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Popular Summary

Imagine a drunkard taking steps randomly. Sometimes he walks a step forward. Some-
times he walks a step backward. In probability theory, it is possible to study his be-
haviour, when his step sizes are all equal. A simple symmetric random walk in one
dimension is defined this way.

Now imagine the drunk man taking steps forward, backward, towards right or towards
left. A simple symmetric random walk on two dimensions can be defined through
this, and the behaviour of such a walk is known.

My thesis investigates the long-term behavior of systems where randomness interacts
with a fixed, changing rhythm. Most of my work focuses on a random walker whose
stride length changes according to a predetermined schedule. I identify the precise
mathematical thresholds where the walker shifts from being ”recurrent” (doomed to
return home infinitely often) to ”transient” (wandering off forever). Surprisingly, I
show that even if the walker’s strides grow to be giant leaps, a few well-placed small
stumbles can still pull them back to the origin. Extending this theme of spreading
phenomena, I also analyze a Forest Fire model where flames spread with built-in delays.
Here, I characterize when the fire burns out locally versus when it erupts into an
”infinite fire” that engulfs the entire landscape—a parallel form of transience for a
growing, random process.

These models capture a fundamental tension between randomness and rigid structure
that appears across nature: from physical processes with time-varying volatility to
the delayed spread of wildfires. My work provides a unified mathematical toolkit for
predicting whether such systems eventually ”return to base” or escape to infinity.
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Chapter 1

Introduction

The classic problem of probability theory is to study long term behaviours of processes.
Whether a process returns to a particular state infinitely often is a fundamental ques-
tion. In case of Markov processes the infinitely often return is called recurrence and
the opposite is called transience. Another important long term phenomenon is about
the existence of infinite clusters or connected entities. Common knowledge tells us
that simple symmetric random walks on 1 and 2 dimensions are recurrent and on 3
dimensions and above are transient. In our work we investigate how different other
types of Random Walks behave in terms of recurrence or transience. We work with
symmetric walks but the step sizes change, thus rendering the process to be time inho-
mogeneous. We also work on a model where step sizes are random functions of time
(random flight model). In addition we vary burning times of trees and spreading time
of fires to investigate the threshold criterion of an infinite fire.

We find that the dimension of a random walk, the step sizes an to be the determining
factor, as expected. The problem with fast growing steps is that they tend to overshoot.
Take the example of an = 3n. This walk cannot return to 0 ever since the

∑n
i=1 ai <

an+1. But surprisingly the lower or upper bound on rate of growth of the step sizes
is not sufficient. The results indicate that even if the step sizes an are bigger than any
arbitrarily fast growing function f(n), if sufficiently many consecutive steps are of
similar size, it can lead to recurrence.

In case of the forest fire model, the spreading time plays crucial role, which was ex-
pected. But the burning time of a tree does not play a role which is as significant.

On the first paper we introduce the idea of an a−walk. We investigate some cases
with an growing as fast as lnn or nα. But mostly we remain in the domain of integer
step sizes. This paper acts as the foundation for most of the rest.
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The work done on the first paper is extended significantly on the fourth manuscript.
We break the restriction of an being integers and go on proving some rather counter-
intuitive results, where we show that simply the growth rate of an is not a sufficient
criterion to conclude recurrence or transience.

The third work has been an extension of both of these on 2 dimensions.

We investigate a related but somewhat different case in the second work. We work
on 2 dimensions but the step sizes are not deterministic functions of time. They are
rather created by a particle moving at constant speed and changing directions only at
times which are drawn from an inhomogeneous Poisson process.

The fifth paper is the only work which covers the forest fire model, where we extend
some previously existing work by varying burning and spreading times. This is defi-
nitely not a real world forest fire, since, first of all, it is on one dimension. But it is
always the study of special cases which eventually give birth to more general results.

But one can see how the the analysis done on Paper I, II and III depend and draw
motivation very much from Paper I.

Throughout our work, we very commonly use the Borel-Cantelli lemma to conclude
almost sure convergence and use the Hoeffding inequality to show a significant sim-
ilarity between numbers of positive and negative steps. We have explained these in
details in the following chapters.
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Chapter 2

Some Probabilistic Tools

2.1 Recurrence and Transience in Markov Processes

A state s in a Markov Process is called recurrent, if the probability of returning to it
infinitely often is 1. It is called transient, otherwise.

For time homogeneous Markov processes, there are specific results which help deter-
mine these properties.

Define pnii as the probability that the process started from state i returns to i at the
nth step.

It can be shown that the state is recurrent if
∑∞

n=0 p
n
ii = ∞, and transient, otherwise.

But showing recurrence becomes trickier.

However, not such a guarantee exists for time inhomogeneous Markov Process.

But, whenever we work with a time inhomogeneous Markov Process, we can at least
apply the first Borel-Cantelli lemma to conclude,

∑∞
n=0 p

n
ii < ∞ guarantees tran-

sience.

2.2 σ-Algebra and Filtration

σ-Algebra

A σ-algebra (or σ-algebra) on a set Ω is a collection F of subsets of Ω satisfying:

9



• Ω ∈ F

• If A ∈ F , then Ac ∈ F (closed under complements)

• If {Ai}∞i=1 ⊂ F , then
∪∞

i=1Ai ∈ F (closed under countable unions)

The pair (Ω,F) is called a measurable space.

A σ-algebra generated by a random variable X , means the events which are described
by observing the possible values of X .

For a sequence of random variables {X1, X2, ...Xn, ..} defined on (Ω,F), the σ-
algebra generated by (Xn) is:

σ(Xn : n ∈ N) = σ
(
{X−1

n (B) : B ∈ B(R), n ∈ N}
)

where B(R) is the Borel σ-algebra on R. This is the smallest σ-algebra on Ω making
all Xn measurable. For a finite sequence X1, . . . , Xn, we denote σ(X1, . . . , Xn).

Filtration

A filtration is an increasing family of σ-algebras indexed by time (discrete or continu-
ous):

F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ F

where eachFn represents information available up to timen. The quadruple (Ω,F , (Fn)n≥0,P)
is called a filtered probability space.

If a sequence of random variables is denoted by {X1, X2, ..., Xn, ..}, the σ-algebra
generated by the intersections can be arranged as a filtration in the following way:

σ(X1) ⊂ σ(X1, X2) ⊂ ... ⊂ σ(X1, X2, ..., Xn) ⊂ ...

2.3 Stirling’s Approximation

lnn! = n lnn− n+O(lnn)

This implies
n! ∼

√
2πn

(n
e

)n
.
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We will use it frequently to approximate the value of
(
n
m

)
, for different values of n

and m. The most frequently used approximation would be of
(
2n
n

)
2−2n.(

2n

n

)
× 2−2n ∼

(√
4πn

(
2n
e

)2n
2πn

(
n
e

)2n
)

× 2−2n =
1√
πn

.

2.4 Almost Sure Convergence

A sequence of random variables Xn converges to a random variable X almost surely
(or almost everywhere), if

P( lim
n→∞

Xn = X) = 1.

If we call the sample space Ω, and outcomes ω, the random variables are functions
on this space. So, almost sure convergence says that for almost all values of ω ∈ Ω,
Xn(ω) tends to X(ω). By the phrase ”for almost all ω ∈ Ω”, it is meant that the
probability of having an ω, such that the convergence does not occur on it is 0.

2.4.1 Kolmogorov’s 0− 1 Law

This states that the probability of a tail event is either 0 or 1, when the events in
concern are independent. Now what is a tail event? Pick a sequence of random
variables X1, X2, . . . , Xn, .... Define the sequence of σ−algebras in the following
way :

F1 = σ(X1, X2, X3....)

F2 = σ(X2, X3, .......)

......

Fn = σ(Xn, Xn+1, .....)

....

The tail σ−algebra τ is defined as limn→∞F\. A tail event is an event which belongs
to τ .

So, it means an event which does not depend on {X1, X2, . . . , Xk}, for any finite
k ∈ N, but depends on the intersection

∩∞
n=1Xn.

An example is whether the sum of a sample mean of random variables converges to a
particular value is not determined by any finite number of events, but dependent on
the infinite intersection.
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To formally state the law, If E ⊂ limn→∞ σ(Xn, Xn+1, . . . ), where the X ′
is are

independent of one another,
P(E) = 0 or 1.

2.4.2 Borel Cantelli Lemma

The first part of this lemma is the most powerful tool to conclude an almost sure
convergence.

2.4.2.1 Lemma 1

For a sequence of events {A1, A2, . . . , An, ....},

∞∑
n=1

P(An) < ∞ =⇒ P(Anoccurs infinitely often) = 0.

2.4.2.2 Lemma 2

For a sequence of independent events {A1, A2, . . . , An, ....},

∞∑
n=1

P(An) = ∞ =⇒ P(Anoccurs infinitely often) = 1.

2.4.3 Conditional Borel-Cantelli Lemma

Let Fn be a filtration and An ∈ Fn. Define pn = P(An|Fn−1). The lemma states:

1.
∞∑
i=1

pn < ∞ =⇒ P(An occurs infinitely often ) = 0

and

2.
∞∑
i=1

pn = ∞ =⇒ P(An occurs infinitely often ) = 1

12



2.4.4 Kochen-Stone Lemma

For the sequence of events {A1, A2, ...An, ..}, assume
∞∑
n=1

P(An) = ∞

and

lim sup
k→∞

(∑k
n=1 P(An)

)2∑
1≤m,n≤k P(Am

∩
An)

> 0.

This would imply P(An occurs infinitely often) > 0.

These two lemmas are necessary when we need to work with dependent events.

2.5 Concentration Inequalities

Concentration inequalities establish an upper bound on the probability of a variable
being too far from the expected value.

2.5.1 Markov Inequality

For a non negative random variable X , and a number a > 0,

P(X ≥ a) ≤ E(X)

a
.

This can be extended using non decreasing functions f .

P(X ≥ a) ≤ E(f(X))

f(a)
.

2.5.2 Chebyshev’s Inequality

This comes as a corollary of Markov inequality. And this is the first actual anti con-
centration inequality, in the sense that it talks about the distance of the variable from
the expected value. To prove it, the variable that is used is (X − E(X))2 and then it
is a direct application of Markov inequality.

P(|X − E(X)| ≥ a) ≤ Var(X)

a2
.

13



2.5.3 Cantelli’s Inequality

For a > 0,

P(X − E(X) ≥ a) ≤ Var(X)

Var(X) + a2
.

2.5.4 Chernoff Bounds

By Markov inequality, for t > 0,

P(X ≥ a) ≤ E(etX)

eta

and for t<0,

P(X ≤ a) ≤ E(etX)

eta
.

This, despite being a direct application of Markov inequality, generally provides a
sharper bound.

2.5.5 Hoeffding’s Inequality

This is the most used inequality throughout the thesis.

For independent random variables X1, X2, . . . , Xn, such that ai ≤ Xi ≤ bi, ∀ i ∈
N, almost surely. Define Sn =

∑n
i=0Xi. Then,

P(|Sn − E(Sn) ≥ t|) ≤ 2 exp

{
− 2t2∑n

i=0(bi − ai)2

}
.

There are many more concentration inequalities, but not all of them are mentioned

here.

2.6 Anti-Concentration Inequalities

As the name suggests, these are the inequalities which talk about the minimum spread
of random variables. Formally speaking, these inequalities are used to determine an
upper bound of the probability of a random variable being inside a certain interval
or in higher dimensions, hypercube. A quantity which is very often used is called the
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concentration function. In one dimension, it is denoted by Qs(X), where X is the
random variable in discussion, s is the length of the interval and

Qs(X) = sup
a∈R

P(X ∈ [a, a+ s]).

Obviously, the definition of Q can be adjusted accordingly in higher dimensions.

Following are a few anti-concentration inequalities. One of the very important ones
we skip here is the Halász inequality, which we discuss in one of the papers.

2.6.1 Erdős-Littlewood-Offord Inequality

Let X1, X2, . . . , Xn be random variables, such that ∀i ∈ {1, 2, . . . , n}

Xi =

{
ai, w.p. 1/2

−ai, w.p. 1/2.

Assume that ai > c, ∀i ∈ {1, 2, ..., n}, for some positive constant c.

Then,

Q2c(Sn) ≤
(

n

⌊n/2⌋

)
2−n ∼

√
2

πn

, as n → ∞. One must observe that if all ai ≡ 1, this inequality implies that the
simple symmetric random walk in one dimension takes any particular value after the

nth step with a probability which is bounded above by a
√

2
πn . In fact we know the

probability that it will take the value 0 is approximately equal to
√

1
πn and that is the

most likely outcome.

This inequality is a very powerful tool and we would discuss how Erdős derived a
clever proof of it in our fourth paper.

2.6.2 Halász Inequality

Considern vectors a1, . . . , an ∈ Rd such that for any unit vector e, we have |⟨e, ai⟩| ≥
1 for at least δn values of i, and also ∥ai − aj∥ ≥ 1 whenever i ̸= j. Then

P

(
n∑

i=1

ϵiai ∈ B(x, 1)

)
≤ c(δ, d)n−1−d/2,

where c(δ, d) is a constant that does not depend on n.
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This inequality is used for separated step sizes. For example, the application of this on
one dimension proves that a symmetric random walk with step size an = n satisfies

Q1(Sn) ≤ n−3/2.

2.6.3 Kolmogorov-Rogozin Inequality

There exists a positive constant C, such that, if X1, X2, ..., Xn are independent ran-
dom variables, and real numbers 0 < λ1, λ2, . . . , λn < 2r,

Qr(
n∑

i=1

Xi) ≤ C.r.

(
n∑

i=1

λ2
i (1−Qλi

(Xi))

)−1/2

.

2.6.3.1 Kesten’s Improvement of the Kolmogorov-Rogozin Inequality

Under the same setting, Harry Kesten proved the existence of a C > 0, such that,

Qr(

n∑
i=1

Xi) ≤
C.r.

∑n
i=1 λ

2
i (1−Qλi

(Xi)).Qλi
(Xi)(∑n

i=1 λ
2
i (1−Qλi

(Xi))
)3/2 .
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Chapter 3

Random Walk

A drunk man will find his way home, but a drunk bird may get lost forever.
∼ Shizuo Kakutani.

Random walk or Drunkard’s walk is a stochastic process that describes a path. A
general definition is the following.

Sn =
n∑

i=1

Xi

where each Xi comes from a certain distribution and are independent. Xi is called
the ith step of the random walk Sn.

3.1 Simple Symmetric Random Walk

The word simple refers to a fixed absolute value of the step sizes. The most standard
example is where |Xi| = 1, ∀i ∈ N. Here,

Xi =

{
1, w.p. p

−1, w.p. 1− p

17



This can be adapted to higher dimensions. For dimension d, the ith step is

Xi =



(1, 0, 0, 0, ..., 0), w.p. p1

(−1, 0, 0, 0, ..., 0), w.p. p2

(0, 1, 0, 0, ..., 0), w.p. p3

(0,−1, 0, 0, ..., 0), w.p. p3

....

....

(0, 0, 0, 0, ...,−1), w.p. p2d

where
∑2d

i=1 pi = 1.

The word symmetric refers to the probability of taking a positive and a negative step
being equal and same for every direction.

3.2 Asymmetric Simple Random Walks

We would keep our analysis limited to one dimensional walks, because the results we
derive from them, suffice.

Take the example where

Xi =

{
1, w.p., p

−1, w.p., 1− p

, where p ̸= ((1/2)). Note, this is a time homogeneous Markov process. Hence,
to determine recurrence and transience we can apply the known technique. Also,
since the process is irreducible, recurrence or transience of one state means recurrence
or transience of all states, thus rendering the whole process recurrent or transient,
accordingly.

∞∑
n=0

p2n00 =
∞∑
n=0

(
2n

n

)
pn(1− p)n ≈

∞∑
n=0

4n√
πn

pn(1− p)n =
∞∑
n=0

cn√
πn

< ∞

Because, by A.M.-G.M. inequality, the value of p(1− p) peaks at p = ((1/2)), and
for any p ̸= 1/2, p(1− p) < 1/4. So, the walk is transient.

It is evident that any simple random walk in higher dimensions with asymmetric

18



distribution must be transient, because the embedded one dimensional walk itself is
transient. Hence, we don’t analyze them anymore.

3.3 Recurrence and Transience of Simple Symmetric Random
walks

We will keep using Stirling’s Approximation for estimating factorials.

3.3.0.1 Dimension 1

Since it is a time homogeneous Markov Process, we will have to check if the
∑∞

n=0 p
n
00

is convergent or divergent.

∞∑
n=0

pn00 =

∞∑
n=0

(
2n

n

)
(1/2)n(1/2)n ≈

∞∑
n=0

4n√
πn

(1/2)n(1/2)n =

∞∑
n=0

1√
πn

= ∞

Hence, simple symmetric random walk in one dimension is recurrent.

3.3.1 Dimension 2

It is possible to use a condition on which steps are horizontal and which steps are
vertical. Say, a total of 2m steps are horizontal and 2(n−m) steps are vertical. And
we fix which steps are vertical and which are horizontal. Then the horizontal and
vertical events can be treated independently and probabilities can be multiplied.

Let us call this conditional probability pc(2n), where c denotes a certain distribution
of vertical and horizontal steps.

Under this condition, pc(2n) =
(
2m
m

)(
2n−2m
n−m

)
(1/2)2n ≈ 1/(π

√
m(n−m)).√

m(n−m) is maximized at m = ⌊n/2⌋. Thus p2nc is minimized when m =
⌊n/2⌋.

Thus, without any condition on the number and positions of vertical and horizontal
states, p2n00 ≥ 1/π

√
n2/4 = 2/πn.
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This quantity is not summable over n, thus the walk is recurrent.

3.3.2 Dimension 3 and Higher

For a three dimensional walk, a proof can be given by noting that roughly one-third
of the steps will be along each axis. Then we find the conditional probability to be of
order 1/n3/2. Because on each axis, the probability of return after around 2n/3 steps
is of order 1/

√
n and they can be multiplied. The quantity is summable over n, and

hence the random walk is transient.

The claim that there would be roughly 1/3rd of the steps along each axis is derived
from a concentration inequality which we would mention later.

For higher dimension, a similar argument can be made to show transience. Or, it is
sufficient to conclude that the three dimensional embedded walk in a higher dimen-
sional walk does not return to origin infinitely often. Hence, the original walk does
not return to the origin infinitely often, either.

But let us do a rigorous proof for the three dimensional case.

p2n000 =1/62n
∑

k,l,m:k+l+m=n

2n!

(2k)!(2l)!(2m)!
×
(
2k

k

)
×
(
2l

l

)
×
(
2m

m

)
=1/62n

∑
k,l,m

2n!

k!2l!2m!2
∼ 1/n3/2

Now this is summable over n. So, the walk is transient.

A Rademacher random variable is a variable which takes each of the values 1 and
−1 with probability ((1/2)). In our discussions, we will call the symmetric random
walk with step sizes a1, a2, . . . , an, .. a Rademacher Walk. We will call the sum
Sn =

∑∞
i=1Xi the Rademacher Sum, where Xi is a scaled Rademacher random

variable with scaling factor ai, ∀ i ∈ N.
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3.4 Green’s Function and Estimation of Probabilities

If n is a non-negative integer the Green’s function Gn(x, y) is defined as the expected
number of visits to y starting from x in n steps.

Gn(x, y) = EX

 n∑
j=0

1Sj=y

 =

n∑
j=0

pj(x, y) =

n∑
j=0

pj(y − x)

Gn(x) is defined as the expected number of visits to x, starting from the origin, in n
steps.

There are plenty of results based on Green’s function, but we will only mention the
ones necessary in our work. The only time we use this is during the analysis of a 2
dimensional random walk, hence we will mention only those results. a(x) is defined
as follows :

a(x) = lim
n→∞

|Gn(0)−Gn(x)| = lim
n→∞

n∑
j=0

pj(0)− pj(x)

A theorem from [12] shows that for d ≤ 2, the limit is finite.

The most important theorem from [12] that we will need is the following

Theorem. For d = 2, ∃ a constant k, such that, if α < 2,

lim
|x|→∞

|x|α[a(x)− 2

π
ln |x| − k] = 0

This can be improved to show

a(x) =
2

π
ln |x|+ k +O(|x|−2)

It is also easy to verify thatGn(0) ∼ lnn, because

Gn(0, 0) = EX

 n∑
j=0

1Sj=0

 =
n∑

j=0

pj(0, 0) =
n∑

j=0

pj(0) ≈
n∑

j=0

2

π⌊n/2⌋
∼ 1

π
lnn.

Then, the above theorems imply that the expected number of visits to a particular
point at distance x from the origin is equal to 1

π lnn− 2
π lnx+O(1).
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3.5 Recurrence and Transience of Random Walks with Differ-
ent Step sizes

3.5.1 Case 1

Consider the 1-d symmetric random walk with step sizes {1, 1, 4, 4, 4, 4, 4, . . . }.
Now we are in the zone of time inhomogeneous random walks, hence the rule of
checking recurrence or transience from time homogeneous Markov Processes do not
work.

Define E := {The walk returns to 0 infinitely often almost surely}.

The question is whether E is a tail event. If the walk ends up at 0 after the first two
steps, the next part is just a 4 times scaled version of simple symmetric random walk,
and the probability of return to 0 infinitely often is 1. But if it ends up on 2 or −2
after the first two steps, then the walk can never return to 0 again.

So, the event E depends on the first two steps. It is not a tail event.

This example clearly demonstrates that the event of return to a particular point in-
finitely often may not be a tail event. But there is a modification that will help us
resolve the issue.

3.5.2 Case 2

Take the previous setup, but this time define F :={The walk returns to some interval
[−C,C] infinitely often}. Note, by definition the size of the interval is not determined
by any finite number of steps, thus rendering the event as a tail event. Previous cal-
culations show that the walk will return to [−2, 2] infinitely often, almost surely.We
will call this type of infinitely often return weak recurrence. And whichever walk is
not weakly recurrent, will be called transient.

The way to show transience of a random walk is to use the first Borel-Cantelli lemma,
because
∞∑
i=0

P(Si ∈ [−C,C]) < ∞ =⇒ P(the walk returns to [−C,C] infinitely often) = 0.

But proving weak recurrence is much trickier. We cannot simply apply the second
Borel-Cantelli lemma, since the variables {S1, S2, ...., Sn, ..} are not independent.

22



But we can use the conditional version of the lemma, which does not require inde-
pendence. Our works will show that calculating or bounding the conditional prob-
abilities are not very simple. In some cases we will use the Kochen-Stone lemma to
prove weak recurrence.

3.6 Conservative Random Walk

This is a model where the step sizes are not fixed, but movement along a direction
continues for long time.

3.6.1 Time Homogeneous Model

• Discrete Space Model

After the nth step the walk can redirect with probability p. In that case, for a
d− dimensional walk, it chooses one of the 2d directions uniformly at random
as its next step. With probability (1−p) it continues moving towards the same
direction. Previous results show that this walk is recurrent on 1 and 2 dimen-
sions and transient for higher dimensions.

• Continuous Space Model

At each step, the walk redirects with probability p, but this time, it moves along
any direction, uniformly. For example, in case of a two dimensional walk, it
chooses a direction uniformly at random from [0, 2π]. Similar results hold for
this.

Note, both of these can be easily adapted to a Poisson process, where redirection
times come from a Poisson process with intensity λ > 0, with similar results being
preserved.

3.7 Time Inhomogeneous Model

• Discrete Space Model

After the nth step the walk can redirect with probability pn. In that case, for
a d− dimensional walk, it chooses one of the 2d directions along the axes uni-
formly at random as its next step. With probability (1 − pn) it continues
moving towards the same direction.
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Previous results show that for a two dimensional walk pn < n−(1/2+ϵ) for all
n > N , for some N ∈ N, the walk is strongly transient∗.

• Continuous Space Model

At each step, the walk redirects with probability pn, but this time, it moves
along any direction from the set all possible directions, uniformly. For example,
in case of a two dimensional walk, it chooses a direction uniformly at random
from [0, 2π].

These models too, can be adapted to a Poisson process. Here, the Poisson rate evolves
with time.

∗Strong transience is defined by the scenario when the walk not only does not stop
at the origin infinitely often, but also does not even pass through the origin infinitely
often, almost surely.

Weak transience is the case which guarantees that the walk stops/redirects at the origin
only finitely often almost surely. But it still can pass through the origin infinitely often.

Weak transience is the transience of the embedded walk.
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Chapter 4

Forest Fire Model

In our case, we are not in fact dealing with any real forest fire, and our discussion is
restricted to a very ideal and 1−dimensional case. The general model is described as
follows.

On the Z+
∪
{0} lattice, imagine there exists a fire at position 0. Any position is

either vacant or occupied. At time 0, all positions are vacant. A single tree appears
on a vacant node, following some exponential time, whose rate might depend on the
position. When a tree catches fire, the fire spreads to the next position, only if there
is a tree, and it might take some time to spread, which, too, might depend on the
position.

We will study the speed of the progress of the fire, whether or not there is an infinite
fire, and related questions.

4.1 Previously Known Results

4.1.1 Spread Time =0, Rate = 1

This is the type of fire model which Stanislav Volkov discussed in [19] .

Note, in this case, after the mth fire burns up to tree n, the whole process renews.
Hence to find the distribution of interval between consecutive burn times, it is suffi-
cient to find the distribution of the first burn time of a tree.

The result is the following.
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Define τn to be the first burn time of the nth tree. Then τn
lnn converges weakly to a

random variable whose distribution is 1−ρ(x), where ρ is the Dickman function [4],
as n → ∞.

A brief idea to show the scaling factor to be of order lnn :

Note that, for the tree n to catch fire, there must be a time when all the places
{1, 2, . . . , n} are occupied.

P(τn < (1− ϵ) lnn) ≤
(
1− e(1−ϵ) lnn

)n
< e−nϵ

.

Now, this is summable over n. By Borel Cantelli lemma, we conclude that almost
surely for all sufficiently large n, the first burn time of tree n is larger than (1−ϵ) lnn.

Similarly, we can check the probability of the first burn time of the mth
k tree being

larger than (1+ ϵ) lnmk. Note, when tree mk catches fire for the first time, position
mk + 1 must be vacant.

P(τmk
> (1 + ϵ) lnmk) ≤ exp (−(1 + ϵ) lnmk) =

1

m1+ϵ
k

This quantity is summable over k. Hence by Borel Cantelli lemma, with probability
1, for all large enough k, mk catches fire for the first time before time (1 + ϵ) lnmk.

What does this show?

It does not give an exact upper bound on τn. It gives an almost sure lower bound on
τn, ∀ n ∈ N. But it definitely shows the consecutive maxima mk are burnt for the
first time at times arbitrarily close to lnmk.

4.1.2 Bounded Rates Dependent on Location and Continuous Space

The authors in the paper [8] allow the rates at which vacant site x becomes occupied
to depend on x, though they all must lie in a certain interval, and also consider a long-
range mode (the terminology is consistent with use in the percolation theory), where
the fires can spread further than just to the immediate neighbour of the “burning”
site.

They work on a model where Z+ is substituted by R+, and obtain a similar result.
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The main result concerns the expectation of the time of the first burn of the nth tree,
or the tree at distance x.

• In this model, the rate at position x is defined as λx and λx ∈ [c1, c2], where
c1 and c2 are two positive constants. Also, the fire from position x can spread
to trees at the next r positions, for some r ∈ N. This model is called a non-
homogeneous long range process. .

Define τx as the first time when position x catches fire. Then, for any κ >
(ln 2)−1 and large enough x,

E(τx) ≤ (lnx)κ.

• This is a continuous space model, where points appear on R+, according to a
Poisson process. Two points x and y are called connected is |x− y| ≤ 1. The
point 0 is always occupied. Here, clusters form with connected occupied zones,
and when 0 falls into the cluster, it burns instantly. The result is similar to the
one in the previous case. For any κ > (ln 2)−1, and large enough x,

E(τx) ≤ (lnx)κ.

There are many more articles on the topic of forest fires, and we will mention them
as reference. In our work, we keep our focus on models like the above ones and we
will use the first result in our work.
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Chapter 5

Outline of the Papers

5.1 Paper I

For 1-d symmetric random walks, we call the nth step size an.

• For an = ⌊lnn⌋, we prove recurrence.

• For an = lnn, we prove that the walk will return to (−ϵ, ϵ), for any ϵ > 0,
infinitely often, almost surely.

• For an = ⌊nα⌋, for any α > 0, the walk is transient.

To prove the recurrence, we improve the conditional Borel-Cantelli lemma to include
the cases, where some conditions are satisfied not always, but with probability 1.

5.2 Paper II

This work is divided in two parts, a discrete and a continuous direction model. We
work with 1− d and 2− d conservative random walk with redirection times coming
from a time inhomogeneous Poisson process. We prove the following:

• For both models, the 2−dwalk is strongly transient ifλt < t−α, for 1 > α > 0
or if λt < (ln t)−β , for β > 2.
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• The embedded walk in 1-d is transient for λt < t−α, where 1 > α > 1/3.

5.3 Paper III

This paper is based on random walk with varying step sizes on a 2-d lattice. the
following are the results we found.

• If the step sizes are non-decreasing integers, converging to infinity, the walk is
transient.

• We found a condition on the growth rate of the step sizes an, for which, even
non-integer step sizes result in transience.

• A way to create a recurrent sequence from a given sequence has been shown,
under some conditions. An explicit example is provided.

5.4 Paper IV

This is an extension of the analysis done in the first paper. But it covers a much bigger
domain. The main results are the following :

• For the step sizes an, if an > nα+o(1), for any α > 1/2, the walk is transient.
A general model is worked with, where for all large enough n, cnα+δ < an <
Cnα+δ, for α, δ, c, C > 0. An anti concentration bound on Q1(Sn) is pro-
vided with.

• If f : N → R is any sequence of functions, there exist step sizes an > f(n) for
all n ∈ N, and an ∈ N such that the associated Rademacher Walk is recurrent.

• If f : N → R is any sequence of functions, there exist strictly increasing
step sizes an > f(n) for all n ∈ N, and an ∈ R such that the associated
Rademacher Walk is topologically recurrent. Topological recurrence refers to
the property where the walk visits any interval infinitely often, almost surely.
In other words, the walk is dense in R.
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• For integer sized and non-decreasing step sizes, a sufficient condition for tran-
sience is given.

• It is shown that for any f : N → R, there exists an ≤ f(n), such that the
associated Rademacher walk is irreducible and transient.
This, combined with the two previous results showed that growth rate of step
sizes alone does not guarantee recurrence or transience.

• If
∑n

i=0 a
2
n = ∞, the walk changes sign infinitely often, almost surely. If in

addition, an → 0, the walk is topologically recurrent.

• If an → ∞ and |an − an−1| → 0, the walk is either topologically recurrent,
or transient.

5.5 Paper V

This paper deals with different forest fire models on 1− d lattice. The parameters we
vary are the spreading time and the burning time. We keep denoting spreading time
from tree i to tree i + 1 by ∆i and burning times by θ. We do not work with any
case where burning times are non-identical. Some of the main results we show are the
following.

We define the notion of consecutive maxima. Assume, the index of the tree farthest
from 0, which is burnt by the first fire is m1. We define mk recursively as the index
of the tree farthest from the origin which is burnt by the first fire which goes beyond
mk−1.

• If ∆i’s are identical and P(∆ > 0) > 0, there exists an infinite fire, almost
surely.

• If θ ≡ 0 and 0 < E(∆) < ∞ and V ar(∆) > 0, there is only one infinite fire,
almost surely.

• For θ ≡ 0, we establish a condition on rate of decay of ∆n’s, such that below a
threshold, there is no infinite fire, and above it, there is an infinite fire, almost
surely.
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• For ∆ ≡ 0, almost surely the is no infinite fire.

• For ∆ ≡ 0, we find an almost sure lower bound for the first burning time of
the nth tree. We also prove an upper bound of first burn times of consecutive
maxima.

• For ∆ ≡ 0 and constant θ > 0, we prove that the consecutive maxima grow
super-exponentially fast. Next, based on a conjecture, we put an upper bound
on the growth rate.
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Author Contributions

Paper 1

The author brought the idea to work with blocks. He provided the preliminary under-
standing regarding how jumps of the walks should occur. And he showed for very fast
growing block sizes, what is done on the preceding block, can be undone on the next
block. He also helped in coming up with the generalized version of the Conditional
Borel Cantelli Lemma. He helped to come up with the proof which extended the re-
currence criterion from an = ⌊lnn⌋ to an = lnn. After the proof of the a particular
transience result, he helped in finding a way to employ that in slower growth rate, to
prove transience.

Paper 2

The author handled the discrete direction case and came up with the particular con-
ditions to prove the transience. He also managed to extend the result from t−α to
(ln t)−β in both cases.

Paper 3

The author proved the result for transience of non-integer sequences where an ≥
(lnn)1/2+ϵ. He also found the explicit example of the sequence an with lim sup an =
∞ which results in recurrence.
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Paper 4

The author came up with the idea that step sizes an+1−an → 0, with
∑∞

n=1 a
2
n = ∞

should imply density or transience. He was also involved in finding the argument
that if an ∼ n1/2+ϵ, it should imply transience. He could establish preliminary
links between how to use the Erdős-Littlewood-Offord anti-concentration inequality
combined with a super doubling sequence argument. In addition, he found out that
step sizes an = ⌊(lnn)1+ϵ⌋ results in transience, which was later generalized. He
came up with example of arbitrarily slowly growing sequence being transient.

Paper 5

The author proved the existence of infinite fire, when the spreading time has positive
probability of being positive. He came up with a preliminary proof of uniqueness of
infinite fire in case of 0 spreading time. He came up with the results for non iden-
tically distributed spreading times resulting in existence or non-existence of infinite
fire. He found the bound on the first burn time of the nth tree in case of instant
spread and positive burning times. He came up with the conjecture and the related
result on maximum burnt point. He showed the super-exponential growth rate of the
maximum burnt points for instant spread, non-zero burning time model.
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Recurrence and transience of Rademacher series

Satyaki Bhattacharya and Stanislav Volkov∗

March 18, 2026

Abstract

We introduce the notion of a-walk S(n) = a1X1 + · · · + anXn, based

on a sequence of positive numbers a = (a1, a2, . . . ) and a Rademacher se-

quence X1, X2, . . . . We study recurrence/transience (properly defined) of

such walks for various sequences of a. In particular, we establish the clas-

sification in the cases where ak = ⌊kβ⌋, β > 0, as well as in the case

ak = ⌈logγ k⌉ or ak = logγ k for γ > 1.

Keywords: recurrence, transience, Rademacher distribution, non-homogeneous

Markov chains.

AMS subject classification: 60G50, 60J10.

1 Introduction

We will say that a random variable X has a Rademacher distribution and write

X ∼ Rademacher, if P(X = +1) = P(X = −1) = 1
2
.

Let Xi ∼ Rademacher, i = 1, 2, . . . , be i.i.d., and Fn = σ(X1, X2, . . . , Xn)

be the sigma-algebra generated by the first n members of this sequence. Let

a = (a1, a2, . . . ) be a non-random sequence of positive numbers. Define the a-

walk as

S(n) = a1X1 + a2X2 + · · ·+ anXn =
n∑

k=1

akXk

with the convention S(0) = 0.

Definition 1. Let C ≥ 0. We call the a-walk S defined above C−recurrent, if

the event {|S(n)| ≤ C} occurs for infinitely many ns. (In case when C = 0, this

is equivalent to the usual recurrence, i.e., S(n) = 0 for infinitely many ns, so we

will call the walk just recurrent.)

We call the a-walk transient, if it is not C-recurrent for any C ≥ 0.

∗Centre for Mathematical Sciences, Lund University, Box 118 SE-22100, Lund, Sweden
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Our aim is to determine the probability that the a-walk for given a and C is

recurrent; in principle, this probability may be different1 from 0 and 1. A simplest

example of an a-walk is when all ai ≡ a ∈ R+. Such a random walk is obviously

a.s. recurrent since it is equivalent to the one-dimensional simple random walk.

The question of recurrence is naturally related to the Littlewood-Offord prob-

lem which asks to maximize concentration probabilities such as P(S(n) = 0) sub-

ject to various hypotheses on a. In particular, in [7] the authors develop an inverse

Littlewood-Offord theory, using which they show that a concentration probability

is large, only when the elements of a are contained in a generalized arithmetic

progression; see also [4].

The study of a-walk is also somewhat relevant to the conjecture by Boguslaw

Tomaszewski (1986), which says that P
(
|S(n)| ≤

√
a21 + · · ·+ a2n

)
≥ 1

2
for all

sequences a and all n. The conjecture was recently proved by Nathan Keller and

Ohad Klein in [2].

Let us first start with some general statements. First, we show that the choice

of C > 0 is sometimes unimportant for the definition of C-recurrence.

Theorem 1. Suppose that an → ∞ and at the same time |an − an−1| → 0 as

n → ∞. Then if a-walk is C-recurrent with a positive probability for some C > 0

then it is C̃-recurrent with a positive probability for all C̃ > 0.

Proof. Since the notion of C-recurrence is monotone in C, i.e. if a-walk is

C1−recurrent for C1 > 0 then it is C2-recurrent for all C2 ≥ C1, it suffices to

prove that C−recurrence implies 2C
3
−recurrence.

Indeed, suppose the a-walk is C-recurrent; formally, if we define the events

E = {S(n) ∈ [−C,C] for infinitely many n},

Ẽ = {S(n) ∈ [−2C/3, 2C/3] for infinitely many n}

then P(E) > 0. We want to show that P(Ẽ) > 0 as well.

Let n1 be so large that |ai − ai−1| < C/6 for all i ≥ n1. Define the sequence

nk, k ≥ 2, by setting

nk = min{i ≥ nk−1 + 1 : ai ≥ ank−1
+ C/6}

(which is well-defined since ai → ∞), then trivially

C

6
≤ ank+1

− ank
≤ C

3
for each k = 1, 2, . . . (1)

1For example, if a = (1, 1, 3, 3, 3, 3 . . . ) then the a-walk is recurrent with probability 1/2.
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Fix a positive integer K and for y = (y1, y2, . . . , yK) ∈ ΩK := {−1,+1}K define

X̄K = {X1, X2, . . . , XK};

sy = a1y1 + a2y2 + . . . akyK .

Let y ∈ ΩK be such that P({X̄K = y} ∩ E) > 0. Observe that

{X̄K = y} ∩ E = {X̄K = y} ∩BK(sy)

where

B+
K(u) = {∃ : m1 < m2 < . . . such that u+

mj∑
i=K+1

aiXi ∈ [0, C]};

B−
K(u) = {∃ : m′

1 < m′
2 < . . . such that u+

m′
j∑

i=K+1

aiXi ∈ [−C, 0]};

BK(u) = BK(u)
+ ∪BK(u)

−.

Since {X̄K = y} and BK(u) are independent, we have

P({X̄K = y} ∩BK(sy)) = P(X̄K = y)P(BK(sy)).

Consequently, P(BK(sy)) > 0, and as a result, P(B+
K(sy)) > 0 or P(B−

K(sy)) > 0

(or both).

Let Ω∗
K ⊆ ΩK contain those ys for which there is an index k such that nk+2 ≤ K

and ynk
= −1, ynk+1

= +1, ynk+2
= −1; let k be the smallest such index. For

y ∈ Ω∗
K define the mappings σ+, σ− : Ω∗

K → ΩK by

σ+(y) =

−yi, if i = nk or i = nk+1;

yi, otherwise;

σ−(y) =

−yi, if i = nk+1 or i = nk+2;

yi, otherwise.

Then for y ∈ Ω∗
K

sσ+(y) = sy + 2ank
− 2ank+1 ∈ [sy − 2C/3, sy − C/3],

sσ−(y) = sy − 2ank
+ 2ank+1 ∈ [sy + C/3, sy + 2C/3]

As a result, it is not hard to see that

{X̄K = σ+(y)} ∩B+
K(sy) ⊆

{
m∑
i=1

aiXi ∈ [−2C/3, 2C/3] for infinitely many ms

}
= Ẽ,

{X̄K = σ−(y)} ∩B−
K(sy) ⊆

{
m∑
i=1

aiXi ∈ [−2C/3, 2C/3] for infinitely many ms

}
= Ẽ.
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Since at least one ofB+
K(sy) andB−

K(sy) has a positive probability, P
(
X̄K = σ±(y)

)
=

2−K and the events on the LHS are independent, we conclude that P(Ẽ) > 0.

Now it only remains to show that there exists y ∈ Ω∗
K such that P({X̄K =

y} ∩ E) > 0. Let κ := κ(K) = max{k ∈ Z+ : nk ≤ K}; obviously, κ(K) → ∞ as

K → ∞. If we chose y from ΩK uniformly, we can trivially bound the probability

that y /∈ Ω∗
K by2 (

1− 1

8

)⌊κ/3⌋

→ 0 as κ → ∞

by grouping together triples (Xn1 , Xn2 , Xn3), (Xn4 , Xn5 , Xn6), etc.; in each such a

triple

P
(
(Xnk

, Xnk+1
, Xnk+2

) = (−1,+1,−1)
)
= 1/8.

Hence

P(E) =
∑
y∈ΩK

P({X̄K = y} ∩ E) =
∑
y∈Ω∗

K

P({X̄K = y} ∩ E) + P
({

X̄K ∈ ΩK \ Ω∗
K

}
∩ E

)
.

(2)

Since P
({

X̄K ∈ ΩK \ Ω∗
K

}
∩ E

)
≤ P

(
X̄K ∈ ΩK \ Ω∗

K

)
, by making K sufficiently

large, we can ensure that the second term on the RHS of (2) is less than P(E),

implying that there exist some y ∈ Ω∗
K such that P({X̄K = y} ∩ E) > 0, as

required.

Next result shows that if the sequence a is non-decreasing, then the walk will

always “jump” over 0 infinitely many times, even if the walk is not C-recurrent.

Theorem 2. Suppose that ai is a non-decreasing sequence positive sequence. Then

the event {S(n) > 0} holds for infinitely many ns a.s. The same is true for the

event {S(n) < 0}.

The theorem immediately follows from symmetry and a more general

Proposition 1. Suppose that ai is a non-decreasing sequence, an integer m is

such that am+1 > 0, and S(m) = A > 0. Define

τ = inf{k ≥ 0 : S(m+ k) ≤ 0}.

2exact: see A005251, P
(
X̄K /∈ Ω∗

K

)
≈ λκ, λ =

3
√

100+12
√
69

6 + 2

3
3
√

100+12
√
69

+ 2
3 = 0.877...,

κ = κ(K)
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Let Yj ∼ Rademacher be i.i.d., and

τ̃ = inf{k ≥ 0 : Y1 + Y2 + · · ·+ Yk ≤ −r}

where r = ⌈A/am+1⌉; note that τ̃ < ∞ a.s. and that, in fact, Y1 + · · ·+ Yτ̃ = −r.

Then τ is stochastically smaller than τ̃ , that is,

P(τ > m) ≤ P(τ̃ > m), m = 0, 1, 2, . . .

Proof. We will use coupling. Indeed, we can write

S(m+ j) = A+ am+1Y1 + am+2Y2 + · · ·+ am+kYj, j = 1, 2, . . .

Suppose that τ̃ = k, that is

Y1 > −r, Y1 + Y2 > −r, . . . , Y1 + Y2 + · · ·+ Yk−1 > −r;

Y1 + Y2 + · · ·+ Yk−1 + Yk = −r.

Then, recalling that ai is a non-decreasing sequence,

S(m+ k) = A+ am+1Y1 + · · ·+ am+k−1Yk−1 + am+kYk

≤ A+ am+1Y1 + · · ·+ am+k−2Yk−2 + am+k−1Yk−1 + am+k−1Yk (since Yk = −1)

= A+ am+1Y1 + · · ·+ am+k−2Yk−2 + am+k−1[Yk−1 + Yk]

≤ A+ am+1Y1 + · · ·+ am+k−2Yk−2 + am+k−2[Yk−1 + Yk]

= A+ am+1Y1 + · · ·+ am+k−2[Yk−2 + Yk−1 + Yk]

≤ · · · ≤ A+ am+1[Y1 + ... + Yk] = A− ram+1 ≤ 0,

since Yk, Yk−1+Yk, Yk−2+Yk−1+Yk, . . . , Y1+ · · ·+Yk are all negative. Therefore,

τ ≤ τ̃ .

Throughout the paper we will use a version of the Azuma-Hoeffding inequality;

compare with the results of [3].

Lemma 1. Suppose that b1, b2, . . . , bm is a sequence of non-negative numbers and

S = b1Y1 + b2Y2 + · · ·+ bmYm, where Yj ∼ Rademacher are i.i.d. Then

P (|S| ≥ A) ≤ 2 exp

(
− A2

2(b21 + · · ·+ b2m)

)
for all A > 0. (3)

We also state the following fairly standard result.

Lemma 2. Let Ti = Y1+· · ·+Yi be a simple random walk. Suppose that Lk and yk,

k = 1, 2, . . . , are two sequences such that Lk → ∞, yk → ∞ and yk/
√
Lk → r > 0.

Then

P
(

max
1≤i≤Lk

Ti ≥ yk

)
→ 2P(η ≥ r) = 2− 2Φ(r)

where η ∼ N (0, 1) and Φ(·) is its CDF.
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Proof. Let ỹk = ⌈yk⌉ ∈ Z+. By the reflection principle,

P
(

max
1≤i≤Lk

Ti ≥ yk

)
= P

(
max

1≤i≤Lk

Ti ≥ ỹk

)
= 2P(TLk

≥ ỹk)− P(TLk
= ỹk)

= 2P
(

TLk√
Lk

≥ ỹk√
Lk

)
+O

(
1√
Lk

)
→ 2P(η ≥ r)

by the Central Limit Theorem, using also the fact that ỹk/yk → 1.

2 Integer-valued a-walks

Suppose that the sequence a contains only integers.

Proposition 2. Let z ∈ Z. Suppose that the sequence∫ π

0

cos(tz)
n∏

k=1

cos(tak)dt, n = 1, 2, . . .

is summable. Then the events {S(n) = z} occur for finitely many ns a.s.

Proof. The result follows from the standard Fourier analysis. Indeed,

EeitS(n) =
∑
k∈Z

eitkP(S(n) = k)

where the sum above goes, in fact, effectively over a finite number of ks (as |S(n)| ≤
a1 + · · ·+ an). At the same time,∫ π

−π

eit(k−z)dt =

2π, if k = z;

0, if k ∈ Z \ {z}.

By changing the order of summation and integration, we obtain

1

2π

∫ π

−π

Eeit(S(n)−z)dt =
1

2π

∑
k∈Z

∫ π

−π

eit(k−z) P(S(n) = k) dt = P(S(n) = z).

On the other hand,

1

2π

∫ π

−π

Eeit(S(n)−z)dt =
1

2π

∫ π

−π

e−itz

n∏
k=1

EeitakXkdt =
1

π

∫ π

0

cos(tz)
n∏

k=1

cos(tak)dt

by the symmetry of cos and the fact that the imaginary part must equal zero. Now

the result follows from the Borel-Cantelli lemma, since
∑

n P(S(n) = z) < ∞.

Corollary 1. Suppose that the sequence∫ π

0

∣∣∣∣∣
n∏

k=1

cos(tak)

∣∣∣∣∣ dt, n = 1, 2, . . .

is summable. Then the a-walk is transient a.s.
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Proof. From Proposition 2 we know that for each z ∈ Z

πP(S(n) = z) =

∫ π

0

cos(tz)
n∏

k=1

cos(tak)dt ≤
∫ π

0

∣∣∣∣∣cos(tz)
n∏

k=1

cos(tak)

∣∣∣∣∣ dt ≤
∫ π

0

∣∣∣∣∣
n∏

k=1

cos(tak)

∣∣∣∣∣ d.
Hence the event {S(n) = z} occurs finitely often a.s. for each z. Since for each

C > 0 there are only finitely many integers in [−C,C] we conclude that the walk

is not C-recurrent a.s. for every C.

An interesting and quite natural example is when a = (1, 2, 3, . . . ), i.e., ai = i.

It was previously published in the IMS Bulletin [8], in the Student Puzzle Corner

no. 37.

Theorem 3. The a-walk with a = (1, 2, 3, . . . ) is a.s. transient.

This statement follows from a much stronger Theorem 4, but for the sake of

completeness, we present its self-contained proof.

Proof of Theorem 3. Let An = {S(n) = 0} = {X1 + 2X2 + · · ·+ nXn = 0}. Then
P(An) = Qn/2

n, where

Qn = number of ways to put ± in the sequence ∗1 ∗ 2 ∗ 3 ∗ · · · ∗ n such that the sum equals 0.

For example, Q1 = Q2 = 0, Q3 = Q4 = 2, Q5 = Q6 = 0, Q7 = 8, Q8 = 14, etc. It

was essentially shown in [6] that

Qn ∼
√

6

π

2n

n3/2
when n mod 4 ∈ {0, 3}

(and zero otherwise) as n → ∞, meaning that the ratio of the RHS and the LHS

converges to one. Consequently,
∑

n P(An) ∼
∑

n
const
n3/2 < ∞ and the events An

occur a.s. finitely often by the Borel-Cantelli lemma. Hence the walk is a.s. not

recurrent.

Moreover, since for any m ∈ Z

P(S(n+ 2|m|) = S(n)−m | Fn) ≥
1

22m

(by making the signs of Xn, Xn+1, Xn+2, . . . , Xn+2|m| alternate), we conclude that

if the event {S(n) = m} occurs infinitely often, then An shall also occur infinitely

often a.s., leading to contradiction. As a result, P({S(n) = m} i.o.) = 0 for all

integer ms, and thus the walk is a.s. not C-recurrent for any non-negative C.

Remark 1. Though the (1, 2, 3, . . . )-walk is transient, it still jump over zero in-

finitely many times, as it was shown by Theorem 2.
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In fact, Theorem 3 can be generalized greatly, using the result of [5], or even

a weaker result of [1].

Theorem 4. Let a be such that all ai’s are distinct integers. Then a-walk is a.s.

transient.

Proof. The main result of [5] implies that for any ϵ > 0

card({(x1, x2, . . . , xn) : all xi = ±1, a1x1 + · · ·+ anxn = m}) ≤ (1 + ϵ)2n+3

n3/2
√
π

for all n ≥ n0(ϵ) and all m. Setting ϵ = 1, and fixing m ∈ Z, we obtain that

∞∑
n=n0(1)

P(S(n) = m) ≤
∞∑

n=n0(1)

2 · 2n+3

n3/2
√
π
× 1

2n
=

16√
π

∞∑
n=n0(1)

1

n3/2
< ∞.

Therefore, by the Borel-Cantelli lemma, only finitely many events {S(n) = m}
occur a.s. Since S(n) takes only integer values, this implies that {|S(n)| ≤ C}
happens finitely often a.s. for any C > 0.

Remark 2.

(a) It is not difficult to see that in the condition of Theorem 4 it suffices that all

ak’s are distinct only starting from some k0 ≥ 1.

(b) If ak = ⌊kβ⌋ with β ≥ 1, then we immediately have a.s. transience by Theo-

rem 4.

3 A non-trivial recurrent example

We assume here that a = (B1, B2, B3, . . . ) where each Bk is a consecutive block

of k’s of length precisely Lk ≥ 1 . Denote also by ik = 1 + L1 + L2 + · · · + Lk−1

the index of the first element of the k−th block. For example, if Lk = 2k, then

ik = 2k − 1 and

a = (1, 1, 2, 2, 2, 2︸ ︷︷ ︸
L2 times

, 3, 3, 3, 3, 3, 3, 3, 3︸ ︷︷ ︸
L3 times

, 4, . . . , 4︸ ︷︷ ︸
L4 times

, . . . ),

one can also notice that ai = ⌊log2(i+ 1)⌋ = ⌈log2(i+ 2)⌉ − 1.

Theorem 5. Suppose that for some ε > 0, r > 0, and k0 we have

Lk

L1 + L2 + · · ·+ Lk′
≥ (2 + ε) ln k;

Lk

Lk′+1 + Lk′+2 + · · ·+ Lk−1

≥ 2r;

Lk ≥ k4,

(4)

whenever k − k′ ≥ k
ln k

− 2 and k, k′ ≥ k0. Then a-walk described above is a.s.

recurrent.
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Remark 3. One can easily check that the condition of the theorem are satisfied if

ak =
⌊
(logγ k)

β
⌋
, where γ > 1 and β ∈ (0, 1].

Proof of Theorem 5. We will proceed in FIVE steps.

Step 1: Preliminaries

First, we need the following lemma, which is probably known.

Lemma 3. Let m ∈ Z+ and Tm be a simple symmetric random walk on Z1, that

is, Tm = Y1+ · · ·+Ym, where Yi ∼ Rademacher are i.i.d. There exists a universal

constant c1 > 0 such that for all integers z such that |z| ≤ 2
√
m, assuming that

m is sufficiently large and m+ z is even,

P(Tm = z) ≥ c1√
m
.

Proof. W.l.o.g. assume z ≥ 0. We have

P(Tm = z) = P
(
Tm +m

2
=

z +m

2

)
= P(T̃ = w)

where T̃ ∼ Bin(m, 1/2) and w = z+m
2

∈ Z+. Note that m̃ ≤ w ≤ m̃ +
√
m where

m̃ = m/2. So

P(T̃ = w) =

(
m

w

)
2−m =

(
2m̃

m̃

)
1

22m̃
m̃! m̃!

w!(m− w)!
=

1 + o(1)√
πm̃

(2m̃− w + 1)(2m̃− w + 2) . . . m̃

(m̃+ 1)(m̃+ 2) . . . w

=
1 + o(1)√

πm̃

(
1− w − m̃

m̃+ 1

)(
1− w − m̃

m̃+ 2

)
. . .

(
1− w − m̃

w

)

≥ 1 + o(1)√
πm̃

(
1−

√
m

m̃+ 1

)w−m̃

≥ 1 + o(1)√
πm̃

(
1−

√
2 + o(1)√

m̃

)√
2m̃

=
e−2 + o(1)√

πm/2
≥ 0.1√

m

for large enough m.

Corollary 2. Let Tm, m = 0, 1, 2, . . . , be as simple symmetric random walk as

in Lemma 3. Assume that m and k are positive integers such that k2 ≤ m. Let

u ∈ Z, and either k is odd, or both k and m− u are even. Then for large ks

P(Tm − u mod k = 0) ≥ c1
2k

where c1 is the constant from Lemma 3.

Proof of Corollary 2. First, assume that m, and hence a, are even. Since (Tm −
u) mod k = 0 ⇐⇒ Tm = ũ mod k, where ũ = (u mod k) ∈ {0, 1, 2, . . . , k − 1}, it
suffices to show the statement for ũ.

9



Let M = ⌊2
√
m⌋ ∈ (2

√
m− 1, 2

√
m] and define

I = [−M,−M + 1, . . . ,−1, 0, 1, . . . ,M ] = I0 ∪ I1;

I0 = {z ∈ I : z is even}; I1 = {z ∈ I : z is odd}.

There are at least M elements in each I0 and I1.
If k is odd, then each of these two sets contains at least ⌊M

k
⌋ elements z such

that z = ũ mod k. If m is even (odd, resp.) for all z either in I0 (in I1, resp.)
by Lemma 3 for large ks (and hence large m) we have P(Tm = z) ≥ c1/

√
m.

Consequently,

P(Tm = ũ mod k) ≥
∑

z∈I, z=ũ mod k

P(Tm = z) ≥
⌊
M

k

⌋
× c1√

m
≥
(
M

k
− 1

)
× c1√

m

≥
(
2
√
m− 1

k
− 1

)
× c1√

m
≥
(
1− 1

k

)
× c1√

m
=

c1
k

−O(k−2)

since m ≥ k2.

If k is even, then if m is even (and thus a is also even) then I0 contains at

least ⌊M
k
⌋ elements z such that z = ũ mod k and at the same time Lemma 3 is

applicable for z ∈ I0. On the other hand, if m (and so u) is odd then I1 contains

at least ⌊M
k
⌋ elements z such that z = ũ mod k and Lemma 3 is applicable for

z ∈ I1. The rest of the proof is the same as for the case when k is odd.

Step 2: Splitting S(n)

Recall that that ik denotes the first index of block k and note that the sum of

all the steps within block k can be represented as

S(ik+1 − 1)− S(ik − 1) = k · Tk, Tk = X
(k)
1 + · · ·+X

(k)
Lk

where X
(k)
j ’s are i.i.d. Rademacher random variables.

For m = 2, . . . , let

km =

⌊m lnm⌋ if ⌊m lnm⌋ is odd;

⌊m lnm⌋+ 1 if ⌊m lnm⌋ is even.
(5)

Thus km is always odd; km, m = 2, 3, . . . equal 1, 3, 5, 7, 9, 13, 15, 19, 23, etc. Define

also

Am = {S(j) = 0 for some ikm ≤ j < ikm+1},

the event that S(j) hits zero for the step sizes inside of block Bkm , and the sequence

of sigma-algebras

Gm = Fikm+1
−1 = σ

(
km⋃
ℓ=1

(
Lℓ⋃
i=1

X
(ℓ)
i

))
.
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Intuitively, Gm contains all the information about the walk during its steps corre-

sponding to the first km blocks.

To simplify notations, let us now write k = km and k′ = km−1, and observe

that

k − k′ = km − km−1 ≥ m lnm− (m− 1) ln(m− 1)− 2 = lnm− 1 +O

(
1

m

)
≥ lnm− 2

(6)

for large m.

Let us split S(j) where j ∈ [ik, ik+1), as follows:

S(j) = S(ik′) +
k−1∑

n=k′+1

(
X

(n)
1 + · · ·+X

(n)
Ln

)
+ k ·

(
X

(k)
1 + · · ·+X

(k)
j−ik

)

= S(ik′) +

 k−2∑
n=k′+1

(
X

(n)
1 + · · ·+X

(n)
Ln

)
+ (k − 1)

ik−2k2−1∑
ℓ=1

X
(k−1)
ℓ


+ (k − 1) · Σ3 + k ·

(
X

(k)
1 + · · ·+X

(k)
j−ik

)
= Σ1 + Σ2 + (k − 1) · Σ3 + k · Σ4

where Σ1 = S(ik′) and

Σ2 =
k−2∑

n=k′+1

nTn + (k − 1)T ′
k−1, T ′

k−1 =

ik−1−2k2∑
ℓ=ik−1

X
(k−1)
ℓ ;

Σ3 = X
(k−1)

ik−2k2 +X
(k−1)

ik−2k2+1 + · · ·+X
(k−1)
ik−2 +X

(k−1)
ik−1 ;

Σ4 = X
(k)
1 +X

(k)
2 + · · ·+X

(k)
j−ik

.

Note that Σi, i = 1, 2, 3, 4 are independent, and Σ3 has precisely 2k2 terms.

Step 3: Estimating Σ1

Recall that k = km, k
′ = km−1 and let

Em−1 =
{
|Σ1| < k

√
Lk

}
∈ Gm−1.

By Lemma 1 and (4), assuming k is large,

P(Ec
m−1) ≤ P(|S(k′)| ≥ k′

√
Lk) ≤ 2 exp

(
− k′2 · Lk

2(L1 + 22 · L2 + 32 · L3 + · · ·+ k′2 · Lk′)

)
(7)

≤ 2 exp

(
− Lk

2(L1 + L2 + L3 + · · ·+ Lk′)

)
≤ 2 exp (−(1 + ε/2) ln k) =

2

k1+ε/2
=: εm.

Step 4: Estimating Σ2

11



Again, by Lemma 1 and (4), assuming that k is sufficiently large,

P

(
|Σ2| ≥ k

√
Lk

r

)
≤ 2 exp

(
− k2r−1Lk

2[(k′ + 1)2Lk′+1 + · · ·+ (k − 2)2Lk−2 + (k − 1)2(Lk−1 − 2k2)]

)
≤ 2 exp

(
− r−1 Lk

2[Lk′+1 + · · ·+ Lk−1 − 2k2]

)
≤ 2 exp (−1) = 0.7357588824 . . . .

Consequently,

P
(
|Σ2| < k

√
Lk/r

)
≥ 0.2 for large k. (8)

Step 5: Finishing the proof

We have a trivial lower bound

P (Am | Em−1,Gm−1) ≥ P

(
Am | |Σ2| < k

√
Lk

r
, Em−1,Gm−1

)
× P

(
|Σ2| < k

√
Lk

r
| Em−1,Gm−1

)
=: (∗)× 0.2 for large k (9)

by (8), since the second multiplier equals P
(
|Σ2| < k

√
Lk/r

)
by independence.

Let

Divk = {Σ1 + Σ2 + (k − 1)Σ3 = 0 mod k} = {Σ1 + Σ2 − Σ3 = 0 mod k} .

Since only on the event Divk, it is possible that S(j) = 0 for some j (since the

step sizes are ±k in the block Bk), we conclude that for large k

(∗) = P

(
Am | Divk, |Σ2| < k

√
Lk

r
, Em−1,Gm−1

)
× P

(
Divk | |Σ2| < k

√
Lk

r
, Em−1,Gm−1

)

≥ P

(
Am | Divk, |Σ2| < k

√
Lk

r
, Em−1,Gm−1

)
× c1

2k
(10)

due to the fact that by Corollary 2, P (Divk | Fik−2k2−1) ≥ c1/(2k). On the other

hand,

P

(
Am | Divk, |Σ2| < k

√
Lk

r
, Em−1,Gm−1

)
≥ P(Āk) ≥ β (11)

where

Āk = {a simple random walk, starting no further than (r−1/2 + 3)
√

Lk

from the origin, will hit zero within Lk steps},

and β = 1− Φ
(
r−1/2 + 3

)
> 0,
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because under our assumptions, using the last part of (4),

|Σ1 + Σ2 + (k − 1)Σ3| ≤ k
√

Lk + k
√

Lk/r + 2(k − 1)k2 < (1 + r−1/2 + 2)k
√

Lk

for large k, S(j) = [Σ1 + Σ2 + (k − 1)Σ3] + k · Σ4, and by Lemma 2

lim inf
k→∞

P(Āk) ≥ 2P(η > r−1/2 + 3) = 2β

so P(Āk) ≥ β for sufficiently large k.

Finally, from (9), (10), and (11) we get that∑
m

P (Am | Em−1,Gm−1) ≥
∑
m

0.2 c1β

2m logm
= +∞

and P(Ec
m) is summable by (7), so we can apply Lemma 5 to conclude that events

Am occur infinitely often and thus our a-walk is recurrent.

4 Continuous example

The example of an a-walk described in Theorem 5 roughly corresponds to the

case ak = ⌈logγ k⌉, k = 1, 2, . . . . But what if ak’s take non-integer values, but, for

example, equal

ak = logγ k ≡ c ln k, k = 1, 2, . . . ,

where γ = e1/c > 1? In this Section we will study this example. It is unreasonable

to assume that such a-walk is recurrent, because of the irrationality of the step

sizes, however, we might want to investigate if this walk is C-recurrent for some

C > 0. Our main result is the following

Theorem 6. Let c > 0 and ak = c ln k. Then the a-walk is a.s. C-recurrent for

every C > 0.

To prove this theorem, it is sufficient to show that whatever the value c > 0

is, {|S(n)| ≤ 3} happens i.o. almost surely. Indeed, take any C > 0. Then the

statement that a′-walk with a′k = 3c
C
ln k, k = 1, 2, . . . , is 3-recurrent is equivalent

to the statement that a-walk with ak = c ln k is C-recurrent.

The proof will proceed similarly to that of Theorem 5. Let us define km slightly

differently from (5); namely, let

km =

⌊m lnm⌋ if ⌊m lnm⌋ is even;

⌊m lnm⌋ − 1 if ⌊m lnm⌋ is odd.

13



Thus now km are always even. As before, set k = km, and k′ = km−1, and define

ik = ⌈γk⌉ = max{i ≥ 1 : ai < k}+ 1 = min{i ≥ 1 : ai ≥ k} ∈ [γk, γk + 1),

i.e., the first index when ai starts exceeding k. For i ∈ Jk := [ik, ik+1) write

S(i) = S(ik′ − 1) + [S(ik − 1)− S(ik′ − 1)− Σ3] +Σ3 +[S(i)− S(ik − 1)]

= Σ1 +Σ2 +Σ3 +Σ4(i)

(12)

where

Σ3 =
[
S(ik−1 + k2 − 1)− S(ik−1 − 1)

]
+
[
S(ik)− S(ik − k2)

]
.

Note that Σi, i = 1, 2, 3, 4 are independent, and Σ3 has 2 · k2 terms, and contains

the first k2 and the last k2 steps of the walk, when the step sizes lie in [k, k + 1).

Let

Em−1 =
{
|Σ1| < k

√
ik
}
=
{
S(ikm−1) < km

√
ikm

}
(13)

By Lemma 1, since ai < k′ < k for i < ik′ ,

P(Ec
m−1) = P

(
|Σ1| ≥ k

√
ik
)
≤ 2 exp

(
− ikk

2

2
∑ik′

j=1 a
2
j

)
≤ 2 exp

(
− ik
2ik′

)
≤ 2 exp

(
−γk − 1

2γk′

)
= 2 exp

(
−γk−k′(1 + o(1))

2

)
= 2 exp

(
− γlnm−2

2 + o(1)

)
= 2 exp

(
− mln γ

2γ2 + o(1)

)
=: εm−1

(14)

using (6) for k sufficiently large3. Observe that εm is summable.

Similarly, by Lemma 1

P
(
|Σ2| ≥ 2k

√
ik
)
≤ 2 exp

(
− 4k2ik
2k2 (ik − ik′ − 2k2)

)
< 2 e−2 = 0.27 . . .

Hence,

P(Fm) ≥ 0.72 where Fm =
{
|Σ2| < 2k

√
ik
}
. (15)

Lemma 4. Let n = k2 where k is an even positive integer, and assume also that

k is sufficiently large. Suppose that Xi, Yi, i = 1, 2, . . . , n, are i.i.d. Rademacher.

Let

T = (k − 1) (X1 +X2 + · · ·+Xn) + k (Y1 + Y2 + · · ·+ Yn). (16)

3Note that (6) was stated for km defined slightly differently, however, it holds here as well.
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Then

P(T = j) ≥ c21
4n

for each j = 0,±2,±4, . . . ,±n

where c1 is the constant from Lemma 3.

Proof. It follows from Corollary 2 that

P(X1 + · · ·+Xn = ℓ) ≥ c1
2k

, P(Y1 + · · ·+ Yn = ℓ) ≥ c1
2k

for all even ℓ such that |ℓ| ≤ 2k.

(17)

Let j = 2j̃ ∈ {0, 2, 4, . . . , n− 2, n}. Consider the sequence of k − 1 numbers

j̃, j̃ − k, j̃ − 2k, j̃ − 3k, . . . , j̃ − (k − 2)k;

they all give different remainders when divided by k− 1. Hence there must be an

m ∈ {0, 1, . . . , k − 2} such that j̃ −mk = b(k − 1) and b is an integer; moreover,

b ∈
[
−k(k−2)

k−1
n

2(k−1)

]
since 0 ≤ j̃ ≤ n/2. For such m and b we have j = 2j̃ =

(2m)k + (2b)(k − 1), and, since both |2m| and |2b| ≤ 2k,

P(T = j) ≥ P(X1 + · · ·+Xn = 2b) · P(Y1 + · · ·+ Yn = 2m) ≥
( c1
2k

)2
=

c21
4n

by (17). The result for negative j follows from the symmetry.

Corollary 3. Let ε = 2ck4

γk−1 . Then for large even k

P (Σ3 ∈ [j − ε, j + ε]) ≥ c21
4k2

for each j = 0,±2,±4, . . . ,±k2.

Proof. Σ3 has the same distribution as

k2∑
ℓ=1

c ln(ik−1 − 1 + ℓ)Xℓ +
k2∑
ℓ=1

c ln(ik − ℓ)Yℓ

for some i.i.d. Xℓ, Yℓ ∼ Rademacher. At the same time, for ℓ ≥ 1,

|c ln(ik−1 − 1 + ℓ)− (k − 1)| = |c ln(⌈γk−1⌉+ ℓ− 1)− (k − 1)|

≤ |c ln(γk−1 + ℓ)− (k − 1)| = c ln

(
1 +

ℓ

γk−1

)
≤ cℓ

γk−1

Similarly,

k − c ln(ik − ℓ) = k − c ln(⌈γk⌉ − ℓ) = k − c ln(γk − ℓ′) = −c ln

(
1− ℓ′

γk

)
∈
[
0,

cℓ

γk−1

]
for some ℓ′ ∈ [ℓ− 1, ℓ], assuming ℓ = o(γk). As a result, for T defined by (16),

|Σ3 − T | ≤
k2∑
ℓ=1

2cℓ

γk−1
=

ck2(k2 + 1)

γk−1
≤ 2ck4

γk−1
.

Now the result follows from Lemma 4.
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Proof of Theorem 6. Recall that Jk = [ik, ik+1) and define

Am = {S(i) for some i ∈ Jkm}.

Then

P(Am | Em−1,Gm−1) ≥ 0.72× P(Am | Fm, Em−1,Gm−1) (18)

(please see the definition of Fm in (15)). Recall formula (12) and write

S̃(i) = S(i)− Σ3 = Σ1 + Σ2 + Σ4(i).

From now on assume that |Σ1| < k
√
ik and |Σ2| < 2k

√
ik, that is, Em−1 and Fm

occur. Also assume w.l.o.g. that Σ1 + Σ2 ≥ 0. Let

Lk = ik+1 − ik − k2 = (γ − 1)γk + o(γk).

Consider a simple random walk with steps Yi ∼ Rademacher during its first

Lk steps. The probability that its minimum will be equal to or below the level

−3
√
ik = −3+o(1)√

γ−1

√
Lk converges by Lemma 2 to

2P
(
η >

3√
γ − 1

)
= 2− 2Φ

(
3√
γ − 1

)
=: 2c2 ∈ (0, 1)

as k → ∞ (recall that η ∼ N (0, 1)). As a result, by Proposition 1, the probability

that for some j0 ∈ {ik, ik + 1, ik + 2, . . . , ik + Lk − 1} we have the downcrossing,

that is,

S̃(j0 − 1) ≥ 0 > S̃(j0)

is bounded below by c2 for k sufficiently large. Formally, let

j0 = inf{j > ik : S̃(j) < 0};

C0 = {ik ≤ j0 ≤ ik + Lk − 1},

so we have showed that on Em−1 ∩ Fm ∩ {Σ1 + Σ2 > 0} we have P(C0) > c2 for

large k.

Now assume that event C0 occurred and define additionally

b0 = S̃(j0) ∈ (−k − 1, 0];

C =

{
max

0≤h≤k2

h∑
g=1

Xj0+g ≥ k

}
.

Again, from Lemma 2,

P(C) = 2P(Xj0+1+Xj0+1+· · ·+Xj0+k2 ≥ k) → 2(1−Φ(1)) = 0.3173 . . . as k → ∞.
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From now on assume that k is so large that P(C) > 0.2. On the event C there

exists an increasing sequence j1, j2, . . . , jk such that

j0 < j1 < j2 < · · · < jk ≤ j0 + k2 < ik+1

such that Xj0+1 +Xj0+1 + · · ·+Xjℓ = ℓ for each ℓ = 1, 2, . . . , k, since the random

walk must pass through each integer in {1, 2, . . . , k} in order to reach level k.

For ℓ = 1, 2, . . . , k, define

bℓ := S̃(jℓ) = b0 +

jℓ∑
h=j0+1

ahXh = b0 + aj0

[
jℓ∑

h=j0+1

Xh

]
+

jℓ∑
h=j0+1

(ah − aj0)Xh

= b0 + aj0ℓ+O

(
k4

γk

)
since for h ∈ [j0, j0 + k2] ⊆ [ik, ik+1) we have

|ah − aj0| = c

∣∣∣∣ln ah
aj0

∣∣∣∣ ≤ c

∣∣∣∣ln ik + k2

jk

∣∣∣∣ = O

(
k2

γk

)
.

As a result,

−(k + 1) < b0 < b1 < b2 < · · · < bk−1 < (k − 1)(k + 1) < k2

and moreover the distance between consecutive bg’s is at least two (provided k is

large). For ℓ = 0, 1, . . . , k − 1 define

b̃ℓ = sup

{
x ∈ 2Z : x+ bℓ ∈

[
1

2
, 3− 1

2

)}
≡ −2

⌊
bℓ
2
− 1

4

⌋
.

Then b̃ℓ’s are all distinct even integers satisfying |b̃ℓ| ≤ k2.

As a result,

P(Am | Fm, Em−1,Gm−1) ≥ c2 × 0.2× P(S(i) ∈ [0, 3] for some i ∈ Jk | C, C0)

≥ c2 × 0.2× P(S̃(iℓ) + Σ3 ∈ [0, 3] for some ℓ = 0, 1, . . . , k − 1 | C, C0)

= c2 × 0.2× P(bℓ + Σ3 ∈ [0, 3] for some ℓ = 0, 1, . . . , k − 1 | C, C0)

≥ c2 × 0.2× P(Σ̃3 ∈ [b̃ℓ − ε, b̃ℓ + ε] for some ℓ = 0, 1, . . . , k − 1 | C, C0)

= c2 × 0.2×
k−1∑
ℓ=0

P(Σ3 ∈ [b̃ℓ − ε, b̃ℓ + ε] | C, C0) ≥ c2 × 0.2× k × c21
4k2

=
c21c2
20k

assuming that ε in Corollary 3 is sufficiently small. Finally,

P(Am | Em−1,Gm−1) ≥ 0.72× P(Am | Fm, Em−1,Gm−1) ≥
0.72 c21c2
20km

≥ 0.036 c21c2
m lnm

the sum of which diverges. Hence, recalling (14), we can again apply Lemma 5.
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5 Sublinear growth of step sizes

Throughout this Section we assume

ak = ⌊kβ⌋, 0 < β < 1.

Proposition 3. Let S(n) = a1X1+ · · ·+anXn where ak = ⌊kβ⌋, 0 < β < 1. Then

P(|S(n)| = z) ≤ ν

n1/2+β
for all large n,

for some ν > 0.

Proof. Let Fn(t) =
∏n

k=1 | cos(tak)|. For all z ∈ Z we have

P(S(n) = z) =
1

2π

∫ π

−π

e−itzEeitS(n)dt ≤ 1

2π

∫ π

−π

∣∣EeitS(n)∣∣ dt = 1

2π

∫ π

−π

Fn(t)dt ≤
ν

n1/2+β

by Lemma 6 for some ν > 0, for all large n.

Theorem 7. Suppose that ak = ⌊kβ⌋, 0 < β < 1. Then the a-walk is a.s.

transient.

Proof. In the case β > 1/2 the a.s. transience follows immediately from Borel-

Cantelli lemma and Proposition 3, as
∑

n P(|S(n)| ≤ C) < ∞ for each C ≥ 1.

Assume from now on that 0 < β ≤ 1/2. Define km, ∆m, mn as in Case 3 of

the proof of Lemma 6. Fix a positive integer M and consider now only those n

for which mn = M ; assume without losing much rigor that 0.6M is an integer.

Let IM = {kM , kM + 1, . . . , kM+1 − 1}. Note that the elements of IM are precisely

those ns for which an = M , and that IM has of order M1/β−1 elements. Next, fix

some z ∈ Z and define

EM = EM(z) = {S(n) = z for some n ∈ IM}}.

For each z we will show that
∑

M P(EM) < ∞, and so by the Borel-Cantelli lemma

a.s. only finitely many events EM occur. Since S(n) takes only integer values, this

will imply that the walk is not C-recurrent for any C ≥ 0.

So, fix z from now on, write S(n) = S(kM) +R(n) where

R(n) =
n∑

i=kM

aiXi = M

n∑
i=kM

Xi,

Observe also that S(kM) and R(n) are independent. In order S(n) = z for some

n ∈ IM , we need that S(kM) = z mod M . Let Q = M
1
2β

+1−ε for an ε ∈ (0, 1/2).
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Assuming M is so large that Q ≥ 2|z|,

P(|R(n)| ≥ Q− |z|) ≤ 2 exp

(
− (Q/2)2

2M2 · (kM+1 − kM)

)
= 2 exp

(
− βQ2

(8 + o(1))M2 ·M
1
β
−1

)

= 2 exp

(
−βM1−2ε

8 + o(1)

)
for all n ∈ IM

by Lemma 1; hence

P(max
n∈IM

|R(n)| ≥ Q−|z|) ≤ |IM |×2 exp

(
−βM1−2ε

8 + o(1)

)
=: αM = O

(
M

1
β
−1e−

βM1−2ε

8+o(1)

)
,

which is summable in M . So,

P(EM) ≤ P
(
EM , max

n∈IM
|R(n)| < Q− |z|

)
+ P

(
max
n∈IM

|R(n)| ≥ Q− |z|
)

= P
(
EM , S(kM) = z mod M, max

n∈IM
|R(n)| < Q− |z|

)
+ αM = (∗) + αM

where the term αM is summable since 1 − 2ε > 0. Since EM implies implies

−S(kM) = R(n)− z for some n ∈ IM ,

(∗) ≤ P(|S(kM)| < Q, S(kM) = z mod M) =
∑

j: |j|<Q, j=z mod M

P(|S(kM)| = j)

≤ ν

k
1/2+β
M

× |{j : |j| < Q, j = z mod M}| ≤ ν + o(1)

M1+ 1
2β

×
[
2Q+ 1

M
+ 1

]
=

(ν + o(1))

πM1+ε

by Proposition 3. The RHS is summable in M , which concludes the proof.

Remark 4. By setting ε = 1/2 − δ/2, where δ > 0 is very close to zero, we can

ensure that

P(|S(n)| < M1/2−δ for some n ∈ IM) ≤
∑

z:|z|<M1/2−δ

P(EM(z)) ≤
[
const

M1+ε
+ αM

]
× 2M1/2−δ

=
2 const

M1+δ/2
+ 2M1/2−δαM

is summable. Hence, a.s. eventually |S(n)| will be larger that nβ/2−δ for any δ > 0.

Appendix 1: Modified conditional Borel-Cantelli

lemma

Lemma 5. Suppose that we have an increasing sequence of sigma-algebras Gm and

a sequence of Gm-measurable events Am and Em such that

P(Am | Em−1,Gm−1) ≥ αm, P(Ec
m) ≤ εm a.s.
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where the non-negative αn and εn satisfy∑
m

αm = ∞,
∑
m

εm < ∞. (19)

Then P(Am i.o.) = 1.

Proof. Let m > ℓ ≥ 1 and Bℓ,m =
⋂m

i=ℓ A
c
i . We need to show that for any ℓ ≥ 1

P(Bℓ,∞) = P
(
Ac

ℓ ∩ Ac
ℓ+1 ∩ Ac

ℓ+2 ∩ . . .
)
= 0. (20)

We have for m ≥ ℓ+ 1

P(Bℓ,m) = P (Ac
m ∩Bℓ,m−1) ≤ P (Ac

m ∩Bℓ,m−1 ∩ Em−1) + P
(
Ec

m−1

)
= P (Ac

m | Bℓ,m−1 ∩ Em−1)P (Bℓ,n−1 ∩ Em−1) + P
(
Ec

m−1

)
≤ P (Ac

m | Bℓ,m−1 ∩ Em−1)P (Bℓ,m−1) + εm−1 ≤ (1− αm)P (Bℓ,m−1) + εm−1.

(21)

By induction over m,m− 1,m− 2, . . . , ℓ+ 1 in (21), we get that

P(Bℓ,m) ≤ εm−1 + (1− αm) [(1− αm−1)P (Bℓ,m−2 | Gm) + εm−2] ≤ . . .

≤ εm−1 + (1− αm)εm−2 + (1− αm)(1− αm−1)εm−3 + . . .

+ (1− αm)(1− αm−1) . . . (1− αℓ+2)εℓ + (1− αm)(1− αm−1) . . . (1− αℓ+1).

Hence, for any integer M ∈ (ℓ,m)

P(Bℓ,m) ≤ εm−1 + εm−2 + · · ·+ εM

+ (1− αm)(1− αm−1) · · · (1− αM+1)εM−1 + · · ·+ (1− am)(1− αm−1) . . . (1− αℓ+2)εℓ

+ (1− αm)(1− αm−1) . . . (1− αℓ+1)

≤ [εm−1 + εm−2 + · · ·+ εM ]

+ (1− αm)(1− αm−1) · · · (1− αM+1)[εM−1 + εM−2 + · · ·+ εℓ + 1]

Fix any δ > 0. By (19) we can find an M be so large that
∑∞

i=M εi < δ/2. Then,

again by (19), there exists anm0 > M such that

m0∏
i=M+1

(1−αi) <
δ

2
(
1 +

∑M−1
i=ℓ εi

) .
Hence, for all m ≥ m0 we have P(Bℓ,m) ≤ δ/2 + δ/2 = δ. Since δ > 0 is arbitrary,

and Bℓ,m is a decreasing sequence of events in m, we conclude that P(Bℓ,∞) = 0,

as required.

Appendix 2: Generalization of Blair Sullivan’s re-

sults

Let ak = ⌊kβ⌋, where 0 < β < 1.
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Lemma 6. Let Fn(t) =
∏n

k=1 | cos(tak)|. Then∫ π

−π

Fn(t)dt =

√
8π(1 + 2β) + o(1)

nβ+1/2
as n → ∞.

Remark 5. Note that for β = 1 we would have obtained the same result as in [6].

Proof. We will proceed in the spirit of [6]. Note that by symmetry∫ π

−π

Fn(t)dt = 2

∫ π

0

Fn(t)dt = 2

∫ π/2

0

Fn(t)dt+2

∫ π/2

0

Fn(π−t)dt = 4

∫ π/2

0

Fn(t)dt

since | cos((π− t)ak)| = | cos(πak− tak)| = | cos(tak)| as ak is an integer. Let ε > 0

be very small and define

I0 =

[
0,

1

nβ+1/2−ε

]
, I1 =

[
1

nβ+1/2−ε
,
1

nβ

]
, I2 =

[
1

nβ
,
c1
nβ

]
, I3 =

[ c1
nβ

,
π

2

]
.

for some c1 > 1 to be determined later. Then∫ π/2

0

Fn(t)dt =

∫
I0

Fn(t)dt+

∫
I1

Fn(t)dt+

∫
I2

Fn(t)dt+

∫
I3

Fn(t)dt.

We will show that the contribution of all the integrals except the first one is

negligible, and estimate the value of the first one.

First, observe that when 0 ≤ tak ≤ π/2 for all k ≤ n, by the elementary

inequality | cosu| ≤ e−u2/2 valid for |u| ≤ π/2, we have

Fn(t) ≤
n∏

k=1

exp

(
−t2a2k

2

)
= exp

(
−t2

2

n∑
k=1

a2k

)
= exp

(
−t2 n2β+1(1 + o(1))

2(1 + 2β)

)
(22)

since a2k = k2β(1 + o(1)).

Case 0: t ∈ I0

Here tak ≤ n−1/2+ε ≪ 1, hence for n large enough

(tak)
2

2
≤ − ln cos(tak) =

(tak)
2

2
+

(tak)
4

12
+O

(
(tak)

6
)
≤ (1 + o(1))

(tak)
2

2

yielding Fn(t) = exp
(
− t2 n2β+1ρn,t

2(1+2β)

)
where ρn,t = 1 + o(1) for large n (compare

with (22)). Since∫ n−β−1/2+ε

0

exp

(
− t2 n2β+1ρ

2(1 + 2β)

)
dt =

1

n1/2+β

∫ nε

0

exp

(
− s2 ρ

2(1 + 2β)

)
ds

=
1

n1/2+β

[√
π(1 + 2β)

2ρ
+ o(1)

]
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by substituting t = s/n1/2+β, we conclude that∫
I0

Fn(t)dt =
1

n1/2+β

[√
π(1/2 + β) + o(1)

]
.

Case 1: t ∈ I1

Since tak ≤ 1 < π/2, by (22) for some C2 > 0 we have Fn(t) ≤ exp
(
−n2ε(1+o(1))

2(1+2β)

)
≤

e−C2n2ε
, so

∫
I1
Fn(t)dt ≤ e−C2n2ε

, which decays faster than polynomially.

Case 2: t ∈ I2

As in Case 2 in [6], we will use monotonicity of Fn(t) in n. Let r = c
−1/β
1 ∈ (0, 1)

then ⌊rn⌋β ≤ (rn)β = nβ

c1
, consequently by (22), since t ≤ c1

nβ ,

F⌊rn⌋(t) ≤ exp

(
−t2 (rn)2β+1(1 + o(1))

2(1 + 2β)

)
and since Fn(t) ≤ F⌊rn⌋(t), we get a similar bound as in Case 1.

Case 3: t ∈ I3

Let

km = inf{k ∈ Z+ : kβ ≥ m} = ⌈m1/β⌉, m = 1, 2, . . . ;

∆m = km+1 − km = β−1mγ +O(m1/β−2) + ρ0, γ :=
1− β

β
,

where |ρ0| ≤ 1. Then

ak = m if and only if k ∈ {km, km + 1, . . . , km +∆m − 1 (≡ km+1 − 1)}.

For n ∈ Z+ let

mn = max{m : km ≤ n} = nβ (1 + o(1)), n ∈ [kmn , kmn +∆mn − 1].

By the inequality between the mean geometric and the mean arithmetic,

Fn(t) =

√√√√ n∏
k=1

cos2(tak) =

 n

√√√√ n∏
k=1

cos2(tak)

n/2

≤
(∑n

k=1 cos
2(tak)

n

)n/2

=

(
1

2
+

Un(t)

2n

)n/2

where Un(t) =
n∑

k=1

cos(2tak).

We will show that if t is not too small, then for some 0 ≤ c < 1 we have Un(t) ≤ cn

and hence Fn(t) ≤
(
1+c
2

)n/2
. In order to do that, first note that

Un(t) ≤
kmn∑
k=1

cos(2tak) + (n− kmn) =
mn∑
m=1

∆m cos(2tm) + (n− kmn).
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Let r ∈ (0, 1) and assume w.l.o.g. that rmn is an integer. For m ∈ [rmn + 1,mn]

we have

A ≤ ∆m ≤ Ā where A = β−1(rmn)
γ +O(1), Ā = β−1mγ

n +O(1).

Consequently,
mn∑

m=rmn+1

∆m cos(2tm) ≤
mn∑

m=rmn+1

[
Ā · 1cos(2tm)≥0 + A · 1cos(2tm)<0

]
cos(2tm)

=
mn∑

m=rmn+1

[
Ā− A

]
cos(2tm)1cos(2tm)≥0 +

mn∑
m=rmn+1

A cos(2tm)

≤ (1− r)mn

(
Ā− A

)
+ A

mn∑
m=rmn+1

cos(2tm) = (1− r)mn

(
Ā− A

)
+ A

(
cos2 (rtmn + t)− cos2(tmn + t) +

cos t

2 sin t
[sin(2t(mn + 1))− sin(2t(rmn + 1))]

)
≤ m

1/β
n

β
(1− r)

[
1− rγ +O(m−γ

n )
]
+mγ

n

(
rγ

β
+O(m−γ

n )

)(
1 +

1

| sin t|

)
Hence, since m

1/β
n = n+ o(n),

Un(t) ≤
rmn∑
m=1

∆m +
mn∑

m=rmn+1

∆m cos(2tm) + (n− kmn) = krmn+1 +
mn∑

m=rmn+1

∆m cos(2tm) +O(∆mn)

≤ r1/βn+
m

1/β
n

β
(1− r)

[
1− rγ +O(m−γ

n )
]
+mγ

n

(
rγ

β
+O(m−γ

n )

)(
1 +

1

| sin t|

)
+O(mγβ

n )

≤ n

(
r1/β +

(1− r)(1− rγ)

β

)
+

4n1−ββ−1rγ

| sin t|
+ o(n)

Consider now the the function

h(r, β) := r1/β +
(1− r)(1− rγ)

β
= r1/β +

(1− r)
(
1− r1/β−1

)
β

and note that

h(1−β, β) = (1−β)1/β+1−(1−β)1/β−1 = 1−β(1−β)1/β−1 ≤ 1−e−1β < 1−β/3

since supβ∈(0,1)(1−β)1/β−1 = e−1 by elementary calculus. So if we set r = 1−β ∈
(0, 1), by noting t ≤ 2 sin t for t ∈ [0, π/2], we conclude that Un(t) ≤

(
1− β

4

)
n

provided that t ≥ c1
nβ for some c1 > 0. Consequently,

∫
I3
Fn(t)dt ≤

(
1− β

8

)n/2
for

large n, which converges to zero exponentially fast.
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Transience of continuous-time conservative
random walks

Satyaki Bhattacharya∗ and Stanislav Volkov∗
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Abstract

We consider two continuous-time generalizations of conservative random
walks introduced in [10], an orthogonal and a spherically symmetrical one;
the latter model is also known as random flights. For both models, we show
the transience of the walks when d ≥ 2 and the rate of changing of direction
follows power law t−α, 0 < α ≤ 1, or the law (ln t)−β where β > 2.

AMS subject classification: 60G50, 60J05, 60J75
Keywords: Random flight, non-time-homogeneous Markov chain, conservative
random walk, transience, recurrence

1 Introduction

Conservative random walk (discrete time) was introduced in [10] as time- nonho-
mogeneous Markov chain Xn, n = 1, 2, . . . , defined as a process on Zd such that
for given (non-random) sequence p1, p2, . . . , where all pi ∈ (0, 1), the walk at time
n with probability pn randomly picks one of the 2d directions parallel to the axis,
and otherwise it continues moving in the direction it was going before. This walk
can be viewed as generalization of Gillies random walk [7] A special interesting
case studied in [10] was when pn → 0, and in particular when pn ∼ n−α where
α ∈ (0, 1]; note that the case α > 1 is trivial as the walk would make only finally
many turns. The question of recurrence vs. transience of this walk was one of the
main questions of that paper.

Similar processes were known in the literature under different names. Some
of the earliest papers which mention the continuous process with memory of this
type were probably [8, 12]. The term persistent random was used in [3, 4]; in these
papers some very general criteria of recurrence vs. transience were investigated.
A planar motion with just three directions was studied in [6]. A book on Markov
random flights was recently published by Kolesnik [14]. Planar random motions
with drifts with four directions/speeds, switching at Poisson times, were studied
in [16]. Applications of telegraph processes to option pricing can be found in [18].
Characteristic functions of correlated random walks were studied in [5].

∗Centre for Mathematical Sciences, Lund University, Box 118 SE-22100, Lund, Sweden.

1



The main difference between the conservative random walk and most of the
models studied in the literature (except, perhaps, [19], which has a more ap-
plied focus) is that the underlying process of switching the direction is time-
inhomogeneous, thus creating various new phenomena. The recurrence/transience
of discrete space conservative random walk on Z1 was thoroughly studied in [9]
(please also see the references therein), and we believe that the continuous time
version in one dimension will have very similar features. The establishment of
recurrence in one dimension is more or less equivalent to finding that lim sup of
the process is +∞ and lim inf of the process is −∞, while in higher dimensions
the situation is much more intricate. Hence, we concentrate on the case when
the dimension of the space is at least 2, except Theorem 1 which deals with the
embedded process.

Below we introduce formally the two versions of a continuous-time conservative
random walk on Rd, d ≥ 1.

Model A (orthogonal model). Let λ(t) be a non-negative function such that

Λ(T ) =

∫ T

0

λ(t) dt < ∞ for all T ≥ 0;

lim
T→∞

Λ(T ) = ∞.
(1)

Let τ1 < τ2 < . . . be the consecutive points of a non-homogeneous Poisson point
process (PPP for short) on [0,∞) with rate λ(t), and τ0 = 0. Then conditions (1)
will guarantee that there will be finitely many τi’s in every finite interval and that
τn → ∞. Let f0, f1, f2 be an i.i.d. sequence of vectors, each of which has a uniform
distribution on the set of 2d unit vectors {±e1,±e2, . . . ,±ed} in Rd.

The (orthogonal, continuous-time) conservative walk generated by the rate
function λ(·) is a process Z(t), t ≥ 0, in Rd, d ≥ 1, such that Z(0) = 0 and at
each time τk, k ≥ 0, the walk starts moving in the direction fk, and keeps moving
in this direction until time τk+1, when it updates its direction. Formally, define

N(t) = sup{k ≥ 0 : τk ≤ t},

as the number of points of the PPP by time t, then

Z(t) =

N(t)−1∑
k=0

(τk+1 − τk) fk +
(
t− τN(t)

)
fN(t).

We can also define the embedded process Wn = Z(τn) so that W (0) = 0 and for
n ≥ 1

Wn =
n−1∑
k=0

(τk+1 − τk) fk.

The process Z(t) can be viewed as a continuous equivalent of the conservative
random walk introduced in [10].

Model B (von Mises–Fisher model). This model is defined similarly to the
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previous one, except that now random vectors fk, k = 1, 2, . . . , have a uniform
distribution on a d−dimensional unit sphere Sd−1, often called von Mises–Fisher
distribution, instead of just on 2d unit vectors of Rd.

Please note that this model is similar to the “random flights” model studied
e.g. in [17], however, their results are only for a time-homogeneous Poisson process,
unlike our case.

The results that we obtain in the current paper are somewhat different for the
two models, however, since they share a lot of common features, certain statements
will hold for both of them. The main goal is to establish transience vs. recurrence
of the walks, defined as follows.

Definition 1. Let ρ ≥ 0. We say that the walk Z(t) is ρ−recurrent, if there
is an infinite sequence of times t1 < t2 < . . . converging to infinity, such that
Z(ti) ∈ [−ρ, ρ]d for all i = 1, 2, . . . .

We say that the walk Z(t) is transient, if it is not ρ−recurrent for any ρ > 0,
i.e. equivalently limt→∞ ∥Z(t)∥ = ∞.

Recurrence and transience of the embedded process Wn are defined analogously,
with the exception that instead of t1, t2, t3, . . . in the above definition, we have a
strictly increasing sequence of positive integers ni, i = 1, 2, . . . .

Remark 1. Note that a priori it is unclear if transience and recurrence are zero-
one events, neither can we easily rule out a possibility of “intermediate” situations
(e.g. ρ−recurrence only for some ρ).

Our main result, which shows transience for two type of rates, are presented
in Theorems 1, 2, 3 and 4.

2 Preliminaries

Throughout the paper, we will use the following notations. We write X ∼ Poi(µ)
when X has a Poisson distribution with parameter µ > 0. For any set A, |A|
denotes the cardinality of the set A, and for x ∈ Rd, ∥x∥ denotes the usual
Euclidean norm of x.

First, we state Kesten’s generalization of the Kolmogorov-Rogozin inequality.
Let Sn = ξ1 + · · · + ξn where ξi are independent, and for any random variable Y
define Q(Y ; a) = supx P(Y ∈ [x, x+ a]).

Lemma 1 ([13]). There exists C > 0 such that for any real numbers 0 < a1, . . . , an ≤
2L one has

Q(Sn;L) ≤
CL

∑n
i=1 a

2
i (1−Q(ξi; ai))Q(ξi; ai)

[
∑n

i=1 a
2
i (1−Q(ξi; ai))]

3/2

Secondly, ifD1, . . . , Dm is a sequence of independent events each with probabil-
ity p, and ε > 0, and ND(m) = card ({i ∈ {1, . . . ,m} : Di occurs}) =

∑m
i=1 1Di

,
then

P(|ND(m)− pm| ≥ εm) ≤ 2 exp
(
−2ε2m

)
; (2)

by Hoeffding’s inequality (see e.g. [11]).
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Suppose we have an inhomogeneous PPP with rate

λ(t) =
1

tα
, t > 0, (3)

where 0 < α < 1 is constant; thus Λ(T ) =
∫ T

0
λ(t) dt = T 1−α

1−α
and conditions (1)

are fulfilled. Let 0 < τ1 < τ2 < . . . denote the points of the PPP in the increasing
order.

The following statement is probably known, but for the sake of completeness,
we provide its short proof.

Claim 1. Let Z be a Poisson random variable with rate µ > 0. Then

P
(
Z ≥ 3µ

2

)
≤ e−

3 ln(3/2)−1
2

µ = e−0.108...µ,

P
(
Z ≤ µ

2

)
≤ e−

1−ln 2
2

µ = e−0.153...µ.

Proof. By Markov inequality, since EeuZ = eµ(e
u−1), we have for u > 0

P
(
Z ≥ 3µ

2

)
≤ P

(
euZ ≥ e

3µu
2

)
≤ e−

3µu
2 EeuZ = e−µ[ 3u2 −eu+1].

Setting u = ln(3/2) yields the first inequality in the claim.
For the second inequality, we use

P
(
Z ≤ µ

2

)
≤ P

(
e−uZ ≥ e−

µu
2

)
≤ e

µu
2 Ee−uZ = e−µ[−u

2
−e−u+1].

Now let u = ln 2.

Lemma 2. Suppose that the rate of the PPP is given by (3). For some c1 > c0 > 0,
depending on α only, we have

P
(
τk ≤ c0k

1
1−α

)
≤ e−k/15; P

(
τk ≥ c1k

1
1−α

)
≤ e−k/15.

Proof. Recall that N(s) denote the number of points of the PPP by time s. Then
N(s) ∼ Poi(Λ(s)) and

P(τk ≤ s) = P(N(s) ≥ k).

Let Tn = Λ(−1)(n) = 1−α
√

(1− α)n. Noting that N(Tn) ∼ Poi(n) for all n, we
have

P(τk ≤ T2k/3) = P
(
N(T2k/3) ≥ k

)
= P

(
Z ≥ 3

2
µ

)
≤ e−0.07213...k.

by Claim 1, with Z ∼ Poi(µ) where µ = 2k/3. Similarly,

P(τk ≥ T2k) = P(N(T2k) ≤ k) ≤ P
(
Z ≤ 1

2
µ

)
≤ e−0.30685...k.

by Claim 1, with Z ∼ Poi(µ) where µ = 2k. Note that 0.07213 > 1
15
, 0, 30685 >

1
15
.

Now the statement follows with c0 = 1−α
√

2(1− α)/3 and c1 = 1−α
√

2(1− α).
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3 Analysis of Model A

Theorem 1. Let d = 1, α ∈ (1/3, 1), and the rate is given by (3). Then the
embedded walk Wn is transient a.s.

Proof. Assume w.l.o.g. that n is even. We will show that for any ρ > 0 the walk
Wn visits [−ρ, ρ] finitely often a.s. With probabilities close to one, both events

E1 =
{
τn/2 ≥ c0(n/2)

1
1−α

}
,

E2 =
{
τn ≤ c1n

1
1−α

} (4)

occur; indeed,

P(Ec
1) ≤ e−n/30, P(Ec

2) ≤ e−n/15 (5)

by Lemma 2.
Since rate λ(t) = t−α of the Poisson process is monotonously decreasing, ran-

dom variables τi−τi−1, n/2 ≤ i ≤ n, under the condition stated in the event E1, are
stochastically larger than i.i.d. exponential random variables ζi with rates equal

to [c0(n/2)
1

1−α ]α = c̃0 n
− α

1−α for some c̃0 > 0. For ζ, there exists β = β(c0, α) > 0
such that

P
(
ζi > βn

α
1−α

)
= exp

(
−c̃0 n

− α
1−α · βn

α
1−α

)
= e−c̃0β =

2

3
.

Let
In =

{
i ∈ [n/2, n] : i is even, τi − τi−2 > βn

α
1−α

}
,

note that card (In) ≤ n/4. Then, since τi − τi−2 > τi − τi−1, by stochastic mono-
tonicity and Hoeffding’s inequality (2) with m = n

4
, p = 2

3
, and ε = 2

3
− 1

2
= 1

6

P
(
card (In) <

1

2
· n
4
| E1
)

≤ P
(
card

({
i ∈ [n/2, n] : i is even, ζi > βn

α
1−α

})
<

n

8

)
≤ 2e−n/72.

(6)

Let
Jn = {i ∈ In : fi−1 = −fi−2} .

Since fi are i.i.d. and independent of {τ1, τ2, . . . }, and P(fi−1 = −fi) = 1/2, on the
event {card (In) ≥ n/8} we have by (2) with m = card (In), p = 1/2, ε = 1/34

P
(
card (Jn) <

n

17
| card (In) ≥

n

8

)
≤ P

(∣∣∣∣card (Jn)− card (In)

2

∣∣∣∣ > card (In)

34
| card (In) ≥

n

8

)
≤ 2 exp

{
−2 · 1

342
· n
8

}
= 2e−c∗n

(7)

where c∗ =
1

4624
.

Our proof will rely on conditioning over the even stopping times, that is, on
the event

D = D0 ∩ D1 ∩ E2,
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where

D0 = {τn/2 = tn/2, τn/2+2 = tn/2+2, . . . , τn = tn}, (8)

D1 = {card (Jn) ≥ n/17} ∩ E1

for some strictly increasing sequence 0 < tn/2 < tn/2+2 < · · · < tn. Note that

P(Dc
1) ≤ P (Ec

1) + P
(
card (Jn) <

n

17
| E1
)

≤ P (Ec
1) + P

(
card (Jn) <

n

17
| card (In) ≥

n

8
, E1
)
+ P

(
card (In) <

n

8
| E1
)

≤ e−n/30 + 2e−c∗n + 2e−n/72 ≤ 5e−c∗n

(9)

by (5), (6), and (7).
We denote the ith step of the embedded walk by Xi = Wi−Wi−1, i = 1, 2, . . . ,

and
ξi := Xi−1 +Xi = (τi−1 − τi−2)fi−2 + (τi − τi−1)fi−1.

Conditioned on D, random variables ξ2, ξ4, ξ6, . . . are then independent.

Lemma 3. For i ∈ Jn we have

sup
x∈R

P (ξi ∈ [x− ρ, x+ ρ] | D) ≤ cρ

n
α

1−α

for some c = c(α) > 0.

Proof of Lemma 3. Given τi−2 = ti−2 and τi = ti, τi−1 has the distribution of the
only point of the PPP on [ti−2, ti] with rate λ(t) conditioned on the fact that there
is exactly one point in this interval. Hence the conditional density of τi−1 is given
by

fτi−1|D(x) =


λ(t)∫ ti

ti−2
λ(u) du

, if x ∈ [ti−2, ti];

0, otherwise.

Assume w.l.o.g. that Xi−1 > 0 > Xi (recall that i ∈ Jn). Then

ξi = [τi−1 − τi−2]− [τi − τi−1] = 2τi−1 − (ti−2 + ti)

so that the maximum of the conditional density of ξi equals one-half of the maxi-
mum of the conditional density of τi−1. At the same time, since λ is a decreasing
function,

sup
x∈R

fτi−1|D(x) =
λ(ti−2)∫ ti

ti−2
λ(u) du

≤ λ(ti−2)

(ti − ti−2)λ(ti)
≤ λ(ti−2)

βn
α

1−αλ(ti)
=

1

βn
α

1−α

·
(

ti
ti−2

)α

≤ 1

βn
α

1−α

·
(

τn
τn/2

)α

≤ 1

βn
α

1−α

·
(

c1

c02
− 1

1−α

)α

since the events E1 and E2 occur. This implies the stated result with c = β−1
(
c−1
0 c1

1−α
√
2
)α
.
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Now we divide Wn into two portions:

A =
∑
i∈Jn

ξi;

B = Wn − A =
∑

i∈{2,4,...,n}\Jn

ξi;

Lemma 4. We have

sup
x∈R

P (A ∈ [x− ρ, x+ ρ] | D) ≤ C

n
α

1−α
+ 1

2

for some C = C(α, ρ) > 0.

Proof of Lemma 4. The result follows immediately from Lemma 1 with ai ≡ 2ρ =
L, using Lemma 3, and the fact that card (Jn) ≥ n/17.

So,

P(|Wn| ≤ ρ | D) = P(A+B ∈ [−ρ, ρ] | D) =

∫
P(A+ b ∈ [−ρ, ρ] | D)fB|D(b) db

≤
∫

sup
x

P(A ∈ [x− ρ, x+ ρ] | D)fB|D(b) db ≤
C

n
α

1−α
+ 1

2

where fB|D(·) is the density of B conditional on D.
Finally, using (5) and (9) we get

P(Wn ∈ [−ρ, ρ]) ≤ P(Wn ∈ [−ρ, ρ] | D) + P (Dc
1) + P (Ec

2) ≤
C

n
α

1−α
+ 1

2

+ 5e−c∗n + e−n/15

which is summable over n, so we can apply the Borel-Cantelli lemma to show that
{|Wn| ≤ ρ} occurs finitely often a.s.

Theorem 2. Let d ≥ 2, α ∈ (0, 1), and the rate of the PPP is given by (3). Then
Z(t) is transient a.s.

Remark 2. The above result holds also for α = 1, and the proof is more or less
identical to that of Theorem 5.2 in [10], once we establish that a.s. τn > ecn for
some c > 0 and all large n; the latter follows from the arguments similar to that
of Lemma 2.

Proof. We will provide the proof only for the case d = 2 and ρ = 1; it can be easily
generalized for all d ≥ 3 and ρ > 0. Denote the coordinates of the embedded walk
by Xn and Yn, thus Wn = (Xn, Yn) ∈ R2. Fix some small ε > 0 and consider the
event

Rn =
{
Z(t) ∈ [−1, 1]2 for some t ∈ (τn, τn+1]

}
We will show that events Rn occur finitely often a.s., thus ensuring the transience
of Z(t).

For the walk Z(t) to hit [−ρ, ρ]2 between times τn and τn+1, we have to have
either

7
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Figure 1: Model A: recurrence of conservative random walk on R2

• |Xn| ≤ ρ, fn = −sign(Yn)e2, and τn+1 − τn ≥ |Yn| − 1, or

• |Yn| ≤ ρ, fn = −sign(Xn)e1, and τn+1 − τn ≥ |Xn| − 1

(see Figure 1.)
Using the fact that fn are independent of anything, we get

P(Rn) ≤
1

4
P (|Xn| ≤ ρ, τn+1 − τn ≥ |Yn| − 1)+

1

4
P (|Yn| ≤ ρ, τn+1 − τn ≥ |Xn| − 1) .

We will show that P (|Xn| ≤ ρ, |Yn| ≤ τn+1 − τn + 1) is summable in n (and the
same holds for the other summand by symmetry), hence by the Borel-Cantelli
lemma that Rn occur finitely often a.s.

Lemma 5. Assume that ε ∈ (0, 1). Then there exists c∗1 = c∗1(ε) such that for all
sufficiently large n

P
(
τn+1 − τn + 1 ≥ n

α
1−α

+ε
)
≤ 3 e−c∗1n

ε

Proof of Lemma 5. For s, t ≥ 0 we have

P(τn+1−τn ≥ s | τn = t) = exp {−[Λ(t+ s)− Λ(t)]} = exp

{
−(t+ s)1−α − t1−α

1− α

}
,

so if t < c1n
1

1−α , where c1 is the constant from Lemma 2, and s = n
α

1−α
+ε − 1 =

o
(
n

1
1−α

)
, we have

P(τn+1 − τn ≥ s | τn = t) ≤ exp

{
−(c1n

1
1−α + s)1−α − c1−α

1 n

1− α

}

≤ exp

−nc1−α
1

1− α

(1 + n
α

1−α
+ε − 1

c1n
1

1−α

)1−α

− 1

 = exp

{
−nε(1 + o(1))

cα1

}
.

Consequently, using Lemma 2,

P
(
τn+1 − τn ≥ n

α
1−α

+ε − 1
)
≤ P

(
τn+1 − τn ≥ n

α
1−α

+ε − 1 | τn < c1n
1

1−α

)
+ P

(
τn ≥ c1n

1
1−α

)
≤ e−c∗1n

ε

+ e−n/15 ≤ 2e−c∗1n
ε

(10)

for some c∗1 ∈ (0, 1/15).
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Now we will modify the proof of Theorem 1 slightly to adapt to our needs. Let
the events E1 and E2 be the same as in the proof of this theorem. We will also use
the set In, but instead of Jn we will introduce the sets

J1
n = {i ∈ In : fi−1 = −fi−2, fi−1 ∈ {e1,−e1}};

J2
n = {i ∈ In : fi−1 = −fi−2, fi−1 ∈ {e2,−e2}}.

Similarly to the proof of Theorem 1, inequality (9), we immediately obtain that

P(card
(
J1
n

)
≤ n/34) ≤ P(card

(
J1
n

)
≤ n/34 | E1) + P(Ec

1) ≤ 6e−c′∗n,

P(card
(
J2
n

)
≤ n/34) ≤ P(card

(
J2
n

)
≤ n/34 | E1) + P(Ec

1) ≤ 6e−c′∗n
(11)

for some c′∗ > 0.
Fix a deterministic sequence of unit vectors g1, . . . ,gn such that each gi ∈

{±e1,±e2}. We now also define the event

D = {f1 = g1, . . . , fn = gn} ∩ {τk = tk for all k ≤ n : k is even or fk ⊥ fk+1}

∩
{
card

(
J1
n

)
≥ n

34

}
∩
{
card

(
J2
n

)
≥ n

34

}
∩ E1 ∩ E2.

Therefore, repeating the previous arguments for each of the horizontal and vertical
components of Wn we immediately obtain

P(|Xn| ≤ 1 | D) ≤ C

n
α

1−α
+ 1

2

;

sup
x∈R

P(|Yn − x| ≤ 1 | D) ≤ C

n
α

1−α
+ 1

2

.

The second inequality implies that

P(|Yn| ≤ n
α

1−α
+ε | D) ≤ n

α
1−α

+ε · C

n
α

1−α
+ 1

2

=
C

n
1
2
−ε

.

Now, by Lemma 5

P (|Xn| ≤ 1, |Yn| ≤ τn+1 − τn + 1) ≤ P
(
|Xn| ≤ 1, |Yn| ≤ τn+1 − τn + 1 | τn+1 − τn + 1 ≤ n

α
1−α

+ε
)

+ P
(
τn+1 − τn + 1 ≥ n

α
1−α

+ε
)

≤ P
(
|Xn| ≤ 1, |Yn| ≤ n

α
1−α

+ε
)
+ 3e−c∗1n

ε

.

Observing that Xn and Yn are actually independent given D, we conclude that

P
(
|Xn| ≤ 1, |Yn| ≤ n

α
1−α

+ε
)
≤ P

(
|Xn| ≤ 1, |Yn| ≤ n

α
1−α

+ε | D
)

+ P
(
card

(
J1
n

)
<

n

34
or card

(
J1
n

)
<

n

34

)
+ P(Ec

1) + P(Ec
2)

≤ C

n
α

1−α
+ 1

2

· C

n
1
2
−ε

+ 12 e−c′∗n + e−n/15 + e−n/15 =
C2 + o(1)

n1+[ α
1−α

−ε]

by (5) and (11). Assuming ε ∈
(
0, α

1−α

)
, the RHS is summable, and thus P (|Xn| ≤ ρ, |Yn| − 1 ≤ τn+1 − τn)

is also summable in n.
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Theorem 3. Let d ≥ 2, and the rate be given by

λ(t) =

{
1

(ln t)β
, t ≥ e;

0, otherwise.
(12)

Then Z(t) is transient as long as β > 2.

Proof. The proof is analogous to the proof of Theorem 2; we will only indicate
how that prove should be modified to this case. As before, we assume that ρ = 1,
d = 2, without loss of generality. First, we prove the following

Lemma 6. Let

Λ(T ) =

∫ T

0

λ(s) ds =

∫ T

e

ds

(ln s)β
.

Then

lim
T→∞

Λ(T )

T (lnT )−β
= 1

Proof of Lemma 6. Fix an ϵ ∈ (0, 1), then

Λ(T ) =

∫ T

e

ds

(ln s)β
=

∫ T 1−ϵ

e

ds

(ln s)β
+

∫ T

T 1−ϵ

ds

(ln s)β
< T 1−ϵ +

T

(lnT )β(1− ϵ)β
.

At the same time, trivially,

Λ(T ) >
T − e

(lnT )β
.

Now the limit of the ratio of the upper and the lower bounds of Λ(T ) can be made
arbitrarily close to 1, by choosing a small enough ϵ. Hence the statement of the
lemma follows.

The rest of the proof goes along the same lines as that of Theorem 2

(1) First note that for some c > 0 the event
{
τn ≤ cn(lnn)β

}
occurs finitely

often almost surely. Indeed,

Λ̃ = Λ(cn(lnn)β) =
cn(lnn)β

[ln(cn(lnn)β)]β
(1+o(1)) =

(lnn)β

(1 + o(1))(lnn)β
cn(1+o(1)) = (1+o(1))cn

by Lemma 6, and thus

P(τn ≤ cn(lnn)β) = P
(
N
(
cn(lnn)β

)
≥ n

)
= e−Λ̃

(
Λ̃n

n!
+

Λ̃n+1

(n+ 1)!
+

Λ̃n+2

(n+ 2)!
+ . . .

)

= e−Λ̃ Λ̃
n

n!

(
1 +

Λ̃

(n+ 1)
+

Λ̃2

(n+ 1)(n+ 2)
+ . . .

)

≤ e−Λ̃ Λ̃
n

n!

(
1 +

Λ̃

1!
+

Λ̃2

2!
+ . . .

)
=

Λ̃n

n!
=

[(1 + o(1))cn]n

n!
= O

(
[(1 + o(1))c]nnn

nne−n
√
n

)
.

This quantity is summable as long as ce < 1, and the statement follows from
the Borel-Cantelli lemma.
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(2) For any positive ϵ, the event
{
τn ≥ c∗n(lnn)β

}
, where c∗ = 1 + ϵ, occurs

finitely often, almost surely. Indeed,

Λ̄ := Λ
(
c∗n(lnn)β

)
=

c∗n(lnn)β

[ln(c∗n(lnn)β)]β
(1+o(1)) = c∗n(1+o(1)) ≥ (1+ϵ/2)n

for large enough n by Lemma 6. Hence, since Λ̄ > n,

P
(
τn ≥ c∗n(lnn)β

)
= P(N

(
c∗n(lnn)β

)
≤ n) = e−Λ̄

(
1 + Λ̄ +

Λ̄2

2!
+ · · ·+ Λ̄n

n!

)
≤ e−Λ̄ (n+ 1)

Λ̄n

n!
= e−Λ̄ (n+ 1)

Λ̄n

nne−n
√
2πn

(1 + o(1))

= (1 + o(1))

√
n

2π
exp

{
−n

[
Λ̄

n
− 1− ln

Λ̄

n

]}
which is summable in n, as c∗ = 1 + ϵ implies that the expression in square
brackets is strictly positive (this follows from an easy fact that c−1−ln c > 0
for c > 1). Hence,

{
τn ≥ c∗n(lnn)β

}
happens finitely often, almost surely,

as stated.

(3) The event
{
τn+1 − τn ≥ 2(lnn)1+β

}
occurs finitely often, almost surely.

This holds because, for all sufficiently large n, we have τn+1 ≤ c∗(n+1)(ln(n+
1))β, hence for t ≤ τn+1

λ(t) ≥ 1

[ln(c(n+ 1)(ln(n+ 1))β)]β
=

1 + o(1)

(lnn)β

and thus (τn+1 − τn) is stochastically smaller than an exponential random

variable E with parameter
1 + o(1)

(lnn)β
. So for all sufficiently large n,

P(τn+1 − τn ≥ 2(lnn)1+β) ≤ P(E ≥ 2(lnn)1+β) =
1

n2−o(1)
(13)

which is summable in n, and we can apply the Borel-Cantelli lemma.

Using previous arguments for horizontal and vertical components, we obtain,

P
(
|Xn| ≤ 1

)
≤ C√

n(lnn)β

P
(
|Yn| ≤ (lnn)1+β

)
≤ (lnn)1+β × C√

n(lnn)β
=

C lnn√
n

Again, similar to Theorem 2, the event
{
|Xn| ≤ ρ, |Yn| ≤ 2(lnn)1+β

}
has

to happen infinitely often almost surely, for Z(t) to be recurrent.

Thus it will follow, that

P(Z(t) visits [−1, 1]2 for t ∈ [τn, τn+1]) ≤ P
(
|Xn| ≤ 1, |Yn| ≤ 2(lnn)1+β

)
+f(n)

≤ C2

n(lnn)β−1
+ f(n) + g(n),

where f and g are two summable functions over n, similar to Theorem 2.
The RHS is summable over n as long as β > 2. Hence Z(t) visits [−1, 1]2

finitely often, almost surely.
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Figure 2: Model B: Ŵn, (the projection of) conservative random walk on R2

4 Analysis of Model B

Recall that in Model B, vectors fn are uniformly distributed over the unit sphere
in Rd.

Throughout this section, we will again suppose that ρ = 1 and we will show
that the process is not 1−recurrent. The proof for the general ρ is analogous and
is omitted.

Let Wn = (Xn, Yn, ∗, ∗, . . . , ∗) be the embedded version of the process Z(t) =
(X(t), Y (t), ∗, ∗, . . . , ∗); here Xn and Yn (X(t) and Y (t) respectively) stand for
the process’ first two coordinates. We denote the projection of Z(t) (Wn respec-
tively) on the two-dimensional plane by Ŵ (t) = (X(t), Y (t)) (Ŵn = (Xn, Yn)
respectively.) See Figure 2.

The following statement is quite intuitive.

Lemma 7. Suppose d ≥ 3, and let f = (f1, f2, . . . , fd) be a random vector uni-
formly distributed on the unit sphere Sd−1 in Rd. Then for some γ > 0 we have

P
(√

f 2
1 + f 2

2 ≥ γ

)
≥ 2

3
.

Remark 3. The statement is trivially true for the case d = 2 as well.

Proof. We will use the following well-known representation (see e.g. [2], Section
2.5) of f :

f =

(
η1
∥η∥

, . . . ,
ηd
∥η∥

)
where ηi, i = 1, 2, . . . , are i.i.d. standard normal and ∥η∥ =

√
η21 + · · ·+ η2d. For

some large enough A > 0 we have

P
(

max
i=3,...,d

|ηi| < A

)
= (Φ(A)− Φ(−A))d−2 ≥

√
2

3
,

where Φ(·) is the distribution function of the standard normal random variable.
Also, for some small enough a ∈ (0, A)

P
(
max
i=1,2

|ηi| > a

)
≥
√

2

3
.

On the intersection of these two independent events we have

f 2
1 + f 2

2 =
η21 + η22

(η21 + η22) + (η23 + · · ·+ η2d)
≥ a2

a2 + (d− 2)A2
=: γ2.

12



Remark 4. In fact, one can rigorously compute

P
(
f 2
1 + f 2

2 ≥ γ2
)
= P

(
η21 + η22

η21 + η22 + · · ·+ η2d
≥ γ2

)
= P

(
η21 + η22 ≥ γ2

1− γ2
(η23 ++ · · ·+ η2d)

)
= P

(
χ2(2) ≥ γ2

1− γ2
χ2(d− 2)

)
=

∫∫
x≥ γ2

1−γ2
y≥0

e−x/2

2
× yd/2−2e−y/2

2d/2−1Γ(d/2− 1)
dx dy

=

∫ ∞

0

e
− y

2
· γ2

2(1−γ2) × yd/2−2e−y/2

2d/2−1Γ(d/2− 1)
dy = (1− γ2)d/2−1,

however, we do not really need this exact expression.

Lemma 8. Suppose d ≥ 2, and let Rk = {(x, y) ∈ R2 : k2 ≤ x2+y2 ≤ (k+1)2} be
the ring of radius k and width 1 centred at the origin. For some constant C > 0,
possibly depending on d and α,

P
(
Ŵ (1)

n ∈ Rk

)
≤ Ck

n1+ 2α
1−α

;

P
(
Ŵ (2)

n ∈ Rk

)
≤ Ck

n(lnn)2β

for all large n, where Ŵ
(1)
t is the walk with rate (3) and Ŵ

(2)
t is the walk with rate

with rate (12) respectively.

Proof. Assume that the event E1 defined by (4) has occurred. We can write

Ŵn = (Xn, Yn) =
n∑

k=1

(τk − τk−1)f̃k where f̃k = ℓk [e1 cos(ϕk) + e2 sin(ϕk)]

and ϕk, k = 1, 2, . . . , are uniformly distributed on [−π, π], and ℓk is a length of
projection f̃k of fk on the two-dimensional plane. Note that elements of the set
{ℓ1, η2, η3, . . . , ϕ1, ϕ2, ϕ3, . . . } are all independent. Also, define

D2 = {for at least half of the integers i ∈ [n/2, n] we have ℓi ≥ γ}

where γ is the constant from Lemma 7. Then P(Dc
2) ≤ 2e−n/36 by (2) and

Lemma 7.
Let W̃n be the distribution of Ŵn ∈ R2 conditioned on E1 ∩ D2, and

φW̃n
(t) = Eeit·W̃n = E exp

{
i

n∑
k=1

t · f̃k(τk − τk−1)

}

be its characteristic function (here t · f̃k = ℓk (t1 cos(ϕk) + t2 sin(ϕk))). We will
use the Lévy inversion formula, which allows us to compute the density of W̃n,
provided |φW̃n

(t)| is integrable:

fW̃n
(x, y) =

1

(2π)2

∫∫
R2

e−i(t1x+t2y)φW̃n
(t) dt1 dt2 ≤

1

(2π)2

∫∫
R2

∣∣φW̃n
(t)
∣∣ dt1 dt2.

(14)
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Let ∆k = τk− τk−1. Since ϕ1, . . . , ϕn are i.i.d. Uniform[−π, π] and independent
of anything, we have

φW̃n
(t) = E

[
n∏

k=1

E
(
ei∆kℓk(t1 cosϕk+t2 sinϕk) | τ1, . . . , τn; ℓ1, . . . , ℓn

)]
= E

[
n∏

k=1

J0 (∥t∥∆kℓk)

]
=⇒

|φW̃n
(t)| ≤ E

[
n∏

k=1

|J0(∥t∥∆kℓk)|

]

where ∥t∥ =
√

t21 + t22, and J0(x) =
∑∞

m=0
(−x2/4)m

m!2
is Bessel J0 function. Indeed,

for any x ∈ R, setting x̃ = x
√

t21 + t22 and β = arctan
(

t2
t1

)
, we get

E
[
eix(t1 cosϕk+t2 sinϕk)

]
=

1

2π

∫ 2π

0

eix(t1 cosϕ+t2 sinϕ) dϕ =
1

2π

∫ 2π

0

eix̃(cosβ cosϕ+sinβ sinϕ) dϕ

=
1

2π

∫ 2π

0

eix̃ cos(ϕ+β) dϕ =
1

2π

∫ 2π

0

eix̃ cos(ϕ) dϕ =
1

2π

∫ 2π

0

cos(x̃ cos(ϕ)) dϕ = J0(x̃)

due to periodicity of cos(·) and the fact that the function sin(·) is odd, and formula
(9.1.18) from [1].

Let ξk be the random variable with the distribution of ∆k given τk−1. Then,
recalling that we are on the event E1, we get

ξk ≻ ξ̃(1) for Ŵ (1)
n ;

ξk ≻ ξ̃(2) for Ŵ (2)
n

where ξ̃(1) (ξ̃(2) respectively) is an exponential random variable with rate 1/a1
(1/a2 respectively) with

a1 = c̃1n
α

1−α ,

a2 = c̃2(lnn)
β

for some constants c̃1 > 0 and c̃2 > 0, and “ζa ≻ ζb” denotes that random variable
ζa is stochastically larger than random variable ζb. Consequently, setting a = a1,
ξ̃ = ξ̃(1) or a = a2, ξ̃ = ξ̃(2) depending on which of the two models we are talking
about, and Fk = σ(τ1, . . . , τk), we get

E [|J0(∥t∥∆kℓk)| | Fk−1, ℓk = ℓ] = E |J0(∥t∥ξkℓ)| ≤ EG(∥t∥ξkℓ) ≤ EG(∥t∥ξ̃ℓ)

(15)

=

∫ ∞

0

a−1e−y/aG(∥t∥yℓ) dy =

∫ ∞

0

e−uG(su) du =

∫ ∞

0

e−u

4
√
1 + s2u2

du =: h(s, ℓ)

where
s = aℓ∥t∥,

since |J0(x)| ≤ G(x) by (18) and the fact that G(·) is a decreasing function and
ξk ≻ ξ̃.
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We will now estimate the function h(t, ℓ). Since |J0(x)| ≤ 1, we trivially get
0 ≤ h(s, ℓ) ≤ 1. Additionally, for all s > 0

h(s, ℓ) ≤
∫ ∞

0

e−u

√
su

du =

√
π

s
=

√
π

aℓ∥t∥
.

Let
n/2 ≤ j1 < j2 < · · · < jm ≤ n

be the indices i ∈ [n/2, n] for which ℓi ≥ γ. Since |J0(x)| ≤ 1, we have from (15)

E

[
n∏

k=1

|J0(∥t∥∆kℓk)|

]
≤ E

[
m∏
i=1

|J0(∥t∥∆jiℓji)|

]
= E

[
E (|J0(∥t∥∆jmℓjm)| | Fjm−1, ℓjm)

m−1∏
i=1

|J0(∥t∥∆jiℓji)|

]

≤
√

π

aγ∥t∥
· E

[
m−1∏
i=1

|J0 (∥t∥∆jiℓji)|

]
By iterating this argument for i = jm−1, jm−2, . . . , j1, we get

|φW̃n
(t)| ≤ E

[
n∏

k=1

|J0(∥t∥∆kℓk)|

]
≤
(√

π

aγ∥t∥

)n/4

(recall that m ≥ n/4 on D1).
Consider now two cases. For ∥t∥ ≥ 2π

aγ
a part of the inversion formula gives∫∫

∥t∥> 2π
aγ

∣∣φW̃n
(t)
∣∣ dt1 dt2 ≤ ∫∫

∥t∥≥ 2π
aγ

(
π

γ∥t∥a

)n/8

dt1 dt2 =

(
π

aγ

)2 ∫ 2π

0

dθ

∫ ∞

2

r dr

rn/8

(16)

=
2π3

a2γ2
× r2−n/8

2− n/8

∣∣∣∣∞
2

= o
(
2−n/8

)
by changing the variables t1 =

π
aγ
r cos θ, t2 =

π
aγ
r sin θ.

On the other hand, for ∥t∥ ≤ 2π
aγ
, when ℓ ≥ γ and thua σ := aγ∥t∥ ≤ s,

h(s, ℓ) =

∫ ∞

0

e−u du
4
√
1 + s2u2

≤
∫ ∞

0

e−u du
4
√
1 + σ2u2

≤
∫ 1

0

e−u du
4
√
1 + σ2u2

+

∫ ∞

1

e−u du
4
√
1 + σ2u2

≤
∫ 1

0

(
1− σ2u2

50

)
e−u du+

∫ ∞

1

e−u du

= −
∫ 1

0

σ2u2

50
e−u du+

∫ ∞

0

e−u du = 1− 0.0016...σ2 ≤ exp

{
− σ2

700

}
= exp

{
−γ2∥t∥2a2

700

}
,

since (1 + x2)−1/4 ≤ 1− x2/50 for 0 ≤ x ≤ 7, and σ ≤ 2π < 7 by assumption. By
iterating the same argument as before, we get

φW̃n
≤ h(s, ℓ)n/4 ≤ exp

{
−nγ2∥t∥2a2

2800

}
.

Consequently,∫∫
∥t∥≤ 2π

aγ

∣∣φW̃n
(t)
∣∣ dt1 dt2 ≤ ∫∫

∥t∥≤ 2π
aγ

exp

{
−nγ2∥t∥2a2

2800

}
dt1 dt2 (17)

≤ 1400

a2γ2

∫ 2π

0

dθ

∫ ∞

0

exp

{
−nr2

2

}
r dr =

2800π

na2γ2
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Figure 3: A ray from Ŵn passes through the unit circle

by changing the variables t1 =
10

√
14

aγ
r cos θ, t2 =

10
√
14

aγ
r sin θ.

Finally, recalling that a1 ∼ n
α

1−α , for Ŵ
(1)
t and a2 ∼ (lnn)β, for Ŵ

(2)
t , from (14),

(16) and (17) we obtain that

f
W̃

(1)
n
(x, y) ≤ O

(
1

n1+ 2α
1−α

)
;

f
W̃

(2)
n
(x, y) ≤ O

(
1

n(lnn)2β

)
.

Hence

P(Ŵn ∈ Rk) ≤ P(Ec
1) + P(Dc

2) + P(W̃n ∈ Rk) = 4e−n/36 +

∫∫
(x,y)∈Rk

fW̃n
(x, y) dx dy

= 2πk ×

O
(

1

n
1+ 2α

1−α

)
, for W

(1)
n ;

O
(

1
n(lnn)2β

)
, for W

(2)
n

since the area of Rk is π(2k + 1).

Lemma 9. Suppose d ≥ 2, and Ŵn = r > 1. Then

P
(
∥Ŵ (t)∥ ≤ 1 for some t ∈ [τn, τn+1

)
≤ 1

2r
.

Proof. First, note that Ŵn lies outside of the unit circle on R2. The projection
f̃n+1 of fn+1 on the first two coordinates plane has an angle ϕ uniformly distributed
over [0, 2π]. The probability in the statement of the lemma is monotone increasing
in τn+1, hence it is bounded above by

P(the infinite ray from Ŵn in the direction f̃n+1 passes through the unit circle) =
2 arcsin(1/r)

2π

(see Figure 3.) Finally, arcsin(x) ≤ πx
2

for 0 ≤ x ≤ 1.

Theorem 4. Let d ≥ 2 and the walk Z(t) has either the rate (3) with α ∈ (0, 1)
or rate (12) with β > 2. Then Z(t) is transient a.s.

Proof. As mentioned before, we will only show that the walk is not ρ−recurrent
for ρ = 1. To do that, it will suffice that a.s. there will be only finitely many n
such that the event

An =
{
∥Ŵ (t)∥ ≤ 1 for some t ∈ [τn, τn+1]

}
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occurs. Indeed, fix a positive integer n. At this time, Ŵn ∈ Rk for some k ∈
{0, 1, 2, . . . }. According to Lemma 9,

P(An | Ŵn ∈ Rk) ≤

{
1, if k = 0;
1
2k
, if k ≥ 1.

Fix some very small ε > 0. Then

P(An) ≤
n

α
1−α+ε∑
k=1

P
(
An | Ŵ (1)

n ∈ Rk

)
P
(
Ŵ (1)

n ∈ Rk

)
+ P

(
An | ∥Ŵ (1)

n ∥ ≥ n
α

1−α
+ε
)

≤ Cn
α

1−α
+ε

n1+ 2α
1−α

+ P
(
τn+1 − τn ≥ n

α
1−α

+ε − 1
)
≤ C

n1+ α
1−α

−ε
+ 3e−c∗1n

ε

by (10) and Lemma 8. Hence
∑

n P(An) < ∞ and the result follows from the
Borel-Cantelli lemma.

Similarly, in the other case

P(An) ≤
2(lnn)1+β∑

k=1

P(An, Ŵ
(2)
n ∈ Rk) + P

(
An | ∥Ŵ (2)

n ∥ ≥ 2(lnn)1+β
)

≤ 2C(lnn)1+β

n(lnn)2β
+ P

(
τn+1 − τn ≥ 2(lnn)1+β − 1

)
≤ 2C

n(lnn)β−1
+

1

n2

for all sufficiently large n by (13) and Lemma 8. Hence
∑

n P(An) < ∞ for β > 2,
and the result again follows from the Borel-Cantelli lemma.

Appendix: properties of Bessel function J0

Let

J0(x) =
∞∑

m=0

(−1)m (x/2)2m

(m!)2

be the Bessel function of the first kind. The following statement might be known,
but we could not find it in the literature.

Claim 2. For all x ≥ 0

|J0(x)| ≤
1

4
√
1 + x2

=: G(x). (18)

Proof. From Theorem 1 and formula (1) in [15] we get (with ν = 0, µ = 3)

J2
0 (x) ≤

4(4x2 − 5)

π((4x2 − 3)3/2 − 3)
, x ≥ 1.13.

This inequality also implies that

|J0(x)| ≤
1

4
√
1 + x2

, x ≥ 1.13.
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Figure 4: |J0(x)| (red) and its upper bound G(x) (blue).

At the same time for 0 ≤ x ≤ 2 (using [1] 9.1.14)

J2
0 (x) =

∞∑
k=0

(−1)k
(2k)!

(k!)4

(x
2

)2k
≤ 1− 2

(x
2

)2
+

3

2

(x
2

)4
− 5

9

(x
2

)6
+

35

288

(x
2

)8
and at the same time

1√
1 + x2

≥ 1− 2
(x
2

)2
+

3

2

(x
2

)4
− 5

9

(x
2

)6
+

35

288

(x
2

)8
yielding 18.

Observe as well that 0 ≤ G(x) ≤ 1/
√
x and that G is a decreasing function for

x ≥ 0; see Figure 4
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Two-dimensional Rademacher walk
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Abstract

We study a generalisation of the one-dimensional Rademacher random
walk introduced in [2] to Z2 (for d ≥ 3, the Rademacher random walk is
always transient, as follows from Theorem 8.8 in [4]). This walk is defined
as the sum of a sequence of independent steps, where each step goes in one
of the four possible directions with equal probability, and the size of the nth
step is an where {an} is a given sequence of positive integers. We establish
some general conditions under which the walk is recurrent or transient.

Keywords: recurrence, transience, Rademacher distribution, non-homogeneous
Markov chains.
AMS subject classification: 60G50, 60J10.

1 Introduction

A one-dimensional Rademacher walk was introduced in [2], as a generalisation
of a simple symmetric random walk on Z with step sizes following some pre-
determined sequence of integers a1, a2, . . . (as opposed to all step sizes being one).
It was shown that this walk is recurrent for some very slowly growing sequences,
and transient, for example, if ak = ⌊kγ⌋ for all γ > 0. Some further generalisations
of the Rademacher walk with non-integer step sizes were also considered, and they
were studied further in [1]. This paper studies the extension of the walk to higher
dimensions.

We say that ξ has a two-dimensional Rademacher distribution, if ξ takes one
of the values {e1, e2,−e1,−e2} where e1 = (1, 0), e2 = (0, 1) are the unit vectors
in R2 with equal probability 1/4.

Let ξn, n = 1, 2, . . . be a sequence of i.i.d. two-dimensional Rademacher random
variables. Let an be a deterministic sequence of positive real numbers. The two-
dimensional Rademacher walk is defined as Sn = Z1+Z2+· · ·+Zn where Zi = aiξi.

Definition 1. We say that the walk Sn is transient if ∥Sn∥ → ∞ a.s. We say
that the walk Sn is recurrent, if Sn = z for infinitely many n a.s., for each z ∈ Z2.

∗Centre for Mathematical Sciences, Lund University, Box 118 SE-22100, Lund, Sweden.
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Note that the transience and recurrence are zero-one events. Also, in general,
we do not have the dichotomy between recurrence vs. transience; for example, if all
an ≡ 2 then the walk is neither recurrent nor transient according to our definition,
as it returns to the origin (denoted by 0 = (0, 0) ) infinitely often, yet never visits
points with odd coordinates.

We study the conditions for transience in Section 2 and for recurrence in Sec-
tion 3.

2 Transience

2.1 Non-decreasing steps

Theorem 1. Suppose that an is a non-decreasing sequence of integers converging
to infinity. Then Sn is transient.

First, we prove a necessary technical result.

Lemma 1. Let d1, d2, d3 . . . be a sequence of distinct positive integers, and let
Tk = d1ε1 + · · · + dkεk where εi are i.i.d. Rademacher. Then for every integer
m ≥ max

1≤i≤k
di and every M ∈ Z we have

P(Tk −M ≡ 0 (mod m)) ≤ C log k

k

for some universal constant C > 0.

Proof. It is sufficient to prove the statement for M ∈ {0, 1, . . . ,m− 1}, which we
will assume from now on. By the result of [7], for each z ∈ Z we have P(Tk = z) ≤
C1

k3/2
. On the other hand, by Hoeffding’s inequality [6]

P(|Tk| ≥ m
√

2k log k) ≤ 2 exp

(
− 4m2 k log k

4d21 + · · ·+ 4d2k

)
≤ 2 exp(− log k) =

2

k
.

Consequently,

P(Tk ≡ M (mod m)) ≤ P(Tk ≡ M (mod m), |Tk| < m
√

2k log k) + P(|Tk| ≥ m
√

2k log k)

≤ P(Tk = M + ℓm for some ℓ ∈ Z s.t. |M +mℓ| < m
√

2k log k) +
2

k

≤ 1 + 2m
√
2k log k

m
sup
z∈Z

P(Tk = z) +
2

k
≤ 3m

√
k log k

m
× C1

k3/2
+

2

k

=
3C1

√
log k

k
+

2

k
≤ C log k

k

for C = 3C1 + 2 > 0.

Corollary 1. Let d1, d2, d3 . . . , dn be a sequence of positive integers, of which at
least k are distinct, say dℓ1 , dℓ2 , . . . , dℓk , and let Tn =

∑n
i=1 diεi where εi are i.i.d.

Rademacher. Then for every integer m ≥ max
1≤i≤k

dℓi we have

P(Tn ≡ 0 (mod m)) ≤ C log k

k

where C is the constant from the statement of Lemma 1.
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Proof. Suppose w.l.o.g. that d1, d2, . . . , dk are distinct. Let Tn = T̃k + U where
T̃k =

∑k
i=1 dℓiεℓi . Then, since T̃k and U are independent,

P(Tn ≡ 0 (mod m)) =
∑
M

P(T̃k −M ≡ 0 (mod m))P(U = M)

≤
(
sup
M

P(T̃k −M ≡ 0 (mod m))

)∑
M

P(U = M) ≤ C log k

k

by Lemma 1.

Proof of Theorem 1. Let b1 = a1 ≥ 1, b2 = min{an : an > b1} ≥ a1 + 1, b3 =
min{an : an > b2} ≥ a2 + 1, etc. Denote by mi = card{n : an = bi}, i = 1, 2, . . . .
Then the sequence {an} can be represented as

b1, b1, . . . b1,︸ ︷︷ ︸
m1

b2, b2, . . . b2,︸ ︷︷ ︸
m2

b3, b3, . . . b3,︸ ︷︷ ︸
m3

. . . bj, bj, . . . bj,︸ ︷︷ ︸
mj

bj+1, . . . .

Let kj+1 = m1 +m2 + · · ·+mj + 1 = inf{n : an = bj+1} be the first index of the
sequence {an} equal to bj+1.

Let κi = 1 if ξi ∈ {e1,−e1} and = 0 otherwise. Let εi = ±1 equal to the non-
zero coordinate of ξi, Then {κi} are i.i.d. Bernoulli and {εi} are i.i.d. Rademacher;
moreover, these two sequences are independent. The values of i ∈ {1, 2, . . . , n}
for which κi = 1 (= 0 resp.) correspond to horizontal (vertical, resp.) steps.
Formally, let

Hn = {1 ≤ i < n : κi = 1}, Vn = {1 ≤ i < n : κi = 0}

be the indices corresponding to horizontal (resp. vertical) steps. Note that Zi =
Xie1 + Yie2 where

Xi =

{
aiεi, if κi = 1;

0, if κi = 0
Yi =

{
0, if κi = 1;

aiεi, if κi = 0,

and denote

Sn = SX
n e1 + SY

n e2 where SX
n = X1 + · · ·+Xn, SY

n = Y1 + · · ·+ Yn.

Fix a large integer j and let

Aj =

{
card{ai, i ∈ Hkj} <

j

3
or card{ai, i ∈ Vkj} <

j

3

}
.

For each 1 ≤ i < kj, κi equals 0 or 1 with equal probability 1
2
. Hence, by

Hoeffding’s inequality, there exists a constant c0 such that

P(Aj) ≤ 2e−c0j,

i.e., there are at least j/3 horizontal and j/3 vertical steps with probability tending
to one. As a result, on Ac

j, we can write

SX
kj−1 =

hj∑
i=1

b′iε
′
i, SY

kj−1 =

vj∑
i=1

b′′i ε
′′
i

3



where hj = card{Hkj}, vj = card{Vkj}, the positive integer sequences {b′i}
hj

i=1 and
{b′′i }

vj
i=1 are non-decreasing and each has at least j/3 distinct elements, while ε′i, ε

′′
i

are i.i.d. Rademacher.
Now, by Corollary 1,

P(SX
kj−1 ≡ 0 (mod bj) | Ac

j) ≤
C log(j/3)

j/3
, P(SY

kj−1 ≡ 0 (mod bj) | Ac
j) ≤

C log(j/3)

j/3

and, moreover, conditioned on the sequence κi and Ac
j, the events above are inde-

pendent. Since for the walk to hit 0 at time n, kj ≤ n ≤ kj+1 − 1, we need that
both its coordinates are divisible by bj at time kj − 1, we have

P(Sn = 0 for some n ∈ [kj, kj+1)) ≤ P(Aj) +

(
C log(j/3)

j/3

)2

= O

(
log2 j

j2

)
. (1)

Since the quantity in (1) is summable in j, by the Borel-Cantelli lemma we con-
clude that the event {Sn = 0} occurs finitely often. By the same token, we get that
{Sn = w} occurs finitely often for each w ∈ Z2. Hence, the transience follows.

2.2 Transience for non-integer sequences {an}
In this section, we allow an to take any positive real values (not only integers).
We will use the same Definition 1 for the transience of the walk.

Definition 2. Let an ∈ R+, n = 1, 2, . . . . We call the sequence {an} good, if for
each large n there is a positive integer Kn such that

Kn

log2 an
→ 1 as n → ∞,

and a subset of {1, 2, . . . , n} with Kn distinct elements, say {i1, i2, . . . , iKn}, such
that iKn = n and aik+1

≥ 2aik for every k = 1, 2, . . . , Kn − 1.

Later in the Section, in Proposition 1, we present a sufficient condition for a
sequence to be good.

Definition 3. Let r, s ≥ 1 be some constants. We call the sequence {an} (r, s)-
monotone, if for all large n we have an ≤ sam whenever m ≥ rn.

Remark 1. The case r = s = 1 corresponds in the above definition to monotonic-
ity in the usual sense.

Theorem 2. Assume that the sequence an is good and (r, s)-monotone, and for
some ϵ > 0 we have an ≥ (log n)1/2+ϵ for all sufficiently large n. Then the two-
dimensional Rademacher walk is transient.

Proof. To show transience, it suffices to show that for each (x, y) ∈ R2 we have
Sn ∈ (x, x + 1) × (y, y + 1) for at most finitely many ns a.s. W.l.o.g. we can
assume that an > 1 for all n (this is, of course, true for all large n due to the
assumption of the theorem, and a few initial values of the sequence {an} do not
affect transience).
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The proof will follow an argument involving anti-concentration inequalities on
two different scales, similarly to the method used in [1]. Define the event

An = {The walk makes at least n/5 horizontal and n/5 vertical steps

among the last n/2 steps of the n–step walk}

By Hoeffding’s inequality, it is easy to check that P(Ac
n) ≤ 2e−0.01n.

Let Tm be a one-dimensional Rademacher random walk with step sizes d1, d2, . . . , dm ≥
D for someD > 0. By the Erdős–Littlewood–Offord inequality (see [5] or Lemma 14
in [1]),

P(Tm ∈ (x−D, x+D]) ≤ 0.8√
m

(2)

for all x ∈ R and m ∈ Z+.
Let n1 := ⌊n/2⌋ and consider the walk Sn during the times from n1 + 1 to n.

Define

D = Dn = min
n1<i≤n

ai. (3)

Let

A′
n =

{
n∑

i=n1+1

Zi · e1 ∈ (x−D, x+D]

}

A′′
n =

{
n∑

i=n1+1

Zi · e2 ∈ (x−D, x+D]

}

Conditionally on An and the sequence (κi) defined in the proof of Theorem 1,
these two events are independent, and by (2) each has a (conditional) probability
less than 0.8√

n/5
. Consequently, for some c1 > 0 we have

P (S ′ ∈ (x−D, x+D)× (y −D, y +D)) ≤ c21
n

+ P(Ac
n) =

c21 + o(1)

n
. (4)

where S ′ =
∑n

i=n1+1 Zi.

Now let us observe the walk during its first n0 :=
⌊
n1

r

⌋
≤ n1 steps. By the

assumption of the theorem, it is possible to extract a subsequence i1, i2, . . . , iK
from {1, 2, . . . , n0} of size

K = (1 + γn0) log2 an0 where γn0 → 0

such that aik+1
≥ 2aik for k = 1, 2, . . . , K − 1, and iK = n0.

Let I = (i1, i2, . . . , iK−ℓ) where ℓ is the smallest positive integer such that
2ℓ−1 ≥ s, and S ′′ =

∑
j∈I Zj. Every step Zj where j ∈ I, can be in one of the

four directions, creating 4K−ℓ possible values. Since ai1 > 1 and the sequence is
“super-doubling”, no two such values lie in the same square with side 1; let us
denote by B the set of all possible values of S ′′. As a result, for any (x′, y′) ∈ R2⋃
(x,y)∈B

(x′ − x, x′ − x+1)× (y′ − y, y′ − y+1) ⊆ (x′ − D̃, x′ + D̃)× (y′ − D̃, y′ + D̃)

5



1

1 (x′, y′) 2D′

Figure 1: The disjoint union of unit squares in case K = 2; the left-bottom corners
of each square are the elements of B.

is a collection of disjoint unit squares (see Figure 1); here

D̃ = 1 + ai1 + ai2 + · · ·+ aiK−ℓ
≤ 2aiK−ℓ

≤ 21−ℓaiK = 21−ℓan0 ≤
an0

s
≤ D

where the last inequality follows from the (r, s)-monotonicity, since n1 ≥ rn0

implies that ai ≥ an0/s for each i ≥ n1 and hence the same is true for D by (3).
Moreover, note that S ′′ has a uniform distribution over the set B and

card(B) = 4K−ℓ = 4(1+γn0 ) log2 an0−ℓ =
a
2(1+γn0 )
n0

4ℓ

≥ (log⌊n/(2r)⌋)(
1
2
+ϵ)·2(1+γn0 )

4ℓ
> (log n)1+ϵ

where the last inequality holds for all large n since |γn0| → 0 as the sequence {an}
is good.
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Next, for every (x′, y′) ∈ R2

P (S ′ + S ′′ ∈ (x′, x′ + 1)× (y′, y′ + 1))

=
∑

(x,y)∈B

P({S ′′ = (x, y)} ∩ {S ′ ∈ (x′ − x, x′ − x+ 1)× (y′ − y, y′ − y + 1)})

=
∑

(x,y)∈B

P(S ′′ = (x, y)) · P(S ′ ∈ (x′ − x, x′ − x+ 1)× (y′ − y, y′ − y + 1))

≤ 1

(log n)1+ϵ
·
∑

(x,y)∈B

P(S ′ ∈ (x′ − x, x′ − x+ 1)× (y′ − y, y′ − y + 1))

=
1

(log n)1+ϵ
· P

S ′ ∈
⋃

(x,y)∈B

(x′ − x, x′ − x+ 1)× (y′ − y, y′ − y + 1)


≤ 1

(log n)1+ϵ
· P
(
S ′ ∈ (x′ − D̃, x′ + D̃)× (y′ − D̃, y′ + D̃)

)
≤ c21 + o(1)

n(log n)1+ϵ

by (4) and the fact that D̃ ≤ D.
Finally, denoting by S ′′′ =

∑
i∈{1,...,⌊n/2⌋}\I Zi the sum of the remaining steps,

since S ′, S ′′, S ′′′ are independent, for all (x′′, y′′) ∈ R2 we get

P

(
n∑

i=1

Zi ∈ (x′′, x′′ + 1)× (y′′, y′′ + 1)

)
= P (S ′ + S ′′ + S ′′′ ∈ (x′, x′ + 1)× (y′, y′ + 1))

≤ sup
(x′,y′)∈R2

P(S ′ + S ′′ ∈ (x′, x′ + 1)× (y′, y′ + 1))

≤ c21 + o(1)

n(log n)1+ϵ
,

which is summable over n as ϵ > 0. The result now follows from the Borel-Cantelli
lemma.

The next statement tells us when we can apply Theorem 2.

Proposition 1. Suppose there is some C > 0 such that a1 = 1, an ≥ 1, |an+1 −
an| ≤ C for all n, and an → ∞. Then the sequence an is good.

Remark 2. The above proposition covers the case when an = nα, α ∈ (0, 1].

Proof of Proposition 1. Fix an n and let j1 = n. Now let us find j2 such that
aj2 ≈ 1

2
aj1 . Since the distances between consecutive ais do not exceed C, we can

find some j2 such that

an
2

− C =
aj1
2

− C < aj2 ≤
aj1
2
.

Similarly, we can find j3 such that aj3 ≤ aj2/2 and at the same time aj3 >
aj2
2
−C ≥

an
22

− C
2
− C. By induction, we get that

ajk ≥ an
2k−1

− C

(
1 +

1

2
+ · · ·+ 1

2k−2

)
=

an + 2C

2k−1
− 2C,
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and we can continue the process as long as ajk ≥ 1. Hence, the maximum possible k
for which the process is feasible is⌊

log2

(
an + 2C

C + 1/2

)⌋
= (1 + γn) log2 an

where γn → 0 since log2 an → ∞ as n → ∞.

3 Recurrence for some general sequences

Let B = {b1, b2, . . . } ⊆ Z+ \ {0}. We say that the set B is good if for any b ∈ B
there are infinitely many coprimes of b in B.

Theorem 3. Suppose that B ⊆ Z+ \ {0} is good. Then there exists a sequence
a1, a2, . . . which contains all elements of the set B, and each element only finitely
many times, such that the a-walk Sn is recurrent.

Lemma 2. Let C > 0 and z ∈ Z2 with ∥z∥ ≤ C, and b′ and b′′ are positive
integers which are coprime. Then there exist three positive integers c′, c′′, N0 such
that N0 depends on c′, c′′ and C only and

P(Tm = z for some m ≤ N0) ≥ 1/2

where

Tm =
m∑
i=1

Z̃i with Z̃i = b′(ξ′i,1 + · · ·+ ξ′i,c′) + b′′(ξ′′i,1 + · · ·+ ξ′′i,c′′)

and ξ′i,k, ξ
′′
i,k, are i.i.d. two-dimensional Rademacher random variables.

Proof. Let c′, c′′ > 0 be such that c′b′ − c′′b′′ = 1; the existence of such c′, c′′

follows from Bézout’s identity. This implies that P(Z̃i = f) > 0 for each f =
e1,−e1, e2,−e2 and thus the Markov chain Tm is irreducible on Z2.

Next, by the Chung–Fuchs theorem (see [3]) Tm is recurrent and thus there
exists N0 such that

inf
z′∈Z2: ∥z′∥≤C

P(Tm visits z′ for some m ≤ N0) ≥
1

2

which concludes the proof.

Proof of Theorem 3. The construction of the sequence ai will be done recursively.
Let n0 = 0 and suppose that we have already constructed the sequence up to time
i = nk. Let αk = max{a1, a2, . . . , ank

}, then ∥Snk
∥ ≤ αknk. Find the element of B

not already used, with the smallest index, call it b′, and let b′′ be another element
of B, not already used so far, such that b′ and b′′ are coprimes. By Lemma 2 there
exist c′, c′′, N0 corresponding to b′, b′′ and C := αknk. Now define

ank+i+1 =

{
b′, if i = ℓ (mod c′ + c′′) for some ℓ ∈ {0, 1, . . . , c′ − 1},
b′′, if i = ℓ (mod c′ + c′′) for some ℓ ∈ {c′, c′ + 1, . . . , c′ + c′′ − 1}
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for i = 0, 1, 2, . . . , (c′ + c′′)N0 − 1. Define also nk+1 = nk + (c′ + c′′)N0. It is clear
that by following this procedure, we will eventually use all elements of B, and,
moreover, we will use each element of B only finitely many times.

Now, by Lemma 2, since ∥Snk
∥ ≤ C,

P(Sn = 0 for some n ∈ [nk + 1, nk+1] | Fnk
) ≥ 1

2
.

Consequently, Sn = 0 for infinitely many ns a.s., by Lévy’s extension of the Borel-
Cantelli lemma (see e.g. [8]).

3.1 An explicit recurrent sequence

In this section, we present an explicit example of a sequence an such that an → ∞
and yet the walk is recurrent. The elements of this sequence will consist of blocks
numbered 1, 2, . . . , and the kth block will be a consecutive sequence of exactly k
sub-blocks, denoted by Bk,1, Bk,2, . . . , Bk,k, where

Bk,i = k, k, . . . , k,︸ ︷︷ ︸
Lk,i elements

k − 1, k − 1, . . . , k − 1︸ ︷︷ ︸
3k2 elements

for i = 1, 2, . . . , k − 1;

Bk,k = k, k, . . . , k︸ ︷︷ ︸
Lk,k elements

, where Lk,i = 22
k2+i−1

, i = 1, 2, . . . , k.

Now suppose that the sequence an is given by {an} = B1B2 . . . where Bk =
Bk,1Bk,2 . . . Bk,k.

Theorem 4. A two-dimensional Rademacher walk with the above sequence is
recurrent.

We begin with a (probably) well-known result.

Lemma 3. Consider a simple random walk Tn = (Xn, Yn) on Z2 with steps
±e1,±e2 and T0 = (x0, y0). Let τ0 = inf{n : Tn = 0}. Then there exists a
universal constant α > 0 such that

P(τ0 ≤ r3) ≥ α, where r = ∥(x0, y0)∥.

Proof. The fact that τ0 < ∞ a.s. follows from the recurrence of the two-dimensional
walk. Let R = r1.25 and

τ = inf{n : Tn = 0 or ∥Tn∥ ≥ R}.

Define

f(x, y) =

{
log(x2 + y2 − 1/2), if (x, y) ̸= 0;

−5, otherwise.

An easy calculation1 shows that ξn = f(Tn) is a supermartingale as long as Tn ̸= 0,
hence by the optional stopping theorem, as r → ∞,

P(Tτ ̸= 0) ≤ ln(r)

ln(R)
+ o(1) =

4

5
+ o(1). (5)

1Indeed, let ∆x,y := 1
4 (f(x + 1, y) + f(x − 1, y) + f(x, y + 1) + f(x, y − 1)) − f(x, y). Then

exp(4∆x,y) = 1 − 64(x2−y2)2

(2x2+2y2−1)4 ≤ 1 when |x| + |y| ≥ 2, and exp(4∆x,y) = 126e−5 < 0.85 when

|x|+ |y| = 1.
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On the other hand,

P(τ > r3) = o(1) as r → ∞.

Indeed, since during 3⌊R2.2⌋ ≪ r3 steps, with probability very close to 1, the walk
Tn will make at least ⌊R2.2⌋ horizontal steps. Then, by the reflection principle,

P(max
i≤n

(Xi −X0) ≥ m) = 2P(Xn −X0 > m) + P(Xn −X0 = m).

By choosing m = ⌈R⌉ and n = ⌊R2.2⌋ we get

P(τ > r3) ≤ P
(
max
i≤r3

∥Ti∥ < R

)
≤ P

(
max
i≤n

(Xi −X0) < m

)
= P

(
|η| < R−0.1

)
+o(1) = o(1)

where η ∼ N (0, 1).
Finally,

P(τ0 > r3) = P(τ0 > r3, τ < τ0) + P(τ0 > r3, τ ≥ τ0)

≤ P(τ < τ0) + P(τ > r3) = P(Tτ ̸= 0) + o(1) ≤ 4

5
+ o(1)

by (5).

Proof of Theorem 4. Let nk be the index of the last element in the kth block and
nk,j be the index of the last element in the jth sub-block of the kth block.

Let Ek,j =
{
∥Snk,j

∥ < k
√

Lk,j logLk,j

}
. Since Lk,j = L2

k,j−1 for j ≥ 2, and also
Lk+1,1 ≫ L2

k,k, by Hoeffding’s inequality

P(Ec
k,j) ≤

2 + o(1)

L2
k,j

, j = 2, 3, . . . , k. (6)

Since Lk,j+1 = L2
k,j >

(√
Lk,j logLk,j

)3
, on Ek,j by Lemma 3, with probability at

least α, the walk Tn, n ∈ [nk,j, nk,j+1 − 3k2] will visit the square [0, k− 1]2 at least
once (as this is essentially a two-dimensional simple random walk with step sizes
equal to k.)

Now, Corollary 3.2 from [2] implies that with probability of order 1
k2
, the walk

starts this sub-block at a position whose x− and y−coordinates are both divisible
by k. This follows from the fact that, with high probability, at least k2 steps were
taken in each of the two directions during the last 3k2 steps of the preceding block.
As a result,

P(Ak,j+1 | Ek,j) ≥
c+ o(1)

k2
where Ak,j+1 = {Tn = 0 for some n ∈ [nk,j, nk,j+1)}

for some c > 0 independent of k and j.
We will use the extension of the conditional Borel-Cantelli lemma from [2] to

conclude recurrence. Define Fk,j as the sigma-algebra generated by the walk up
to the time nk,j. We have

∑
k

k−1∑
j=1

P(Ak,j+1 | Ek,j,Fk,j) ≥
∑
k

k−1∑
j=1

c+ o(1)

k2
= ∞.
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At the same time, ∑
k

k−1∑
j=1

P(Ec
k,j) < ∞.

by (6). Hence, the events Ak,j+1 occur infinitely often a.s. by Lemma 5.1 in [2],
thus implying recurrence of site 0. The fact that the walk visits all other w ∈ Z2

a.s. follows from the same argument.

Remark 3. The result of Theorem 3 can be extended for faster growing sequences,

for example, with the sub-block sizes equal to 22
k1+ν+j

, for ν ∈ (0, 1).
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Rademacher random walks
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April 23, 2026

Abstract

The Rademacher random walk associated with a deterministic sequence
(an)n≥1 is the walk which starts at zero and, at step i, independently steps
either up or down by ai with equal probability. We continue the study begun
by Bhattacharya and Volkov in 2023 of the transience or recurrence of one-
dimensional Rademacher random walks. In particular, we show that if the
sequence of step sizes is bounded, the walk is weakly recurrent, meaning
that it returns infinitely often to a random finite interval, while if the step
sizes tend to infinity arbitrarily slowly the walk may be transient. On the
other hand, we show that the step sizes may grow arbitrarily fast and still
give a weakly recurrent random walk, using a construction with integer step
sizes. We show the same conclusion holds if we restrict to strictly increasing
step sizes, now allowing non-integer steps. However, if an = nα+o(1) for
some α > 1/2, we show that the walk is transient. We also show that the
bound on α is tight by giving an example where an = Θ(n1/2) and the walk
is weakly recurrent.

Keywords: inhomogeneous random walk, anti-concentration.

1 Introduction

Throughout this paper, let ϵ1, ϵ2, . . . be a sequence of i.i.d. Rademacher(1/2) ran-
dom variables, taking the values ±1 each with probability 1/2. We will refer to
these simply as Rademacher random variables (dropping the 1/2). Let (an)n≥1 be
a deterministic sequence of non-negative real numbers, and define the associated
Rademacher random walk (Xn)n≥0 by

Xn =
n∑

k=1

ϵkak.
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When all of the ak take the value 1, the associated Rademacher random walk is
exactly the simple symmetric random walk in one dimension, and the recurrence
of this random walk is a fundamental result in any introductory probability course.
However, by simply changing the sequence of step sizes (an), the problem becomes
much less elementary and the behaviour of the Rademacher random walk is still
unknown in many cases, including the simple-looking case where an = nα.

We mention that recurrence and transience of two-dimensional Rademacher
random walks has been studied recently by Bhattacharya and Volkov in [4]. In
this paper we will focus on the one-dimensional case, continuing the study begun
by Bhattacharya and Volkov in [3].

If a particular sample of a Rademacher random walk satisfies {Xn ≤ C} in-
finitely often (i.o.), we call it C-recurrent. When X is almost surely 0-recurrent
we say X is recurrent. Note that C-recurrence is not necessarily a tail event.
Indeed, if we take the sequence (an)n≥1 where a1 = 1, a2 = 1 and ai = 3 for all
i ≥ 2, then whether the walk returns to zero i.o. depends on the value after two
steps. However, the event {∃C : |Xn| ≤ C i.o.} is a tail event, and we shall call
a Rademacher random walk weakly recurrent if the probability of this event is 1.
Otherwise, we will call the walk transient. Finally, we say that a random walk is
topologically recurrent if its range is almost surely dense in R.

Note that weak recurrence of the Rademacher random walk is unaffected by
making any finite number of changes, deletions, or insertions to (an)n≥1.

One interesting class of Rademacher random walks is those whose step sizes
(an)n≥1 satisfy

∑
n a

2
n < ∞ but

∑
n an = ∞. In this case, Xn almost surely

converges to a random limit by the p = 2 case of Doob’s Lp-martingale convergence
theorem. However, the distribution of the limit has unbounded support, so X is
weakly recurrent but there is no C <∞ such that X is almost surely C-recurrent.

Our main motivation is the following problem.

Problem 1. What conditions on the growth rate of (an) guarantee that the asso-
ciated Rademacher random walk is transient? What growth conditions guarantee
that the Rademacher random walk is weakly recurrent?

In Bhattacharya and Volkov [3] it is shown that the Rademacher random walk
is C-recurrent for every C > 0, and hence weakly recurrent, in the following cases:

• an = log n, and

• an = ⌊(logγ n)β⌋ for constants γ > 1 and 0 < β ≤ 1.

Two transient cases with integer step sizes are also given:

• the steps (an)n≥1 are all distinct integers, and

• an = ⌊nβ⌋ for any constant 0 < β < 1.

One particularly natural case of Problem 1 is to assume that an ≈ nα for some
α > 0. With this constraint, we can ask whether there are values of α for which
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we can guarantee that the walk is transient or weakly recurrent. Combining the
two transience results from [3], we see that the Rademacher walk with step sizes
an = ⌊nα⌋ is transient for all α > 0. Hence, there is no α > 0 for which the
condition an ≈ nα implies the walk is weakly recurrent. In contrast, our main
result shows that there are values of α for which this growth rate guarantees that
the walk is transient.

Theorem 1. Let (an)n≥1 be a sequence and suppose that an = nα+o(1) for some
α > 1/2. Then the associated Rademacher random walk is transient.

The condition on α in Theorem 1 is best possible, even under the stronger
assumption that an = Θ(nα) for some α > 0 as n → ∞: there is a sequence of
step sizes (an)n≥1 where an = Θ(n1/2) and the associated Rademacher random
walk is weakly recurrent.

Theorem 2. There exists a sequence (an)n≥1 of integers such that an = Θ(n1/2)
as n→ ∞ and the associated Rademacher random walk is weakly recurrent.

We remark that from our proof of Theorem 1 we can already relax the condition
that an = nα+o(1) slightly to allow nα−δ ≤ an ≤ nα+δ for some sufficiently small
δ = δ(α). However, we still need both upper and lower bounds on an. Perhaps
surprisingly, the upper bound is necessary: the sequence (an) can grow arbitrarily
fast and still yield a recurrent Rademacher walk.

Theorem 3. Let f : N → R be any non-decreasing function. There is an integer
sequence (an)n≥1 such that an ≥ f(n) for all n and the associated Rademacher
random walk is recurrent.

Our proof of Theorem 3 constructs the sequence in blocks of increasing length
such that within each block the terms alternate between two consecutive integers.
Allowing non-integer step sizes, we can get topological recurrence from a strictly
increasing sequence that grows as fast as we like:

Theorem 4. Let f : N → R be any non-decreasing function. There is a strictly
increasing real sequence (an)n≥1 such that an ≥ f(n) for all n and the associated
Rademacher random walk is topologically recurrent.

Recall that Bhattacharya and Volkov showed that if (an) consists of distinct
integers then the Rademacher random walk is transient. In particular, the walk
associated to any strictly increasing integer sequence (an) is transient, and there
cannot be a single sequence that demonstrates both Theorem 3 and Theorem 4.

These results leave open the possibility that there could be a powerful suffi-
cient condition for transience of the Rademacher random walk, in terms of the
asymptotic behaviour of the sequence (an), when we restrict to non-decreasing
integer sequences. The asymptotically fastest-growing non-decreasing integer se-
quences that we know to yield weakly recurrent Rademacher random walks are
the examples an = ⌊c log n⌋ from [3]. On the other hand, increasing the growth
rate slightly, but still using all the non-negative integers, we can obtain a transient
Rademacher random walk.
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Theorem 5. Let (an)n≥1 be a non-decreasing sequence of integers, and let Li be
the number of times i appears in the sequence. Suppose that, for all large enough
n, ∑

i≤n

gcd(i,n)=1

Li ≥ 2n2 (1)

and
n−1∑
i=1

i2Li ≥ 4n2 log3(n) · Ln. (2)

Then the Rademacher random walk X associated with (an)n≥1 is transient.

Corollary 6. For any α > 1, the Rademacher random walk with step sizes an =
⌊logα(n)⌋ is transient

The (Lévy) concentration function Q of a real valued random variable A is
defined by1

Qr(A) = sup
x∈R

P(x < A ≤ x+ r).

Any upper bound for a value of the concentration function is called an anti-
concentration bound, while a lower bound is called a concentration bound. Some
known anti-concentration bounds for sums of independent random variables are
discussed in Section 2.

To prove Theorem 1 we show, using the theorem below, that the position of
the Rademacher random walk at each time n is sufficiently anti-concentrated, and
then apply the Borel–Cantelli lemma. We remark that, as alluded to earlier, the
following theorem allows us to slightly relax the condition that an = nα+o(1).

Theorem 7. Let (an)n≥0 be a sequence and suppose that there are constants
c, C, α > 0 and δ ≥ 0 such that, for all large enough n,

cnα ≤ an ≤ Cnα+δ.

Then, for any γ > 0, we have the anti-concentration bound

Q1

(
n∑

i=1

ϵiai

)
= O

(
n−( 1

2
+αf(α,δ)−γ)

)
,

where

f(α, δ) =

{
α2

(α+δ)(α+2δ+2
√
δ2+αδ)

if δ ≤
√
α2+1−α

2
,

α2

(α+δ)(1+2δ)(α+1/2+δ)
if δ ≥

√
α2+1−α

2
.

From this it is easy to deduce Theorem 1.
1We warn the reader that authors disagree about the strictness of the inequalities in the

definition of the concentration function, so care is needed in interpreting anti-concentration
inequalities in the literature. We have made the same choice as in [10], because it gives Q1(A)
the meaning that we want in the case of an integer-valued random variable A.
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Proof of Theorem 1 from Theorem 7. Fix λ > 0 which is small enough that 1/2+
α− λ > 1. For any δ > 0, we have

nα−δ ≤ an ≤ nα+δ

for all sufficiently large n. As f(α, δ) → 1 as δ → 0, there is some δ > 0 such
that this condition on an is enough to get the anti-concentration bound Q1(Xn) =
O(n−(1/2+α−λ)).

For any fixed C, the probability that |Xn| ≤ C is O(n−(1/2+α−λ)) and this is
summable by our choice of λ. Hence, by the Borel–Cantelli lemma, the probability
that |Xn| ≤ C infinitely often is 0, and the walk is transient.

We remark that by substituting δ = 0 into Theorem 7, we get the bound
O(n−(α+1/2−γ)), which is easily seen to be tight up to the γ term by considering
the sequence an = nα. Also of interest is what happens as δ → ∞. In this case, the
anti-concentration gets close to O(n−1/2), and it is also straightforward to show
that there must be points where this is the correct behaviour. More generally, we
have the following easy lower bounds which complement Theorem 7.

Proposition 8. Fix α > 0. Then

Q1

(
n∑

i=1

ϵin
α

)
= Ω(n−(1/2+α)).

Moreover, for any δ ≥ 1/2, there exists a sequence (an)n≥1 of step sizes and a
sequence of times (ni)i≥1 such that

Q1

(
ni∑
i=1

ϵiai

)
≥ n

−(1/2+ α
2δ

+o(1))

i .

Let us now turn to the second part of Problem 1: are there conditions on the
growth rate of (an) that guarantee that the associated Rademacher random walk
is weakly recurrent?

There is no unbounded non-decreasing function f for which the condition
an ≤ f(n) suffices to imply weak recurrence, as the following example shows.
Let f : N → [1,∞) be unbounded and non-decreasing. Take an = 2bn where
bn = ⌊log2 f(n)⌋ for all n, so that an ≤ f(n). Once bn ≥ k, the congruence class
of Xn modulo 2k becomes constant and it is not difficult to deduce that the ran-
dom walk is transient. In light of this example, one might ask for the walk to
be “irreducible”. We say an integer-valued random walk is irreducible if, for any
a, b ∈ Z and any n ∈ N such that P(Xn = a) > 0, there is some m > n such that
P(Xm = b | Xn = a) > 0. Clearly, the Rademacher random walk that we just
constructed is not irreducible. However, imposing irreducibility does not change
the situation, as the following lemma shows.

Lemma 9. Let f : N → [1,∞) be any function such that f(n) → ∞ as n → ∞.
Then there exists a non-decreasing sequence (an)n≥1 of integer step sizes for which
an ≤ f(n) for all n and the associated Rademacher random walk is both irreducible
and transient.
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To address the case where (an)n≥1 is bounded, we prove the following lemma,
which extends a theorem of Bhattacharya and Volkov [3, Theorem 2].

Lemma 10. Let (an)n≥1 be a sequence of real numbers such that
∑∞

n=1 a
2
n = ∞,

and let X = (Xn)n≥0 be the associated Rademacher random walk. Then, almost
surely, X is unbounded below and unbounded above, and in particular, X changes
sign infinitely often.

In [3] it was shown that X changes sign infinitely often almost surely under the
stronger assumption that (an) is a non-decreasing sequence of positive reals. Note
that the condition

∑∞
n=1 a

2
n = ∞ is necessary, since otherwise Xn almost surely

converges to a random limit. When X converges, it changes sign only finitely
many times.

Lemma 10 implies that if the sequence (an) is bounded, say an ≤ C for all n,
and

∑∞
n=1 a

2
n = ∞, then P(|Xn| < C i.o.) = 1, so the Rademacher random walk is

weakly recurrent. Recall that if
∑∞

n=1 a
2
n converges, then the Rademacher random

walk converges to a random limit and the walk is also weakly recurrent. Putting
these two cases together gives the following corollary.

Corollary 11. If the sequence (an)n≥1 is bounded, the associated Rademacher
random walk is weakly recurrent.

We also have another immediate corollary of Lemma 10:

Corollary 12. If the sequence (an)n≥1 satisfies
∑∞

n=1 a
2
n = ∞ and an → 0 as

n→ ∞, then the associated Rademacher random walk is topologically recurrent.

This is a special case of the well-known fact (which it easily implies by condi-
tioning on the step sizes) that any symmetric random walk with bounded but not
necessarily identically distributed steps is weakly recurrent.

Although we know that there is a weakly recurrent Rademacher walk with
an = Θ(n1/2), we have not determined the behaviour in the natural case where
an = nα for any α in the range 0 < α ≤ 1/2. We can, however, say something
about the possible behaviours in this range by applying the following theorem.

Theorem 13. Suppose the sequence (an) is unbounded and an − an−1 → 0. Then
the associated Rademacher random walk is either transient or topologically recur-
rent.

Theorem 1 shows that the transient case may occur, and the recurrence result
of [3] concerning the sequence an = log n shows that the topologically recurrent
case may occur.

The rest of the paper is organised as follows. In §2 we discuss a number of
known anti-concentration results and prove a simple but useful lemma about com-
bining anti-concentration at different scales. In §3 we prove some anti-concentration
estimates for Rademacher sums, including a (mod m) analogue of the Erdős–
Littlewood–Offord inequality (Lemma 15). In §4 we prove the anti-concentration
bound Theorem 7, from which we have already deduced Theorem 1, and the
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concentration bound Proposition 8. In §5 we prove Theorem 2 by exhibiting an
explicit sequence (an)n≥1 such that an = Θ(n1/2) as n → ∞ and the associated
Rademacher walk is weakly recurrent. In §6 we prove Lemma 9 and Lemma 10.
In §7 we prove Theorem 5 and deduce Corollary 6. In §8 we prove Theorem 13.
Finally, in §9 we prove Theorem 3 and Theorem 4.

2 Anti-concentration inequalities

In this section we recall several well-known anti-concentration inequalities that
will be used later on, and we give a simple lemma which allows us to combine the
anti-concentration of two random variables at different scales.

Recall that the concentration function Q of a real-valued random variable A
is given by

Qr(A) = sup
x∈R

P(x < A ≤ x+ r).

Note that for any integer m ≥ 1, the union bound gives

Qmr(A) ≤ mQr(A).

We start with the general case of a one-dimensional Rademacher random walk
X whose step sizes are general real numbers, not necessarily integers and not
necessarily separated.

Lemma 14 (Erdős–Littlewood–Offord inequality). If the step sizes (an)n≥1 of a
Rademacher walk X = (Xn)n≥1 are all greater than or equal to a constant c > 0,
then

Q2c(Xn) ≤
(

n

⌊n/2⌋

)
2−n ∼

√
2

πn
as n→ ∞. (3)

Erdős’ simple proof of this in [7] (improving a slightly worse bound by Lit-
tlewood and Offord) was to note that for any x ∈ R, the set of assignments of
(ϵ1, . . . , ϵn) for which

∑n
i=1 ϵiai ∈ (x, x + c] form an anti-chain in the hypercube

{−1, 1}n with the coordinatewise partial order, and then to apply Sperner’s theo-
rem [21] about the size of the largest anti-chain. In §3 we will prove the following
(mod m) analogue of Lemma 14 for the case of integer step sizes.

Lemma 15. Let m be a positive integer and let b1, . . . , bn be positive integers
coprime to m. Let ϵ1, . . . , ϵn be independent Rademacher random variables, and
let Xn =

∑n
i=1 ϵibi. Then

max
r∈Z/mZ

P(Xn ≡ r (mod m)) ≤


1
m
+
√

2
πn

if m is odd,
2
m
+
√

2
πn

if m is even.

Lemma 15 is a slight improvement of a very special case of the following very
general result of Juškevičius and Šemetulskis [11, Cor. 1] about anti-concentration
of random products in arbitrary groups:
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Theorem 16. Let G be a group and m ≥ 2 an integer. Let g1, . . . , gn be elements
of order at least m, and consider the G-valued random variable X = gϵ11 ∗ · · · ∗ gϵnn ,
where the ϵi are independent Rademacher(1/2) random variables. Then

sup
g∈G

P(X = g) ≤ 1

⌈m/2⌉
+

√
2

πn
.

We include a self-contained proof of Lemma 15 that is somewhat different from
the method in [11].

The Erdős–Littlewood–Offord inequality is a special case of a more general re-
sult, known as the Kolmogorov–Rogozin inequality, which gives anti-concentration
bounds on a sum of independent random variables using bounds on the anti-
concentration of the summands. The first results of this form were shown by
Doeblin and Levy, before being improved by Kolmogorov, then Rogozin and then
Kesten. The sharpest possible bounds were obtained recently by Juškevičius in
[10], which summarizes the history of the problem.

For many applications, the following form of the Kolmogorov–Rogozin inequal-
ity suffices.

Theorem 17 (Rogozin, [18]). There is a C > 0 such that for any independent
random variables X1, . . . , Xn and real numbers 0 < λ1, . . . , λn ≤ 2r,

Qr(X1 + · · ·+Xn) ≤ C · r ·

(
n∑

i=1

λ2i (1−Qλi
(Xi))

)−1/2

.

Although we will not use it directly, we mention for completeness a key tool in
proving many anti-concentration inequalities:

Lemma 18 (Esseen’s inequality [8]). If X is a real-valued random variable with
characteristic function ψ, then Qr(X) ≤ t

∫ 2π/r

−2π/r
|ψ(λ)| dλ.

Let us now consider the case where the step sizes are separated. Let Y =
(Yn)n≥0 be the Rademacher random walk with step sizes 1, 2, 3, etc. It is known
that for any Rademacher random walk (Xn)n≥0 with distinct positive integer step-
sizes, we have the anti-concentration bound

Q1(Xn) = sup
x∈Z

P(Xn = x) ≤ P(Yn = 0) ∼
√

6/π

n3/2
as n→ ∞. (4)

The inequality in (4) was proven by Richard Stanley [22], using enumerative alge-
braic geometry and answering a question of Erdős and Moser. Another wonderful
proof using Lie algebras was given shortly afterwards by Proctor [17]. The asymp-
totic in (4) is due to Sullivan [24]. Before Stanley’s result, Sárközi and Szemerédi
[19] had shown that supx∈Z P(Xn = x) = O(n−3/2). From their bound it already
follows by a simple Borel–Cantelli argument that any Rademacher random walk
whose step sizes are distinct positive integers must be transient (see [3, Theorem
4]).

Halász extended the result of Sárközi and Szemerédi as follows.
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Lemma 19 (Halász [9, Theorem 2]). Consider n vectors a1, . . . , an ∈ Rd such that
for any unit vector e, we have |⟨e, ai⟩| ≥ 1 for at least δn values of i, and also
∥ai − aj∥ ≥ 1 whenever i ̸= j. Then

P

(
n∑

i=1

ϵiai ∈ B(x, 1)

)
≤ c(δ, d)n−1−d/2, (5)

where c(δ, d) is a constant that does not depend on n.

In the case d = 1, the inner product condition involving δ may be dropped
since it is implied by the separation condition for large enough n. We remark
that (5) already gives sufficient anti-concentration to show that the Rademacher
random walk with step sizes an = nα is transient for any α > 2/3. Indeed, if
α ≥ 1, then |ai − aj| ≥ 1 for all i ̸= j, and we can immediately apply Lemma 19
in the case d = 1 to get an anti-concentration bound of O(n−3/2) (and then we
can finish by applying the Borel–Cantelli lemma). On the other hand, if α < 1,
then an+1 − an < 1 and there is some ai in each interval [k, k + 1). Hence, we can
find a subsequence ai1 , ai2 , . . . of length Θ(nα) such that aij ∈ [2j, 2j+1), and the
theorem gives an anti-concentration bound of O(n−3α/2), which suffices to finish
using Borel–Cantelli when α > 2/3.

All of the bounds above deal with step sizes which are of a somewhat similar
scale. If the step sizes grow exponentially with base at least 2, then Q1(Xn) = 1/2n

and there is much better anti-concentration than given by any of the results above.
While we will not be dealing with scales quite as different as this, combining anti-
concentration at different scales and (nearly) multiplying the anti-concentration
bounds of each is the key to our proof. For this we use the following lemma.

Lemma 20 (Combining anti-concentration bounds at different scales).
Let 0 < r < s and let A and B be independent real-valued random variables. Then

Qr(A+B) ≤ P(|A| ≥ s) + 3Qr(A)Qs(B).

Hence,
Qr(A+B) ≤ (1−Q2s(A)) + 3Qr(A)Qs(B).

Proof. For any x ∈ R we have

P(x < A+B ≤ x+ r) ≤ P(|A| ≥ s) + P(|A| ≤ s and x < A+B ≤ x+ r)

≤ P(|A| ≥ s) + P(x− s < B ≤ x+ r + s) · sup
b∈R

P(x− b < A ≤ x− b+ r)

≤ P(|A| ≥ s) + 3Qs(B)Qr(A).

Since we may replace A by A + c for any constant c without changing Qr(A) or
Qr(A+B), the final statement follows.

3 Modular anti-concentration of Rademacher sums

In the course of several of our proofs, we will need to control the probability
that a sum of Rademacher random variables takes a particular value, or lies in
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a particular congruence class modulo some positive integer. In this section we
establish some useful results of these kinds.

For a real random variable X, the characteristic function of X is the function
ψX : R → C given by ψX(t) = E(eitX). We say that a real random variable X is
monotone if |ψX(t)| is decreasing on [0, π].

Theorem 21 ([1, Theorem 1.1]). Let X1, . . . , Xk be independent integer-valued
random variables with E(Xi) = µi and Var(Xi) = σ2

i < ∞. Suppose that their
sum X = X1 + · · ·Xk is a monotone random variable with mean µ and variance
σ2. Then, for every t for which µ+ tσ is an integer, we have∣∣∣∣P(X = µ+ tσ)− 1√

2πσ2
e−t2/2

∣∣∣∣ ≤ c

(∑k
i=1 E(|Xi − µi|3)

σ3

)2

,

where c is a universal constant.

Note that the sum of independent monotone random variables is monotone
and that Bernoulli(1/2) random variables are monotone. Hence, by applying the
above theorem to a suitably shifted and rescaled sum, we obtain the following
local limit theorem for sums of Rademacher random variables.

Corollary 22. Let X be the sum of n Rademacher random variables. Then, for
any x ≡ n mod 2, we have∣∣∣∣∣P(X = x)− 1√

πn/2
e−

x2

2n

∣∣∣∣∣ ≤ c

n
,

where c is an absolute constant.

In the remainder of this section we establish Lemma 15, which we restate here.

Lemma 15. Let m be a positive integer and let b1, . . . , bn be positive integers
coprime to m. Let ϵ1, . . . , ϵn be independent Rademacher random variables, and
let Xn =

∑n
i=1 ϵibi. Then

max
r∈Z/mZ

P(Xn ≡ r (mod m)) ≤


1
m
+
√

2
πn

if m is odd,
2
m
+
√

2
πn

if m is even.

Before giving the proof, let us make a few observations about this result.

Fixing arbitrary positive integers b1, . . . , bn and letting m → ∞ along the
primes gives an alternative proof of the integer case of the Erdős–Littlewood–
Offord inequality, Lemma 14.

On the other hand, taking each bi = 1 in gives a simpler modular anti-
concentration result that is still useful.
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Corollary 23. Let m ≥ 2 be an integer and let Xn =
∑n

i=1 ϵi be the sum of n
independent Rademacher random variables. For every ε > 0, if n ≥ εm2, we have

max
0≤r<m

P(X ≡ r (mod m)) < c(ε)/m,

where c(ε) = 1 +
√

2
πε

.

Remark 24. For the case where n ≤ m2 and the obvious parity condition is
satisfied, a complementary lower bound for P(X ≡ r (mod m)), also of order
1/m, may be found in [3, Corollary 3.2].

If p is an odd prime, then a p-adic formal analogue of the Erdős–Littlewood–
Offord inequality follows from Lemma 15, as follows. If b1, . . . , bn ∈ Qp all satisfy
∥bi∥p ≥ c, then for any z ∈ Qp we have

P(Xn ∈ B(z, c)) ≤ 1

p
+

√
2

πn
,

where B(z, c) here means the open ball in Qp of p-adic radius c about z.

In the proof of Lemma 15, we will need the following easy consequence of the
rearrangement inequality.

Lemma 25. Let n,m ≥ 1 and let y1, . . . , ym be given positive numbers. Con-
sider the set A of n by m matrices in which the elements of each row are some
permutation of (y1, . . . , ym). Then

max
A∈A

m∑
j=1

m∏
i=1

Aij =
m∑
j=1

ynj .

Proof. The set A is finite, so there exists a matrix A ∈ A which maximizes∑m
j=1

∏m
i=1Aij. For this A, the terms in each row must be sorted in the same as

order as the products over the columns after that row is deleted, by the rearrange-
ment inequality. Hence, they are sorted in the same way as the overall column
products, which means that they are all sorted in the same way.

We now turn to the proof of Lemma 15.

Proof of Lemma 15. For each x ∈ Z/mZ, let δx : Z/mZ → C be the indicator
function of x, and for each λ ∈ Z/mZ, let eλ : Z/mZ → C be the function
eλ(x) = exp(2πiλx/m)/

√
m. Note that the functions eλ form an orthonormal

basis of ℓ2(Z/mZ). We have

δ0 =
∑

λ∈Z/mZ

1√
m
eλ.

A calculation shows that the effect on eλ of convolution with 1
2
(δb + δ−b) is to

multiply it by cos(2πbλ/m). Hence, the probability mass function of Xn is given
by

P(Xn ≡ r (mod m)) =
∑

λ∈Z/mZ

1√
m

n∏
i=1

cos(2πbiλ/m)eλ(r)
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Since |eλ(r)| = 1√
m

, the triangle inequality gives that

P(Xn ≡ r (mod m)) ≤ 1

m

∑
λ∈Z/mZ

n∏
i=1

| cos(2πbiλ/m)|. (6)

The multi-set of values (cos(2πbλ/m) : λ ∈ Z/mZ) is the same for every integer b
coprime to m. Therefore, by Lemma 25, the right-hand side of (6) is maximized
when all bi are congruent (mod m) to any constant value b that is coprime to m,
for example b = 1. In this case it takes the value 1

m

∑
λ∈Z/mZ | cos(2πλ/m)|n. In

the case where m is even,

1

m

∑
λ∈Z/mZ

| cos(2πλ/m)|n =
1

m

2 + 4

⌊m/4⌋∑
ℓ=1

cos(2πℓ/m)n

.
In the case where m is odd,

1

m

∑
λ∈Z/mZ

| cos(2πλ/m)|n =
1

m

1 + 2

⌊m/2⌋∑
ℓ=1

cos(πℓ/m)n

.
Using the inequality cos x ≤ e−x2/2, which holds for x ∈ [−π/2, π/2], for even m
we obtain

1

m

∑
λ∈Z/mZ

| cos(2πλ/m)|n ≤ 1

m

(
2 + 4

∞∑
ℓ=1

e−2π2ℓ2n/m2

)

≤ 1

m

(
2 + 4

∫ ∞

0

e−(4π2n/m2)·x2/2 dx
)

=
2

m
+

√
2

πn
,

and similarly for odd m we obtain

1

m

∑
λ∈Z/mZ

| cos(2πλ/m)|n ≤ 1

m

(
1 + 2

∞∑
ℓ=1

e−π2ℓ2n/(2m2)

)

≤ 1

m
+

√
2

πn
.

4 Anti-concentration of Rademacher random walks

The main aims of this section are to prove the anti-concentration bound Theorem 7
and the concentration bound Proposition 8.

Our main tool in proving Theorem 7 is Lemma 20, for which we need both anti-
concentration and concentration bounds on A. For the concentration bound, we
will use the following well-known bound (see e.g. [15]), which is a straightforward
application of Hoeffding’s inequality.
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Lemma 26.

P

(
n∑

i=1

aiϵi ≥ t∥a∥2

)
≤ e−t2/2.

The result in Theorem 7 only requires the bounds on an to hold for large
enough n, and there is no control over the initial terms. The following result
shows that modifying a prefix of length m of the sequence (an) can only change
the concentration by a factor of at most 2m+1, and in particular, this will allow us
to assume that the bounds on an hold for all n when proving Theorem 7.

Lemma 27. Let (an)n≥1 be a sequence and let (a′n)n≥1 be a sequence which differs
from (an) only in the first m terms. Let (Xn)n≥0 and (X ′

n)n≥0 be the corresponding
Rademacher random walks. Then, for every n,

2−(m+1)Qr(X
′
n) ≤ Qr(Xn) ≤ 2m+1Qr(X

′
n).

Proof. Suppose that A and B are discrete independent random variables. We
claim that

Qr(A)Qr(B)

2
≤ Qr(A+B) ≤ Qr(A). (7)

For the upper bound we have

P(x < A+B ≤ x+ r) =
∑
b

P(x− b < A ≤ x− b+ r)P(B = b)

≤ sup
b

P(x− b < A ≤ x− b+ r) ·
∑
b

P(B = b)

≤ sup
x

P(x < A ≤ x+ r)

= Qr(A),

which implies Qr(A+B) ≤ Qr(A).

For the lower bound, let ε > 0 be given and choose x, y such that

P(x < A ≤ x+ r) ≥ (1− ε)Qr(A),

P(y < B ≤ y + r) ≥ (1− ε)Qr(B).

Then the events

{A+B ∈ (x+ y, x+ y + r]} and {A+B ∈ (x+ y + r, x+ y + 2r]}

are disjoint and cover the event

{x < A ≤ x+ r, y < B ≤ y + r}.

The latter event has probability at least (1−ε)2Qr(A)Qr(B) and so one of the first
two events must have probability at least (1 − ε)2Qr(A)Qr(B)/2. Letting ε → 0
we obtain the lower bound in (7).

Now let A =
∑m

i=1 ϵiai and B =
∑n

i=m+1 ϵiai. Define A′ by A′ =
∑m

i=1 ϵia
′
i, so

that Xn = A+B and X ′
n = A′ +B. Note that Q1(A), Q1(A

′) ≥ 2−m. We have

Qr(A+B) ≤ Qr(B) ≤ 2m+1Qr(A
′)Qr(B)

2
≤ 2m+1Qr(A

′ +B)
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and

Qr(A+B) ≥ Qr(A)Qr(B)

2
≥ Qr(A)Qr(A

′ +B)

2
≥ 2−(m+1)Qr(A

′ +B).

We are now armed with all the tools we need to prove Theorem 7, which we
restate here for convenience.

Theorem 7. Let (an)n≥0 be a sequence and suppose that there are constants
c, C, α > 0 and δ ≥ 0 such that, for all large enough n,

cnα ≤ an ≤ Cnα+δ.

Then, for any γ > 0, we have the anti-concentration bound

Q1

(
n∑

i=1

ϵiai

)
= O

(
n−( 1

2
+αf(α,δ)−γ)

)
,

where

f(α, δ) =

{
α2

(α+δ)(α+2δ+2
√
δ2+αδ)

if δ ≤
√
α2+1−α

2
,

α2

(α+δ)(1+2δ)(α+1/2+δ)
if δ ≥

√
α2+1−α

2
.

Before we give the full details, let us briefly sketch the proof in the case where
an = nα. The key idea is to group some of the terms in the sum

∑n
i=1 ϵiai into

subsets which are at different scales. In the interval [2k, 2k+α) we expect around
2k/α of the an, and let us set A to be the Rademacher sum of any such terms. Using
the Erdős–Littlewood–Offord inequality, the anti-concentration of A at the scale
2k+1 is around 2−k/(2α). On the other hand, if k is much larger than α, we expect
the magnitude of A to be around 2k · 2k/(2α), and there should be concentration
around this scale. Hence, if we set k′ = (1 + 1/(2α) + ε)k and let A′ be the
Rademacher sum of the terms in the interval [2k′ , 2k′+α), then the sum A′ is anti-
concentrated at the scale 2k

′ while the sum Ak is concentrated at the 2k
′ . This

means we can use Lemma 20 to combine the anti-concentration.

This can clearly be repeated and we will take a sequence k1, k2, . . . where
ki = (1 + 1/(2α) + ε)i and try to combine the anti-concentration of the random
variables A1, A2, . . . , where we think of Ai as the sum of the terms ϵiai for which
ai ∈ [2ki , 2ki+α). In actuality, we will have to widen the interval in which we take
the an and also limit the number that we take from each interval.

To get the required anti-concentration for all large enough n, the anti-concentration
from sums of the form A1 + · · ·+ Am is not enough. Indeed, while we get the re-
quired anti-concentration of n−(α+1/2−γ) when n is not much bigger than 2km/α+1,
the anti-concentration drops to around n−α by the time n is close to 2km+1/α. In
order to apply Lemma 20 we need A1 + · · ·+Ai−1 to be concentrated at the scale
of Ai for each i. We can achieve this by ensuring that none of the terms in Aj are
too big for each j < m, but observe that we don’t need Am to be concentrated
as it is the last summand. To get the required concentration for all n between
2km/α+1 and 2km+1/α+1, we will replace Am by the sum of the terms ϵiai for which
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ai ∈ [2km ,∞) and i ≤ n, which we can do as we do not need concentration for the
last summand.

We make this argument rigorous below. We also weaken the conditions on
an. This means we must make our intervals wider to be able to guarantee that
we can find enough an which fall in the intervals. This in turn means that the
intervals must be further apart and we pay a penalty in the anti-concentration
that we obtain. However, this is unavoidable; there must be some penalty to pay
(for large δ) as shown by Proposition 8.

Proof. Pick a constant λ such that δ/α < λ. We will later take λ to be arbitrarily
close to δ/α.

By Lemma 27, we can modify the firstm terms in the sequence and only change
the anti-concentration by at worst a factor of 2m+1. We will therefore assume that

cnα ≤ an ≤ Cnα+δ

holds for all n ≥ 1 and not just n large enough. Using our assumptions on an, if
n is such that

(2k/c)1/α ≤ n ≤ (2(1+λ)k/C)1/(α+δ)

then 2k ≤ an ≤ 2(1+λ)k. Hence, the number of n for which an is in the interval
[2k, 2(1+λ)k] is at least(

2(1+λ)k

C

) 1
α+δ

− 1−
(
2k

c

)1/α

=

(
2

αλ−δ
α(α+δ)

k

C1/(α+δ)
− 1

c1/α

)
2k/α − 1.

Since we have taken αλ > δ, this certainly is at least 2k/α for large enough k.

Now fix β ≥ α and ε > λ, and define ki by

ki =

(
1 +

1

2β
+ ε

)i

.

We will later take ε arbitrarily close to λ and choose the value of β ≥ α to optimise
the anti-concentration bound. Let Ai be the random sum corresponding to the
first ⌈2ki/β⌉ of the an which lie in the interval [2ki , 2(1+λ)ki ], noting that this is
possible when ki is large by the above argument and our assumption that β ≥ α.

We now claim that the anti-concentration of the sum of the Ai is roughly equal
to the product of their individual anti-concentrations.

Claim 28. There is M > 0 such that

Q1(A1 + · · ·+ Am) ≤M · 3m · 2−
(1+1/(2β)+ε)m+1

1+2βε

for all m.

Proof. First, note that by the Erdős–Littlewood–Offord inequality (Lemma 14),
we have

Q2ki+1(Ai) ≤
√

2

π
· 2−

ki
2β

15



for large enough i. We will induct on m, taking s = 2km+1 and r = 1 in Lemma 20
to get anti-concentration at different scales.

To apply Lemma 20, we first need to show that the sum A1 + · · · + Am−1 is
concentrated at the scale s. Using Lemma 26, we have that

P(|A1 + · · ·+ Am−1| ≥ s) ≤
m−1∑
i=1

P
(
|Ai| ≥

s

(m− 1)

)
≤ 2(m− 1) exp

(
− s2

4(m− 1)22(2+2λ+1/β)km−1

)
.

Substituting in s = 2km+1 = 2 · 2(1+
1
2β

+ε)km−1 , we have

P
(
|A1 + · · ·+ Am−1| ≥ 2km+1

)
≤ 2(m− 1) exp

(
−22(ε−λ)km−1

(m− 1)2

)
.

Pick m0 such that for all m ≥ m0, the quantity given above is at most

2−
(1+1/(2β)+ε)m+1

1+2βε , and choose M ≥ 1 such that

Q1(A1 + · · ·+ Am) ≤M · 3m · 2−
(1+1/(2β)+ε)m+1

1+2βε

holds for all m ≤ m0.

Now suppose that the claimed bound holds for m− 1 ≥ m0. Then, using the
above, we have

Q1(A1 + · · ·+ Am) ≤ 2−
(1+1/(2β)+ε)m+1

1+2βε + 3 ·M3m−12−
(1+1/(2β)+ε)m

1+2βε ·
√

2

π
2−

km
2β

= 2−
(1+1/(2β)+ε)m+1

1+2βε +M · 3m ·
√

2

π
· 2−

(1+1/(2β)+ε)m+1

1+2βε

=

(
1 +M · 3m ·

√
2

π

)
2−

(1+1/(2β)+ε)m+1

1+2βε

≤M · 3m · 2−
(1+1/(2β)+ε)m+1

1+2βε .

Pick N and suppose that 2(2(1+λ)km/c)1/α ≤ N < 2(2(1+λ)km+1/c)1/α. Let us
assume that N is large enough that m ≥ m0, where m0 is defined as in the
claim above. Note that an > 2(1+λ)km for all n ≥ N so, in particular, the sum XN

contains all of the terms in the sum A1+· · ·+Am. Let B be the Rademacher sum of
the an for which n ≤ N and an ≥ 2km , so that the terms in this sum are a superset
of the terms in Am. We will bound the anti-concentration of A1 + · · ·+Am−1 +B
using Lemma 20.

First, note that B contains at least

N −
(
2km

c

)1/α

≥ N

2
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terms, all of which are at least 2km . By the Erdős–Littlewood–Offord inequality,
Lemma 14, we have

Q2km+1(B) ≤
√

4

πN
.

We again have the concentration bound

P
(
|A1 + · · ·+ Am−1| ≥ 2km+1

)
≤ 2(m− 1) exp

(
−22(ε−λ)km−1

(m− 1)2

)
,

but this time we bound it directly. Since m = Θ(log log(N)) and this term is
2−22

Θ(m)

, it decays quicker than any polynomial. The term 3m is also at most
polylogarithmic in N , so is certainly in O(Nγ/2) for any fixed γ > 0.

We also have that

2−
(1+1/(2β)+ε)m

1+2βε = 2−
(1+λ)(1+1/(2β)+ε)m+1

α
· α
(1+2βε)(1+λ)(1+1/(2β)+ε)

≤
(
c1/αN

2

)− α
(1+2βε)(1+λ)(1+1/(2β)+ε)

.

Using Lemma 20, we find that Q1(A1 + · · ·+ Am−1 +B) is bounded by

M ·O(Nγ/2) ·
(
c1/αN

2

)− α
(1+2βε)(1+λ)(1+1/(2β)+ε)

·
√

4

πN
+O

(
2−22

Θ(log log(N))
)

which is
O
(
N−1/2− α

(1+2βε)(1+λ)(1+1/(2β)+ε)
+γ/2

)
.

It remains to choose the values λ, ε and β, and we recall that we require
αλ > δ, ε > λ and β ≥ α. If δ <

√
α2+1−α

2
, then we take β = 1/(2

√
λ2 + λ), else

we take β = α. We then take λ sufficiently close to δ/α and ε sufficiently close to
λ so that β ≥ α and

α

(1 + 2βε)(1 + λ)(1 + 1/(2β) + ε)
≥ αf(α, δ)− γ

2
.

From this it is easy to deduce the following corollary.

Corollary 29. Let (an)n≥1 be a sequence such that an = nα+o(1) for some con-
stant α > 0, and let (Xn)n≥0 be the associated Rademacher random walk. Then
Q1(Xn) = O(n−(α+1/2+o(1))).

We end this section by proving Proposition 8, which we restate here for con-
venience.

Proposition 8. Fix α > 0. Then

Q1

(
n∑

i=1

ϵin
α

)
= Ω(n−(1/2+α)).
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Moreover, for any δ ≥ 1/2, there exists a sequence (an)n≥1 of step sizes and a
sequence of times (ni)i≥1 such that

Q1

(
ni∑
i=1

ϵiai

)
≥ n

−(1/2+ α
2δ

+o(1))

i .

Proof. First, let us consider the sequence (an)n≥1 where an = nα, and let (Xn)n≥1

be the associated Rademacher random walk. Chebyshev’s inequality gives that

P
(
|Xn| < 2

√
Var(Xn)

)
≥ 3

4
.

The interval (−2
√

Var(Xn), 2
√

Var(Xn)) may be covered using no more than
⌈4
√

Var(Xn)⌉ intervals of the form [x, x+ 1) so there exists x ∈ R such that

P(Xn ∈ [x, x+ 1)) ≥ 3

16⌈
√

Var(Xn)⌉
.

The bound now follows by substituting in

Var(Xn) =
n∑

k=1

(kα)2 =
n2α+1

2α + 1
+O(n2α).

Now set r = δ/α and consider the sequence where an = 2(1+r)k for 2
(1+r)k−1

α ≤
n < 2

(1+r)k

α . Note that we have nα ≤ an ≤ nα+δ.

Let Ak be the Rademacher sum of the an which are equal to 2(1+r)k . The most
likely value for Ak has probability(

N

⌊N/2⌋

)
2−N ≥

√
1

πN

where N ≥ 2 is the number of terms equal to 2(1+r)k . We have that N ≤ 2
(1+r)k

α ,
so the most likely value for Ak has probability at least 2−

(1+r)k

2α /
√
π. Hence, the

most likely value for A1 + · · ·+ Ak has probability at least

2−
((1+r)k−1)(r+1)

2rα

πk/2
≥ 2−

(1+r)k+1

2rα

πk/2
.

Hence, if we take nk = ⌈2
(1+r)k

α ⌉ − 1 to the last step with step size 2(1+r)k , then
the most likely value has probability at least n−(1/2+1/(2r))/πk/2, as required.

5 A recurrent example with an = Θ(n1/2)

Consider the sequence

(an)n≥1 = (3, 1, 5, 3, 5, 3, 5, 3, 5, 3, 9, 7, 9, 7, 9, 7, 9, 7, 9, 7, . . . )
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which is made up of consecutive blocks, where the kth block has length 4k/2 and
the steps in the kth block alternate between 2k+1 and 2k−1, starting with 2k+1.
Denote the index of the beginning of the (k)th block by nk. That is,

n1 = 1, n2 = 3, n3 = 11, . . . , nk = 1 +
k−1∑
i=1

4i/2 = (4k + 2)/6.

It is not hard to see that
√
n/2 ≤ an ≤ 3

√
n for all n, and so an = Θ(

√
n). We will

prove that the Rademacher random walk associated with this sequence is weakly
recurrent (and hence prove Theorem 2). In fact we will show that the walk visits
every even integer infinitely often.

Let X = (Xn)n≥0 be the associated Rademacher random walk. Note that all
the steps of X are odd integers, so to study the return times of X to 0 we may
focus our attention on the random walk Y defined by Yn = X2n, which only visits
even integers. We will use hitting probability estimates for the simple symmetric
random walk on Z2 and the Kochen–Stone theorem to show that almost surely
Y visits every even integer infinitely often. The Kochen–Stone theorem has been
used before to prove recurrence of random walks; see e.g. [2, 16].

Theorem (Kochen and Stone [13, Theorem 1]). Let Z1, Z2, . . . be a sequence
of random variables, each of which has nonzero mean and positive finite second
moment. Suppose in addition that lim supn→∞(E(Zn))

2/E(Z2
n) > 0. Then

(i) P(lim infn→∞ Zn/E(Zn) ≤ 1) > 0,

(ii) P(lim supn→∞ Zn/E(Zn) ≥ 1) > 0, and

(iii) P(lim supn→∞ Zn/E(Zn) > 0) ≥ lim supn→∞(E(Zn))
2/E(Z2

n).

Let Ek be the event that X visits 0 during the (2k)th block. We will show the
following:

Lemma 30. For Ek as defined above, we have P(Ek) = Ω(1/k) as k → ∞, so
that

∑∞
k=1 P(Ek) = ∞. Moreover, there is a finite constant C such that for all

j < k we have
P(Ek | Ej) ≤ CP(Ek).

Before proving Lemma 30, let us explain how it implies our claim about the
recurrence of the walk Y . Let Zn =

∑n
k=1 1(Ek). From the first statement in

Lemma 30 we deduce that E(Zn) = Ω(log n), and in particular E(Zn) → ∞ as
n→ ∞. From the second statement in Lemma 30 we obtain for all j ̸= k that

P(Ej ∩ Ek) ≤ C P(Ej)P(Ek),
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so

E[Z2
n] = E

( n∑
k=1

1Ek

)2


=
n∑

k=1

P(Ek) +
n∑

j=1

n∑
k=1

1{j ̸=k}P(Ej ∩ Ek)

≤ E(Zn) + C

n∑
j=1

n∑
k=1

1{j ̸=k}P(Ej)P(Ek)

≤ E(Zn) + C
( n∑
j=1

P(Ej)
)2

= E(Zn) + C(E(Zn))
2

Since E(Zn) → ∞ as n→ ∞ we obtain

(E(Zn))
2

E(Z2
n)

≥ 1

C
− o(1).

This allows us to apply part (iii) of the Kochen–Stone theorem to deduce that

P
(
lim sup
n→∞

Zn

E(Zn)
> 0

)
≥ 1

C
.

Since E(Zn) → ∞ as n→ ∞, this implies P(Ek occurs i.o.) > 0 and in particular
P(X2n = 0 i.o.) > 0. It then follows from Kolmogorov’s zero-one law that

P(∃r ∈ Z : Y visits r i.o.) = 1,

since this is a tail event which occurs with positive probability.

From this it is easy to see that the probability that Y (and therefore X) visits
every even integer is 1. Indeed, for every time t we have

P(Yt+1 = Yt + 2 | Yt) = 1/4 = P(Yt+1 = Yt − 2 | Yt),

and hence, for all m,n ∈ 2Z,

P(Y visits m i.o. but does not visit n i.o.) = 0.

The result now follows by summing over the choices for m.

We are now ready to give a proof of Lemma 30.

Proof of Lemma 30. For any event E such that P(E) > 0 and any integrable
random variable T ≥ 0 on the same probability space such that E(T ) > 0 and
T = 0 on the complement of E, we have

P(E) =
E(T1E)

E(T | E)
=

E(T )
E(T | E)

.

Take E = Ek, the event that X visits 0 during the (2k)th block, i.e. during the
times (n2k, . . . , n2k+1 − 1), and let T = Tk, where Tk is the number of visits of X
to 0 during the (2k)th block.

We will prove the following four estimates, where c1 and c2 are positive con-
stants:
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(i) E(Tk) = Ω(1) as k → ∞,

(ii) E(Tk | Ek) = O(k) as k → ∞,

(iii) E(Tk | Ej) < c1, for all j, k such that j < k,

(iv) E(Tk | Ej ∩ Ek) > c2k for all j, k such that j < k.

Observe that (i) and (ii) imply that

P(Ek) =
E(Tk)

E(Tk | Ek)
= Ω(1/k) as k → ∞.

On the other hand, (iii) and (iv) imply in the same way that

P(Ek | Ej) =
E(Tk | Ej)

E(Tk | Ej ∩ Ek)
<

c1
c2k

for all j, k with j < k.

It follows that there is a finite constant C such that for all j < k

P(Ek | Ej) ≤ CP(Ek).

We make the estimates (i)-(iv) by relating the portion of the walk Y during
the (2k)th block to a simple symmetric random walk on Z2. Fix k for now. Let
m0 = (n2k − 1)/2 and m1 = (n2k+1 − 1)/2. Note that

m1 −m0 =
n2k+1 − n2k

2
= 42k/2 = 24k−2.

We define a walk (am, bm) for m0 ≤ m ≤ m1 by setting (am0 , bm0) = (0, 0), and
then, inductively for m = m0 + 1, . . . ,m1,

(am, bm) = (am−1, bm−1) +


(1, 0) if Ym − Ym−1 = 22k+1,
(−1, 0) if Ym − Ym−1 = −22k+1,
(0, 1) if Ym − Ym−1 = 2,
(0,−1) if Ym − Ym−1 = −2.

Let L be the random arithmetic progression in Z2 defined by

L = {(a, b) ∈ Z2 : 22k+1a+ 2b+ Ym0 = 0}.

For m0 ≤ m ≤ m1 we have Ym = 0 if and only if (am, bm) ∈ L. Thus, Tk is the
number of times that (am, bm) hits L.

Proof of (i) To get a lower bound on E(Tk), we first apply Chebyshev’s inequal-
ity to show that Ym0 is often not too large:

Var(Ym0) = Var(Xn2k−1
) =

n2k−1∑
n=1

a2n

=
2k−1∑
n=1

4k

4
((2n + 1)2 + (2n − 1)2)

≤ 42k/12 · 2(1 + 22k)2

≤ 28k.
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Hence, using that E(Ym0) = 0, we have that

P(|Ym0| < 21+4k) ≥ 1/4.

When |Ym0| < 21+4k, we can express Ym0 as 22k+1α + 2β, where |α| ≤ 22k and
|β| ≤ 22k. The expected number of visits of (am, bm) to (−α,−β) is

m1∑
m=m0+1

P((am, bm) = (−α,−β)).

We now use the well-known observation about the simple symmetric two-dimensional
random walk that (at + bt)

m1
t=m0

and (at − bt)
m1
t=m0

are independent simple symmet-
ric random walks on Z, started at 0 at t = m0. By Corollary 22, whenever
m−m0 > (m1−m0)/2 = 24k−3 and m−m0 has the same parity as α+β, we have

P((am, bm) = (−α,−β)) = P(am + bm = −α− β)P(am − bm = −α+ β)

≥

(
1√

π(m−m0)/2
e
− (α+β)2

2(m−m0) − c

m−m0

)

·

(
1√

π(m−m0)/2
e
− (α−β)2

2(m−m0) − c

m−m0

)

≥
(

e−16

√
π24k−3

− c

24k−3

)2

= Ω(2−4k).

Since the number of values of m to which this applies is 24k−4, we obtain the
asymptotic lower bound (i), i.e. E(Tk) = Ω(1) as k → ∞.

Proof of (ii) By conditioning on the time of the first visit to 0 during the (2k)th

block, we find that
E(Tk | Ek) ≤ E(Tk | Xn2k

= 0).

Hence, to prove (ii) it suffices to show that E(Tk | Xn2k
= 0) = O(k) as k → ∞.

The expected number of returns to (0, 0) in the first 2N steps of simple sym-
metric random walk on Z2 started at (0, 0) is

N∑
i=1

2−2i

(
2i

i

)2

= Θ(log(N)).

Hence, the expected number of visits of (at, bt)m1
t=m0

to (0, 0) is Θ(log(m1−m0

2
)) =

Θ(k). We now show that the expected number of visits of (at, bt)m1
t=m0

to all the
nonzero points in the arithmetic progression L0 is O(1), where

L0 = {(a, b) ∈ Z2 : 22k+1a+ 2b = 0} = ⟨(1,−22k)⟩.
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m1∑
m=m0+1

P((am, bm) = (n,−22kn))

=

m1∑
m=m0+1

P(am + bm = n(1− 22k))P(am − bm = n(1 + 22k))

≤ 24k−2 sup
m≥24kn

P(am + bm = n(1− 22k))P(am − bm = n(1 + 22k))

≤ 24k−2 sup
m≥24kn

(
1√
πm/2

e−
(n(22k−1))2

2m +
c

m

)2

≤ 24k−2

(√
2

πe(n(22k − 1))2
+

c

24kn

)2

≤ c/n2,

Summing over all n ∈ Z \ {0} gives an upper bound of cπ2/3, and so we have
proved estimate (ii).

Proof of (iii) For estimate (iii), we have

E(Tk | Ej) ≤ max
r∈2Z

E(Tk | Xn2j+1
= r)

≤
n2k+1∑
n=n2k

Q1(Xn −Xn2j+1
)

≤ 42k

2
·Q1(Xn2k

−Xn2k−1
).

Let mk be the number of pairs (2i, 2i + 1) with n2k−1 ≤ 2i < n2k for which
ϵ2i = −ϵ2i+1. Then mk is a binomial random variable with 42k/4 trials and success
probability 1/2. A Chernoff bound immediately implies that the probability that
mk lies in the interval [42k/12, 42k/6] is 1−o(4−2k). Conditional on the value of mk,
the increment Xn2k

−Xn2k−1
is expressible as a sum 2A1 + 22k+1A2, where A1 is a

sum of mk Rademacher random variables, A2 is a sum of 42k/4−mk Rademacher
random variables, and A1 and A2 are independent.

Now condition on mk, and assume that mk ∈ [42k/12, 42k/6]. Consider the
digits of A1 + 2kA2 in base 4k. The units digit is determined by A1 alone, and
by Corollary 23 there is a constant c not depending on k or on mk such that
supr P(A1 ≡ r (mod 4k)) ≤ c/4k.

Conditional on mk and A1, the next digit is determined by A2 and again
sups P(A2 ≡ s (mod 4k)) ≤ c/4k. Hence, each possible value of the last two digits
occurs with probability at most c2/42k. It follows that

Q1(Xn2k
−Xn2k−1

) ≤ c2/42k + o(4−2k).

This proves estimate (iii).

Proof of (iv) For estimate (iv), we begin by noting that the arguments used
for estimates (i) and (ii) still work when we further condition on Ej. Indeed, the

23



estimate for (ii) is unchanged (as we immediately condition on Xn2k
= 0) and

the estimate for (i) is only improved by conditioning on Ej (as this reduces the
variance of Ym0). Hence, we have

P(Ek | Ej) ≥ c/k,

for a constant c > 0 that does not depend on j. Let Ak be the event that X
visits 0 between times n2k and n2k+1 − 4k. Let T ′

k be the number of visits during
this interval, so Ak = {T ′

k ≥ 1} and Ek \ Ak ⊆ {Tk − T ′
k ≥ 1}. This implies that

P(Ac
k | Ek ∩ Ej) ≤ E(Tk − T ′

k | Ek ∩ Ej), and hence

E(Tk − T ′
k | Ek ∩ Ej) ≤

E(Tk − T ′
k | Ej)

P(Ek | Ej)
≤ k

c
E(Tk − T ′

k | Ej).

To estimate E(Tk − T ′
k|Ej) we repeat the method that we used for estimate

(iii). Recall that Q1(Xn −Xn2j+1
) ≤ Q1(Xn2k

−Xn2k−1
) = O(4−2k), and so

E(Tk − T ′
k | Ej) ≤

n2k+1∑
n=n2k+1−4k

P(Xn = 0 | Ej)

≤
n2k+1∑

n=n2k+1−4k

Q1(Xn −Xn2j+1
)

= O(4−k).

Hence,

P(Ak|Ek ∩ Ej) = 1−O(k4−k) = 1− o(1) as k → ∞,

uniformly in j. Now

E(Tk | Ek ∩ Ej) ≥ P(Ak | Ek ∩ Ej)E(Tk | Ak ∩ Ej)

≥ (1− o(1)) min
n∈{n2k,...,n2k+1−4k}

E(Tk | Xn = 0)

= Ω(log(4k))

= Ω(k),

where we have again used that the expected number of returns to 0 of a two-
dimensional simple symmetric random walk in its first 2N steps is Ω(log(N)).

6 Recurrence and transience for slowly growing
step sizes

We start by showing that a slowly growing non-decreasing integer sequence (an)n≥1

gives a transient Rademacher random walk if the set of values it takes is a little
sparse.
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Lemma 31. Suppose (an)n≥1 is a non-decreasing sequence of positive integers
which takes values in a set S. Suppose that the value s appears Ls times in (an)
and suppose further that

∑
s∈S 1/s <∞ and, for some ε > 0 and all large enough

s, there is some s′ < s for which Ls′ ≥ εn2. Then the Rademacher random walk
X associated to (an)n≥1 is transient.

Proof. Fix any finite set F . Using the hypothesis about s′, we can apply Corol-
lary 23 to see that for all large enough s ∈ S, the probability that Xn is congruent
to any element of F (mod s) at the beginning of the block of steps of size s is at
most |F |c(ε)/s. The walk X can only visit F during the s-block if it is congruent
to an element of F modulo s and, since

∑
s∈S 1/s < ∞, the first Borel–Cantelli

lemma shows that almost surely this happens for only finitely many s ∈ S. Hence,
X is transient.

Now we can easily prove Lemma 9, which we restate here for convenience.

Lemma 9. Let f : N → [1,∞) be any function such that f(n) → ∞ as n → ∞.
Then there exists a non-decreasing sequence (an)n≥1 of integer step sizes for which
an ≤ f(n) for all n and the associated Rademacher random walk is both irreducible
and transient.

Proof. Since we could choose to start with any finite number of steps with a step
size of 0, we may assume without loss of generality that f(n) ≥ 9 for all n. Let
pi = (2i+1)2 for each i ≥ 1, and choose a sequence ℓ1, ℓ2, . . . of integers such that
for each i ≥ 1 we have

1. ℓ2i ≡ i+ 1 (mod 2),

2. ℓ2i+1 ≡ i (mod 2),

3. ℓi ≥ p2i+1,

4. f(n) ≥ pi+1 for all n >
∑i

k=1 ℓk.

This is always possible as f(n) → ∞ as n → ∞. Construct the sequence (an)n≥1

by letting the first ℓ1 terms be p1, the next ℓ2 terms be p2, and so on. That is,
an = pi whenever ci < n ≤ ci+1, where ci =

∑i−1
j=1 ℓj. The final condition in the list

above ensures that an ≤ f(n) for all n. Let (Xn)n≥0 be a Rademacher walk with
step sizes given by the sequence (an)n≥1. Since gcd(pi−1, pi) = 1, the construction
ensures that (an)n≥1 satisfies the hypotheses of Lemma 31, so X is transient.

It remains to show that X is irreducible. Note that for any i ≥ 1 we have
(i + 1)p2i − ip2i+1 = 1. By our assumptions on the parity of the ℓi, we have that
in two consecutive blocks where the step sizes are p2i in the first and p2i+1 in the
second, it occurs with positive probability that the total increment in block 2i is
(i+1)p2i and the total increment in block (2i+1) is −ip2i+1, in which case the total
increment from these two blocks is 1. Likewise, it occurs with positive probability
that the total increment in block i is −(i+ 1)p2i and the total increment in block
(i+ 1) is ip2i+1, so that the total increment from the two blocks is −1. Hence, X
is irreducible.
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We now turn to the case of bounded step sizes, and prove Lemma 10, which
states that if

∑∞
n=1 a

2
n = ∞ then the Rademacher random walk X associated to

(an)n≥1 is almost surely unbounded both above and below.

Proof of Lemma 10. To show that (Xn) is almost surely unbounded both below
and above, it suffices to show for any constant C that almost surely Xn ≤ C i.o.
and Xn ≥ C i.o. as well. To prove this, we will show that whenever P(Xm = x) >
0, we have

P(∃n > m : (Xn − C)(x− C) ≤ 0 | Xm = x) = 1. (8)

For any n > m, the increment Xn − Xm is independent of Xm and has a
symmetric distribution with variance

∑n
k=m+1 a

2
k. Its fourth moment satisfies

E((Xn −Xm)
4) = E

( n∑
k=m+1

ϵkak

)4


=
n∑

k=m+1

a4k + 3
n∑

k=m+1

n∑
j=m+1

1{j ̸=k}a
2
ka

2
j

= 3
n∑

k=m+1

n∑
j=m+1

a2ka
2
j − 2

n∑
k=m+1

a4k

≤ 3

(
n∑

k=m+1

a2k

)2

.

We now apply the Paley–Zygmund inequality to the random variable Z defined
by Z = (Xn −Xm)

2.

P

|Xn −Xm| ≥
1

2

(
n∑

k=m+1

a2k

)1/2
 = P

(
Z >

1

4
E(Z)

)

≥
(
3

4

)2E(Z)2

E(Z2)

≥ 3

16
.

We remark that the above inequality complements the statement of Tomaszewski’s
conjecture, recently proved by Keller and Klein [12], which tells us that

P

|Xn −Xm| ≤

(
n∑

k=m+1

a2k

)1/2
 ≥ 1

2
.

We can now prove (8). Define a sequence of stopping times τ0 = m < τ1 <
τ2 < . . . inductively by

τi = min


n > τi−1 :

1

2

 n∑
k=1+τi−1

a2k

1/2

>
∣∣Xτi−1

− C
∣∣

.
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Since
∑∞

k=1 a
2
k = ∞, we have τi < ∞ a.s. for every integer i ≥ 0. Let Gi denote

the σ-algebra generated by X1, . . . , Xτi . For each i ≥ 1 we have

P((Xτi − C)(Xτi−1
− C) ≤ 0 | Gi−1) ≥

3

32
.

By the conditional Borel–Cantelli lemma, we find that almost surely there exists
a random i < ∞ such that (Xτi − C)(Xτi−1

− C) ≤ 0 and, taking n = τi for the
least such i, we have (Xn − C)(Xm − C) ≤ 0.

7 Transience for sequences that cover all natural
numbers

The main aim of this section is to prove Theorem 5, and then to deduce Corollary 6.

Theorem 5. Let (an)n≥1 be a non-decreasing sequence of integers, and let Li be
the number of times i appears in the sequence. Suppose that, for all large enough
n, ∑

i≤n

gcd(i,n)=1

Li ≥ 2n2 (1)

and
n−1∑
i=1

i2Li ≥ 4n2 log3(n) · Ln. (2)

Then the Rademacher random walk X associated with (an)n≥1 is transient.

Proof. Fix C > 0, and let En be the event that the walk is within C of the origin
after one of the steps of size n, that is, En = {∃i : ai = n, |Xi| ≤ C}. We will
show that the probability of these events is summable, and therefore only finitely
of the En occur almost surely. Since the probability that the walk is C-recurrent
is zero for all C, the walk must be transient.

Clearly, the probability of En is 0 if Ln = 0, so suppose that Ln ≥ 1 and that
n is large enough for (1) and (2) to hold. Let N =

∑n−1
i=1 Li so that aN+1 = · · · =

aN+Ln = n. We split the event En into two cases based on the size of |XN |. When
|XN | is large, the probability that Ln steps of size n will travel far enough to be
within C of the origin is small enough to be summable. When |XN | is small, we
use the fact that XN is well-distributed over the equivalence classes modulo n,
and the probability that steps of size n could possibly get within C of the origin is
O(C/n). By combining this with the probability that |XN | is small, we find that∑∞

n=1 P(En) <∞.

First, consider the case where |XN | is large, by which we mean |XN |2 ≥∑n−1
i=1 i

2Li/ log
2(n). Define M :=

∑n−1
i=1 i

2Li/ log
2(n). By the reflection princi-
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ple we have

P

(
max

0≤t≤Ln

t∑
i=1

ϵ(N+i)n ≥
√
M

)
= 2P

(
Ln∑
i=1

ϵin ≥
√
M

)
− P

(
Ln∑
i=1

ϵin =
√
M

)

≤ 2 exp

(
− M

2n2Ln

)
.

By our assumption on
∑n−1

i=1 i
2Li, we have that the probability of this event is at

most 2n−2.

Now consider the case where |XN |2 ≤M . We split the sum XN into two parts,
a small part which ensures that XN is well distributed over the equivalence classes
modulo n, and another part that we know must be large. Pick a set A ⊆ {1, . . . , N}
of size |A| = n2 such that gcd(ai, n) = 1 for all i ∈ A and

∑
i∈A a

2
i is as small as

possible. Let Ac = [N ] \ A, and note that
∑

i∈Ac a2i ≥ 2n2 log3(n)Ln. Define SA

and SAc by SA =
∑

i∈A aiϵi and SAc =
∑

i∈Ac aiϵi.

Note that the event {|XN | ≤M} is contained in the event

{|SA| ≤ 2 log(n)n2} ∩ {|SAc| ≤ 2n2 log(n)Ln},

and that if En is to occur, there must be some c ∈ [−C,C] for which XN ≡ c
mod n. By our choice of A, for every x, the probability that SA ≡ x mod n is
at most 3/n by Lemma 15, and this implies that, even given the value of SAc , the
probability that there is some c ∈ [−C,C] for whichXN ≡ c mod n is at most 3/n.
To finish this case, we will show that the probability of {|SAc | ≤ 2n2 log(n)Ln}
is at most C ′/ log2(n) and that the probability of {|SA| ≤ 2 log(n)n2} is at least
1− n−2. These imply that the probability of En ∩ {|XN | ≤M} is at most

C ′

log2(n)

(
1

n2
+

3

n

)
Since the probability of En ∩ {|XN | ≥ M} is at most 2n−2, the probability of
En is O(n−1 log−2(n)). Hence, the sum

∑∞
n=1 P(En) < ∞ and almost surely only

finitely many En occur, which means the walk is transient.

Let us bound the probability that |SAc| ≤ 2n2 log(n)Ln. By the Berry–Esseen
Theorem, we have that

P
(
|SAc | ≤ 2n2 log(n)Ln

)
= P

(
|SAc|∑
i∈Ac a2i

≤ 2n2 log(n)Ln∑
i∈Ac a2i

)
≤ P

(
|SAc |∑
i∈Ac a2i

≤ 1

2 log2(n)

)
≤ Φ

(
1

2 log2(n)

)
− Φ

(
− 1

2 log2(n)

)
+ C ′ n− 1∑

i∈Ac a2i

≤ 1√
2π log2(n)

+
C ′

n
.

Finally, we need to bound the probability that |SA| ≤ 2 log(n)n2, for which we
use Lemma 26. Trivially,

∑
i∈A a

2
i ≤ n4 and,

P(SA ≥ 2 log(n)n2) ≤ e−2 log(n).
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Given the theorem above, Corollary 6 follows easily. Indeed, we only need to
show that an = ⌊log1+ε(n)⌋ satisfies the appropriate conditions.

Corollary 6. For any α > 1, the Rademacher random walk with step sizes an =
⌊logα(n)⌋ is transient

Proof. Clearly, (an) is a non-decreasing sequence of integers, so we can apply
Theorem 5 provided the Ln satisfy the necessary conditions. The ith step size ai
equals n exactly when en

1/α ≤ i < e(n+1)1/α , so Ln = e(n+1)1/α − en
1/α

+ O(1). By
the Mean Value Theorem, there is x ∈ (n, n+ 1) such that

e(n+1)1/α − en
1/α

=
ex

1/α

αx1−1/α
.

In particular, Ln−1 ≥ 2n2 for large enough n and (1) is satisfied. We also have

n−1∑
i=1

i2Li ≥
n−1∑
i=2

i2

(
ei

1/α

αi1−1/α
+O(1)

)

≥ O(n3) +
1

α

∫ n−1

1

x1+1/αex
1/α

dx

= (n− 1)2e(n−1)1/α +O(en
1/α

/n2).

Comparing this with 4n2 log3(n)
(

e(n+1)1/α

α(n+1)1−1/α +O(1)
)

, we see that (2) is also sat-
isfied, and we can apply Theorem 5 to finish the proof.

8 Unbounded step sequences whose gaps tend to
zero

In this section we prove Theorem 13, which asserts that if the step sizes of a
Rademacher random walk are unbounded with gaps converging to zero, the walk
is either transient or topologically recurrent.

Lemma 32. Suppose (an)n≥1 is a sequence such that lim supn→∞ an = ∞ and
|an−an−1| → 0 as n→ ∞. Let X and X ′ be Rademacher random walks with step
sizes given by (an) started at time k at locations Xk = N and X ′

k = N + d for
some d ̸= 0. Then, for any ε > 0, the walks X ′ and X ′ can be coupled so that a.s.
limn→∞(Xn −X ′

n) exists and lies in [0, ε].

Proof. Think of the problem of coupling X and X ′ as a game as follows. Just
before time i, we know ϵ1, . . . , ϵi−1 and ϵ′1, . . . , ϵ

′
i−1 and we must choose either to

couple ϵ′i and ϵi so that ϵ′i = ϵi, or to couple them so that ϵ′i = −ϵi. Once we have
made our choice, the value of ϵi is revealed, and ϵ′i is either ϵi or −ϵi depending
on the choice that we made. We win the game if for some i ≥ k we achieve
Xi−X ′

i ∈ [0, ε]. The proof consists of a strategy for winning this game eventually
with probability 1. Once we have won the game we may couple all subsequent
signs to be equal, so that Xi −X ′

i stabilizes.
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Our strategy is organised as a sequence of episodes. In each episode we will win
with probability at least 1/4, conditional on all the outcomes in previous episodes.
For i ≥ 1, episode i will begin at time mi−1+1 and end at time mi, where m0 = k.
To describe episode i for any i ≥ 1, assume we know mi−1 Xmi−1

and X ′
mi−1

, and
assume we have not yet won the game at time mi−1. Let di = Xmi−1

−X ′
mi−1

. In
particular, d1 = d. Let δi = min(ϵ, |di|). Note that δi > 0 since if di = 0 then
we have already won the game. Choose ni ≥ mi−1 sufficiently large that for all
n ≥ ni we have |an − an−1| < δi/2. Let

xi =

{
di/2 if di > 0,

−di/2 + δi/2, if di ≤ 0.

Since lim supn→∞ an = ∞, we may find mi > ni such that

ami
− ani

∈ [x− δi/2, x].

Now choose to couple the signs ϵi and ϵ′i driving the movements of the walks X and
X ′ to be equal for each i in the range mi−1 ≤ i ≤ ni−1 and for ni+1 ≤ i ≤ mi−1.
Choose to couple ϵni

= −ϵ′ni
and ϵmi

= −ϵ′mi
.

There are four possible options for X ′
mi

− Xmi
, each having probability 1/4

conditional on the outcomes preceding episode i:

X ′
mi

−Xmi
=


di + 2(ami

+ ani
) ϵni

= −1, ϵmi
= −1,

di + 2(ami
− ani

) ϵni
= +1, ϵmi

= −1,

di − 2(ami
− ani

) ϵni
= −1, ϵmi

= +1,

di − 2(ami
+ ani

) ϵni
= +1, ϵmi

= +1.

If di > 0 then di − 2(ami
− ani

) ∈ [0, ε]. If di < 0 then di + 2(ami
− ani

) ∈ [0, ε].
Hence, with probability at least 1/4, we have X ′

mi
−Xmi

∈ [0, ε], in which case we
win the game no later than time mi.

Carrying out the procedure above repeatedly until success, we will almost
surely win after finitely many episodes, since in each episode we win with proba-
bility at least 1/4, conditional on the outcomes in previous episodes.

Using this coupling, we show that if the walk hits the interval [a, b] i.o. with
positive probability, then the probability that it hits a second interval i.o. is also
positive.

Corollary 33. Suppose (an)n≥1 is a sequence such that lim supn→∞ an = ∞ and
|an−an−1| → 0 as n→ ∞. Let X = (Xn)n≥1 be the Rademacher random walk with
step sizes (an). Let a < b and e < f and take m ∈ N such that m > (b−a)/(f−e).
If P(Xn ∈ [a, b] i.o.) ≥ p, then P(Xn ∈ [e, f ] i.o.) ≥ p/m.

Proof. Divide the interval [a, b] into m equal intervals. By a union bound, at least
one such interval [a′, b′] is visited infinitely often with probability at least p/m.
We have [a′ + t, b′ + t] ⊂ [e, f), where t = e − a′. If t = 0 there is nothing to do,
so let us assume that t ̸= 0 and further that t > 0. The case t < 0 is similar.
Apply the coupling of Lemma 32 starting at time 0 at X0 = 0 and X ′

0 = t, taking
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ε = f − (b′ + t). Then the standard Rademacher random walk X ′′ defined by
X ′′

n = X ′
n − t visits [e, f ] infinitely often if X visits [a′, b′] infinitely often, and this

occurs with probability at least p/m.

The proof of Theorem 13 follows.

Proof. Suppose X is not transient. Then there exists C <∞ such that

P(|Xn| < C i.o.) > 0.

Apply Corollary 33 taking [a, b] = [−C,C] and p = P(|Xn| < C i.o.), to see that
whenever e < f we have

P(Xn ∈ [e, f ] i.o.) ≥ p

⌈2C/(f − e)⌉
> 0.

Now suppose (for a contradiction) that for some interval [g, h], we have P(Xn ∈
[g, h] i.o.) < 1. Then (by a standard martingale argument) there exists a finite k′
and two sequences of signs β1, . . . , βk′ and γ1, . . . , γk′ such that

P(Xn ∈ [g, h] i.o. | ϵ1 = β1, . . . , ϵk = βk′) > 2/3

and
P(Xn ∈ [g, h] i.o. | ϵ1 = γ1, . . . , ϵk = γk′) < 1/3.

Take m = 2 in Corollary 33, applied to the walk with step sizes ak′+1, ak′+2, . . . ,
and with

[a, b] = [g − (β1a1 + · · ·+ βk′ak′), h− (β1a1 + · · ·+ βk′ak′)]

and
[e, f ] = [g − (γ1a1 + · · ·+ γk′ak′), h− (γ1a1 + · · ·+ γk′ak′)]

to obtain a contradiction.

9 Recurrent Rademacher walks where the step sizes
grow arbitrarily quickly

In this section we prove Theorem 3 and Theorem 4, both of which show the
existence of sequences of step sizes which grow arbitrarily quickly yet give recurrent
Rademacher random walks. The constructions used in the proofs of Theorem 3
and Theorem 4 both work by considering a suitable two-dimensional random walk
and understanding the range of the second coordinate at the times when the first
coordinate is zero, but the proof of Theorem 3 is much simpler.

Theorem 3. Let f : N → R be any non-decreasing function. There is an integer
sequence (an)n≥1 such that an ≥ f(n) for all n and the associated Rademacher
random walk is recurrent.
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Proof. We define the sequence (an) in blocks, starting from the empty sequence.
Suppose that a1, . . . , aN have already been chosen, and let M =

∑N
i=1 ai. Since the

two-dimensional simple symmetric random walk is recurrent, we can choose some
L such that the probability that the two-dimensional simple symmetric random
walk (SSRW) has hit every point in {(0, y) : y ∈ [−M,M ]} by time L is at least
1/2. Now we choose r such that r ≥ g(2L + N) and define the next 2L steps to
alternate between r+1 and r. This sequence clearly satisfies the necessary growth
condition and it remains to prove that the sequence is weakly recurrent.

Let Ek be the event that the walk hits 0 in the kth block. We claim that
uniformly for any outcome on the preceding blocks, the probability of Ek is at
least 1/2. Suppose that kth block starts at aN+1 and that the walk is at m
immediately before the kth block, i.e. XN = m. Pair up consecutive steps in
the kth block and consider the walk Y = (Yn) where Yn = XN+2n. This starts
at m and takes steps of ±(2r + 1),±1 each with probability 1/4. As before, we
define a two dimensional random walk (xn, yn) by setting (x0, y0) = (0, 0), and
then inductively defining (xn, yn) for n = 1, . . . , L by

(xn, yn) = (xn−1, yn−1) +


(1, 0) if Yn − Yn−1 = 2r + 1,
(−1, 0) if Yn − Yn−1 = −(2r + 1),
(0, 1) if Yn − Yn−1 = 1,
(0,−1) if Yn − Yn−1 = −1.

Clearly, if the walk (xn, yn) hits the point (0,−m), then the walk X has hit zero
and by our choice of L this happens with probability at least 1/2. To finish the
proof that the walk is recurrent, we can apply the Kochen–Stone theorem to the
random variable Zn =

∑n
k=1 1Ek

.

We now turn to the proof of Theorem 4. We will again consider the times
when the first coordinate of a two-dimensional random walk is 0, but we will have
to work with a more complicated two-dimensional random walk and we will need
the following lemma.

Lemma 34. Define for each n ≥ 1

cn =
n−1∑
m=1

m−3/2

√
1 + logm

.

Consider the two-dimensional Rademacher random walk (Yn, Zn)n≥0 with nth step
±(1, cn), starting at (Y0, Z0) = (0, 0). Almost surely the set {Zn : Yn = 0} is dense
in R.

From this lemma it is relatively straightforward to prove Theorem 4.

Theorem 4. Let f : N → R be any non-decreasing function. There is a strictly
increasing real sequence (an)n≥1 such that an ≥ f(n) for all n and the associated
Rademacher random walk is topologically recurrent.
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Proof. Define for each n ≥ 1

cn =
n−1∑
m=1

m−3/2

√
1 + logm

.

Note that
∑∞

m=1
m−3/2

√
1+logm

<∞, so cn ↗ c∞ as n→ ∞ where c∞ <∞. Also,

cn+1 − cn =
n−3/2

√
1 + log n

.

We will define the step size sequence (an)n≥1 as the concatenation of blocks of
the form (xj+c0, xj+c1, . . . , xj+cnj

), for j ≥ 1, where for each j we choose nj and
then xj suitably large given the previous choices. Let Mj =

∑n1+···+nj−1

n=1 an be the
sum of all the terms in the blocks preceding the jth block. According to Lemma 34,
we may choose nj so that with probability at least 1/2, the walk (Yn, Zn)

nj

n=0 visits
the (1/j)-neighbourhood of each point in {0} × [−2Mj, 2Mj]. Then choose xj so
large that xj ≥ f(n1 + · · · + nj). This ensures an ≥ f(n) for all n. Note that
nj → ∞ as j → ∞ and hence Mj → ∞ also. For any t ∈ R, once Mj+1/j > t, we
have that conditional on Xn1+···+nj−1

, the Rademacher walk Xn visits the interval
(t−1/j, t+1/j) with probability at least 1/2. Hence, X is topologically recurrent
by the conditional Borel–Cantelli lemma.

It remains to prove Lemma 34.

Proof of Lemma 34. Consider the sequence of successive times 0 = τ1 < τ2 < τ3 <
. . . at which Yn = 0. This is almost surely an infinite increasing sequence tending
to ∞ since the walk Y = (Yn)n≥0 on its own is a simple symmetric random walk on
Z, which is recurrent. The distribution of each increment Zτi+1

−Zτi conditional on
the earlier increments has a symmetric distribution. Therefore we can condition
on the increment sizes |Zτi+1

−Zτi | and obtain a random Rademacher walk (Zτi)i≥1

with random step sizes bi := |Zτi+1
− Zτi| for i ≥ 1. We claim that almost surely

bi → 0 as i → ∞ and
∑∞

i=1 b
2
i = ∞. Given this claim, we may apply Lemma 10

to see that almost surely the Rademacher walk (Zτi)i≥1 is topologically recurrent,
which is to say that almost surely {Zn : Yn = 0} is dense in R.

The key observation is that since the sign of Yn is constant for n in the interval
[1 + τi, τi+1 − 1], and Yn = 0 when n ∈ {τi, τi+1}, and cn+1 − cn > 0 for all n, we
have

|Zτi+1
− Zτi | =

∣∣∣∣∣
τi+1∑

n=1+τi

(Yn − Yn−1)cn

∣∣∣∣∣ =
∣∣∣∣∣−

τi+1∑
n=1+τi

Yn(cn+1 − cn)

∣∣∣∣∣
=

τi+1−1∑
n=1+τi

|Yn|(cn+1 − cn) =

τi+1−1∑
n=1+τi

|Yn|
n−3/2

√
1 + log n

.

Since Yn = 0 when n ∈ {τi, τi+1}, the final sum above is unchanged if we replace
the lower limit by n = τi or the upper limit by τi+1.

Let us use the Komlós–Major–Tusnády coupling to couple the simple symmet-
ric random walk Yn to a standard Brownian motion (Bs)s≥0. This is a coupling
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with the property that for every α > 0 there is a positive constant cα such that
for all n one has

P
(
max
1≤j≤n

|Bj − Yj|
log n

> cα

)
< cαn

−α.

(See [14, Theorem 7.1.1].) Taking α > 1 and using Borel–Cantelli it follows that
almost surely

lim sup
s→∞

|Bs − Y⌊s⌋|
log s

<∞.

Since |Yn+1 − Yn| = 1 for all n, we also have

lim sup
s→∞

|Bs − Y⌈s⌉|
log s

<∞.

Let E be the (almost surely finite) random variable defined by

E = sup
s≥1

max(|Bs − Y⌊s⌋|, |Bs − Y⌈s⌉|)
1 + log s

.

Then, for each i ≥ 2, we have τi ≥ 2 so the function x−3/2/
√
1 + log x is decreasing

on the interval [τi, τi+1] and hence

τi+1−1∑
n=τi

|Yn|
n−3/2

√
1 + log n

>

∫ τi+1

τi

(|Bs| − (1 + log s)E)
s−3/2

√
1 + log s

ds

and
τi+1∑

n=1+τi

|Yn|
n−3/2

√
1 + log n

<

∫ τi+1

τi

(|Bs|+ (1 + log s)E)
s−3/2

√
1 + log s

ds.

Note that
∫∞
1

(√
1 + log s

)
s−3/2 ds <∞, so the sequence of errors(∫ τi+1

τi

(√
1 + log s

)
s−3/2E ds

)
i≥2

is almost surely in ℓ1(N) and hence also in ℓ2(N).

Therefore, to show that the sequence (bi)i≥1 =
(∣∣Zτi+1

− Zτi

∣∣)
i≥1

almost surely
tends to 0 but does not lie in ℓ2(Z), it suffices to do the same for the sequence
(Ii)i≥1 defined by

Ii :=

∫ τi+1

τi

|Bs|
s−3/2

√
1 + log s

ds.

We make the change of variable s = et, to get

Ii =

∫ log(τi+1)

log(τi)

|Bet |
e−t/2

√
t+ 1

dt =
∫ log(τi+1)

log(τi)

|Wt|√
t+ 1

dt,

where the process
Wt := B(et)e

−t/2
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is a stationary Ornstein–Uhlenbeck process whose stationary distribution π is
Gaussian with mean 0 and variance 1. For this identity in law, see [23, §8.5.1], in
which W is called an ancient Ornstein–Uhlenbeck process. W satisfies the SDE

dWt = −1

2
Wt dt+ dB′

t,

where (B′
t)t∈R is another (two-sided) standard Brownian motion.

The rough idea now is that large increments Ii, exceeding a positive constant
size, correspond to increasingly large excursions of W from 0, which only occur
finitely often, almost surely, but on the other hand the large excursions of W from
0 whose integral is at least a positive constant occur sufficiently regularly to give a
subsequence of (Ii) whose sum diverges. Some care is needed to make this precise.

To show that Ii → 0 almost surely as i→ ∞, we consider the excursions of Wt

above −1 and the excursions of Wt below 1. The times log(τi) are times at which
|Yet | = 0 and hence |Bet | ≤ (1 + t)E. There exists a random time t0 < ∞ such
that

(1 + t)e−t/2E < 1/2 for t ≥ t0.

For i ≥ i0 := ⌈et0⌉, we have τi ≥ i so for all t > log(τi) we have (1+t)e−t/2E < 1/2.
For each i ≥ i0, on the interval τi < n < τi+1, either all Yn > 0, in which case

Wt > −(1 + t)e−t/2E > −1/2 for all t ∈ [log(τi), log(τi+1)],

or all Yn < 0, in which case

Wt < (1 + t)e−t/2E < 1/2 for all t ∈ [log(τi), log(τi+1)].

It follows that for each i ≥ i0, the integral Ii is dominated either by an integral
of the form

1√
ai + 1

∫ bi

ai

(Wt + 1)dt,

where [ai, bi] is an excursion interval of W above the level −1 which reaches the
level −1/2, or by an integral of the form

1√
ai + 1

∫ bi

ai

(−Wt − 1)dt

where [ai, bi] is an excursion interval of W below the level 1 which reaches the level
1/2. Since log(τi) → ∞ as i→ ∞, and W hits each of −1 and 1 at an unbounded
set of times almost surely, we have that ai → ∞ as i→ ∞.

The law of the iterated logarithm for Bs as s → ∞ corresponds to a sim-
pler statement about the maximal growth of the stationary Ornstein–Uhlenbeck
process (see [23, eq. (8.5.2)]):

lim sup
t→∞

|Wt|√
log t

=
√
2 a.s.

Hence, there is a random time t1 such that

|Wt| < 2
√

log t for all t ≥ t1. (9)
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It is known that the hitting times in one-dimensional Ornstein–Uhlenbeck pro-
cesses have exponential tails. However, we could not find a simple single reference
for this fact, and we prove it here. Denote by τx(y) the hitting time of level y
starting from level x. First, from Sato [20] it is known that for x ̸= 0, τx(0) has a
probability density function on (0,∞) given by

|x|√
2π

(et − 1)−3/2et exp

(
− x2

2(et − 1)

)
.

This indeed decays exponentially as t → ∞, and immediately implies that the
hitting time τx(y) has an exponential tail whenever y lies between x and 0. The
hitting time of a general level y starting from x is bounded above by the hitting
time of 0 starting from x plus an independent hitting time of y starting from
0, so it suffices to show that τ0(y) has an exponential tail, and for this we may
assume y > 0 without loss of generality since the Ornstein–Uhlenbeck process is
symmetric about 0. One way to bound τ0(y) is to run the process starting at
0 until it hits {−y, y}; if it has hit y then we are done; otherwise run from y
until you first hit 0, then try again, repeating until success. We succeed after a
Geometric(1/2) number of trials. A standard exercise using moment generating
functions shows that the sum of a geometric number of i.i.d. random variables
with exponential tails itself has an exponential tail. Hence it suffices to show that
the hitting time of {−y, y} starting from 0 has an exponential tail. This is done
in Breiman [5, Thm 1] using the explicit form of the Laplace transform of this
hitting time that had been obtained earlier by Darling and Siegert [6]. (Breiman
claimed to bound the tail of the first hitting time of y from 0, but we believe his
proof actually bounds the first hitting time of {−y, y} from 0.)

From the exponential tails of hitting times, it follows that the successive ex-
cursions of W above −1 that reach −1/2 have lengths that form an i.i.d. sequence
with exponential tails. Indeed, the length of each one is the sum of two indepen-
dent hitting times: the hitting time of −1/2 starting at −1, and the hitting time
of −1 starting at −1/2. The same applies to successive excursions below 1 that
reach 1/2. Among both such types of excursion, we now consider only those whose
length is at least 1, since by (9) excursions shorter than this after time t1 can only
produce increments Ii that tend to 0. For each type of excursion, the nth instance
of the remaining long excursions starts at a time that is at least n, since they all
have length at least 1 and are disjoint (although excursions of the two different
kinds can overlap). Hence, if Lt is the length of the longest excursion of either
kind up to time t, then

sup
t≥2

Lt/ log t <∞ a.s.

because of the exponential tail bound that we established above. Combining this
bound on the excursion lengths with the bound (9) on their heights, we get a
bound on the largest integral

∫ bi
ai
|Wt + 1| dt where bi − ai ≥ 1 and ai ≤ t: it is no

more than
2
√

log t log t sup
t≥2

Lt/ log t,

which is o(
√
t+ 1) as t→ ∞. It follows that |Zτi+1

− Zτi| → 0 as i→ ∞.

It remains to show that the sequence
(
|Zτi+1

− Zτi |
)
i≥1

almost surely does not
lie in ℓ2(N).
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Let us call an excursion of W above −1 a good excursion if it contains an
excursion above 1 whose integral is at least 1.

Consider a good excursion of Wt above −1 that starts at time s and finishes at
time t, where t0 ≤ s < t − 1, with a subinterval (s′, t′) ⊂ (s, t) such that Wr ≥ 1

for all r ∈ (s′, t′) and
∫ t′

s′
Wr dr > 1. Then there is an excursion of Y above 0, say

from time τi to time τi+1, where

s < log τi < s′ < t′ < log τi+1 < t

and

Ii =

∫ log(τi+1)

log(τi)

Wt√
t+ 1

dt >
1√
t′ + 1

∫ t′

s′
Wt dt >

1√
t′ + 1

.

The number of disjoint good excursions that lie entirely between times 4k−1 and
4k grows as Θ(4k), almost surely as k → ∞. (Again, this follows from the fact
that the hitting times of 1 starting from −1 and vice versa in the Ornstein–
Uhlenbeck process have exponential tails, together with the Markov property of
the Ornstein–Uhlenbeck process.) Hence, the sequence (Ii)i≥1 almost surely does
not lie in ℓ2(N). This completes the proof of Lemma 34.
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Abstract

We consider a generalization of the forest fire model on Z` with ignition at zero only,

studied in [15]. Unlike that model, we allow delays in the spread of the fires and the

non-zero burning time of individual “trees”. We obtain some general properties for this

model, which cover, among others, the phenomena of an “infinite fire”, not present in the

original model.

Mathematics Subject Classification: primary 60G55, 60K35; secondary 60F20
Keywords and phrases: forest fire model

1 Introduction

The following forest fire model was introduced in [3, 15]; an extension of this model was also
studied in [9]. Each node of Z` can be vacant or occupied by a tree. If a node is vacant, and
only in this case, a single tree appears at this node after an exponentially distributed time
with a rate 1; this time is independent of everything else. A constant source of fire is located
at node 0, and whenever a tree catches fire, the fire spreads instantly to the next tree on the
right and continues doing so until the whole cluster is burnt, which takes zero time. The fire
stops only when it reaches a vacant node (i.e. without a tree).

Various forest fire models have been abundant, especially in the physics literature, partly
for their practical applications and partly for the fact that they exhibit so-called self-organized
criticality, which is a property of many dynamical systems that naturally evolve into a
critical state, and where small changes can, surprisingly, trigger large-scale events. This
phenomenon can be useful for explaining why complex systems (e.g., earthquakes, avalanches,
stock markets, etc.) exhibit power-law behaviour without the necessity of external fine-tuning.
Self-organized criticality is considered as a mechanism by which complexity arises in nature;
for a more detailed analysis of this notion, we refer the reader to [2]. For examples of forest-fire
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models in the physics literature see e.g. [11], where the authors compute the average number
of trees destroyed by lightning, derive scaling laws and calculate all critical exponents; in [12]
the analytic solution of the self-organized critical forest-fire model in one dimension is given.
There are some interesting relations between percolation theory and forest fire models: in [7],
the authors study the connection between frozen percolation and forest fire processes without
recovery; in [1] it is shown that in higher dimensions a similar model introduced in [4] will
eventually recover from fires. An extensive and detailed review of the forest models, including
some practical ones, can be found in [8]. For other and more recent relevant models, please
see [1, 5, 6, 8, 9, 10, 13] and references therein.

In the current paper we consider a generalization of the model from [15] by allowing non-
zero tree burning times, as well as by introducing possible delays, which affect how the fire
spreads from a burning site to its right neighbour. Neither of these possibilities was considered
in [9] or [15], which motivated us to write the current paper. In our model, each site can be
in three possible states: (a) vacant (no tree); (b) having a (non-burning) tree; (c) having a
burning tree. Formally, assume that all sites are vacant initially and

(1) the trees appear at each vacant, non-burning site x P Z` at a rate 1 independently of
anything, after which they can be burned by a fire arriving from the left, which will
eventually return the site to the original vacant state;

(2) there is a constant source of fire attached to site x “ 0, so whenever a tree appears
there, it starts burning immediately;

(3) when a tree at position x catches fire for the i-th time (x, i P Z`), denote this time as
fx,i, it takes θx,i ě 0 time to burn, where θx,i are drawn independently from some non-
negative distribution θ, so the state x is “burning" during the time interval rfx,i, fx,i `

θx,is;

(4) when a tree at position x burns for the i-th time, the fire may spread to tree px `

1q in time ∆x,i ě 0, where ∆x,i are drawn independently from some non-negative
distribution ∆, and the counting starts only after both the fire starts at x and the
tree at px` 1q appears. Therefore, if the fire starts at position x at time t :“ fx,i, then
the fire at position px ` 1q starts at time fx`1,j “ t ` ∆x,i if there is already a tree1 at
px` 1q by time t` ∆x,i. On the other hand, if the site x` 1 is vacant at time t` ∆x,i,
assuming that the tree at x`1 appears at time t`∆x,i`ν for some ν ą 0, it will either
start burning immediately at time fx`1,j “ t` ∆x,i ` ν if ν ă θx,i, or if ν ě θx,i the fire

1which is not burning at this time
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will not propagate beyond site x; we include the possibility that the fire at position x

goes off before the position x ` 1 catches fire2;

(5) while a tree is burning, another tree cannot grow at the same site, nor can the fire from
the left neighbour of this site spread to it. So the next tree at that spot can appear only
after it was burnt completely and became vacant again, and it will take again expp1q

time independently of anything.

Observe the following:

• we may have more than one fire running in the model at the same time (but in different
locations);

• if the ∆s are truly random, it is conceivable that while site x has consecutive fires at
times fx,i and fx,i`1, respectively (such that fx,i`1 ą fx,i`θx,i), the time t̃ “ fx,i`θx,i`

∆x,i by which the i-th fire at x stops affecting site x` 1 exceed the time fx,i`1 ` ∆x,i`1

by which the next pi ` 1q-st fire at x starts affecting x ` 1. In this case, we postulate
that the pi ` 1q-st fire at x can ignite site x ` 1 only after the time t̃;

• it is conceivable that a fire never stops but continues to infinity; we will call this
phenomenon an infinite fire.

Now we introduce some notations. Let ηxptq P t0, 1u be the state of the site x P Z` at
time t ě 0, and we say that the site x is vacant (occupied, respectively) if ηx “ 0 (ηx “ 1

respectively). A vacant site x P Z` becomes occupied at rate 1; once x is occupied, it becomes
vacant again after it catches fire that spreads from the site x ´ 1 and stops burning after a
time distributed as θ. We assume that the process ηxptq is right-continuous.

Let νk be the time at which the k-th tree appears at the origin (and instantaneously begins
burning); if θ ” 0, the times ν1, ν2, . . . form a Poisson point process with rate 1, otherwise

νk “ pξ1 ` θ0,1q ` pξ2 ` θ0,2q ` ¨ ¨ ¨ ` pξk´1 ` θ0,k´1q ` ξk (1.1)

where ξk are i.i.d. expp1q random variables.
Assume for the moment that θ ” 0. Let nk denote the right-most point burnt by fire

number k; this fire will eventually spread to the site nk which will happen at time νk ` ζk

where ζk “ ∆1
0 ` ∆1

1 ` ¨ ¨ ¨ ` ∆1
nk´1 with ∆1s being i.i.d. copies of ∆. We can interpret ζk as

2in real life, this can be interpreted as grassland between trees spreading fire, or that a burning tree emits
sparks which are spread by the wind until they reach the next tree. Thus, the next tree might start burning
after the tree on its left had already burnt
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the duration of the k-th fire. Then

η1pνk ` ∆1
0´q “ η2pνk ` ∆1

0 ` ∆1
1´q “ ¨ ¨ ¨ “ ηnk

pνk ` ∆1
0 ` ∆1

1 ` ¨ ¨ ¨ ` ∆1
nk´1´q “ 1;

but ηnk`1pνk ` ∆1
0 ` ∆1

1 ` ¨ ¨ ¨ ` ∆1
nk

´q “ 0;

If nk “ 8 and ζk “ 8, we shall call the k-th fire an infinite fire. Finally, we can similarly
define nk and the duration of the k-th fire in the case when θ is not identically equal to zero,
but we will not get such simple formulae.

1.1 Graphic representation

We can represent our model in the upper right quadrant of R2 as follows. For each x P

t0, 1, 2, . . . u consider a vertical ray px, tq, t ě 0. Suppose a tree appears at site x for the
i-th time at time t, and starts burning at time t1 ě t. Then colour the segment with the
vertical coordinates rt, t1s green. The tree will burn between times t1 and t1 ` θx,i so colour
the interval pt1, t1 ` θx,iq red. The rest of the line remains uncoloured. As a result, consecutive
segments on this ray alternate: the uncoloured segments are followed by green and then by
red segments (it is conceivable that a green segment degenerates to a single point if the fire
at x starts immediately after the tree is planted there; this can happen if θx´1,j ą 0). Please
see Figure 1 for the case when the duration of fire is always zero, and Figure 2 for the general
case. Interestingly, the graphic representation of the process is somewhat reminiscent of direct
percolation models, though we could not find a direct connection which would be useful in
obtaining additional insights.

If the k-th fire does not stop at x, and x started burning at time t, then we can draw an
arrow from some point in the red segment with coordinates px, sq with s P rt, t ` θx,iq to the
point px` 1, s` ∆x,iq such that the latter point is green, and each fire can be represented by
a sequence of such arrows.

Remark 1.1. As it follows from the description of the model, distinct arrows from x to x`1

do not cross.

1.2 Structure of the paper

The rest of the paper is organized as follows. In Section 2 we prove the existence of the
phenomenon called “the infinite fire” in case of non-trivial but identically distributed spreading
times ∆. In Section 3 we consider the situation when the burning time θ is identically zero, yet
the spreading time is either constant or asymptotically decreasing, and establish conditions
for (non)-existence of an infinite fire. In Section 4, on the other hand, we show that if the
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Figure 1: Graphical representation in the
case θ ” 0, and a constant ∆ ” a ą 0.
Solid arrows represent the spread of fire,
while dotted arrows indicate unsuccessful
attempts to spread. The black dots
mark the appearance of trees, and green
lines denote periods during which a tree
occupies a site before it burns. The
highlighted line of arrows represents the
infinite fire.

Figure 2: The black dots correspond to
the appearance of trees; the green (red
resp.) segments are the periods when a
site is occupied by a “healthy” (burning
resp.) tree. The shaded areas represent
the periods when a burning tree at site
x affects site x ` 1. The solid arrows
show the fire spreading to a neighbouring
tree; the dotted arrows represent the
situations when the fire tried to spread
unsuccessfully.

spreading of the fire is immediate (∆ “ 0) then no infinite fire occurs, and we also obtain
some results on how quickly the fire spreads.
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2 Existence of infinite fire

The infinite fire is a phenomenon which cannot happen in the forest fire models studied in
either [9] or [15]; it arises, however, when there is a delay in the spreading of fire.

Theorem 2.1. Suppose that Pp∆ ą 0q ą 0. Then a.s. there will be an infinite fire, i.e.
Ppinftk : nk “ 8u ă 8q “ 1.

The next auxiliary statement is quite obvious, yet, for the sake of completeness, we present
its short proof.

Lemma 2.2. Suppose that ∆ is a non-negative random variable with Pp∆ ą 0q ą 0. Then
for some constants δ1 ą 0 and δ2 ą 0

P

˜

n
ÿ

j“1

∆1
j ě nδ1 for all n ě 1

¸

ě δ2

where ∆1
j are i.i.d. copies of ∆.

Proof. By the condition of the lemma, there exist a1 ą 0 and p1 ą 0 such that Pp∆ ě a1q ě p1.
Hence ∆1

j is stochastically larger than

Zj “

$

&

%

a1, with probability p1;

0, with probability 1 ´ p1

and we can assume that Zjs are also i.i.d. Consequently, it suffices to show that

P

˜

n
ÿ

j“1

Zj ě nδ1 for all n “ 1, 2, . . .

¸

ě δ2

where δ1 :“ EZj{2 “ a1p1{2 ą 0.
By the strong law of large numbers 1

n

řn
j“1 Zj Ñ a1p1 a.s. as n Ñ 8, hence, since δ1 ă EZJ ,

a.s. there exists a (random) N “ Npωq such that
řn
j“1 Zj ě nδ1 for all n ě N . Since N is

finite, for some non-random n0 ě 1 we have PpN ď n0q ě 1{2. As Zj P t0, a1u, we have

1

2
ď P

˜

n
ÿ

j“1

Zj ě nδ1 @n ą n0

¸

ď P

˜

n
ÿ

j“1

Zj ě nδ1 @n ą n0 | Z1 “ Z2 “ ¨ ¨ ¨ “ Zn0 “ a1

¸

“

P
´

řn
j“1 Zj ě nδ1 @n ą n0 and Z1 “ Z2 “ ¨ ¨ ¨ “ Zn0 “ a1

¯

P pZ1 “ Z2 “ ¨ ¨ ¨ “ Zn0 “ a1q

“

P
´

řn
j“1 Zj ě nδ1 @n ě 1 and Z1 “ Z2 “ ¨ ¨ ¨ “ Zn0 “ a1

¯

pn0
1

ď

P
´

řn
j“1 Zj ě nδ1 @n ě 1

¯

pn0
1

so the Lemma holds with e.g. δ2 :“ pn0
1 {2 ą 0.
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Proof of Theorem 2.1. First, we will show that for any x P Z` the fire will eventually reach x.
In fact, by induction we will show a stronger statement: for each x “ 0, 1, 2, . . . there will be
infinitely many fires that reach the site x and they will occur at arbitrary large times (i.e.,
all fx,is are finite, and fx,i Õ 8 as i increases.) The proof is based on induction.

For site x “ 0 this fact is trivial as f0,k ” νk, see (1.1). Now suppose that our statement
is true for some x ě 0. This means that there are infinitely many fires that start at times
fx,1 ă fx,2 ă . . . . Since the probability of not having a single tree at x`1 by time s is e´s Ó 0

and limiÑ8 fx,i “ 8, eventually for some time fx,j there will be a tree at x` 1 so it will start
burning at time fx,j ` ∆x,j ă 8 and burn during time θx`1,1 ě 0; thus we ensured that there
will be at least one fire at x` 1. Now consider the process after the time fx,j ` ∆x,j ` θx`1,1.
It takes an exponentially distributed time for a new tree to appear at x ` 1; after that, it
will eventually be burnt by a fire started at site x at some time fx,j1 with j1 ą j. This fire
will start burning the tree at x` 1 again at time fx,j1 `∆x,j1 . Similar arguments hold for the
third fire, the fourth fire, etc. The exponential waiting time for the appearance of new trees
also implies that fx`1,j is stochastically larger than the time of arrival of the jth point of a
Poisson process with rate 1, yielding fx`1,i Ñ 8. The induction step is finished.

Let m1 denote the location of the tree, farthest from the origin, burnt by the first fire;
if the fire continues indefinitely, we let m1 “ `8. For k ě 2, we recursively define mk as
the location of the tree, farthest from the origin, burnt by the first fire which reaches beyond
mk´1; we can think of mks as the successive maxima reached by the fires. If mk´1 “ 8 for
some k, we set mk “ mk`1 “ ¨ ¨ ¨ “ 8 as well. The successive maxima obviously satisfy
0 ď m1 ă m2 ă m3 ă . . . (with the convention 8 ă 8).

Let Ak “ tmk ă 8u, i.e., the k-th fire was finite, and let Tk “ fmk,1 ` θmk,1 be the time
when the site mk stops burning for the first time. Let Fk be the σ-algebra3 generated by the
states of sites t0, 1, . . . ,mk ` 1u during the period r0, Tks; we do not include in it any events
related to appearances of the trees at sites mk ` 2,mk ` 3, . . . . We want to compute a lower
bound on PpAck`1 | Fkq, assuming that Ak has occurred and mk “ m. Suppose that the fire
has reached m ` 1 by some time t (note that t ą Tk). It takes ∆m`1,1 units of time for the
fire to reach m ` 2. Assuming that there is a tree at m ` 2 by that time (i.e., t ` ∆m`1,1),
the fire will continue to m` 3 if there is a tree at m` 3 by time t` ∆m`1,1 ` ∆m`2,1, and so
on. Thus the fire will continue ad infinitum, provided that

there is a tree at site pm ` iq by time t ` ∆m`1,1 ` ∆m`2,1 ` ¨ ¨ ¨ ` `∆m`i´1,1

for each i “ 2, 3, . . .

3note that this is a sigma-algebra generated by the stopping time rather than a discrete time
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Since the probability that there is no tree at site x by time s ě 0 is e´s (assuming no previous
fires at x), the probability of the above event given t and t∆m`i,1u

8
i“1 is

8
ź

i“2

´

1 ´ e´t´
ři´1

k“1 ∆m`k,1

¯

ě

8
ź

i“2

´

1 ´ e´
ři´1

k“1 ∆m`k,1

¯

. (2.1)

At the same time, by Lemma 2.2

P
´

e´
řn

j“1 ∆
1
j ď e´nδ1 for all n “ 1, 2, . . .

¯

ě δ2

hence if we denote

ϵ0 :“
8
ź

n“1

`

1 ´ e´nδ1
˘

ą 0

then the probability that the RHS of (2.1) is larger than ϵ0 is no less than δ2. As a result,

PpAck`1 | Fkq ě ϵ0δ2 ą 0 for all k ě 1

and hence by the conditional Borel-Cantelli lemma there will be an infinite fire a.s.

3 Instant burning

In this Section, we will consider the case when θ “ 0, and E∆x ą 0 that is, the trees are burnt
instantly but the expected time for the fire to spread from site x to x` 1 is strictly positive.

Theorem 3.1. Suppose θ ” 0, 0 ă E∆ ă 8 and Varp∆q ą 0. Then there is only one infinite
fire.

Remark 3.2. The non-random case ∆ ” const ą 0 will be covered later in Theorem 3.3.

Proof. The existence of infinite fire follows from Theorem 2.1 since E∆ ą 0 implies Pp∆ ą

0q ą 0, so we only need to show that there cannot be a second infinite fire.
For each site x P Z` let ix be the index of the fire for this site, which turned out to be the

first infinite fire (hence there will be an x1 such that for all x ą x1 we have ix “ 1).
Assume now that there is a second infinite fire. Since for any t ą 0 the number of distinct

fires at each site x by time t is a.s. finite, there will be a (random) site x2 such that each site
with x ą x2 was not burnt by any finite fire between the times when it was burnt by the first
and the second infinite fire. Hence, for each x ą x˚ “ maxpx1, x2q, the first (the second resp.)
fire to burn x is, in fact, the first (the second resp.) infinite fire. Since burning is immediate
(θ ” 0), for x ą x˚

fx`1,1 “ fx,1 ` ∆x,1 and fx`1,2 “ fx,2 ` ∆x,2.
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Let us define Sx “
řx
k“1 ξk, where ξk “ ∆k,2 ´ ∆k,1 are i.i.d. mean zero random variables.

Then fx,ix`1 ´ fx,ix “ Cpx˚q ` Sx for x ě x˚ where Cpx˚q is some quantity depending
on x˚ only. Indeed, for all sites at locations x ą x˚ the first fire to burn x will be the
first infinite fire, and the second fire to burn x will be the second infinite fire. Since Sx is
a one-dimension zero-mean random walk, it is recurrent by [14, P8, Section I.2] and hence
Pplim infxÑ8 Sx “ ´8 | x˚q “ 1, which contradicts the fact that we must always have
fx,ix`1 ą fx,ix .

3.1 Constant spreading time

Recall that the burning time θ is assumed to be zero, and assume additionally that ∆ is the
same non-random positive constant at all locations; in this Section we want to study this
special case. An interesting fact, observed by Edward Crane, is that after the infinite fire,
the model here can be coupled with that of [15]. We have already shown that there exists an
infinite fire in this case; now we are interested in finding out the distribution of when exactly
the infinite fire starts, and what the index κ of that fire can be.

Theorem 3.3. Assume that θ ” 0 and ∆ ” a ą 0. Suppose that the infinite fire starts at
site 0 at some time T ě 0 (which is, of course, random). Then this fire reaches point x ě 1

precisely at time T ` ax, and if we denote η̂xptq “ ηxpt ` T ` axq, t ě 0, then the process η̂
is exactly the one introduced in [15], i.e., the one with θ “ ∆ ” 0.

Proof. This fact follows immediately from the definition of the process η̂xptq and can be also
seen from the graphical representation of the fire process (see Figure 1), where all the arrows
have the same slope a, and the infinite fire corresponds to a straight line going from p0, T q

towards infinity at the constant slope a.

To get an estimate of when the infinite fire starts, observe the following. The times of
consecutive fires at the origin form a Poisson process, and thus the kth fire starts at time
νk “ ξ1 ` ξ2 ` ¨ ¨ ¨ ` ξk where ξi are i.i.d. exponential(1) random variables (see (1.1)). Let
κ ě 1 be the index of the infinite fire, thus T “ νκ. In the statement below we estimate the
probability that the first fire is infinite.

Proposition 3.4. Assume the same as in Theorem 3.3. Then

1 ´
1

2µ
ď Ppκ “ 1q ď µp1 ´ e´1{µ

q

where µ :“ ea ´ 1. Hence, for large a ą 0 we have Ppκ “ 1q “ 1 ´ 1
2pea´1q

` op1q.
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Proof. The first fire burns 0 at time ξ1. For this fire to spread indefinitely, one needs to have
at least one tree at position x at time ξ1 `ax for each x P t1, 2, . . . u; given ξ1, this probability
can be computed as

ś8

x“1

`

1 ´ e´ξ1´ax
˘

.
Since for any sequence y1, y2, ¨ ¨ ¨ P r0, 1s we have

1 ´

8
ÿ

k“1

yk ď

8
ź

k“1

p1 ´ ykq ď exp

˜

´

8
ÿ

k“1

yk

¸

, (3.1)

and
8
ÿ

x“1

e´ξ1´ax
“

e´ξ1

ea ´ 1
.

By taking the expectation over ξ1, we get

Ppκ “ 1q “ E
8
ź

x“1

`

1 ´ e´ξ1´ax
˘

ď

ż 8

0

exp

ˆ

´
e´u

ea ´ 1

˙

e´udu

“

ż 1

0

exp

ˆ

´
v

ea ´ 1

˙

dv “ pea ´ 1q

´

1 ´ e´ 1
ea´1

¯

.

On the other hand, by (3.1)

Ppκ “ 1q ě

ż 8

0

ˆ

1 ´
e´u

ea ´ 1

˙

e´udu “ 1 ´
1

2pea ´ 1q
,

which completes the proof.

Remark 3.5. A much better approximation

Ppκ “ 1q « 1 ´
e´a ` e´2a

2
´
e´3a

6

can be obtained by using a tighter lower bound of
ś8

k“1p1 ´ ykq. It gives the relative error of
0.01 or less for a ě 1{2, and at most 0.07 for 1{2 ě a ě 1{3.

Suppose the first fire did not become the infinite fire; let m1 be the right-most point burnt
by it. By the arguments similar to those in Theorem 3.3, we can couple our process after
time ν1 with the simple fire process η̂xptq from [15] such that

η̂xptq “ ηxpν1 ` ax ` tq for x P t0, 1, . . . ,m1,m1 ` 1u.

Let us also observe that given ν1,

Ppm1 “ kq “ e´ν1´apk`1q

k
ź

x“1

`

1 ´ e´ν1´ax
˘

, k “ 1, 2, . . . .
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Let δ1 “ 1 and, assuming that the first fire was not infinite, let δ2 be the index of the first fire
which extends beyond m1, i.e., burns site m1 ` 1. Denote by m2 (ě m1 ` 1) the right-most
point burnt by this fire. Then, given the time when it started, that is νδ2 ,

Ppm2 “ m1 ` k | νδ2q “ e´νδ2´apm1`k`1q

m1`k
ź

x“m1`2

`

1 ´ e´νδ2´ax
˘

, k “ 1, 2, 3, . . . .

Similarly, one can define pairs pδ3,m3q, pδ4,m4q, etc., until pδN ,mNq where δN “ κ and
mN “ `8.

Now notice that from coupling with the process in [15], we have νδk`1
´νδk “ τ̂mk`1 where τ̂z

is the first time when the original forest fire process4 burns site z ě 1. Hence νδk “ ψkpmq

where

ψkpµq “

k
ÿ

ℓ“0

τ̂µℓ`1 (3.2)

where we set µ0 :“ ´1 and thus τ̂0 has the same expp1q distribution as ν1. As a result, for
any positive integer n and a sequence 0 ” µ0 ă µ1 ă µ2 ă ¨ ¨ ¨ ă µn´1,

Ppκ ě n,m1 “ µ1,m2 “ µ2, . . . ,mn´1 “ µn´1q

“ E

«

n´1
ź

i“1

e´νδi´apµi´1`1q

µi
ź

x“µi´1`1

`

1 ´ e´νδi´ax
˘

ff

“ E

«

n´1
ź

i“1

˜

e´pψi´1pµq`apµi´1`1qq

µi
ź

x“µi´1`1

`

1 ´ e´pψi´1pµq`axq
˘

¸ff

“ E

«˜

n´1
ź

i“1

e´pψi´1pµq`apµi´1`1qq

¸

µn´1
ź

x“1

´

1 ´ e´pax`ψmintk: xďµkupµqq
¯

ff

.

Thus

Ppκ ą nq “E

«

8
ÿ

µ1“1

8
ÿ

µ2“µ1`1

. . .
8
ÿ

µn´1“µn´2`1

˜

n´1
ź

i“1

e´pψi´1pµq`apµi´1`1qq

¸

ˆ

µn´1
ź

x“1

´

1 ´ e´pax`ψmintk: xďµkupµqq
¯

ff

which expresses the probability in terms of random variables τ̂x whose distribution can be
obtained explicitly from Lemma 1.1 in [15], and then by using (3.2).

3.2 Non-identically distributed ∆’s

In this section, we modify the model to allow ∆x, x “ 0, 1, 2, . . . , to have different distributions,
which may depend on the location.

4that is, the one with ∆ “ θ “ 0

11



Theorem 3.6. Let c ď 1. Assume that either

(a) ∆x ď c{x for all large x, or

(b) for some C ą 0 we have |∆x| ď C for all x,
ř

x V arp∆xq ă 8,
ˇ

ˇ

ř

x

“

E∆x ´ c
x

‰
ˇ

ˇ ă 8.

Then the infinite fire does not occur a.s. i.e., Ppnk ă 8 for all kq “ 1.

Conversely, if c ą 1, and either

(c) ∆x ą c{x for all large x, or

(d) E∆x “
c`op1q

x
and P

´

lim
xÑ8

|∆x|
?
x “ 0

¯

“ 1.

Then the infinite fire occurs a.s.

Proof. Let c ď 1. We will only consider case (b), as case (a) is similar (and easier). Suppose
the fire reaches some site x ě 1 for the first time at time tx. Conditioned on this time tx, the
probability that this fire will continue indefinitely is

qx :“
8
ź

n“x`1

`

1 ´ e´ptx`∆x`∆x`1`¨¨¨`∆n´1q
˘

“

8
ź

n“x`1

`

1 ´ e´ptx`Sx,nq
˘

as it takes Sx,n :“ ∆x ` ∆x`1 ` ¨ ¨ ¨ ` ∆n´1 units of time for the fire to reach site n and we
need to ensure that already there is a tree at this location. Let ξx “ ∆x ´ c

x
. Then

ř

x ξx

converges a.s. by Kolmogorov’s three-series theorem. We have

Sx,n “

n´1
ÿ

i“x

´

ξi `
c

i

¯

“ c log
n

x
` oxp1q `

n´1
ÿ

i“x

ξi “ c log
n

x
` oxp1q

where oxp1q Ñ 0 a.s. as x Ñ 8. As a result,

e´tx´Sx,n “ e´tx´oxp1q
´x

n

¯c

which is not summable in n ě 1 as c ď 1, yielding qx “ 0.

Now assume c ą 1. We will consider only the harder case (d). Let ∆piq
x be the (random)

spread time from site x to site x`1, for the fire number i “ 1, 2, . . . started at the origin. Note
that some of the ∆

piq
x s will be irrelevant for the understanding of the process: for example,

if the first fire reaches only site 1, and the second fire reaches site 3, then ∆
p1q

1 ,∆
p1q

2 will be
irrelevant for the behaviour of the process, but ∆

p2q

1 ,∆
p2q

2 will be relevant.
Let ζn P t1, 2, . . . u be the index of the fire that burns n for the very first time. Pick a

small δ ą 0 such that c ´ δ ą 1, and let

Dn,i :“

#

n´1
ÿ

x“0

∆piq
x ă pc ´ δq log n

+

,

An :“ tthe first fire which reaches the n´th tree does not spread to the pn ` 1q
st treeu

12



Note that in these notations pDn,ζnq
c

“ tthe fire which reaches the n-th tree for the first time
takes more than pc ´ δq log n units of time from its startu.

We have 0 ď ∆x ď Cx a.s., where Cx ď δ?
2x

for all large x, yielding

n´1
ÿ

x“1

C2
x ď δ2 log n

for large n. Since also
n
ÿ

x“1

E∆x “ pc ` op1qq logpnq

by Hoeffding’s inequality,

P pDn,iq ď exp

ˆ

´
2δ2 log2 n

δ2 log n

˙

“
1

n2
.

To prove the existence of an infinite fire, it suffices to show that An happens only finitely
often, almost surely. We have

PpAnq “ PpAn X Dc
n,ζnq ` PpAn X Dn,ζnq ď P

`

An | Dc
n,ζn

˘

` P pDn,ζnq

“

8
ÿ

i“1

“

P
`

An | Dc
n,i, ζn “ i

˘

` P pDn,i | ζn “ iq
‰

ˆ Ppζn “ iq

ď

8
ÿ

i“1

rPpno tree at pn ` 1q upto time pc ´ δq log nq ` PpDn,i | ζn “ iqs ˆ Ppζn “ iq

“
1

nc´δ
`

8
ÿ

i“1

P pDn,i | ζn “ iq ˆ Ppζn “ iq ď
1

nc´δ
`

1

n2

(3.3)

which holds as long as we can show that

P pDn,i | ζn “ iq ď P pDn,iq . (3.4)

Let us show that this is indeed the case. Observe that tζn “ iu “ X X Y , where

X :“ tthe first i ´ 1 fires do not reach site nu,

Y :“ tthe i-th fire reaches site nu.

Note also that X and Dn,i are independent since the distributions of the first pi´ 1q fires are
not influenced by the t∆

piq
0 ,∆

piq
1 , . . . ,∆

piq
n´1u, and PpY q ě P pY | Dn,iq, since the probability of

the i-th fire reaching n increases whenever any of ∆piq
x in the above set increases. As a result,

P pX X Y | Dn,iq “ P pX | Y,Dn,iq P pY | Dn,iq “ PpX | Y qP pY | Dn,iq

ď PpX | Y qPpY q “ PpX X Y q
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which together with the Bayes formula

P pDn,i | ζn “ iq “
P pζn “ i | Dn,iq ˆ P pDn,iq

P pζn “ iq

yields (3.4).
Finally, by (3.3), since c ´ δ ą 1, the probabilities PpAnq are summable over n, and by

the Borel-Cantelli lemma, An occurs finitely often, almost surely. As a result, there cannot
be infinitely many successive maxima, implying that an infinite fire a.s. exists.

4 Instant spread, non-zero burning times.

Throughout this Section we assume that ∆ ” 0 but θ ě 0.

Theorem 4.1. Suppose that ∆ ” 0. Then a.s. there are no infinite fires.

Proof. Recall that fx,i denotes the time when the site x P Z` is burnt for the ith time. Then
at time t “ fx,1 there may already be trees at sites x` 1, x` 2, . . . and the fire will spread to
those sites immediately (as ∆ “ 0); however, since the probability of not having a single tree
during time s is e´t and these events are independent for each site y ą x, with probability
one there will be a site y ě x` 1 such that there are no trees there; we let y be the leftmost
such site. This means that

fx,1 “ fx`1,1 “ ¨ ¨ ¨ “ fy´1,1 ă fy,1.

For this fire still to reach y, there must be a tree “planted" at y during the time interval
rt, t ` θy´1,1s. Conditionally on θy´1,1, this probability equals 1 ´ e´θy´1,1 , so every time
the fire spreads immediately from some site x to y ´ 1, with probability p˚ :“ Ee´θ ą 0,
independently of the past, it will not spread further. Since this probability does not depend
on x or s either, it means that a.s. the fire will eventually stop.

Now we want to study some further properties of the fire process. Recall that mk denotes
the location of the tree, farthest from the origin, burnt by the k-th fire.

Lemma 4.2. Assume ∆ ” 0 and fix some ϵ ą 0. The time fmi,1 when the fire reaches mi for
the first time is less than p1 ` ϵq logmi for all but finitely many i, almost surely.

Proof. Suppose that the fire reaches site n at time t “ fn,1. The probability that there is no
tree at n ` 1 at this time is e´t, so in case t ě p1 ` ϵq log n, the probability of not spreading
the fire further is less than

e´p1`ϵq logn
“

1

n1`ϵ
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Hence PpAnq ď 1
n1`ϵ where

An “ tn is a local maximum and fn,1 ą p1 ` ϵq log nqu

so by the Borel-Cantelli lemma, An occurs only for finitely many ns a.s. From this, the
statement follows.

The next statement is similar to Proposition 2 in [9].

Lemma 4.3. Assume ∆ ” 0 and fix some ϵ ą 0. Let

Fn “ Fnpϵq “ tfn,1 ě p1 ´ ϵq log nu.

Then
P pF c

nq ă e´nϵ

and hence the event F c
n a.s. occurs only finitely often.

Proof. In order to reach n by time t, there should be a tree at each location x P r0, ns by that
time (or even earlier, because θ ą 0), so

Ppfn,1 ă p1 ´ ϵq log nq ď
`

1 ´ ep1´ϵq logn
˘n

“

«

ˆ

1 ´
1

n1´ϵ

˙n1´ϵ
ffnϵ

ă e´nϵ

.

The second statement follows from the Borel-Cantelli lemma.

Lemmas 4.2 and 4.3 give a tight bound on fmi,1, since by Lemma 4.3, that fmi,1 ă

p1 ´ ϵq logmi, only finitely often almost surely.

Recall that fx,2 is the time when the site x is burnt for the second time. We believe that
the following holds, even though we cannot prove it.

Conjecture 4.4. There is a c ě 1, such that a.s. there exists a (possibly random) κ such

fmi,2 ď c logmi for all i ě κ. (4.1)

The motivation for this conjecture is as follows. First of all, we already know that p1 ´

ϵq logmi ă fmi,1 ă p1`ϵq logmi, for all large i almost surely, regardless of the value of θ. In the
case where θ ” 0, the difference fmi,2 ´fmi,1 has the same distribution as fmi,1. Since altering
θ does not have any effect on the order of fmi

, we suspect it does not have any substantial
effect on fmi,2 ´fmi,1 either. Later, we show that the number of “jumps” (continuous stretches
of fire, please see the proof of part (b) of Lemma 4.6 for the exact definition) in the fire
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t1

t1 ` θ
t

t ` θ

t ` 2θ

mi ` 1mi

s
s

Figure 3: how the second fire reaching mi can spread very far.

reaching mi for the first time is of order log i, which is quite low compared to the order of mi

that exceeds expteαiu, as we show later. This indicates that the path (using the graphic
representation language) of the first fire reaching mi is not “very bumpy”, and thus it might
behave more like a flat path (instantaneous burn). Hence, while we do not claim fmi,2 ´ fmi,1

equals p1 ` op1qq logmi, we have a strong reason to believe that it is at least of order logmi.

Theorem 4.5. Suppose that ∆ “ 0 and θ ą 0 is constant. Assume that Conjecture 4.4 is
true. Then fn,1 “ Oplog nq, i.e. there exists a non-random M ą 0 such that fn,1 ď M log n

for large n.

We start with the auxiliary statement.

Lemma 4.6. Suppose that ∆ “ 0 and θ ą 0 is constant.

(a) Let r ą 0. Then a.s. mi ě ir for all but finitely many i.

(b) Assume that Conjecture 4.4 is true. Let ϵ ą 0 and c be the constant from (4.1). Then
a.s. mi`1 ď mi

c`ϵ for all but finitely many i.

Proof. (a) The statement is trivial for r ď 1, since mi ě i, so from now on assume that r ą 1.
Let 0 ă ϵ ă 1

r
. Suppose that the fire has reached mi at time t :“ fmi,1; w.l.o.g. we can assume

that t is sufficiently large.
Since the fire has successfully spread from mi ´ 1 to mi, this fire had reached mi ´ 1 at

time t1 P pt´ θ, ts, and thus with probability at least e´2θ there will be no new tree at mi ´ 1

during the time interval rt1 ` θ, t ` 2θs (as t1 ` θ is the time when the tree at mi ´ 1 stops
burning). Under this event, the second fire to reach mi cannot happen before time t ` 2θ,
which, in turn, provides the site mi ` 1 with at least θ units of time to grow a tree (there was
none during the time rt, t` θs since we know that mi was the local maximum by that time);
please see Figure 3. Hence, with probability at least

e´2θ
¨
`

1 ´ e´θ
˘

(4.2)
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fmi`1,1 P rfmi,2, fmi,2 ` θq, i.e., the second fire to reach mi will also reach mi ` 1. However,
by that time, there can already be the whole stretch of trees at sites mi ` 2,mi ` 3, . . . ; in
fact, the number Li of consecutive sites which do have a tree by this time has a geometric
distribution with parameter p “ e´fmi`1,1 ă e´t. Let G̃˚ be the sigma-algebra containing all
the events which happened by time fmi`1,1 to the left of mi ` 1. Then

P
ˆ

Li ě
1

p
| G˚

˙

“ p1 ´ pq
r1{ps

“ e´1
` op1q (4.3)

where op1q Ñ 0 as p Ñ 0 (i.e., t Ñ 8). Let

Bi :“
␣

mi`1 ě mi ` m1´ϵ
i

(

“ tLi ě m1´ϵ
i u. (4.4)

If event Fmi
from Lemma 4.3 occurs, then t “ fmi,1 ě p1 ´ ϵq logmi yielding 1{p ą m1´ϵ

i .
Taking into account the bound of probability (4.2) and (4.3), we obtain that

PpBi | G˚
q ě

“

e´2θ´1
¨
`

1 ´ e´θ
˘

` op1q
‰

ˆ 1Fmi
ě c1

ˆ 1Fmi
(4.5)

for some c1 ą 0.
Let µi “ mϵ

i . From Taylor expansion, we obtain that on Bi we have

µi`1 ´ µi ě ϵ ` Opm´ϵ
i q ě ϵ{2

for sufficiently large i; also, trivially, µi`1 ě µi. Consequently, we can create a sequence of
i.i.d. Bernoullipc1q random variables ξi, i “ 1, 2, . . . , such that µi`1 ´µi is stochastically larger
than ϵ

2
ξi 1Fmi

. By the strong law, 1
n

řn
i“1 ξi Ñ c1 a.s., and at the same time

0 ď
1

n

n
ÿ

i“1

ξi ´
1

n

n
ÿ

i“1

ξi 1Fmi
ď

|ti : Fmi
did not occuru|

n

By Lemma 4.3, the quantity in the numerator is a.s. finite and does not depend on n, hence

lim
nÑ8

1

n

n
ÿ

i“1

ξi 1Fmi
“ c1 a.s.

This, in turn, leads to

lim inf
iÑ8

µi
i

ě
c1 ϵ

2
a.s.

yielding

mi ě

ˆ

c1ϵ

3
i

˙1{ϵ

ě ir a.s.

for all sufficiently large i, since 1{ϵ ą r.

(b) Consider the first fire that reaches beyond mi (the one which occurred at time fmi`1,1).
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This fire will extend further to the right in several so-called “jumps”, rigorously defined in the
next two paragraphs, until it eventually stops somewhere. The number of these jumps will
be denoted by Ni P t1, 2, . . . u.

Let Li,1 be the length of the maximum stretch of sites to the right of mi burned at the
same time as mi ` 1, so that fmi`y,1 “ fmi`1,1 for y “ 2, 3, . . . , Li,1. After the fire reaches
site mi ` Li,1, and mi ` Li,1 ` 1 is empty at that time (since we know that the fire did not
immediately go further) there are two possibilities: either with probability e´θ within the
next θ units of time no tree appears at the site mi ` Li,1 ` 1, or such a tree does appear.

In the first case, we set Ni “ 1 and stop. In the latter case, we say that the fire has a

jump at position mi ` Li,1 ` 1, meaning that the fire, whilst burning both mi ` Li,1 and
mi`Li,1 `1, reached the latter site with a delay (up to θ; 0 ă fmi`Li,1`1,1 ´fmi`Li,1,1 ă θ). In
case of such a jump, the fire will immediately spread to the additional Li,2 sites to the right
of mi ` Li,1, and thus fmi`Li,1`y,1 “ fmi`Li,1`1,1 for y “ 2, 3, . . . , Li,2, but there is no tree at
the site mi ` Li,1 ` Li,2 ` 1 at this time.

Similarly, we can define Li,3, Li,4, . . . , Li,Ni
, where Ni is the number of continuous stretches

of sites that were burnt at the same time (before the fire eventually stopped completely);
Ni is the number of such jumps. As a result, Ni is a geometric random variable with rate e´θ,
and the site

´

mi `
řk
j“1 Li,j

¯

` 1 is burnt slightly later than the site mi `
řk
j“1 Li,j for each

k “ 1, 2, . . . , Ni ´ 1, with the delay of up to θ.
From the construction,

mi`1 ´ mi “

Ni
ÿ

j“1

Li,j. (4.6)

Note also that Ni is typically not very large, formally, for some sufficiently large c1 ą 0

PpCc
i q ď

`

1 ´ e´θ
˘tc1 log iu

ď
1

i2
where Ci :“ tNi ď c1 log iu (4.7)

which implies by the Borel-Cantelli lemma that a.s. Ni ď c1 log i for all but finitely many is.
Our goal now is to find an upper bound on how far the fire, that passed beyond mi

for the first time, can travel (i.e., the first fire to burn mi ` 1). Conjecture 4.4 postulates
that the time to reach mi for the second time is at most c logmi for all i ě κ, and for
these values of i each Li,j can be coupled with ξi,j, j “ 1, 2, . . . , where ξi,j are independent
geometric random variables with rate e´pθpj´1q`c logmiq “ m´c

i e
´θpj´1q, respectively, such that

Li,j ď ξi,j. This coupling results from the fact that under this conjecture, the time to reach
mi for the second time fmi,2 ď c logmi and then after j ´ 1 jumps the time is at most
∆ :“ fmi,2 ` θpj ´ 1q ď c logmi ` θpj ´ 1q, and the probability of not having a single tree by
this time is e´∆.
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Together with (4.6) this yields

pmi`1 ´ miq 1iěκ ď

Ni
ÿ

j“1

ξi,j (4.8)

where X ď Y means that Y stochastically dominates X. Let

Bi :“

#

Ni
ÿ

j“1

ξi,j ě m
c`ϵ{2
i ˆ c1 log i

+

Ě

#

Ni
ÿ

j“1

ξi,j ě mc`ϵ
i ´ mi

+

for large i (the inclusion follows from part (a)). Then, using (4.7), for i ě κ

P
`

Bi | Ffmi`1,1

˘

ď P
`

Bi | Ni ď c1 log i | Ffmi`1,1

˘

` P
`

Ni ą c1 log i | Ffmi`1,1

˘

ď P
´

ξi,j ě m
c`ϵ{2
i for some j “ 1, 2, . . . , tc1 log iu

¯

`
1

i2

ď c1 log i ˆ max
jďc1 log i

P
´

ξi,j ě m
c`ϵ{2
i

¯

`
1

i2

(4.9)

Since

P
´

ξi,j ą m
c`ϵ{2
i

¯

ď

ˆ

1 ´
1

mc
ie
θpj´1q

˙m
c`ϵ{2
i

ď exp
´

´e´θpj´1q m
ϵ{2
i

¯

ď exp

˜

´
m
ϵ{2
i

ic1θ

¸

as j ď c1 log i, and by part (a) of the lemma mi grows faster than ir for any r ą 0, the RHS
of (4.9) is summable over i, and thus the events

!

řNi

j“1 ξi,j ě mc`ϵ
i ´ mi

)

happen finitely often
by the Borel-Cantelli lemma. As a result, from (4.8)

mi`1 ď mc`ϵ
i

for all large i a.s.

Proof of Theorem 4.5. Fix some ϵ ą 0. Lemma 4.6 implies that logmi`1 ď p1 ` ϵq logmi for
all large i, a.s. On the other hand, by Lemma 4.2, fmi`1,1 ď p1 ` ϵq logmi`1. Hence, for all
n P tmi, . . . ,mi`1u we have

fn,1 ď fmi`1,1 ď p1 ` ϵq2 logmi ď p1 ` ϵq2 log n.

Together with Lemma 4.3, this implies fn,1 “ Oplog nq.

The next statement strengthens part (a) of Lemma 4.6 (without using Conjecture 4.4).

Theorem 4.7. There exists an α ą 0 such that mi ě exppexppαiqq for all large i a.s.

Proof. Fix some ϵ ą 0, and denote P˚p¨q “ P
`

¨ | Ffmi,1

˘

, the conditional probability measure
based on the information available until the first time mi was burnt; thus Ffmi,1

is a stopped
sigma-algebra.
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First, we want to estimate the time difference between the second and the first fires which
burnt the next maximum site mi`1. Define

Ai “ tfmi`1,2 ´ fmi`1,1 ě 2ϵ logmiu

and recall the definitions of Fn from Lemma 4.3, Bi from (4.4) and Ci from (4.7); the event
Ci is independent of Ft, while the event Fmi

is Ft-measurable.
On Fmi

, we have fmi`1,1 ą fmi,1 ě p1 ´ ϵq logmi. Let us now estimate P˚ pAci | Fmi
q. The

fire which reached mi`1 for the first time is also the one which reached sites x P pmi,mi`1s

for the first time. Recall that Ni denotes the number of jumps of this fire on these positions;
from the proof of part (b) of Lemma 4.6 it follows that with probability ě 1 ´ 1{i2 the
event Ci “ tNi ď tc log iuu Ď teθNi ď icθu occurs (we are putting an upper bound on the
number of jumps in a fire and this fact did not require Conjecture 4.4).

For fmi`1,2 ´ fmi`1,1 to be smaller than 2ϵ logmi, at least one tree must appear during
the time interval rfmi`1,1 ´ θNi, fmi`1,1 ` 2ϵ logmis at each location x P rmi,mi`1q (the term
p´θNiq corresponds to the fact that there are up to Ni jumps among these positions), and
the probability of this event is at most

´

1 ´ 1
m2ϵ

i eNiθ

¯

for each of these sites, independently of
the others. Hence

P˚pAci | Fmi
q ď P˚ptree appears at all x for mi ă x ď mi`1 | Fmi

q

ď P˚ptree appears at all x for mi ă x ď mi`1 | Bi, Fmi
q ` P˚pBc

i | Fmi
q

ď P˚ptree appears at all x for mi ă x ď mi`1 | Bi, Ci, Fmi
q ` PpCc

i | Fmi
q ` P˚pBc

i | Fmi
q

ď

ˆ

1 ´
1

m2ϵ
i e

θc log i

˙m1´ϵ
i

`
1

i2
` p1 ´ c1

q “

ˆ

1 ´
1

m2ϵ
i i

cθ

˙m1´ϵ
i

`
1

i2
` 1 ´ c1

ď exp

"

´
m1´3ϵ
i

icθ

*

` 1 ´ 2c2 for large i

for some c2 ą 0, since on Bi we have mi`1 ´ mi ě m1´ϵ
i , and using (4.5).

The longer the time interval between the first and second fire at mi`1 (as implied by the
event Ai), the greater the probability that it will burn at least m1`ϵ{2

i additional sites. Hence,
if both Fmi

and Ai occur, the probability that the second fire to arrive at mi`1 will also stop
before immediately burning additional m1`ϵ{2

i sites equals

P˚pfmi`1`k,1 ą fmi`1,2 for some k P r1,m
1`ϵ{2
i s | Fmi

, Aiq

ď P˚pfmi`1`1,1 ą fmi`1,2 | Fmi
, Aiq `

m
1`ϵ{2
i
ÿ

k“2

P˚pfmi`1`k,1 ą fmi`1,2 | Fmi
, Aiq

ď
e´θ

m2ϵ
i

`
m

1`ϵ{2
i

m1`ϵ
i

ď
2

m
ϵ{2
i

(4.10)
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(when mi is large). The first term in the above inequality corresponds to the probability that
a tree appeared at position mi`1 ` 1 during the time interval

rfmi`1,1 ` θ, fmi`1,2s Ě rfmi`1,1 ` θ, fmi`1,1 ` 2ϵ logmis,

while the second term corresponds to the event that at least one of the locations mi`1 `

2,mi`1 `3, . . . ,mi`1 `m
1`ϵ{2
i remains vacant, and we know that the probability of such a site

to remain vacant is expt´p1 ` ϵq logmiu “ 1{m1`ϵ
i . Since Fmi

is P˚-measurable, using (4.10)
we have

P˚pmi`2 ´ mi ě m
1`ϵ{2
i q ě P˚pmi`2 ´ mi ě m

1`ϵ{2
i , Ai, Fmi

q

“ P˚pmi`2 ´ mi ě m
1`ϵ{2
i | Ai, Fmi

qP˚pAi | Fmi
qP˚pFmi

q

ě

˜

1 ´
2

m
ϵ{2
i

¸

¨

ˆ

2c2
´ exp

"

´
m1´3ϵ
i

2 icθ

*˙

1Fmi
ě c2

¨ 1Fmi
¨ 1miąir

for some fixed non-random r ą 1 and all large i. Now the inequality mi`2 ´ mi ě m
1`ϵ{2
i

implies

logmi`2 ě

´

1 `
ϵ

2

¯

logmi ùñ log logmi`2 ´ log logmi ě log
´

1 `
ϵ

2

¯

“: ϵ1
ą 0. (4.11)

Setting i “ 2j, j “ 1, 2, . . . , we conclude that we can construct an i.i.d. sequence of
Bernoulli(c2) random variables ξj such that

log logm2pj`1q ´ log logm2j ě ϵ1ξj ¨ 1Fm2j
¨ 1m2jąp2jqr .

By Lemma 4.6 mi ą ir for any fixed r and all sufficiently large i; we also know that the
events F c

mi
occur only finitely often a.s. yielding

lim inf
kÑ8

log logm2k

k
“ lim inf

kÑ8

řk´1
j“1 plog logm2j`2 ´ log logm2jq

k

ě lim inf
kÑ8

řk´1
j“1 ϵ

1ξj ¨ 1Fm2j
¨ 1m2jąp2jqr

k
“ ϵ1 lim

kÑ8

řk´1
j“1 ξj

k
“ ϵ1c2

ą 0 a.s.

(please compare this with the proof of part (a) of Lemma 4.6) from which it follows that for
some α ą 0 we have mi ě exp teαiu for all sufficiently large i a.s.

Remark 4.8. Inequality (4.11) shows that for some ϵ2 ą 0 we have mi`1 ě m1`ϵ2

i for all
large i a.s., thus complementing part (b) of Lemma 4.6 (conditional on Conjecture 4.4).
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[3] van den Berg, J.; Tóth, B. A signal-recovery system: asymptotic properties, and
construction of an infinite-volume process. Stochastic Process. Appl. 96 (2001), no. 2,
177–190.

[4] van den Berg, J.; Brouwer, R. Self-destructive percolation Random Structures Algorithms
24 (2004), no. 4, 480–501.
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