
uleringar, och svarigheterna i den numeriska behandlingen av kontaktmekanik ddrmed
overfors. Pa grund av detta har tidigare forskning inom strukturoptimering till stor del
fokuserat pa sma deformationer och kontakt med stela kroppar. Kontaktproblem med
stora deformationer har under senare ir uppmirksammats men omradet ir fortfarande
relativt outforskat.

Denna avhandling utvecklar metoder som kombinerar den senaste gradientbaserade
strukturoptimeringen med moderna algoritmer inom kontaktmekanik, for att moj-
liggora nya tillvigagangssitt for att utforma strukeurer i friktionsfri kontakt som kan
genomgg stora deformationer. Tva huvudsakliga metoder f6r kontaktmodellering un-
dersoks. Den forsta, kallad mortar metoden, ir en allmint anvind metod som mod-
ellerar kontakt i en genomsnittlig bemirkelse, vilket dr anvindbart eftersom den nu-
meriska behandlingen av kontakt behandlar fasetterade geometrier till foljd av den
diskreta naturen hos datorbaserad modellering. Den andra, kallad third medium-
metoden, anvinder ett fiktive medium mellan kropparna i kontake for att verfora
kontaktkrafter. Denna metod har fordelen att kontaktvillkoren behandlas implicit,
vilket gér att det besvirliga arbetet med att koppla samman diskreta kontakeytor kan
undvikas. Bida metoderna kombineras med framstiende strukturoptimeringsmetoder
och demonstreras for flera olika tillimpningar.
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Chapter 1

Introduction

Structural optimization is the subject of using mathematical optimization to design
structures that carry load. The idea is to find the best, or a better, performing structure
with respect to a desired measure denoted objective under a predefined set of restrictions
denoted constraints. To measure the performance, a model for the physical behavior
is required, and, a relation between this model and the design geometry has to be

established.

The physical behavior is commonly modeled using partial differential equations (PDEs)
that are solved with the finite element method, which will be the case herein. In this
thesis, the design is related to the numerical model via its geometric features using to-
pology and shape optimization. Topology optimization aims to distribute material in
an optimal way whereas shape optimization alters the boundaries of a design without
nucleating holes. While shape optimization is more restrictive, it offers benefits in
terms of boundary resolution.

Numerical structural optimization saw its rise as the finite element method became
popular. An early approach was node-based shape optimization (Zienkiewicz and
Campbell, [973) and soon thereafter shape optimization using various boundary rep-
resentations, such as splines (Braibant and Fleury, [984) were proposed, see Haftka and
Grandhi (1986) for an early review. Homogenization methods for topology optimiza-
tion were presented in Bendsege and Kikuchi (1988) and soon thereafter, density-based
methods using material penalization (Bendsed, [989; Rozvany et all, [992) became
popular. Level-set based methods (Sethian and Wiegmann, 20od; Osher and Santosa,
2001) have also become popular, and have been used for both shape and topology
optimization (Allaire et all, poo2; Wang et all, 003). Other shape optimization meth-
ods have also been developed and filtering techniques (Azegami and W, 1996; Hojjat



et all, o14) have improved node-based approaches. Spline representations have be-
come more sophisticated and are used as an alternative to the finite element method
in isogeometric analysis (Hughes et all, oos). Additionally, level-set methods, using
for instance XFEM to resolve the material boundary (Sukumar et all, 2oot; Duysinx
et all, 2oo6) have been developed. Research has also been devoted to combining shape
and topology optimization (Bletzinger and Mauté, [997).

While most early works employed linear elastic material models, modern structural
optimization research has evolved to include many complex physical phenomena such
as: stress constraints (Yang and Cherl, 1996; Duysinx and Bendsee, 1998; Holmberg
et all, po13), plasticity (Maute et all, 1998; Wallin et al}, o16), heat transfer (Gersborg-
Hansen et all, 2006; Dbouk, 2or7), aerodynamics (Kennedy and Marting, 2o14) and
acoustics (Wadbro and Berggren, 2006; Yoon et all, 20o7) to highlight a few examples.
Advancements have also been made in the realm of large scale computing (Borrvall and
Petersson, 2oo1; Schmidt and SchulZ, ko11), and a plethora of educational software for
topology optimization have been published (Wang et all, o21).

The topic of this thesis is structural optimization methods for applications including
contact mechanics. Although contact is present on many scales, the work herein is
exclusively focused on frictionless contact at the macroscale using continuum models.
Contact is present in almost all mechanical interactions and is vital in many engin-
eering applications like for example gears, brakes and manufacturing processes. The
contact interaction between two deformable bodies is difficult to model due to the
fact that the contact interface is unknown beforehand and since the bodies are separ-
ate the interaction is inherently discontinuous. Additionally, the spatial discretization
of the contact surfaces introduces faceted boundaries that may not conform. Des-
pite these challenges, modern numerical methods are able to handle complex contact
scenarios. Classically, numerical contact mechanics has been handled by enforcing
the contact constraints on numerical grids via the node-to-node, node-to-segment and
segment-to-segment methods (Wriggers and Laursen, 2006). A common feature for
the aforementioned methods is that they all relate the contacting grids explicitly, and
as such, require search algorithms when the contact interface is changing. The #hird
medium contact method avoids this procedure by utilizing an intermediate fictitious
material to translate contact forces between two bodies. This method recently gained
attention (Bluhm et all, 2o21; Frederiksen et all, 024) as density-based topology op-
timization already makes use of a fictitious medium in the form of the void material.
While promising, this method relies on excessive deformations of the fictitious mater-
ial which makes it prone to numerical issues related to distorted elements in the third
medium.

Following the development of numerical contact algorithms, many studies have con-



sidered structural optimization of contacting structures. Since the works of Klarbring
et al] (1999) optimizing trusses in contact, several studies have considered contact in
topology optimization (Fancelld, 2006; Stromberg and Klarbring, pord; Bruggi and
DuysinX, 2013), and shape optimization (Hilding et al!, zoot; Beremlijski et all, 2oo2).
Until recently, most research have considered linear elastic structures, often utilizing
contact with rigid supports. Nevertheless, several works have considered large deform-
ations (Cawry and Mautd, 2018) and also friction (Stupkiewicz et all, zo1d). Formula-
tions that can handle non-conforming grids using the morzar method have also been
of interest (Stromberg, 2017; [Fernandez et all, 2023; Sjovall et all, 2o24; Sjovall and
Wallin|, 2o2s). Likewise, the third medium contact approach has been combined with
topology optimization to design mechanisms in the large-deformation regime (Bluhm
et all, Ro21), metamaterials with tailored macroscopic properties (Dalklint et all, 2023)
and thermo-mechanical regulators (Dalklint et al}, 2o24). Recently, a 499-line MAT-
LAB code for topology optimization with friction was published (Wang et al, 2o2s).

The objective of the research herein is to develop methods that combine modern con-
tact methods with shape and topology optimization. The mortar method, which is a
segment-to-segment type method that models contact between two bodies in the weak
sense is combined with shape and topology optimization. This formulation provides
several benefits for the optimization, which is showcased in papers B, C and D. The
less conventional #hird medium contact method is utilized in paper A for the design of
metamaterials and a new regularization technique for third medium contact modeling
is developed in paper E.






Chapter 2

Continuum model

The theory in this thesis is based on continuum mechanics and to establish the frame-
work that will be used for the contact formulation, this chapter reviews the necessary
concepts. In particular, the kinematical description and material model are presented.

2.1 Kinematics

Consider the body B that initially resides in its reference configuration €2 with particles
described by the reference coordinates X(. Assuming quasi-static conditions, B is
displaced by w(X) into its current configuration w with particles described by the
spatial coordinates = X + u(X). The gradient of & with respect to the reference

r, u Yu

Vi

Figure 2.1: Continuum kinematics.



coordinates X is denoted the deformation gradient F, that is,

ox
F—a—X—I—l—VU, (2.1)

where I is the second order identity tensor. The deformation gradient measures the
deformation locally and describes the mapping from line elements dX in € to line
elements d in w such that

dr = FdX. (2.2)
The mapping (p.2) is assumed to be unique, necessitating the constraint
J = detF >0, (2.3)

where J is the Jacobian that measures the transformation of volume elements, i.e.

dv = JdV. (2.4)
Using the polar decomposition, F is split into

F = RU, (2.5)

where R is the rotation tensor while U is the positive definite symmetric right stretch
tensor. 'The deformation gradient F is also used to define strain measures like the
Green-Lagrange strain tensor

B=(C-1) (2.6)

where C = FTF.

2.2 Governing equation

The potential IT due to the stored elastic energy in B, the surface tractions T on T and
the body forces B is described by the functional

H(u):/W(F)dQ—/B-udQ— T - udl. (2.7)
Q Q Tt

Given the prescribed displacement w = @ on Iy, the equilibrium configuration of B
is found when the potential II is stationary. This corresponds to a minimization of the
potential and the solution is found by requiring that the variation of II with respect
to u vanishes, whereby

O(u, du) = (?;2,/ :0FdQ) — / B - judQ) — / T -6udl =0, (2.8)
Q Q It

where the arbitrary virtual displacements du must satisfy u = 0 on I',,. The bound-
aries 'y, and I'; are denoted 7, and ; in the current configuration.

6



2.3 Constitutive model

The work herein models materials using hyperelasticity, which is based on the assump-
tion that there exists a strain-energy function W per unit volume, from which a relation
between stresses and strains can be derived. If the analysis is restricted to mechanical
loads, this function can be expressed using F'. The first Piola-Kirchhoff stress tensor
P is then obtained from

OW (F)
P = . .
OF (2.9)
By construction, the energy should fulfill
W(F) >0, (2.10)

meaning that the energy should increase with deformation and for rigid body motions
F = I or pure rotations F' = R the energy should be zero, i.c.

W(I)=W(R) =0, (2.11)

The energy W should tend to infinity when the material is compressed such that its
volume approaches zero

W(F)—o0 as J—0, (2.12)

which is called a growth condition (Holzapfel, 2oo2).

Herein, compressible neo-Hookean material models have been utilized (Simo and
Pistet, [984), that is

W(F) = %(ﬁ —1—1In(J))+ %(J*/?’tr(FTF) — 1. (2.13)

The strain energy (p.19), consists of two parts: the first is related to volumetric de-
formations scaled by the bulk modulus K while the second part relates to distortional
deformations scaled by the shear modulus G. Importantly, the bulk part contains the
InJ-term which fulfills (.12). Considering isotropic materials in the small strain limit,
K and G can be expressed in terms of the Young’s modulus £ and Poisson’s ratio v
via

E E

K= m, G = m (2.14)






Chapter 3

Contact mechanics

To model contact interactions, a description of the kinematics of the potential con-
tact surfaces is required. When contact between two bodies occurs, the bodies are
prohibited from penetrating each other and the minimization of II(w) must include a
non-penetration constraint. The result is a constrained optimization problem, for which
there are several solution methods. To remain consistent with the appended papers the
formulation is limited to 2D. The corresponding formulation in 3D can be found in
e.g. Puso and Laursen (2004); Wriggers and Laursen (2004).

3.1 Minimum distance

To establish the contact kinematics, consider the two bodies B; and By with poten-

(1) éQ)

tial contact surfaces of ¢’ and ¢, on the deformed configurations w® and w®,

respectively. To quantify their state of contact, it will be useful to parameterize ()
using the coordinate (; see Fig. B.7. Once the bodies are loaded, they may come
into contact, and to determine their contact state, their proximity is measured by the

(1) (2)

distance between a point (1) on ¢ and a point (¥ (¢) on v~ via
r(¢) = [l —2®(Q)]l2. G.1)
(2)

The point on ;" closest to W) is the minimizer of (B.1) with respect to ( that follows

from (1) _ g®(¢
dr xr — (C) )/ F
bl = =-— . 7“(() =0, (.2)
dCfe—¢ |l — 2@ ()2

where 7 (() = dfl(z) = 18 the tangent vector at (. The result of (§.2) is that the

minimum distance from a point (") to ¥ requires that () — (2 (¢) is orthogonal



to 73 (), wherefore the surface normal of ) at € is recovered from

A (9)

NECErEIG 69

n(

The process of finding :U(Q)(E ) from the solution of (B.2)), is called the closest point
projection. Although unlikely when contact occurs, (B.1) is not necessarily convex
and (5-3) potentially has multiple solutions. This occurs when (1) is equally close to

: 2 . . :
many points on ¢ ), such as when () is located at the center of a circular cavity
7(2), however this is rare in practice.

3.2 Gap function

'The state of contact between a point (1) and (%) is quantified using the closest point
projection via the gap function g, defined as

g(u) = (@ —2®(()) - n®(C), (3-4)

where u = (u™, 4?). Upon computing g, three states can be distinguished, as
shown in Fig. B.1. Penetration of the bodies occurs when g < 0 and is unphysical.

p— &<

(a) Separation g > 0 (b) Contact g =0 (c) Penetration g < 0

Figure 3.1: Gap function states.
Therefore, the non-penetration constraint is imposed as

g(u) > 0. (3.5)

An alternative dgﬁnition of the gap function, ¢’, makes use of the normal field n®)
instead of () ({). The second gap function ¢’ is

g(u) = —(@ —2@(() - n, (3.6)

where 2(?)(() is the point on 4 that is intersected by the line emanating from
2 in the direction of (1), This gap function is suitable for segment-based mortar

I0



methods (Yang et all, 2oos). Both gap functions suffer from bias, as they might produce
different values if the bodies are interchanged. An illustration of g and ¢’ is presented
in Fig. B.2. While g measures proximity based on the exact solution of the closest
point projection, ¢’ enables a numerical treatment of the non-penetration constraint
that uses a continuous normal field, so that there are no jumps in g’ between element
facets. Ultimately, n® and n? should coincide at the state of contact.

(a) Gap function g based on n®, (b) Gap function g’ based on n®

Figure 3.2: Gap functions.

3.3 Normal contact

Having defined the gap function g, it is possible to classify the state of contact. How-
ever, not only the deformation of the contact surfaces is unknown beforehand, but

)

also the forces acting upon them. In the absence of friction, the contact traction t&

(%)

on a potential contact boundary ;" can be expressed as tgl) = An@ where ) is
the contact pressure and (") is the normal to the surface. Assuming that there is no

adhesion, tg ) must be compressive or vanish, necessitating the constraint
A <0. (.7)

Furthermore, the contact pressure should only be non-zero when the gap is zero, or
vice versa. This is the complementary condition

Ag(u) = 0. (3.8)

By combining (B.9), (8.7) and (B.§), the Hertz-Signorini-Moreau conditions are estab-
lished as
glu)>0,  A<0,  Ag(u)=0. (3.9)
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The conditions (B.9)) are illustrated in Fig. p.J where the feasible domain is marked in
red. Clearly, the non-smooth contact behavior is not differentiable at g = 0.

A

A

Figure 3.3: Visualization of the contact constraints (§.9).

3.3.1 Potential contact energy

The equilibrium configuration of two bodies B() and B(?) in frictionless contact cor-
responds to the following constrained minimization problem

2
: (i)
manH(u ) (3.10)
=1
subject to g(u) > 0 on 7,

where II(u() is the potential energy of body i and ~, is the contact surface. The
problem (§.1d) can be recast by introducing the total potential energy Il;,; as

2 2

ot (u, A) = Z I(u®) + / Ag(uw)dy = Z M(u®) + I (u, ), ()
g/

=1 c =1
for which it is possible to formulate the saddle point problem

i 11 . .
min max tot (U, ) (3.12)
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I

Figure 3.4: Continuum kinematics.

Equilibrium is then found from

2
OMgor(u, A, 6w, 60) = Y 6T(u, 6ul?) + 6T0.(u, A, 6u,60) =0,  (.13)
1=1

where

Ol (u, A, du, 0)) = /

Ve
which should hold for all kinematically admissible du, that is éu = 0 on I';,. In
(B.14), the first term represents the weak non-penetration condition, the second term
represents the virtual work of the contact pressure and the third term represents the
complementary condition (§.§) in the weak sense. Since the complementary condition
should be satisfied at the state of contact, this term is sometimes neglected (Puso and

oAg(u)dy + / Adg(u)dy + / Ag(w)d(dy), (.14)
Ve ot

c

Laurser|, 20o4). As a consequence, the linearization of (§.13) becomes nonsymmetric,
although the impact on the final result is typically negligible (Hiermeier et all, 2o18).

3.4 Conventional contact methods

There are several methods to enforce the contact constraints and find equilibrium via
(B.13). The subsequent section describes the most relevant methods.

13



3.4.1 Lagrange multiplier method

From an optimization perspective, 11 is a Lagrangian functional with Lagrange mul-
tiplier \. In the Lagrange multiplier method (LMM), the saddle point problem in (B.13)

is solved directly based on the contact potential energy

e(u, A) = | Ag(u)dy, (3.15)
Ve

where both w and A are independent variables. The benefit of the LMM is that the
contact constraints are enforced exactly. However, the discretization results in addi-
tional degrees of freedom for the Lagrange multiplier A on the contact interface and
an active set strategy has to be used to track active contact nodes. This is because the
contact boundary is unknown before the solution is found, and an algorithm must
keep track of where the contact is active throughout the solution procedure. The tan-
gent matrix resulting from the linearization of the variation of (B.14) yields a system
in which rows corresponding to inactive Lagrange multiplier degrees of freedom con-
tain only zeros, rendering conventional solution methods such as Newton’s method
unsuitable. When using active set strategies the reduced system containing only the
active Lagrange multiplier degrees of freedom can solved using so-called dual-shape
functions where the discrete Lagrange multiplier degrees of freedom are eliminated via
condensation (WohImuth, ood; Hintermiiller et all, 2oo2]; Popp et all, 2ood).

To summarize, the LMM provides an exact enforcement of the non-penetration con-
straint but is costly due to the additional degrees of freedom from the discretization of
A and due to the necessary active set strategy.

3.4.2 Penalty method

A straightforward method for modeling the contact interaction is the penalty method
(PM), where the non-penetration constraint (§.9) is no longer strictly enforced. In-
stead, the contact pressure is modeled using

A(u) = e(g(u)). = emin(g(u), 0), (3.16)

where € is a user-defined penalty parameter. Thus, the contact potential energy becomes
MLw) = [ clg(u)).gwr 6.17)

This method relaxes the non-penetration constraint (.§) by penalizing penetration
between the contacting bodies, which is illustrated in Fig. B.§. The PM automatically
fulfills A(w) < 0and requires no additional degrees of freedom for the contact pressure

14



Figure 3.5: Contact pressure using the PM in (§.16).

which reduces the computational cost. From an implementation stand point the PM is
appealing since integration can be performed over the entire potential contact surface
e without regard for active contact zones. By taking the variation of Il., the contact
virtual work becomes

6le(u,0u) = [ d(e(g(u)).)g(u)+e(g(u)).0g(u)dy+ / Ag(u)d(dy), (3.18)
Ye c

that is analogous to the virtual work of a traction on 7. The unconstrained system
using the PM can be solved using e.g. Newton’s method. By increasing the penalty
parameter €, the non-physical penetrations become smaller, but the resulting problem
eventually becomes ill-conditioned. Consequently, the penalty parameter € must be
carefully chosen for each problem.

3.4.3 Augmented Lagrange method

A third alternative, that combines the ideas of the LMM and PM, is the Augmented
Lagrange method (ALM) (Alart and Curniet, 1991). In this method, the Lagrange
multiplier A is replaced with the augmented multiplier A, which is commonly defined
as

A= (A+eg(u)).. (3.19)
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As opposed to the LMM there is no constraint on A. The result is an unconstrained
problem where the potential contact energy is given by

Hc(u,)\):/ Ag(u)dy. (3.20)
Ve

Notably, using (§.2d) yields a Lagrangian with the same solution as using (§.1g) since the
penalty contribution is zero when the contact constraints are exactly fulfilled. Instead
of using an active set strategy (B.2d) can be solved using the Uzawa method (Arrow
et all, [958) where first the displacement w* satisfying equilibrium for a fixed X is
found using e.g. Newton’s method to solve

2

u* = argmin(z I(w®) + I (u, \)), (3.21)
=1
st. u=u only,

and then the Lagrange multiplier is updated according to
A< Ateg(u) >, (3.22)

see Simo and Laursen (1992)). This process is repeated until some user-defined criterion
is reached, such as when the constraint violation becomes sufficiently small. The Uz-
awa method is illustrated in Fig. p.§. Compared to the PM, the ALM using the Uzawa
method can use a smaller penalization € than the PM to achieve a satisfactory level of
constraint violation. The benefit of using the Uzawa method with the ALM comes
with the cost of requiring a nested solution method.

Alternatively, the contact potential energy can instead be defined as

S, A+ 59(u))g(u)dy  when A+ eg(u) <0,

2
/. — 22y when A +eg(u) > 0, 623

I (u,\) = {

and the resulting saddle-point problem can be solved for the Lagrange multiplier
and the displacements simultaneously (Pietrzak and Curniet, [999) although, like the
LMM, the resulting system contains additional degrees of freedom for A.

3.4.4 Barrier method

Similar to the PM, constraint enforcement can also be achieved using the barrier
method (BM) that uses a barrier function

Auw) = -, (3.24)



A
9 g2 93 9a > g
X A
X Ay
X A3
D3 )\4
An (correct multiplier)

Figure 3.6: Illustration of the Uzawa scheme.

where 41 is the barrier parameter (Wriggers and Laursen|, 2006) and the contact poten-
tial energy becomes

He(u) = — / . (3.25)

v 9(u)

No penetration is allowed with this method and the contact potential energy always
contributes to the total energy Il;, although the contribution is small when the con-
tacting bodies are distant. This behavior is illustrated in Fig. B.7. As with penalty
methods, the BM can result in an ill-conditioned problem when the barrier parameter
ft becomes large. Furthermore, finding a starting point where all contacting bodies are
sufficiently separated can also be a challenge.

17



»
»

Figure 3.7: Contact pressure using the Barrier function (§.24).

3.5 The third medium contact method

As an alternative to directly modeling the contact between two bodies (1) and Q%)
using the contact constraints (§.9), a compliant medium Q"™ can be used to transfer
contact forces. This provides a way to treat the contact constraints implicitly and is
called the third medium contact method (TMC) (Wriggers et all, 2o13). The TMC is
similar to the BM in the sense that penetration is prevented by contact forces that are
activated before the surfaces are in contact. An illustration of the TMC is provided in

Fig. b.§. Hyperelastic material models that fulfill the growth condition (£.12) are suit-

w®

o)

Figure 3.8: Third medium contact.

able for modeling the third medium and can be made highly compliant with suitable
material parameters so that they do not give rise to significant contact forces before

18



contact occurs. A popular choice for the TMC is to use a compressible neo-Hookean
material. Unfortunately, modeling the third medium with a conventional hyperelastic
model is not sufficient for a stable contact model, since the third medium is prone to
become highly distorted, which can cause trouble for numerical solvers. However,
recent works (Bluhm et all, 2o21; [Faltus et all, 2024; [Frederiksen et all, 2o2s; Wrig?
gers et all, 2029) have developed regularization techniques that are able to stabilize the
third medium by penalizing undesired deformation modes associated with the distor-
tion such as bending or warping. An approach based on local changes of the rotation
tensor R is proposed in paper E.

One choice for regularizing the third medium is to penalize the gradient of the de-
formation gradient (Bluhm et all, 2o21). A suitable strain energy for the compliant
medium Q0™ is then given by the compressible neo-Hookean energy W in (g.13),

augmented with a regularization term, resulting in
k
WIM(F VF)=W(F) + éVF VF, (3.26)

where : denotes the triple contraction and k. is a penalization parameter. The regular-
ized strain energy (B.24) penalizes several high-order deformation modes. This choice
may be too strict causing the third medium to influence the solution outside contact.
Furthermore, (B.24) also requires higher order elements. Regardless, (5.24) has proven
useful for topology optimization and was used in Paper A for the design of metama-
terials that utilize self-contact.

To illustrate the need for regularization in the third medium, consider the contact
between two rectangular blocks that are pressed together, as shown in Fig. B.9d.
Clearly, the deformed grid without regularization in Fig. §.9H becomes heavily distor-
ted causing numerical solvers to fail with additional loading, whereas the regularized
TMC stabilizes the numerical grid as shown in Fig. B.od.
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(a) Setup of TMC example.

]
\
]
[

(b) Deformed grid without TMC reg- (c) Deformed grid with TMC regu-

larization.

ularization.

Figure 3.9: Contact between two blocks modeled using the third medium contact

method.
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Chapter 4

Numerical contact methods

In order to find the equilibrium given by (B.1), an accurate discretization of the contact
interface 7y is required. When discretized, the contacting surfaces become faceted and
will in general not conform. The following chapter describes common methods to
discretize 7y, and compute the contact virtual work 611, (u, A).

4.1 Node-to-node discretization

A convenient way to discretize the contact constraints is to use the node-to-node (NTN)
formulation. In this method, the contacting surfaces are discretized such that the

coordinates of their nodes XZ(I) and x§2) match, as seen in Fig. [f.]. Consequently, the
gap function in (B.4) can be computed for each node pair and the contact potential

energy follows from

Npairs

I (u,\) = / Ag(u)dy ~ Z Aﬂ\i(xgl) - x§.2)) -n®), (4.1)
e ij=1

where 7,44y is the number of nodal pairs, A; the nodal Lagrange multiplier and A; is
an area associated with each pair.

The strength of this formulation lies in its simplicity. The NTN can be leveraged when
small deformations are considered and the grids match before and after deformation.
On the other hand, since the contacting grids are required to match, sliding and large
deformations are not allowed. As such, the NTN is suitable for structural optimization
when the contact surface does not change.
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Figure 4.1: NTN discretization.

4.2 Node-to-segment

A widely used discretization method that is able to handle large deformations and finite
sliding is the node-to-segment (NTS) method. In this method, the non-penetration
condition (B.§) is enforced for the nodes on ’y((;l) (Wriggers and Laursen, Rood; [Zavarise
and De Lorenzis, poo9). Considering first-order elements, the contact potential work

(1) (1)

is computed over “contact elements” that consist of a node x; * on ¢’ and the line
segment defined by the nodes x§2) and ng) on ’y£2), as illustrated in Fig. [1.2. The
(1)

contribution to the contact potential, integrated on ¢/, is computed as

e

Me(uw\) = / N0 =x(0) - Py
=1 c

o)

=Y A —x@(()) - a®, (42)
=1

(1) (1)

. 1 . . . 1
where n:’ is the number of nodes on ¢ 7, A; is the area associated with xg ) and the

(2) (2)

position x(?)(¢) is located between x,;” and x;”" and determined from the projection

of xgl) onto 7(?). The NTS discretization results in a collocation type method that

enforces the contact constraints in the nodes of one of the contacting surfaces. The
inherent bias of the NTS can be handled by so-called rwo-pass methods where (4.2)) is
computed once for each surface (Hallquist et all, [985). Unfortunately, this approach
can lead to locking as the problem becomes overconstrained (Kikuchi and Oden, [988).
Nevertheless, since the NTS method can handle non-matching grids it is a suitable for
both shape and topology optimization, where evolving contact boundaries must be
accommodated.
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Figure 4.2: NTS discretization.

4.3 The mortar method

Instead of enforcing the contact constraints node-wise it is possible to enforce them
weakly. Since contact surfaces become faceted after discretization, and the resulting
grids are typically non-conforming, a point-wise enforcement of the non-penetration
constraint can be undesirable. A weak constraint enforcement is leveraged in the mor-
tar method where the potential contact energy is computed from

Ie(u,A) ~ / L AMEN T ED) = @) ox) ndy,  43)
Ye

where €1 and £(2) are the finite element parameterizations and  defines the mapping
between v(!) and v(2) which depends on whether n orn® is used. This is indicated
by the omission of the superscript on n. Compared to the NTN and NTS methods, the
mortar formulation (.3) integrates the contact contributions including the projection
that finds £, over ’yél). Like the NTS, the mortar method is suitable for both shape

and topology optimization.

4.3.1 Mortar discretization

The mortar discretization uses isoparametric finite elements and as such, the position
2 and virtual displacement § 1 are on each surface interpolated as

"
2@ ~ x0(¢0) = Z ¢§z) (f(i))xg.’), (4.4)
j=1
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and
n®

su® ~ 5ud(€?) = 3" ¢l (€D)5a?, (4-5)

j=1
(4)

where ¢() are the finite element basis functions and n¢”’ are the number of nodes on

(%) (1)

. A common choice in mortar methods is to use V. = ¢

(1)

wherefore it makes sense to also interpolate the Lagrange multiplier A on ¢’ via

the contact surfaces 7,

o

~AEM) = 3T oD D, (4.6)

j=1

4.3.2 Evaluation of the mortar integrals

Two mortar-type methods are used herein to compute the integral in (4.3). In paper B,
element-based integration is used, while in papers C and D segment-based integration
is used. A comparison of these methods can be found in Farah et al] (2o1).

4.3.3 Element-based integration

The element-based integration is based on the gap function (.4) and uses Gaussian
quadrature on the boundaries of the potential contact elements e on (1) (Fischer
and Wriggers, 2ood; Wriggers and Laursen|, 2006). For every integration point 51(71),

a corresponding point () (¢(2) (51(,1))) is found through the closest point projection.
Consider two opposing first-order segments on the elements e(?) and e(?) with ele-

(1) (1))

ment nodes (x; 7, nd (X?),xg)), respectively. Assuming that (§.1) is convex,
the solution of (§.2) becomes

G = €060 = — o GDED) =) 6 ), )
sz X Hz

as illustrated in Fig. [.3. The discretized virtual work contribution follows from
1% (u, A) Zn (0, Nwp],,, (4.8)

where
n&l) ngl) n£2)
=3 oD EMN AV (€M = 3T 6P (Ex) n®. (4.9)
i=1 j=1 k=1
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Figure 4.3: Gauss point projection used in the element-based integration for n, = 2.

In (4.9, n(?) is the normal to the element to which ép belongs, 1, denotes the number
of integration points with corresponding weights w,, and J, is the Jacobian of the
(1) (1)

mapping from the element with nodal coordinates x; * and x5 ’ to the isoparametric
domain.

The element based mortar method is used in paper B to tailor the force-displacement
response of hyperelastic structures.

4.3.4 Segment-based integration

The segment-based integration employs a continuous normal field, which enables the
definition of a gap function that remains continuous across element boundaries, as op-
posed to the element-based integration which relies on projections using the element-
wise constant normals n(?). To construct the continuous normal field, use is made of

weighted average nodal normals ﬁgl). For the node j shared by two adjacent segments

e and e® with normals 1.1 and 1.3 and corresponding lengths l.; and lc2, the

weighted average nodal normal ﬁy) is given by
_(1) _ le2n£11) + lelné;) ' (4.10)
T leondy + Lanly) |l
The continuous normal field is constructed from
A (W) =3 gV (eMag, (4.11)
=1

where 7, is the number of nodes on element face e where n") (¢()) is evaluated. The
contact segments on which the mortar integrals are evaluated are constructed based

on (.11) and the endpoints of each segment are defined by:
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Figure 4.4: Construction of contact segments based on the continuous normal a.

* the coordinate x(1) (51(11)) from which the line in the direction of n") (&(ll)) in-

(2)( 6(12))’

tersects the nodal coordinate X,

* the nodal coordinate Xﬁzl( él)) and its projection onto 'y (6(2)), along
n]+1)
as illustrated in Fig. 4. The endpoint x(!) (&(11)) is found by solving
V() = x| < aV(E) = o. (4.12)

To find the other segment endpoint x*(£7) associated with the first projection, the
following equation is solved

_(1
{X(Q) (€2) — xﬁzl} X n§-+)1 =0. (4.13)
Having the projected points 5[(11) and §; ) the contact segment is parameterized as

£D(p) = (1 —p)e + = <1+¢>s<> (4.14)

2

Denoting the quadrature points fz(,i) = £ (¢, ), the contact virtual work contribution
in each segment follows from

I15°9 (u, A) Zn“g u, A)wpJseq, (4.15)
where
(1> (1) (2>
739 (u,\) = Z RI(ISAPVT I Z oM ZN . (416)

=1
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Jseq is the Jacobian of the mapping from the global coordinate system to the paramet-
erized segment and ng ) is the number of nodes on each contact surface.

The segment-based mortar method is used in paper C where a shape optimization
regularization that accounts for the contact constraints is developed and applied to
several examples. This method is extended to include topology optimization in paper

D.
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Chapter s

Structural optimization

Structural optimization aims to find the best performing structure with regards to the
objective go(z), and a set of constraints g;(z) < 0, in terms of the design variables
x that describe the design. The widely used topology optimization (TO), will for
instance optimize the entire material layout within a given design domain, commonly
using a density field or a level set contour. If the optimization is restricted to the
structural boundaries of the design the method is instead called shape optimization
(SO). The structural optimization problem can be stated as

min go(a), (5.0
stgi(x) <0 i=1,2,...,m, (5.2)
T ST < Ty, (5-3)

where [z, x,,] are box constraints on x and m are the number of constraints.

5.1 Shape optimization

In order to formulate a structural SO problem, the objective gp and constraint func-
tions g; need to be parameterized. A straightforward approach is to parameterize the
geometry using the finite element mesh with nodes Xj,. While tempting due to its sim-
plicity, this strategy is prone to several numerical difficulties such as jagged boundaries
and inverted elements (Braibant and Fleury, [984; Hafttka and Grandhi, [984).

s.1.1  Spline parameterization

One way to alleviate the issues associated with the direct optimization of the nodal
coordinates is to parameterize the shape using splines. By construction, continuity
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in the geometry of the design can be incorporated via the spline representation. A
popular choice is to use B-splines (Braibant and Fleury, [984), that can be considered
a special case of so-called NURBS (non-uniform rational B-spline), which are widely
used in computer aided design (CAD) systems.

A B-spline curve X(u, V;) of degree p, parameterized by w is formed from the linear
combination of the piecewise defined B-spline basis functions B; (1) and the control
points V; according to

n
Vi) =Y Bip(u)Vi. (5.4)
i=1
The B-spline basis functions are defined recursively on intervals based on the knot vec-
tor U of non-decreasing values U = [ug, u1, . .., Upyn+1] (De Boot, [972)), starting
at p = 0 with
lifu, <u < uigr,
0(u) = B (5.5)
io(u) {0 otherwise, >
and the higher order basis functions follow from
U — U; Ui4p+1 — U
Bz‘,p(u) == B@p—l(u) + Siar Bi+17p_1(u). (5.6)
Witp — Ui Uitp+1 — Ui+l

Fig. .1 illustrates B-spline basis functions up to order p = 2, where, by repeating the
first and last knots the spline becomes clamped. Clamping of B-splines is necessary
when the spline should pass through the first and last control points. This is because B-
splines are CP~"7 continuous in each knot u, where the multiplicity 7; is the number
of times the knot value u; is repeated. To use B-splines in SO, a surface S(u, v, V; ;)
can be constructed by forming the dyad of two B-splines, i.e.

S(u, v,V ;) ZZB i (1) Bjg(v)Vi (5.7)

=0 j=0

where V; ; are the control points and m + 1 is the number of control points for the
second B-spline curve of order ¢. Upon evaluating S(u, v,V; ;) for a set of points
(ug,vg) it is possible to construct a finite element grid, as illustrated in Fig. [.2.
The grid generated from the B-spline surface can be used to compute the structural
performance. Using B-splines provides smoothness to the SO which helps circumvent
problems due to jagged and inverted grids. It is possible to choose either the control
oints V; 4, the knots (u;, v;) or both as design variables tor SO. B-splines are used in
p Vi,j» thek ,vj) or both as desig bles for SO. B-spl d
paper A to SO contacting structures to tailor their force-displacement response.
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Figure 5.1: B-spline basis functions using two different knot vectors.
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Figure 5.2: Grid generated from the dyad of two second order B-splines with knot
vectors U =V = [0, 0,0, 6,6, 6] and control points marked in red.

s..2  Filtering

The numerical issues associated with node-based SO can also be avoided using schemes
that filter the shape change. In this case, the structural performance is computed based
on the filtered shape with points X. For the research in this thesis, X is obtained as the
solution to a partial differential equation akin to the elastic state problem (.§). The
properties of this PDE can be chosen to control the SO in such a way that severe dis-
tortions of the design mesh are avoided in the optimization. The approach is inspired
by Scherer et al! (2o1d); Swartz et al] (2023); Dahlberg et al! (2029), wherein the shape
change W takes points Xy in the “unoptimized” domain € to the reference domain
) with coordinates X = Xy + W. The shape change ¥ is controlled by minimization
of the potential II via
ka

minII(¥) =min [ W(®¥)dQ + / || & — d||3dT, (5.8)
v T Ja, 2 To,q

s.. ¥ =0on Lo.w,

where W is a fictitious hyperelastic strain energy function, k, is a penalization para-
meter and d are the design variables that are defined on the boundary I'g 4 of €y. The
SO regularization (5.§) can be interpreted as a fictitious equilibrium problem where a
bed of fictitious springs with “stiffness” k4 are attached to I'g 4 at one end, and pulled
a distance d at the other, as illustrated in Fig 3. By tuning the properties of W (%)
the characteristics of the shape change W can be controlled. Specifically, the fictitious
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Figure 5.3: Illustration of the PDE based SO regularization.

strain energy W (W) is in this thesis modeled using a compressible neo-Hookean for-
mulation (2.13), wherefore the fictitious bulk and shear moduli can be tuned to yield
a high resistance to dilatational shape changes to avoid distorted elements.

SO using (5.8) is illustrated in Fig. [.4 where a plate with a rectangular hole sub-
ject to a biaxial load is optimized for increased stiffness under a volume constraint,
using node-based SO. As seen in Fig. .48, without regularization, elements on the
inner boundary become inverted which subsequently causes the optimization to stop.
This is avoided when using regularization, as illustrated in Fig. f.4d. Evidently, the
formulation provides a straightforward formulation that requires no additional para-
meterization. The approach using (5.§) is used in papers A, C and D.
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(a) Biaxially loaded plate with a rectangular

hole.
4 )
D
g 3 RED
N o A
(b) Reference grid (gray) and shape (c) Reference grid (gray) and shape
optimized grid (red) using node based optimized grid (blue) using node
SO without regularization. based SO with regularization.

Figure 5.4: Illustration of node-based SO with and without regularization.
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s.2 Density-based topology optimization

In contrast to SO, TO is able to nucleate and remove holes in the design, providing an
overall larger design freedom compared to SO. Density-based topology optimization
uses a density-field z € [0,1], where z = 0 corresponds to void and z = 1 corres-
ponds to solid material. Typically, the density is used to scale the Young’s modulus,
so the objective and constraints can be formulated in terms of the density field, as
9o = go(u(2), z) and g; = gi(u(2), z). While the ideal is to use binary values for z,
the resulting integer optimization problem is not suitable for gradient based optimiza-
tion algorithms. Instead, 2 is defined as a continuous variable for which the gradients
are readily available. However, the solution to the resulting optimization problem can
utilize intermediate densities 0 < z < 1, which is undesirable as there is no clear
interpretation of the design outside of plane conditions where 2 can be interpreted as
the out-of-plane thickness. Thus, to make intermediate densities unfavorable in the
optimization, it is common to introduce a penalization function. Two common penal-
ization functions are the SIMP (Solid Isotropic Material with Penalization) and RAMP
(Rational Approximation of Material Properties) schemes. In the SIMP approach, the
Young’s modulus E is given by

E(z) =0+ (1 —d0)z* Ey, (5-9)

where g is the small residual value that prevents E from vanishing, Ey is the Young’s
modulus of solid material and ¢; is the penalization parameter (Bendsed, 1989; Sig]
mund and Torquato, [997). Alternatively, in the RAMP scheme the Young’s modulus

E(z) = (50 + 1_7_(;(_1692)> Ey, (5.10)

where g, is a penalization parameter. Notably, (5.1d) has a non-vanishing sensitivity
for z = 0 (Stolpe and Svanberg, 2oo1). The SIMP and RAMP schemes are illustrated
in Fig. f.sd and Fig. [.sH, respectively. It can be seen that for increasing values of the
penalization parameters ¢s and ¢, the SIMP and RAMP schemes drive the Young’s
modulus of intermediate densities towards g or Ey. Consequently, when stiffness is

is given by

maximized under a volume constraint, a 0 — 1 design is favorable.

Due to the penalization of z, the TO problem becomes mesh dependent. In order
to remove this dependency and regularize the TO, a length scale can be introduced
via a filter that yields a smooth field p based on z. Herein, the so-called PDE-filter
(Lazarov and Sigmund, por11) is used. The PDE-filter is based a diffusion-type equation
that filters 2 via minimization of the potential

1 1
() = 5 [ BIVoPi0 -+ [ (0= 22 (5.0
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(a) SIMP interpolation for various values of (b) RAMP interpolation for various values of
gs. qr.

with respect to p, subject to Vp - N = 0 along the boundary 952 of Q2. In (.11), lo
is the filter length scale parameter and 6 p is the arbitrary virtual variation of p. The
regularization (F.1) forces ||p — z|| to be small, i.e. p to be similar to z while also
placing a cost on large gradients Vp to minimize oscillation in the field.

The filter (5.11) provides a smooth density field with an intrinsic length scale, but it will
also “smear” the density field such that the transition from solid to void will contain
regions with intermediate densities. In turn, the boundary definition is not unique.
To make the transition from solid to void sharper a threshold projection is frequently
used. In the limit, this can be realized using the Heaviside step function H with
threshold 7. However, this makes the problem non-differentiable at 1), and instead, an
approximate Heaviside projection is utilized, where the projected density p is found

_,  _ tanh(fn) + tanh (8(p — 7))
PP) = onh (Bn) 1 tamh (B(L— )’

In (.12)) 5 controls the steepness of the approximate Heaviside function, as illustrated

in Fig. f.g. The effect of (5.12) is illustrated in Fig. f.7.

from

(5.12)

TO is used in papers A and D. In paper A, the third medium contact method is used
to model self-contact in metamaterials, whereby the void material p ~ 0 is used to
transfer contact forces. In paper D, the mortar method is used instead to model contact
between structures that are designed using both TO and SO.
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Figure 5.6: Approximate Heaviside projection for 7 = 0.5 and varying values of /3.

Figure 5.7: Approximate Heaviside projection applied to a grayscale image.
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Chapter 6

Future work

The present work has developed methods for the structural optimization of deformable
structures in frictionless contact, which can be beneficial in many engineering applic-
ations by enabling the design of structures that better exploit contact interactions.
However, several areas of engineering utilize not only normal contact but also friction.
Frictional contact is an important and challenging topic in contact mechanics, that
has been outside the scope of this research. Modeling friction requires accurate and
reliable models of the normal contact, so the work herein is a stepping stone for future
research in this area. The main difficulty of including friction is to accommodate the
path dependence associated with frictional sliding, which not only makes the sensitiv-
ity analysis more tedious but the additional non-smoothness also presents a challenge
for optimization algorithms. Naturally, the study of friction enables the study of topics
in tribology such as lubrication and wear.

Future research could also focus on extending the mortar-based methodologies de-
veloped in this thesis to three-dimensional formulations, enabling the study of more
realistic and industrially relevant engineering applications.

Moreover, as demonstrated in Papers A and E, the TMC method has strong potential
for accurate and robust contact modeling, particularly within topology optimization.
Important avenues for future work include incorporating frictional contact and apply-
ing the methodology from Paper E to structural optimization problems.
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Chapter 7

Summary of the appended papers

Paper A: Inverse homogenization is used to design metamaterials that exploit internal
contact to achieve desired macroscopic stress-strain behavior. The metamaterials are
designed using topology optimization followed by shape optimization and the third
medium contact method is used to model the internal contact. A post-processing ana-
lysis using conventional contact algorithms is performed.

Paper B: Shape optimization is used to tailor the mechanical response of hyperelastic
structures in frictionless contact. B-splines are used to parameterize the shape of the
designs and the contact is modeled using the mortar method, which accommodates
non-matching grids. The formulation is used to design axisymmetric structures that
exhibit a near constant force in a given displacement interval which is useful for pro-
tective structures.

Paper C: A method for shape optimization of structures in frictionless contact that
avoids excessive interference caused by design changes via a novel regularization is
developed. In traditional shape optimization, the structures are “unaware” of each
other outside of contact so that shape updates can result in significant interference
between the structures. The proposed regularization controls the interference caused
by shape changes which prevents the optimization scheme from exploiting interference
that could cause the state problem to diverge. Contact is modeled using the mortar
method and the numerical examples illustrate how the regularization can be used to
optimize the contact response.
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Paper D: Shape optimization using the contact aware formulation in Paper C is com-
bined with density-based topology optimization to design contacting structures. The
proposed formulation combines the design freedom of topology optimization with
the ability of the shape optimization formulations to alter the shape of the contact
boundaries. Sequential and simultaneous topology and shape optimization strategies
are compared.

Paper E: A novel regularization for the third medium contact method is developed.
Previously, the third medium contact method has been regularized through penaliz-
ation of first- and second-order deformation modes. The proposed regularization is
based on local changes of the rotation tensor instead, which avoids penalization of
higher order deformation modes and can be used with first order elements.
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