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Popular Summary

Imagine a drunkard taking steps randomly. Sometimes he walks a step forward. Some-
times he walks a step backward. In probability theory, it is possible to study his be-
haviour, when his step sizes are all equal. A simple symmetric random walk in one
dimension is defined this way.

Now imagine the drunk man taking steps forward, backward, towards right or towards
left. A simple symmetric random walk on two dimensions can be defined through
this, and the behaviour of such a walk is known.

My thesis investigates the long-term behavior of systems where randomness interacts
with a fixed, changing rhythm. Most of my work focuses on a random walker whose
stride length changes according to a predetermined schedule. I identify the precise
mathematical thresholds where the walker shifts from being "recurrent” (doomed to
return home infinitely often) to “transient” (wandering off forever). Surprisingly, I
show that even if the walker’s strides grow to be giant leaps, a few well-placed small
stumbles can still pull them back to the origin. Extending this theme of spreading
phenomena, I also analyze a Forest Fire model where flames spread with built-in delays.
Here, I characterize when the fire burns out locally versus when it erupts into an
“infinite fire” that engulfs the entire landscape—a parallel form of transience for a
growing, random process.

These models capture a fundamental tension between randomness and rigid structure
that appears across nature: from physical processes with time-varying volatility to
the delayed spread of wildfires. My work provides a unified mathematical toolkit for
predicting whether such systems eventually "return to base” or escape to infinity.
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Chapter 1

Introduction

The classic problem of probability theory is to study long term behaviours of processes.
Whether a process returns to a particular state infinitely often is a fundamental ques-
tion. In case of Markov processes the infinitely often return is called recurrence and
the opposite is called transience. Another important long term phenomenon is about
the existence of infinite clusters or connected entities. Common knowledge tells us
that simple symmetric random walks on 1 and 2 dimensions are recurrent and on 3
dimensions and above are transient. In our work we investigate how different other
types of Random Walks behave in terms of recurrence or transience. We work with
symmetric walks but the step sizes change, thus rendering the process to be time inho-
mogeneous. We also work on a model where step sizes are random functions of time
(random flight model). In addition we vary burning times of trees and spreading time
of fires to investigate the threshold criterion of an infinite fire.

We find that the dimension of a random walk, the step sizes a,, to be the determining
factor, as expected. The problem with fast growing steps is that they tend to overshoot.
Take the example of a,, = 3"™. This walk cannot return to 0 ever since the > " | a; <
@p+1. But surprisingly the lower or upper bound on rate of growth of the step sizes
is not sufficient. The results indicate that even if the step sizes a,, are bigger than any
arbitrarily fast growing function f(n), if sufficiently many consecutive steps are of
similar size, it can lead to recurrence.

In case of the forest fire model, the spreading time plays crucial role, which was ex-
pected. But the burning time of a tree does not play a role which is as significant.

On the first paper we introduce the idea of an a—walk. We investigate some cases
with a,, growing as fast as In . or n®. But mostly we remain in the domain of integer
step sizes. This paper acts as the foundation for most of the rest.



The work done on the first paper is extended significantly on the fourth manuscript.
We break the restriction of a,, being integers and go on proving some rather counter-
intuitive results, where we show that simply the growth rate of a,, is not a sufficient
criterion to conclude recurrence or transience.

The third work has been an extension of both of these on 2 dimensions.

We investigate a related but somewhat different case in the second work. We work
on 2 dimensions but the step sizes are not deterministic functions of time. They are
rather created by a particle moving at constant speed and changing directions only at
times which are drawn from an inhomogeneous Poisson process.

The fifth paper is the only work which covers the forest fire model, where we extend
some previously existing work by varying burning and spreading times. This is defi-
nitely not a real world forest fire, since, first of all, it is on one dimension. But it is
always the study of special cases which eventually give birth to more general results.

But one can see how the the analysis done on Paper I, II and III depend and draw
motivation very much from Paper I.

Throughout our work, we very commonly use the Borel-Cantelli lemma to conclude
almost sure convergence and use the Hoeflding inequality to show a significant sim-
ilarity between numbers of positive and negative steps. We have explained these in
details in the following chapters.



Chapter 2

Some Probabilistic Tools

2.1 Recurrence and Transience in Markov Processes

A state s in a Markov Process is called recurrent, if the probability of returning to it
infinitely often is 1. It is called transient, otherwise.

For time homogeneous Markov processes, there are specific results which help deter-
mine these properties.

Define pJ; as the probability that the process started from state 4 returns to 4 at the

n'h step.

It can be shown that the state is recurrent if Y~ pl% = 00, and transient, otherwise.
But showing recurrence becomes trickier.

However, not such a guarantee exists for time inhomogeneous Markov Process.

But, whenever we work with a time inhomogeneous Markov Process, we can at least
apply the first Borel-Cantelli lemma to conclude, Y o> pl: < oo guarantees tran-
sience.

2.2 0-Algebra and Filtration

o-Algebra

A o-algebra (or o-algebra) on a set €2 is a collection F of subsets of €2 satisfying:



e Qe F
* If A € F, then A° € F (closed under complements)

o If {A;}°, C F,thenJ;2; A; € F (closed under countable unions)

The pair (€2, F) is called a measurable space.

A o-algebra generated by a random variable X, means the events which are described
by observing the possible values of X.

For a sequence of random variables { X7, X9, ...X,,,..} defined on (2, F), the o-
algebra generated by (X,) is:

o(X,:neN)=c({X,(B): B€B(R),necN})

where B(R) is the Borel o-algebra on R. This is the smallest o-algebra on €2 making
all X,, measurable. For a finite sequence X1, ..., X, we denote (X1, ..., Xp).

Filtration

A filtration is an increasing family of o-algebras indexed by time (discrete or continu-
ous):

FoCFLCFyC---CF

where each F,, represents information available up to time n. The quadruple (Q, F, (Fy)n>0, P)
is called a filtered probability space.

If a sequence of random variables is denoted by { X1, X, ..., X, ..}, the o-algebra
generated by the intersections can be arranged as a filtration in the following way:

U(Xl) C J(Xl,XQ) C...C J(Xl,XQ,...,Xn) C ...
2.3 Stirling’s Approximation

Inn!=nlnn—n+ O(lnn)

This implies
n n
n! ~ 27rn(—) .
e

I0



We will use it frequently to approximate the value of (YZ) , for different values of n
and m. The most frequently used approximation would be of (2:) 272,

<2n> g VAT ()™
n 27m(% 2n

1
x 27 = ——
) VTN

2.4 Almost Sure Convergence

A sequence of random variables X, converges to a random variable X almost surely
(or almost everywhere), if
P(lim X, =X)=1.
n—oo

If we call the sample space €2, and outcomes w, the random variables are functions
on this space. So, almost sure convergence says that for almost all values of w € €2,
Xp(w) tends to X (w). By the phrase “for almost all w € €27, it is meant that the
probability of having an w, such that the convergence does not occur on it is 0.

2.4.1 Kolmogorovs 0 — 1 Law

This states that the probability of a zail event is either 0 or 1, when the events in
concern are independent. Now what is a tail event? Pick a sequence of random
variables X1, Xo,..., X,,.... Define the sequence of o—algebras in the following
way :

The tail 0 —algebra 7 is defined as limy, ;o A\ . A tail event is an event which belongs
to T.

So, it means an event which does not depend on { X3, Xo,..., X}, for any finite
k € N, but depends on the intersection ﬂzozl X,.

An example is whether the sum of a sample mean of random variables converges to a
particular value is not determined by any finite number of events, but dependent on
the infinite intersection.

II



To formally state the law, If E C lim,, o 0(X}, Xpt1, ... ), where the X/s are
independent of one another,

P(E) =0or1.

2.4.2 Borel Cantelli Lemma

The first part of this lemma is the most powerful tool to conclude an almost sure
convergence.

2.4.2.1 Lemma 1

For a sequence of events { A1, Ao, ..., Apn,....},

o
Z]P’(An) < oo = P(Apoccurs infinitely often) = 0.
n=1

2.4.2.2 Lemma 2

For a sequence of independent events { A1, Aa, ..., Ay, ...},

Z]P’(An) =00 == [P(Ajoccurs infinitely often) = 1.
n=1

2.4.3 Conditional Borel-Cantelli Lemma

Let F,, be a filtration and A,, € F,,. Define p,, = P(A,,|Fp,—1). The lemma states:

o0
1. an < oo = P(A, occurs infinitely often ) = 0

i=1
and

o0
2. an =00 = P(A, occurs infinitely often ) = 1

i=1

12



2.4.4 Kochen-Stone Lemma

For the sequence of events { A1, Ag, ... Ay, ..}, assume

> P(A,) = o0
n=1

and

2
i (ko P(4n)
im sup
This would imply P(A,, occurs infinitely often) > 0.

> 0.

These two lemmas are necessary when we need to work with dependent events.

2.5 Concentration Inequalities

Concentration inequalities establish an upper bound on the probability of a variable
being too far from the expected value.

2.5.1  Markov Inequality

For a non negative random variable X, and a number a > 0,

E(X)

P(X >a) <

This can be extended using non decreasing functions f.

B(f(X))

FE =) < =)

2.5.2  Chebyshev’s Inequality

This comes as a corollary of Markov inequality. And this is the first actual anti con-
centration inequality, in the sense that it talks about the distance of the variable from
the expected value. To prove it, the variable that is used is (X — E(X))? and then it
is a direct application of Markov inequality.

< Var(X)'

— 2

P(X —E(X)| 2 ) <

13



2.5.3 Cantelli’s Inequality

Fora > 0, (x)
Var(X
PIX-EX)>a) < ————~ |
( ( )_a)_Var(X)+a2
2.5.4 Chernoff Bounds
By Markov inequality, for t > 0,
E(etx)
P(X >a) < e
and for t<o, .
E t
B(X <a) < )
e

This, despite being a direct application of Markov inequality, generally provides a
sharper bound.

2.5.5 Hoeffding’s Inequality

This is the most used inequality throughout the thesis.

For independent random variables X1, X2, ..., X, such thata; < X; < b;, Vi €
N, almost surely. Define S, = Y ;" ; X;. Then,

2
P(|Sn —E(Sn) > t]) < QGXP{_Z’-“O(Qbi—ai)Q}'

There are many more concentration inequalities, but not all of them are mentioned

here.

2.6 Anti-Concentration Inequalities

As the name suggests, these are the inequalities which talk about the minimum spread
of random variables. Formally speaking, these inequalities are used to determine an
upper bound of the probability of a random variable being inside a certain interval
or in higher dimensions, hypercube. A quantity which is very often used is called the

14



concentration function. In one dimension, it is denoted by QQs(X), where X is the
random variable in discussion, s is the length of the interval and

Qs(X) = sgﬂgP(X € [a,a+ s]).

Obviously, the definition of ) can be adjusted accordingly in higher dimensions.

Following are a few anti-concentration inequalities. One of the very important ones
we skip here is the Haldsz inequality, which we discuss in one of the papers.

2.6.1  Erdés-Littlewood-Offord Inequality

Let X1, Xo, ..., X,, be random variables, such that Vi € {1,2,...,n}

X, — a;, w.p.1/2
—a;, w.p. 1/2.

Assume that a; > ¢, Vi € {1,2,...,n}, for some positive constant c.

Then,
2

Q= (17)2" 7

,as n — 00. One must observe that if all a; = 1, this inequality implies that the
simple symmetric random walk in one dimension takes any particular value after the

n'" step with a probability which is bounded above by a 4/ % In fact we know the
probability that it will take the value 0 is approximately equal to |/ - and that is the

most likely outcome.

This inequality is a very powerful tool and we would discuss how Erdés derived a
clever proof of it in our fourth paper.

2.6.2 Haldsz Inequality

v

Consider n vectors a1, . . . , a, € R such that for any unit vector e, we have | (e, a;)|
1 for at least n values of 4, and also ||a; — a;|| > 1 whenever ¢ # j. Then

P(Z ea; € B(x, 1)) < (8, dyn 1742,

=1

where ¢(6, d) is a constant that does not depend on 7.

I5



This inequality is used for separated step sizes. For example, the application of this on
one dimension proves that a symmetric random walk with step size a,, = n satisfies

Q1(S,) < n3/2.

2.6.3 Kolmogorov-Rogozin Inequality

There exists a positive constant C', such that, if X7, X, ..., X}, are independent ran-
dom variables, and real numbers 0 < Ay, Ao, ..., Ap < 21,

n n _1/2
Q> _Xi) < Cur. (Z PHEE Q)\i(Xi))> :
=1 i=1

2.6.3.1 Kesten’s Improvement of the Kolmogorov-Rogozin Inequality

Under the same setting, Harry Kesten proved the existence of a C' > 0, such that,

- Cor. Y0 A2 (1 — Qy, (X0)).Qx, (X5)
ZZ; (Z?:l )‘1‘2(1 — Qy, (Xi)))3/2

16



Chapter 3

Random Walk

A drunk man will find his way home, but a drunk bird may get lost forever.
~ Shizuo Kakutani.

Random walk or Drunkard’s walk is a stochastic process that describes a path. A
general definition is the following.

where each X; comes from a certain distribution and are independent. X is called
the i*" step of the random walk S,.

3.1 Simple Symmetric Random Walk

The word simple refers to a fixed absolute value of the step sizes. The most standard
example is where | X;| = 1, Vi € N. Here,

1 .p.
X, =40 w.p. p
-1, wp.1—p

17



This can be adapted to higher dimensions. For dimension d, the ith step is

1,0,0,0,...,0),  w.p.p1
-1,0,0,0,...,0), w.p.ps
0,1,0,0,...,0), w.p. p3
0,-1,0,0,...,0), w.p.ps

(0,0,0,0,...,—1), w.p. pag

where 2?11 pi = L.

The word symmetric refers to the probability of taking a positive and a negative step
being equal and same for every direction.

3.2 Asymmetric Simple Random Walks
We would keep our analysis limited to one dimensional walks, because the results we
derive from them, suffice.

Take the example where

1 .p.
X, =4 w.p.,p
-1, wp,1—0p

, where p # ((1/2)). Note, this is a time homogeneous Markov process. Hence,
to determine recurrence and transience we can apply the known technique. Also,
since the process is irreducible, recurrence or transience of one state means recurrence
or transience of all states, thus rendering the whole process recurrent or transient,
accordingly.

2n 47’L Cn
2n n n n n
g D —_g p'(l—0p %5 —p"(1—0p —_E — < 0
n=0 " n=0 < n ) ( ) n=0 n ( ) n=0 n

Because, by A.M.-G.M. inequality, the value of p(1 — p) peaks at p = ((1/2)), and
forany p # 1/2, p(1 — p) < 1/4. So, the walk is transient.

It is evident that any simple random walk in higher dimensions with asymmetric

18



distribution must be transient, because the embedded one dimensional walk itself is
transient. Hence, we don’t analyze them anymore.

3.3 Recurrence and Transience of Simple Symmetric Random

walks

We will keep using Stirling’s Approximation for estimating factorials.

3.3.0.1 Dimension 1

Since it is a time homogeneous Markov Process, we will have to check if the Y7  pijy
is convergent or divergent.

2p00—2< ")arrary Z

n=0

n(1/2)" i

Hence, simple symmetric random walk in one dimension is recurrent.

3.3.1 Dimension 2

It is possible to use a condition on which steps are horizontal and which steps are
vertical. Say, a total of 2m steps are horizontal and 2(n — m) steps are vertical. And
we fix which steps are vertical and which are horizontal. Then the horizontal and
vertical events can be treated independently and probabilities can be multiplied.

Let us call this conditional probability p.(2n), where ¢ denotes a certain distribution
of vertical and horizontal steps.

Under this condition, p.(2n) = (2721) (QZ:fnm) (1/2)%" =~ 1/(my/m(n —m)).

m(n —m) is maximized at m = [n/2]. Thus p>" is minimized when m =
[n/2].

Thus, without any condition on the number and positions of vertical and horizontal

states, pan > 1/m+/n2/4 = 2/mn.
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This quantity is not summable over n, thus the walk is recurrent.

3.3.2 Dimension 3 and Higher

For a three dimensional walk, a proof can be given by noting that roughly one-third
of the steps will be along each axis. Then we find the conditional probability to be of
order 1/n%/2. Because on each axis, the probability of return after around 2n./3 steps
is of order 1/+/n and they can be multiplied. The quantity is summable over n, and
hence the random walk is transient.

The claim that there would be roughly 1/37¢ of the steps along each axis is derived
from a concentration inequality which we would mention later.

For higher dimension, a similar argument can be made to show transience. Or, it is
sufficient to conclude that the three dimensional embedded walk in a higher dimen-
sional walk does not return to origin infinitely often. Hence, the original walk does
not return to the origin infinitely often, either.

But let us do a rigorous proof for the three dimensional case.

2n! 2k 21 2m
2n -1 2n -
Pooo =1/6 > erieniem)! \k) \i) " \m
k,lm:k+l+m=n

2n!
_ 2 3/2
=1/6"" > ramge ~ Y
k,l,m

Now this is summable over 1. So, the walk is transient.

A Rademacher random variable is a variable which takes each of the values 1 and
—1 with probability ((1/2)). In our discussions, we will call the symmetric random
walk with step sizes a1, ag,...,ay,.. a Rademacher Walk. We will call the sum
S, = 221 X; the Rademacher Sum, where X is a scaled Rademacher random
variable with scaling factor a;, Vi € N.
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3.4 Green’s Function and Estimation of Probabilities

If n is a non-negative integer the Green’s function Gy, (z, y) is defined as the expected
number of visits to ¥y starting from x in n steps.

Gu(a,y) =EX D Lsmy | =D pilay) =D pily — )
=0 =0 0

j=

G () is defined as the expected number of visits to z, starting from the origin, in n
steps.

There are plenty of results based on Green’s function, but we will only mention the
ones necessary in our work. The only time we use this is during the analysis of a 2
dimensional random walk, hence we will mention only those results. a(z) is defined
as follows :

a(z) = lim [Gn(0) = Gu(z)| = lim > "p;(0) —p;(x)
=0

A theorem from [12] shows that for d < 2, the limit is finite.
The most important theorem from [12] that we will need is the following

Theorem. Ford = 2, 3 a constant k, such that, if « < 2,

2
lim |z|*a(z) — —In|z| — k] =0
|z]—o00 T

This can be improved to show

2
a(z) = —lInfa| +k + O(|z™%)

It is also easy to verify thatG),(0) ~ Inn, because
Gn(0,0) =EX[> 15,0 | =) _pj(0,0)=> pj(0)~ Y~ ~=1Inn.
= = = w|n/2] w

=0

Then, the above theorems imply that the expected number of visits to a particular
. . L. 1 2
point at distance  from the origin is equal to ~ Inn — = Inz + O(1).
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3.5 Recurrence and Transience of Random Walks with Differ-
ent Step sizes

3.5.1 Casel

Consider the 1-d symmetric random walk with step sizes {1,1,4,4,4,4,4,...}.
Now we are in the zone of time inhomogeneous random walks, hence the rule of
checking recurrence or transience from time homogeneous Markov Processes do not
work.

Define E := {The walk returns to 0 infinitely often almost surely}.

The question is whether E is a tail event. If the walk ends up at 0 after the first two
steps, the next part is just a 4 times scaled version of simple symmetric random walk,
and the probability of return to 0 infinitely often is 1. But if it ends up on 2 or —2
after the first two steps, then the walk can never return to 0 again.

So, the event E depends on the first two steps. It is not a tail event.

This example clearly demonstrates that the event of return to a particular point in-
finitely often may not be a tail event. But there is a modification that will help us
resolve the issue.

3.5.2 Case2

Take the previous setup, but this time define /' :={The walk returns to some interval
[—C, C] infinitely often}. Note, by definition the size of the interval is not determined
by any finite number of steps, thus rendering the event as a tail event. Previous cal-
culations show that the walk will return to [—2, 2] infinitely often, almost surely. We
will call this type of infinitely often return weak recurrence. And whichever walk is
not weakly recurrent, will be called transient.

The way to show transience of a random walk is to use the first Borel-Cantelli lemma,
because

ZP(Si € [-C,C]) < o0 = P(the walk returns to [—C, C| infinitely often) = 0.
=0

But proving weak recurrence is much trickier. We cannot simply apply the second
Borel-Cantelli lemma, since the variables {S1, Sa, ...., Sy, ..} are not independent.
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But we can use the conditional version of the lemma, which does not require inde-
pendence. Our works will show that calculating or bounding the conditional prob-
abilities are not very simple. In some cases we will use the Kochen-Stone lemma to
prove weak recurrence.

3.6 Conservative Random Walk

This is a model where the step sizes are not fixed, but movement along a direction
continues for long time.

3.6.1 Time Homogeneous Model

* Discrete Space Model

After the n'" step the walk can redirect with probability p. In that case, for a
d— dimensional walk, it chooses one of the 2d directions uniformly at random
as its next step. With probability (1 —p) it continues moving towards the same
direction. Previous results show that this walk is recurrent on 1 and 2 dimen-
sions and transient for higher dimensions.

* Continuous Space Model

At each step, the walk redirects with probability p, but this time, it moves along
any direction, uniformly. For example, in case of a two dimensional walk, it
chooses a direction uniformly at random from [0, 27]. Similar results hold for
this.

Note, both of these can be easily adapted to a Poisson process, where redirection
times come from a Poisson process with intensity A > 0, with similar results being
preserved.

3.7 Time Inhomogeneous Model

* Discrete Space Model

After the n'" step the walk can redirect with probability p,,. In that case, for
a d— dimensional walk, it chooses one of the 2d directions along the axes uni-
formly at random as its next step. With probability (1 — p,,) it continues
moving towards the same direction.
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Previous results show that for a two dimensional walk p,, < n~(1/2+9) for all
n > N, for some N € N, the walk is strongly transient®.

* Continuous Space Model

At each step, the walk redirects with probability p,,, but this time, it moves
along any direction from the set all possible directions, uniformly. For example,
in case of a two dimensional walk, it chooses a direction uniformly at random
from [0, 27].

These models too, can be adapted to a Poisson process. Here, the Poisson rate evolves
with time.

*Strong transience is defined by the scenario when the walk not only does not stop
at the origin infinitely often, but also does not even pass through the origin infinitely
often, almost surely.

Weak transience is the case which guarantees that the walk stops/redirects at the origin
only finitely often almost surely. But it still can pass through the origin infinitely often.

Weak transience is the transience of the embedded walk.
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Chapter 4

Forest Fire Model

In our case, we are not in fact dealing with any real forest fire, and our discussion is
restricted to a very ideal and 1—dimensional case. The general model is described as
follows.

On the Z* |J{0} lattice, imagine there exists a fire at position 0. Any position is
either vacant or occupied. At time 0, all positions are vacant. A single tree appears
on a vacant node, following some exponential time, whose rate might depend on the
position. When a tree catches fire, the fire spreads to the next position, only if there
is a tree, and it might take some time to spread, which, too, might depend on the
position.

We will study the speed of the progress of the fire, whether or not there is an infinite
fire, and related questions.

4.1 Previously Known Results

4.1.1  Spread Time =0, Rate = 1

This is the type of fire model which Stanislav Volkov discussed in [19] .

Note, in this case, after the m*" fire burns up to tree n, the whole process renews.
Hence to find the distribution of interval between consecutive burn times, it is suffi-
cient to find the distribution of the first burn time of a tree.

The result is the following.
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Define 7, to be the first burn time of the n'™ tree. Then {™* converges weakly to a
random variable whose distribution is 1 — p(x), where p is the Dickman function [4],
asn — OQ.

A brief idea to show the scaling factor to be of order Inn :

Note that, for the tree n to catch fire, there must be a time when all the places
{1,2,...,n} are occupied.

€

P(r, < (1 —¢€)lnn) < (1 — (179 hm)n <e ™.

Now, this is summable over n. By Borel Cantelli lemma, we conclude that almost
surely for all sufficiently large n, the first burn time of tree 2 is larger than (1 —¢€) Inn.

Similarly, we can check the probability of the first burn time of the m!" tree being
larger than (1 + €) In my,. Note, when tree my, catches fire for the first time, position
my, + 1 must be vacant.

1

1+e€
my,

This quantity is summable over k. Hence by Borel Cantelli lemma, with probability
1, for all large enough k, my; catches fire for the first time before time (1 + €) In my,.

P(7m, > (1 +€)Inmy) <exp(—(1+4¢€)Inmy) =

What does this show?

It does not give an exact upper bound on 7,. It gives an almost sure lower bound on
Tn» ¥V n € N. But it definitely shows the consecutive maxima my; are burnt for the
first time at times arbitrarily close to In 7.

4.1.2  Bounded Rates Dependent on Location and Continuous Space

The authors in the paper [8] allow the rates at which vacant site  becomes occupied
to depend on z, though they all must lie in a certain interval, and also consider a long-
range mode (the terminology is consistent with use in the percolation theory), where
the fires can spread further than just to the immediate neighbour of the “burning”
site.

They work on a model where Z is substituted by R, and obtain a similar result.
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The main result concerns the expectation of the time of the first burn of the n'” tree,
or the tree at distance .

* In this model, the rate at position z is defined as Ay and A\, € [c1, ca], where
c1 and ¢y are two positive constants. Also, the fire from position  can spread
to trees at the next r positions, for some € N. This model is called a non-
homogeneous long range process. .

Define 7, as the first time when position = catches fire. Then, for any k >
(In2)~! and large enough z,

E(1z) < (Inz)".

* This is a continuous space model, where points appear on R, according to a
Poisson process. Two points x and y are called connected is | — y| < 1. The
point 0 is always occupied. Here, clusters form with connected occupied zones,
and when 0 falls into the cluster, it burns instantly. The result is similar to the
one in the previous case. For any £ > (In2) ™!, and large enough ,

E(7z) < (Inz)".

There are many more articles on the topic of forest fires, and we will mention them
as reference. In our work, we keep our focus on models like the above ones and we
will use the first result in our work.

27






Bibliography

(1] Patrick Billingsley. Probability and Measure. 3rd. Wiley Series in Probability and
Mathematical Statistics. Perfect bridge between measure theory and probability.
Develops measure theory specifically for probability applications. John Wiley
& Sons, 1995. ISBN: 0471007102.

[2] Emile Borel and Francesco Paolo Cantelli. Bore/~Cantelli Lemma. Fundamental
lemma in probability theory. Standard result found in most advanced proba-
bility textbooks. 1917/1919. URL: https://en.wikipedia. org/wiki/
Borel’%E2%80%93Cantelli_lemma.

(3] Herman Chernoff. Chernoff Bound. Exponential concentration inequality for
sums of independent random variables. Provides much tighter bounds than
Chebyshev’s inequality for large deviations. 1952. URL: https://en.wikipedia.
org/wiki/Chernoff_bound.

(4]  Dickman function. Wikipedia, The Free Encyclopedia. The Dickman—de Bruijn
function p(u) satisfies up’(u) + p(u — 1) = 0 for u > 1 with p(u) = 1 for
0 < u < 1. Used in number theory to estimate the density of smooth numbers.
2024. URL: https://en.wikipedia.org/wiki/Dickman_function
(visited on o1/15/2024).

[s] P Erd8s. “On alemma of Littlewood and Offord”. In: Bull. Amer. Math. Soc. 51
(1945), pp. 898—902. DOL: 10. 1090/50002-9904 - 1945-08454-7. URL:
https://doi.org/10.1090/50002-9904-1945-08454-7.

[6] C.G. Esseen. “On the Kolmogorov—Rogozin inequality for the concentration
function”. In: Z. Wahrscheinlichkeitstheorie und Verw. Gebiete s (1966), pp. 210—
216.

[7]1 William Feller. An Introduction to Probability Theory and Its Applications. 3rd.
Vol. 1. Derives Stirling’s formula using probabilistic methods and applies it to
binomial coefficients. John Wiley & Sons, 1968. Chap. I1.9, pp. so—53. ISBN:

0471257087.

29


https://en.wikipedia.org/wiki/Borel%E2%80%93Cantelli_lemma
https://en.wikipedia.org/wiki/Borel%E2%80%93Cantelli_lemma
https://en.wikipedia.org/wiki/Chernoff_bound
https://en.wikipedia.org/wiki/Chernoff_bound
https://en.wikipedia.org/wiki/Dickman_function
https://doi.org/10.1090/S0002-9904-1945-08454-7
https://doi.org/10.1090/S0002-9904-1945-08454-7

(11]

[12]

(13]

[15]

(16]

Stanislav Volkov Francis Comets Mikhail Menshikov. “Generalizations of for-
est fires with ignition at origin”. In: Journal of Applied Probability 6o (2009),
pp- 418—434. DOI: 10.1017/jpr.2022.51. URL: https://arxiv.org/
abs/1910.00212.

G. Haldsz. “Estimates for the concentration function of combinatorial number
theory and probability”. In: Period. Math. Hungar. 8.3-4 (1977), pp. 197—211.
DOI: 10 . 1007 /BF02018403. URL: https://doi . org/10. 1007/
BF02018403.

Wassily Hoeftding. Hoeffding’s inequality. Wikipedia, The Free Encyclopedia.
Exponential concentration inequality for sums of bounded independent ran-
dom variables. 2023. URL: https://en.wikipedia.org/wiki/Hoeffding}
5C%27s_inequality (visited on 01/15/2024).

Harry Kesten. “A Sharper Form of the Doeblin—Lévy—Kolmogorov—Rogozin
Inequality for Concentration Functions”. In: Mathematica Scandinavica 25 (1969),
pp- 133—144. URL: https://www. jstor.org/stable/24489820.

Gregory Lawler. Intersection of Random Walks. Derives Stirling’s formula using
probabilistic methods and applies it to binomial coefficients. Birkhiuser, 1996.
Chap. 1. ISBN: 376433892X.

Andrey Andreyevich Markov and Pafnuty Lvovich Chebyshev. Markov’s and
Chebyshev’s Inequalities. Fundamental inequalities in probability theory. Markov’s
inequality (1900s) bounds probability using expectation; Chebyshev’s inequal-
ity (1867) bounds deviation using variance. 1867/1913. URL: https://en.
wikipedia.org/wiki/Markov,5C%27s%5C_inequality.

Robert A. Proctor. “Solution of two difficult combinatorial problems with lin-
ear algebra”. In: Amer. Math. Monthly 89.10 (1982), pp. 721-734. DOI: 10 .
2307/2975833. URL: https://doi.org/10.2307/2975833.

A. Sirkézi and E. Szemerédi. “Uber ein Problem von Erdés und Moser”. In:

Acta Arithmetica 11 (1965), pp. 205—208.

Frank Spitzer. Principles of Random Walk. 2nd. Vol. 34. Graduate Texts in Math-
ematics. The definitive reference on random walks. Dense but comprehensive
treatment of recurrence/transience in various dimensions. Springer, 1976. ISBN:
9780387901659.

Richard P. Stanley. “Weyl groups, the hard Lefschetz theorem, and the Sperner
property”. In: SIAM J. Algebraic Discrete Methods 1.2 (1980), pp. 168—184. DOI:
10.1137/0601021. URL: https://doi.org/10.1137/0601021.

Blair D. Sullivan. “On a conjecture of Andrica and Tomescu”. In: /. Integer Seq.
16.3 (2013), Article 13.3.1, 6.

30


https://doi.org/10.1017/jpr.2022.51
https://arxiv.org/abs/1910.00212
https://arxiv.org/abs/1910.00212
https://doi.org/10.1007/BF02018403
https://doi.org/10.1007/BF02018403
https://doi.org/10.1007/BF02018403
https://en.wikipedia.org/wiki/Hoeffding%5C%27s_inequality
https://en.wikipedia.org/wiki/Hoeffding%5C%27s_inequality
https://www.jstor.org/stable/24489820
https://en.wikipedia.org/wiki/Markov%5C%27s%5C_inequality
https://en.wikipedia.org/wiki/Markov%5C%27s%5C_inequality
https://doi.org/10.2307/2975833
https://doi.org/10.2307/2975833
https://doi.org/10.2307/2975833
https://doi.org/10.1137/0601021
https://doi.org/10.1137/0601021

(19]

Stanislav Volkov. “Forest fires on Z with ignition only at 0”. In: Latin Amer-
ican Journal of Probability and Mathematical Statistics 6 (2009), pp. 399—414.
DOI: 10.48550/arXiv.0907.1821. URL: https://lucris.lub.lu.
se/ws/files/3026646/4588832.pdf.

31


https://doi.org/10.48550/arXiv.0907.1821
https://lucris.lub.lu.se/ws/files/3026646/4588832.pdf
https://lucris.lub.lu.se/ws/files/3026646/4588832.pdf




Chapter s

Outline of the Papers

5.1 Paperl
For 1-d symmetric random walks, we call the nth step size ap.

* For a,, = |Inn|, we prove recurrence.

* For a,, = Inn, we prove that the walk will return to (—¢, €), for any € > 0,
infinitely often, almost surely.

* For a, = |n®], forany o > 0, the walk is transient.

To prove the recurrence, we improve the conditional Borel-Cantelli lemma to include
the cases, where some conditions are satisfied not always, but with probability 1.

5.2 Paper II

This work is divided in two parts, a discrete and a continuous direction model. We
work with 1 — d and 2 — d conservative random walk with redirection times coming
from a time inhomogeneous Poisson process. We prove the following:

* Forboth models, the 2—d walk is strongly transientif \s < 7%, for1 > a > 0
orif \y < (Int)=7", for B > 2.
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* The embedded walk in 1-d is transient for Ay < ¢t~%, where 1 > a > 1/3.

5.3 Paper III

This paper is based on random walk with varying step sizes on a 2-d lattice. the
following are the results we found.

* If the step sizes are non-decreasing integers, converging to infinity, the walk is
transient.

* We found a condition on the growth rate of the step sizes ay,, for which, even
non-integer step sizes result in transience.

* A way to create a recurrent sequence from a given sequence has been shown,
under some conditions. An explicit example is provided.

5.4 PaperIV

This is an extension of the analysis done in the first paper. But it covers a much bigger
domain. The main results are the following :

* For the step sizes ay,, if a, > noto) for any o > 1/2, the walk is transient.
A general model is worked with, where for all large enough n, cn®*° < a,, <
Cn*o, for o, 6,¢,C > 0. An anti concentration bound on Q1(S,,) is pro-
vided with.

* If f : N — Ris any sequence of functions, there exist step sizes a,, > f(n) for
allmn € N, and a,, € N such that the associated Rademacher Walk is recurrent.

 If f : N = R is any sequence of functions, there exist strictly increasing
step sizes ap, > f(n) forall n € N, and a,, € R such that the associated
Rademacher Walk is topologically recurrent. Topological recurrence refers to
the property where the walk visits any interval infinitely often, almost surely.
In other words, the walk is dense in R.
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* For integer sized and non-decreasing step sizes, a sufficient condition for tran-
sience is given.

* It is shown that for any f : N — R, there exists a, < f(n), such that the
associated Rademacher walk is irreducible and transient.
This, combined with the two previous results showed that growth rate of step
sizes alone does not guarantee recurrence or transience.

o If Z?:o a% = 00, the walk changes sign infinitely often, almost surely. If in

addition, a,, — 0, the walk is topologically recurrent.

e Ifa, — oo and |an, — an—1| — 0, the walk is either topologically recurrent,
or transient.

5.5 PaperV

This paper deals with different forest fire models on 1 — d lattice. The parameters we
vary are the spreading time and the burning time. We keep denoting spreading time
from tree ¢ to tree ¢ + 1 by A; and burning times by 6. We do not work with any
case where burning times are non-identical. Some of the main results we show are the
following.

We define the notion of consecutive maxima. Assume, the index of the tree farthest
from 0, which is burnt by the first fire is m;. We define my, recursively as the index
of the tree farthest from the origin which is burnt by the first fire which goes beyond
meg_—1q.

* If A;’s are identical and P(A > 0) > 0, there exists an infinite fire, almost
surely.

e Ifd =0and 0 < E(A) < coand Var(A) > 0, there is only one infinite fire,

almost surely.

* For 6 = 0, we establish a condition on rate of decay of A),’s, such that below a
threshold, there is no infinite fire, and above it, there is an infinite fire, almost
surely.
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e For A = 0, almost surely the is no infinite fire.

* For A = 0, we find an almost sure lower bound for the first burning time of
the n!” tree. We also prove an upper bound of first burn times of consecutive
maxima.

* For A = 0 and constant # > 0, we prove that the consecutive maxima grow
super-exponentially fast. Next, based on a conjecture, we put an upper bound
on the growth rate.

36



Author Contributions

Paper 1

The author brought the idea to work with blocks. He provided the preliminary under-
standing regarding how jumps of the walks should occur. And he showed for very fast
growing block sizes, what is done on the preceding block, can be undone on the next
block. He also helped in coming up with the generalized version of the Conditional
Borel Cantelli Lemma. He helped to come up with the proof which extended the re-
currence criterion from a,, = [Inn| to a, = Inn. After the proof of the a particular
transience result, he helped in finding a way to employ that in slower growth rate, to
prove transience.

Paper 2

The author handled the discrete direction case and came up with the particular con-
ditions to prove the transience. He also managed to extend the result from ¢t~ to
(Int)~" in both cases.

Paper 3

The author proved the result for transience of non-integer sequences where a,
(Inn)'/2+¢, He also found the explicit example of the sequence a,, with lim sup a,,
0o which results in recurrence.

v
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Paper 4

The author came up with the idea that step sizes a1 —a, — 0, with Y o0 | a2 = oo

should imply density or transience. He was also involved in finding the argument
that if a,, ~ nl/2te
links between how to use the Erdds-Littlewood-Offord anti-concentration inequality
combined with a super doubling sequence argument. In addition, he found out that

, it should imply transience. He could establish preliminary

step sizes ap, = |(Inn)'7¢| results in transience, which was later generalized. He
came up with example of arbitrarily slowly growing sequence being transient.

Paper 5

The author proved the existence of infinite fire, when the spreading time has positive
probability of being positive. He came up with a preliminary proof of uniqueness of
infinite fire in case of 0 spreading time. He came up with the results for non iden-
tically distributed spreading times resulting in existence or non-existence of infinite
fire. He found the bound on the first burn time of the n'* tree in case of instant
spread and positive burning times. He came up with the conjecture and the related
result on maximum burnt point. He showed the super-exponential growth rate of the
maximum burnt points for instant spread, non-zero burning time model.
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Recurrence and transience of Rademacher series

Satyaki Bhattacharya and Stanislav Volkov*
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Abstract
We introduce the notion of a-walk S(n) = a1 X7 + -+ + a, Xy, based
on a sequence of positive numbers a = (aq,az,...) and a Rademacher se-
quence X1, Xo,.... We study recurrence/transience (properly defined) of
such walks for various sequences of a. In particular, we establish the clas-
sification in the cases where a; = \_k‘SL B > 0, as well as in the case

aj, = [log, k] or aj, = log, k for v > 1.

Keywords: recurrence, transience, Rademacher distribution, non-homogeneous
Markov chains.
AMS subject classification: 60G50, 60J10.

1 Introduction

We will say that a random variable X has a Rademacher distribution and write
X ~ Rademacher, f P(X = +1) =P(X = —1) = 1.

Let X; ~ Rademacher, i = 1,2,..., be iid., and F,, = o(X1, X, ..., X,)
be the sigma-algebra generated by the first n members of this sequence. Let
a = (ay,4as,...) be a non-random sequence of positive numbers. Define the a-

walk as

S(n) = X]+aXo+ - +a,X, = Zaka
k=1
with the convention S(0) = 0.
Definition 1. Let C > 0. We call the a-walk S defined above C'—recurrent, if
the event {|S(n)| < C} occurs for infinitely many ns. (In case when C' = 0, this
is equivalent to the usual recurrence, i.e., S(n) = 0 for infinitely many ns, so we
will call the walk just recurrent. )

We call the a-walk transient, if it is not C-recurrent for any C > 0.

*Centre for Mathematical Sciences, Lund University, Box 118 SE-22100, Lund, Sweden



Our aim is to determine the probability that the a-walk for given a and C' is
recurrent; in principle, this probability may be different! from 0 and 1. A simplest
example of an a-walk is when all a; = a € R;. Such a random walk is obviously
a.s. recurrent since it is equivalent to the one-dimensional simple random walk.

The question of recurrence is naturally related to the Littlewood-Offord prob-
lem which asks to maximize concentration probabilities such as P(S(n) = 0) sub-
ject to various hypotheses on a. In particular, in [7] the authors develop an inverse
Littlewood-Offord theory, using which they show that a concentration probability
is large, only when the elements of a are contained in a generalized arithmetic
progression; see also [4].

The study of a-walk is also somewhat relevant to the conjecture by Boguslaw
Tomaszewski (1986), which says that P <\S(n)\ < M) > 1 for all
sequences a and all n. The conjecture was recently proved by Nathan Keller and
Ohad Klein in [2].

Let us first start with some general statements. First, we show that the choice

of C' > 0 is sometimes unimportant for the definition of C-recurrence.

Theorem 1. Suppose that a, — oo and at the same time |a, — a,—1| — 0 as
n — oo. Then if a-walk is C-recurrent with a positive probability for some C > 0

then it is C-recurrent with a positive probability for all C' > 0.

Proof. Since the notion of C-recurrence is monotone in C, i.e. if a-walk is
Ci—recurrent for C7; > 0 then it is Cy-recurrent for all Cy > Cf, it suffices to
prove that C'—recurrence implies %frecurrence‘

Indeed, suppose the a-walk is C-recurrent; formally, if we define the events

E ={S(n) € [-C, ] for infinitely many n},
E = {S(n) € [-2C/3,2C/3] for infinitely many n}

then P(E) > 0. We want to show that P(E) > 0 as well.
Let ny be so large that |a; — a;—1| < C/6 for all i > ny. Define the sequence
ni, k > 2, by setting
ng =min{i > np_1 +1: a; > a,,_, +C/6}

(which is well-defined since a; — 00), then trivially

—ay <g for each k =1,2,... (1)
=3

E < Anyyy =

'For example, if a = (1,1,3,3,3,3...) then the a-walk is recurrent with probability 1/2.



Fix a positive integer K and for y = (y1, 2, - - ., yx) € Qx = {—1,+1}¥ define

XK = {Xth,...,XK};
Sy = a1y1 + agy2 + ... QLYK

Let y € Qg be such that P({Xx =y} N E) > 0. Observe that
{Xk =y} N E = {Xx =y} N Bx(s,)

where
7TL]
Bf(u)={3: mi <my < ... such that u + Z a;X; €10,C}

i=K+1

’
m
J

Br(u) ={3: m} <mj < ... such that u + Z a;X; € [-C,00};

i=K+1

BK(U) = .BK('U,)Jr U BK(U)i.
Since {Xx = y} and Bg(u) are independent, we have
P({Xk =y} N Bk(sy)) = P(Xx = y) P(Bx(sy)).

Consequently, P(Bk(s,)) > 0, and as a result, P(Bj(s,)) > 0 or P(By(sy)) > 0
(or both).

Let Q3 C Qk contain those ys for which there is an index & such that ng, < K
and Y, = =1, Yn,yy = +1, Yn,,, = —1; let k be the smallest such index. For
y € Qj; define the mappings o%,07 : Q}; — Qg by
—yi, ifi=mngori=mng;

Yis otherwise;
—Yi, ifi=ng1or i = ngg;
Ui otherwise.
Then for y € Q%
Sgt(y) = Sy T 2ap, — 2ap,41 € [s, —20/3,s, — C/3],
So-() = Sy — 2y + 201 €[5, + C/3,5,+ 2073
As a result, it is not hard to see that

{Xk=0"(y)} N BL(s,) C {Z a;X; € [—2C/3,2C/3] for infinitely many ms} =E,

i=1

{Xk =0 (y)} N Bg(sy) C {Z a;X; € [-2C/3,2C/3] for infinitely many me} =E.

i=1



Since at least one of Bf;(s,) and By (s,) has a positive probability, P (Xx = o*(y)) =
27K and the events on the LHS are independent, we conclude that P(E) > 0.

Now it only remains to show that there exists y € Qi such that P({Xyx =
y} N E) > 0. Let £ := k(K) = max{k € Z; : n, < K}; obviously, k(K) — oo as
K — oo. If we chose y from Qp uniformly, we can trivially bound the probability

that y ¢ Qj by
1\ Le/3]
(1 — §> —0 ask—>

by grouping together triples (X, Xp,, Xns), (Xony, Xnss Xng), €tc.; in each such a
triple
P ((Xnk7Xnk+17 XnkJrz) = (_17 +1, _1)) = 1/8

Hence

P(E)= Y P{Xx=y}nE)= Y P{Xx=y}nE)+P({Xx € \Q}NE).

YyEQK yeQ

(2)

Since P ({XK € O\ Q}‘{} n E) <P ()_(K € O\ Q}(), by making K sufficiently
large, we can ensure that the second term on the RHS of (2) is less than P(E),
implying that there exist some y € Qi such that P({Xx = y} N E) > 0, as
required. O

Next result shows that if the sequence a is non-decreasing, then the walk will

always “jump” over 0 infinitely many times, even if the walk is not C-recurrent.

Theorem 2. Suppose that a; is a non-decreasing sequence positive sequence. Then
the event {S(n) > 0} holds for infinitely many ns a.s. The same is true for the
event {S(n) < 0}.

The theorem immediately follows from symmetry and a more general

Proposition 1. Suppose that a; is a non-decreasing sequence, an integer m is
such that a1 > 0, and S(m) = A > 0. Define

T=inf{k>0: S(m+k)<0}.

3 ~
Zexact: see A005251, P (X ¢ Q) ~ A%, A = 10041269 2 2 = 0.877...
exact: see A005251, ( K ¢ K) AR 5 +3§/100+12\/@+5 0.877...,
k= K(K)



Let Y; ~ Rademacher be i.i.d., and
T=if{k>0: Vi+Yo+ - +Y,<—r}
where r = [A/ay,11]; note that T < oo a.s. and that, in fact, Y1 + -+ Yz = —r.
Then T is stochastically smaller than 7, that is,
P(r>m) <P(7>m), m=0,1,2,...
Proof. We will use coupling. Indeed, we can write
S(m+j) = A4 amsrY1 + ami2Yo + - amprY;, j=1,2,...
Suppose that 7 = k, that is
Yi>—r YVi4+Yo>—r ... Vi+Yo+- -+ Y >0
YitYot+ o+ Y tYe=—-r

Then, recalling that a; is a non-decreasing sequence,
Sm+k)=A+an Y1+ + amib-1Ye-1 + Gmir Y

SA+amYi+ -+ ampp-2Yeo2 + amyk1Yio1 + @mpp1Ye  (since Yy, = —1)

= A+ ap Y1+ F apgr—2Ye2 + pyp-1[Yeo1 + Y

S A+ @Y1+ + Gpgi—2Yi—2 + k2 [Yio1 + Y3

= A+ ap Y14+ ampi—2[Yeoo + Y1 + Y]

<< A4 appYi+ o+ Y] =A—rang <0,
since Yy, Vi1 +Ys, Yeo+ Y1+ Ys, ..., Y1+ -+ Y}, are all negative. Therefore,
T<T. O

Throughout the paper we will use a version of the Azuma-Hoeffding inequality;

compare with the results of [3].
Lemma 1. Suppose that by, by, ..., by, is a sequence of non-negative numbers and

S=0Y1 +bYo+ - +b,Y,, where Y; ~ Rademacher are i.i.d. Then

AQ
P(S|>A) <2 —_——
(1512 4) < exP( 203 + -+ 02,)

We also state the following fairly standard result.

) for all A > 0. (3)

Lemma 2. LetT; = Y1+ - -+Y; be a simple random walk. Suppose that Ly and yy.,
k=1,2,..., are two sequences such that L, — oo, yp — 00 and yx/+/Li, — 7 > 0.
Then

;> >r) =92 —
P <1I5112)L(le > yk> —2P(n>r)=2-2%(r)

where n ~ N (0,1) and ®(-) is its CDF.



Proof. Let g = [yr]| € Z4. By the reflection principle,

P ( max T; > yk) =P (lgl_gf T, > Qk) =2P(Ty, > §x) — P(Te, = 9r)
<i<Ly

1<i<Ly

by the Central Limit Theorem, using also the fact that gi/yx — 1. d

2 Integer-valued a-walks

Suppose that the sequence a contains only integers.

Proposition 2. Let z € Z. Suppose that the sequence

n

/ cos(tz) Hcos(tak)dt, n=12,...
0

k=1

is summable. Then the events {S(n) = z} occur for finitely many ns a.s.
Proof. The result follows from the standard Fourier analysis. Indeed,

EeitS(n) _ Z eltk]P’(S(n) — k)
kez
where the sum above goes, in fact, effectively over a finite number of ks (as |S(n)| <

aj + -+ -+ ay). At the same time,

/7‘r =) g — 2w, itk =z
- 0, ifkeZ\{z}.

By changing the order of summation and integration, we obtain

R A S /7r it(h—z) v _
/4 Ee dt = > e P(S(n) = k) dt = P(S(n) = 2).

2 keZ v~
On the other hand,

(™. 1 (™ T 1 /"
B Ecit(S(n)=2) g4 — > Kﬂ it IHEczkakdt = ;/ cos(tz) Hcos(tak)dt

27
-7 0 k=1

by the symmetry of cos and the fact that the imaginary part must equal zero. Now

the result follows from the Borel-Cantelli lemma, since », P(S(n) = z) < co. O

Corollary 1. Suppose that the sequence

/ Hcos(tak)
0 |k=1

is summable. Then the a-walk is transient a.s.

dt, n=12,...




Proof. From Proposition 2 we know that for each z € Z

n

7P(S(n) = 2) = /7r cos(tz) Hcos(tak)dt < /07T

0 k=1

n

cos(tz) H cos(tay,)

k=1

d.

ars |
0

Hence the event {S(n) = z} occurs finitely often a.s. for each z. Since for each

H cos(tay,)
k=1

C' > 0 there are only finitely many integers in [—C, C] we conclude that the walk

is not C-recurrent a.s. for every C. d

An interesting and quite natural example is when a = (1,2,3,...), i.e., a; = i.
It was previously published in the IMS Bulletin [8], in the Student Puzzle Corner
no. 37.

Theorem 3. The a-walk with a = (1,2,3,...) is a.s. transient.

This statement follows from a much stronger Theorem 4, but for the sake of

completeness, we present its self-contained proof.

Proof of Theorem 3. Let A, = {S(n) = 0} = {X1 +2X5 + -+ + nX; = 0}. Then
P(A,) = Q,/2", where

@, = number of ways to put & in the sequence %1 % 2% 3 % -- - % n such that the sum equals 0.

For example, @1 = Q2 =0, Q3 = Qs =2, @5 = Qs = 0, Q7 =8, Qs = 14, etc. It
was essentially shown in [6] that

6 27
Qn ~ \/;W when n mod 4 € {0, 3}
(and zero otherwise) as n — 0o, meaning that the ratio of the RHS and the LHS

const

converges to one. Consequently, > P(A,) ~ > FF < oo and the events 4,

occur a.s. finitely often by the Borel-Cantelli lemma. Hence the walk is a.s. not
recurrent.

Moreover, since for any m € Z

P(S(n+2/m|) = Sn) —m|F,) >

(by making the signs of X, X;11, Xppo, ..., Xnyoym| alternate), we conclude that
if the event {S(n) = m} occurs infinitely often, then A, shall also occur infinitely
often a.s., leading to contradiction. As a result, P({S(n) = m} i.0.) = 0 for all

integer ms, and thus the walk is a.s. not C-recurrent for any non-negative C. [

Remark 1. Though the (1,2,3,...)-walk is transient, it still jump over zero in-

finitely many times, as it was shown by Theorem 2.



In fact, Theorem 3 can be generalized greatly, using the result of [5], or even

a weaker result of [1].
Theorem 4. Let a be such that all a;’s are distinct integers. Then a-walk is a.s.
transient.
Proof. The main result of [5] implies that for any € > 0
(1 + €)2n+3
nd2\/7
for all n > ng(€) and all m. Setting € = 1, and fixing m € Z, we obtain that
= L2-27 1 16 - 1
> P(Sm)=m)< Y R TR Y <o

n=ng(1) n=ng(1) n=ng(1)

card({(z1,za, ..., @,) » all z; = £1, g + -+ + apxy, = m}) <

Therefore, by the Borel-Cantelli lemma, only finitely many events {S(n) = m}
ch
happens finitely often a.s. for any C' > 0. d

occur a.s. Since S(n) takes only integer values, this implies that {|S(n)]

IN

Remark 2.

(a) It is not difficult to see that in the condition of Theorem 4 it suffices that all
ay’s are distinct only starting from some ko > 1.

(b) If ar, = |KP| with B > 1, then we immediately have a.s. transience by Theo-

rem 4.

3 A non-trivial recurrent example

We assume here that a = (B, B, Bs,...) where each By is a consecutive block
of k’s of length precisely Ly > 1. Denote also by i =14+ L1+ Lo+ -+ Lp_1
the index of the first element of the k—th block. For example, if L = 2*, then
i, =2F—1and

a= (1717 23272727 373737373737373747"'747"')7
—— ——— N —
Lo times L3 times L4 times

one can also notice that a; = |logy(i + 1)] = [log,(i +2)] — 1.

Theorem 5. Suppose that for some € >0, r > 0, and ko we have
Ly,

> (2+4¢)Ink;
Lo Lot 4Ly = 2Te)nk
L > 2r, (4)
Lk/+1+Lk/+2+"'+Lk_1
L > K,

whenever k — k' > ﬁ — 2 and k, k' > ko. Then a-walk described above is a.s.

recurrent.



Remark 3. One can easily check that the condition of the theorem are satisfied if
ap = L(logw k')ﬂj, where v > 1 and 3 € (0,1].

Proof of Theorem 5. We will proceed in FIVE steps.

Step 1: Preliminaries

First, we need the following lemma, which is probably known.

Lemma 3. Let m € Zy and T, be a simple symmetric random walk on 7', that
is, T, = Y1+ -+Y,,, where Y; ~ Rademacher are i.i.d. There ezists a universal
constant ¢; > 0 such that for all integers z such that |z| < 2v/m, assuming that

m s sufficiently large and m + z is even,

P(T,, = z)

\Y

32

Proof. W.l.o.g. assume z > 0. We have

]P’(Tm:z):]P’(Tm;m:Z—;m> =P(T = w)

where T' ~ Bin(m, 1/2) and w = =™ € Z,. Note that 1 < w < 7 + /m where
m=m/2. So

w
1+o

P(T = w) = < 2277% wl(m—w)!  Vam (m+1)(m+2)...w

w—m 1 w—m 1 w—m
m+1 m+2) w

A

3G
3G

T
S 1 )Ml>1+o(1) L V2+o(l) _ e’ to(1) 01
- \/7 m+1 - Vrm vm ™m/2

for large enough m. |

Corollary 2. Let T,,, m = 0,1,2,..., be as simple symmetric random walk as

in Lemma 3. Assume that m and k are positive integers such that k> < m. Let

u € Z, and either k is odd, or both k and m — u are even. Then for large ks

P(Tm—umodkzo)zz%

where ¢ is the constant from Lemma 3.

Proof of Corollary 2. First, assume that m, and hence a, are even. Since (T, —
u) mod k = 0 <= T, = @ mod k, where & = (u mod k) € {0,1,2,...,k— 1}, it

suffices to show the statement for .

)2 m (277L> 1 mlm! 1+o0(1) 2m—w+1)2m—w+2).../m

Jm



Let M = [2y/m] € (2¢/m — 1,2y/m] and define
[=[-M,~M+1,...,-1,0,1,...,M] = [, UL;

Ip={z€l: ziseven}; I ={z€l: zisodd}.

There are at least M elements in each I and ;.
If £ is odd, then each of these two sets contains at least L%j elements z such

that = = @ mod k. If m is even (odd, resp.) for all z either in Iy (in I;, resp.)

by Lemma 3 for large ks (and hence large m) we have P(T,, = 2) > ¢1/v/m.

Consequently,

P(T,, = 4 mod k) > Z P(T,, =z) > \‘]WJ x L > (% — 1) x L

z€l, z=t mod k

(M )R () o

since m > k2.

If k is even, then if m is even (and thus a is also even) then I contains at
least L%J elements z such that z = @ mod k and at the same time Lemma 3 is
applicable for z € Iy. On the other hand, if m (and so u) is odd then I; contains
at least |2] elements z such that z = @ mod k and Lemma 3 is applicable for

z € I;. The rest of the proof is the same as for the case when k is odd. O

Step 2: Splitting S(n)
Recall that that i, denotes the first index of block & and note that the sum of

all the steps within block & can be represented as
S(Zk_*_l*l)*s(lk*l):k‘-Tk, Tk:Xl()++X£k)
where X ](k)’s are i.i.d. Rademacher random variables.
Form=2,..., let
mlnm if [mInm| is odd;
o fimmm) i i, .
mlnm] +1 if [mlnm| is even.

Thus ky, is always odd; k,,, m = 2,3, ... equal 1,3,5,7,9,13,15,19, 23, etc. Define
also

Ay ={5(j) =0 for some iy, < j < ig,+1}

the event that S(j) hits zero for the step sizes inside of block By, , and the sequence

km Ly
gm = ]:'ilcm+1*1 =0 (U <U Xz([)>) .
(=1 \i=1

10
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Intuitively, G,, contains all the information about the walk during its steps corre-
sponding to the first k,, blocks.

To simplify notations, let us now write k = k,, and ¥’ = k,,_1, and observe
that

1
k—k =kp—kn1>mlnm— (m fl)ln(mfl)72=lnmfl+0(—

) >Inm—2
m

(6)
for large m.
Let us split S(j) where j € [ix, ik11), as follows:

k-1

SG) =S+ 3 (X744 XE) ke (X0 x5,
n=k'+1
k-2 ix—2k2—1
=S+ | Y (X{") e XY -1 Y XY
n=k'+1 (=1
Fl=1) Sk (XX,
=N+ S+ (k—1) -S54+ k- %y
where ¥y = S(i) and
k—2 ik—1—2k?
¥y = Z nT,+ (k= 1Ty, Tpy= Z X/Fkﬂ%
n=~k'+1 l=ip_1
Ss= X0 b A X+ X XD

Sy = Xf") + X3 4 x )

J=ik"

Note that 3;, i = 1,2,3,4 are independent, and 3 has precisely 2k? terms.

Step 3: Estimating >
Recall that k = k,,, ¥ = k,,_1 and let

By = {|21| < k\/fk} € Gm1.

By Lemma 1 and (4), assuming k is large,

. k7’2~Lk
P(ES, ;) <P(IS(K)| > k'\/L )<2exp< 2(L1+22-L2+32-L3+---+k'2-Lk,))
(7)
Ly, 2
<2 — <2 1 2)1 =!€Em.
B eXp( 2(L1+L2+L3+~--+Lk/)>7 op (=(1+e/2)Ink) = Bz o

Step 4: Estimating >,

11



Again, by Lemma 1 and (4), assuming that k is sufficiently large,

P15 > by 2 ) < 2¢ ( K Ly )
Ly o[~
=N ) =P T )2y + -+ (k= 2Ly + (k— 12(Ly_y — 2k2)]

T’71 Lk
<2 — <2 —1) =0.7357588824 . . ..
- exp ( 2[Lkr+1 +---+ kal - 2]{2}) - eXp( )
Consequently,
P (\22\ < k\/Lk/r) >0.2  for large k. (8)

Step 5: Finishing the proof

We have a trivial lower bound

[ L [ L
P(Am ‘ Emflygm—l) 2 P <Am ‘ |22| <k :7E’m]7gm]) x P <|22| <k Tk | Em17gm1>
(9)

=: (%) x 0.2 for large k

by (8), since the second multiplier equals P <|22\ < k\/Lk/r> by independence.
Let

Diviy = {X1+ Xa+ (k— 1)X3 =0 mod k} = {X; + Xg — X3 = 0 mod k}.

Since only on the event Divy, it is possible that S(j) = 0 for some j (since the

step sizes are +k in the block By), we conclude that for large k

[ L [ Ly,
(*) =P (Am | Divky |22| < k Tjkv Emlagml) x P (Dlvk | ‘EZ‘ < k TkyEmfh g’ml)
. Ly C1
2 P Am | DIVk-.‘ |EQ‘ < k 77 Emfh gm,1 X ﬁ (10)

due to the fact that by Corollary 2, P (Divy, | F;, —ok2—1) > ¢1/(2k). On the other

hand,

P (Am | Din~, |22‘ < k\/ %7Em—17 gml) Z P(Ak) Z B (11)

where

Ay = {a simple random walk, starting no further than (r=2 + 3) \/L,,
from the origin, will hit zero within Ly steps},

and f=1-0 (r /2 +3) >0,

12



because under our assumptions, using the last part of (4),

D0+ o + (k — 1)%s] < kv/Ly + kv/Li/r 4+ 2(k — 1)K < (1 + 772 4 2)k /L

for large k, S(j) = [E1 4+ Sz + (k — 1)X5] + k - X4, and by Lemma 2
ligi;}f[?([lk) >2P(n>r M2+ 3) =23

so P(A;) > B for sufficiently large k.
Finally, from (9), (10), and (11) we get that
0.2¢18
ZP(ATIL | Ern—h g’m—l) Z Z 71[ =+

— 2mlogm -

and P(ES,) is summable by (7), so we can apply Lemma 5 to conclude that events

A,, occur infinitely often and thus our a-walk is recurrent. d

4 Continuous example

The example of an a-walk described in Theorem 5 roughly corresponds to the
case ay = [log, k], k =1,2,.... But what if a;’s take non-integer values, but, for
example, equal

ap =log, k =clnk, k=1,2,...,

where v = e!/¢ > 1?7 In this Section we will study this example. It is unreasonable
to assume that such a-walk is recurrent, because of the irrationality of the step
sizes, however, we might want to investigate if this walk is C-recurrent for some

C > 0. Our main result is the following

Theorem 6. Let ¢ > 0 and ar = clnk. Then the a-walk is a.s. C-recurrent for

every C' > 0.

To prove this theorem, it is sufficient to show that whatever the value ¢ > 0
is, {|S(n)| < 3} happens i.o. almost surely. Indeed, take any C' > 0. Then the
statement that a’-walk with aj, = % Ink, k=1,2,...,is 3-recurrent is equivalent
to the statement that a-walk with a; = c¢Ink is C-recurrent.

The proof will proceed similarly to that of Theorem 5. Let us define k,, slightly
differently from (5); namely, let

[mlnm)| if [/mInm] is even;

[mlnm] —1 if [mlnm] is odd.

13



Thus now k,,, are always even. As before, set k = k,,,, and k' = k,,,_1, and define
Q=[] =max{i >1: ¢; <k} +1=min{i > 1: a; >k} € [4*, 7" +1),
i.e., the first index when a; starts exceeding k. For i € Ji, := [iy, ix+1) write

S@) =S(w —1) +[S@r—1) = S(iw —1) =] +X5 +[S() — S(ix — 1)]
=3 +3 +33 +34(4)
(12)

where
S5 = [S(ip-1 + k> = 1) = S(ig—y — 1)] + [S(ix) — S(ix — £%)] .

Note that ¥;, i = 1,2,3,4 are independent, and X3 has 2 - k% terms, and contains
the first k2 and the last k? steps of the walk, when the step sizes lie in [k, k + 1).

Let
oy = {81 < bV} = {S(in,.) < ki, | (13)

By Lemma 1, since a; < k' < k for i < iy,

c - ikk‘Z i ’Yk —1
P(E;_)) =P (1] > kVix) < 2exp =i 5 | S2exp % <2exp | ——=——r
235, a3 U Y

k—k' 1 1 Inm—2 Invy
—gexp (AN o (LY g (- Y e
2 2+ 0(1) 292 4 0(1)

(14)
using (6) for k sufficiently large®. Observe that &, is summable.
Similarly, by Lemma 1
P (|32] > 2kVix) < 2ex S L/
2= SV = SOP\ TR (i — i — 28) e
Hence,
P(F,) > 0.72 where F,, = {|Zs] < 2kV/ix } . (15)

Lemma 4. Let n = k? where k is an even positive integer, and assume also that
k is sufficiently large. Suppose that X;, Y;, 1 =1,2,...,n, are i.i.d. Rademacher.
Let

T=Fk-1)(Xi+Xat -+ X)+k(Vi+ Yot +Y,). (16)

3Note that (6) was stated for k,, defined slightly differently, however, it holds here as well.

14



Then
2

P(T =j)> 40—1 for each j = 0,42, +4,... +n
n
where ¢ is the constant from Lemma 3.

Proof. It follows from Corollary 2 that

P(X) 4+ X, = 0) > % P(Yi+ - +Y,=0)> 2% for all even ¢ such that |¢| < 2.
(17)

Let j=2j € {0,2,4,...,n—2,n}. Consider the sequence of k — 1 numbers

they all give different remainders when divided by £ — 1. Hence there must be an

m € {0,1,...,k — 2} such that j — mk = b(k — 1) and b is an integer; moreover,
k(k—=2) n
be | === T

(2m)k + (2b)(k — 1), and, since both |2m| and |2b| < 2k,

] since 0 < j < n/2. For such m and b we have j = 2j =

2 2
P(T =) >P(X; 4+ + Xy = 26) - P(Yy + -+ + Y, = 2m) > (%) :%

by (17). The result for negative j follows from the symmetry. O
Corollary 3. Let e = % Then for large even k
2
‘1
> L
~ 4k?

Proof. ¥3 has the same distribution as

P(Xsej—ej+e]) for each j = 0,42, 44, ..., £k

k2 K2
Z cln(ig_r —14+0) X+ chn(ik —-0)Y,
=1 =1

for some i.i.d. Xy, Y, ~ Rademacher. At the same time, for £ > 1,

len(ig—y —14+0) — (k= )| = leln([y* ] +€—1) — (k- 1)]
cl
k=1

<leln(y* ' +4) - (k—1)|=cln (1 + %) <
Similarly,
. k k " 4 194
k—ch(iy—0)=k—cln([y"] =€) =k —cln(y" = ¥) = —cln (1 — — | € [0, 57—
v v

for some ¢ € [¢ — 1,4, assuming ¢ = o(+"*). As a result, for T defined by (16),

k2
20 ck*(K*+1) _ 2ck?
S - T < _ W) 2R
% | ; AT AT AR
Now the result follows from Lemma 4. |
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Proof of Theorem 6. Recall that Jy, = [ir, ig+1) and define
A, = {S(i) for some i € Ji,, }.

Then

P(A,, | Em-1,Gm-1) = 0.72 X P(A,, | Finy E—1,Gim—1) (18)
(please see the definition of F,, in (15)). Recall formula (12) and write

S(i) = S(i) — X3 = X1 + X + 2u(i).
From now on assume that 2| < kv/i;, and |Ss| < 2k+/ig, that is, E,,_; and F,
occur. Also assume w.l.o.g. that ¥ + X5 > 0. Let
Ly =g —ix — K2 = (v = )7* + (7).

Consider a simple random walk with steps Y; ~ Rademacher during its first
Ly, steps. The probability that its minimum will be equal to or below the level

=3 = —3?0\/%11) v/ Ly, converges by Lemma 2 to

zp(n>%) :2—2@(\/%) —:2¢, € (0,1)

as k — oo (recall that  ~ N(0,1)). As a result, by Proposition 1, the probability

that for some jo € {i,ix + 1,4 + 2,...,ix + Ly — 1} we have the downcrossing,
that is,
S(jo — 1) > 0> S(jo)

is bounded below by ¢, for k sufficiently large. Formally, let
jo=inf{j > i, : S(j) < 0};
Co={ir < Jjo <ip+ Ly — 1},

so we have showed that on E,,_1 N F,, N {Z; + X3 > 0} we have P(Cy) > ¢ for
large k.

Now assume that event Cy occurred and define additionally

bo = S(jo) € (—k —1,0];

h
C= {Ogi)]iz Xjotrg = k} .

Again, from Lemma 2,

P(C) = 2P(Xj0+1+XjU+1+' . '+X]'0+k2 > k) — 2(1*@(1)) =0.3173... ask — oco.

16



From now on assume that & is so large that P(C) > 0.2. On the event C there

exists an increasing sequence ji, jo, . . ., jrx such that
Jo < i <j2 <o <jp <otk <ipg

such that X 41 + Xjo41 +---+ X, = foreach { =1,2,...,k, since the random
walk must pass through each integer in {1,2,...,k} in order to reach level k.
For ¢ =1,2,..., k, define

Je
+ Z ((lh - ajo) Xh

h=jo+1

Je
> X

h=jo+1

Je
bg = S(j[):bo‘f— Z ahXh:bO-i-a]-n

h=jo+1

k4
= b(] + (lj[)é + O <$>

since for h € [jo, jo + k%] C [ix, irs1) we have

ik+l~€2
n———

a
In 2
1 Jk

‘a'h - (l]'(]‘ =cC

gc‘l

()

*(k+1)<b0<bl<b2<'--<bk_1<(k*l)(lﬁ+1)<k2

Jo

As a result,

and moreover the distance between consecutive b,’s is at least two (provided k is
large). For £ =0,1,...,k — 1 define

- 1 N .lb 1
bg—sup{zGQZ.erng {5,375)}:72 LngJ

Then by’s are all distinct even integers satisfying |by| < k2.

As a result,

P(A,, | Fony Eye1, Gim—1) > ¢a X 0.2 X P(S(i) € [0, 3] for some ¢ € Jy, | C,Co)
> ¢y % 0.2 x P(S(ig) + B3 € [0,3] for some £ =0,1,...,k—1|C,Co)
=02 x 0.2 x P(by + 23 € [0, 3] for some £ =0,1,...,k—1]|C,Co)

ECQXO.ZXIP’(E;,»E[BZ—E,I;@—&-&] for some £ =0,1,...,k—1|C,Cp)

k-1 2 2
~ =~ C CiC:
=y X 0.2 % E P(Z;;E[bg—f,bg-‘r:f]|C,Co)ZC2XO.2XkXﬁ:ﬁ
=0

assuming that ¢ in Corollary 3 is sufficiently small. Finally,

0.72c2¢cy _ 0.036 c3cy
> 0. m m> Bm—1,9m-1) = >
]P(Am | Em_hgm_l) = 0.72 x ]P)(A | F, E 1 g 1) 20km minm

the sum of which diverges. Hence, recalling (14), we can again apply Lemma 5. [
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5 Sublinear growth of step sizes
Throughout this Section we assume
a=|K*|, 0<pB<l
Proposition 3. Let S(n) = a1 X1+ - +a, X, where a, = |k°|, 0 < 8 < 1. Then

P(IS(n)| = 2) <

ﬁ for all large n,
n

for some v > 0.

Proof. Let F,(t) = []}_, | cos(tax)|. For all z € Z we have

1 v

at=5 | R

by Lemma 6 for some v > 0, for all large n. d

L™ e i) L™ s
_ — itz]g pitS(n < itS(n)
P(S(n) = 2) Py / e "*Ee dt < o |Ee

-

Theorem 7. Suppose that a,, = |k®], 0 < 8 < 1. Then the a-walk is a.s.

transient.

Proof. In the case 8 > 1/2 the a.s. transience follows immediately from Borel-
Cantelli lemma and Proposition 3, as Y P(|S(n)| < C) < oo for each C' > 1.
Assume from now on that 0 < 8 < 1/2. Define k,,, A, m, as in Case 3 of
the proof of Lemma 6. Fix a positive integer M and consider now only those n
for which m,, = M; assume without losing much rigor that 0.6M is an integer.
Let Iny = {kar, ke +1,. .., karr1 — 1}, Note that the elements of Iy, are precisely
those ns for which a, = M, and that I;; has of order M'/#~! elements. Next, fix

some z € Z and define
Ey = Ey(z) = {S(n) = z for some n € Ip}}.

For each z we will show that ), , P(Ey;) < oo, and so by the Borel-Cantelli lemma
a.s. only finitely many events Ej; occur. Since S(n) takes only integer values, this
will imply that the walk is not C-recurrent for any C' > 0.

So, fix z from now on, write S(n) = S(kn) + R(n) where

R(n) = i a;X; =M i X,

i=kn i=knr

Observe also that S(kys) and R(n) are independent. In order S(n) = z for some
n € Iy, we need that S(ky) = z mod M. Let Q = M2 for an ¢ € (0,1/2).

18



Assuming M is so large that Q > 2|z|,

(Q/2)° _ pQ?
PR 2 Q=D <20 (g, =) =2 <<8 o) M;I)

.y _pME
N 8+ o(1)

) for all n € Iy,

by Lemma 1; hence

P(max |R(n)| > < || %2 pM oMt B
— y — = = 1B 8+o(1 N
(ne?jﬂ (n)] > Q—|z]) < |Inm|%x2 exp 5+ o() o e ,

which is summable in M. So,
P(Ey) <P (EM7 max |R(n)] < Q — \z|) +P (max |R(n)| > Q — |z|)
nelys nely
=P (EM, S(ky) = z mod M, max |R(n)| < Q — |Z|) +ay = (%) +ay
nely

where the term «j; is summable since 1 — 2z > 0. Since F); implies implies

—S(ky) = R(n) — z for some n € Iy,

() <P(|S(kwr)| < Q, S(ky) =z mod M) = > P(|S(ku)| = 7)

J: 171<@Q, j=z mod M
) 201 ] )

y M m M1+e

7 <@, J= od M} <
i lil<Q, j=2m H‘M”ﬁ

14
< < N
M

by Proposition 3. The RHS is summable in M, which concludes the proof. d

Remark 4. By setting € = 1/2 — §/2, where § > 0 is very close to zero, we can

ensure that

B const _
P(1S(n)| < M'Y27% for some n € Iy;) < Z P(Ey(2)) < |:A[1+e —l—CYM:| x QML/2—8
zi|z|<M1/2=6
2 const .
= % + 2]»11/275(1]”

is summable. Hence, a.s. eventually |S(n)| will be larger that n®/?=% for any § > 0.

Appendix 1: Modified conditional Borel-Cantelli

lemma

Lemma 5. Suppose that we have an increasing sequence of sigma-algebras G, and

a sequence of G,,-measurable events A, and E,, such that

]P)(Am | Em—hgm—l) 2 My ]P(Eycn) S Em a.s.
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where the non-negative o, and &, satisfy

Zam:oo, Zem<oo. (19)

m m

Then P(A,, i.0.) = 1.
Proof. Let m > £ > 1 and By, = (-, A5. We need to show that for any ¢ > 1
P(Bio) =P (AjNAG, NA;,N...) =0. (20)
We have for m >+ 1
P(Bem) =P (A5, N Bym-1) <P (A5, N By N Epy) +P(E5, )
=P (A%, | Bimos N Ep1) P (Bnoy N Epy) + P (E5, )
<P(AY, | Bom—1 N Em—1)P(Bem-1) +em-1 < (1 — o) P (Bem—1) + Em—1-
(21)
By induction over m,m —1,m —2,...,0+ 1 in (21), we get that
P(Bim) < em-1+ (1 — ) [(1 — @me1)P(Bem—a | Gm) + em—2] < ...
<emaa+ (1 —am)emsa+ (1 —an)(l —an_1)ems+...
+(1—an)(d—am1)... (I —ap)ee+ (1 — o) (1 — 1) ... (1 — ).
Hence, for any integer M € (¢, m)
P(Bym) < €m-1+em—2+ - +eu
+(1—an)—am1) (L= apmpr)em—1+ -+ 1 = am)(1 — am-1) ... (1 — apa)er
+(1—amn)(l—am)...(1—ae)
<lemo1+Ema+ - +em]
F+ (1 =an)l—ap_1) (1 —apms1)em—1 +ep—o+ - +er+ 1]
Fix any 6 > 0. By (19) we can find an M be so large that Y 2, &; < §/2. Then,

mo 5
again by (19), there exists an my > M such that H (I—) < —
i=M+1 2 (1 T2t 5i>
Hence, for all m > mg we have P(By,,) < 0/2+6/2 = 4. Since ¢ > 0 is arbitrary,
and By, is a decreasing sequence of events in m, we conclude that P(By) = 0,

as required. O

Appendix 2: Generalization of Blair Sullivan’s re-

sults

Let a; = |k?], where 0 < 8 < 1.
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Lemma 6. Let F,(t) = [, | cos(tay)|. Then

i 8m(1+28) + o(1)
/ F,(t)dt = YRy as n — oo.

-

Remark 5. Note that for § =1 we would have obtained the same result as in [6].

Proof. We will proceed in the spirit of [6]. Note that by symmetry
T T /2 /2 /2

/ F,(t)dt = 2/ F,(t)dt = 2/ F,,,(t)dt+2/ F,(r—t)dt = 4/ F,(t)dt
—r 0 0 0 0

since | cos((m —t)ag)| = | cos(mar —tay)| = | cos(tay)| as ay is an integer. Let € > 0

be very small and define

1 1 1 1 o ™
L)*{QW} [17{W1W}7 [27|:m7ﬁ:|7 13*[77375]

for some ¢; > 1 to be determined later. Then

/2
/ F,(t)dt = / F,(t)dt + / E,(t)dt + / F(t)dt + / F,(t)dt.
0 Iy I Iz I3

We will show that the contribution of all the integrals except the first one is
negligible, and estimate the value of the first one.
First, observe that when 0 < tay < 7/2 for all & < n, by the elementary

inequality | cos u| < e**/2 valid for |u| < 7/2, we have

R e e e
(22)

since a? = k25(1 + o(1)).

Case 0: t € I,
Here ta, <n~'/?*¢ <« 1, hence for n large enough
tag)? tag)?  (tag)! tay)?
( a;) < —Incos(tay) = ( a;) + ( (1”;) + 0 ((tar)®) < (1+ 0(1))( a;)

228+,

yielding F,(t) = exp <_W> where p,; = 1+ o(1) for large n (compare
with (22)). Since

n—B—1/2+e 2 ,26+1 2
t‘n p 1 p

— dt = —]d

/o exp( 2(1+2ﬁ)) 1/2+ﬁ/o op 21+2ﬁ> ’

(1 + 26)
e [ o)
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by substituting t = s/n'/?*# we conclude that

/Fn(t)dt:ﬁ[ w172+ B) + o(1)]

Io

Case 1: t € I
Since tay < 1 < /2, by (22) for some Cy > 0 we have F),(t) < exp (—%) <
0" g0 /, I F,(t)dt < e=%*  which decays faster than polynomially.

Case 2: t € Iy
As in Case 2 in [6], we will use monotonicity of F),(¢) inn. Let r = % e(0,1)
then [rn]? < (rn)? = 22, consequently by (22), since t < &,

2 (rn) %1 (1 4 0(1)))
2(1+25)

FLTTLJ (t) < exp <7

and since F,(t) < F|n)(t), we get a similar bound as in Case 1.

Case 3: t € I3
Let

kp=inf{k € Z, : kK*>m}=[m"?], m=1,2,..;
A = kit — km = B7mY +O(mY52) + py, 7= %
where |po| < 1. Then
ar=m ifand only if k€ {km,kpm +1,. . kpn + Ay — 1 (= kpr — 1}
Forn € Z, let
My = max{m: kn, <n}=n"(1+0(1)), n € [kmy, km, + A, — 1].

By the inequality between the mean geometric and the mean arithmetic,

n/2

- . o eos2(t n/2
Ea(?) [T cos?(tar) = | | T] cos?(tax) < (M)
k=1 k=1

n

n

_ (1 . Un(t))”/2 where U, (t) = 3 cos(2tay).

2 2n p

We will show that if ¢ is not too small, then for some 0 < ¢ < 1 we have U, (t) < cn
and hence F,(t) < (%)"/ ® In order to do that, first note that

kmp

Un(t) < Zcos(%ak) +(n—knp,) = Z Ay, cos(2tm) + (n — ki, )-
k=1

= m=1
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Let r € (0,1) and assume w.l.o.g. that rm,, is an integer. For m € [rm,, + 1,m,)

we have

A <A, <Awhere A=3""(rm,)" +0(1), A=p"'ml+0(1).

Consequently,
Mn Mn B
Z A"” COS(th) = Z [A ’ ]'COS(%"L)ZO +A- 1cos(2tm)<0} COS(th)
m=rmp+1 m=rmp+1
mn -
= Z {A - A} c08(2tm) Leos(2tm)>0 + Z Acos(2tm)
m=rmn+1 m=rmn+1

Mn

<(l-rmy (A-A)+ A Z cos(2tm) = (1 — r)m, (A — A)

m=rmn+1

5t
+A (cos2 (rtmy, +t) — cos®(tmy, + 1) + ;O,b ; [sin(2t(my, + 1)) — sin(2¢(rm, + 1))])
sin
18 ,
Mn , T 1
< 1=r)[1= 1"+ O(m" t Om;) ) (1+ ——
<=3 (1=r)[1=r"+0(m, )]+mn(/3+ (m,, ))( +\sint\)
Hence, since m}/ f_ng o(n),

mMn

Un(t) < Z A Z Ay, cos(2tm) + (n — kp,,) = Kpmp41 + Z A, cos(2tm) + O(A,,

m=1 m=rmp+1 m=rmnp+1

/B

<r'Pn+ %(1 =) [1=r"+0(m,")] +m) <% + O(m_7)> (1 +—

n

<n (rl/ﬂ N (1- T)él - T"’)) Ap'=Bp—1py ol

| sin ¢|

Consider now the the function
_ _ _ 1)1
h(r, B) == P8 4 7(1 T)él ) = /B 4 (a-r (1[3) ! )

and note that

1

| sin ¢

h(1=8,8) = (1= +1-(1-p)"" " =1-p(1-p)/ " <1-e'B<1-5/3

since supge,1)(1 — B)P=1 = ¢! by elementary calculus. So if weset r =1— €

(0,1), by noting ¢ < 2sint for ¢ € [0,7/2], we conclude that U,(t) < (1 — g) n
n/2

provided that ¢ > £ for some ¢; > 0. Consequently, ff:s F,(t)dt < (1 — %) "2 for

large n, which converges to zero exponentially fast.
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Transience of continuous-time conservative
random walks
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Abstract

We consider two continuous-time generalizations of conservative random
walks introduced in [10], an orthogonal and a spherically symmetrical one;
the latter model is also known as random flights. For both models, we show
the transience of the walks when d > 2 and the rate of changing of direction
follows power law t=%, 0 < a < 1, or the law (Int)~# where 8 > 2.

AMS subject classification: 60G50, 60J05, 60J75
Keywords: Random flight, non-time-homogeneous Markov chain, conservative
random walk, transience, recurrence

1 Introduction

Conservative random walk (discrete time) was introduced in [10] as time- nonho-
mogeneous Markov chain X,,, n = 1,2,..., defined as a process on Z¢ such that
for given (non-random) sequence py, pa, . . ., where all p; € (0,1), the walk at time
n with probability p, randomly picks one of the 2d directions parallel to the axis,
and otherwise it continues moving in the direction it was going before. This walk
can be viewed as generalization of Gillies random walk [7] A special interesting
case studied in [10] was when p, — 0, and in particular when p, ~ n™® where
a € (0,1]; note that the case o > 1 is trivial as the walk would make only finally
many turns. The question of recurrence vs. transience of this walk was one of the
main questions of that paper.

Similar processes were known in the literature under different names. Some
of the earliest papers which mention the continuous process with memory of this
type were probably [8, 12]. The term persistent random was used in [3, 4]; in these
papers some very general criteria of recurrence vs. transience were investigated.
A planar motion with just three directions was studied in [6]. A book on Markov
random flights was recently published by Kolesnik [14]. Planar random motions
with drifts with four directions/speeds, switching at Poisson times, were studied
in [16]. Applications of telegraph processes to option pricing can be found in [18].
Characteristic functions of correlated random walks were studied in [5].

*Centre for Mathematical Sciences, Lund University, Box 118 SE-22100, Lund, Sweden.



The main difference between the conservative random walk and most of the
models studied in the literature (except, perhaps, [19], which has a more ap-
plied focus) is that the underlying process of switching the direction is time-
inhomogeneous, thus creating various new phenomena. The recurrence/transience
of discrete space conservative random walk on Z! was thoroughly studied in [9]
(please also see the references therein), and we believe that the continuous time
version in one dimension will have very similar features. The establishment of
recurrence in one dimension is more or less equivalent to finding that limsup of
the process is +o0o and liminf of the process is —oo, while in higher dimensions
the situation is much more intricate. Hence, we concentrate on the case when
the dimension of the space is at least 2, except Theorem 1 which deals with the
embedded process.

Below we introduce formally the two versions of a continuous-time conservative
random walk on R, d > 1.

Model A (orthogonal model). Let A(¢) be a non-negative function such that

T
AT) = / At)dt < oo forall T > 0;
0 (1)

lim A(T) = oo.
T—o00
Let 1 < 5 < ... be the consecutive points of a non-homogeneous Poisson point

process (PPP for short) on [0, 00) with rate A(¢), and 70 = 0. Then conditions (1)
will guarantee that there will be finitely many 7;’s in every finite interval and that
7, — 00. Let fy, f1, f3 be an i.i.d. sequence of vectors, each of which has a uniform
distribution on the set of 2d unit vectors {+e;, +e,, ..., +es} in R

The (orthogonal, continuous-time) conservative walk generated by the rate
function A(-) is a process Z(t), t > 0, in R% d > 1, such that Z(0) = 0 and at
each time 7, k > 0, the walk starts moving in the direction f;, and keeps moving
in this direction until time 7441, when it updates its direction. Formally, define

N(t) =sup{k >0: 7, <t},
as the number of points of the PPP by time ¢, then

N(t)-1
Z(t) = Z (Tk+1 — Tk) f, + (t — TN<,5)) fN(t)~

k=0

We can also define the embedded process W,, = Z(7,,) so that W(0) = 0 and for
n>1

n—1

W, = Z (Tk-+1 - Tk) fy..

k=0
The process Z(t) can be viewed as a continuous equivalent of the conservative
random walk introduced in [10].

Model B (von Mises—Fisher model). This model is defined similarly to the



previous one, except that now random vectors fi, k = 1,2,..., have a uniform
distribution on a d—dimensional unit sphere S¢!, often called von Mises—Fisher
distribution, instead of just on 2d unit vectors of R

Please note that this model is similar to the “random flights” model studied
e.g. in [17], however, their results are only for a time-homogeneous Poisson process,
unlike our case.

The results that we obtain in the current paper are somewhat different for the
two models, however, since they share a lot of common features, certain statements
will hold for both of them. The main goal is to establish transience vs. recurrence
of the walks, defined as follows.

Definition 1. Let p > 0. We say that the walk Z(t) is p—recurrent, if there
is an infinite sequence of times t; < to < ... converging to infinity, such that
Z(t;) € [—p,p|? for alli=1,2,....

We say that the walk Z(t) is transient, if it is not p—recurrent for any p > 0,
i.e. equivalently lim;_,o || Z(t)]] = 0.

Recurrence and transience of the embedded process W, are defined analogously,
with the exception that instead of t1,ts,ts,... in the above definition, we have a
strictly increasing sequence of positive integers n;, ¢ = 1,2,....

Remark 1. Note that a priori it is unclear if transience and recurrence are zero-
one events, neither can we easily rule out a possibility of “intermediate” situations
(e.g. p—recurrence only for some p).

Our main result, which shows transience for two type of rates, are presented
in Theorems 1, 2, 3 and 4.

2 Preliminaries

Throughout the paper, we will use the following notations. We write X ~ Poi(u)
when X has a Poisson distribution with parameter p > 0. For any set A, |A]
denotes the cardinality of the set A, and for € R% ||z|| denotes the usual
Euclidean norm of z.

First, we state Kesten’s generalization of the Kolmogorov-Rogozin inequality.
Let S, = & + - -+ + &, where & are independent, and for any random variable Y
define Q(Y;a) = sup, P(Y € [z, 2 + a]).

Lemma 1 ([13]). There exists C' > 0 such that for any real numbers 0 < ay, ..., a, <
2L one has 0 s
CL Zi:l a; (1 —Q(&; az))Q(fz ai)
[ a2(1— Q& a))*?
Secondly, if Dy, ..., D,, is a sequence of independent events each with probabil-

ity p, and € > 0, and Np(m) = card ({¢ € {1,...,m} : D; occurs}) = 1", 1p
then

QS L) <

()

P(|Np(m) — pm| > em) < 2exp (—252771) : 2)

by Hoeffding’s inequality (see e.g. [11]).



Suppose we have an inhomogeneous PPP with rate

At = tia >0, 3)
where 0 < a < 1 is constant; thus A(T fo = Tll:aa and conditions (1)
are fulfilled. Let 0 <7y < 7o < ... denote the pomt% of the PPP in the increasing
order.
The following statement is probably known, but for the sake of completeness,
we provide its short proof.

Claim 1. Let Z be a Poisson random variable with rate y > 0. Then

P <Z - 3u > < BT 008
2 > b

P (Z < g) < et = 0153

Proof. By Markov inequality, since Ee*Z = (¢~ we have for u > 0

P(Z>3;)§P<euzze%)§e = eulF-eH],

Setting u = In(3/2) yields the first inequality in the claim.
For the second inequality, we use

]P(Z S g) S P( —uZ > e~ 2 ) S ‘T]EefuZ —e u[——fefuﬁ»l]

Now let u = In 2. O

Lemma 2. Suppose that the rate of the PPP is given by (3). For some ¢, > ¢y > 0,
depending on a only, we have

P (Tk < cokﬁ> < e’k/u’; P (Tk > clkﬁ> < e k15,

Proof. Recall that N(s) denote the number of points of the PPP by time s. Then
N(s) ~ Poi(A(s)) and

P(r, < s) =P(N(s) > k).
Let T, = AV (n) = “¢/(1 —a)n. Noting that N(T},) ~ Poi(n) for all n, we

have

P(r < T2k/3) =P (N(TZk/ii) > ]f) =P (Z > B)

3#) 007213,k
by Claim 1, with Z ~ Poi(u) where pu = 2k/3. Similarly,
P(r, > To) = P(N(Top) < k) <P <Z < %M) < 030685k

by Claim 1, with Z ~ Poi(u) where p = 2k. Note that 0.07213 > 0, 30685 >
1

1’57
5

Now the statement follows with ¢o = '{/2(1 —«a)/3 and ¢; = "{/2(1 — ).
O



3 Analysis of Model A

Theorem 1. Let d = 1, o € (1/3,1), and the rate is given by (3). Then the
embedded walk W, is transient a.s.

Proof. Assume w.l.o.g. that n is even. We will show that for any p > 0 the walk
W, visits [—p, p] finitely often a.s. With probabilities close to one, both events

& = {Tm > co(n/z)%a} :

E = {Tn < clnﬁ} @

occur; indeed,
P(EF) < e, P(E5) < e/ ()

by Lemma 2.

Since rate A(t) = ¢~ of the Poisson process is monotonously decreasing, ran-
dom variables 7;—7;_1, n/2 < i < n, under the condition stated in the event &;, are
stochastically larger than i.i.d. exponential random variables (; with rates equal
to [co(n/Z)ﬁ}"‘ = &n 1= for some & > 0. For ¢, there exists 8 = (co, ) > 0
such that

o o o : 2
P (Q > ﬁnﬁ> = exp (760 n-1-a ‘,67lm> =7of = 3

Let
I, = {z € [n/2,n]: iiseven, 7, — ;9 > Bnm},

note that card (I,,) < n/4. Then, since 7; — 7,_9 > 7; — 7;_1, by stochastic mono-

tonicity and Hoeffding’s inequality (2) with m =%, p = %, and ¢ = % — é = %

1 n o n
V<o <P (et j . s even. ¢ s 2) < 9e7™,

P (card (I,) < 31 | 81) <P (card ({Z € [n/2,n]: iiseven, (; > fn’ }) < 8> <2
(6)

Let

']n = {7, c ]n : fi—l = — Z’,Q} .
Since f; are i.i.d. and independent of {71, 7», ...}, and P(f;_; = —f;) = 1/2, on the
event {card (I,,) > n/8} we have by (2) with m = card (I,,), p=1/2, e =1/34

> card ([n) | card (In) 2 g)

34

<2 {2 ! "} 2¢7m

<2exp{ —2-—5-—,=2e¢
3428

card (J,) —

P <card (Jn) < % | card (I,) > g) <P ( cardg(]n)

where ¢, = ﬁ.
Our proof will rely on conditioning over the even stopping times, that is, on
the event
D=DyND;NE,,



where

Dy = {Tn/2 = tn/27 Tn/2+2 = tn/2+27 sy Tn = tn}7 (8)
Dy = {card (J,) > n/17} N &

for some strictly increasing sequence 0 < t,,/2 < t, /242 < --- < t,. Note that

C c 1
P(DS) < P(£) + P (card(Jn) <3| a)

<P(E) +P (card(J,,L) < % | card (I,)) > g,gl) +P (card (I) < % | 51)
< 6—71/30 T +2€—n/72 < e
9)

by (5), (6), and (7).
We denote the 5" step of the embedded walk by X; = W; —W;_y,i=1,2,...,
and
& =X+ Xi= (i1 —mico)fio + (i — mim)fia.
Conditioned on D, random variables &5, &y, &, . .. are then independent.

Lemma 3. Fori € J, we have

C,
supP (& € [x — pa+p] | D) < —L-
z€R nl-«

for some ¢ = ¢(a) > 0.

Proof of Lemma 3. Given 7,_o = t;_» and 7; = t;, 7;,_1 has the distribution of the
only point of the PPP on [t;_s, t;] with rate A(t) conditioned on the fact that there
is exactly one point in this interval. Hence the conditional density of 7;_; is given
by
A : .
fﬂfl"D(-T) = W7 ife < [ti727ti]7
otherwise.

Assume w.l.o.g. that X;_1 > 0 > X; (recall that ¢ € J,). Then
§i=[ric1—mice] = [n—7misa] =211 — (tica + 1)
so that the maximum of the conditional density of & equals one-half of the maxi-

mum of the conditional density of 7;_;. At the same time, since A is a decreasing
function,

Ati_s) Atiz) Atia) 1 ([t “
fiQ A(u) du = (ti = tica) (L) = BnTaA(t;) " Bnra <t )

e (3) sme ()
~ pnTs \Twp/) T pnTa COQ*ﬁ

since the events & and & occur. This implies the stated result with ¢ = 87! (ca e, 1’{"/5) “
O

sup fr_,p(x) =
R

ze i—2




Now we divide W,, into two portions:

A=) &

i€Jn
B=W,-A= Y &

i€{24,...n}\Jn

Lemma 4. We have

C
supP (A€ [z —p,a+p] | D) < ———
z€R ni-atz

for some C' = C(c, p) > 0.

Proof of Lemma 4. The result follows immediately from Lemma 1 with a; = 2p =
L, using Lemma 3, and the fact that card (.J,,) > n/17. dJ

So,

P(Wo[ <p|D)=P(A+ B€[-p,p | D) = /]P’(A+b € [=p,pl | D)fpip(b) db

C
< [swBae o= pot | Do) db < —
x ni—a’2
where fpp(-) is the density of B conditional on D.
Finally, using (5) and (9) we get

c
-+ e~ 4 e—n/15

a

ni—a 2

P(W, € [=p, p]) <P(Wy € [=p,p] | D) + P (D7) + P (&) <

which is summable over n, so we can apply the Borel-Cantelli lemma to show that
{|W,| < p} occurs finitely often a.s. O

Theorem 2. Letd > 2, a € (0,1), and the rate of the PPP is given by (3). Then
Z(t) is transient a.s.

Remark 2. The above result holds also for « = 1, and the proof is more or less
identical to that of Theorem 5.2 in [10], once we establish that a.s. T, > e for
some ¢ > 0 and all large n; the latter follows from the arguments similar to that
of Lemma 2.

Proof. We will provide the proof only for the case d = 2 and p = 1; it can be easily
generalized for all d > 3 and p > 0. Denote the coordinates of the embedded walk
by X, and Y, thus W,, = (X,,,Y,) € R% Fix some small £ > 0 and consider the
event

R, = {Z(t) €[-1, 1]2 for some t € (T",Tn+1]}

We will show that events R,, occur finitely often a.s., thus ensuring the transience
of Z(t).

For the walk Z(t) to hit [—p, p]*> between times 7, and 7,11, we have to have
either



1,1

(X'm }/n) @

-

(-1,-1

Figure 1: Model A: recurrence of conservative random walk on R?

o | X,| <p, £, = —sign(Y,)es, and 7,41 — 7, > |Yy| — 1, or
o |V,| <p, £, = —sign(X,)e, and 7,41 — 7, > | X, — 1

(see Figure 1.)
Using the fact that f,, are independent of anything, we get

1 1
P(Rn) S Z]P)(lxn‘ S PsTn+1 — Tn > ‘Yn‘ - 1)+ZP(IYn‘ S PsTn+1 — Tn 2 ‘Xn‘ - 1)

We will show that P (|X,,| < p,|Ys| < Tyt — 7 + 1) is summable in n (and the
same holds for the other summand by symmetry), hence by the Borel-Cantelli
lemma that R,, occur finitely often a.s.

Lemma 5. Assume that ¢ € (0,1). Then there exists ¢f = ci(g) such that for all
sufficiently large n
P (Tn,+1 T+ 1> nﬁ”) < 3emim

Proof of Lemma 5. For s,t > 0 we have

11—«

P(Tn1—=Tn 2 5| 7o = 1) = exp {=[A(t +5) = A()]} = exp {*M} ,

. 1 . o
so if t < ¢yni=a, where ¢; is the constant from Lemma 2, and s = ni=at® — 1 =

1
o (nlw), we have

e _ _
(einT=a + )17 —cl7on
l-—«a

P(Tn+1 —Tn > | Tn:f) Sexp{—

-«
1—a ) ﬁ+571 e(1 1
< exp _;m <1+n 1 ) 1 :exp{_w
—

Q
cni-e

Consequently, using Lemma, 2,
o o 1 1
P <Tn+1 — Tn Z nerE - 1) S ]P) (Tn,Jrl — Tn Z nerE - 1 ‘ Tn < Clnm) +]P) (Tn, Z Clnm>
< e 4TI < 9T (10)

for some ¢} € (0,1/15). O



Now we will modify the proof of Theorem 1 slightly to adapt to our needs. Let
the events & and & be the same as in the proof of this theorem. We will also use

the set I,,, but instead of J,, we will introduce the sets
—fis, fii1 € {e), —e1}};
—fi, fii1 € {e3, —e3}}.

J; = {L S In : fi—l
JZ = {Z S In : fi—l
Similarly to the proof of Theorem 1, inequality (9), we immediately obtain that
P(card (J,) < n/34) < P(card (J)) < n/34| &)+ P(&) < Ge=", (1)
P(card (J7) < n/34) < P(card (J) < n/34| &)+ P(&) < Ge ="

for some ¢, > 0.
Fix a deterministic sequence of unit vectors gi,...,g, such that each g; €

{+£e;, tey}. We now also define the event
D={fi=gi,....Ih=g.,tN{m =ty forallk <n: kisevenor fy L f 1}

n n
n{eard (1) > =) n{emd (1) > Zfne&ine,.
Therefore, repeating the previous arguments for each of the horizontal and vertical

components of W,, we immediately obtain

C
P(Xa| <1|D) € ——;
nm"’f
C
supP(|Y, — 2| <1|D) < ——.
z€R nl—aJrE
The second inequality implies that
a a C C
P([Yo] <n=a' | D) Smi=a ™ ——5 = ——.
ni—atz p3 ¢

Now, by Lemma 5
P (| Xy < 1,[Ya] < Tpsr — T + 1) <P (\Xn\ S|Vl € Tapt —Ta+ 1| Tupr — T +1 < nf+)

+P (Fur = Tk 12 1% )

<P (\Xn\ < LY, < nﬁ”) + 37,
Observing that X,, and Y,, are actually independent given D, we conclude that

: L n . 1 n ¢ .
4P (eard () < gy or card (1)) < 37) + P(E]) + (&)
C+o1)

C C /, ,
12 ¢ e—n/15 67’L/15
1+[1:¥& 76]

n

=1 i
by (5) and (11). Assuminge € (O, ﬁ), the RHS is summable, and thus P (| X,,| < p, [Y,| =1 <7,
O

is also summable in n.



Theorem 3. Let d > 2, and the rate be given by

G, t>e
A<t>={“‘“”6' e (12)

0, otherwise.

Then Z(t) is transient as long as B > 2.

Proof. The proof is analogous to the proof of Theorem 2; we will only indicate
how that prove should be modified to this case. As before, we assume that p =1,
d = 2, without loss of generality. First, we prove the following

AT) = /0 ' A(s)ds = / ' (mdl:) 5

li _AD 1
T T(InT)-# "~

Lemma 6. Let

Then

Proof of Lemma 6. Fix an € € (0,1), then

T ds T ds T ds e T
AT */e (Ins)? */e (Ins)? +/T msyp = T Tmmpa—ep

At the same time, trivially,

T—e
ANT) > ——.
(T) (InT)?
Now the limit of the ratio of the upper and the lower bounds of A(T") can be made
arbitrarily close to 1, by choosing a small enough e. Hence the statement of the

lemma follows. 0
The rest of the proof goes along the same lines as that of Theorem 2

(1) First note that for some ¢ > 0 the event {7, < cn(Inn)?} occurs finitely
often almost surely. Indeed,
~ en(lnn)?

nn)?
A = A(en(Inn)?) = 7}6(1+0(1)) = ( (Inn)

" [m(en(nn)?) AT o)) +o() = (+o(l))en

by Lemma 6, and thus

B(r, < enlnn)’) =B (N (en(lnn)’) = n) = ¢~ (A ’ (ATU ’ <nA -n:2)! i >

A ) A A2
BT G TS R R V) R
< ( AL A ) _ A [t o@)en” _ ([(1 +of

A G TR TR nl ] '
n! n! n! n"e

2

This quantity is summable as long as ce < 1, and the statement follows from
the Borel-Cantelli lemma.

10



2)

®3)

For any positive €, the event {Tn > c*n(ln TL)E}, where ¢* = 1+ €, occurs
finitely often, almost surely. Indeed,
T . B c*n(lnn)? .
A=A (c'n(lnn)?) = W(H—o(l)) =c*n(l1+o(1)) > (1+¢/2)n
for large enough n by Lemma 6. Hence, since A > n,

. ) ‘ . _ ]\2 ]\n
P(r, > ¢'n(lnn)?) =P(N (¢'n(lnn)’) <n) =e A(l +A+ o ++ F)

n

_ A -
<eMn+1 e Mn+1)

L rf;%(l +o(1)

¢ +o(1)>\/gexp {_” {% 1 ln%”

which is summable in n, as ¢* = 1 4+ € implies that the expression in square
brackets is strictly positive (this follows from an easy fact that c—1—Inc¢ > 0
for ¢ > 1). Hence, {Tn > ¢*n(ln n)ﬁ} happens finitely often, almost surely,
as stated.

The event {TnH — 7, > 2(Inn)t*s } occurs finitely often, almost surely.
This holds because, for all sufficiently large n, we have 7,41 < ¢*(n+1)(In(n+
1))?, hence for t < 7,44

1 _ 140(1)
[In(c(n +D(In(n+1))#)]  (Inn)?

and thus (7,41 — 7,,) is stochastically smaller than an exponential random

A(t) >

1 1
variable £ with parameter (1+ 0() 5). So for all sufficiently large n,
nn
1
P(Tpi1 — 70 > 2(Inn)'*P) < P(E > 2(Inn)'+F) = 5=olD) (13)
n el

which is summable in n, and we can apply the Borel-Cantelli lemma.
Using previous arguments for horizontal and vertical components, we obtain,

C
< < —
P(Xal<1) < vn(lnn)?
C Clnn

P(Y,| < (Inn)"*?) < (Inn)'+? =

(Yl < (mn)'*%) < ()" x iy = S

Again, similar to Theorem 2, the event {|Xn\ < p, Yol < 2(In n)”ﬂ} has
to happen infinitely often almost surely, for Z(t) to be recurrent.

Thus it will follow, that

P(Z(t) visits [—1,1)? for ¢ € [, Tus1]) < IP’(|Xn\ <1, |V, < 2(lnn)1+ﬁ)+f(n)
C?
< — ‘(n
< iyt + )+ g,
where f and g are two summable functions over n, similar to Theorem 2.
The RHS is summable over n as long as 8 > 2. Hence Z(t) visits [—1,1]?
finitely often, almost surely.

O

11



Figure 2: Model B: W,, (the projection of) conservative random walk on R2

4 Analysis of Model B

Recall that in Model B, vectors f,, are uniformly distributed over the unit sphere
in R%.

Throughout this section, we will again suppose that p = 1 and we will show
that the process is not 1—recurrent. The proof for the general p is analogous and
is omitted.

Let W,, = (X, Y, %, %, ..., %) be the embedded version of the process Z(t) =
(X(t),Y(t),*,%,...,%); here X,, and Y,, (X (¢) and Y (¢) respectively) stand for
the process’ first two coordinates. We denote the projection of Z(t) (W, respec-
tively) on the two-dimensional plane by W(t) = (X(£),Y(t)) (W, = (X,,Y,)
respectively.) See Figure 2.

The following statement is quite intuitive.

Lemma 7. Suppose d > 3, and let £ = (f1, fa, ..., fa) be a random vector uni-
formly distributed on the unit sphere S in RY. Then for some v > 0 we have

SO ER BT

Remark 3. The statement is trivially true for the case d = 2 as well.

Proof. We will use the following well-known representation (see e.g. [2], Section

2.5) of f:
n Nd
f: 77"'77
<Hn\| ||n||>

where 7;, ¢ = 1,2,..., are 1.i.d. standard normal and ||n|| = v/ + -+ +n3. For
some large enough A > 0 we have

2
P (e, Inl < 4) = (@(4) - B ) 25
where ®(-) is the distribution function of the standard normal random variable.
Also, for some small enough a € (0, A)

2
) >./Z
PQE?M>“>*V§

On the intersection of these two independent events we have

n o+ a? L2

> =: .
BAm)+ R+t @+ d—2A2

ff+f5=

12



Remark 4. In fact, one can rigorously compute

2 2 2
N+ 2 2 2 2 2 2
- = sz > =P + > L + 44
77%_"_77%_"__’_77377) <771 77271_72(773 771))

(2 2, /2 y2-2e=u/2
= 2) > —-2) ] =
(X( ) > 1—72X(d )) //zzl%ifyzﬂ D) X24/2711—\(d/2_1)dxd

0o 2 d/2-2,—y/2
_ / e Y x dy—ey dy = (1 — 4221,
; 2211 (dj2 — 1)

P(ff+f§272):1P’(

however, we do not really need this exact expression.

Lemma 8. Suppose d > 2, and let Ry = {(x,y) € R?: k? < 2% +4y? < (k+1)2} be
the ring of radius k and width 1 centred at the origin. For some constant C > 0,
possibly depending on d and «,

Ck
N Ck
P (2) )< 7"
(W" < Rk) ~ n(lnn)?8

P (W}j) € Rk) <

for all large n, where VAVt(l) is the walk with rate (3) and Vi/t(?) is the walk with rate
with rate (12) respectively.

Proof. Assume that the event &; defined by (4) has occurred. We can write

n

Wn = (Xm Yn) = Z(Tk — Tk—l)fk where fk =l [el COS(Q[)k) + ez Sln(d)k)}

k=1

and ¢, k = 1,2,..., are uniformly distributed on [, 7], and £ is a length of
projection f;, of fr on the two-dimensional plane. Note that elements of the set
{l1,m2,M3, .., P1, P2, B3, ... } are all independent. Also, define

Dy = {for at least half of the integers i € [n/2,n] we have ¢; > v}

where 7 is the constant from Lemma 7. Then P(D§) < 2e7/3¢ by (2) and
Lemma 7. .
Let W, be the distribution of W,, € R? conditioned on & N D,, and

o (t) = EeitWn — Eexp {z Zt . f'k(rk — Tkl)}
k=1

be its characteristic function (here ¢ - f = & (t; cos(¢x) + tasin(¢y))). We will
use the Lévy inversion formula, which allows us to compute the density of W,,,
provided |py, ()] is integrable:

1 P 1
i (@,y) = W//Re (hettay) o (¢) dty dts < W//R low, (1)] dty dts.
(14)

13



Let Ay, = 7, — Tg—1. Since ¢y, ..., ¢, are i.i.d. Uniform[—m, 7] and independent
of anything, we have

n

H]E (eiAklk(tl cos ¢ +t2 sin ¢y, ‘ Tly e Tl 617 o én)
k=1

ow, () =E =E

H Jo (”t”Akgk):|

k=1
=

lew, ()] <E [H [Jo(lltl Axli)|

k=1

where ||t|| = /] + 3, and Jo(z) = > oo, (_i{fw is Bessel Jy function. Indeed,
. etting & — 7.2, —. t
for any x € R, setting ¥ = z/t{ + t5 and 8 = arctan <f>, we get

27 27
E [eiw(tl Cos ¢y, +to sin ¢k)} _ i / eiaz(f,l cos +ta sin @) d¢ _ i / eiiz(cos B cos p+sin B sin ¢) d¢
T Jo 2m Jo
_ - eiteos@th) ¢ = L /21T e #eos(9) q¢p = S /27r cos(& cos(¢)) do =
2m Jo 2m Jo 21 J,

due to periodicity of cos(-) and the fact that the function sin(-) is odd, and formula
(9.1.18) from [1].
Let & be the random variable with the distribution of Ay given 75,_3. Then,
recalling that we are on the event &, we get
& = €W for W,(Ll);
& = £? for WP
where €1 (£ respectively) is an exponential random variable with rate 1/a,
(1/aq respectively) with
a, = Elnﬁ,
ay = é(Inn)?
for some constants ¢; > 0 and & > 0, and “(, > (7 denotes that random variable
Ca is stochastically larger than random variable (;. Consequently, setting a = as,
E=£(W or g = ay, £ = £® depending on which of the two models we are talking
about, and Fj, = o(m1,...,Tx), we get
E [ ([t Akt | Fir, b = €] = E[Jo([[£16:0)] < EG(|Itéxt) < EG(||t]|E0)
(15)

— = —1,-y/a P 0 — = —u ” 2 — * e O )
_/0 ale G(||t||y€)dy_/0 ¢ G(su)du—/o sy = (s, )

where
s = allt],

since |Jo(x)| < G(x) by (18) and the fact that G(-) is a decreasing function and
& =&

14



We will now estimate the function h(t,£). Since |Jo(x)| < 1, we trivially get
0 < h(s, ) < 1. Additionally, for all s >0

Ooe—'ll ,n. ,7T
hs, )< | S—du=,/" = .
o< [ J; adl]

n2<ji<ja<c<jm<n
be the indices ¢ € [n/2,n] for which ¢; > ~. Since |Jo(z)| < 1, we have from (15)

Let

n m m—1
E [H ot Akti) | <ETT100E12:6)1 | =B [ (To(lt1A,. 8501 | Fins ) TT 1FoCle]
k=1 i=1 i=1
< (ILhA
<\ h}mﬁan
By iterating this argument for ¢ = ju,—1, jm—2, ..., Jj1, We get
n e n/4
e 01 <& | T[Tttt | < (/)
W 111 ay ]

(recall that m > n/4 on Dy).
Consider now two cases. For ||¢|| > z—’; a part of the inversion formula gives

n/8

T rdr
gp~tdtdt§// (7> dtdt:( )/ d@/
//Mbgy w (0] dtrdta =2z \7lltlla e 7‘"/8

o3 7.27'71,/8 oo

= X —
a*y?  2—-n/8|,
by changing the variables t; = ﬁr cosf, ty = ﬁr sin 6.
On the other hand, for ||¢|| < i—:;, when ¢ >~ and thua o := av||t]| < s,

-0 (2—n/8)

e “du e vdu boemudy ® e tdu

< +
v1+ 92u2 o V1+o2u2 0 V1+ o2u? 1 V14 o2u?

0'211,2 (o)
< 1-— e "d “da
_/0 ( 50 ) u+/l e u

12,2 o o2 ~2|t]2a?
= “uq e"du =1—0.001 < - _rilte
/0 50 € u+/0 u 0.0016...0° pr{ 700} CXp{ 700 }

since (1 +2%)"Y/* <1 —2?%/50 for 0 < x <7, and ¢ < 27 < 7 by assumption. By
iterating the same argument as before, we get

2 tHQ(IQ
< n/4 <e 7”7 H )
i, < (s, "7 < exp { 2800

h(s,l) =

Consequently,

2 2.2
ny?|[t]*a
o ()] dty de g// Cxp{fi dt, dt 17
//t<£: o, ()]t \tu<‘“ 2800 e 1)

0o o0 2800
"6 exp{——} dr="_
0 nay




arcsin(1/r)

Figure 3: A ray from W, passes through the unit circle

= 104y 0050, 1y = 104 6in g,
ay ay

Finally, recalling that a; ~ n™=s, for I/T/t(l) and ag ~ (Inn)?, for VAVtm, from (14),
(16) and (17) we obtain that

by changing the variables t;

1
fW;Ll)(JCJ/) <0 (F) )

1-a

fyo(z,y) <0 (W) .

Hence
P(W, € Ry) < P(EF) + P(DS) + P(W, € Ry) = 4¢3 4 / fi (z,y) de dy

(z,y)ERy
(@] (*) , for W,El);

2a
D

=21k x @
) (W) ., for Wy

since the area of Ry is m(2k + 1). O

Lemma 9. Suppose d > 2, and W, =r>1. Then
4 1
P (HW(t)H <1 for somet € [Tn,TnH) < o
r

Proof. First, note that W, lies outside of the unit circle on R2. The projection
f,11 of f,,41 on the first two coordinates plane has an angle ¢ uniformly distributed
over [0, 2rr]. The probability in the statement of the lemma is monotone increasing

in 7,41, hence it is bounded above by

2arcsin(1/r)

P(the infinite ray from W, in the direction f,,, passes through the unit circle) = 5
T

(see Figure 3.) Finally, arcsin(r) < &F for 0 <o < 1. O

Theorem 4. Let d > 2 and the walk Z(t) has either the rate (3) with o € (0,1)
or rate (12) with 8 > 2. Then Z(t) is transient a.s.

Proof. As mentioned before, we will only show that the walk is not p—recurrent
for p = 1. To do that, it will suffice that a.s. there will be only finitely many n
such that the event

A, = {“W(t)” <1 for some t € [Trl,7TIL+1]}
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occurs. Indeed, fix a positive integer n. At this time, W, € Ry, for some k €
{0,1,2,...}. According to Lemma 9,

& 1, ifk=0;
P(A, | W€ Re) <9 ) 1
2% if £ 2 1.
Fix some very small ¢ > 0. Then
nigff"JrE
P(A) < 3 P (A WD e R)B(WD € R) +P (4, | 0] > )
k=1
Cn/ﬁ+g 12+ 9 —c¥nf
_ﬁ+P<Tn+lfﬂzZ”1"’ *1>SW+36 1

by (10) and Lemma 8. Hence ), P(A,) < oo and the result follows from the
Borel-Cantelli lemma.
Similarly, in the other case

2(Inn)t+A
P(A) < Y P(A, WP e R)+P (An | |W@) > 2(1nn)1+ﬂ)
k=1
2C(Inn)t+s 2C 1
T A N9 P n 7n>21/1+ﬂ71 < ——— Ny
= nlnn)¥ P (i = 2 2inm) )< n(lnn)s-1 Tz

for all sufficiently large n by (13) and Lemma 8. Hence ) P(A,) < oo for § > 2,
and the result again follows from the Borel-Cantelli lemma. d

Appendix: properties of Bessel function J,

Let

J(J(.Z') _ Z (71)m (1/2)2m

(m!)?

be the Bessel function of the first kind. The following statement might be known,
but we could not find it in the literature.

m=0

Claim 2. Forallz >0

[ofe) € gmms = Gl (13)
Proof. From Theorem 1 and formula (1) in [15] we get (with v =0, p = 3)
J2(z) < %7 x> 1.13.
This inequality also implies that
(@) € ———, = > 113
Vita?

17



Figure 4: |Jy(x)| (red) and its upper bound G(z) (blue).

At the same time for 0 < z < 2 (using [1] 9.1.14)

s = S G (5) <125 5 (6) -8 s (8)

and at the same time
=) 0 5 R )
yielding 18. ]

Observe as well that 0 < G(z) < 1/4/z and that G is a decreasing function for
x > 0; see Figure 4
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Two-dimensional Rademacher walk

Satyaki Bhattacharya®* and Stanislav Volkov*
March 18, 2026

Abstract

We study a generalisation of the one-dimensional Rademacher random
walk introduced in [2] to Z2 (for d > 3, the Rademacher random walk is
always transient, as follows from Theorem 8.8 in [4]). This walk is defined
as the sum of a sequence of independent steps, where each step goes in one
of the four possible directions with equal probability, and the size of the nth
step is an, where {a,} is a given sequence of positive integers. We establish
some general conditions under which the walk is recurrent or transient.

Keywords: recurrence, transience, Rademacher distribution, non-homogeneous
Markov chains.
AMS subject classification: 60G50, 60J10.

1 Introduction

A one-dimensional Rademacher walk was introduced in [2], as a generalisation
of a simple symmetric random walk on Z with step sizes following some pre-
determined sequence of integers ay, as, ... (as opposed to all step sizes being one).
It was shown that this walk is recurrent for some very slowly growing sequences,
and transient, for example, if ar = [k for all v > 0. Some further generalisations
of the Rademacher walk with non-integer step sizes were also considered, and they
were studied further in [1]. This paper studies the extension of the walk to higher
dimensions.

We say that £ has a two-dimensional Rademacher distribution, if £ takes one
of the values {e;, e;, —e;, —es} where e; = (1,0), e2 = (0,1) are the unit vectors
in R? with equal probability 1/4.

Let &,,n =1,2,... be asequence of i.i.d. two-dimensional Rademacher random
variables. Let a, be a deterministic sequence of positive real numbers. The two-
dimensional Rademacher walk is defined as S, = Z1+Z5+- - -+ Z,, where Z; = a;&;.

Definition 1. We say that the walk S, is transient if ||S,| — oo a.s. We say
that the walk S, is recurrent, if S, = z for infinitely many n a.s., for each z € 72.

*Centre for Mathematical Sciences, Lund University, Box 118 SE-22100, Lund, Sweden.



Note that the transience and recurrence are zero-one events. Also, in general,
we do not have the dichotomy between recurrence vs. transience; for example, if all
a, = 2 then the walk is neither recurrent nor transient according to our definition,
as it returns to the origin (denoted by 0 = (0,0) ) infinitely often, yet never visits
points with odd coordinates.

We study the conditions for transience in Section 2 and for recurrence in Sec-
tion 3.

2 Transience

2.1 Non-decreasing steps

Theorem 1. Suppose that a, is a non-decreasing sequence of integers converging
to infinity. Then S, is transient.

First, we prove a necessary technical result.

Lemma 1. Let dy,dy,ds... be a sequence of distinct positive integers, and let
T, = die1 + -+ - + drer where €; are i.i.d. Rademacher. Then for every integer

m > max d; and every M € Z we have
1<i<k

SClogk

P(T, —M =0 (mod m)) -
for some universal constant C > 0.

Proof. Tt is sufficient to prove the statement for M € {0,1,...,m — 1}, which we
will assume from now on. By the result of 7], for each z € Z we have P(T}, = z) <
k% On the other hand, by Hoeffding’s inequality [6]

4m?k logk 2

Consequently,
P(T, =M (modm)) <P(T,=M (modm),|Ty| <mr/2klogk)+P(|T}| > m+/2klogk)
2
< P(Tp = M + ¢m for some { € Z s.t. |M + ml| < my/2klogk) + T

< —1—~_2m\/WsupIF’(Tk:z)Jrg < 3my/klogk X &2
m e k m K32k
_ 301\/@+% < Clogk
k kK~ k
for C=3C,+2>0. |

Corollary 1. Let dy,dy,ds. .., d, be a sequence of positive integers, of which at
least k are distinct, say dg,,dy,, . .., dq,, and let T,, = Y- | d;g; where &; are i.i.d.
Rademacher. Then for every integer m > max dy, we have

S

1
P(T, =0 (mod m)) < %

where C' is the constant from the statement of Lemma 1.



Proof Suppose w.l.o.g. that d1 ds, ..., d; are distinct. Let T, = Tk + U where
Ty = Z 1 dg;€0,- Then, since T and U are independent,

P(T, =0 (modm))=> P(Ix—M=0 (modm))P(U=M)

Clogk

< (supP(T, — M = d PP M)
_(bbp(k 0 mom)z U= 3

by Lemma 1. |

Proof of Theorem 1. Let by = a; > 1, by = min{a, : a, > b1} > a1 + 1, by =
min{a, : a, > by} > ay + 1, etc. Denote by m; = card{n : a, =b;},i=1,2,....
Then the sequence {a,} can be represented as
bl,bl.,...bl,bQ,bQ,...bg,bg,bg,...bg,...bj,bj,...bj,b]qu,....
mi m2 m3 m;j

Let kjp1 =mi+mo+---+m;j+1=inf{n: a, = bj11} be the first index of the
sequence {a,} equal to b;4;.

Let r; = 1if & € {e1, —e1} and = 0 otherwise. Let &; = +1 equal to the non-
zero coordinate of &;, Then {x;} are i.i.d. Bernoulli and {¢;} are i.i.d. Rademacher;
moreover, these two sequences are independent. The values of ¢ € {1,2,...,n}

for which x; = 1 (= 0 resp.) correspond to horizontal (vertical, resp.) steps.
Formally, let

H,={1<i<n: ky=1}, V,={1<i<n: r; =0}

be the indices corresponding to horizontal (resp. vertical) steps. Note that Z; =
X;e; + Y;e; where

X, = e, if k;=1; Y = 0, if k; =1,
0., if R = 0 a;&;, if R; = 0,

and denote

Sn:SfelJrS:eg WhereSff:X1+~~+Xn7 SY =Yi+.--+Y,.

n

Fix a large integer j and let
A; =< card{a;,i € H }<Z or card{a;,i €V} }<l
J (%) kj 3 s kj 3 .
For each 1 < i < kj, K; equals 0 or 1 with equal probability % Hence, by
Hoeffding’s inequality, there exists a constant cq such that
]P(A]) S 26760].,

i.e., there are at least j/3 horizontal and j/3 vertical steps with probability tending
to one. As a result, on Af, we can write

hj U

X _ /1 Y _ 1 _1
Skj—l = E bies; Skj—l = E bie;

i=1 i=1



where h; = card{Hy,}, v; = card{Vj;, }, the positive integer sequences {b; JER and
{b/}72, are non-decreasing and each has at least j/3 distinct elements, while &}, &/
are 1.1‘d. Rademacher.

Now, by Corollary 1,

Clog(j/3)
irs
and, moreover, conditioned on the sequence k; and A$, the events above are inde-

pendent. Smce for the walk to hit 0 at time n, k; <n< kjr1 — 1, we need that
both its coordinates are divisible by b; at time k; — 1, we have

P(S, = 0 for some n € [k;, kjt1)) < P(4;) + (Cl%(;/iﬁ)) =0 (lojg j) . (D)

Since the quantity in (1) is summable in j, by the Borel-Cantelli lemma we con-
clude that the event {S,, = 0} occurs finitely often. By the same token, we get that
{8, = w} occurs finitely often for each w € Z2. Hence, the transience follows. [

Clog(j/3)

P(S¢_1 =0 (mod by) | AF) < P(Sy,_1 =0 (mod b)) | AF) < e

2.2 Transience for non-integer sequences {a,}

In this section, we allow a, to take any positive real values (not only integers).
We will use the same Definition 1 for the transience of the walk.

Definition 2. Leta, € Ry, n=1,2,.... We call the sequence {a,} good, if for
each large n there is a positive integer K, such that
K,
— 1 asn — oo,
lOgQ A,
and a subset of {1,2,...,n} with K, distinct elements, say {i1,4,...,ik,}, such

that ix, = n and a;,,, > 2a;, for everyk=1,2,..., K, — 1.

Later in the Section, in Proposition 1, we present a sufficient condition for a
sequence to be good.

Definition 3. Let r,s > 1 be some constants. We call the sequence {a,} (r,s)-
monotone, if for all large n we have a, < sa,, whenever m > rn.

Remark 1. The case r = s =1 corresponds in the above definition to monotonic-
ity in the usual sense.

Theorem 2. Assume that the sequence a, is good and (r,s)-monotone, and for
some € > 0 we have a, > (logn)/>*< for all sufficiently large n. Then the two-
dimensional Rademacher walk is transient.

Proof. To show transience, it suffices to show that for each (z,y) € R? we have
Sn € (z,x 4+ 1) x (y,y + 1) for at most finitely many ns a.s. W.lo.g. we can
assume that a, > 1 for all n (this is, of course, true for all large n due to the
assumption of the theorem, and a few initial values of the sequence {a,} do not
affect transience).



The proof will follow an argument involving anti-concentration inequalities on
two different scales, similarly to the method used in [1]. Define the event

A,, = {The walk makes at least n/5 horizontal and n/5 vertical steps
among the last n/2 steps of the n—step walk}

By Hoeffding’s inequality, it is easy to check that P(A¢) < 2¢0-01n,
Let T,, be a one-dimensional Rademacher random walk with step sizes dy, ds, . . ., dp, >
D for some D > 0. By the Erdés-Littlewood-Offord inequality (see [5] or Lemma 14
in 1)),
0.8

P(T,, € (x — D,z + D]) < s (2)

forallz € R and m € Z,.
Let ny := [n/2] and consider the walk S, during the times from n; 4+ 1 to n.
Define

D =D, = min a,. (3)

np<i<n
Let

A’nz{ Z Zi~ele(xD,x+D]}

i=n1+1
1=n1+1

Conditionally on A, and the sequence (k;) defined in the proof of Theorem 1,
these two events are independent, and by (2) each has a (conditional) probability

less than —98 =. Consequently, for some ¢; > 0 we have
2 ) 2 1
P(S € (x— Do+ D) x (y= D,y+ D)) < D +B(A;) = %"() @)

where S =370 Z;.

Now let us observe the walk during its first ng := L%J < n, steps. By the
assumption of the theorem, it is possible to extract a subsequence iy, s, ..., ik
from {1,2,...,n0} of size

K= (1 + '7710) 10g2 Qny where Tng = 0

such that a;,,, > 2a;, for k=1,2,..., K — 1, and ig = nyg.

Let I = (iy,42,...,%5_¢) where £ is the smallest positive integer such that
2 > 5, and 8" = )., Z;. Every step Z; where j € I, can be in one of the
four directions, creating 4%—¢ possible values. Since a; > 1 and the sequence is
“super-doubling”, no two such values lie in the same square with side 1; let us
denote by B the set of all possible values of S”. As a result, for any (2/,7) € R?

U @ =22 -2+1)x(/—y,y/—y+1) C (2’ = D.2'+ D) x (y — D,/ + D)

(z,y)eB



----»

-

1 (@) Py

Figure 1: The disjoint union of unit squares in case K = 2; the left-bottom corners
of each square are the elements of B.

is a collection of disjoint unit squares (see Figure 1); here
_ a
D=1+a; +ay,+ - +ay_, <2a;,_, <2, =2, <2 <D
s
where the last inequality follows from the (r,s)-monotonicity, since n; > rny

implies that a; > ay,/s for each i > n; and hence the same is true for D by (3).
Moreover, note that S” has a uniform distribution over the set B and

2(1+vng)
card(B) = 4Bt — g(tmg)logy ang—L _ 76171,04[
1
log|n/(2r) ) 3+ 20+70)
. (ogln/(2n)) o

44

where the last inequality holds for all large n since |7,,| — 0 as the sequence {a,}
is good.



Next, for every (z',y') € R?
P(S+5" e (@, 2+1)x (V,y +1))
= > PU{S"=(@y}n{Se@ -z —z+1)xy —y,y —y+1)})

(z,y)eB
= > P =(2,9)PS €@ -z —x+1)xy -y —y+1))
(zy)eB
1
SW. Z PSe(@ -z, -2+ 1)x @ —y,y —y+1))
(z,y)eB
1
“logny S'e U (@ -z’ —z+ ) x (Y —yy —y+1)
s (zy)EB
1 -~ - ~ ~ t +o(1)
<7-P(’ o~ D, +D)x (y — D,y D><17
< log )i Ste(@ —-Da"+D)x(y — D,y + D) S nllogn)ie

by (4) and the fact that D < D.
Finally, denoting by " = 37,.; |,/2;\s Zi the sum of the remaining steps,
since S’, 8", S" are independent, for all (z”,y") € R? we get

P <Z Zi€ (", 2" +1) x (¢, y" + 1)> =P(S'+8"+8"€ (@2 +1) x ¢,y +1))
i=1
< sup P(S"+S"€e (a2 + 1) x (¥, ¢ +1))
(@' ') ER2
t +o(1)

which is summable over n as € > 0. The result now follows from the Borel-Cantelli
lemma. |

The next statement tells us when we can apply Theorem 2.

Proposition 1. Suppose there is some C > 0 such that a1 = 1, a, > 1, |ap41 —
ay| < C for all n, and a, — oo. Then the sequence a,, is good.

Remark 2. The above proposition covers the case when a, =n®, a € (0, 1].

Proof of Proposition 1. Fix an n and let j; = n. Now let us find j such that
aj, &~ 1a;,. Since the distances between consecutive a;s do not exceed C, we can
find some js such that

an a; a;

2 2 2=
Similarly, we can find j3 such that a;, < a;,/2 and at the same time a;, > %—C >
55— % — C. By induction, we get that

an 1 1 a, + 2C
aijF—C(l-‘rg'F""‘rW):?—Qc,



and we can continue the process as long as a;, > 1. Hence, the maximum possible &
for which the process is feasible is

a, +2C\ | _
{log2 (W)J = (14 ) log, an

where ,, — 0 since log, a,, — 0o as n — co. 0

3 Recurrence for some general sequences

Let B = {b,bs,...} C Z, \ {0}. We say that the set B is good if for any b € B
there are infinitely many coprimes of b in B.

Theorem 3. Suppose that B C Z, \ {0} is good. Then there exists a sequence
ay, as, ... which contains all elements of the set B, and each element only finitely
many times, such that the a-walk S, is recurrent.

Lemma 2. Let C > 0 and z € Z* with ||z|| < C, and V' and b" are positive
integers which are coprime. Then there exist three positive integers ¢, c”, Ny such
that Ny depends on ¢, c” and C only and

P(T,, = z for some m < Ng) > 1/2

where
T = Zi with Zi =V(&y + -+ + &) + V(&4 + - + &)
i=1

and & ., &, are i.i.d. two-dimensional Rademacher random variables.
& S,

Proof. Let ¢/,¢” > 0 be such that ¢t — "V’ = 1; the existence of such ¢, ¢”
follows from Bézout’s identity. This implies that P(Z; = f) > 0 for each f =
e, —e;, ey, —ey and thus the Markov chain T, is irreducible on Z2.

Next, by the Chung-Fuchs theorem (see [3]) T, is recurrent and thus there
exists Ny such that

P(T,, visits 2’ for some m < Ny) >

N =

inf
Z€L?: ||2']|<C
which concludes the proof. d

Proof of Theorem 3. The construction of the sequence a; will be done recursively.
Let ng = 0 and suppose that we have already constructed the sequence up to time
i =ng. Let o = max{ay,ao,...,an,}, then ||S,, || < axng. Find the element of B
not already used, with the smallest index, call it ¢/, and let 0" be another element
of B, not already used so far, such that b’ and " are coprimes. By Lemma 2 there
exist ¢, ¢, Ny corresponding to V', " and C' := agng. Now define

b, ifi=¢ (modc + ") for some ¢ € {0,1,...,¢ — 1},
Apyjo+i =
wht b’, ifi=1¢ (mod ¢ + ") for some ¢ € {c/,d +1,...,d +" —1}



fori=0,1,2,...,(d + ¢")Nog — 1. Define also ny1 = ny + (¢’ + ") Ny. It is clear
that by following this procedure, we will eventually use all elements of B, and,
moreover, we will use each element of B only finitely many times.

Now, by Lemma 2, since ||S,, || < C,

N =

P(S,, = 0 for some n € [ng + 1, np41] | Fp) >

Consequently, S,, = 0 for infinitely many ns a.s., by Lévy’s extension of the Borel-
Cantelli lemma (see e.g. [8]). O

3.1 An explicit recurrent sequence

In this section, we present an explicit example of a sequence a,, such that a, — oo
and yet the walk is recurrent. The elements of this sequence will consist of blocks
numbered 1,2, ..., and the kth block will be a consecutive sequence of exactly k
sub-blocks, denoted by By 1, Bia, ..., By, where

Bri=kk,.. .k k—1k—=1,.. . k=1 fori=12.. k-1
—_——

Lj,; elements 3k? elements
2
okZti-1
Bip =k, k,... K, where Lj; = 2 Li=1,2,... k.
——

L,k elements

Now suppose that the sequence a,, is given by {a,} = B1By... where By, =
Bk,lBk,Q . Bk’ku

Theorem 4. A two-dimensional Rademacher walk with the above sequence is
recurrent.

We begin with a (probably) well-known result.

Lemma 3. Consider a simple random walk T, = (X,,Y,) on 72 with steps
te,tey and Ty = (xo,v0). Let 70 = inf{n : T, = 0}. Then there exists a
universal constant o > 0 such that

P(ro < 7%) > «a, where = || (0, yo)]|-

Proof. The fact that 7y < oo a.s. follows from the recurrence of the two-dimensional
walk. Let R =% and

T=inf{n: T, =0or |T,] > R}.
Define

log(2? + y? — 1/2),if (z,y) # 0;

f(x,y){ ( 2R Ge) |

=5, otherwise.
An easy calculation! shows that &, = f(T5,) is a supermartingale as long as T}, # 0,
hence by the optional stopping theorem, as r — oo,
In(r)
In(R)
'Indeed, let A,y = 1(f(x+ Ly) + f(e — Ly) + flx,y + 1) + f(z,y — 1)) — f(2,y). Then

exp(4A, ) =1 — % < 1 when |z| + |y| > 2, and exp(44,,,) = 126e~° < 0.85 when
|2 + |yl = 1.

+o(1) = éJro(l). (5)

P(T, £ 0) < .




On the other hand,
P(r > 73) = o(1) as r — oo.

Indeed, since during 3| R*?| < r? steps, with probability very close to 1, the walk
T, will make at least | R2?] horizontal steps. Then, by the reflection principle,

P(max(X; — Xo) > m) =2P(X,, — Xy > m) + P(X,, — Xo =m).

i<n

By choosing m = [R] and n = | R*?] we get
P(r>7r®) <P (Hiai(HTzH < R) <P <H1<aX(X¢ - Xo) < m> =P (|n| < R*")+0(1) = o(1)

where n ~ N (0, 1).
Finally,
P(ro > %) =P(ro > 13,7 < 19) + P19 > 3,7 > 1)

<P(r < 1) +P(r > =P(T, #0)+0(1) <

(AR

+o(1)

by (5). 0

Proof of Theorem 4. Let ny be the index of the last element in the kth block and
ny; be the index of the last element in the jth sub-block of the kth block.

Let Eyj = {ISn,, | < kv/Ly;log Ly;}. Since Ly ; = L§ ;_, for j > 2, and also
Li11 > L}, by Hoeffding’s inequality

P(Ef;) < 2%’(1) J=2.3,... k. (6)
I

Since Ly = L2, > (v/Ir; 108 Liy)’ , on By by Lemma 3, with probability at

least a, the walk T}, n € [ngj, nkj+1 — 3k?] will visit the square [0, k — 1]? at least

once (as this is essentially a two-dimensional simple random walk with step sizes

equal to k.)

Now, Corollary 3.2 from [2] implies that with probability of order k%, the walk
starts this sub-block at a position whose x— and y—coordinates are both divisible
by k. This follows from the fact that, with high probability, at least k? steps were
taken in each of the two directions during the last 3k2 steps of the preceding block.
As a result,

g 1
P(Apjt1 | Bry) > ctol)

2 73 where Ay ;1 = {T,, = 0 for some n € [nyj,n4j41)}

for some ¢ > 0 independent of k and j.

We will use the extension of the conditional Borel-Cantelli lemma from [2] to
conclude recurrence. Define Fj,; as the sigma-algebra generated by the walk up
to the time ny ;. We have

k-1 o
DD Py | Begp Frg) 2 D03 C+k2(1) = oo.

koj=1 k j=1

10



At the same time,
k-1

>3 piE) <
k=1

by (6). Hence, the events Ay ;41 occur infinitely often a.s. by Lemma 5.1 in [2],

thus implying recurrence of site 0. The fact that the walk visits all other w € Z?

a.s. follows from the same argument. O

Remark 3. The result of Theorem & can be extended for faster growing sequences,
1+v
for example, with the sub-block sizes equal to 22* . forv e (0,1).
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Recurrence, transience and anti-concentration of
Rademacher random walks

Satyaki Bhattacharya*  Edward Crane Tom Johnston’
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Abstract

The Rademacher random walk associated with a deterministic sequence
(an)n>1 is the walk which starts at zero and, at step ¢, independently steps
either up or down by a; with equal probability. We continue the study begun
by Bhattacharya and Volkov in 2023 of the transience or recurrence of one-
dimensional Rademacher random walks. In particular, we show that if the
sequence of step sizes is bounded, the walk is weakly recurrent, meaning
that it returns infinitely often to a random finite interval, while if the step
sizes tend to infinity arbitrarily slowly the walk may be transient. On the
other hand, we show that the step sizes may grow arbitrarily fast and still
give a weakly recurrent random walk, using a construction with integer step
sizes. We show the same conclusion holds if we restrict to strictly increasing
step sizes, now allowing non-integer steps. However, if a, = n®t°(D) for
some a > 1/2, we show that the walk is transient. We also show that the
bound on « is tight by giving an example where a,, = @(n1/2) and the walk
is weakly recurrent.

Keywords: inhomogeneous random walk, anti-concentration.

1 Introduction

Throughout this paper, let €1, €2,... be a sequence of i.i.d. Rademacher(1/2) ran-
dom variables, taking the values +1 each with probability 1/2. We will refer to
these simply as Rademacher random variables (dropping the 1/2). Let (ay,)n>1 be
a deterministic sequence of non-negative real numbers, and define the associated
Rademacher random walk (X,)n>0 by

n
an E €LAf.
k=1
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When all of the a; take the value 1, the associated Rademacher random walk is
exactly the simple symmetric random walk in one dimension, and the recurrence
of this random walk is a fundamental result in any introductory probability course.
However, by simply changing the sequence of step sizes (a,,), the problem becomes
much less elementary and the behaviour of the Rademacher random walk is still
unknown in many cases, including the simple-looking case where a,, = n®.

We mention that recurrence and transience of two-dimensional Rademacher
random walks has been studied recently by Bhattacharya and Volkov in [4]. In
this paper we will focus on the one-dimensional case, continuing the study begun
by Bhattacharya and Volkov in [3].

If a particular sample of a Rademacher random walk satisfies {X,, < C'} in-
finitely often (i.0.), we call it C-recurrent. When X is almost surely O-recurrent
we say X is recurrent. Note that C-recurrence is not necessarily a tail event.
Indeed, if we take the sequence (a,),>1 where a; = 1, ag = 1 and a; = 3 for all
i > 2, then whether the walk returns to zero i.o. depends on the value after two
steps. However, the event {3C : |X,,| < C i.0.} is a tail event, and we shall call
a Rademacher random walk weakly recurrent if the probability of this event is 1.
Otherwise, we will call the walk transient. Finally, we say that a random walk is
topologically recurrent if its range is almost surely dense in R.

Note that weak recurrence of the Rademacher random walk is unaffected by
making any finite number of changes, deletions, or insertions to (@, )n>1-

One interesting class of Rademacher random walks is those whose step sizes
(an)n>1 satisfy Y, a2 < oo but Y. a, = co. In this case, X, almost surely
converges to a random limit by the p = 2 case of Doob’s LP-martingale convergence
theorem. However, the distribution of the limit has unbounded support, so X is
weakly recurrent but there is no C' < oo such that X is almost surely C-recurrent.

Our main motivation is the following problem.

Problem 1. What conditions on the growth rate of (a,) guarantee that the asso-
ciated Rademacher random walk is transient? What growth conditions guarantee
that the Rademacher random walk is weakly recurrent?

In Bhattacharya and Volkov [3] it is shown that the Rademacher random walk
is C-recurrent for every C' > 0, and hence weakly recurrent, in the following cases:

e a, =logn, and

e a, = [(log,n)?] for constants v > 1 and 0 < § < 1.
Two transient cases with integer step sizes are also given:

o the steps (an)n>1 are all distinct integers, and

e a, = [n?| for any constant 0 < 8 < 1.

One particularly natural case of Problem 1 is to assume that a,, ~ n® for some
a > 0. With this constraint, we can ask whether there are values of a for which



we can guarantee that the walk is transient or weakly recurrent. Combining the
two transience results from [3], we see that the Rademacher walk with step sizes
a, = |n®] is transient for all & > 0. Hence, there is no > 0 for which the
condition a,, =~ n® implies the walk is weakly recurrent. In contrast, our main
result shows that there are values of « for which this growth rate guarantees that
the walk is transient.

a+o

Theorem 1. Let (a,)n>1 be a sequence and suppose that a, = n M) for some

a > 1/2. Then the associated Rademacher random walk is transient.

The condition on « in Theorem 1 is best possible, even under the stronger
assumption that a, = ©(n®) for some o > 0 as n — oo: there is a sequence of
step sizes (a,)n>1 Where a, = ©(n'/?) and the associated Rademacher random
walk is weakly recurrent.

Theorem 2. There ezists a sequence (a,)n>1 of integers such that a, = O(n'/?)
as n — oo and the associated Rademacher random walk is weakly recurrent.

We remark that from our proof of Theorem 1 we can already relax the condition
that a, = noto®) slightly to allow n* % < q, < n®9 for some sufficiently small
d = §(a). However, we still need both upper and lower bounds on a,. Perhaps
surprisingly, the upper bound is necessary: the sequence (a,) can grow arbitrarily
fast and still yield a recurrent Rademacher walk.

Theorem 3. Let f: N — R be any non-decreasing function. There is an integer
sequence (ap)p>1 such that a, > f(n) for all n and the associated Rademacher
random walk is recurrent.

Our proof of Theorem 3 constructs the sequence in blocks of increasing length
such that within each block the terms alternate between two consecutive integers.
Allowing non-integer step sizes, we can get topological recurrence from a strictly
increasing sequence that grows as fast as we like:

Theorem 4. Let f: N — R be any non-decreasing function. There is a strictly
increasing real sequence (an)n>1 such that a, > f(n) for all n and the associated
Rademacher random walk is topologically recurrent.

Recall that Bhattacharya and Volkov showed that if (a,) consists of distinct
integers then the Rademacher random walk is transient. In particular, the walk
associated to any strictly increasing integer sequence (a,,) is transient, and there
cannot be a single sequence that demonstrates both Theorem 3 and Theorem 4.

These results leave open the possibility that there could be a powerful suffi-
cient condition for transience of the Rademacher random walk, in terms of the
asymptotic behaviour of the sequence (a,), when we restrict to non-decreasing
integer sequences. The asymptotically fastest-growing non-decreasing integer se-
quences that we know to yield weakly recurrent Rademacher random walks are
the examples a, = |clogn] from [3]. On the other hand, increasing the growth
rate slightly, but still using all the non-negative integers, we can obtain a transient
Rademacher random walk.



Theorem 5. Let (an)n>1 be a non-decreasing sequence of integers, and let L; be
the number of times i appears in the sequence. Suppose that, for all large enough

n}
Z L; > on? (1)
i<n
ged(i,n)=1
and
n—1
> i?Li > 4n’log*(n) - L. (2)

=1

Then the Rademacher random walk X associated with (an)n>1 is transient.

Corollary 6. For any o > 1, the Rademacher random walk with step sizes a, =
[log®(n)] is transient

The (Lévy) concentration function @ of a real valued random variable A is

defined by!
Qr(A) =supP(z < A<z +r).
reR

Any upper bound for a value of the concentration function is called an anti-
concentration bound, while a lower bound is called a concentration bound. Some
known anti-concentration bounds for sums of independent random variables are
discussed in Section 2.

To prove Theorem 1 we show, using the theorem below, that the position of
the Rademacher random walk at each time n is sufficiently anti-concentrated, and
then apply the Borel-Cantelli lemma. We remark that, as alluded to earlier, the
following theorem allows us to slightly relax the condition that a, = n®t°®,

Theorem 7. Let (a,)n>0 be a sequence and suppose that there are constants
¢, Coae> 0 and § > 0 such that, for all large enough n,

en® < a, < Cn®*o,
Then, for any v > 0, we have the anti-concentration bound
1
o (S) <o),
i=1

where

a? . VaZtl—a
Fla,8) = {(a+5)(a+252+2 52 4a0) if 0 < e,

5 ; VaTii-a
ey cenyore S R e

From this it is easy to deduce Theorem 1.

'We warn the reader that authors disagree about the strictness of the inequalities in the
definition of the concentration function, so care is needed in interpreting anti-concentration
inequalities in the literature. We have made the same choice as in [10], because it gives Q1 (A)
the meaning that we want in the case of an integer-valued random variable A.



Proof of Theorem 1 from Theorem 7. Fix A > 0 which is small enough that 1/2+
a— X\ > 1. For any § > 0, we have

na—& S an, S na+6

for all sufficiently large n. As f(«a,d) — 1 as § — 0, there is some § > 0 such
that this condition on a,, is enough to get the anti-concentration bound Q1(X,,) =
O(n_(1/2+a_)‘)).

For any fixed C, the probability that |X,,| < C is O(n~=(/2t2=Y) and this is
summable by our choice of A. Hence, by the Borel-Cantelli lemma, the probability
that | X,,| < C infinitely often is 0, and the walk is transient. O

We remark that by substituting § = 0 into Theorem 7, we get the bound
O(n~(@+1/2=9) " which is easily seen to be tight up to the + term by considering
the sequence a,, = n®. Also of interest is what happens as § — co. In this case, the
anti-concentration gets close to O(n~/?), and it is also straightforward to show
that there must be points where this is the correct behaviour. More generally, we
have the following easy lower bounds which complement Theorem 7.

Proposition 8. Fiz o > 0. Then

@& (Z n) = Q(n~(/24).

i=1

Moreover, for any 6 > 1/2, there exists a sequence (a,)n>1 of step sizes and a
sequence of times (n;)i>1 such that

=~ —(1/2+&+o(1))
Q1 (Z Ev’,ai,) >n, 2 .

i=1

Let us now turn to the second part of Problem 1: are there conditions on the
growth rate of (a,) that guarantee that the associated Rademacher random walk
is weakly recurrent?

There is no unbounded non-decreasing function f for which the condition
a, < f(n) suffices to imply weak recurrence, as the following example shows.
Let f : N — [1,00) be unbounded and non-decreasing. Take a, = 2" where
b, = |log, f(n)] for all n, so that a, < f(n). Once b, > k, the congruence class
of X,, modulo 2* becomes constant and it is not difficult to deduce that the ran-
dom walk is transient. In light of this example, one might ask for the walk to
be “irreducible”. We say an integer-valued random walk is irreducible if, for any
a,b € Z and any n € N such that P(X,, = a) > 0, there is some m > n such that
P(X,, =b| X, = a) > 0. Clearly, the Rademacher random walk that we just
constructed is not irreducible. However, imposing irreducibility does not change
the situation, as the following lemma shows.

Lemma 9. Let f : N — [1,00) be any function such that f(n) — oo as n — 0.
Then there exists a non-decreasing sequence (a,),>1 of integer step sizes for which
a, < f(n) for alln and the associated Rademacher random walk is both irreducible
and transient.



To address the case where (a,),>1 is bounded, we prove the following lemma,
which extends a theorem of Bhattacharya and Volkov [3, Theorem 2].

Lemma 10. Let (an),>; be a sequence of real numbers such that Y07 a? = oo,
and let X = (X,)n>0 be the associated Rademacher random walk. Then, almost
surely, X is unbounded below and unbounded above, and in particular, X changes

sign infinitely often.

In [3] it was shown that X changes sign infinitely often almost surely under the
stronger assumption that (a,) is a non-decreasing sequence of positive reals. Note
that the condition Y 2 a2 = oo is necessary, since otherwise X,, almost surely
converges to a random limit. When X converges, it changes sign only finitely

many times.

Lemma 10 implies that if the sequence (a,) is bounded, say a, < C for all n,
and Y7 a2 = oo, then P(|X,| < C i.0.) = 1, so the Rademacher random walk is
weakly recurrent. Recall that if > °2 a2 converges, then the Rademacher random
walk converges to a random limit and the walk is also weakly recurrent. Putting

these two cases together gives the following corollary.

Corollary 11. If the sequence (an)n>1 is bounded, the associated Rademacher
random walk is weakly recurrent.

We also have another immediate corollary of Lemma 10:

Corollary 12. If the sequence (an)n>1 satisfies Y oo, a? = oo and a, — 0 as
n — 00, then the associated Rademacher random walk is topologically recurrent.

This is a special case of the well-known fact (which it easily implies by condi-
tioning on the step sizes) that any symmetric random walk with bounded but not
necessarily identically distributed steps is weakly recurrent.

Although we know that there is a weakly recurrent Rademacher walk with
a, = ©(n'/?), we have not determined the behaviour in the natural case where
a, = n® for any « in the range 0 < o < 1/2. We can, however, say something
about the possible behaviours in this range by applying the following theorem.

Theorem 13. Suppose the sequence (ay,) is unbounded and a, — a,—1 — 0. Then
the associated Rademacher random walk is either transient or topologically recur-
rent.

Theorem 1 shows that the transient case may occur, and the recurrence result
of [3] concerning the sequence a, = logn shows that the topologically recurrent
case may occur.

The rest of the paper is organised as follows. In §2 we discuss a number of
known anti-concentration results and prove a simple but useful lemma about com-
bining anti-concentration at different scales. In §3 we prove some anti-concentration
estimates for Rademacher sums, including a (mod m) analogue of the Erdds—
Littlewood-Offord inequality (Lemma 15). In §4 we prove the anti-concentration
bound Theorem 7, from which we have already deduced Theorem 1, and the



concentration bound Proposition 8. In §5 we prove Theorem 2 by exhibiting an
explicit sequence (a,)n>1 such that a, = ©(n'/?) as n — oo and the associated
Rademacher walk is weakly recurrent. In §6 we prove Lemma 9 and Lemma 10.
In §7 we prove Theorem 5 and deduce Corollary 6. In §8 we prove Theorem 13.
Finally, in §9 we prove Theorem 3 and Theorem 4.

2 Anti-concentration inequalities

In this section we recall several well-known anti-concentration inequalities that
will be used later on, and we give a simple lemma which allows us to combine the
anti-concentration of two random variables at different scales.

Recall that the concentration function @ of a real-valued random variable A
is given by
Qr(A) =supP(z < A<z +r).

zeR

Note that for any integer m > 1, the union bound gives
Qur(A) < MQ,(A).

We start with the general case of a one-dimensional Rademacher random walk
X whose step sizes are general real numbers, not necessarily integers and not
necessarily separated.

Lemma 14 (Erdés—Littlewood—Offord inequality). If the step sizes (an)n>1 of a
Rademacher walk X = (X,,)n>1 are all greater than or equal to a constant ¢ > 0,

then 00X < (Lnr/zZJ)z,n N \/% as 1 oo, (3)

Erd6s’ simple proof of this in |7] (improving a slightly worse bound by Lit-
tlewood and Offord) was to note that for any = € R, the set of assignments of
(e1,...,€,) for which 37" | ga; € (z,z + ¢| form an anti-chain in the hypercube
{—1,1}" with the coordinatewise partial order, and then to apply Sperner’s theo-
rem [21] about the size of the largest anti-chain. In §3 we will prove the following

(mod m) analogue of Lemma 14 for the case of integer step sizes.

Lemma 15. Let m be a positive integer and let by, ..., b, be positive integers
coprime to m. Let €1,...,€, be independent Rademacher random variables, and

let X, =Y 1 €b;. Then
. % if m is odd,
\ /% if m is even.

Lemma 15 is a slight improvement of a very special case of the following very
general result of Juskevi¢ius and Semetulskis [11, Cor. 1] about anti-concentration
of random products in arbitrary groups:

max P(X, =r (modm)) <
r€L/mL

+
+

She 3=



Theorem 16. Let G be a group and m > 2 an integer. Let g1, ..., g, be elements
of order at least m, and consider the G-valued random variable X = gi* * - - - g<,
where the €; are independent Rademacher(1/2) random variables. Then

1 /2
supP(X =g) < 4=
geg ( 9) [m/2] ™m

We include a self-contained proof of Lemma 15 that is somewhat different from
the method in [11].

The Erdgs-Littlewood—Offord inequality is a special case of a more general re-
sult, known as the Kolmogorov—Rogozin inequality, which gives anti-concentration
bounds on a sum of independent random variables using bounds on the anti-
concentration of the summands. The first results of this form were shown by
Doeblin and Levy, before being improved by Kolmogorov, then Rogozin and then
Kesten. The sharpest possible bounds were obtained recently by Juskevi¢ius in
[10], which summarizes the history of the problem.

For many applications, the following form of the Kolmogorov-Rogozin inequal-
ity suffices.

Theorem 17 (Rogozin, [18]). There is a C > 0 such that for any independent
random variables X1, ..., X, and real numbers 0 < \y,..., A\, < 2r,

—1/2
QX1+ +X <cr<ZA1QA ))) :

Although we will not use it directly, we mention for completeness a key tool in
proving many anti-concentration inequalities:

Lemma 18 (Esseen’s inequality [8]). If X is a real-valued random variable with
characteristic function v, then Q,.(X) < tf%/T [ ()] dX.

2w /r
Let us now consider the case where the step sizes are separated. Let Y =
(Yn)n>0 be the Rademacher random walk with step sizes 1, 2, 3, etc. It is known
that for any Rademacher random walk (X,,),>o with distinct positive integer step-
sizes, we have the anti-concentration bound

Ql(X)—qtégIP’( n=1x) <P(Y, O)N%Mn—ﬂx (4)

The inequality in (4) was proven by Richard Stanley [22], using enumerative alge-
braic geometry and answering a question of Erdds and Moser. Another wonderful
proof using Lie algebras was given shortly afterwards by Proctor [17]. The asymp-
totic in (4) is due to Sullivan [24]. Before Stanley’s result, Sarkézi and Szemerédi
[19] had shown that sup,.; P(X,, = z) = O(n~*?2). From their bound it already
follows by a simple Borel-Cantelli argument that any Rademacher random walk
whose step sizes are distinct positive integers must be transient (see [3, Theorem

4]).

Haldsz extended the result of Sarkozi and Szemerédi as follows.



Lemma 19 (Haldsz [9, Theorem 2|). Consider n vectors ai, ..., a, € R? such that
for any unit vector e, we have |{e,a;)| > 1 for at least én values of i, and also
lla; — a;|| > 1 whenever i # j. Then

P(zn: €ia; € B(z, 1)> < (8, dyn 142, (5)

i=1

where ¢(0,d) is a constant that does not depend on n.

In the case d = 1, the inner product condition involving 6 may be dropped
since it is implied by the separation condition for large enough n. We remark
that (5) already gives sufficient anti-concentration to show that the Rademacher
random walk with step sizes a, = n® is transient for any a > 2/3. Indeed, if
a > 1, then |a; — a;| > 1 for all i # j, and we can immediately apply Lemma 19
in the case d = 1 to get an anti-concentration bound of O(n=/?) (and then we
can finish by applying the Borel-Cantelli lemma). On the other hand, if a < 1,
then an41 — a, < 1 and there is some a; in each interval [k, k + 1). Hence, we can
find a subsequence a, , a;,, . .. of length ©(n®) such that a;, € [2,27+1), and the
theorem gives an anti-concentration bound of O(n=%/2), which suffices to finish
using Borel-Cantelli when o > 2/3.

All of the bounds above deal with step sizes which are of a somewhat similar
scale. If the step sizes grow exponentially with base at least 2, then Q1(X,,) = 1/2"
and there is much better anti-concentration than given by any of the results above.
While we will not be dealing with scales quite as different as this, combining anti-
concentration at different scales and (nearly) multiplying the anti-concentration
bounds of each is the key to our proof. For this we use the following lemma.

Lemma 20 (Combining anti-concentration bounds at different scales).
Let 0 <r < s and let A and B be independent real-valued random variables. Then

Qr(A+ B) <P(JA] > 5) + 3Q-(4)Q4(B).
Hence,
Proof. For any x € R we have

Plxa<A+B<ax+7r)<P(A >s)+P(|A| <sandx < A+ B<z+r)

<P(Al >s)+Px—s<B<z+r+s) supPlr—b<A<z—-b+r)
beR

<P(A| > ) +3Q,(B)Q.(A).

Since we may replace A by A + ¢ for any constant ¢ without changing Q,(A) or
Q,(A + B), the final statement follows. O

3 Modular anti-concentration of Rademacher sums

In the course of several of our proofs, we will need to control the probability
that a sum of Rademacher random variables takes a particular value, or lies in



a particular congruence class modulo some positive integer. In this section we
establish some useful results of these kinds.

For a real random variable X, the characteristic function of X is the function
x : R — C given by ¥x(t) = E(e"X). We say that a real random variable X is
monotone if |px(t)| is decreasing on [0, 7].

Theorem 21 ([1, Theorem 1.1]). Let X,..., X} be independent integer-valued
random wvariables with E(X;) = p; and Var(X;) = 0? < oo. Suppose that their

i
sum X = Xy + -+ Xg is a monotone random variable with mean p and variance

o2. Then, for every t for which u +to is an integer, we have

2
1 POE(X — il
B(X =t to) - Lot Sc(z“ (X >>7

V2ro?

where ¢ is a universal constant.

Note that the sum of independent monotone random variables is monotone
and that Bernoulli(1/2) random variables are monotone. Hence, by applying the
above theorem to a suitably shifted and rescaled sum, we obtain the following
local limit theorem for sums of Rademacher random variables.

Corollary 22. Let X be the sum of n Rademacher random variables. Then, for
any x =n mod 2, we have

P(X =z)—

where ¢ is an absolute constant.

In the remainder of this section we establish Lemma 15, which we restate here.

Lemma 15. Let m be a positive integer and let by, ..., b, be positive integers
coprime to m. Let €1,...,€, be independent Rademacher random variables, and

let X, =5 " €b;. Then

i + % if m is odd,
max P(X, =r (modm)) <
r€Z/mZ 24 /2 ifmis even.
Before giving the proof, let us make a few observations about this result.

Fixing arbitrary positive integers by,...,b, and letting m — oo along the
primes gives an alternative proof of the integer case of the Erdgs—Littlewood—
Offord inequality, Lemma 14.

On the other hand, taking each b; = 1 in gives a simpler modular anti-
concentration result that is still useful.

10



Corollary 23. Let m > 2 be an integer and let X,, = > ., € be the sum of n
independent Rademacher random variables. For every e > 0, if n > em?, we have

max P(X =r (mod m)) < ¢(e)/m,

0<r<m

— /2
where c(e) =1+ /-=.

Remark 24. For the case where n < m? and the obvious parity condition is
satisfied, a complementary lower bound for P(X = r (mod m)), also of order
1/m, may be found in [3, Corollary 8.2/.

If p is an odd prime, then a p-adic formal analogue of the Erdgs-Littlewood—
Offord inequality follows from Lemma 15, as follows. If by, ..., b, € Q, all satisfy
16:]|, > ¢, then for any z € Q, we have

2

1
P(X, € B(z,c)) < — ,
(X, € Bzo) < 4y

where B(z,¢) here means the open ball in @, of p-adic radius ¢ about z.

In the proof of Lemma 15, we will need the following easy consequence of the
rearrangement inequality.

Lemma 25. Let n,m > 1 and let y1,...,ynm be given positive numbers. Con-
sider the set A of n by m matrices in which the elements of each row are some
permutation of (Y1, ..., Ym). Then

Proof. The set A is finite, so there exists a matrix A € A which maximizes
> [T, Aij. For this A, the terms in each row must be sorted in the same as
order as the products over the columns after that row is deleted, by the rearrange-
ment inequality. Hence, they are sorted in the same way as the overall column
products, which means that they are all sorted in the same way. |

We now turn to the proof of Lemma 15.

Proof of Lemma 15. For each x € Z/mZ, let 6, : Z/mZ — C be the indicator
function of z, and for each A € Z/mZ, let ey : Z/mZ — C be the function
ex(z) = exp(2midz/m)/y/m. Note that the functions e, form an orthonormal
basis of £2(Z/mZ). We have

)\E;"IZ \/7

A calculation shows that the effect on ey of convolution with %(6;, +d_p) is to
multiply it by cos(2wbA/m). Hence, the probability mass function of X, is given
by

P(X,=r (modm))= Z Ll_Icoq 27b;\/m)ex(r)

m
AEZ/mZ

11



Since |ex(r)| = le the triangle inequality gives that

P(X,=r (modm)) < % Z H | cos(2mb; A /m)|. (6)

NEZ/miZ i=1

The multi-set of values (cos(2mbA/m) : A € Z/mZ) is the same for every integer b
coprime to m. Therefore, by Lemma 25, the right-hand side of (6) is maximized
when all b; are congruent (mod m) to any constant value b that is coprime to m,
for example b = 1. In this case it takes the value L > orezjmz | cos@mA/m)[". In
the case where m is even,

1 1 Lm/4]
— e /m)t = —[2+4 (21l /m)"
- Z | cos(2mA/m)| ~ + Z cos(2ml/m)

AEZ/mZ =1

In the case where m is odd,

1 1 [m/2]
- Z | cos(2mA/m)|" = - 1+2 Z cos(ml/m)
AEZ/mZ =1

Using the inequality cosz < e~**/2, which holds for z € [~7/2,7/2], for even m
we obtain

1 1 oo
Z |cos(2mA/m)|" < — <2 +4 Z C27r2£2n/m2>
\EZ/m1Z. m =
< l 2+ 4/:>C 67(47\'2n/m2)412/2 dx
-m 0
2 2
m T’

and similarly for odd m we obtain

1 1 202/ (om?
- < no - T n/(2m?)
- Z | cos(2mA/m)|" < m<1—|—22€
AEZ/mZ =1
1 2
< — 4y =
m ™

4 Anti-concentration of Rademacher random walks

The main aims of this section are to prove the anti-concentration bound Theorem 7
and the concentration bound Proposition 8.

Our main tool in proving Theorem 7 is Lemma 20, for which we need both anti-
concentration and concentration bounds on A. For the concentration bound, we
will use the following well-known bound (see e.g. [15]), which is a straightforward
application of Hoeffding’s inequality.

12



Lemma 26.

P(Zaiq > ta,|2) <e P

i=1

The result in Theorem 7 only requires the bounds on a, to hold for large
enough n, and there is no control over the initial terms. The following result
shows that modifying a prefix of length m of the sequence (a,) can only change
the concentration by a factor of at most 2™*!, and in particular, this will allow us
to assume that the bounds on a, hold for all n when proving Theorem 7.

Lemma 27. Let (a,)n>1 be a sequence and let (a),)n>1 be a sequence which differs
from (a,) only in the first m terms. Let (Xp)n>0 and (X))n>o0 be the corresponding
Rademacher random walks. Then, for every n,

2—(7VL+I)QT(X:L) S Qr(Xn) S 2m+1Qr(X:L)~

Proof. Suppose that A and B are discrete independent random variables. We

claim that
@r(A4)Q:(B)
2
For the upper bound we have

< @r(A+ B) < Q(A). (7)

Plx<A+B<az+r)=) Pla—b<A<z—b+r)P(B=1)
b

§51;pP(x—b<Agm—b+r)~;IP’(B:b)
<supPlz<A<z+r7)
= Q- (4),

which implies Q,(A + B) < Q,(A).

For the lower bound, let € > 0 be given and choose z,y such that
Ple<A<z+r)>(1-9)Q.(A4),
Ply<B<y+r)=(1-¢e)Q (D).

Then the events
{A+Be(x+y,z+y+r]} and {A+Be(z+y+rz+y+2r]}
are disjoint and cover the event
{r<A<z+4+r,y<B<y+r}
The latter event has probability at least (1—¢)?Q,(A)Q,(B) and so one of the first

two events must have probability at least (1 — £)?Q,.(A)Q,(B)/2. Letting ¢ — 0
we obtain the lower bound in (7).

Now let A=3"" ¢a; and B= )" €;a;. Define A’ by A’ = 3" ¢al, so

i=m+1

that X,, = A+ B and X| = A’ + B. Note that Q1(4), Q1(A4") > 27™. We have

1@ (A)@r(B)

Qr(A+B) < Q.(B) < 21205

S 2m+1Qr(A/ + B)

13



and

> @r(A)Qr(B) > Q:(A)Q: (A" + B)

> o~ mtg (A" + B).
5 5 > Q-(A'+ B)

Q.(A+B)

O

We are now armed with all the tools we need to prove Theorem 7, which we
restate here for convenience.

Theorem 7. Let (an)n>0 be a sequence and suppose that there are constants
¢,Coa> 0 and § > 0 such that, for all large enough n,

en® < a, < Cn®*o,

Then, for any v > 0, we have the anti-concentration bound

i=1

where )

a ; VaZ+l-a

Fla,8) = {(a+5)(a+252+2 mray WOS 2
) . a?+l—a
if§ > Y=,

(a+5)(1+2§)(a+1/2+6)

Before we give the full details, let us briefly sketch the proof in the case where
a, = n®. The key idea is to group some of the terms in the sum ), ; a; into
subsets which are at different scales. In the interval [2F, 2¥%%) we expect around
2%/¢ of the a,,, and let us set A to be the Rademacher sum of any such terms. Using
the Erdds-Littlewood-Offord inequality, the anti-concentration of A at the scale
2k+1 is around 27%/(%)_ On the other hand, if k is much larger than «, we expect
the magnitude of A to be around 2% - 2%/ and there should be concentration
around this scale. Hence, if we set &' = (1 + 1/(2a) + ¢)k and let A’ be the
Rademacher sum of the terms in the interval [2%, 28+®)  then the sum A’ is anti-
concentrated at the scale 2¥ while the sum A is concentrated at the 2%. This
means we can use Lemma 20 to combine the anti-concentration.

This can clearly be repeated and we will take a sequence ki, ks, ... where
ki = (1+1/(2a) + €)' and try to combine the anti-concentration of the random
variables Ay, As, ..., where we think of A; as the sum of the terms ¢;a; for which
a; € [2%,2%%*). In actuality, we will have to widen the interval in which we take
the a,, and also limit the number that we take from each interval.

To get the required anti-concentration for all large enough n, the anti-concentration
from sums of the form A; + - -- + A,, is not enough. Indeed, while we get the re-
quired anti-concentration of n~(®+1/2=7) when n is not much bigger than 2#=/® 41,
the anti-concentration drops to around n~® by the time n is close to 2Fm+1/®. In
order to apply Lemma 20 we need A; + ---+ A;_; to be concentrated at the scale
of A; for each i. We can achieve this by ensuring that none of the terms in A; are
too big for each 7 < m, but observe that we don’t need A,, to be concentrated
as it is the last summand. To get the required concentration for all n between
oFm/atl and 2km+1/0+1 we will replace A, by the sum of the terms ¢;a; for which

14



a; € [2Fm 00) and i < n, which we can do as we do not need concentration for the
last summand.

We make this argument rigorous below. We also weaken the conditions on
an- This means we must make our intervals wider to be able to guarantee that
we can find enough a,, which fall in the intervals. This in turn means that the
intervals must be further apart and we pay a penalty in the anti-concentration
that we obtain. However, this is unavoidable; there must be some penalty to pay
(for large §) as shown by Proposition 8.

Proof. Pick a constant A such that /o < A. We will later take A to be arbitrarily
close to ¢/a.

By Lemma 27, we can modify the first m terms in the sequence and only change
the anti-concentration by at worst a factor of 21, We will therefore assume that

en® < a, < Cn®to

holds for all n > 1 and not just n large enough. Using our assumptions on a,, if
n is such that
(2k/c)1/a <n< (2(1+/\)k/c)1/(a+6)

then 2F < @, < 204k Hence, the number of n for which a, is in the interval
[2%, 204K is at least

Q(L+Nk Y 555 ok /e gatarak 1 ‘
—-1-1— == —— 2" —1.
C c C'1/(a+0) cl/a

Since we have taken aA > 4, this certainly is at least 25/ for large enough k.

Now fix § > a and € > A, and define k; by

1 i
k‘i:<1+%+8>.

We will later take € arbitrarily close to A and choose the value of 8 > « to optimise
the anti-concentration bound. Let A; be the random sum corresponding to the
first [2%/P] of the a, which lic in the interval [2% 20+Y%] noting that this is
possible when £; is large by the above argument and our assumption that 5 > «.

We now claim that the anti-concentration of the sum of the A; is roughly equal
to the product of their individual anti-concentrations.

Claim 28. There is M > 0 such that

(1+1/(2p)+e)™+1
1428

QA1+ +An) <M-3™-27
for all m.

Proof. First, note that by the Erdgs-Littlewood-Offord inequality (Lemma 14),

we have
2 k
QQk-,j»l (Az) S — .27z

™

=
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for large enough 7. We will induct on m, taking s = 2¥*! and r = 1 in Lemma 20
to get anti-concentration at different scales.

To apply Lemma 20, we first need to show that the sum A; + --- + A1 i
concentrated at the scale s. Using Lemma 26, we have that

IF’(|A1+--~+A,,,,,1|25)§iP<|A|_ m ))

82
<2(m-1) exp<—4(m —1)22@ /B )

Substituting in s = 2F»+1 = 2. 9+ 35 +e)km—1 , we have

— 22(5 Nkm—1
P(|Ar+ -+ Apy| > 2 < 2(m — 1 ).
(|4 + -+ 1] ) (m )CXp( 1) )

Pick mg such that for all m > my, the quantity given above is at most
41/ +e)™m !

14258 , and choose M > 1 such that

(1+1/<2B>+s)”“

QulAy+ -+ Ap) < M -3 .27 1o

holds for all m < my.
Now suppose that the claimed bound holds for m — 1 > myg. Then, using the

above, we have

(1+1/(2[ﬁ')+£)m+1 (A+1/(2B8)+e)™ 2 km

QuAL+ -+ Ay) <27 T 43 M3t .y 297

A+1/@28)+e)™H 2 (1+1/(26)+e)™+1
=927 1+28 + M -3™. \/j .92 1+28e
™

= (1+M-3m.\/5>2<1+1/225;;;>”“
™

(+1/(26)+e)™+!

SJ\/['?)m'Q_ 1+2Be
|

Pick N and suppose that 2(20+Nkn je)l/e < N < 2(204Vkm+1 fe)/@ - et us
assume that N is large enough that m > mg, where mg is defined as in the
claim above. Note that a, > 20+ for all n > N so, in particular, the sum Xy
contains all of the terms in the sum A;+- - -+ A,,. Let B be the Rademacher sum of
the a,, for which n < N and a,, > 2"~ so that the terms in this sum are a superset
of the terms in A,,. We will bound the anti-concentration of A; +---+ A,,_1 + B
using Lemma 20.

First, note that B contains at least

Em \ 1/
N—(Q ) >N
c -2
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terms, all of which are at least 2¥». By the Erdés-Littlewood-Offord inequality,
Lemma 14, we have

4
Qokm+1 (B) < N

We again have the concentration bound

- 22(e=A)km—1
P(jA; + - + Apy] = 28 )éQ(m‘l)eXI’(_W)’

but this time we bound it directly. Since m = ©(loglog(N)) and this term is
o(m)

2= , it decays quicker than any polynomial. The term 3™ is also at most

polylogarithmic in N, so is certainly in O(N?/2) for any fixed vy > 0.

We also have that

27(1+1/<2@)+s>m _ () (+1/(28)+e)™ !
=

T+2Be =2 (TN (T /@A T2

ct/aN\ T TT2A (TN (T 1/ @A) T9)
< .
2

Using Lemma 20, we find that Q;(A; + -+ - + A,—1 + B) is bounded by

1/ap N\~ A2 0N OF /@A) 4 6(log lo())
M-ON?). (S = 0(2*2 )
( ) ( 2 7rNJr

which is
o(Nfl/Q*W“/Q),

It remains to choose the values A, ¢ and 3, and we recall that we require
aA>d,e>dand f>a. If 0 < @, then we take 8 = 1/(2V/ A2 + ), else
we take 3 = o. We then take A sufficiently close to d/a and e sufficiently close to
A so that 8 > a and

T+ 2891+ VA +1/(28) 1 2) =

af(a,d) — %

From this it is easy to deduce the following corollary.

Corollary 29. Let (an)n>1 be a sequence such that a, = n°*°" for some con-
stant o > 0, and let (X,)n>0 be the associated Rademacher random walk. Then
Ql(Xn) — O(n—(a+1/2+n(1))).

We end this section by proving Proposition 8, which we restate here for con-
venience.

Proposition 8. Fiz o > 0. Then

o} (Z Qnu> _ Q(n—(l/QJru)).

i=1
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Moreover, for any 6 > 1/2, there exists a sequence (an)n>1 of step sizes and a
sequence of times (n;)i>1 such that

ng
Ql (Z 51‘%‘) 2 ni—(l/2+ﬁ+o(1)).
i=1

Proof. First, let us consider the sequence (ay,),>1 where a, = n®, and let (X,)n>1
be the associated Rademacher random walk. Chebyshev’s inequality gives that

IP)(|X"\ < 2\/Var(Xn)) > %

The interval (—24/Var(X,),2+/Var(X,)) may be covered using no more than
[4y/Var(X,)] intervals of the form [z, z + 1) so there exists z € R such that

P(X, € [z,z+1)) >

3
T 16[/Var(X,)]

The bound now follows by substituting in

n n2atl
V Xn — ka 2 - O /2(1 )
00) = 3 = gy + 0™)
k-1
Now set r = §/a and consider the sequence where a,, = 200" for 22 <

(14n)k
n <2 a . Note that we have n® < a,, < n®t?.

Let A, be the Rademacher sum of the a,, which are equal to 214" The most
likely value for A, has probability

N 1
27N >
<LN/ 2J> —VaN
(1+r)k

where N > 2 is the number of terms equal to 20141 We have that N <2 a

(14

mk
s /+/7. Hence, the

so the most likely value for Ay has probability at least 2~
most likely value for A; + - -- + A has probability at least

(4n)*—1)(r+1) (4r)kH+1
2~ S > 2~ e
k72 = k2
(14n)k

Hence, if we take ny = [27 « | — 1 to the last step with step size 2041* " then
the most likely value has probability at least n~(1/2+1/C) /xk/2 ag required. O

5 A recurrent example with a, = O(n'/?)

Consider the sequence

(ap)ns1 = (3,1,5,3,5,3,5,3,5,3,9,7,9,7,9,7,9,7,9,7,...)

18



which is made up of consecutive blocks, where the & block has length 4*/2 and
the steps in the k% block alternate between 2¥ +1 and 2¥ — 1, starting with 2% +1.
Denote the index of the beginning of the (k) block by ny. That is,

k—1
mo=lmy=3ny=11 ... mp=1+)» 4/2=(4"+2)/6.

i=1

It is not hard to see that y/n/2 < a,, < 3y/n for all n, and so a, = O(y/n). We will
prove that the Rademacher random walk associated with this sequence is weakly
recurrent (and hence prove Theorem 2). In fact we will show that the walk visits
every even integer infinitely often.

Let X = (X,,)n>0 be the associated Rademacher random walk. Note that all
the steps of X are odd integers, so to study the return times of X to 0 we may
focus our attention on the random walk Y defined by Y,, = Xs,, which only visits
even integers. We will use hitting probability estimates for the simple symmetric
random walk on Z? and the Kochen-Stone theorem to show that almost surely
Y visits every even integer infinitely often. The Kochen—Stone theorem has been
used before to prove recurrence of random walks; see e.g. [2, 16].

Theorem (Kochen and Stone [13, Theorem 1|). Let Zy,Zs,... be a sequence
of random wvariables, each of which has nonzero mean and positive finite second
moment. Suppose in addition that limsup,,_, . (E(Z,))?/E(Z2) > 0. Then

(i) P(liminf, . Z,/E(Z,) <1) >0,
(11) P(limsup,,_,., Zn/E(Z,) > 1) > 0, and
(iii) P(limsup,,_,o Zn/E(Z,) > 0) > limsup,,_,..(E(Z,))?/E(Z2).
Let Ej, be the event that X visits 0 during the (2k)" block. We will show the
following;:

Lemma 30. For Ej, as defined above, we have P(Ey) = Q(1/k) as k — oo, so
that Y oo P(Ey) = co. Moreover, there is a finite constant C' such that for all
Jj <k we have

P(Ex | E;) < CP(Ey).

Before proving Lemma 30, let us explain how it implies our claim about the
recurrence of the walk Y. Let Z, = Y ;_, 1(E;). From the first statement in
Lemma 30 we deduce that E(Z,) = Q(logn), and in particular E(Z,) — oo as
n — oo. From the second statement in Lemma 30 we obtain for all j # k that

B(E; N B) < CB(E,)P(E),
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SO

n n

(B)+ ) L P(E; N Ey)
=1 J=1 k=1

<E(Z,) + CZ Z Ly P(E;)P(ER)

2
<B(2) + C(YB(E)
Jj=1
=E(Z,) + C(E(Z,))?
Since E(Z,) — oo as n — oo we obtain
(E(Z,))? _ 1
> o(1).
ez ¢ Y
This allows us to apply part (iii) of the Kochen—Stone theorem to deduce that

I, 1
P|{ lims > —.
(1211_?01.}p B(Z) >O) e

Since E(Z,,) — o0 as n — oo, this implies P(E}), occurs i.0.) > 0 and in particular
P(X5, = 01.0.) > 0. It then follows from Kolmogorov’s zero-one law that

P(3r € Z : Y visits r 1.0.) =1,
since this is a tail event which occurs with positive probability.
From this it is easy to see that the probability that Y (and therefore X) visits
every even integer is 1. Indeed, for every time ¢ we have
PYi =Y +2|Y)=1/4=PY,;u =Y - 2|Y)),

and hence, for all m,n € 2Z,

P(Y visits m i.0. but does not visit n i.0.) = 0.
The result now follows by summing over the choices for m.

We are now ready to give a proof of Lemma 30.

Proof of Lemma 30. For any event E such that P(E) > 0 and any integrable
random variable 7" > 0 on the same probability space such that E(T) > 0 and
T = 0 on the complement of E, we have

CE(Tly)  E(T)

TE(T[E) E(T|E)

Take E = FE}, the event that X visits 0 during the (2k)** block, i.e. during the
times (nag, ..., nok+1 — 1), and let T' = T, where T}, is the number of visits of X
to 0 during the (2k)" block.

P(E)

We will prove the following four estimates, where ¢; and ¢y are positive con-
stants:
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Observe that (i) and (ii) imply that

E(T)

P(Ey) = ==~ = Q(1/k) as k — oc.

On the other hand, (iii) and (iv) imply in the same way that
E(T: | E))

1 . T
P(Ey | E;) = =——————~ < — for all j,k with .
(Ex | Ej) E(T | E, N Ex) <(32k or all j,k with j <k

It follows that there is a finite constant C' such that for all j < k
P(E, | E,) < CP(E,).

We make the estimates (i)-(iv) by relating the portion of the walk Y during
the (2k)* block to a simple symmetric random walk on Z2. Fix k for now. Let
mo = (nor — 1)/2 and my = (ngg41 — 1)/2. Note that
n2k+12* nak _ 42k/2 — gth—2
We define a walk (a, by,) for mog < m < my by setting (am,, bm,) = (0,0), and
then, inductively for m =mg+1,...,mq,

my —moy =

(1,0)  if Yy, — Y,y = 2241,
(=1,0)  if Yy, — Yy = —22k+1,
(0,1)  if Yy, =Yg =2,
(0,—1) if YV, — Yy =—2.

(amv bm) = (amfly bmfl) +

Let L be the random arithmetic progression in Z? defined by
L={(a,d) €Z®: 2**"'a 4+ 2b +Y,,, = 0}.

For my < m < my we have Y;,, = 0 if and only if (@, by,) € L. Thus, T} is the
number of times that (@, by,) hits L.

Proof of (i) To get a lower bound on E(7}), we first apply Chebyshev’s inequal-
ity to show that Y;,, is often not too large:
nok—1

Var(Ying) = Var(X, ) = Y a2

n=1
2k—1 4k

> S(@+ D2+ (2" —1)%)

n=1

<4%/12-2(1 4 2%)
< 2%,
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Hence, using that E(Y,,,) = 0, we have that

P(|Yiny| < 27%) > 1/4.
When |Y,,| < 21*# we can express Y,,, as 2%*Tla + 23, where |a| < 2% and
|B] < 2%. The expected number of visits of (@, by) to (—a, —f3) is

mi

S B((an.bu) = (~a.—B)).

m=mo+1

We now use the well-known observation about the simple symmetric two-dimensional

random walk that (a¢ 4 b¢)72,,, and (a; — by)2,, are independent simple symmet-

ric random walks on Z, started at 0 at ¢ = mg. By Corollary 22, whenever
m—mg > (my —myg)/2 = 273 and m — my has the same parity as o+ 3, we have

P((am, bm) = (—a, —=B3)) = P(ay, + by, = —a — B)P(am, — by = —a+ 3)

1 _ _(atp)? c
> e 2m-mp) —
m(m —mg)/2 m—mg

1 _(a=p)? c
. e 2m—mg) —
mw(m —mog)/2 m—my

6716 C 2
> (e~ 7)
= Q(27%).

Since the number of values of m to which this applies is 2**~%, we obtain the
asymptotic lower bound (i), i.e. E(T;) = Q(1) as k — oo.

Proof of (ii) By conditioning on the time of the first visit to 0 during the (2k)*
block, we find that
E(Ty | Bx) <E(T} | Xn,, =0).

Hence, to prove (ii) it suffices to show that E(T} | X,,, = 0) = O(k) as k — oo.

The expected number of returns to (0,0) in the first 2N steps of simple sym-
metric random walk on Z? started at (0,0) is

iﬂ <21L)2 = O(log(N)).

Hence, the expected number of visits of (a¢, b)iZ,,, to (0,0) is O(log(™5™0)) =
©(k). We now show that the expected number of visits of (as, b))%, to all the

t=mgo
nonzero points in the arithmetic progression Ly is O(1), where

Lo = {(a,b) € Z* : 2% a +2b =0} = ((1,-2%)).
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mj

Z ]P)((amvbm) = (Tl, *22kn))

m=mo+1
mq

= > Plam + b = n(1 = 27)P(an, — by = n(1 +2%))
m=mo+1

<2%72 qup P(am + b = n(1 — 22)P(ap, — by = n(1 + 2%))

m>24kn

2
- 1 _(n@?k-1))? c
< 9dk—2 sup | ———e 2m + —
m>21kn \ /TN /2 m

2
2 c

< otk—2[ |

- < me(n(22k — 1))2 * 24kn>

<c/n?

Summing over all n € Z \ {0} gives an upper bound of cn?/3, and so we have
proved estimate (ii).

Proof of (iii) For estimate (iii), we have

E(Tk | E?) < %%%E(Tk | Xn2j+1 = T)

n2k41
< Z Ql(Xn - X"‘Z]+l)
n=naj

42k
< 7 : Ql(XnZk - X"Zk—l)'

Let my be the number of pairs (2i,2i + 1) with nop—1 < 2i < ng, for which
€9; = —€g;11. Then my, is a binomial random variable with 42% /4 trials and success
probability 1/2. A Chernoff bound immediately implies that the probability that
my lies in the interval [42% /12, 4% /6] is 1 —o0(47%). Conditional on the value of my,
the increment X,,,, — Xp,,_, is expressible as a sum 24; + 2%+ 4, where 4; is a
sum of my, Rademacher random variables, A, is a sum of 4%* /4 —my, Rademacher
random variables, and A; and A, are independent.

Now condition on my, and assume that my, € [42%/12,4%% /6]. Consider the
digits of A; 4+ 2FA, in base 4*. The units digit is determined by A, alone, and
by Corollary 23 there is a constant ¢ not depending on k or on my such that
sup, P(A; = r (mod 4%)) < c/4*.

Conditional on my and Aj, the next digit is determined by A, and again
sup, P(Ay = s (mod 4%)) < ¢/4*. Hence, each possible value of the last two digits
occurs with probability at most ¢2/42F. Tt follows that

Ql(ank - Xanc—l) < 02/4% + 0(47%)-

This proves estimate (iii).

Proof of (iv) For estimate (iv), we begin by noting that the arguments used
for estimates (i) and (ii) still work when we further condition on Ej. Indeed, the
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estimate for (ii) is unchanged (as we immediately condition on X,,, = 0) and
the estimate for (i) is only improved by conditioning on E; (as this reduces the
variance of Y,,,). Hence, we have

P(E, | Ej) > c/k,

for a constant ¢ > 0 that does not depend on j. Let Ay be the event that X
visits 0 between times ng;, and no,q — 4. Let T} be the number of visits during
this interval, so A, = {T} > 1} and E} \ Ay C {T} — T}, > 1}. This implies that
P(A§ | Ex N E;) <E(Ty — T}, | Ex N E;), and hence

E(T,~T,|E) _*

E(T, —T,| ExNE)< ———~ VY < _E(T), - T, | E;).
(k kl k0 ])— ]P(EklEj) = ¢ (k k| J)

To estimate E(T}, — T}|E;) we repeat the method that we used for estimate
(iii). Recall that Q1(X, — Xpy,,,) < Q1( Xy, — Xoy,_,) = O(47%), and so

N2k
E(T, T, E)< Y, PX,=0]E)
n=ngj41—4F

N2k+1

S Z Ql(Xn - Xn2g+1)

n=ngp41—4F

=04™).
Hence,
P(AE N E)=1-0(k4¥)=1—0(1) ask— oo,

uniformly in j. Now

E(Ty | ExNE;) > P(A; | ExNE;)E(Ty | Ay N E;)
> (1—-o0(1)) min E(Ty | X, =0)
ne{nak,....;noky1—4F}
= Q(log(4"))
=Q(k),

where we have again used that the expected number of returns to 0 of a two-
dimensional simple symmetric random walk in its first 2N steps is Q(log(N)). O

6 Recurrence and transience for slowly growing
step sizes

We start by showing that a slowly growing non-decreasing integer sequence (a,,)n>1
gives a transient Rademacher random walk if the set of values it takes is a little
sparse.
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Lemma 31. Suppose (a,)n>1 is a non-decreasing sequence of positive integers
which takes values in a set S. Suppose that the value s appears Ly times in (ay)
and suppose further that 3 s 1/s < oo and, for some € > 0 and all large enough
s, there is some s’ < s for which Ly > en®. Then the Rademacher random walk
X associated to (ap)n>1 is transient.

Proof. Fix any finite set F. Using the hypothesis about s’, we can apply Corol-
lary 23 to see that for all large enough s € S, the probability that X, is congruent
to any element of F' (mod s) at the beginning of the block of steps of size s is at
most |Fle(e)/s. The walk X can only visit F' during the s-block if it is congruent
to an element of F' modulo s and, since ) __o1/s < oo, the first Borel-Cantelli
lemma shows that almost surely this happens for only finitely many s € S. Hence,
X is transient. d

Now we can easily prove Lemma 9, which we restate here for convenience.

Lemma 9. Let f : N — [1,00) be any function such that f(n) — oo as n — co.
Then there exists a non-decreasing sequence (ay),>1 of integer step sizes for which
a, < f(n) for all n and the associated Rademacher random walk is both irreducible
and transient.

Proof. Since we could choose to start with any finite number of steps with a step
size of 0, we may assume without loss of generality that f(n) > 9 for all n. Let
p; = (2i+1)2 for each i > 1, and choose a sequence 1, (s, ... of integers such that
for each 7 > 1 we have

1. by =i+ 1 (mod 2),
2. €2i+1 =1 (mod 2),
3' EZ 2 P?er

4. f(n) > pisq for all n > 22:1 Uy

This is always possible as f(n) — oo as n — oco. Construct the sequence (ay,)n>1
by letting the first ¢; terms be p;, the next ¢, terms be po, and so on. That is,
an = p; whenever ¢; < n < ¢;41, where ¢; = 23;11 ;. The final condition in the list
above ensures that a, < f(n) for all n. Let (X,),>0 be a Rademacher walk with
step sizes given by the sequence (ay),>1. Since ged(p;—1,p;) = 1, the construction
ensures that (a,),>; satisfies the hypotheses of Lemma 31, so X is transient.

It remains to show that X is irreducible. Note that for any ¢ > 1 we have
(i + 1)pa; — ip2iy1 = 1. By our assumptions on the parity of the ¢;, we have that
in two consecutive blocks where the step sizes are po; in the first and po; 41 in the
second, it occurs with positive probability that the total increment in block 2i is
(i+1)po; and the total increment in block (2i+1) is —ipa; 11, in which case the total
increment from these two blocks is 1. Likewise, it occurs with positive probability
that the total increment in block ¢ is — (¢ 4 1)py; and the total increment in block
(¢ 4+ 1) is ipaiy1, so that the total increment from the two blocks is —1. Hence, X
is irreducible. |
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We now turn to the case of bounded step sizes, and prove Lemma 10, which
states that if 72 a2 = oo then the Rademacher random walk X associated to
(@n)n>1 is almost surely unbounded both above and below.

Proof of Lemma 10. To show that (X,,) is almost surely unbounded both below
and above, it suffices to show for any constant C' that almost surely X,, < C' i.o.
and X,, > C i.0. as well. To prove this, we will show that whenever P(X,,, = z) >
0, we have

PEn>m: (X,-C)(z—-—C)<0|X,,=z2)=1 (8)

For any n > m, the increment X, — X,, is independent of X,, and has a
symmetric distribution with variance > ., af. Its fourth moment satisfies

E(X, — X)) =E ( > ekak>

k=m+1
n n n
4 2 2
= D> @t3 ) D Lymaid
k=m+1 k=m+1 j=m+1
n n n

— 2 2 4
=3 E E apa; —2 E ay,

k=m+1 j=m+1 k=m+1

n 2
< 3( Z ai) .
k=m+1

We now apply the Paley-Zygmund inequality to the random variable Z defined
by Z = (X, — Xm)2.

n 1/2
1 ) 1

k=m+1
3\’ E(Z)?
> =
= \4) E(2?)
>3
=16

We remark that the above inequality complements the statement of Tomaszewski’s
conjecture, recently proved by Keller and Klein [12], which tells us that

n 1/2
1
P Xn—Xm<<Za§> >3

k=m+1

We can now prove (8). Define a sequence of stopping times 79 = m < 7 <
Ty < ... inductively by

1/2

1 - .
. . 2
T; = min n>T_ 3 E aj > ‘XTklfC|
k=1+7;—1
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Since Zio:l ai = 00, we have 7; < 0o a.s. for every integer ¢ > 0. Let G; denote
the o-algebra generated by X;,..., X,,. For each ¢ > 1 we have

P((X,, = CO) (X, —C) < 0] Giy) > 332

By the conditional Borel-Cantelli lemma, we find that almost surely there exists
a random ¢ < oo such that (X,, — C)(X,,_, — C) < 0 and, taking n = 7; for the
least such i, we have (X, — C)(X,, — C) <0. O

7 Transience for sequences that cover all natural
numbers

The main aim of this section is to prove Theorem 5, and then to deduce Corollary 6.

Theorem 5. Let (a,)n>1 be a non-decreasing sequence of integers, and let L; be
the number of times i appears in the sequence. Suppose that, for all large enough

n}
i<n
ged(in)=1
and
n—1
> i’Li > 4n*log*(n) - L. (2)
i=1

Then the Rademacher random walk X associated with (ap)n>1 is transient.

Proof. Fix C' > 0, and let E,, be the event that the walk is within C' of the origin
after one of the steps of size n, that is, E, = {3i : a; = n,|X;| < C}. We will
show that the probability of these events is summable, and therefore only finitely
of the E,, occur almost surely. Since the probability that the walk is C-recurrent
is zero for all C, the walk must be transient.

Clearly, the probability of F, is 0 if L, = 0, so suppose that L, > 1 and that
n is large enough for (1) and (2) to hold. Let N = Y"1 ' I; so that ayy; = -+~ =
an+r, = n. We split the event E, into two cases based on the size of | Xy|. When
| X | is large, the probability that L, steps of size n will travel far enough to be
within C' of the origin is small enough to be summable. When |Xy| is small, we
use the fact that Xy is well-distributed over the equivalence classes modulo n,
and the probability that steps of size n could possibly get within C' of the origin is
O(C/n). By combining this with the probability that |Xy| is small, we find that
Do P(E,) < oo

First, consider the case where |Xy/| is large, by which we mean |Xy|*> >
Z?;ll i?L;/log*(n). Define M := E?;ll i?L;/log*(n). By the reflection princi-
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ple we have

t Ln Ln
5 n>VM| = n>VM| = n =
P (022}5” 4 €N = ]\[) 2P <Z en > A[) P (Z €n ]\/l>

i= i=1 i=1

M
S 2€Xp 7@ .

By our assumption on Z?;ll i2L;, we have that the probability of this event is at
most 2n72.

Now consider the case where | Xy|> < M. We split the sum Xy into two parts,
a small part which ensures that Xy is well distributed over the equivalence classes
modulo n, and another part that we know must be large. Pickaset A C {1,..., N}
of size |A| = n? such that ged(a;,n) =1 for all i € A and >, , a? is as small as
possible. Let A° = [N]\ A, and note that Y., a? > 2n?log’(n)L,. Define S4
and Sye by Sa =>4 ai€; and Sge = > 4o a46;.

Note that the event {|Xy| < M} is contained in the event
{IS4] < 2log(n)n?} N {|Sa| < 2n?log(n)L,},

and that if E, is to occur, there must be some ¢ € [—C, (] for which Xy = ¢
mod n. By our choice of A, for every x, the probability that Sy = x mod n is
at most 3/n by Lemma 15, and this implies that, even given the value of S4c, the
probability that there is some ¢ € [-C, C] for which Xy = ¢ mod n is at most 3/n.
To finish this case, we will show that the probability of {|S4c| < 2n?log(n)L,}
is at most C’/log?(n) and that the probability of {|S4| < 2log(n)n?} is at least
1 — n=2. These imply that the probability of F, N {|Xy| < M} is at most

o (1.9
log’(n) \n? " n

Since the probability of E, N {|Xy| > M} is at most 2n=2, the probability of
E, is O(n"'log™2(n)). Hence, the sum Y. P(E,) < oo and almost surely only
finitely many FE, occur, which means the walk is transient.

< 2n%log(n)L,. By the Berry—Esseen

Let us bound the probability that |Sae
Theorem, we have that

|S e < 2n? log(n)L”)

Dieac® T Dicacai
[Sac 1 )

P <

<ZieAC a; ~ 2log*(n)

1 1 n—1

O —— | - - +C' :

() ~*( o)+ O S
PR
= V2rlogi(n) n’

Finally, we need to bound the probability that |S4| < 2log(n)n?, for which we
use Lemma 26. Trivially, >, , a? < n* and,

U—

P(|S e

< 2n*log(n)L,) = IP’(

IN

IN

P(S4 > 2log(n)n?) < e~2ls(m, 0
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Given the theorem above, Corollary 6 follows easily. Indeed, we only need to
show that a,, = |log'™(n)] satisfies the appropriate conditions.

Corollary 6. For any o > 1, the Rademacher random walk with step sizes a, =
[log®(n)] is transient

Proof. Clearly, (a,) is a non-decreasing sequence of integers, so we can apply
Theorem 5 provided the L, satisfy the necessary conditions. The ith step size a;
equals n exactly when e"’® < i < ™D g0 [, = (DY _ent/* 4 O(1). By
the Mean Value Theorem, there is « € (n,n + 1) such that

1/a
) 1/a nl/a €
e(n,+1) e

T oarl-l/a’

In particular, L,,_; > 2n? for large enough n and (1) is satisfied. We also have

n—1 i1/
27 2| €
i°L; > Zé (ml_l/a +0(1))
1 [t 1/a
> 0(n®) + f/ at/eem gy
1

=(n-— 1)26(71_1)1/(‘ + ()(e"l/a/nz).

na1yl/a
Comparing this with 4n?log®(n) (% + O(l)) , we see that (2) is also sat-
isfied, and we can apply Theorem 5 to finish the proof. d

8 Unbounded step sequences whose gaps tend to
Zero

In this section we prove Theorem 13, which asserts that if the step sizes of a
Rademacher random walk are unbounded with gaps converging to zero, the walk
is either transient or topologically recurrent.

Lemma 32. Suppose (a,),>1 i a sequence such that limsup,_,. a, = oo and
|y — ap_1] = 0 as n — co. Let X and X' be Rademacher random walks with step
sizes given by (ay) started at time k at locations X, = N and X, = N +d for
some d # 0. Then, for any € > 0, the walks X' and X' can be coupled so that a.s.
lim,, 00 (X, — X)) exists and lies in [0, ¢].

Proof. Think of the problem of coupling X and X’ as a game as follows. Just
before time i, we know €y,...,6_1 and €,...,€;_; and we must choose either to
couple ¢ and ¢; so that €; = ¢;, or to couple them so that €, = —¢;. Once we have
made our choice, the value of ¢; is revealed, and €, is either ¢; or —¢; depending
on the choice that we made. We win the game if for some i > k we achieve
X; — X! € [0,¢]. The proof consists of a strategy for winning this game eventually
with probability 1. Once we have won the game we may couple all subsequent
signs to be equal, so that X; — X/ stabilizes.
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Our strategy is organised as a sequence of episodes. In each episode we will win
with probability at least 1/4, conditional on all the outcomes in previous episodes.
For ¢ > 1, episode ¢ will begin at time m;_; +1 and end at time m;, where mg = k.
To describe episode i for any i > 1, assume we know m;_; X,,,_, and X, and
assume we have not yet won the game at time m;_;. Let d; = X,,,, | — X{nH. In
particular, d; = d. Let ¢; = min(e, |d;]). Note that é; > 0 since if d; = 0 then
we have already won the game. Choose n; > m;_; sufficiently large that for all

n > n; we have |a, — ap—1| < §;/2. Let

di/2 if d; > 0,
T, =
—d;/2+6;/2, ifd; <0.

Since limsup,,_,, a, = 00, we may find m; > n; such that
U, — n, € [T — 0;/2,2].

Now choose to couple the signs €; and €, driving the movements of the walks X and
X’ to be equal for each i in the range m;_; <i <n;—1 and for n;+1 <i <m;—1.
Choose to couple €,, = —¢,,. and €,, = —€,

n; “m;

There are four possible options for X — X, , each having probability 1/4
conditional on the outcomes preceding episode i:

di + 2(am; + an,)  €n, = —1,€m, = —1,

Y _x - di + 2(Am; — Gn,)  €ny = +1, 6, = —1,
mi mi di — 2(am, — an,) €y, = —1,6n, = +1,
d;i — 2(am, + an,) €, = +1,6n, = +1.

If d; > 0 then d; — 2(am, — ay,,) € [0,¢]. If d; < 0 then d; + 2(am,, — a,,) € [0,¢].
Hence, with probability at least 1/4, we have X]  — X,,, € [0,¢], in which case we
win the game no later than time m,.

Carrying out the procedure above repeatedly until success, we will almost
surely win after finitely many episodes, since in each episode we win with proba-
bility at least 1/4, conditional on the outcomes in previous episodes. |

Using this coupling, we show that if the walk hits the interval [a, ] i.0. with
positive probability, then the probability that it hits a second interval i.0. is also
positive.

Corollary 33. Suppose (a,)n>1 s a sequence such that imsup,, . a, = 0o and
|ay—an—1] = 0 asn — co. Let X = (X,)n>1 be the Rademacher random walk with
step sizes (ay). Leta < b ande < f and take m € N such that m > (b—a)/(f —e).
IfP(X, € [a,b] i.0.) > p, then P(X,, € [e, f] i.0.) > p/m.

Proof. Divide the interval [a, b] into m equal intervals. By a union bound, at least
one such interval [a/,b'] is visited infinitely often with probability at least p/m.
We have [a' +t,b' +t] C [e, f), where t = e —a’. If t = 0 there is nothing to do,
so let us assume that ¢ # 0 and further that ¢ > 0. The case ¢t < 0 is similar.
Apply the coupling of Lemma 32 starting at time 0 at X, = 0 and X = ¢, taking
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e = f— (b +t). Then the standard Rademacher random walk X" defined by
X/ = X —t visits [e, f] infinitely often if X visits [¢/,¥'] infinitely often, and this
occurs with probability at least p/m. d

The proof of Theorem 13 follows.

Proof. Suppose X is not transient. Then there exists C' < oo such that
P(|X,| < C io0.) > 0.
Apply Corollary 33 taking [a,b] = [-C,C] and p = P(|X,,| < C 1.0.), to see that
whenever e < f we have
p
>_ £
~[20/(f —e)]

Now suppose (for a contradiction) that for some interval [g, k]|, we have P(X,, €
lg,h] 1.0.) < 1. Then (by a standard martingale argument) there exists a finite &’
and two sequences of signs f,. .., Bk and 7, ...,y such that

P(X, € le, f] i.0.) > 0.

P(X, € [g.hlio. | e =Bi,...,en = P) >2/3
and
]P(Xn S [g, }L] i.0. | €1 ="V, € = ’Yk’) < 1/3

Take m = 2 in Corollary 33, applied to the walk with step sizes apy1, apio, . .
and with

i)

[a7 b} = [g - (ﬁlal + - +,6k’(1k/),h - (ﬂlal + - +6k’ak’)]

and
le, fl=1g— (mar + - +waw),h — (mar + -+ ywaw))

to obtain a contradiction. 0

9 Recurrent Rademacher walks where the step sizes
grow arbitrarily quickly

In this section we prove Theorem 3 and Theorem 4, both of which show the
existence of sequences of step sizes which grow arbitrarily quickly yet give recurrent
Rademacher random walks. The constructions used in the proofs of Theorem 3
and Theorem 4 both work by considering a suitable two-dimensional random walk
and understanding the range of the second coordinate at the times when the first
coordinate is zero, but the proof of Theorem 3 is much simpler.

Theorem 3. Let f: N — R be any non-decreasing function. There is an integer

sequence (ap)p>1 such that a, > f(n) for all n and the associated Rademacher
random walk is recurrent.

31



Proof. We define the sequence (a,) in blocks, starting from the empty sequence.
Suppose that aq, ..., ayn have already been chosen, and let M = Zf\il a;. Since the
two-dimensional simple symmetric random walk is recurrent, we can choose some
L such that the probability that the two-dimensional simple symmetric random
walk (SSRW) has hit every point in {(0,y) : y € [-M, M]} by time L is at least
1/2. Now we choose r such that r > g(2L + N) and define the next 2L steps to
alternate between r+ 1 and r. This sequence clearly satisfies the necessary growth
condition and it remains to prove that the sequence is weakly recurrent.

Let E, be the event that the walk hits 0 in the kth block. We claim that
uniformly for any outcome on the preceding blocks, the probability of FEj is at
least 1/2. Suppose that kth block starts at ay;; and that the walk is at m
immediately before the kth block, i.e. Xy = m. Pair up consecutive steps in
the kth block and consider the walk Y = (V) where Y,, = Xy.9,. This starts
at m and takes steps of £(2r + 1), +1 each with probability 1/4. As before, we
define a two dimensional random walk (z,,y,) by setting (xo,vo) = (0,0), and
then inductively defining (z,,,y,) forn =1,... L by

(1,0)  ifY, =Y, =2r+1,
(=1,0) ifY,—Y, 1 =—(2r+1),
0,1)  ifY,—Y, =1,

(0,—1) ifY, =Y, 4 =-1

(Im yn) = ($7:,—17 yn—l) +

Clearly, if the walk (z,,y,) hits the point (0, —m), then the walk X has hit zero
and by our choice of L this happens with probability at least 1/2. To finish the
proof that the walk is recurrent, we can apply the Kochen—Stone theorem to the
random variable Z, = > }_ 1g,. O

We now turn to the proof of Theorem 4. We will again consider the times
when the first coordinate of a two-dimensional random walk is 0, but we will have
to work with a more complicated two-dimensional random walk and we will need
the following lemma.

Lemma 34. Define for eachn > 1

n—1 —
m=3/2

mzzl VI+logm

Cn =

Consider the two-dimensional Rademacher random walk (Yy,, Z,,)n>0 with nt" step
£(1,¢,), starting at (Yo, Zo) = (0,0). Almost surely the set {Z,, : Y, = 0} is dense
i R.

From this lemma it is relatively straightforward to prove Theorem 4.
Theorem 4. Let f: N — R be any non-decreasing function. There is a strictly

increasing real sequence (an)n>1 such that a, > f(n) for all n and the associated
Rademacher random walk is topologically recurrent.
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Proof. Define for each n > 1

m—3/2

n—1
= Z VI+Tlogm’

m=1

m—3/2

Note that Y >, g < 09, 80 Cn ' Coo @8 N — 00 Where ¢ < 00. Also,

n-3/2

Cpngl — Cp = ————.
S Vv1+logn

We will define the step size sequence (a,)n>1 as the concatenation of blocks of
the form (z;+co, ¢y, ..., x5+4cy;), for j > 1, where for each j we choose n; and
then z; suitably large given the previous choices. Let M; = S2nii" ™' q,, be the
sum of all the terms in the blocks preceding the j* block. According to Lemma 34,
we may choose n; so that with probability at least 1/2, the walk (Y;, Z,)," visits
the (1/7)-neighbourhood of each point in {0} x [-2M;, 2M;]. Then choose z; so
large that z; > f(ny + --- + n;). This ensures a, > f(n) for all n. Note that
n; — oo as j — oo and hence M; — oo also. For any ¢ € R, once M;+1/5 > t, we
have that conditional on X, 1.5, ,, the Rademacher walk X, visits the interval
(t—1/4,t+1/7) with probability at least 1/2. Hence, X is topologically recurrent
by the conditional Borel-Cantelli lemma. d

It remains to prove Lemma 34.

Proof of Lemma 34. Consider the sequence of successive times 0 =71 < 75 < 73 <

. at which Y,, = 0. This is almost surely an infinite increasing sequence tending
to oo since the walk Y = (¥},),>0 on its own is a simple symmetric random walk on
7Z, which is recurrent. The distribution of each increment 7., — Z, conditional on
the earlier increments has a symmetric distribution. Therefore we can condition
on the increment sizes | Z,,,, — Z,,| and obtain a random Rademacher walk (Z,);-,
with random step sizes b; := |Z,,,, — Zy,| for i > 1. We claim that almost surely
bi — 0 asi— oo and > .o, b? = co. Given this claim, we may apply Lemma 10
to see that almost surely the Rademacher walk (Z,);>1 is topologically recurrent,

which is to say that almost surely {Z,, : Y,, = 0} is dense in R.

The key observation is that since the sign of Y, is constant for n in the interval
[14 7,701 — 1], and Y, = 0 when n € {7;, 7541}, and ¢,41 — ¢, > 0 for all n, we
have

Tit1 Tit1
|Z7'1,+1 - ZTi = E (Yn - Ynfl)cn =|— § Yn(C'rH»l - Cn)
n=1+7; n=1+7;
Tit1—1 Tig1—1 3

n-
Y, |(Cosy — ) = L E—
n:;'r | |( - ) nzlz+r | | v 1+ IOgTL

Since Y,, = 0 when n € {7;, 7;11}, the final sum above is unchanged if we replace
the lower limit by n = 7; or the upper limit by ;.

Let us use the Komlés—-Major-Tusnddy coupling to couple the simple symmet-
ric random walk Y}, to a standard Brownian motion (Bs)s>o. This is a coupling
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with the property that for every o > 0 there is a positive constant ¢, such that

for all n one has
( 1Bi ~Yil ) a
P| max > cq | < con” .

1<j<n logn
(See [14, Theorem 7.1.1].) Taking o > 1 and using Borel-Cantelli it follows that
almost surely
: |Bs = Vil _
limsup —————
s—00 lo, 0og s

Since |Y,, 11 — Y| = 1 for all n, we also have

L
imsup —————— < ©
500 log s
Let E be the (almost surely finite) random variable defined by
E— sup 1naX(|Bs - Y{SJ |7 |Bs - Y]’s'\ |)
s>1 1+ logs

Then, for each i > 2, we have 7; > 2 so the function 2=/2/y/T + log z is decreasing
on the interval [7;, 7;11] and hence

Tip1—1 §3/2
g (IBy| = (1 + log ) E) ———d
> e > B - 0 osE) s

and
Titl n—3/2 Tit1 —3/2

Bu| + (1 +log $)E)———d
g;' e <), (Bl Al B) e ds

Note that [, (v/T+logs)s™*/?ds < oo, so the sequence of errors
Ti+1
(/ (\/1 +logs>s’3/2Eds)
™ i>2
is almost surely in ¢!(N) and hence also in £?(N).

Therefore, to show that the sequence (b;)i>1 = ‘Z

Tigl

s )1.21 almost surely

tends to 0 but does not lie in ¢*(Z), it suffices to do the same for the sequence
(L')izl defined by

Titl 8—3/2
I; = By|————=ds
/n | |\/1 +log s

We make the change of variable s = e!, to get

log(ﬂ'ﬂ)‘ ‘ e t/2 log(Ti+1) ‘VVr|
I — / B 1
log(r:) Vit log(ri)  VE+1

where the process
WL = B(et)eit/Q
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is a stationary Ornstein-Uhlenbeck process whose stationary distribution = is
Gaussian with mean 0 and variance 1. For this identity in law, see [23, §8.5.1], in
which W is called an ancient Ornstein—Uhlenbeck process. W satisfies the SDE

1
th - _§Wt dt + dBt/7

where (Bj)icr is another (two-sided) standard Brownian motion.

The rough idea now is that large increments [;, exceeding a positive constant
size, correspond to increasingly large excursions of W from 0, which only occur
finitely often, almost surely, but on the other hand the large excursions of W from
0 whose integral is at least a positive constant occur sufficiently regularly to give a
subsequence of (I;) whose sum diverges. Some care is needed to make this precise.

To show that I; — 0 almost surely as i — 0o, we consider the excursions of W,
above —1 and the excursions of W; below 1. The times log(7;) are times at which
|Yet| = 0 and hence |Bet| < (1+¢)E. There exists a random time ¢y < oo such
that

(14 t)e ?E < 1/2 for t > t,.

For i > iy := [e'], we have 7; > i so for all t > log(7;) we have (1+t)e */?E < 1/2.
For each ¢ > ig, on the interval 7; < n < 7;,1, either all Y,, > 0, in which case

W, > —(1+t)e™?2E > —1/2 for all t € [log(r;),log(7;11)],
or all Y,, < 0, in which case

W, < (14+t)e 2E < 1/2 for all t € [log(r), log(7i41)].

It follows that for each ¢ > 4, the integral I; is dominated either by an integral
of the form
1 b
—_— Wi+ 1)dt,
1 v
where [a;, b;] is an excursion interval of W above the level —1 which reaches the
level —1/2, or by an integral of the form

1 b
ot / (=W, — 1)dt

where [a;, b;] is an excursion interval of W below the level 1 which reaches the level
1/2. Since log(7;) — oo as i — oo, and W hits each of —1 and 1 at an unbounded
set of times almost surely, we have that a; — oo as i — oc.

The law of the iterated logarithm for By as s — oo corresponds to a sim-
pler statement about the maximal growth of the stationary Ornstein—Uhlenbeck
process (see [23, eq. (8.5.2)]):

1%
lim sup W] =2 as.

tsoo  Vlogt

Hence, there is a random time ¢; such that

|[Wi| < 24/logt for all t > ;. 9)
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It is known that the hitting times in one-dimensional Ornstein-Uhlenbeck pro-
cesses have exponential tails. However, we could not find a simple single reference
for this fact, and we prove it here. Denote by 7,(y) the hitting time of level y
starting from level z. First, from Sato [20] it is known that for x # 0, 7,(0) has a
probability density function on (0, 00) given by

%(et —1)73/2%t eXp(—%) .

This indeed decays exponentially as t — oo, and immediately implies that the
hitting time 7,(y) has an exponential tail whenever y lies between x and 0. The
hitting time of a general level y starting from z is bounded above by the hitting
time of 0 starting from x plus an independent hitting time of y starting from
0, so it suffices to show that 7(y) has an exponential tail, and for this we may
assume y > 0 without loss of generality since the Ornstein-Uhlenbeck process is
symmetric about 0. One way to bound 7y(y) is to run the process starting at
0 until it hits {—y,y}; if it has hit y then we are done; otherwise run from y
until you first hit 0, then try again, repeating until success. We succeed after a
Geometric(1/2) number of trials. A standard exercise using moment generating
functions shows that the sum of a geometric number of i.i.d. random variables
with exponential tails itself has an exponential tail. Hence it suffices to show that
the hitting time of {—y,y} starting from 0 has an exponential tail. This is done
in Breiman [5, Thm 1] using the explicit form of the Laplace transform of this
hitting time that had been obtained earlier by Darling and Siegert [6]. (Breiman
claimed to bound the tail of the first hitting time of y from 0, but we believe his
proof actually bounds the first hitting time of {—y,y} from 0.)

From the exponential tails of hitting times, it follows that the successive ex-
cursions of W above —1 that reach —1/2 have lengths that form an i.i.d. sequence
with exponential tails. Indeed, the length of each one is the sum of two indepen-
dent hitting times: the hitting time of —1/2 starting at —1, and the hitting time
of —1 starting at —1/2. The same applies to successive excursions below 1 that
reach 1/2. Among both such types of excursion, we now consider only those whose
length is at least 1, since by (9) excursions shorter than this after time ¢; can only
produce increments I; that tend to 0. For each type of excursion, the n* instance
of the remaining long excursions starts at a time that is at least n, since they all
have length at least 1 and are disjoint (although excursions of the two different
kinds can overlap). Hence, if L; is the length of the longest excursion of either
kind up to time ¢, then

sup Ly/logt < 0o a.s.
>2

because of the exponential tail bound that we established above. Combining this
bound on the excursion lengths with the bound (9) on their heights, we get a
W, + 1| dt where b; — a; > 1 and a; < t: it is no

bound on the largest integral f:f
more than

24/logtlogt sup L;/ logt,
>2

which is o(v/t + 1) as t — co. It follows that | Z,

i1 — 2z = 0 asi— oo.

It remains to show that the sequence (|Z,,,, — Z,
lie in /2(N).

)i>1 almost surely does not
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Let us call an excursion of W above —1 a good excursion if it contains an
excursion above 1 whose integral is at least 1.

Consider a good excursion of W, above —1 that starts at time s and finishes at
time ¢, where tg < s < ¢t — 1, with a subinterval (s',¢') C (s,t) such that W, > 1
for all r € (¢/,t') and j;,/ W, dr > 1. Then there is an excursion of Y above 0, say
from time 7; to time 7,41, where

s<logm <s <t <logm <t

and

log(Ti+1) W, 1 t' 1
Ii:/ dt > Wedt > —.
og(ry VI 1 NES Y P

The number of disjoint good excursions that lie entirely between times 4*~ and
4% grows as ©(4%), almost surely as k — oco. (Again, this follows from the fact
that the hitting times of 1 starting from —1 and vice versa in the Ornstein—
Uhlenbeck process have exponential tails, together with the Markov property of
the Ornstein-Uhlenbeck process.) Hence, the sequence (I;),, almost surely does
not lie in ¢2(N). This completes the proof of Lemma 34. O
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Forest Fire Model on Z, with Delays

Satyaki Bhattacharya, Stanislav Volkov

March 18, 2026

Abstract

We consider a generalization of the forest fire model on Z with ignition at zero only,
studied in [15]. Unlike that model, we allow delays in the spread of the fires and the
non-zero burning time of individual “trees”. We obtain some general properties for this
model, which cover, among others, the phenomena of an “infinite fire”, not present in the

original model.

Mathematics Subject Classification: primary 60G55, 60K35; secondary 60F20

Keywords and phrases: forest fire model

1 Introduction

The following forest fire model was introduced in [3, 15]; an extension of this model was also
studied in [9]. Each node of Z, can be vacant or occupied by a tree. If a node is vacant, and
only in this case, a single tree appears at this node after an exponentially distributed time
with a rate 1; this time is independent of everything else. A constant source of fire is located
at node 0, and whenever a tree catches fire, the fire spreads instantly to the next tree on the
right and continues doing so until the whole cluster is burnt, which takes zero time. The fire
stops only when it reaches a vacant node (i.e. without a tree).

Various forest fire models have been abundant, especially in the physics literature, partly
for their practical applications and partly for the fact that they exhibit so-called self-organized
criticality, which is a property of many dynamical systems that naturally evolve into a
critical state, and where small changes can, surprisingly, trigger large-scale events. This
phenomenon can be useful for explaining why complex systems (e.g., earthquakes, avalanches,
stock markets, etc.) exhibit power-law behaviour without the necessity of external fine-tuning.
Self-organized criticality is considered as a mechanism by which complexity arises in nature;

for a more detailed analysis of this notion, we refer the reader to [2]. For examples of forest-fire



models in the physics literature see e.g. [11], where the authors compute the average number
of trees destroyed by lightning, derive scaling laws and calculate all critical exponents; in [12]
the analytic solution of the self-organized critical forest-fire model in one dimension is given.
There are some interesting relations between percolation theory and forest fire models: in [7],
the authors study the connection between frozen percolation and forest fire processes without
recovery; in [1] it is shown that in higher dimensions a similar model introduced in [4] will
eventually recover from fires. An extensive and detailed review of the forest models, including
some practical ones, can be found in [8]. For other and more recent relevant models, please
see [1, 5, 6, 8, 9, 10, 13] and references therein.

In the current paper we consider a generalization of the model from [15] by allowing non-
zero tree burning times, as well as by introducing possible delays, which affect how the fire
spreads from a burning site to its right neighbour. Neither of these possibilities was considered
in [9] or [15], which motivated us to write the current paper. In our model, each site can be
in three possible states: (a) vacant (no tree); (b) having a (non-burning) tree; (¢) having a

burning tree. Formally, assume that all sites are vacant initially and

(1) the trees appear at each vacant, non-burning site z € Z, at a rate 1 independently of
anything, after which they can be burned by a fire arriving from the left, which will

eventually return the site to the original vacant state;

(2) there is a constant source of fire attached to site z = 0, so whenever a tree appears

there, it starts burning immediately;

(3) when a tree at position z catches fire for the i-th time (z,7 € Z. ), denote this time as
fa,i» it takes 6, = 0 time to burn, where 0, ; are drawn independently from some non-
negative distribution 6, so the state x is “burning" during the time interval [f,;, fz; +
gz,i];

(4) when a tree at position x burns for the i-th time, the fire may spread to tree (z +
1) in time A,; > 0, where A,, are drawn independently from some non-negative
distribution A, and the counting starts only after both the fire starts at x and the
tree at (z + 1) appears. Therefore, if the fire starts at position x at time ¢ := f,;, then
the fire at position (z + 1) starts at time f,11; =t + A, ; if there is already a tree! at
(x +1) by time t + A, ;. On the other hand, if the site x + 1 is vacant at time ¢ + A, ;,
assuming that the tree at « + 1 appears at time ¢t + A, ; + v for some v > 0, it will either

start burning immediately at time fy11; =t + A;; +vif v <y, orif v > 6,; the fire

Lwhich is not burning at this time



will not propagate beyond site x; we include the possibility that the fire at position x

goes off before the position = + 1 catches fire?;

(5) while a tree is burning, another tree cannot grow at the same site, nor can the fire from
the left neighbour of this site spread to it. So the next tree at that spot can appear only
after it was burnt completely and became vacant again, and it will take again exp(1)

time independently of anything.
Observe the following:

e we may have more than one fire running in the model at the same time (but in different

locations);

e if the As are truly random, it is conceivable that while site = has consecutive fires at
times f,; and f, 41, respectively (such that fo;i1 > foi+0s), the time t = fo; +0,,+
A, ; by which the i-th fire at x stops affecting site x + 1 exceed the time f, ;41 + Ay i1
by which the next (i + 1)-st fire at = starts affecting x + 1. In this case, we postulate
that the (i + 1)-st fire at 2 can ignite site x + 1 only after the time f;

e it is conceivable that a fire never stops but continues to infinity; we will call this

phenomenon an infinite fire.

Now we introduce some notations. Let 7,(t) € {0,1} be the state of the site x € Z at
time ¢ > 0, and we say that the site « is vacant (occupied, respectively) if n, = 0 (5, = 1
respectively). A vacant site « € Z; becomes occupied at rate 1; once z is occupied, it becomes
vacant again after it catches fire that spreads from the site x — 1 and stops burning after a
time distributed as 6. We assume that the process 7,(t) is right-continuous.

Let vy, be the time at which the k-th tree appears at the origin (and instantaneously begins

burning); if # = 0, the times vy, vs, ... form a Poisson point process with rate 1, otherwise

vp = (& +001) + (& +602) + -+ (§eor + bojp—1) + &k (1.1)

where & are i.i.d. exp(1) random variables.
Assume for the moment that § = 0. Let ny denote the right-most point burnt by fire
number k; this fire will eventually spread to the site ny which will happen at time vy +

where ¢, = Aj + A} + -+ Al with A’s being i.i.d. copies of A. We can interpret (; as

2in real life, this can be interpreted as grassland between trees spreading fire, or that a burning tree emits
sparks which are spread by the wind until they reach the next tree. Thus, the next tree might start burning

after the tree on its left had already burnt



the duration of the k-th fire. Then

mk + A=) =me(ve + Ag+ A=) ==, (e + AL+ A} + -+ A ) =1,

nE—1"

1
but 1 (Ve + A) + A+ + A =) = 0;

If ny = o0 and ( = o0, we shall call the k-th fire an infinite fire. Finally, we can similarly
define n; and the duration of the k-th fire in the case when @ is not identically equal to zero,

but we will not get such simple formulae.

1.1 Graphic representation

We can represent our model in the upper right quadrant of R? as follows. For each z €
{0,1,2,...} consider a vertical ray (z,t), t = 0. Suppose a tree appears at site z for the
i-th time at time ¢, and starts burning at time ¢ > ¢t. Then colour the segment with the
vertical coordinates [t,t'] green. The tree will burn between times ¢’ and ¢’ + 6,; so colour
the interval (#',t' + 6, ;) red. The rest of the line remains uncoloured. As a result, consecutive
segments on this ray alternate: the uncoloured segments are followed by green and then by
red segments (it is conceivable that a green segment degenerates to a single point if the fire
at x starts immediately after the tree is planted there; this can happen if §,_; ; > 0). Please
see Figure 1 for the case when the duration of fire is always zero, and Figure 2 for the general
case. Interestingly, the graphic representation of the process is somewhat reminiscent of direct
percolation models, though we could not find a direct connection which would be useful in
obtaining additional insights.

If the k-th fire does not stop at x, and x started burning at time ¢, then we can draw an
arrow from some point in the red segment with coordinates (z, s) with s € [¢,¢ + 0,;) to the
point (z + 1,5 + A, ;) such that the latter point is green, and each fire can be represented by

a sequence of such arrows.

Remark 1.1. As it follows from the description of the model, distinct arrows from x to  + 1

do not cross.

1.2 Structure of the paper

The rest of the paper is organized as follows. In Section 2 we prove the existence of the
phenomenon called “the infinite fire” in case of non-trivial but identically distributed spreading
times A. In Section 3 we consider the situation when the burning time 6 is identically zero, yet
the spreading time is either constant or asymptotically decreasing, and establish conditions

for (non)-existence of an infinite fire. In Section 4, on the other hand, we show that if the
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Figure 1: Graphical representation in the
case # = 0, and a constant A = a > 0.
Solid arrows represent the spread of fire,
while dotted arrows indicate unsuccessful
attempts to spread. The black dots
mark the appearance of trees, and green
lines denote periods during which a tree
occupies a site before it burns. The
highlighted line of arrows represents the

infinite fire.
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Figure 2: The black dots correspond to
the appearance of trees; the green (red
resp.) segments are the periods when a
site is occupied by a “healthy” (burning
resp.) tree. The shaded areas represent
the periods when a burning tree at site
x affects site z + 1. The solid arrows
show the fire spreading to a neighbouring
tree; the dotted arrows represent the
situations when the fire tried to spread

unsuccessfully.

spreading of the fire is immediate (A = 0) then no infinite fire occurs, and we also obtain

some results on how quickly the fire spreads.



2 Existence of infinite fire

The infinite fire is a phenomenon which cannot happen in the forest fire models studied in

either [9] or [15]; it arises, however, when there is a delay in the spreading of fire.

Theorem 2.1. Suppose that P(A > 0) > 0. Then a.s. there will be an infinite fire, i.e.

P(inf{k : ny = o0} <o) = 1.

The next auxiliary statement is quite obvious, yet, for the sake of completeness, we present

its short proof.

Lemma 2.2. Suppose that A is a non-negative random variable with P(A > 0) > 0. Then

for some constants 6; > 0 and 62 > 0

'

where A} are i.i.d. copies of A.

L

A =ndy for alln > 1) >,

Proof. By the condition of the lemma, there exist a; > 0 and p; > 0 such that P(A > a1) > p;.

Hence A is stochastically larger than

P a1, with probability p;
=
0, with probability 1 — p;

and we can assume that Z;s are also i.i.d. Consequently, it suffices to show that

(ZZ ndy foralln =1,2,. >>52

where 8, :=EZ;/2 = a1p1/2 > 0.
By the strong law of large numbers % 27 1 Zj — a1p1 a.s. asn — o0, hence, since 6y < EZy,
a.s. there exists a (random) N = N(w) such that >;7 | Z; > nd; for all n > N. Since N is

finite, for some non-random ny > 1 we have P(N < ng) > 1/2. As Z; € {0, a1}, we have

;<]P’<]Zn‘12j>n61Vn>no>\ <ZZ noy Yn>ng | Z; = Z2=-~~=Zn0=a1>
]P(Z;;lzj > nd, Wn > ngand Zy = Zo = -+ = Zn, =a1)
N P(Zy = Zo = = Zny = )
P (X720 Vo= land Zy = Zy =+ = Zoy = 1) P (35,2208 n>1)
- Py = p?“
so the Lemma holds with e.g. dy := p7°/2 > 0. O



Proof of Theorem 2.1. First, we will show that for any = € Z, the fire will eventually reach x.
In fact, by induction we will show a stronger statement: for each z = 0,1,2,... there will be
infinitely many fires that reach the site z and they will occur at arbitrary large times (i.e.,
all f,;s are finite, and f,; / o0 as i increases.) The proof is based on induction.

For site x = 0 this fact is trivial as fo = v, see (1.1). Now suppose that our statement
is true for some x > 0. This means that there are infinitely many fires that start at times
fe1 < fe2 < .... Since the probability of not having a single tree at 4+ 1 by time sise™ | 0
and lim; o fr; = o0, eventually for some time f, ; there will be a tree at x + 1 so it will start
burning at time f, ; + A, ; < o0 and burn during time 6,,,,; > 0; thus we ensured that there
will be at least one fire at # + 1. Now consider the process after the time f, j + Ay ; + 0411
It takes an exponentially distributed time for a new tree to appear at x + 1; after that, it
will eventually be burnt by a fire started at site  at some time f,  with j° > j. This fire
will start burning the tree at 4 1 again at time f, ; + A, . Similar arguments hold for the
third fire, the fourth fire, etc. The exponential waiting time for the appearance of new trees
also implies that f,i1; is stochastically larger than the time of arrival of the jth point of a

Poisson process with rate 1, yielding f;11,; — c0. The induction step is finished.

Let m; denote the location of the tree, farthest from the origin, burnt by the first fire;
if the fire continues indefinitely, we let m; = +oo. For k > 2, we recursively define my, as
the location of the tree, farthest from the origin, burnt by the first fire which reaches beyond
my,_1; we can think of mys as the successive maxima reached by the fires. If my_; = oo for
some k, we set my, = myp,; = --- = 0 as well. The successive maxima obviously satisfy
0<my <mg<mg<... (with the convention oo < ).

Let A = {m;, < o}, i.e., the k-th fire was finite, and let Ty = fy,, 1 + O, 1 be the time
when the site mj, stops burning for the first time. Let Fj, be the o-algebra® generated by the
states of sites {0,1,...,my + 1} during the period [0, Tx]; we do not include in it any events
related to appearances of the trees at sites my + 2, my + 3,.... We want to compute a lower
bound on P(Af,, | Fi), assuming that A; has occurred and m; = m. Suppose that the fire
has reached m + 1 by some time ¢ (note that ¢t > Tj). It takes A, 411 units of time for the
fire to reach m + 2. Assuming that there is a tree at m + 2 by that time (i.e., ¢t + Ayp11),
the fire will continue to m + 3 if there is a tree at m + 3 by time ¢ + Ay, 411 + Apyy21, and so

on. Thus the fire will continue ad infinitum, provided that

there is a tree at site (m +4) by time ¢ + Api11 + Dpgan + -+ + 411

for each i = 2,3, ...

3note that this is a sigma-algebra generated by the stopping time rather than a discrete time



Since the probability that there is no tree at site by time s > 0 is e~* (assuming no previous

fires at x), the probability of the above event given ¢ and {A,,;1}7, is

0 0
H (1 et Am+k,1) > 1_[ (1 _ eI Am+k,l) ) (2.1)

=2 =2

At the same time, by Lemma 2.2
P (e_ 185 < e for all n = 1,27...) > 6,

hence if we denote

o0
~TT0-e) =0

n=1

then the probability that the RHS of (2.1) is larger than €, is no less than dy. As a result,
P(A k+1|]:k) € >0 forallk>1

and hence by the conditional Borel-Cantelli lemma there will be an infinite fire a.s. O

3 Instant burning

In this Section, we will consider the case when 6 = 0, and EA, > 0 that is, the trees are burnt

instantly but the expected time for the fire to spread from site x to = + 1 is strictly positive.

Theorem 3.1. Suppose § =0, 0 < EA < oo and Var(A) > 0. Then there is only one infinite
fire.

Remark 3.2. The non-random case A = const > 0 will be covered later in Theorem 3.3.

Proof. The existence of infinite fire follows from Theorem 2.1 since EA > 0 implies P(A >
0) > 0, so we only need to show that there cannot be a second infinite fire.

For each site x € Z, let i, be the index of the fire for this site, which turned out to be the
first infinite fire (hence there will be an z; such that for all 2 > z; we have i, = 1).

Assume now that there is a second infinite fire. Since for any ¢ > 0 the number of distinct
fires at each site x by time ¢ is a.s. finite, there will be a (random) site x5 such that each site
with x > x5 was not burnt by any finite fire between the times when it was burnt by the first
and the second infinite fire. Hence, for each > 2* = max(zy, z2), the first (the second resp.)
fire to burn x is, in fact, the first (the second resp.) infinite fire. Since burning is immediate
(0 =0), for z > z*

for1g = fon +Apn and  for10 = fo2 + Dgo.



Let us define S, = >3, &, where &§ = Ago — Ag; are i.i.d. mean zero random variables.
Then fy;+1 — foi, = C(a*) + 5, for x > z* where C(z*) is some quantity depending
on x* only. Indeed, for all sites at locations x > z* the first fire to burn = will be the
first infinite fire, and the second fire to burn = will be the second infinite fire. Since 5, is
a one-dimension zero-mean random walk, it is recurrent by [14, P8, Section 1.2] and hence

P(liminf, ,,, S, = —oo | #*) = 1, which contradicts the fact that we must always have
Sriz+1 > frin- O

3.1 Constant spreading time

Recall that the burning time 6 is assumed to be zero, and assume additionally that A is the
same non-random positive constant at all locations; in this Section we want to study this
special case. An interesting fact, observed by Edward Crane, is that after the infinite fire,
the model here can be coupled with that of [15]. We have already shown that there exists an
infinite fire in this case; now we are interested in finding out the distribution of when exactly

the infinite fire starts, and what the index « of that fire can be.

Theorem 3.3. Assume that 0 = 0 and A = a > 0. Suppose that the infinite fire starts at
site 0 at some time T = 0 (which is, of course, random). Then this fire reaches point x > 1
precisely at time T + ax, and if we denote 7y(t) = n.(t + T + ax), t = 0, then the process 7
is exactly the one introduced in [15], i.e., the one with § = A = 0.

Proof. This fact follows immediately from the definition of the process 7,(¢) and can be also
seen from the graphical representation of the fire process (see Figure 1), where all the arrows
have the same slope a, and the infinite fire corresponds to a straight line going from (0,7")

towards infinity at the constant slope a. |

To get an estimate of when the infinite fire starts, observe the following. The times of
consecutive fires at the origin form a Poisson process, and thus the kth fire starts at time
v, = & + & + -+ + & where & are 1.i.d. exponential(1) random variables (see (1.1)). Let
k£ = 1 be the index of the infinite fire, thus 7" = v,. In the statement below we estimate the

probability that the first fire is infinite.

Proposition 3.4. Assume the same as in Theorem 3.3. Then

1- M <P(k=1) < p(l—e ¥m

where i := e — 1. Hence, for large a > 0 we have P(k =1) =1 — m + o(1).



Proof. The first fire burns 0 at time &;. For this fire to spread indefinitely, one needs to have
at least one tree at position z at time &; + ax for each x € {1,2,...}; given &, this probability
can be computed as [, (1 — e 177).

Since for any sequence yi, s, - - - € [0, 1] we have
0 o0 oe]
leyk H 1—yx) <exp (Zyk> , (3.1)
- k=1 k=1
and ”
Z Gar _ e &1
“ er —1°

By taking the expectation over &, we get

o0 00 e—u
— ]EH (1—e %) < J exp (76‘1 — 1) e "du
z=1

0

=~Eemp(—gxil>dv=(é“—D(l—e’W5>.

On the other hand, by (3.1)

which completes the proof. O

Remark 3.5. A much better approximation

e 9+ 67211 673a
Pk=1)~1—-—" —
(k=1) 5 5

can be obtained by using a tighter lower bound of ka (1 —yg). It gives the relative error of
0.01 or less for a = 1/2, and at most 0.07 for 1/2 > a > 1/3.

Suppose the first fire did not become the infinite fire; let m; be the right-most point burnt
by it. By the arguments similar to those in Theorem 3.3, we can couple our process after

time 14 with the simple fire process 7, (¢) from [15] such that
Ne(t) = ne(1 +ax + t) for x € {0,1,...,my,my + 1}.

Let us also observe that given v,

k
P(my = k) = e717alk+D) H e T ‘”” , k=1,2,....

z=1
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Let §; = 1 and, assuming that the first fire was not infinite, let §; be the index of the first fire
which extends beyond my, i.e., burns site m; + 1. Denote by ms (= my + 1) the right-most

point burnt by this fire. Then, given the time when it started, that is vs,,

mi1+k
P(my = my + k | vs,) = e~ Vo2 —almithsl) H (I—e™™), k=1,23,....
r=mi+2
Similarly, one can define pairs (d3,m3), (84, m4), etc., until (dy, my) where oy = k and

mpy = +00.
Now notice that from coupling with the process in [15], we have vs, ,, —vs, = T, 41 Where 7,

is the first time when the original forest fire process* burns site z > 1. Hence v5, = y(m)

where
k
V(i) = D P (3.2)
=0
where we set pp := —1 and thus 7, has the same exp(1) distribution as v;. As a result, for

any positive integer n and a sequence 0 = o < p11 < ftg < -+ < fin_1,

P(H = n, My = W1, M2 = [, ..., Mp—1 = .unfl)
[n—1 i
=K H e*”&i*“(lh—ﬁrl) H (1 _ thsiaw):|
| i=1 r=p;_1+1
[n—1 i
=K H (e(dhﬂ w+a(pi—1+1)) 1 _ e(wil(u)wﬂﬂ)))}
| i=1 T=pi—1+1
B (nl fn—1
-F n e~ Wi—1(w)+a(pi- 1+1))) (1 — e (@z+Yming: Ts“,k)(#)))] )
| \i=1 z=1

Thus

0 0 [e] n—1
P(k > n) =E [Z Z L Z (H 6(¢z—1(#)+“(#i—1+1)))

=1 po=p1+1 Hn—1=pn—2+1 \i=1
Hn—1
<] (1 _ o~ (@ tumingi: wk}(u)))
=1
which expresses the probability in terms of random variables 7, whose distribution can be

obtained explicitly from Lemma 1.1 in [15], and then by using (3.2).

3.2 Non-identically distributed A’s

In this section, we modify the model to allow A,, x = 0,1, 2, ..., to have different distributions,

which may depend on the location.

4that is, the one with A =0 =0
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Theorem 3.6. Let ¢ < 1. Assume that either
(a) A, < c/x for all large x, or
(b) for some C >0 we have |A,| < C for all z, Y, Var(A;) < oo, |3, [EA, — £]| < 0.
Then the infinite fire does not occur a.s. i.e., P(ny < oo for all k) = 1.
Conversely, if ¢ > 1, and either
(¢c) Ay > c/x for all large x, or
(d) BA, = <20 qnd P (113010 1A, Vz = 0) - 1.
Then the infinite fire occurs a.s.

Proof. Let ¢ < 1. We will only consider case (b), as case (a) is similar (and easier). Suppose
the fire reaches some site z > 1 for the first time at time ¢,. Conditioned on this time ¢,, the

probability that this fire will continue indefinitely is

0 0

0y = H (1 _ ef(zm+A_,,-+Az+l+~»+An,])) _ H (1 _ ef(tﬁsr,n))

n=z+1 n=x+1
as it takes Sy, = Ay + Ayiq + -+ + A, units of time for the fire to reach site n and we
need to ensure that already there is a tree at this location. Let §, = A, — £. Then P

converges a.s. by Kolmogorov’s three-series theorem. We have

n—1 n—1
c n n
Sen = E (@—&-g) =clog;+o,(1)+ g fi=clog;+ox(1)

where 0,(1) — 0 a.s. as z — . As a result,

ote—Sem _ p—te—ou(1) (f)c
n

which is not summable in n > 1 as ¢ < 1, yielding ¢, = 0.

Now assume ¢ > 1. We will consider only the harder case (d). Let AY be the (random)
spread time from site x to site x+ 1, for the fire number i = 1,2, ... started at the origin. Note
that some of the AYs will be irrelevant for the understanding of the process: for example,
if the first fire reaches only site 1, and the second fire reaches site 3, then A&”, Agl) will be
irrelevant for the behaviour of the process, but A?), A? will be relevant.

Let ¢, € {1,2,...} be the index of the fire that burns n for the very first time. Pick a

small § > 0 such that ¢ — § > 1, and let

n—1
D, ;= {Z A(l,“ <(c—9) logn} ,

=0

A,, := {the first fire which reaches the n—th tree does not spread to the (n + 1)* tree}

12



Note that in these notations (D, ,)° = {the fire which reaches the n-th tree for the first time
takes more than (¢ — §) logn units of time from its start}.

We have 0 < A, < C, a.s., where C, < \/% for all large z, yielding

n—1
Z C? < 5%logn

z=1
for large n. Since also

Zn] EA, = (¢ + o(1)) log(n)

by Hoeffding’s inequality,
26%log?n 1
P(D,;) <e —_— | = .
(Dns) < exp < 92logn n?
To prove the existence of an infinite fire, it suffices to show that A, happens only finitely

often, almost surely. We have

P(A,) = P(A, 0 D% ) + P(Ay A Dyg,) <P (A, | Dip) +P (D)

n.Cn

= Z [P (An | DSy, Go=1) + P (D | Gu=1)] x P(C = i)

< i [P(no tree at (n + 1) upto time (¢ — &) logn) + P(Dp; | ¢ = 1)] x P(¢, = 9)

i=1
1 & 1 1
= P (D, =1) xP(¢, =1) < —
—5+ Z (D | 6= 1) x PG = 1) < =5 + —
(3.3)
which holds as long as we can show that
P(Dyi| G =1) <P (Dyy). (3.4)

Let us show that this is indeed the case. Observe that {¢, =i} = X n'Y, where

X := {the first ¢ — 1 fires do not reach site n},
Y := {the i-th fire reaches site n}.

Note also that X and D, ; are independent since the distributions of the first (i — 1) fires are
not influenced by the {A(()i), A(li), R Affll}7 and P(Y) = P(Y | D,,;), since the probability of
the i-th fire reaching n increases whenever any of AY in the above set increases. As a result,
P(XANY |D,;)=P(X|Y,Dn;) P(Y|Dypy) =P(X |Y)P(Y | Dpy)
<SPX|Y)PY)=P(XNnY)

13



which together with the Bayes formula

P (D, P (o = | Dus) X P(Dn)

Cn :i) =

yields (3.4).
Finally, by (3.3), since ¢ — 6 > 1, the probabilities P(A4,) are summable over n, and by
the Borel-Cantelli lemma, A,, occurs finitely often, almost surely. As a result, there cannot

be infinitely many successive maxima, implying that an infinite fire a.s. exists. O

4 Instant spread, non-zero burning times.

Throughout this Section we assume that A =0 but 6 > 0.
Theorem 4.1. Suppose that A = 0. Then a.s. there are no infinite fires.

Proof. Recall that f,; denotes the time when the site x € Z, is burnt for the i¢th time. Then
at time ¢ = f, 1 there may already be trees at sites x + 1,2+ 2,... and the fire will spread to
those sites immediately (as A = 0); however, since the probability of not having a single tree

¢ and these events are independent for each site y > z, with probability

during time s is e~
one there will be a site y = x + 1 such that there are no trees there; we let y be the leftmost

such site. This means that

Jog = for10 =" = fy—11 < fy1.

For this fire still to reach y, there must be a tree “planted" at y during the time interval
[t,t + 0,-11]. Conditionally on 6, 11, this probability equals 1 — e %11 50 every time

0 >0,

the fire spreads immediately from some site z to y — 1, with probability p, := Ee™
independently of the past, it will not spread further. Since this probability does not depend

on x or s either, it means that a.s. the fire will eventually stop. O

Now we want to study some further properties of the fire process. Recall that my denotes

the location of the tree, farthest from the origin, burnt by the k-th fire.

Lemma 4.2. Assume A =0 and fix some € > 0. The time f,,,1 when the fire reaches m; for

the first time is less than (1 + €)logm; for all but finitely many i, almost surely.

Proof. Suppose that the fire reaches site n at time ¢ = f,, ;. The probability that there is no

t soin case t > (1 + €) log n, the probability of not spreading

tree at n + 1 at this time is e~
the fire further is less than
1

—(1+€)logn _

€ n1+e

14



Hence P(A,) < '~ where
A,, = {n is a local maximum and f,,; > (1 +¢)logn)}

so by the Borel-Cantelli lemma, A, occurs only for finitely many ns a.s. From this, the

statement follows. O
The next statement is similar to Proposition 2 in [9].

Lemma 4.3. Assume A =0 and fix some ¢ > 0. Let
F, = F.(¢) = {fn1 = (1 —¢)logn}.

Then

€

P(F) <e™
and hence the event Ff¢ a.s. occurs only finitely often.

Proof. In order to reach n by time ¢, there should be a tree at each location x € [0,n] by that

time (or even earlier, because 6 > 0), so

1—en®
n 1\" .
P(fo1 < (1—¢€)logn) < (1 - e(lfdlog") = [(1 - T) } <e ™.
n €

The second statement follows from the Borel-Cantelli lemma. O

Lemmas 4.2 and 4.3 give a tight bound on f,, 1, since by Lemma 4.3, that f,,1 <

(1 — €)log m;, only finitely often almost surely.

Recall that f,, is the time when the site = is burnt for the second time. We believe that

the following holds, even though we cannot prove it.

Conjecture 4.4. There is a ¢ = 1, such that a.s. there exists a (possibly random) k such
fmi2 <clogm;  for alli > k. (4.1)

The motivation for this conjecture is as follows. First of all, we already know that (1 —
€)logm; < fim,1 < (14€)logm,, for all large ¢ almost surely, regardless of the value of . In the
case where 6 = 0, the difference f,,,, 2 — fm,1 has the same distribution as f,,, 1. Since altering
0 does not have any effect on the order of f,,,, we suspect it does not have any substantial
effect on fi,; 2 — fim; 1 either. Later, we show that the number of “jumps” (continuous stretches

of fire, please see the proof of part (b) of Lemma 4.6 for the exact definition) in the fire

15



m; m; + 1
Figure 3: how the second fire reaching m; can spread very far.

reaching m; for the first time is of order log i, which is quite low compared to the order of m;
that exceeds exp{e®'}, as we show later. This indicates that the path (using the graphic
representation language) of the first fire reaching m; is not “very bumpy”, and thus it might
behave more like a flat path (instantaneous burn). Hence, while we do not claim f,, 2 — fm, 1

equals (1 + o(1))logm;, we have a strong reason to believe that it is at least of order logm,.

Theorem 4.5. Suppose that A = 0 and 0 > 0 is constant. Assume that Conjecture 4.4 is
true. Then f,1 = O(logn), i.e. there exists a non-random M > 0 such that f,1 < M logn

for large n.
We start with the auxiliary statement.
Lemma 4.6. Suppose that A =0 and 0 > 0 is constant.

(a) Let r > 0. Then a.s. m; =i" for all but finitely many .

(b) Assume that Conjecture 4.4 is true. Let € > 0 and c be the constant from (4.1). Then

a.s. miy1 < m;ete for all but finitely many i.

Proof. (a) The statement is trivial for r < 1, since m; > 4, so from now on assume that r > 1.
Let 0 <e< % Suppose that the fire has reached m; at time ¢ := f,,,, 1; w.l.o.g. we can assume
that t is sufficiently large.

Since the fire has successfully spread from m; — 1 to m;, this fire had reached m; — 1 at
time ' € (t — 0,t], and thus with probability at least e~ there will be no new tree at m; — 1
during the time interval [t + 0,¢ + 26] (as ¢’ + 0 is the time when the tree at m; — 1 stops
burning). Under this event, the second fire to reach m; cannot happen before time t + 26,
which, in turn, provides the site m; + 1 with at least 6 units of time to grow a tree (there was
none during the time [¢, ¢ + 0] since we know that m; was the local maximum by that time);

please see Figure 3. Hence, with probability at least

e . (1- 6_0) (4.2)
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fmit11 € [frns2s fmi2 + 0), 1.e., the second fire to reach m; will also reach m; + 1. However,
by that time, there can already be the whole stretch of trees at sites m; + 2,m; + 3,...; in
fact, the number L; of consecutive sites which do have a tree by this time has a geometric
distribution with parameter p = e fmi+11 < ¢t Let G* be the sigma-algebra containing all

the events which happened by time f,,, 41,1 to the left of m; + 1. Then

P (Li >~ | g*) =(1=p =4 o(1) (4.3)

SRR

where o(1) - 0 as p — 0 (i.e., t — ). Let

Bi = {’T)’L1j+1 =m; + m}’e} = {Ll = Tﬂ}ie}. (44)
If event F,, from Lemma 4.3 occurs, then ¢ = f,,.1 > (1 — €)logm; yielding 1/p > m} .
Taking into account the bound of probability (4.2) and (4.3), we obtain that

P(B; | G*) = [e™ - (1—¢ ) +0(1)] x 1, > x 1k, (4.5)

for some ¢ > 0.

Let p; = m§. From Taylor expansion, we obtain that on B; we have

Piv1 — i = €+ O(m; %) = ¢/2

for sufficiently large i; also, trivially, p;41 = p;. Consequently, we can create a sequence of
i.i.d. Bernoulli(¢') random variables &;, i = 1,2, ..., such that ;1 — p; is stochastically larger

than §&; 1, . By the strong law, %Z?:l & — ¢ as., and at the same time

—_

3
3

n

- 1 ¢ |{i : Fy, did not occur}|
RPN D IR |
i=1 i1
By Lemma 4.3, the quantity in the numerator is a.s. finite and does not depend on n, hence

I R /
lim — E &lp, =c¢  as.
n—o n 4 1 v
i=

This, in turn, leads to

yielding

for all sufficiently large 4, since 1/e > r.

(b) Consider the first fire that reaches beyond m; (the one which occurred at time f,;111)-

17



This fire will extend further to the right in several so-called “jumps”, rigorously defined in the
next two paragraphs, until it eventually stops somewhere. The number of these jumps will
be denoted by N; € {1,2,...}.

Let L;; be the length of the maximum stretch of sites to the right of m; burned at the
same time as m; + 1, so that f,1y1 = fm411 for y = 2,3,...,L;1. After the fire reaches
site m; + L;1, and m; + L;; + 1 is empty at that time (since we know that the fire did not
immediately go further) there are two possibilities: either with probability e~? within the
next ¢ units of time no tree appears at the site m; + L; 1 + 1, or such a tree does appear.

In the first case, we set N; = 1 and stop. In the latter case, we say that the fire has a
jump at position m; + L;; + 1, meaning that the fire, whilst burning both m; + L;; and
m; + Li1 + 1, reached the latter site with a delay (up to 6; 0 < fo, 11,411 — fmitLiin < 9). In
case of such a jump, the fire will immediately spread to the additional L; , sites to the right
of my + L1, and thus fr, 40,491 = fmrLi,+1,0 for y = 2,3,..., Lz, but there is no tree at
the site m; + L;1 + L; 2 + 1 at this time.

Similarly, we can define L; 3, L; 4, . . ., L; n,, where N; is the number of continuous stretches
of sites that were burnt at the same time (before the fire eventually stopped completely);
N; is the number of such jumps. As a result, N; is a geometric random variable with rate e=¢,
and the site (mi + 25:1 Liﬁj) + 1 is burnt slightly later than the site m; + Z?Zl L, ; for each
k=1,2,...,N; — 1, with the delay of up to 6.

From the construction,
N;
Mip1 — My = Z Li,j~ (46)
j=1

Note also that V; is typically not very large, formally, for some sufficiently large ¢; > 0

cy logi 1 .
P(Cy) < (1— 6_6)l vetl < = where C; 1= {N; < ¢ logi} (4.7)
i

which implies by the Borel-Cantelli lemma that a.s. IV; < ¢;logi for all but finitely many is.

Our goal now is to find an upper bound on how far the fire, that passed beyond m;
for the first time, can travel (i.e., the first fire to burn m; + 1). Conjecture 4.4 postulates
that the time to reach m; for the second time is at most clogm; for all i > k, and for
these values of ¢ each L, ; can be coupled with &;;, 7 = 1,2,..., where §;; are independent
geometric random variables with rate e~(®U—D+clogmi) — py=ce=00=1) "respectively, such that
L;; < &;. This coupling results from the fact that under this conjecture, the time to reach
m; for the second time f,,,» < clogm; and then after j — 1 jumps the time is at most
A= fro+0( —1) < clogm; + 6(j — 1), and the probability of not having a single tree by

this time is e 2.
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Together with (4.6) this yields

Z

i

(TfL,yrl — m1;) 11‘25 < fi,j (48)
1

<.
Il

where X < Y means that Y stochastically dominates X. Let

N; N;
te/2 . )
B; = {Z&’j>m§ ¢/ xcllogl} Q{Z&szgﬁ_mi}
j=1 j=1

for large i (the inclusion follows from part (a)). Then, using (4.7), for i > &
P (Bl | ‘Ffm,ﬁ»l,l) <P (BZ ‘ Ni < cilogi | ‘Ffm,+1,l) +P (NZ > c1logi ‘ ‘Ffm1+1,1)
<P (51-,]- > mS™? for some j = 1,2, ...

lex logiJ) + %2 (4.9)

1
< clogi x max P (fu > m¢+€/2) +
i

j<cilogi v

Since

/2 1 i /2 ms?
cte —0(j— € i
F (62] = M ) < (1 B m?eg(J'*l)) < exp (_e oy M ) Sexp | - Z'Czle
7

as j < c¢;logi, and by part (a) of the lemma m; grows faster than " for any r > 0, the RHS
J g1, Y P g Yy )

of (4.9) is summable over ¢, and thus the events {Z;\Ll iy =mite— mi} happen finitely often
by the Borel-Cantelli lemma. As a result, from (4.8)
M1 < m§Te

for all large 7 a.s. O

Proof of Theorem 4.5. Fix some € > 0. Lemma 4.6 implies that logm;1 < (1 + €) logm; for
all large 7, a.s. On the other hand, by Lemma 4.2, f,,,.,1 < (1 + €)logm;.,. Hence, for all

ne{m;,...,mi1} we have
fra € fgpa < (1 + €)*logm; < (1 + €)% logn.
Together with Lemma 4.3, this implies f,,; = O(logn). O
The next statement strengthens part (a) of Lemma 4.6 (without using Conjecture 4.4).
Theorem 4.7. There exists an o > 0 such that m; > exp(exp(ai)) for all large i a.s.

Proof. Fix some € > 0, and denote P,(-) = P (- | F, f,,bi7l), the conditional probability measure
based on the information available until the first time m; was burnt; thus Fy, | is a stopped

sigma-algebra.
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First, we want to estimate the time difference between the second and the first fires which

burnt the next maximum site m; ;. Define

Al = {mel,Q - fmwl,l > 261Ogm1}

and recall the definitions of F,, from Lemma 4.3, B; from (4.4) and C; from (4.7); the event
C; is independent of F;, while the event F},,, is F;-measurable.

On F,,,, we have fi,,,;1 > fm,1 = (1 —€)logm;. Let us now estimate P, (AS | F,,,,). The
fire which reached m;; for the first time is also the one which reached sites @ € (m;, m;;1]
for the first time. Recall that N; denotes the number of jumps of this fire on these positions;
from the proof of part (b) of Lemma 4.6 it follows that with probability > 1 — 1/i the
event C; = {N; < |clogi|} € {e®™ < i} occurs (we are putting an upper bound on the
number of jumps in a fire and this fact did not require Conjecture 4.4).

For fu.,12 — fmii,1 to be smaller than 2elogm;, at least one tree must appear during
the time interval [fm,,,1 — ON;, fm,.11 + 2€logm;] at each location x € [m;, m;41) (the term
(—ON;) corresponds to the fact that there are up to IV; jumps among these positions), and
the probability of this event is at most (1 — w) for each of these sites, independently of

the others. Hence
P.(AS | F,) < Pi(tree appears at all x for m; < x < myyq | Fin,)

< Py (tree appears at all © for m; < @ < myy1 | Biy, Fin,) + Pu(BS | )

< P.(tree appears at all z for m; < @ < myq1 | Bi, Ciy Fo,) + P(CS | Fy) + Pu(B5 | Fiy)

1—e l1—e
1 " 1 , o™ 1 ,
1- e cOeiogt +i3+(1—c): lfimz?sz‘d’ tgtl-oc

1—-3e
< exp {—m,i 5 } +1-2 for large i

ZC

for some ¢’ > 0, since on B; we have m; 1 —m; = m! ™, and using (4.5).

2

The longer the time interval between the first and second fire at m;.; (as implied by the

1+¢€/2

event A;), the greater the probability that it will burn at least m;, additional sites. Hence,

if both F,,,, and A; occur, the probability that the second fire to arrive at m;4, will also stop

+e€/2

before immediately burning additional mg sites equals

Po(finisr ikt > frniero for some k € [1,m "] | ., A;)

1+e€/2
’VI'L,,
P*(f7ni+1+1,1 > mel,Z ‘ F?YL17A/L.) + Z ]P)*(me1+k,l > fml+1.2 | FﬂLi7Ai)
k=2
—0 14€/2
e m;
AT 1
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(when m; is large). The first term in the above inequality corresponds to the probability that

a tree appeared at position m;,; + 1 during the time interval

[fm7,+1,1 + 97 fm1+1.,2] = [fmz+1,1 + 07 fm1+1,1 + 2¢ 10gmi]7

while the second term corresponds to the event that at least one of the locations m;yq +

1+€/2
2,Mir1+3, ..., Miw1 +m;

remains vacant, and we know that the probability of such a site
to remain vacant is exp{—(1 + €)logm,;} = 1/m}*. Since F,,, is P,-measurable, using (4.10)
we have

1+¢€/2

Y 2 P (mige —mi = ml TP AL )

=P, (mip2 —my; = m;“ﬁ | Aiy Fony) P (Ai | Finy) Poc(Fny)

2 1-3e
me 9 4c i i

1

Pi(mipe —m; = m

for some fixed non-random r > 1 and all large i. Now the inequality m; o — m; > miHe/2

implies

logm;yo = (1 + %) logm; == loglogm,;o —loglogm; > log (1 + %) =:¢ >0. (4.11)
Setting ¢ = 2j, j = 1,2,..., we conclude that we can construct an i.i.d. sequence of
Bernoulli(¢”) random variables §; such that

log log ma(j41y — loglogma; > €'€; - 1y, Loy (2j)r-

By Lemma 4.6 m; > " for any fixed r and all sufficiently large 7; we also know that the

events F7. occur only finitely often a.s. yielding

fo loglogmar Y0y (loglogma;iz — loglog ma;)
k—ao k—w k
Ztle’fwlFm B T kle
> lim inf =1~ > 2 M2> (%) =¢ lim M —dd >0 as.
k= k k—o0 k

(please compare this with the proof of part (a) of Lemma 4.6) from which it follows that for

some a > 0 we have m; > exp {e*} for all sufficiently large i a.s. O

Remark 4.8. Inequality (4.11) shows that for some € > 0 we have m;; > m;“” for all

large i a.s., thus complementing part (b) of Lemma 4.6 (conditional on Conjecture 4.4).
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