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““Zeno said this.” And what have you said?
‘Cleanthes said that.” What have you said?

How much longer are you going to serve under others” orders?
Assume authority yourself and utter something

that may be handed down to posterity.

Produce something from your own resources.

This is why I look on people like this as a spiritless lot.”

—Seneca, “Assume Authority Yourself,” in Why I Am a Stoic, p. 48
translated by Robin Campbell
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Populirvetenskaplig sammanfattning pa
svenska

Kvantdatorer har fatt mycket uppmirksamhet under de senaste dren pa grund av sin
mojliga formaga att 16sa vissa problem som dr mycket svira for vanliga datorer. De
skiljer sig i grunden frin dagens datorer genom att utnyttja kvantmekaniska fenomen
som superposition, ssmmanflitning och tunnling. Superposition innebir férenklat att
ett kvantsystem kan befinna sig i flera tillstaind samtidigt. Om uppgiften till exempel
ar att hitta vigen ut ur en labyrint, kan en klassisk dator behova testa mojliga vigar
en efter en. En kvantdator kan diremot, i princip, anvinda kvantmekaniska effekeer
for att behandla méinga méjliga vigar pa samma ging.

Det finns redan nagra kinda exempel dir kvantdatorer teoretiskt ger tydliga fordelar.
Till exempel kan den vilkinda Shors algoritm faktorisera stora tal snabbare 4n klassis-
ka metoder. Samtidigt ir det fortfarande oklart vilka praktiska problem kvantdatorer
kommer att vara mest anvindbara for. En spinnande utveckling 4r dirfér méjligheten
att testa kvantalgoritmer pd hardvara for allt storre system, dven om hédrdvaran dnnu
forblir brusig och ddrmed lingt ifran fullt felfri.

En viktig del av forskningen édr dirfor att forsta hur dagens kvantdatorer faktiskt pre-
sterar pd konkreta, svira problem och f6rsta nir, var och varfor prestandan brister i
praktiken nir problemen blir stérre eller mer komplicerade. Ett intressant problem-
omrade med breda tillimpningar ir kombinatorisk optimering, dir man letar efter
den bista l6sningen bland ett mycket stort antal mojliga alternativ.

Min avhandling fokuserar pa hur kvantberikningsmetoder kan anvindas for att losa
biofysikaliskt motiverade optimeringsproblem. Fokus har frimst legat pa forenklade
proteinmodeller, sd kallade gitterproteiner. I en sidan modell beskrivs ett protein som
ett parlhalsband pé ett rutnit, dir varje pirla representerar en aminosyra. Modellen
ir betydligt enklare 4n ett verkligt protein, men fingar indi centrala egenskaper, till
exempel att manga proteiner, trots ett astronmiskt antal mojliga strukturer, veckar sig
till en specfik strukeur.

I mina arbeten har jag behandlat tre problem for gitterproteiner. Det forsta ar pro-
teinveckning, dir malet 4r att hitta den strukeur som har ligst energi for en given
proteinkedja. Det andra ir det inversa problemet, det sa kallade designproblemet, dir
man i stillet soker en kedja som veckar sig till en viss 6nskad strukeur. Det tredje ar
flerkedjeproblemet, dir flera proteinkedjor tillats vixelverka med varandra.

En viktig del av mitt arbete har varit att utveckla limpliga sitt att uttrycka dessa pro-
blem i binira 0-eller-1-variabler, vilket krivs for att kunna anvinda kvantdatorer. For
att utvirdera algoritmerna har jag anvint experiment pa kvantdatorer och simulering-
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ar av kvantsystemen pé klassiska datorer.

Vira binira representationer av gitterproteiner anvinder strafftermer for att tillse att
de slutliga losningarna motsvarar korrekta kedjestrukturer. Under berikningens ging
kan brott mot detta villkor forekomma, vilket ibland kan underlitta sékandet efter
den korrekta l6sningen. Samtidigt leder dessa strafftermer till 6kad bruskinslighet. I
ett av arbetena visar vi teoretiskt hur anvindandet av strafftermer kan undvikas. Det
dterstar att se hur vil denna metod fungerar i praktiken. Fortsatta framsteg kriver
troligtvis battre algoritmer samt mindre brusig och mer flexibel hirdvara.






1 Introduction

Quantum computing has developed from a theoretical idea into an experimental re-
ality. These computers utilize quantum phenomena such as quantum superposition,
entanglement and tunneling. The phenomena will make fault-tolerant quantum com-
puters able to perform certain computations at speeds believed to be unachievable by
classical machines [1]. In recent years, an increasing number of quantum processors
have become available, but they remain noisy, limited in size, and far from fault-
tolerant.

The motivation for building quantum computers stems from a handful of algorithms
with mathematically provable speedups over any known classical algorithm. These
landmark algorithms include Shor’s algorithm for integer factorization [2, 3] and
Grover’s algorithm for unstructured search [4], which provide an exponential and
quadratic speedup, respectively. Similarly, quantum simulation is a natural applica-
tion because quantum systems are often difficult to represent classically [1].

However, the number of problems for which quantum computers are known to pro-
vide clear advantages remains limited. Furthermore, these problems reveal little about
the computers’ utility for other tasks. Identifying new applications thus requires un-
derstanding how current quantum devices perform on concrete, challenging prob-
lems. Most such problems are not amenable to analytical solutions, especially for
finite-sized systems in the presence of noise. Instead, this understanding comes from
computational experiments, which involve gauging whether a problem is compatible
with quantum hardware and where and why performance breaks down in practice.

Combinatorial optimization is a promising area for this search. Many computation-
ally difficult scientific and engineering problems involve finding good or optimal so-
lutions within a large discrete search space. By mapping the problems to quadratic
functions of binary variables that can be addressed using quantum hardware, either
analog quantum annealing or digital gate-based systems.

During my PhD, we have focused on exploring the use of quantum computers, both
quantum annealers and gate-based systems, to help solve biophysically motivated
combinatorial optimization problems. In particular, we investigated problems in-
volving simplified lattice-based protein models (Fig. 1.1). In these models, a protein is
represented as a self-avoiding chain on a lattice. Despite their simplicity, these models



Figure 1.1: Example of a simplified lattice protein in two dimensions. The circles
represent amino acids which, in this model, can only be hydrophobic (®) or polar
(0). The energy function of this model favors a hydrophobic core.

can qualitatively capture essential properties of real proteins, such as the folding of a
chain with exponentially many possible shapes to a unique minimum-energy struc-
ture. Lattice protein problems form a useful testing ground for quantum computing
methods, since they have a simple and precise structure while remaining computa-
tionally challenging. Thus, they may reveal the strengths and limitations of emerging
quantum algorithms. This thesis investigates how three central lattice protein prob-
lems, folding, design, and multi-chain thermodynamics, can be formulated and solved
on present-day quantum hardware, and where the hardware falls short.

This thesis is split into two parts. The first part of the thesis, Ch. 1-Ch. 6, intro-
duces and brings together three ingredients: combinatorial optimization, quantum
computing and lattice protein models. In Ch. 2 I give a brief introduction to sam-
pling and combinatorial optimization problems with classical algorithms. Chapter 3
introduces quantum computing, covering both quantum annealing and gate-based
algorithms. Chapter 4 provides a brief description of lattice proteins and the folding,
design and multi-chain thermodynamics problems. Chapter 5 shows how to trans-
form these problems into binary forms that can be run on quantum hardware. The
final chapter, Ch. 6, summarizes the papers and provides an outlook.



2 Classical computing

The quantum methods used in this thesis were evaluated against and partly inspired
by classical methods. While Papers I-V concern optimization, Paper VI also addresses
thermodynamics. In this section, I thus describe thermodynamic sampling and opti-
mization. I begin with sampling, since the main classical optimization method used
throughout the thesis, simulated annealing [s], builds directly on it.

In classical computing, the basic unit of information is the bit b, which can take one
of two values, 0 or 1. A system of multiple bits is described by binary strings b =
(bo, .., by—1) € {0,1}", where n is the number of bits. Such bitstrings can represent
integers or encode the state of a computational process. The size of the state space
grows exponentially with n, containing 2" possible configurations.

Computation on bitstrings is performed using logical gates, which are deterministic
operations mapping input bits to output bits. By composing such gates into circuits,
arbitrary functions can be implemented, providing a universal model of classical com-
putation.

2.1 Sampling

It is often desirable to compute thermal averages of observables at equilibrium. These
averages are commonly estimated by sampling configurations = (xo, ..., X,—1) from
the canonical Boltzmann distribution p(x) « exp(—BE[x]), where 8 = 1/T is the
inverse temperature (I have set kg = 1) and E[x] is the energy. By grouping config-
urations according to their energy E[x], one obtains the probability distribution

PE) = ePEg(E) [ " e P g (E), (2.1)
<

where g (E) is the density of states. A standard method for sampling from the Boltz-
mann distribution is by performing constant-temperature updates of the system which
mimic thermal fluctuations. To do this, proposed updates are accepted according to
the Metropolis criterion [6, 7], i.e. with probability

Pypy = min(l, eﬂ(E[m]_E["’,D), (2.2)
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where x and @’ are the old and new configurations, respectively. Metropolis sam-
pling is very time-consuming in rugged energy landscapes (see Fig. 2.1 for a schematic
illustration of a rugged energy landscape) since it can become trapped in local minima
separated by large energy barriers, so that #FIZI=El®'D becomes very small.

An alternative to sampling from p(z) is to estimate g(E). Once obtained, g(E) allows
the computation of thermodynamic quantities at arbitrary temperatures. One way to
estimate g(E) is by using a weighted multi-histogram analysis [8—10]. We used this
method in Paper VI. The idea is to draw random samples within an energy interval
with equal probability. If enough samples are drawn, and the sampling is fair, this
procedure will straightforwardly reconstruct the relative density of states within the
energy interval. The procedure is repeated for many partially overlapping intervals.
Each interval containing the energy level E” has its own estimate of g(E”). To combine
the different estimates, each interval, j, that contribute to g(E’) is given a weight,
a;(E"). The a;(E’)’s are then iteratively updated to fulfill a set of self-consistency
equations [8—10]. This yields g(E) for all E up to a multiplicative constant. To have
a unique solution, it is common to impose } g g(E) = 1.

To provide benchmarks of the thermodynamic quantities obtained in Paper VI, we
used the Wang-Landau algorithm [11]. This algorithm starts from an initial estimate
g'(E) and performs a random walk in configuration space. A proposed update from
x to ' is accepted with probability

Pyq = min (1, g'(E[z])/g"(E[2'])) . (2.3)

Each visit to an energy level updates g’(E) by multiplicative modification factor, and
a corresponding entry of an energy histogram is incremented. When the histogram
is sufficiently flat, the modification factor is reduced, the histogram is reset and the
procedure is repeated. This yields a progressively refined estimate of the true density
of states g(E) [11]. The moves serves to ensure the random walk is biased towards
undervisited energy levels.

2.2 Optimization

In optimization, one seeks variables  that minimize (or maximize) a function f(x).
For general functions, this is often a difficult task. Many challenging problems, such
as the traveling salesman and scheduling problems [12], fall into this category. Min-
imizing a function naturally connects to energy minimization in thermodynamics,
and optimization can be seen as sampling at zero temperature. This thesis is primarily
concerned with solving lattice protein optimization problems. These problems are
discrete, and are therefore often referred to as combinatorial optimization problems.

4



Combinatorial optimization

Combinatorial optimization problems involve finding an optimal solution, *, from
a finite set of discrete configurations, i.e.

x* = arg mi)r(l f(x). (2.4)

Here X is typically a structured discrete set, such as {0, 1}", permutations, graph par-
titions or protein-chain configurations. Constraints are often incorporated into the
minimization problem by restricting the state space X or via penalty terms. The latter
yields an unconstrained formulation, where infeasible states can be visited, albeit with
a suboptimal value of f.

Many combinatorial optimization problems can be expressed as Quadratic Uncon-
strained Binary Optimization (QUBO) problems [12]. Here one seeks a b* such that

n—1 n—1 n—1
b =arg, min E(b), E(b) = DI Abi+ Y Bibib;= > biQibj,  (25)

i=0 i<j i<j

with b; € {0, 1}. Note that the diagonal items in the last sum are linear since b? = b;.
To recast a problem into a QUBO form, one thus need to choose Q; ; such that b*
represents the solution to the desired problem. All QUBO problems can be identified
with a graph where the linear terms, A;b;, are represented as nodes and the quadratic
terms, B;;b;bj, as edges.

Alternatively, one may consider spin variables s; € {—1, 1} — which represent spin-|
and spin-T, respectively— and minimize the Ising spin-glass Hamiltonian [12]

n—1 n—1
E(S) = Z h,’S,’ + Z .]l'jS,'Sj, S = (So, ey Sn—l)- (2.6)
i=0 i<j

The two formulations are equivalent under the transformation b; = (1 — s;)/2. This
mapping naturally connects combinatorial optimization to statistical physics, where
such energy functions describe interacting spin systems.

Simulated annealing

A standard method for energy minimization, which we used as a classical benchmark
in Papers I and II, is simulated annealing [s]. Here, one performs configurational
updates at decreasing temperatures (8 increases). The proposed updates are often
accepted according to the Metropolis criterion [Eq. (2.2)]. The algorithm mimics
thermal fluctuations and has a nonzero probability of accepting moves that increase



+— local maxima

Energy

& . . . .
local minima ‘— global minimum

Configurations

Figure 2.1: Illustration of a rugged energy landscape with local maxima and min-
ima. The Metropolis algorithm (represented by the red ball), and thus in extension
also simulated annealing, traverse this landscape using classical thermal fluctuations.
Since thermal fluctuations can increase the energy, a sufficiently large fluctuation (the
squiggly line) can make the system “jump over” energy barriers between minima. In
comparison, quantum methods (represented by the blue ball) described in Ch. 3 tra-
verses the landscape using quantum dynamics. According to the standard picture,
this allows the quantum system to “tunnel” through high-energy barriers. This forms
the basic intuition for the algorithms described in Ch. 2 and 3.

the energy. It can thus escape local minima, especially when g is small. Since these
fluctuations are gradually reduced when decreasing the temperature, the dynamics be-
comes increasingly biased toward low-energy configurations. For infinite spin systems
[Eq. (2.6)], increasing 8 may also take the system through a thermal phase transition.
In spin-glass problems, the low-temperature phase is characterized by a rugged energy
landscape and slow dynamics.

Simulated annealing is guaranteed to find the ground state of an optimization problem
given sufficiently long computational time and suitable ergodicity [13, 14]. However,
if the cooling is too fast for the system, it may freeze into a local minimum instead
of reaching the ground state. For some problems it can thus take a very long time to
find the minimum. Such optimization problems are often characterized by a rugged
energy landscape (see Fig. 2.1) as well.



3 Quantum computing

There are two main tracks to solve the optimization problems of Ch. 2 on quantum
computers, quantum annealing and gate-based quantum algorithms. This chapter
presents both approaches along with some technical details of the two different types
of quantum computers. Throughout the thesis, I will assume familiarity with the
basic formalism of nonrelativistic quantum mechanics. This includes the Dirac nota-
tion and the representation of quantum states as complex-valued vectors in a Hilbert
space. I will also assume knowledge of the Schrodinger equation and the probabilistic
interpretation of measurement outcomes. I will set 2 = 1.

3.1 Quantum computing basics: Qubits

Before turning to quantum optimization algorithms, I will introduce the unfamiliar
reader to the qubit. Experts can thus skip this section and directly move to Sec. 3.2.
In quantum computations, information is represented and processed using quantum
bits, or qubits [1]. In contrast to classical binary bits, qubits may exploit intrinsically
quantum-mechanical effects and can be regarded as a generalization of the classical
bit. A single qubit |y) in the Hilbert space H is commonly written in terms of two
complex amplitudes ¥, Y1 as

W) = W10 + v 1) :( io ) (3.0
1

where the state is normalized according to (Y|y) = Wol? + [v1)? = 1 [1, 15, 16]. The
final equality in Eq. (3.1) holds specifically in the |0),|1) basis, where the two basis

states are represented by the standard basis vectors [1, 15]

0=(o) m=(7) 6-2)

In practice, quantum computations are carried out on systems containing several
qubits.



As in the single-qubit case, the state of a multi-qubit system can be expressed through a
set of complex expansion coeflicients. For a register of n qubits, however, the number
of coeflicients increases from two to 2". Thus, the state |) may be written in terms
of the amplitudes o, . .., Yon_1 as [1, 15]

Yo
Y

) =v0l0---00) + 1 [0---01) + ...+ pony [I---11) = :1 . (33)
WYon_q

The basis vectors appearing in Eq. (3.3) are constructed as |qogi - - - gn—1) = lq0) ®
I91) ® ... ® |gn-1), where g; = 0, 1 denotes the state of the i-th qubit. This basis is
referred to as the computational basis. The index j on ; is the integer representation
of the binary state in its corresponding ket, i.e. j = Z;’_l gi2'.

3.2 Quantum annealing

The idea of quantum annealers is to exploit the adiabatic theorem in quantum me-
chanics to find the ground state of a Hamiltonian Hc '. The theorem considers a
time-dependent Hamiltonian of the form [15—20]

H(t) = A()Hpy + B(t)He, t € [0, 71]. (3.4)

Here, the coefficient multiplying H is varied from zero to one, while that multiplying
H)y; is varied from one to zero. Hence, the Hamiltonian satisfies H(0) = Hjy and
H(t) = Hc. The theorem states that if the system is in the nondegenerate ground
state of H(f) att = 0 and the Hamiltonian changes sufficiently slowly, the system will
remain in the instantaneous ground state after a total annealing time 7. For this to
hold, the annealing time must be chosen such that [17, 20]

| o)) 229 1y (5)) |
(E(s) — E(5))?

(.5)

T > maxp<s<i

where [4(s)) and [/.(s)) denote the instantaneous ground and first excited states,
respectively, with corresponding energies E¢(s) and E,(s). Equation (3.5) also shows
that the Hamiltonians Hjy and Hc in Eq. (3.4) must be chosen such that they do
not commute. If they did commute, there would exist a point s; at which the gap
|E¢(s1) — Ec(s1)| is identically O [16, 20].

!Quantum annealing is deeply tied to adiabatic quantum computation. I will, for the sake of simplicity,
refer to both as quantum annealing.



To use quantum annealing for optimization, the initial Hamiltonian in the adiabatic
theorem, Hyy 2, is selected such that its ground state is simple to prepare. In current
implementations, the initial Hamiltonian is chosen as [15, 16]

Hy =-- ) o} = Hy, (3.6)

for a system containing n qubits. Here, 0‘?‘ =/®..0"®..®1, where [ is the
identity matrix and the Pauli matrix o* acts on the i-th qubit. In the o basis, this
choice prepares the system initially in the state [16]

W (0)) = (%) (100) +1o) ® - - ® (105-1) + [1n-1)) = |+) (3.7)

where |0) and |1) are interpreted as the spin-T and spin-| states, respectively. Thus,
the initial state is a uniform superposition of all computational basis states.

The final Hamiltonian, Hc, is chosen as a quantum analog of Eq. (2.6) [and, by
extenstion, Eq. (2.5)]. It is obtained by expressing the classical energy functions in
terms of quantum operators, i.e. by replacing s; with o7 in Eq. (2.6). The final
Hamiltonian is thus chosen as [15, 16, 19]

n—1 n—1
He = Z hio% + Z Jijoie, (3.8)
i=0 i<j

whose ground state, |¢o...gn—1), encodes the solution of the problem under consider-
ation. Note that to use quantum annealing machines H¢ thus needs to be quadratic.
Since the anneal begins in the the ground state of Hx [Eq. (3.7)], the system may
exploit quantum tunneling during the evolution in order to reach the ground state of
the Hamiltonian in Eq. (3.8) (see Fig. 2.1). Quantum annealing can thus be seen as a
quantum analog of simulated annealing, where the thermal fluctuations are replaced
by quantum ones with strength governed by A(#)/B(t).

Analogously to simulated annealing, for infinite systems quantum annealing typi-
cally crosses a quantum phase transition between the initial transverse-field dominated
phase and the ordered phase of the final problem Hamiltonian. The finite-size scaling
of the minimum energy gap, and thus the algorithmic performance, depends on the
nature of this transition. First-order transitions often exhibit gaps that shrink expo-
nentially with n, whereas continuous transitions have polynomial gap scalings [21, 22].
Mean-field models (with fully-connected Hcs) of some constraint-satisfaction prob-
lems possess a first-order transition [22]. In contrast, recent results show that the

2Throughout this chapter, I will use Hy, to refer to a general mixer (called Driver in quantum annealing
contexts) and Hy to the specific one presented in Eq. (3.6).



energy gap scales polynomially for two- and three-dimensional Ising spin glasses with
nearest-neighbor interactions and random couplings J; ; = +1 [23—25]. However, the
ordered phase of these spin-glass Hamiltonians has not yet been explored and may
still present challenges for the algorithm, as it does for simulated annealing.

Even if quantum annealing does not provide a general advantage for finding exact
ground states, it may still be useful as a heuristic optimization method. In particular,
several studies indicate that quantum annealers can sometimes be faster than classical
methods at finding good low-energy approximate solutions [26, 27].

D-Wave quantum annealers

D-Wave Quantum is a company that produces commercially available heuristic solvers
based on quantum annealing. In this subsection, the operating principles of these de-
vices are briefly summarized. For a more detailed account of the underlying physics,
the reader is referred to Refs. [28—30]. The qubits used in D-Wave machines are flux
qubits implemented using superconducting circuits. These flux qubits are connected
through couplers, and both the qubits and couplers are controlled using external mag-
netic fields. The coefhcients A; and J;; in the final Hamiltonian in Eq. (3.8) are set
by time-independent magnetic fields applied to the qubits and couplers, respectively.
The annealing schedule itself is controlled by time-dependent magnetic fields, which
transform the Hamiltonian in Eq. (3.6) into the final Hamiltonian in Eq. (3.8) [15].
The complete network of qubits and couplers is referred to as the quantum processing

unit (QPU).

The QPU is affected by several limitations that can influence the outcome of the an-
nealing process. Some of these originate from the environment, such as the operating
temperature, which affects coherence, or high-energy photons that may induce un-
wanted qubit excitations [31, 32]. Other limitations are intrinsic to the control of the
device and are known as integrated control errors [31, 32]. These errors arise because
the Hamiltonian in Eq. (3.8) is imperfectly implemented, resulting in an effective
Hamiltonian of the form [31—35]

n—1 n—1

H;s = Z(l/ll + (Sh,)O'f + Z(J[j + (5.],"/')0'?0"1/, (3.9)

i=0 i<j

where 0h; and 6J;; represent random noise terms. D-Wave annealers often rescale
the given Hamiltonian with the largest &; or J; ; [36], and thus the error terms can
have a comparable size to the user-given terms. In a slow enough anneal, the D-
Wave device therefore finds the ground state of Eq. (3.9) instead of Eq. (3.8) [33]. It
has been shown that, given a realistic strength of the noise, the probability that these
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Figure 3.1: Pegasus graph of size 3 (P3) where the nodes are shown as burgundy dots
and the edges as gray lines.

two Hamiltonians share the same ground state decreases exponentially as the number
of qubits n increases [33, 37]. As a consequence, the control errors may lead to an
exponentially decaying success rate.

While noise is often seen as an obstacle, the environmental coupling of the QPU
can be useful. Since the device operates at finite temperature and interacts with its
surroundings during the anneal, the samples generated by the QPU may, in cer-
tain parameter regimes, approximate a thermal distribution of the programmed Ising
Hamiltonian with an effective temperature. This observation has motivated the use
of D-Wave annealers as heuristic samplers in statistical physics[38—40] and machine-
learning contexts [41, 42].

In addition to noise, D-Wave devices are also constrained by the sparse connectivity of
the QPU. The QPU primarily used in this thesis, Advantage, contains more than 5000
qubits, with each qubit connected to at most 15 couplers. Its topology is the Pegasus
graph of size 16, denoted P16 [15, 43] (see Fig. 3.1 for a P3 graph). Because the Pegasus
graph is sparsely connected, not every problem graph can be mapped directly onto
a subgraph of the hardware graph. To address this, D-Wave uses minor embedding,
in which logical variables are represented by chains of physical qubits. The qubits
within such a chain are coupled so strongly that they behave effectively as a single
qubit (see Fig. 3.2). To keep a chain intact, the strength of the chain interactions
must typically be stronger than the interaction between logical variables [44]. The
known upper bound on the number of additional qubits required by this procedure
scales quadratically with the problem size [45]. These logical chain qubits can have
greater connectivity than the underlying physical qubits, allowing a larger class of
problems to be solved, although at the cost of using more qubits [44].
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Figure 3.2: Representation of how an embedding is made on the D-Wave machines.
A triangular graph with nodes by, b1 and b, is embedded in a square graph, with
nodes qo, g1, g2 and g3, by letting go and g5 represent the logical variable b;. In this
case, o and g form a chain of length 2. The triangular graph is the problem graph
and the graph furthest to the right represents its embedding into the QPU topology.

Highly connected QUBO problems, such as the penalty terms in Ch. s, require longer
chains and correspondingly stronger chain interactions. The susceptibility to inte-
grated control errors [Eq. (3.9)] increases with chain size since the user-given problem
is rescaled with the largest chain interaction [36]. The embedded problem thus be-
comes increasingly sensitive to noise.

Hybrid quantum-classical annealers (HA)

Besides solvers that rely solely on quantum annealing, D-Wave also provides hybrid
quantum-classical solvers (HA), which were used in Papers I, II, IV and VI. The de-
tailed internal operation of these hybrid solvers is proprietary information; see the
documentation for Leap Hybrid solvers [46]. At a high level, the solver operates by
combining classical solvers with calls to the QPU for selected subproblems of the
user-given problem. The subproblems are generated by classical heuristic partitioning
methods and are chosen to be small enough to be handled efficiently by the QPU.
The solutions returned from the QPU are then used to guide the classical optimization
process [46] (see Fig. 3.3). The purpose of this approach is to accelerate the solution of
difhicult optimization problems by incorporating QPU queries into a classical search
procedure. The more recent hybrid solvers make it possible to address problems with
many tens of thousands of fully-connected variables, which is far beyond what can be

studied with the QPU alone.

3.3 Gate-based quantum computing

While quantum annealing machines can address optimization problems, other appli-
cations often require greater flexibility than these machines can offer. Experimental
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Figure 3.3: Schematic illustration of the hybrid quantum-classical solvers. The port-
folio solver reads the input from the user, starts several hybrid solvers and calculates
a time limit (or uses the one given by the user). The hybrid solvers contain a classical
algorithm and a quantum module (QM). The classical solvers attempt to solve the
problem, while the QM partitions the problem into subproblems and sends them to
the QPU. The QPU responds with the solutions to the subproblems, and these re-
sponses help to guide the classical solver. At the time limit, the hybrid solvers deliver
their results to the portfolio, which picks the best solution and sends it to the user.

efforts have therefore increasingly focused on gate-based quantum computers. This
motivated us to investigate gate-based quantum algorithms in Papers III and V. In
contrast to analog quantum annealing, which follows the time evolution of a system,
here a discrete set quantum gates are applied onto a state to perform computations.
The gates are quantum analogs of classical logical gates and are represented as matrices
acting on a vector, using the computational (0°) basis. For example, a gate A acting
on the state in Eq. (3.2) can be represented as [1, 16]

Aly) =AWol0) +¢1]1))

= (Z Z) (5(1)) = (Yoa + y1b)10) + (cyo + dy1) |1)

(3.10)

in the |0),]1) basis. Conservation of probability requires the norm of A |) to be 1
for general [i/)’s and thus all gates must be unitary, i.e. AAT = 1.

In a multi-qubit system of n qubits, a gate may act on a single or several qubits. A
gate A; acting only on the i-th qubit is extended to the full n-qubit system as A; =
[h®: - [i_1®A;®1;11®: - \®I,_1, leaving all other qubits unaffected, just as in Egs. (3.6)
and (3.8). Gates acting on several qubits simultaneously, e.g. A;ji, are extended in
the same way. In principle, a gate may act on an arbitrary number of qubits. In
practice, however, directly implementing many-qubit gates is technically challenging,
and quantum computations are thus typically constructed from one- and two-qubit
gates [1]. The complexity of a gate-based algorithm is thus partly determined by the
number and arrangement of the required two-qubit gates, which becomes important
for highly connected optimization problems.

The sequence of gates is called a quantum circuit and is often represented in a di-
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agram. Consider a system of three qubits initially in the state [o,¥1,¥2). One
acts with the sequence of gates, Ag, Bo,1, and Cj2 such that the resulting state is
C12Bo.140 Yo, Y1, ¥2), which is subsequently measured. The diagram of this circuit
is [1, 16]

(3.11)

Here, the qubits are represented as wires, gates as boxes and measurements as boxes
with arrows at the end of the wires. The circuit is read left to right (note the reverse
order of the gates compared to the mathematical expression of the circuit). The com-
putational cost is often measured in the circuit depth (the longest sequence of gates in
the computation that can not be executed in parallel). All gate-based quantum algo-
rithms, including Shor’s algorithm for prime factorization [2, 3] and Grover’s unstruc-
tured search algorithm [4], can be represented by quantum circuit diagrams [1, 16].

Some common quantum gates include single-qubit rotation gates and two-qubit en-
tangling gates. Single-qubit gates are often expressed as rotations using the Pauli ma-
trices [1, 16]

e—i@o'k/2 — Rk(g) = | Rk(Q) |, (3.12)

where 0% is the k-th Pauli matrix. An important special case is the Hadamard gate [1,

16]
1 {1 1
- \/E( 1 -1 )’ G13)

which creates a superposition in the computational basis by turning |0) into |+)
[Eq. (3.7)]. Two-qubit gates introduce entanglement and the most common example
is the controlled-NOT (CNOT) gate, which flips a target qubit, [t1), conditioned
on whether the control qubit, [o), is in state [1), i.e. [1, 16]

CNOT = = . (3.14)

_69_

- o O O

0
0 ———
1
0

1 0
01
00
00

Since it is a commonly used gate, it has a special circuit representation shown on
the right in Eq. (3.14). In practice, different quantum computers often implement
hardware specific entangling gates together with arbitrary single-qubit rotations, from
which standard gates like CNOT are constructed [16].
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A gate set is said to be universal if any unitary operation on an arbitrary number
of qubits can be approximated to arbitrary accuracy using only gates from that set.
An important example of a universal gate set is the set consisting of all single-qubit
rotations together with the CNOT gate [1, 16].

Quantum approximate optimization algorithm (QAOA)

The most famous algorithm to solve combinatorial optimization problems using gate-
based quantum computers is the Quantum Approximate Optimization Algorithm
(QAOA) [47], which we used as a baseline in Papers Il and V. It is inspired by quan-
tum annealing [16, 47] and is, to my knowledge, one of the first examples of a varia-
tional quantum algorithm. Consider the Hamiltonians in Eqs. (3.4), (3.6) and (3.8)
and an initial state |Y/(¢ = 0)) = |+). After a time T, the state will have evolved to

I+, (3.15)

(1)) = U(®) (0)) = T exp [—ifo drH(r)

where 7" is the time-ordering operator. Using p equally sized time intervals At = 7/p,
the evolution operator U(7) can be expanded to first order as [16, 47]

)4
U@ ~ | | expl-iH(z)Ar]
k? (3.16)
~ | [|expl-iHxA(t)A expl-iHcBa)Ar + O((Ar?)]
k=1

which is exact in the limit Az — 0. The 2p exponentials exp [-iHxA(#;)Af] and
exp [-iHcB(tx)At]® can be interpreted as collections of quantum gates, where each
term in Eqs. (3.6) and (3.8) gives rise to a one- or two-qubit rotational gate acting on
[+). The resulting circuit approximates |y/(¢)) and can become very deep for highly
connected Hes. A large p is needed to ensure that the circuit approximates |y(7))
well [16, 47].

Each exponential in the product in Eq. (3.16) has a unique constant, either A(#x)At
or B(tx)At, multiplied with Hx or Hc. Renaming these constants as

B =B, ...5p) = (AGt)AL, .., At))Ar) (.17)

and
Y = 1o ¥p) = (B)AL, ..., B(tp)At), (3.18)

3While QAOA can in principle handle higher than quadratic Hcs, in practice the many-qubit gates
need to be decomposed into two-qubit gates, thereby increasing the circuit depth.
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a state can be defined as

<

.8y = | | e e MO 4y, (3.19)

k=1

Here a circuit consisting of alternating layers of the rotational gates exp[—iHxfx]
and exp[—iHcyx] generates [y, ) by acting on |+), which can be created by apply-
ing Hadamard gates on |0). The conceptual leap of QAOA is to regard ¥ and B
as variational parameters that can be optimized classically, rather than as parameters
specifying a predetermined time evolution [16, 47].

This variational perspective allows the expectation value of H¢ in the state |y, B) to
be interpreted as a cost function,

F(y.B) = (. BlHcly. B) = ) Prob(z| 7, B)C(2), (3.20)

parameterized by y and 8. C(2) is the classical cost and Prob(z | , B) is the probability
of the bitstring z, given the parameters y and . Successful optimization implies
Prob(z* | y,B) > 0 for the ground state, z*4. To give ourselves the best chance
of achieving this, F(y,) is optimized classically over the variational parameters y
and B. In doing so, hopefully the circuit uses a smaller p than what is needed to
approximate the time evolution in Eq. (3.15). In terms of annealing, this process can
be seen as discretizing A(#) and B(f) and subsequently optimizing the shape of the
two functions [16, 47].

Identifying the best variational parameters is itself a difficult optimization task. In-
deed, it relies on optimizing a function of 2p variables where p should be sufficiently
large to ensure success. Thus it is common to start the optimization from predeter-
mined good parameters, which are often taken from similar and already optimized
problems [48, 49].

All in all, the QAOA algorithm can be summarized as follows. Initialize the qubits in
|[+) using Hadamard gates. Apply p alternating layers of a mixer operator, exp[—iH x|,
and a phase separator, exp[—iHcyx]. For many optimization problems, circuit can
become rather deep since Hc may be densely connected and requires on the order of
O(n?) gates per layer for n-qubits. After applying these layers to the qubits, measure-
ments are performed. This process is repeated multiple times to estimate the objective
function F(y, B). The variational parameters are then updated, and the circuit is exe-
cuted again. This is iterated until a stopping criterion is reached [16, 47]. A schematic
illustration of the algorithm can be found in Fig. 3.4.

4Strictly, minimizing F(y, ) does not guarantee that the ground-state probability is maximized.
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Figure 3.4: Outline of the QAOA algorithm. Classical parameters ¥ and f are fed
into a quantum circuit consisting of one layer of Hadamard gates and p layers al-
ternating exponentials [see Eq. (3.16)]. The measured states are used to estimate
(v,BlHcly,B) = F(y,B). The parameters are optimized classically to minimize

F(y.B).

Quantum alternating operator ansatz (QAOA+)

Let us discuss the role of the mixer operator in QAOA. Its purpose is to generate
transitions between computational basis states. The mixer Hamiltonian Hx induces
single-bit flips, connecting computational basis states that differ by a single bit value.
Through successive applications, this enables transitions between any pair of basis
states. However, in many problems only a subset of the basis states represent feasible
solutions. With Hy, and thus in standard QAOA, this is solved by turning these
hard constraints into soft constraints by adding penalty terms to H¢, which penalize
infeasible states. This can make Hc highly connected even when the desired energy
function is sparse.

An alternative to penalizing infeasible states with soft constraints is to instead re-
strict the dynamics of the algorithm to the feasible subspace. Indeed, the replacement
of exp[—iHxp] with a parameterized constraint preserving mixer circuit Up(By) is
the central modification introduced in the Quantum Alternating Operator Ansatz
(QAOA+) [50]. Instead of encoding hard constraints as soft penalties in the objective
function, U (B) is chosen such that the dynamics remain entirely within the feasible
subspace, which may move the complexity from H¢ to Uy (Bx).

While the mixer unitary in QAOA+ can take any form, the simplest constructions are
achieved by exponentiating a single mixer Hamiltonian, Up(Br) = exp[—iBcHu]. A
prominent example is the XY-mixer [50—53],

Hyy = — Z (o-j‘o-jf + O‘IVO‘;), (3.21)

(i, ))eEm
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where E )y describes which qubits are connected by the mixer. This mixer Hamiltonian
generates transitions only between computational basis states with equal Hamming
weights®, and therefore removes the need for soft constraints meant to enforce a fixed
number of qubits in |1), such as one-hot encodings. In Papers I1I and V, we mainly
used XY-mixers with all-to-all connections [s1, 52].

The use of constraint-preserving mixer circuits introduces an additional practical com-
plication. Since Up(Bx) no longer connects the full computational basis, the initial
state must already lie in the desired feasible subspace. In the case of Hxy this can be
done by creating so-called Dicke states, which can be generated efficiently [s5]. For
general mixer circuits, however, preparing such a state can be substantially more difhi-
cult than for Hyy or Hx. In some applications, one therefore initializes the algorithm
in a classically obtained feasible bitstring rather than in a superposition over feasible
states.

Apart from this modified choice of mixer circuit and initial state, the overall algorith-
mic structure of QAOA+ remains the same as in standard QAOA. Both algorithms
consist of p alternating applications of Up(Bx) and exp[—iyxHc], and a subsequent
classical optimization of F(y,f) over ¥ and B [50], which makes both variational
algorithms. This optimization can again be challenging, but parameter-initialization
schemes similar to those used in QAOA may facilitate it. The algorithmic structure is
thus similar to that of Fig. 3.4, but with the Hadamard gates replaced by the initial-
ization gates and exp[—iHxf] replaced by U p(Bx).

In Paper 111, we proposed and explored a QAOA+ algorithm for lattice protein folding
(see Ch. 4) based on the QUBO formulation introduced in Paper I. In the latter,
all soft constraints have closed-form quadratic expressions. Every penalty term can
therefore be mapped on to an edge in a conflict graph, with the qubits as nodes. For
a valid chain structure, any pair of neighbors in this graph can not be both in the
state |1). The quantum evolution of the system can be resticted to the space of states
fulfilling this condition by using a mixer circuit that changes a site from [0) to |1) only
if none of its neighbors are in [1). A mixer that creates such dynamics can be defined
as [52, 56, 57]
_ 1+0%
UnmBi) = U Vi) Vi =e PP B = l_[ > , (3.22)

JEN;

where N; is the set of neighbors to qubit 7 in the constraint graph. V; can be expressed
as
Vi) =1+ (7 —DB.. (3.23)

Hence, V; amounts to o7} rotation of qubit i if its neighboring nodes are inactive (0),
which is checked by B;. Whenever any of its neighbors is in the active |1) state, qubit i

>This gives a quantum analog of Kawasaki dynamics [54] in the classical Ising model.
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Figure 3.5: Outline of the HEA approach, using a single-layer hardware-efficient
quantum circuit [58] and four qubits. An entangling layer of CNOT gates in a reverse
linear pattern, sandwiched between two blocks of single-qubit R, and R; rotations,
parameterized by @ = (6, ..., 015). Final measurements are performed in the com-
putational basis. The measured bitstrings are used to calculate an average of the cost
Hamiltonian (Hc)g. The algorithm aims to minimize (H¢)g over 6.

is thus left unchanged by V;, as desired. When starting from a valid state, e.g. the all-
zero state, and using this mixer, the system will stay in the space of valid states, so that
all quadratic penalty terms can be omitted. The operators V; associated with different
i-s do not necessarily commute, thus their order must be specified. In Paper III, we
applied them in a random order.

Hardware efficient ansatz (HEA)

In Paper V, the goal was to try protein design on gate-based hardware using varia-
tional quantum algorithms, two of which were QAOA and QAOA+. Both approaches
can suffer from having large circuit depths, from either Hc or Uy. High depth
poses a challenge for near-term quantum devices due to the accumulation of gate
errors. In addition to QAOA and QAOA+, we therefore considered the hardware-
effiecent ansatz (HEA) [58], which uses as a shallower circuit tailored to the hardware
(Fig 3.5). This algorithm consists of alternating layers of single-qubit rotational gates,
parametrized by 6, and CNOTS, arranged in a pattern that suits the hardware.

Unlike QAOA and QAOA+, HEA is problem agnostic; the quantum circuit uses no
information about the cost function, Hc. It searches for low-cost solutions by mini-
mizing the average of Hc given 0, (Hc )g, over 6, where (Hc ) is estimated using mea-
sured bitstrings. As in QAOA and QAOA+, the parameter search can be challenging,

but suitable parameter-initialization schemes may facilitate the classical optimization.
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IBM’s gate-based devices

For the gate-based hardware computations in Paper V, we used an IBM Torino de-
vice with a 133-qubit Heron processor®. The circuits were specified using Qiskit [59],
which transpiles them into a form compatible with the native gates and connectivity
of the selected device [60]. This includes assigning logical qubits to physical qubits
and routing unsupported two-qubit interactions, potentially introducing additional
operations such as SWAP gates. The resulting device-compatible circuit is then exe-
cuted on the device [61].

IBM'’s gate-based devices use superconducting, transmon-based qubits arranged ac-
cording to a device-specific coupling map. The IBM Torino used in Paper V, has a
heavy-hexagonal connectivity map, where each qubit is connected to at most 3 oth-
ers [62, 63]. Although readout errors, decoherence characterized by the relaxation
and dephasing times T and T, and other calibration-dependent errors also con-
tribute [62, 63], in practice two-qubit gate errors are usually among the dominant
sources of error. Deep circuits with many two-qubit gates, such as those needed for
highly connected Hcs in QAOA, therefore accumulate errors rapidly.

Quantum error correction

While noise may seem to represent an insurmountable obstacle for quantum com-
puting, a long-term route beyond the noise limitations exists. It is called quantum
error correction and is currently the most important research area pushing towards
fault-tolerant quantum computers. Quantum error correction works by encoding
one logical qubit across many physical qubits. Errors are inferred from repeated mea-
surements without directly measuring the logical state. If the physical error rate is
below a threshold, increasing the physical qubits per logical qubit should suppress
logical errors exponentially [64—67]. Recent experiments have taken important steps
towards this regime [68, 69], while machine-learning decoders have improved identi-
fication of errors [70, 71]. However, fault-tolerant devices are, at the time of writing,
still out of reach which is why characterizing the performance of present-day noisy
devices, as done throughout this thesis, remains important.

6As of April 2026, the Torino computer has been retired.
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4 Lattice protein problems

The aim of this thesis is to investigate how lattice protein folding, design, and multi-
chain thermodynamics, can be formulated and solved on present-day quantum hard-
ware using the computational methods in Ch. 3. In this chapter, these three problems

are defined.

Proteins are ubiquitous in living organisms [72]. Their functions are numerous and
range from enzymatic catalysis to intracellular cargo transport [72]. The building
blocks of proteins are 20 amino acids and each protein is a unique chain of amino
acids. In the living cell, many proteins adopt well-defined three-dimensional equilib-
rium structure [72]. This structure is vital for the function of the protein and depends
on the amino acid sequence. Recently, evolutionarily informed machine-learning
methods [73, 74] have been developed which can to predict the structure of proteins
with great success.

4.1 Lattice proteins

Proteins are immensely complex systems, with a plethora of competing forces giving
rise to complicated dynamics and a complex equilibrium distribution. As such, it is
often useful to study simplified models of proteins. One widely used approached is
to consider lattice-based models, where proteins are modeled as self-avoiding chains
of amino acids, or beads, residing on a lattice [75]. Even with this simplification, the
number of configurations grows exponentially with the length, N, of the protein [76,
77]. For instance, on a two-dimensional (2D) lattice, the number of configurations
scales as VN with u 2.6 [76, 77].

The Hydrophobic-Polar (HP) model

In the Hydrophobic-Polar (HP) model, which we used as test bed in Papers I, III-VI,
a lattice protein consists of two types of beads, hydrophobic (H) and polar (P) [75—
77]. The interaction potential is pairwise additive and stipulates that two amino acids
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interact only if they are nearest neighbors on the lattice but not along the chain, and
both are H. Let r; and a; denote, respectively, the position and type (H or P) of amino
acidi (i = 1,...,N). The interaction energy takes the form [77]

Eyp = Z C(aj,apA(ri,r)), (4.1)
1<i<j<N

where A(r;,r;) = 1 if r; and r; are nearest neighbors on the lattice, and A(r;, r;) =
0 otherwise. The contact energy is given by C(a;,a;) = —1if q; = a; =H, and
C(aj,a;) = 0 otherwise. In this convention, the energy of the protein is —Npn,
where Nyp is the number of nearest-neighbor HH contacts.

In part due to its simplicity, the HP model has been extensively studied [76—79].
In particular, through exhaustive enumeration, all HP sequences that have a unique
minimum-energy structure in 2D, and their corresponding structures, have been de-
termined for chains with <30 beads [76, 77]. On a 2D square lattice approximately
2% of all HP sequences with <30 beads have well-defined minimum-energy struc-
tures [76]. These ground-state structures, and other low-energy configurations, tend
to display a hydrophobic core of H beads.

The Miyazawa-Jernigan (M]) model

Another lattice protein model is the Miyazawa-Jernigan (M]) model. In this model,
a 20-letter amino acid alphabet is used (a; can take one of 20 values). The interaction
energy, Eyyj, can then be written as

Eyy = Z C(ai, ap)A(r;,r)), (4.2)

1<i<j<N

where the contact energies C(a;, a;) are given by the statistically derived Miyazawa-
Jernigan interaction matrix (Table VI of Ref. [80]). This model has been used to,
for instance, understand the dynamics of proteins [81] and to study the basics of the
sequence-structure relationship by enumerating configurations on small grids with
the same number of lattice points as the size of the chain [82].

4.2 Folding lattice proteins

Protein folding is the process by which a protein goes from an unstable random-coil
conformation to its three-dimensional structure [83]. In lattice protein models, all
possible structures are represented by discrete conformations on a lattice. Structurally
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HPPHPPHPPH —» I I

Figure 4.1: Schematic illustration of HP lattice protein folding for the N = 10 se-
quence HPPHPPHPPH. Given a sequence of Hs (®) and Ps (O) beads (left), the task
is to minimize Eyp (or En) in Eq. (4.1) [or (4.2)]. The solution is the structure on
the right.

characterizing a lattice protein requires the use of an ensemble, where the probability
of the structure C is given by

P(C|s) = e‘ﬁE(C’S)/Z e PEC ), (4-3)
C/

Here s = (ay, .., ay) is the amino acid sequence and E(C, s) is the energy of confor-
mation C, either Eyp or Eyy, for s.

However, many real proteins adopt a largely well-defined native structure. An entry-
level proxy to describing the full folding process is identifying this native state, given
the amino acid sequence. For lattice protein models, this amounts to searching for
the minimum-energy structures C* (Fig. 4.1), defined as

C* =arg m(/in E(C, s). (4.4)

This optimization problem is called structure prediction, but is, for brevity, also re-
ferred to as folding. Papers I-III deal with this optimization problem.

4.3 Designing lattice proteins

In lattice protein design, one seeks an amino acid sequence s = (ay,...,ay) that
folds into a given target structure Cy. See Fig. 4.2 for an illustration. To this end, the
goal is to maximize the probability of finding the chain in the state C;, i.e. to find

s" = argmax P(C; | 8), (4.5)
S
where P is defined in Eq. (4.3). Solving Eq. (4.5) generally involves a time-consuming

search in both sequence and structure spaces. Although sophisticated methods for
this task have been developed [84—86], a common approach is to ignore the sum in
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Figure 4.2: Illustration of designing an HP lattice protein of length N = 10. Given
a structure (left), the task is to find the sequence that folds into this structure. The
solution is a sequence of H (@) and P (O) beads (right).

Eq. (4.3) and minimize the energy inside the target structure, E(C;, s) 37, 51, 87,
88] or to introduce an approximation e #F®) of the sum and minimize E(C;, 8) —
F(s) [89]. This approaches turns the design problem into a simpler optimization
problem. However, an additional filtering step is needed to reject candidate sequences
that have a higher probability for some other structure C # C;, which is often done
by folding the candidate sequence [37].

4.4 Multi-chain systems

While many real proteins have a unique equilibrium structure that determines their
biological function, many proteins also lack a well-defined three-dimensional struc-
ture. For instance, in the human genome, it has been estimated that 44 % of the en-
coded proteins contain stretches of disorder longer than 30 amino acids [90]. Disor-
dered proteins often participate in multi-chain processes, such as droplet condensation
and aggregation, which have been linked to several neurodegenerative diseases [91, 92].
For such systems, finding a single ground-state structure is less desirable and the prob-
lem shifts to characterizing the thermodynamics of the system.

Disordered proteins are believed to often play a driving role in the formation of mem-
braneless organelles in the cell [91]. The propensity of disordered proteins to form a
droplets is known to depend on their sequences [91]. To better understand such sys-
tems, estimating phase diagrams and their sequence-dependence is an important but
difficult task. Thus, lattice-based and other coarse-grained models have a role to play.
To estimate these phase diagrams for lattice proteins, one needs to sample multi-chain
configurations, C, using Eq. (4.3), with s replaced by the sequences of every chain in
the system.
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s Binary representations of lattice
protein problems

To use the quantum algorithms introduced in Ch. 3, the problem of interest needs to
be recast to an Ising or QUBO form. In this section, I introduce QUBO encodings
of the lattice protein folding, design and multi-chain thermodynamics problems of
Ch. 4. The QUBO encodings below are written using bits, b € {0, 1}". A QUBO
energy function E(b) can be easily transformed to a quantum Hamiltonian, Hc(0%),
by the transformation b; — (1 = 07)/2.

s.1 Lattice protein folding

To recast lattice protein folding into a QUBO form, one first needs to decide what
the binary variables represent. Given this, the second aim becomes to construct an
energy function whose ground state corresponds to the ground-state structure of the
lattice protein sequence. This involves incorporating soft constraints in the energy
function, such that the generated solutions correspond to physical chains.

Turn-based encoding

In the turn-based encodings, turns along the chain are mapped onto the binary vari-
ables [93—95]. These encodings are resource-eflicient for small chains since they offer
a compact chain representation by only using O(N) variables for an N-long chain.
However, the soft constraints of the model, such as self-avoidance, are difficult to
implement and many auxiliary variables are required to make the resulting energy
function quadratic. The additional variables negate the resource efficiency of the en-
coding provided by the chain representation, resulting in O(N?) binary variables [96].

The earliest attempt to fold a short lattice protein (N = 6) using quantum annealing
carried out on a D-Wave machine used a turn-based encoding [93]. Similar encodings
have been implemented on IBM’s gate-based quantum computers [97, 98].
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Figure s.1: Illustration of a hypothetical SA minimization of Egs. (5.2)—(s.5) for
the 6-bead sequence HPHPPH. Circles represent beads, and numbers indicate bead
positions along the sequence. By construction, odd/even beads can reside only
on grey/white sites. (a) Early stage. Typically, all three constraints are violated
(E1,Ez, E3 > 0). (b) Intermediate stage. Some but not all of the constraints are
satisfied (in this example: Ey = E» = 0, E3 > 0). (c) The final state, in this ex-
ample corresponding to the desired minimum-energy structure of the given sequence
(Exp = =2, E1 = E; = E3 =0).

Coordinate-based encodings

In coordinate-based encodings, the binary variables represent the position of the beads
on the lattice. An early attempt was made to construct an energy function where
the binary variables define integer coordinates of each amino acid. Unfortunately,
the resulting energy function required O(N?) bits, after introducing the necessary
auxiliary variables to make the function quadratic [99].

In Paper I, we instead developed a field-like coordinate-based encoding of 2D lattice
protein folding, inspired by encodings of homopolymers [100, 101], that is entirely
quadratic and designed to handle large proteins. Paper II expanded the encoding to
3D. The representation uses bits b; ¢ that indicate whether amino acid i is located on
lattice site s (b; s = 1) or not (b; s = 0). The energy function is given by

E=Ep+E + 1LE, + /13E3, (5.1)

where Epp is the physical energy of the lattice protein model (e.g. Epp or Eny from
Ch. 4), and the remaining three terms E, E5 and E3 are soft constraints that ensure
that the bit configurations correspond to valid chain structures. The strengths of
the penalty terms are set by the Lagrange parameters 4;. All four energy terms in
Eq. (5.1) have quadratic closed-form expressions valid for any chain length, which are
as follows [102, 103].

* The physical energy Eyp can be written as

Erp = Z C(aj,a;) Z bishjy, (5.2)

li—jI>1 (5,8")
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where (-, -) indicates summation over nearest-neighbor pairs of sites and C(a;, a;)
are the contact energies of the chosen model [e.g Eq. (4.1) or (4.2)].

* The first penalty energy, E, is given by

2
Ej=) (Z bis - 1) =Y [Z bishiy = Y bis+ 1|, (3)

i i \s#s s
and serves to ensure that each bead is located at exactly one lattice site.

* The energy E, enforces chain self-avoidance, and is given by

E2 = Z Z bi,sbj,s- (5-4)

s i<j

* The third and final penalty energy, E3, is responsible for connecting the beads
to a chain, and can be written as

E3= Z Zbi,s Z bi+1,s’, (5-5)

I<i<N s |s"=s||>1

where ||s” — s|| denotes the Euclidean distance between the sites s” and s (as-
suming unit lattice spacing).

Note that the Egs. (5.3)—(5.5) are densely connected. For a chain with N amino acids
on an L? grid, this mapping requires n = NL? bits. With a checkerboard division
of the grid into odd and even sites, it is often possible to reduce the bit count to
n ~ NL?*/2 [see Fig. 5.1 for a hypothetical simulated annealing minimization of
Eq. (s.1)]. Linn et al. performed resource analysis of both the field-like encoding
presented here and turn-based encodings. They found that while turn-based encod-
ings use fewer qubits for short chains, the field-like one was more resource efficient
for larger chains [96].

s.2 Lattice protein design

In the design problem, both sequence and structure space needs to be explored.
QUBO formulations are thus broken down into a two-step procedure [37, 89]. Given
a target structure Cy, the two steps are

1. Find a sequence, s, that minimizes the energy E(Cy, s) in the target structure.

2. Fold the obtained sequence to make sure it does not fold to a different structure
C+C,.
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Figure s5.2: [llustration of the process to design an HP lattice protein of length N = 10
adopting the structure in figs. 4.1 and 4.2, using the binary representation in sec 5.2.
Step 1 consists of finding the optimal sequence by minimizing Eq. (5.6) using the
connectivity matrix w;;. The second step is folding the obtained sequence, to make
sure it folds into the target structure. Here H beads are represented as @ and P beads
are represented as O.

For step 2, one can use the binary QUBO mapping above. Most treatments of these
two steps address only step 1 using quantum optimization [s1, 87—-89]. In Paper IV
we instead carried out both steps using HA.

To perform step 1, one introduces binary variables b; for each amino acid. In the HP
model this is particularly simple: b; = O represents P and b; = 1 represents H. The
energy function then becomes

E(s) = - Z Wl]blb] + soft constraints, (56)

1<i<j<N

where w;; is the connectivity matrix in the structure. It is w;; = 1 when the sites i
and j are nearest neighbors on the lattice but not along the chain (see Fig. 5.2).

The soft constraints needed in Eq. (5.6) depend on the model used. For the HP model,
this constraint is often set to

2
P! (Z b; — NH] : (5.7)

which biases the total number of H-type beads toward a preset value, Nyj. A sets
the strength of this constraint. Similarly to Eq. (5.3), this soft constraint is highly
connected, increasing the hardware overhead required to enforce physical solutions.

For models with K amino acid types, one often resorts to a one-hot or domain-wall
encoding [104]. In both cases, the qubit count per site increases from one to O(K),
leading to a total of O(KN) qubits. In these cases, —b;b; is replaced by the models
contact energy, C(a;,a;).
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5.3 Multi-chain systems

The QUBO encoding of multi-chain systems builds on the folding encoding of Sec. 5.1.
The same field-like bits are used but the chain-connectivity term E3 is restricted to act
only within chains. The major change for multi-chain systems is the goal. Instead of
finding a (single) ground-state structure, obtaining thermodynamic quantities is the
ultimate goal.

Slongo and Micheletti developed a weighted histogram analysis method for QUBO
problems [10] (see Sec. 2.1). In Paper VI, we extended this method to multi-chain
HP systems using additional machinery in the form of auxiliary bits ax, link variables
Nss» and a new penalty term E4 to generate estimates for the density of states g(Ep).
Specifically, the machinery requires the physical energy term [Eq. (5.2)] to be con-
strained to a certain interval. To sample states in the energy interval E~ < Epp <
E* = E” +r—1, the physical energy Epp is replaced in the QUBO objective function

by
r—1 2 r—1 2
Eipy = [EHP -E - Z kak] + (Z ay — 1] , (5.8)
k=0 k=0
in the existing energy function. Here ay, . .., a,_; are r auxiliary bits that make sure

the physical energy is within the desired interval, which add r additional bits to the
total energy function.

Since Eq. (5.2) is quadratic, constraining it to be in a certain interval introduces cu-
bic and quartic terms. To keep the energy function quadratic, Eq. (5.2) is linearized
by introducing auxiliary link variables 7, associated with nearest-neighbor pairs of
lattice points s and ', giving the linear form

E],—[P == Z Nss’ - (5-9)
(s,5")

This can straightforwardly replace Eyyp in Eq. (5.8), and the final expression is still at
most quadratic. For an L X L grid, this construction requires 2L(L — 1) additional
bits. A link 75y is defined as active (75¢ = 1) if both s and s” are occupied by an H
bead, and inactive (17,¢ = 0) otherwise (see Fig. 5.3 for an illustration).

To make sure 175 = 1 when both s and s’ are occupied by H beads and 0 otherwise,
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Figure 5.3: Illustration of the minimum-Eyp configuration for a system of two
HPPPH chains. H beads are represented as @ and P beads are represented as O,
whereas the grey circles indicate empty sites. The three active links (¢ = 1) are
indicated by red, loosely dashed lines. The dotted lines show inactive links (575¢ = 0)
and solid black lines show the protein chain.

an additional penalty energy is needed, E4. This penalty is defined as

&=th+ >, B
(s,8") (mf)#/(a’,f’)
L./ eH (5.10)

“2ne Y 3 (00 4007

a feH

where @ is a chain index and f indicates the position along a chain. Assuming that
the other constraints corresponding to the penalty energies Ej, E and E3 are met,
it can be easily verified that the expression within square brackets in Eq. (5.10) is
nonnegative. It takes its minimum value zero for 775y = 1 if both s and s’ are occupied
by H beads, and for 3¢ = 0 otherwise.

With E4 included, our final QUBO objective function E, for interval samplinlg con-
sists of five terms and depends on three sets of bits, namely b = (... B0,
n=_(..,Ny,...)and a = (ap, ..., ar_1). Specifically, it has the form

Ec(b, 77’ a) = /lOEint(n, a) + /ll E] (b)

+Ex(b) + 13E3(b) + L4Es(b,m), G
and requires MNL? + 2L(L — 1) + r total bits to implement. With E. defined,
generating an estimate of g(Epp) for a given system amounts to repeatedly minimizing
Eq. (5.11) over different but overlapping intervals [E~, E*] and combining the results
via a weighted multi-histogram analysis (Sec. 2.1). Thermodynamic quantities can
subsequently be computed at arbitrary temperatures.
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6 Summary of the papers &

outlook

As quantum computers move from a theoretical idea to real devices, an important
task is understanding how they perform on concrete and challenging problems. Since
analytical performance guarantees remain out of grasp for all but a few landmark
cases, the most direct way to gain this understanding is to implement the problem and
evaluate its performance in practice. Lattice protein problems (Ch. 4), which have a
simple mathematical structure while retaining computational difficulties encountered
for real proteins, represent such concrete and challenging problems.

To illustrate how these problems can be implemented and tested on hardware, the
first part of this thesis introduced binary representations of the problems (Ch. s), as
well as quantum (Ch. 3) and classical (Ch. 2) optimization methods. In this chapter, I
provide a summary of the papers included in the thesis, Papers I-VI, and an outlook.

Prior to my first contributions, quantum hardware demonstrations of lattice protein
folding were limited to short chains (N < 6 for annealers, N < 7 for gate-based
hardware) using turn-based encodings [93, 95]. Moreover, implementations of the
design problem only did step 1 [87, 88] and multi-chain thermodynamics had not
been demonstrated on quantum hardware at all. The six papers summarized below
addressed these gap and, in doing so, characterize where the algorithms in Ch. 3 suc-
ceed and where they struggle.

Paper I. We created the two-local mapping from sec. 5.1 and implemented it on a
D-Wave quantum annealer. Prior quantum annealing demonstrations had folded
chains of at most N = 6 [93], and the mappings used grew in complexity when in-
creasing N. Our mapping, designed for large chains, combined with HA, folded 2D
HP lattice proteins of up to 64 beads. On the pure QPU, however, success rates de-
creased exponentially, limiting folding to chains with N < 14. We attributed the poor
QPU performance to integrated control errors amplified by long embedding chains,
required by the high connectivity of H¢ and largely caused by the soft constraints in

Egs. (5.3)—(5.5).

Paper II. We extended the mapping in Sec. 5.1 to 3D M] lattice proteins on minimal
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grids, which have one lattice point per bead. This minimal-grid regime had not pre-
viously been studied using quantum annealing. Such systems are difficult for conven-
tional methods due to steric clashes. Our mapping combined with HA swiftly folded
them, whereas the commercial optimizer Gurobi, based on linear and quadratic pro-
gramming [105], could not solve the problem. Our results showed that our approach
extends beyond the 2D HP setting of Paper I and that the soft constraints of the
model can sometimes be beneficial because temporary constraint violations may per-
mit unconventional paths through configuration space.

Paper III. The successes and limitations of quantum annealing motivated us to ex-
tend the framework to gate-based architectures, for which the experimental progress
is faster. However, direct implementations of lattice protein QUBOs rapidly become
intractable because of growing qubit and gate counts [96], largely caused by the soft
constraint terms. By mapping the binary variables to nodes and the quadratic terms
in the soft constraints [Egs. (5.3)—(5.5)] to edges in a graph, we used the mixer circuit
in Eq. (3.22) to remove the quadratic constraint terms entirely. Classical circuit sim-
ulations showed our new mixer approach performs favorably compared to standard
QAOA on proteins of length N = 4 and 6, and a divide-and-conquer heuristic built
on the same mixer let us fold proteins up to N = 14 using at most 26 qubits.

Paper IV. Having studied folding, we next considered the inverse problem, lattice
protein design. We presented the two-step procedure described in Sec. 5.2. Using
HA, we found candidate sequences and verified that they folded uniquely to the tar-
get structures. The lower qubit requirements of step 1 also allowed us to investigate the
exponential success-rate decay observed in Paper I. A simple noise model [Eq. (3.9)]
reproduced the results semiquantitatively. The soft constraint increased problem con-
nectivity and thus required longer, more strongly coupled embedded chains and thus
greater rescaling, amplifying integrated control errors relative to the target Hamilto-
nian. This suggests that the same mechanism limits both folding and design.

Paper V. We revisited step 1 of the design problem using the gate-based algorithms
QAOA, QAOA+ and HEA, providing the first comparison of these algorithms on
lattice protein design under realistic noise. Classical circuit simulations showed that
QAOA+ with the XY-mixer performs well without noise but degrades once noise is
included, due to its large circuit depth. In comparison, HEA performed better under
noise despite discarding problem-specific structure. Running HEA on an IBM device,
using parameters from simulation, yielded a success probability of at least 0.2 in most
instances, which was higher than what we achieved using the pure QPU in Paper IV.
This constituted, to our knowledge, the first lattice protein design result obtained
using variational quantum algorithms on physical gate-based hardware.

Paper VI. We extended our mapping in Paper I from ground-state search for single
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chains to the thermodynamics of lattice protein systems, which to our knowledge had
not previously been studied using quantum optimization. The closest related work is
a weighted multi-histogram analysis scheme for QUBO-encoded lattice ring-polymer
melts [10]. We extended this approach using the mapping in Sec. 5.3 and reconstructed
densities of states and equilibrium properties with HA. The resulting densities showed
system-dependent over- and undersampling of low-energy states. We attributed this
to biased sampling within the degenerate ground state of Eq. (5.11). Analysis of a
single-chain system showed that the bias depended strongly on the Lagrange param-
eters. Despite this, the reconstructed thermodynamics retained meaningful features.

Taken together, the six papers show that three main lattice protein problems, namely
folding, design, and multi-chain thermodynamics, can be formulated as binary opti-
mization problems. All three build on the mapping introduced in Paper I, extending
it from ground-state folding to design and thermodynamics. Although classical meth-
ods still reach larger systems, current hybrid platforms can already handle substantial
instances of these challenging problems, while pure-QPU results are more modest.
Odur results represent progress toward classically relevant problem sizes.

Papers I, IV, V, and VI show that a recurrent problem lies in the soft constraints
used to enforce physical solutions, which increase problem connectivity. In quantum
annealing, this leads to longer embedding chains, which in turn require stronger in-
teractions between physical qubits and thus a stronger rescaling. This amplifies the
strength of integrated control errors relative to the user-given Hamiltonian. On gate-
based hardware, they increase the circuit depth of QAOA and therefore the sensitivity
to noise. When sampling using HA, the observed bias showed a strong dependence
on the Lagrange parameters. However, soft constraints are not always detrimental. In
Paper II, temporary constraint violations may have allowed the solver to avoid steric
barriers.

Several approaches could reduce constraint costs while retaining the freedom of tem-
porary violations. Papers III and V partly explored this through constraint-preserving
mixers and shallower hardware-efhicient circuits. The challenge is to balance efficient
optimization, low circuit depth, and sufficient freedom to explore unphysical inter-
mediate states. Further progress will likely require combining improved algorithms
and problem formulations.

Hardware development is equally important. In quantum annealing, limited QPU
connectivity requires long embedding chains, which amplify analog control errors.
Improved connectivity and control precision would directly address a main bottle-
neck identified in this thesis. For gate-based hardware, reducing two-qubit gate errors
would permit deeper circuits and make problem-informed algorithms practical. To-
gether, these developments could bring quantum methods for lattice proteins closer
to classically competitive scales and enable their extension to more realistic models.
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Scientific publications

In this thesis, I have addressed three lattice protein problems using methods and al-
gortihms from two different quantum computing paradigms. The different papers
either adressed a new lattice protein problem or used a different paradigm. Table 1
gives an overview to which problem I addressed and with which paradigm.

Table 1: Overview of the different lattice protein problems the papers address and if
the paper used quantum annealing or gate-based quantum computing.

‘ quantum annealing ~ gate-based

Folding Paper I and II Paper III
Design Paper IV Paper V
Multi-chain Paper VI

Author contribution

Paper I: Folding lattice proteins with quantum annealing

Anders and I came up with the idea and I created the binary mapping. I wrote the
code and performed all quantum computations, while Anders wrote and performed
all classical computations. I contributed substantially to all aspects of writing the

paper.

Paper II: Folding lattice proteins confined on minimal grids
using a quantum-inspired encoding

Anders and I came up with the idea. I wrote the code and performed all quantum
and simulated annealing computations. Sandipan and I wrote and performed the
exact enumeration of all states. I contributed substantially to all aspects of writing the

paper.
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Paper III: Penalty-free quantum optimization applied to lattice
protein folding

Stefan Prestel came up with the initial idea, while I formulated it mathematically in
terms of the conflict graph. Stefan wrote the code for the divide-and-conquer com-
putations and I wrote code used for the smaller chains. I performed all simulations
and contributed substantially to all aspects of writing the paper..

Paper IV: Using quantum annealing to design lattice proteins

Me, Anders and Carsten came up with the idea and formulated the Hamiltonian
and procedure. I wrote the code and performed all computations. I contributed
substantially to all aspects of writing the paper.

Paper V: Designing lattice proteins with variational quantum
algorithms

The idea came from everyone in the collaboration. I wrote large parts of the soft-
ware. Hanna performed the computations. I contributed substantially to all aspects
of writing the paper.

Paper VI: Thermodynamics of lattice protein systems using
quantum annealing

Me and Anders came up with the idea. Me and Sebastian created the new mapping.
I participated in writing the software for the classical parts, while Sebastian wrote it
for the quantum parts. Sebastian performed most of the computations. I contributed
substantially to all aspects of writing the paper.
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