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Popular summary in English

Among the most well-known structures in modern mathematics are the Hzlbert spaces. These
generalizations of Euclidean vector spaces provide a geometric framework for function spaces
through an inner product. Particularly noteworthy classes of function spaces are those with
a reproducing kernel.

These Hilbert spaces, together with their functions and inner product, are encoded by a
two-variable kernel £(x, y). The broad research question is the following: given algebraic
properties of a reproducing kernel, what can be said about the associated Hilbert space and
its functions? In this thesis, reproducing kernels that arise as pointwise quotients of two other
reproducing kernels are studied.

An important example of Hilbert spaces dates back to the 1960s and is known as the
de Branges—Rovnyak spaces. These spaces arise naturally in the study of the classical Hardy
space on the unit disk in the complex plane, which corresponds to the Szegé kernel

1

:m, z,welD={uEC:|u|<1}.

s(z, w)

Analytic selfmaps of the unit disk are intimately connected to the Szegé kernel. Indeed, if ¢
is a selfmap of the unit disk, then the quotient

s(z, w)

5(¢(2), p(w))’

is also a reproducing kernel and corresponds to a de Branges—Rovnyak space.

P(zw) = z,w e D,

Studying similar quotients yields far-reaching generalizations of de Branges—Rovnyak spaces.
In the first article, an investigation is carried out of such kernels and their associated spaces,
where the denominator of s is replaced by an arbitrary kernel.

A typical problem in complex analysis is to understand how ¢(z) behaves as the variable z
approaches a point on the unit circle. A classical theorem of Julia and Carathéodory gives an
equivalent condition describing the behaviour of ¢ and its derivative.

In the second article, this line of investigation is taken to its logical conclusion. Here the
Szegd kernel in the quotient above is allowed to be replaced in both the numerator and
the denominator, by possibly distinct kernels. Three new concepts are introduced, aimed
at understanding how the functions in the space behave as the variable approaches the
“boundary”, which is now an entirely abstract construction.

The third article studies when the analogue of s?,in which s is replaced by an arbitrary kernel
k on the polydisk, corresponds to a one-dimensional Hilbert space. If £ is not a positive power
of the Szeg6 kernel, then ¢ must be a rotation composed with a permutation.



Populirvetenskaplig sammanfattning pa svenska

Bland de mest vilkinda strukturerna i modern matematik finns Hzlbertrum. Dessa generalise-
ringar av euklidiska vektorrum tillgodoser ett geometriskt synsitt pa funktionsrum i form av
en skaldrprodukt. Sirskilt anmirkningsvirda funktionsrum 4r de som har en reproducerande
kdrna.

Dessa Hilbertrum, tillsammans med sina funktioner och skalirprodukt, kan beskrivas enty-
digtaven kirna k(x, y) av tva variabler. Den breda forskningsfrigan ir di f6ljande: givet att en
reproducerande kirna har vissa algebraiska egenskaper, vad kan man sidga om dess Hilbertrum
och funktionerna diruti? I denna avhandling studeras reproducerande kirnor som i sin tur
kan skrivas som en kvot av tvd andra reproducerande kirnor.

Ett exempel pid Hilbertrum som korresponderar med sidana kirnor hirstammar frin
1960-talet och kallas de Branges—Rovnyak-rum. De uppkommer naturligt vid studiet av det
klassiska Hardyrummet pa enhetskivan i det komplexa talplanet, som korresponderar med

Szeg8-kirnan
1

T 1l-zw’

Analytiska sjilvavbildningar av enhetskivan har en intim anknytning till Szegé-kirnan. Fak-

s(z, w) zZweD={uecC: |« <1}.

tum 4r att om ¢ 4r en sjilvavbildning av enhetskivan sa dr kvoten

s(z, w)

5((2), p(w))’

P(zw) = z,w € D,

ocksa en reproducerande kirna, och den korresponderar med ett de Branges—Rovnyak-rum.

Genom att studera liknande kvoter av reproducerande kirnor erhalls olika generaliseringar av
de Branges—Rovnyak-rum. I den forsta artikeln studeras kirnor och deras korresponderande
rum, dir nimnaren av s? har bytts ut mot en godtycklig kirna.

Ett typiskt problem i komplex analys ir att forsta hur ¢(z) beter sig nir variabeln z nirmar sig
en punkt pa enhetscirkeln. En kind sats av Julia och Carathéodory ger ett ekvivalent villkor,
som i detalj beskriver beteendet hos ¢ och dess derivata.

I den andra artikeln tas detta till dess logiska slut. Dir tillats Szegé-kirnan i kvoten ovan att
bytas utibade tiljare och nimnare. Tre nya koncept introduceras, vilka alla syftar till att forsta
hur funktionerna i rummet beter sig nir variabeln narmar sig “randen”, som numera ir en helt
abstrakt konstruktion.

Den tredje artikeln studerar nir analogen till s, dir s ersitts av en godtycklig kirna k i
polyskivan, korresponderar med ett endimensionellt Hilbertrum. Om £ inte 4r en positiv
potens av Szeg6-kirnan maste ¢ vara en rotation komponerad med en permutation.

ii
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Quotients of Reproducing Kernels:

Applications in Complex Analysis and Operator Theory

10 see a world in a grain of sand

And a heaven in a wild flower,

Hold infinity in the palm of your hand
And eternity in an hour.

— William Blake

1 Introduction

Towards the tail end of my bachelor’s degree I was taught the soft approach to analysis. After
being shown how to prove Beurling’s theorem through reproducing kernels, I fell in love, and
the present thesis contains three works in this direction.

In the course of writing these articles, I came to realize that complex analysis has become
largely a pretext for me to study reproducing kernels. Potentially uncountably many func-
tions, united under a geometric structure, are all compressed into a single function of two
variables. Simplicity is their allure.

A priori, a reproducing kernel encodes all the information about the functions and operators
of a particular Hilbert space; the problem lies in unpacking this knowledge, which can be
difficult in general. If one fixes certain algebraic properties of a kernel, what can then be said
about the corresponding Hilbert space?

In this thesis I study a subclass of reproducing kernels that are realized as a pointwise quotient
of two other reproducing kernels. There are two main reasons for this constraint. The
kernels studied herein should be seen as corresponding to far-reaching generalizations of
de Branges—Rovnyak spaces. These classical spaces serve as guiding examples throughout
my work. Moreover, there is the fundamental theorem of Schur, which says that the
pointwise product of two reproducing kernels is also a reproducing kernel. Tadopt a converse
perspective, and hence Schur’s product theorem becomes an effective tool.



To explain my disposition towards reproducing kernels, let us first visit the most iconic
destination in complex analysis: the Hardy space.

2 The Hardy space 2 and boundary values

Lete D = {# € C : |z| < 1} denote the unit disk in the complex plane, and let
T = {z € C: |z| = 1} denote its boundary, the unit circle.

The Hardy space A 2 consists of analytic functions f on D that satisfy

2
(1) sup 1 /0‘ |f(r€"§)|2 df < .

0<r<1 27

This is a classical subject, and it would be impossible to cover all of its facets here. Instead we
will focus our attention on a particular circle of ideas.

Due to their analyticity, these functions are extremely well behaved when restricted to an open
subset of D. Hence a natural question arises: for a function f € H?, what is the bebaviour of
f(2) as z approaches the boundary of D? The above condition says that the quadratic means
stay bounded as the radius tends to 1, suggesting that /> functions behave reasonably well
near the boundary. However, they may even have an infinite number of singularities on T.

Nonetheless, it is possible to say quite a lot. For a point { € T, it is important exactly how
the variable z € D tends to {. Without additional constraints, general boundary behaviour is
difficult to grasp. However, we do know that | f(z) | must grow at a rate strictly slower than

(1- |z|)_% as |z| tends to 1.

The most natural constraint is along the ray towards { originating from 0. We say that f(z)
has a radial limit at , if f(r{) converges as » — 17. Surprisingly, Abel showed already in
1826 that a weaker notion of boundary limit is more appropriate. Specifically, if / has a radial
limit at £ € T, then f has a nontangential limit at £, in the sense that £(2) is convergent as
z — { when constrained to a fixed Stolz sector

(2) I(,0)={2eD:|{-z| <a(l-|z])}, a> 0.
The first theorem of boundary limits in our setting is due to Fatou in 1906. Here we state a
refined and tailored version of the original, but more general variants exist [23].

Theorem (Fatou). Every function f € H* bas nontangential limits almost everywhere on T.
The corresponding sequence of radial dilates f,(z) = f(rz) converges in P(Masr— 1.



This leads to an identification of H as a closed subspace of L*(T). And at this point, I would
be neglectful if T did not recall the famous inner—-outer factorization proved by Smirnov in
1928.

Theorem (Smirnov). Every nonzero function f € H> can be uniquely factorized, up to a
unimodular constant, as

(3) f(2) = I(2)F(2), z € D,

where I is an inner function and F is an outer function.

By definition, / is an inner function if and only if |/| tends to 1 almost everywhere on T.
Moreover, it can also be factorized into two parts

éZj—

B w+z = || z
(4) 1(z) —exp(—/vw_zd‘u(w))gﬂ—jl_d_jz, Zl— |a;| < oo,

where u is a positive singular measure. The first factor is called the
singular part, and the second is a (possibly infinite) Blaschke product

with zeros (a j), which are capable of encoding surprisingly detailed
geometric information through the placement of their zeros.

Since outer functions do not play a role in this thesis, I omit a detailed
definition; for completeness, they are all of the form

Figure 1: The facial

w+z silhouette of the author

(s) F(z) = dexp / G(w)dm(w) |, LeT, approximated by a finite

TWwW—2 Blaschke product. Visualized

using binary domain coloring;

. i 1 the zeros were optimized by
where dm is the normalized Lebesgue measure on T and G € L' (T).  gradient descent.

Before we move on, I want to emphasize that the Hardy space constitutes a rich class of
functions. Any choice of the singular measure y, the zeros (4 j) satisfying the above condition,

and the integrable function G will yield a unique function in H> through (3).

Another angle of inquiry concerns analytic selfmaps of D. These endomorphisms are
intimately related to A 2 in the following way. Every ¢ : D — D induces a contractive
multiplication operator by

(e) Mf(2) = $(2)f (2),  z€D,

and the norm is given by the formula | Al = sup g, |4(2)[. Except for the unimodular
zeD

constant functions z — A € T, the analytic selfmaps of D are the only such functions.

Interestingly, in an appropriate sense deferred to the next section, H” is the smallest Hilbert



space with the above property. Moreover, Littlewood proved in 1925, see for example [31], that
every selfmap ¢ also induces a composition operator on H 2 defined by

(7) Cf(2) = f($(2),  z€D.

Remarkably, the symbols for contractive multiplication operators (except for the unimodular
constants) and bounded composition operators overlap in the Hardy space.

With the above consideration in mind, the second classical theorem of boundary limits that I
wish to highlight is the classical Julia—Carathéodory theorem from 1929.

Theorem (Julia—Carathéodory). Given a point { € T and an analytic selfmap ¢ of the unit
disk, the following are equivalent:

(z) .
liminfM =c< o,
= 1- |Z|

(i1) ¢ and itsderivative ' have nontangential limitsequalto). € T and Al atl, respectively.

Furthermore, if any of the above hold, then ¢ > 0 and ¢ has horocyclic limit A at {, meaning
the approach to { is constrained to a fixed horocycle

(8) EM,0) = {zeD: |l —z|* < M(1-|z|*)}, M>0.

The strength of this theorem lies in the fact that (i) is easy to check and yields much more
precise information compared to Fatou’s theorem. Eventually (ii) became a definition, and it
is often summarized by saying that ¢ has an angular derivative at {. An application of this
notion yields a criterion for the compactness of the composition operator ¢, by MacCluer,
Shapiro, and Taylor [2s, 32].

Theorem (MacCluer—Shapiro—Taylor). Let ¢ be an analytic selfmap. If C, is compact, then
¢ has no angular derivative at any point of . In addition, the converse bolds if ¢ is univalent
(meaning injective).

After giving you this glimpse into the Hardy space, let us now reconnect to reproducing
kernels. Here comes the staggering truth: H> is equivalently reproduced by the Szegé kernel
©) R <D

9 smw) = 7= z,w € D.

In principle, all the complexity of H* discussed above is encapsulated in this simple formula.
The challenge, however, lies in decoding it.



Mathematicians have been able to prove, and generalize, many classical theorems through
this point of view. Some representative examples include: Fatou’s theorem by Hartz and
Chalmoukis [9]. A version of the inner-outer factorization by Aleman, Hartz, McCarthy, and
Richter [3] continuing the work of Jury and Martin [22]. As well as the Julia—Carathéodory
theorem by Sarason [29], Jury [17], and myself in Paper 11.

Describing my contribution requires the introduction of the de Branges—R ovnyak spaces, but
first, let us make the connection between the Hardy space and the Szegd kernel precise.

3 Definitions and fundamental theory of reproducing kernels

The theory of reproducing kernels is rich and beautiful. For a complete overview and history,
see the famous article from 1950 of Aronszajn [s] or the more contemporary introduction by
Paulsen and Raghupathi [28]. Here I will only give the necessary background for the reader
to understand the broader context of my research.

There are two main ways of defining reproducing kernels. Let X be a nonempty set and fix
k: X xX — C. We will often write /e}, =x - k(x,7),x,y€X.

Definition 1 (Via Hilbert spaces). k is a reproducing kernel if and only if there exists a Hilbert
space 7 (k) of functions on X such that forall y € X, k, € # () and

(10) fO) =k, Vfe(k).
In this case £ is called the reproducing kernel of % (k).

Remark 1. Most authors introduce reproducing kernels using a variation of the above.
Suppose that # is a Hilbert space of functions on X that satisfies the following property.
For every y € X there exists a constant Cy such that

FOI<CIfL  Yfem.

This means that the evaluation functional E}, : [ f(y),f € & is continuous. Hence, by
the Riesz representation theorem there exists a function & that satisfies (10). In this case the
reproducing kernel of 7 is the function x, y - ¢,(x), x,y € X.

It is in this sense that the Szegd kernel corresponds to the Hardy space. But what about
the converse: Starting with the reproducing kernel, can we recreate the Hilbert space? The
following proposition hints that this is indeed possible.



Proposition 1. Let k be a reproducing kernel, then the linear span of {k, : x € X} is dense in
7 (k).

Proof. Let f € # (k) with f L k, forallx € X. Then f = 0 by (10), and the result follows.
O

However, to fully answer the question above, we first require a different definition.

Definition 2 (Via matrices). k is a reproducing kernel if and only if & is Hermitian, meaning

k(x,y) = k(y,x), Vx,y € X, and for every finite subset {x;, ..., x,} € X, the matrix

k(xbxl) k(xlzxn)

(m) G = [k(x;, xj)]zj‘:l =

k(x,, %) ... k(x,,x,)
is positive semi-definite, i.e. 2°Gya > 0 for every 2 € C". In this case we write £ > 0, or

(r2) k(x,7) =0, x,y€X.

It is not difficult to prove that if £ satisfies Definition 1, then it also satisfies Definition 2.
The following fundamental theorem by Moore proves the converse, which unites the two
definitions and therefore asserts an intimate relationship between reproducing kernels and
its corresponding Hilbert space.

Theorem (Moore). Let k satisfy Definition z, then there exists a unique Hilbert space (k) of
functions on X, such that k satisfies Definition 1 within % (k).

From now on throughout this section, we fix k to be a reproducing kernel on X.

Thanks to Moore’s theorem it is possible, in theory, to answer any question about a Hilbert
space through its reproducing kernel, even in a completely abstract setting. As a brief aside,
let me illustrate with a proposition that generalizes the o((1 — |z )_%) estimate for > that I
mentioned in the previous section. This is extended in Paper 11.

Proposition 2. Let (x,) be a sequence in X such that 0 # |k, I* = k(x,,x,) — casn — o
and suppose that for all y € X there exists a constant M, such that |k(x,,y)| < M,. Then the

» k
sequence of normalized kernel functions k. = 5 converges weakly to 0 in % (k). Equivalently,

(13) T ACH Vf e (k).

k(% ) 2



Proof. Indeed, ”éx,, | = 1, meaning they are norm-bounded, therefore it is sufficient to prove

LAVEN]
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follows by assumption. O

and the result then

that (/;xn) tends pointwise to 0 by Proposition 1. But |/e(y, x,)| =

A more concrete answer to our original question is provided by the following criterion, which
says exactly what functions belong to % () only in terms of &.

Proposition (Inclusion criterion). Let k be a reproducing kernel on a nonempty set X. A
Sfunction f+ X — Cbelongs to # (k) if and only if there is a constant A > 0 such that

(14) Ak(x,y) = f(x)f(y) =0, x,y € X.
Moreover, the least constant admissible is A = | f|*.
Often it is reasonable to impose that & is normalized at a point x, € X, which means that

x = k(x,%)) = 1. For these kernels, there is an immediate consequence of the inclusion
criterion that is useful in practice.

Proposition 3. Let k be a normalized reproducing kernel on a nonempty set X, then

(15) k(x,y) 21, x,y € X.

My favorite theorem of reproducing kernels, which I apply frequently, is the following.

Theorem (Schur’s product theorem). I addition to k, let t also be a reproducing kernel on X,
then their pointwise product is also a reproducing kernel,

(16) k(x,y)t(x,y) =0, x,y € X.

3.1 Symbols inducing operators

Throughout this subsection, fix £ and ¢ to be reproducing kernels on some nonempty sets X
and Y, respectively.

Reproducing kernels are frequently used to study operators on, or between, their correspond-
ing spaces. The primary examples are the multiplication and composition operators mentioned
previously in the context of H?, for brevity, we shall consider them as special cases of wezghted
composition Operators.



Amap ¢ : X — Y and function d : X — C induce a weighted composition operator
from 7 (¢) to # (k) if and only if x — J(x)/(#(x)) belongs to (k) for every function
f € #(t). By the closed graph theorem, a simple argument proves that the operator
Wsys H(t) — H(k) defined by VVMf(x) = 0(x) f(#(x)) is bounded.

In terms of reproducing kernels, there is the following criterion that is analogous to the
inclusion criterion.

Proposition 4. A map ¢ : X — Y and function d :+ X — Cinduce a weighted composition
operator from K (t) to I (k) if and only if there is a constant A > 0 such that the function

(17) Ak(x,y) = 3(x)0()2(4(x), 4(y)) = 0, x,y€X.

Moreover, the least constant admissible above is A = | W , 1%

When ¢ = 1, then we say that ¢ induces a composition operator C,. If X' = ¥ and ¢ is the
identity map, then we say that J is a multiplier, i.e. it induces a multiplication operator M.
Furthermore, in this case (17) is often referred to as the ‘multiplier criterion’

(18) Ak(x,y) = 3(x)0()2(x,9) =0,  x,y€X.

In my research [ encountered a third important special case. The case when the operator 17 s
is co-isometric, i.e. W V7, = I. To my knowledge, the first study of co-isometric weighted
composition operators in D was due to Mas, Martin, and Vukoti¢ [26]. One should also
mention the work of Hartz and Tornes [16] that extends their results to the unit ball in several
variables. Given that 7} 4 is co-isometric, a computation shows that

(19) k(x,9) =31, 4(0),  xmyeX.
Note that x, y = 9 (x)3_(y) and x,y — (#(x), () are themselves reproducing kernels. In

other words, k is factored by o, and the quotient kernel 99 corresponds to a one-dimensional
Hilbert space. Therefore, I call ¢ a rank 1 composition factor of k with ¢, and I continue
the work of the above authors using this definition in Paper 111. In the general case, we can
consider the equation (19) where 0is replaced by any reproducing kernel. In particular, when
k = ¢t the theory is quite elegant.

Proposition s. The set of all composition factors of k forms a semigroup under composition.

Proof. For simplicity, suppose that k is zero-free, the general case is proved in a similar way.
Let ¢ and ¢ be composition factors of k. By definition, this means that the quotients satisfy

k(x, )

s =——— > =
(20) A TN 0 R

x,y €X.



Note that x, y = & (#(x), $(y)) is also a reproducing kernel, and a computation reveals that

k(x,y)
(21) £ P(x,y) = =k (x, )k ($(x), ¢ (), x,y €X.
L 7T ) e A g
It then follows by Schur’s product theorem that k¢ > 0. O

It is often a stronger requirement for a selfmap to be a composition factor than inducing a
composition operator. However, sometimes the two notions overlap.

3.2 Back to H?

Now I want to uphold a promise made in the prior section.

Proposition 6 (Minimality of H?). Let k be a reproducing kernel on D that is normalized at 0.
Suppose that every analytic selfmap of D is a contractive multiplier of # (k), then H Zc H (k).

Proof. In particular, the identity function is a contractive multiplier of # (k). Therefore by
the multiplier criterion, z, w +— k(z, w)(1-2w), 2z, w € D, is a normalized reproducing kernel.
Hence by Proposition 3

(22) k(z,w)(1 —zw) = 1, z,w € D.
Using Schur’s product theorem, multiplying by the Szegd kernel yields
(23) k(z,w) 2 5(z,w),  zweD,

which finishes the proof by using the inclusion criterion once more. O

While we are discussing A 2 again, I want to show a proof of the essential part of Littlewood’s
theorem.

Proposition 7 (Littlewood’s subordination principle). Let @ be an analytic selfmap of D, with
#(0) = 0. Then for every function f € H?,

(24) GfeH  and |Cfl<I|fI.



Proof. Note first that

(25) s(¢(2), ¢p(w)) = #(2)p(w)
R 5
is a reproducing kernel normalized at 0. Moreover, the multiplier critierion yields that
- ¢(2)¢(w)
(26) —1 e 1, z,w e D,

since the above reproducing kernel is normalized at 0. By multiplying with 5 o ¢, applying
Schur’s product theorem, and reordering, we obtain

(27) s(z,w) = s(¢(2), p(w)) = 0, z,weD,
and the result follows by the composition criterion, i.e. Proposition 4. O

Remark 2. Itis notable that the starting point for Littlewood’s original proof also uses the
fact that ¢ induces a contractive multiplication operator.

Remark 3. The above line of reasoning can be extended to directly prove that €, maps H*
into itself, even if ¢(0) # 0. In fact, this is performed within a completely abstract setting in
Paper 11.

The key observation is that for every analytic selfmap ¢ of D, due to the multiplier criterion,
we can define a class of reproducing kernels by

1- ¢(z)m _ s(z, w)
1-zw s(¢(2), p(w))

(28) F(zw) = z,w € D.

Hence we obtain three classifications of all analytic selfmaps of D. As the contractive multi-
pliers of H* (disregarding the unimodular constants), as the symbols inducing composition
operators on A 2 as well as the composition factors of the Szeg6 kernel!

The reproducing kernels in (28) are by no means as well behaved as the Szeg6 kernel.
Nonetheless, the study of their corresponding Hilbert spaces has attracted a lot of attention
over the last so years. Let us now look into the primary vessel for my work: the shadows cast
by H>.
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4 de Branges—Rovnyak spaces

In 1966, de Branges and Rovnyak introduced their eponymous Hilbert spaces [7, 8]. From
the operator-theoretic view, these spaces are classified by the property that the backward shift
operator defined by

Lf(z) =22 zeD.

is contractive, see [4, 2]. This provides a functional model for certain contractive operators
that is distinct from the well-known Sz.-Nagy-Foiag model, see for example [27].

In this thesis, I take the kernel-centric view instead. Each de Branges—Rovnyak space
corresponds to a reproducing kernel s? given by (28) through an analytic selfmap ¢ of D.
What is the relation of the symbol ¢, the reproducing kernel s?, and the Hilbert space (s%)?
A pioneer in this direction is the late Donald Sarason. He invented many new techniques
and discovered much of the fundamental structure of the % (s?) spaces, or sub-Hardy spaces
as he called them. His work culminated in a concise yet dense ~100-page book [30] that has
greatly inspired me. The interested reader may also consider the recent books by Fricain and

Mashreghi [11, 12].
Let us begin our short exposition with a simple proposition.

Proposition 8. The space (s%) is contractively contained in H 2, Meanin 14 (s%) ¢ H* with
the inclusion map being contractive.

Proof. The difterence between the Szegé kernel and the corresponding de Branges—Rovnyak
kernel is easily seen to be

(29) s(zw) — (2, w) = o z,w e D.

It is immediate that 2, w — ¢(2)¢(w) is a reproducing kernel. Therefore, the above is also a
reproducing kernel due to Schur’s product theorem. The result then readily follows by the
inclusion criterion. O

The above answers what functions may possibly reside in #(s?). Apart from the kernel
functions sfz, w € D, it is difficult in general to provide explicit examples of functions that
belong to #(s%). For instance, it is not always true that the polynomials reside in %#(s%),
even though they constitute an orthonormal basis of A 2. Sarason gave a fantastic structural
response to this inquiry. First recall that #~ denotes the bounded analytic functions on D.

II



Theorem (Sarason’s dichotomy). Foran analytic selfmap ¢ of D, the following are equivalent:

(z) ¢ is not an extreme point in the unit ball of H,

(ii) § € (),
(i1z) H(s?) is invariant under the shift operator defined by M_f(z) = 2 (2),
(iv) the polynomials are dense in H (s?).

I want to discuss one more contribution from Sarason, namely his proof, and refinement, of
the Julia—Carathéodory theorem.

Theorem (Sarason). Given a point { € T and an analytic selfmap ¢ of D, then the following
are equivalent:

(2)
1-[4(2)|

liminf ——— = ¢ < o,
z—{ 1- |Z|

(1z) Thereisa A € T such that the function defined by

C1-¢(x)2
qf(Z) - 1- zZ
belongs to # (s7).

(ii7) All functions in I (%) have nontangential limits at {.
Furthermore, if any of the above hold, then ¢ has horocyclic limit A at { and ||q(||2 =c
Once again, Sarason links a function theoretic condition on ¢ to a statement about all

functions in Z(s%); this is a theorem in its own right, not just a novel proof.

I defer a more detailed discussion to Paper 11. However, a brief note on how the proof starts
is in order. The brilliant observation that Sarason made is twofold. Firstly, (i) is equivalent to

1-|¢(x)|*

(30) liminf =¢< o,

—¢  1-|z]?

I2



Secondly, the quotient in (30) is exactly equal to 5% (z, z) = ||5¢||2 Consequently, supposing
that (i) holds, then there is a sequence z, — ¢ such that the sequence of kernel functions
Jf is norm-bounded. By invoking weak compactness to obtain a convergent subsequence of

the kernel functions, the stage is set for the rest of the proof.

With these two results of Sarason as a backdrop, let us turn to some generalizations of
de Branges—Rovnyak spaces. I am aware of two different generalizations that precede our
work in Paper 1.

4.1 Sub-Bergman spaces

The sub-Bergman spaces were introduced by Zhu [35] in 1996. Just as in the classical
de Branges—Rovnyak space, each space stems from an analytic selfmap ¢ of D, written as

A* (¢). They correspond to reproducing kernels of the form
- $(2)¢(w)

W, Z,u)ElD.

(31)
Just as in the case of de Branges—Rovnyak spaces, one may observe sub-Bergman spaces
from operator-theoretic viewpoint. The link is provided by the famous inequality of
Shimorin [33],

(32) ILf +gl” <2(1/1” + 1 Mel®), Vg ed(),
which we extend in Paper 1.

Sub-Bergman spaces garnered some attention and led to subsequent papers [34] and further
extensions. For instance, one may also consider the kernels

1 - ¢(2)¢(w)

= zw)" a>1, zwel,

(33)
which are weighted variants A§(¢), studied by Abkar and Jafarzadeh [1] as well as Shuaibing
and Zhu [24].

Sarason’s dichotomy disappears in this setting. For example as proved by Chu [10], when
2 = 2, then the polynomials are always dense in 4”(#), no matter what ¢ is. An explanation
of this phenomenon can be obtained from the reproducing kernel. The kernel in (31) can be
factorized as s? - 5, hence, by virtue of being factored by the Szegé kernel, the corresponding
space inherits much of the regularity of A 2

From this viewpoint, it is perhaps not surprising that the same result holds for # > 2. Chu’s
proof relied on function-theoretic methods, which did not extend to the range 1 < « < 2.
This case was for a short time an open problem, see [13], that we resolved in Paper 1.
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Much less studied is the case when @ < 1, and it seems quite difficult. Not every analytic
selfmap of D is a contractive multiplier of the so-called standard weighted Dirichlet spaces. 1
invite the reader to compare with the case of several variables below. However, using Sarason’s
methods, it is possible to extract a refined version of the Julia—Carathéodory theorem in this
case. Specifically, the Julia condition is modified to

1)
(34) hrzrg?f%=

€ < oo,

which is weaker than the classical condition. For an exact statement and details see Paper 11.
It would be very interesting to try to extend this result to every analytic selfmap of D.

4.2 Sub-Drury-Arveson spaces

For a fixed dimension 4 > 0 one may consider many different analogues to the Szeg6 kernel in
several variables. Even so, from the kernel-centric view, the Drury-Arveson kernel is the clear
choice, see for example the recent survey by Hartz [14]. It is defined on the unit ball B, of c?
by

1
(35) S(Z, LU) = m, Z,w e Bd'
Consider then, analytic selfmaps @ of B such that
@ 1 - (D(z), D(w)) S(z,w)
= = B
(36) ST (z,w) - (o) S@@).0@)’ z,we B,

defines a reproducing kernel. Importantly, only the contractive (vector-valued) multipliers of
the Drury-Arveson space are permissible above; these are a strict subset of all analytic selfmaps
of B, and are often referred to as the Schur-Agler class.

I cannot definitively answer the question of who first studied the #(S?) spaces, as the
condition (36) was surely known for quite some time. But some early references are by Jury
[19] in 2007, and by the authors Ball, Bolotnikov, and Fang [6] in 2008. Given that this is a
very natural generalization, I expect that multiple authors arrived at it independently.

Regardless, I first encountered them through the later work of Jury. He has been successful
in carrying out large parts of Sarason’s program in this more intricate setting, see for example
[19, 18], and together with Martin [20, 21]. In particular, the last paper, together with a
result of Hartz [15], gives an analogue to Sarason’s dichotomy. Jury also has an unpublished
generalization of the Julia—Carathéodory theorem [r7], which caused me a lot of headaches.

14



I independently arrived at the same generalization around 2022, and subsequently began
drafting a paper to be published. At the time, I was unaware of the terminology “Schur-Agler
class”, which explains why I did not encounter the relevant article earlier. Discovering this
during a later and more careful search was, while initially disconcerting, ultimately a fortunate
development as it led me to my best work in Paper 11.

s Summary of the research papers

This section provides a summary of the three research articles that constitute this
thesis. Each article concerns different, but sometimes overlapping, generalizations of
de Branges—Rovnyak spaces. However, their respective reproducing kernels are all realized
as quotients of two other reproducing kernels. In fact, all major results are derived from the
theory of reproducing kernels.

Paper 1

The first paper is concerned with a generalization of de Branges—Rovnyak spaces via the
multiplier criterion. Let £ be a reproducing kernel on a nonempty set X, and let & be a
contractive multiplier of % (k). We study reproducing kernels of the form

k(x,7)
s(b(x),b(y))°
as well as their spaces. This frames the reproducing kernels of sub-Bergman spaces and

sub-Drury-Arveson spaces as quotients. In each case, the denominator is given by the Szegd
kernel or the Drury-Arveson kernel, composed with a function. Some of these kernels are

(37) K (x,9) = k(x,9) (1= b(x)b(y)) = x,y € X,

classified via operator inequalities, such as a famous inequality of Shimorin that we extend.
In this setting, we develop a model for # (K") reminiscent of the Sz.-Nagy-Foiag model for
contractions. It yields sufficient conditions for the containment and density of the linear
span of {/e}, : y € X}. In particular, it resolves a conjecture in [13] regarding the density of

| (=b@(e))

polynomials in spaces with reproducing kerne T “l<ms< B,m e NonD.
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Paper 11

The second paper is motivated by Sarason’s more abstract version and proof of the
Julia—Carathéodory theorem. Let £ be a reproducing kernel on a nonempty set X. We
define and study a notion of boundary for X using the reproducing kernel £. Approach
regions to the reproductive boundary are also given in this setting. Furthermore, composition
factors are introduced as a kernel-theoretic alternative to analytic selfmaps of D. This leads to
a generalization of the Julia—Carathéodory theorem stated entirely in terms of reproducing
kernels on arbitrary sets. As a consequence, we obtain an abstract form of Julia’s lemma,
which also yields sufficient conditions for the iterates of a composition factor to converge in
an appropriate sense. As an application, Jury’s own generalization is extended. This refines
the classical theorem for contractive multipliers of standard weighted Dirichlet spaces.

Paper 111

The third paper reframes co-isometric weighted composition operators as rank 1 composition
factors. We extend the work of Mas, Martin, and Vukoti¢ to the polydisk. Specifically, for a
reproducing kernel £ on the polydisk that is normalized, permutation- and rotation-invariant,
zero-free, and diverges on the diagonal when approaching the topological boundary, we
recover their dichotomy. The set of rank 1 composition factors of % is either just the rotations
composed with permutations. Otherwise, it is the set of all automorphisms of the polydisk.
In this case £ must be a positive power of the Szeg8 kernel. Future work includes removing
the assumptions that £ is zero-free and that it blows up on the diagonal.

This thesis is my attempt at a way of organizing mathematics.
At least it succeeded in structuring my own mind.
That is enough.
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