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1. INTRODUCTION

The optimal adaptive control law is still in most cases impossible to calculate,
particularly if the solution has the dual features first described by Feldbaum,

Therefore, a large number of suboptimal control laws have been suggested. Their

performance are usually tested by comparison with other suboptimal strategies or

with the known parameter case in a simulation study. The case of known parameters

is then used to give a lower 1imit for the achievable loss. This Timit, however,

is frequently much lower than the optimal loss, and is consequently of limited value.

In this correspondence,minimum variance control of difference equations systems
with time-varying stochastic parameters are studied and a tighter lower bound for
the optimal performance is derived. This is achieved by assuming that information
about the actual parameter values is always delayed one step. The effect of this
decrease in available information is to increase the loss, thus giving a better
Tower 1imit for the optimal loss. On the other hand, with the previous parameter
values known, the probability law for the current parameters will be independent
of the control signal. This fact simplifies considerably the optimal control
problem. Apart from giving lower limits to the loss, the resulting control law
and optimal system also reveal the following interesting facts.

With time-varying stochastic system parameters, there exist bounds on the uncertainties,
that must not be exceeded for the optimal system to be mean square stable over an
infinite time horizon. For white noise parameters this uncertainty threshold

principle (UTP) was earlier discussed by Ku and Athans(1977). The present

correspondence shows that in such cases with more general parameters there exists

no control law that can stabilize the system in the sense of mean square.

Also, the optimal system may show an unsatisfactory behaviour, since the
distribution of the output may have large tails and lack higher moments. This may
show up as sudden periods of large outputs, and causes jumps in the accumulated
loss. A simple continuous time problem exhibiting this behaviour was given in
Astrom(1965). In such cases, it is, of course, very difficult to use simulation
to test suboptimal control laws.



2. PROBLEM STATEMENT

Consider a system with the dynamics described by the linear difference equation

y(t) = 8(t)Tx(t) + e(t) (2.1)
where

o(t)| = [-y(t-1) ..... —y(t-n) u(t-1) ..... u(t-m)]

x(t) = [ ag(t) connee a (t)  by(t) ...... b (t)]

and e(+) 1is a sequence of independent random variables with zero mean and
variance 02. The parameter vector x(t) is a stochastic process evolving as

x(t+1) = F(x(t)) + v(t+1) (2.2)

with v(+) a sequence of independent random variables with zero mean and
covariance matrix R. Also, e(t) and v(s) are independent for every t and s.
The function f(.) is completely arbitrary, but is assumed to be known.

The object of control is to minimize the criterion

Woo o 2

S

n ™M=

[ y(s) - v, ] (2.3)

1
where N is a given number, and e is a constant reference value. To find a
sequence of control laws minimizing (2.3), it is also necessary to specify the
information state available to admissible control Taws. A natural rule in
adaptive control is that u(t) may use all measurements up to time t. In view of
(2.1)-(2.2) this can be summarized as u(t) measurable w.r.t. I](t) with

I,(t) = [6(t), y(t) , conditional distribution for x(t) I

With I](t) given,the conditional distribution of x(t+1) which is needed for
the optimal control, can in principle be calculated using only (2.2). The
resulting optimization problem is however in general very difficult, being of
the dual nature first discussed by Feldbaum(1960).

By increasing the information state beyond the possible, lower Timits for
adaptive control of (2.1) can be obtained. Introduce

L(t) = [ I{(t) , x(t) ]

The problem is thus defined as to minimize (2.3) for the system (2.1)-(2.2)

by choosing a sequence of control laws such that u(t) is measurable w.r.t. Iz(t)
for every t. This obviously gives a lower Timit to the ordinary optimal adaptive
control problem, since u(t)€I1(t) = u(t)el,(t).



3. OPTIMAL CONTROL

By introducing the information state 12 the estimation part of the optimal control
problem is much simplified. The estimate of x(t+1), i.e. the conditional mean, is
just f(x(t)), and its covariance is R. The estimate can thus not be improved by
choosing the input, and the problem is not dual in Feldbaum's sense. That is why
dynamic programming can be used in a straightforward way. Introduce

N
N . 2
Vt(IZ(t)) = min E [ _z [ y(k) - Yyl lIz(t) ] (3.1)
k=t+1
The minimization is w.r.t. the present and future admissible control laws. The
superscript N for Vt will be omitted in the sequel. Some additional notations are

needed to describe the result from dynamic programming. Introduce

8(t)T = [ -y(t-T)...... y(t-n) 0 u(t-2) ...... u(t-m) I
AR R R 0 1 0 werenrnnn. 0 ]
AR B T 0 0 0.rrrnnnn. 0 ]
and a shift matrix S so that
o(t)"= B(t)T + ZTu(t-1)
8(t)'= 8(t-1)Ts - 2ly(t-1)

Using the last two equations to take out y for the expectation and u for the
minimization dynamic programming shows that Vt(Iz(t)) takes the form

Vo(I,(8)) = B(t+1)TH (x(£))B(t+1) + B(t+1) Ty (x(t)) + ry(x(t))  (3.2)
Furthermore

He(x(8)) = Ay = (ADE ATy (3.3)

g, (x(t)) = b, - (Atf‘a)(Iszt)/zTAtz (3.4)

r(x(8)) = EL vy (x(t41) | L()1 + %L1 + £TH ¢ (x(t+1))€ | T,(£)] +

+y - (ZTbt)2/4ZTAtZ (3.5)

where

A, = E[ X(E)x(E+1)T 4+ (S = x(t+1)2T) oHe, (x(£41)) (S = x(t+1)2)" | Iz(t)] (3.6)

b, = E[ S,41 (x(£41)) = x(t+1)1LTg, , (x(t+1)) + 2y,) | Iz(t)] (3.7)

and the optimal control law is

[2'AB(t+1) + T'b,/2]
u(t) = - (3.8)

“T. -
£ AL




The "loss to go" is thus quadratic in the control variable despite the nonlinear
parameter equation, as long as the old parameter values are measured exactly.
This makes the minimization in the dynamic programming possible. Note that with
information 11 on]y,'-At and bt would also depend on the control.

The parameter uncertainties are reduced to an unrealistic minimum with the
preceding parameter values known. Even then a Targe part of the loss increase
compared to the known parameter case is still present. To show this we will
consider some special cases. i

4. SPECIAL CASES

In order to simplify the expression (3.2) for Vt further it is necessary to
have Ht’ 9t and e independent of x, since the expectations will otherwise be
too difficult. Some cases of this type are given below.

Known b-parameters

Suppose now that R is a constant diagonal matrix with zero elements for all the
b-parameter variances. This means that the b-parameters are known and that the
a-parameters change independently. Then

Vo(I,(t)) = BEt+T)THB(H) + v (4.1)

t t
with
s 11 nn
Ht = diag [ Hy o eeees Hy 0 3 vewws 0] (4.2)
H]]
B 2 11 2 t+1
Y‘t = rt‘l‘] + 0 ( ] + Ht+-|) + yr' T—m (4.3)
t+1
The evolution of Ht is described by
ht = °°ht+1 + T (4.4)
where
T 11 nn T
ht - [Ht ----- Ht ] I‘ - [ R-I-I ----- Rnn]

©
1]
f————
Lar |
_I._ —
|
o
]
|
I

Now consider the average loss per step as t - -, It will exist if and only
if ht of (4.4) converges, i.e. if and only if ¢ is stable. This is the case if
and only if tr(R)&1. The following theorem can be shown.
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Theorem:1:Consider the system (2.1)-(2.2) with the criterion (2.3) and suppose
that R is diagonal with zero b-parameter variances. Then

e sy ey 4 6B/ - tr(R) (4.5)

if and only if tr(R) <« 1. The Timit does not exist if tr(R) > 1.

This is a result of the same type as the Uncertainty Threshold Principle of
Athans, Ku and Gershwin(1976) in that it gives a limit to the stabilizability
of a stochastic system (in a mean-square sense). The most interesting aspect
of the above result, however, is that it gives a Tower 1limit for ‘the optimal
steady-state loss with| any control law using information state I].

Corrollary:Consider the system of theorem 1. If tr(R) > 1 then no regulator
at all, based only on the ordinary information state 11, can
stabilize the system (in a mean-square sense).

The corrollary is a clear indication to the Timits of adaptive control of
time-varying stochastic systems. The fixed 1imit value one for the covariances
may seem surprising, but has to do with the unit circle as a stability region
for discrete-time systems. Note that many parameters varying just a little
may be more dangerous than one parameter with larger variations. Note also
the cost of a non-zero reference value in (4.5) for unknown parameters.

One b-parameter unknown

With the b-parameters unknown Ht’ 9¢ and e of (3.3)-(3.5) depend on x(t)

in general, and the recursion cannot be handled analytically. But a special

case that can be treated is the case of only one a-parameter and one b-parameter,
both white noise. The resulting system then falls within the framework of

Ku and Athans(1977), where a stability limit for this case is given.

With one b-parameter but several a-parameters, 'Hy does not depend on x(t),
but the recursion becomes nonlinear, and is difficult to solve. A partial
result is the following. If all parameters are mutually independent and white
with mean values E(a])=m1,E(b)=nband the rest zero, then the optimal system
is mean square stable if and only if

m% Rb

tY‘(R) = Rb + —-,Z—'—— < 1 (4.6)

m. + R

b b
The Teft member is exactly the sum of the expressions in the conditions of
known b/unknown a and known a/unknown b. This result cannot be obtained from
Ku and Athans(1977), since their system is essentially a set of dynamically indepen-

dent first order equations with common parameter variation( B assumed nonsingular).



Discrete state Markovian b-parameter

The white noise parameter situation is of course not very realistic. It would be
interesting to have some results when the b-parameter sequence is correlated, as
it would hopefully be in practise. To this end, consider the simplified

situation with b taking one of only two states, namely +d or -d. The probability
for a change of state is p. With the same parameter assumptions otherwise as

in the previous example, the stability condition is identical to (4.6). Then

my, and Rb should be taken as conditional means, i.e. mﬁ = (1-2p)2d2 and Rb = d2-mE.

General situation

To handle other examples than the ones treated above it is usually necessary

to run the equations (3.3)-(3.7) on a computer. This is a much less time-consuming
task than to calculate the optimal dual control, mainly because the minimization
is already taken care of, and the number of parameters to discretize is much
smaller. In the ordinary dual control problem parameters, their covariances

and old inputs and outputs must be discretized. For the lower Timits of this
correspondence it is just the parameters, since the covariances are constant and
old inputs and outputs enter the Toss in a known fashion. On the other hand there
are more functions to calculate (the elements of Ht’ 9t and rt), but this is cheaper.
The obtained Tower 1imits can then be used instead of the known parameter case

to evaluate the performance of suboptimal dual control laws.

5. EXTENSIONS AND IMPLICATIONS

Sofar, only the second moment of the output has been considered. The distribution

of the output from the optimally controlled system is, however, also interesting

to study. It may well happen, that the second moment is quite small, but the

tails of the distribution is so large that the overall performance of the system
becomes unacceptable. An example of this is given in figures 1 and 2, showing
simulations of a system with one known b-parameter (b=1) and one unknown a-parameter.
The noises are Gaussian with covariaﬁcés G?f 0.8t and R= 0.96, which i$ near the
stability 1imit. The reference value is zeros; and the optimal loss then 0.25 per step.

Fig. 1 shows the accumulated loss in 10 runs. The accumulated loss is about the

same in 7 of the runs. The 3 remaining ones show large jumps in the loss due to the
large tails of the distribution of the optimal input. Note that the expected mean

value of the loss is greater than the mean value from these 10 runs. Fig. 2 shows

the output for the run with the largest jump. The output is fairly close to zero

most of the time, but assumes large values at to short periods around t= 80 and t=180
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Figure 1 - The accumulated loss in 10 runs. Note the
expected value for 500 steps.
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Figure 2 - The output in one of the runs of fig. 1

A system behaviour as that of fig. 1-2 1is of course not desirable from a
practical point of view. But it also gives another type of problem. Suboptimal
dual control laws are often tested by simulation. If jumps are present, but less
frequent than in the above simulatibn, the regulator may seem better than it is.
The mean value of the loss may be small, and the estimated covariance of the loss
close to zero, and yet if longer and more simulations were made a completely
different result would appear. It is thus necessary to be extremely careful when
evaluating the behaviour of stochastic systems by simulation. The results of a
single run is not even an indication to the final result, and even 100 runs could

give large errors.



For the system of fig. 1-2 further information can be gained from catculating
higher moments of the output. It turns out that for such a simple system, the same
control law minimizes any moment of the output. Denoting the nth

of y by M; the condition for existence is

steady state moment

2n 2n
M‘y < o o> MV <] (51)

The fourth moment does thus not exist in the example above. Even if it did, the
output would probably have sudden large periods, but less frequently. From (5.1)
follows that with v(=) Gaussian there is always only a finite number of finite
moments of the output. This means that there is a large probability for y to be
large some time. Furthermore it is not possible to decrease the tails of the
distribution by using e.g. exp{ u-y(t)z} with u>0 1in the Toss “function instead

of y(t)z.

6. CONCLUSIONS

The main contribution of this correspondence is the extension of the
uncertainty threshold principle (UTP) described by Ku and Athans(1977) to
more general systems with stochastic parameters. In some cases, necessary
conditions can be given for a system to be mean square stabilizable. It is
also shown that simulation must be used with a great care when evaluating
the performance of such systems.

The method used can be applied also to other and more complicated systems,
but will then, in general, require the evaluation of certain expectations
on a computer to go through the recursion.
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Abstract

Minimum variance control of difference equations systems with time-
varying stochastic parameters are studied. The optimal control law is
derived under the assumption that all previous but not the current
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