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A test of different rotational Raman linewidth models: Accuracy
of rotational coherent anti-Stokes Raman scattering thermometry
in nitrogen from 295 to 1850 K
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Rotational Raman linewidths calculated from three different models have been used in
temperature measurements by rotational coherent anti-Stokes Raman scattering (CARS)—a
semiclassical ab initio model, the modified exponential energy gap model (MEG), and the
energy corrected sudden scaling law (ECS). Experimental rotational CARS spectra were
generated, using the dual-broadband approach, in pure nitrogen at atmospheric pressure in a
heat pipe in the temperature range from 295 to 1850 K. Below 1500 K, the temperatures
evaluated using the ECS linewidths agreed with the heat-pipe temperatures to within 20 K.
Above 1500 K, the errors in the evaluated temperatures increased steeply for all linewidth
models, reaching errors of several hundreds of Kelvins at 1850 K. This behavior of the evaluated
temperature is probably caused by the uncertainty in the values of the rotational Raman
linewidths for high rotational states at high temperatures. This work therefore illustrates that
rotational CARS can be used for experimentally studying Raman linewidths and in particular
their dependence on temperature and rotational quantum number. The influence of different
experimental parameters on the evaluated temperatures is discussed, and the spectral synthesis

program is presented.

I. INTRODUCTION

Coherent anti-Stokes Raman scattering (CARS) is
now an established technique for pointwise temperature
measurements, e.g., in combustion processes with applica-
tions in laboratory flames as well as practical devices.!™
With this method, it is also possible to measure the con-
centrations of major species in the reacting gas simulta-
neously with the temperature (e.g., Ref. 7). The properties
of CARS, i.e., nonintrusiveness, good spatial and temporal
resolution, and a coherent signal generated in a small solid
angle with a high signal-to-background ratio, are advanta-
geous when probing hot, luminous, and rapidly reacting
gases. General reviews of experimental and theoretical as-
pects of CARS can be found in Refs. 9 and 10.

Normally, the technique used is vibrational CARS
thermometry, in which the temperature is determined by
probing the distribution of molecules over the rovibrational
levels. In pure rotational CARS, however, the distribution
of molecules over the rotational levels within a vibrational
level is probed. The rotational CARS signal is produced
through the interaction via the third-order nonlinear sus-
ceptibility involving two rotational levels and three laser
photons with a given momentum and energy relationship.
In conventional rotational CARS [Fig. 1(a)], the Raman
resonance is excited by the difference frequency of the
pump-laser beam and the Stokes laser beam wz=w,—wg.
The anti-Stokes signal is then generated by scattering a
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third beam (often the narrowband pump-laser beam) off
the coherently excited molecule, which gives the expression
for the anti-Stokes frequency w,s=0,+wgr=20,—wg. To
capture the entire spectrum in one shot, the Stokes laser is
run in broadband mode.!' In the dual-broadband tech-
nique [Fig. 1(b)], each of the Raman resonances is driven
by multiple-frequency combinations from two broadband
lasers with frequencies w,; and w,,, respectively. Interac-
tion with a third beam from a narrow band laser w, pro-
duces the anti-Stokes signal. The dual-broadband approach
was originally proposed by Yuratich,'? and it was experi-
mentally demonstrated by Eckbreth and Anderson’*'* and
Aldén et al.'® For conventional rotational CARS, the un-
certainties in single-shot temperatures are high, at flame
temperatures two to three times higher than for the dual-
broadband technique.'® This is because the dye that has to
be used (often Coumarin) causes large fluctuations in the
dye laser spectral intensity.!> Moreover, Coumarin de-
grades rapidly, and in conventional rotational CARS, it is
difficult to separate the anti-Stokes signal from the intense
laser beams since they are spectrally very close. These
problems are overcome by the dual-broadband technique.
Stable red dyes that give less fluctuation in the dye laser
intensity can be used, and the spectral isolation of the
CARS signal is simplified. There is also an averaging effect,
reducing the influence of the dye laser mode noise, because
the signal is generated by the entire spectral profile of the
broadband dye laser.'® '

In general, the temperature sensitivity of the Boltz-
mann population difference factors is less for rotational

© 1993 American Institute of Physics
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FIG. 1. A schematic energy-level diagram for the CARS process. (a)
Conventional rotational CARS, where w, originates from a narrow band
pump laser and w, is from a broadband dye laser; (b) dual-broadband
rotational CARS, where ,; and »,; come from a broadband dye laser and
wg is from a narrow band Nd:YAG laser.

transitions than for vibrational transitions at flame temper-
atures, leading to a worse single-shot precision for rota-
tional CARS thermometry than for vibrational CARS
thermometry, but for temperatures below 1000 K, the op-
posite is true.!” Despite this fact, the dual-broadband rota-
tional CARS technique is an interesting alternative to vi-
brational CARS in certain high-temperature situations. In
sooting flames, the temperature evaluation from a vibra-
tional CARS spectrum of nitrogen may be affected by spec-
tral interference originating from laser-produced C, radi-
cals when a Nd:YAG-based setup is used.® Such spectral
interference was not observed for comparable soot loadings
when using rotational CARS thermometry.'® At high pres-
sure, the effect of line mixing must be considered when
using vibrational CARS thermometry. In a rotational
CARS spectrum, the lines remain isolated even at pres-
sures of tens of bars. In fact, a general advantage of rota-
tional CARS for thermometry is connected with the peaks
being isolated because this makes the evaluated tempera-
ture less sensitive to uncertainties in some of the experi-
mental parameters which are known with a limited accu-
racy, e.g., the nonresonant susceptibility of the gas
mixture. Uncertainties in this parameter can have a con-
siderable effect on the evaluated temperature for vibra-
tional CARS.!"1® Finally, since the rotational Raman res-
onances for most molecules of interest in combustion are in
the same spectral range, rotational CARS has the potential
of simultaneous temperature and multispecies concentra-
tion measurements.

Rotational CARS is a relatively novel technique, and
no systematic investigation of the accuracy of the method
for nitrogen thermometry at temperatures above 700 K has
been made, to our knowledge. Published studies have been
concerned with the temperature ranges 120-300 (Ref. 20)
and 300-700 K (Ref. 21) and at flame temperatures.22 The
temperature evaluations in those studies were made with-
out detailed consideration of the influence of the nitrogen
rotational Raman linewidths, although in the lowest tem-
perature interval, the linewidths used in the temperature
evaluations were derived from linewidths measured by
Jammu et a/** The flame temperatures in Ref. 22 were
evaluated using the integrated intensity of each spectral
line. In this investigation, the temperatures evaluated from
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averaged rotational CARS spectra generated in pure nitro-
gen in a heat pipe in the temperature range from 295 to
1850 K are presented. The evaluated temperatures are
compared with the heat-pipe temperatures measured by
thermocouples, and three different sets of rotational Ra-
man linewidths have been used in the evaluation.

This paper is divided into seven sections as follows: In
Sec. II, the procedure used to calculate the theoretical ro-
tational CARS spectra is presented, and Sec. III summa-
rizes the theory underlying the different Raman line-
broadening models used in the evaluations. The
experimental setup and the measurements are described in
Sec. IV. In the next section, the results of the evaluation
are presented, and they are analyzed in Sec. VI. In the last
section, the major conclusions of the study are summa-
rized.

1. CALCULATION OF THEORETICAL ROTATIONAL
CARS SPECTRA

The computer program used in this work to calculate
rotational CARS spectra for different temperatures is a
modification of a code that calculates vibrational CARS
spectra, which is based on the work by Hall and others.*?*
The rotational CARS code has previously been described
in Refs. 16 and 26. The presentation here corrects some
errors,?’ present in the description in Ref. 16, and the cen-
trifugal correction term and the vibrational-rotational in-
teraction have been included in the calculation of the Ra-
man amplitudes.

A theoretical spectrum is generated by calculating the
intensity of the anti-Stokes signal as a function of wave-
length. This is done by convolving the squared absolute
value of the third-order nonlinear susceptibility with the
laser spectral profiles and an instrumental function. In this
study, the dual-broadband approach has been used, i.e., the
laser profiles to be integrated over are two broadband laser
profiles (1 and 72) and one narrowband profile (g). The
general expression for the anti-Stokes intensity J,g disre-
garding the convolution with the instrumental function, is

Ls(wss) = f ff PaURAICENPICPIACE

X8(wy—0p+0g—w,s)doydoydog, (1)

where I (w,) is the intensity of laser x at frequency w,,
is the Dirac delta function which couples the frequency
components of the incoming laser beams to the frequency
components of the anti-Stokes beam, and y** is the third-
order nonlinear susceptibility that describes the response of
the molecules to the impinging fields. In general, it is a
tensor, but only the case of parallel polarizations for all
laser beams will be treated here. This arrangement gives
the highest anti-Stokes intensity. The general expression
for the third-order nonlinear susceptibility can be found
elsewhere (e.g., Ref. 28). Expressing the transition matrix
elements as the Raman cross section, averaging over all
molecular orientations, and under the condition that all
laser frequencies are far away from any electronic excita-
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tion frequency, ¥y’ can be calculated as a sum of two

terms—a nonresonant part and a sum of the contributions
from all Raman resonances

3)_ 4

X Xt % (@ —opn+op—(i/2)pT gy}
X 18 the nonresonant susceptibility, originating from dis-
tant electronic one- and two-photon resonances, and is as-
sumed to be a constant independent of frequency and tem-
perature. The summation runs over all Raman resonances
denoted by the rotational quantum number J, and J' is
equal to J+2 for rotational CARS. The frequency associ-
ated with the transition from J to J', wyy, is calculated
from the energy levels. p is the pressure and I';p is the
rotational Raman linewidth [full width at half-maximum
(FWHM)] of the transition from J to J’. The calculation
of these linewidths is the topic of the next section. The
amplitude a;r can be calculated from (in cgs units)

(2)

N4 , 5
aJJ'=ZEbJF(J)§vAPJJ'- (3)
In this formula, N is the number density of the probed
species in the measurement volume and # is Planck’s con-

stant divided by 2. b‘f is the Placzek-Teller coefficient
for a rigid rotator®’ divided by 2J4-1. F(J) is the correc-
tion to the line strength due to centrifugal distortion and §,
is the vibrational anharmonicity factor of vibrational level
v. The expressions for the these two factors are found in
Appendix A. The final factor in Eq. (3) is the normalized
population difference between the two levels involved in
the Raman transition, i.e., the Boltzmann population dif-
ference. In this expression, account has to be taken of the
degeneracy in the energy levels. The resulting expression
for rotational CARS is

g,(2J4-1) E(vJ)
APJ,J+2=__QJ_’_ [GX [— T ]
E(wJ+2)
_e"p[_—'ﬁ'_“'

(4)
Here g, is a statistical weight factor depending on the nu-
clear spin, Q; is the (parity separated) partition function,
and T is the temperature. Note that Eq. (4) contains the
only explicit temperature dependence in the expression for
the CARS intensity. E(v,J) is the energy of the level
characterized by the rotational quantum number J and the
vibrational quantum number v, and it is calculated from
the standard spectroscopic formulas found in Herzberg.?
The third-order nonlinear susceptibility is computed
from the formulas above and the anti-Stokes intensities are
calculated by a convolution with the laser profiles, which is
performed analytically. For the dual-broadband case, using
three different lasers with a Gaussian spectral profile, the
result can be written!%%*! (the notation has been changed
compared with Ref. 16)

Is(0,5) =A(X2+ X B+ O), (5)

where the expressions for 4, B, and C are given in Appen-
dix B. The factor 4 contains the intensity of the lasers, and

B and C are dependent on the a;» factor in Eq. (3). Fi-
nally, the CARS spectrum is calculated by a numerical
convolution with the slit function using Simpson’s rule.
The highest rotational quantum number included in a cal-
culated spectrum is determined as 3.5 times the J number
for the level with the highest population for a given tem-
perature. This condition ensures that lines appearing in the
experimental spectrum will also be present in the theoret-
ical spectrum. All vibrational levels with a fractional pop-
ulation above 1% are used in the spectral calculation in the
code, but the contribution from the higher vibrational lev-
els to the anti-Stokes intensity is negligible for the temper-
atures considered here. The rotational Raman linewidths
are assumed to be the same in all vibrational levels. The
spectrum is computed at a discrete number of points of
equal spacing. The actual number of points is determined
from the condition that the narrowest line in the spectrum,
given by the convolution of the linewidth and the pump-
laser linewidth, should be represented by five intensity val-
ues within the half-width of the line.

From the expression for the anti-Stokes intensities, it
can be seen that the population difference factors are tem-
perature dependent, but also the rotational Raman line-
widths depend on the temperature. For higher tempera-
tures, the population of different rotational levels is
equalized, and accordingly, the temperature sensitivity of
the population factors is reduced. To be successful in a
temperature evaluation from a rotational spectrum, accu-
rate rotational Raman linewidths are essential.

1il. CALCULATION OF THE ROTATIONAL RAMAN
LINEWIDTHS

In this section, the three models used to calculate the
linewidths used in the evaluations will be described briefly.
The first model is the semiclassical line-broadening the-
ory,32 now commonly named RB, which has been used to
calculate a priori the linewidths over a large range of rota-
tional J values and temperatures. This theory is an exten-
sion of the pioneering work by Anderson,*® in order to
treat both long-range and short-range collisions in a con-
sistent way. The short-range interactions are represented
by pairwise additive atom-atom Lennard-Jones 6-12 po-
tentials. The semiclassical .S matrix is expanded up to the
second order in a power series of the interaction potential.
Resummation of the second-order perturbation terms of
the differential cross section is then performed through the
linked cluster theorem,** thereby avoiding the questionable
Anderson cutoff. In the RB theory, the vibrational phase
shifts may be included to all orders in the interaction. Of
course, in the present work concerning pure rotational
transitions, they do not influence the broadening mecha-
nism and, consequently, have been disregarded. Finally,
this theory includes realistic trajectories determined by the
isotropic part of the potential, leading to large variations of
the relative velocity near the distance of closest approach
for small values of the impact parameter. This last im-
provement to the Anderson theory is particularly signifi-
cant when short-range forces dominate the broadening
mechanism.

J. Chem. Phys., Vol. 99, No. 4, 15 August 1993
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TABLE 1. Intermolecular interaction parameters for N, used in the semi-
classical line-broadening calculations.

Parameter Value Reference

Ox, (B)* —1.30/—1.50° 35,36
en.n (1070 erg &%) 0.25 37
dy.n (1077 erg A”) 0.29 37
Irnl=1rwl (A) 0.548 84 37
ex, (K) 95.2 38
on, (A) 3.75 38

*B=1 Buckingham=10"2¢ esu=0.333 566 8 X 10~% C m>%

®The value On, = —1.4 B has been used in the present calculation.

The expression for the line broadening coefficients tied
to an optical rotational transition J—J’ is given by

FJJ'=27JJ’='1:.LC {1 —exp{S, s [7.(b,0),0,(b,0)1}). (6)

In Eq. (6), T';p=2y,y is the full width (FWHM) of the
J—J' line, I is the mean relative velocity of the molecular
pair, v, denotes the relative velocity near the distance of
closest approach 7., n is the density of perturbing mole-
cules, and c¢ is the velocity of light. S, ;r[r.(b,0),
v.(b,0)] is the second-order differential cross section ac-
counting for anisotropic interactions. An average (denoted
by brackets { }) is calculated over the impact parameter b
and over the quantum degrees of freedom of the perturber.

The intermolecular potential used in the calculation is
the sum of an atom-atom pairwise additive Lennard-Jones
potential and the quadrupolar large-range interactions.
The isotropic part on the atom~atom potential is fitted to a
Lennard-Jones shape with characteristic parameters € and
o. The corresponding potential parameters are given in
Table 1. The differential cross section is then a sum of
contributions from each term of the anisotropic potential.

For pure rotational Raman transitions and for a par-
ticular interaction (denoted by the index n), the second-
order differential cross section is calculated as

;n.)”'[rc(b 7), v (b LT)] Souter J(rc’v )+Souter J! (rc,v )

+S7E R (r07), (7

where

Sgutcr J(FC,U:.) (__) 7 ; Zf [C(J,I,J'r;()()())]Z
[+ 2, 2

X [C(Jy,05,75;000) 12 £, (k), (8)

S9Uter 7' s obtained by substituting J’ for J in Eq. (8), and
finally

2469
2 2
. ’ n ’
S;mddle J, J (rc;vé) , 1)J+J +1
C [

x[ S [y, 75:000) 12 ()

Ty

X [(2T+1) (2 + 1)]°*C(J,1,J7;000)
X C(J'1LJ 000 W (JJ'JJ';22). (9)

In Egs. (8) and (9), C(J,/,J”;000) and W (JJ'JJ';22) de-
note Clebsch-Gordon and Racah coefficients,® respec-
tively, f,(k) is a resonance function, where the resonance
parameter k is expressed by

rC
== (oyptomn), (10)

(4
and 4, is an amplitude constant which depends only on the
type of interaction (see Appendices A and C in Ref. 32).
Finally, /=0 and 2 corresponds to the order of the spher-
ical harmonics appearing in the interaction potential.

The pure rotational Raman linewidths of ¥, (FWHM
in cm~'/atm) have been calculated in the temperature
range from 300 to 2000 K in steps of 100 K, and some of
the results are shown in Fig. 2(a). (The complete set of
values may be obtained from the authors on request.) As
stated in Ref. 40, the semiclassical model is not valid as
soon as the rotational energy involved in the relaxation
mechanism is of the order of kT . In fact, for nitrogen, due
to its small rotational constant, the model is valid for all
lines of significant intensity. The broadening coefficients
I' 7., do not strongly differ from the corresponding I ;; for
the isotropic Q branch, and this slight difference com-
pletely disappears for high J and high temperature, thereby
justifying a posteriori the relation

1

Lirra=5 (TCut+Lygiea)- (11)
Using this approximation, the broadening contribution to
S branch linewidths arising from elastic reorienting colli-
sions that change the direction, but not the magnitude, of
the angular momentum operator J is neglected.

The fundamental isotropic Raman Q branch of nitro-
gen has been used extensively for combustion diagnostics.
Due to the interference between adjacent lines of the same
parity, even at moderate density, it was necessary to deter-
mine all elements of the relaxation matrix. A variety of
models based on fitting or scaling laws have been proposed
for this purpose. Among them, the modified exponential
gap fitting law*! (MEG) is one of the most commonly
used. In this model, the upward rate of transitions from J
to J' (J' >J) is expressed as

Re( W “N N+ 1L.5E/kTS
el ”’)‘_“(To) (1+1.5EJ/kT)

—B(Ep—

E))
s

Xexp[

with four fitting parameters a, 8, B, and N. T is a ref-
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FIG. 2. The pure rotational Raman linewidths (FWHM) in cm~!/atm
used in the calculation of the theoretical spectra. (a) Calculated by the
semiclassical method; (b) calculated from the ECS scaling law; and (c)
calculated by the MEG fitting law.

erence temperature (here T3=295 K) and E, is the rota-
tional energy of the initial J level. The downward rate W,
is given by the detailed balance principle.

Another model, the energy corrected sudden scaling
law*>* (ECS) has been widely used for nitrogen. This
model is derived from the infinite order sudden model*
(I0S). In the ECS model, the rate constant for the tran-
sition from J to J” is expressed through the basis rate con-
stants Wy by

Martinsson et al.: Rotational CARS thermometry in N,

TABLE II. The parameters of the ECS and MEG fitting laws used in the
nitrogen line-broadening calculations.

MEG law* ECS-P law®

a=80.71%0.27% 103 cm™~!/atm
1,=0.748£0.047 A
y=1.2450.066
N=0.915%0.017

a=26.45+0.26X10"3 cm~!/atm
6§=1.174+0.018
B=1.8900.029
N=1.365+0.,005

*Reference 46.
bReference 43.

E—E
RC(W,,,)=exp(Lk_T_’>_)Q§> ; [C(J,L,J";000)]>

X (2L+1)Q7* Re(W 1), (13)

where J> is the greater of J and J’, and ) is an adiabat-
ically factor taken as

1
0,=
1wk, /24

for a homonuclear molecule, where 7,=1/7 is the duration
of the collision. The basis rates are usually calculated from
a power law (leading to the denomination ECS-P model)

a(T/Ty)~ Y
[L(L+1)]""

The ECS-P model also contains four adjustable parameters
a, v, I, and N.

Both sets of parameters have been fitted to the exper-
imental line broadening coefficients (measured in the 295—
1500 K range) for J<40.°%>% The resulting parameters
are given in Table II. By using the sum rule

(14)

Re(W o) =— (15)

r,,=—2§', Re( W) (16)
and Eq. (11) for I'j;,,, two alternative sets of rotational
Raman linewidths for nitrogen are obtained [Figs. 2(b)
and 2(c)]. For temperatures above 1500 K, the linewidths
have been calculated using a simple T~V extrapolation. A
new version of the MEG maodel called XMEG has recently
been proposed*’ to reproduce the temperature dependence
of the linewidth more accurately above 2000 K, where the
observed width is larger than the one calculated by the
MEG model. Two other models, namely the statistical
power-exponential gap law (SPEG),*® and more recently
ECS-EP,* have been found to be particularly successful in
reproducing both the W, relaxation rates at 296 K and
the entire Q branch of nitrogen at room temperature.’
However, the temperature dependence of the amplitude
coeflicient is the same as in the previous models.

IV. EXPERIMENTAL SETUP AND MEASUREMENTS

The experimental setup used to generate the rotational
CARS spectra is displayed in Fig. 3. It consisted of a
Nd:YAG laser (Continuum, model 581 C-10) yielding 550
mJ/pulse at 532 nm. The produced light pulses have a
duration of ~ 13 ns and a spectral width of about 0.1 cm ™!
using an intracavity etalon. Fifty mJ/pulse of the 532 nm

J. Chem. Phys.,, Vol. 99, No. 4, 15 August 1893
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; Spectro- | CL

D 6 graph |

; - A

: 1 - ND
Nd:YAG Dye R L L 4 SP
laser laser ) A

jf —{\>P<0“%L“J
R2

FIG. 3. Experimental setup for dual-broadband rotational CARS.
L=lens, P=measuring point, A =aperture, SP=short pass filter, ND
=neutral density filter, CL =cylindrical lens, DA =diode-array detector,
OMA =optical multichannel analyzer, T =trigger pulse, G=Green laser
(532 nm), R1 and R2=red broadband dye lasers.

beam was used directly in the CARS process and the re-
maining 500 mJ was used to pump the dye laser (Quantel,
model TDL 50 HE). A DCM dye was used in the dye
laser, giving a spectral width of about 280 cm ™!, centered
around 630 nm. No saturation effects in the generated
CARS beam were observed using these pulse energies. In
the broadband mode employed in the experiments, pulse
energies of about 90 mJ/pulse were obtained. The output
beam from the dye laser was separated into two beams of
equal intensity, propagating parallel to each other. The
green beam from the Nd:YAG laser was superimposed on
one of the red beams and all of them were focused with an
/=500 mm lens in a planar BOXCARS configuration.’!
In this configuration, the rotational CARS signal, gener-
ated at the intersection of all three beams, copropagated
with one of the red beams. After recollimation with an
S=500 mm lens, the signal was separated from the dye
laser beam using dichroic mirrors and short pass filters.
The CARS beam was spectrally analyzed using a 1 m Jobin
Yvon spectrograph, with a grating of 600 rpm and blaze
2.5 um, which could be used in fourth or fifth order with
dispersions of 0.28 and 0.17 nm/mm, respectively. The
signal was collected on a diode-array detector (1024 pixels,
2.5 mm-25 um each) and subsequently processed by an
optical multichannel analyzer OMA III (EG&G Parc,
model 1460). To avoid saturation of the detector elements,
a cylindrical lens (/=100 mm) was used to focus the
signal onto the entrance slit of the spectrograph. Typical
peak single-shot signal strengths with 40 mJ/pulse in each
of the three laser beams were 10° counts in pure nitrogen at
room temperature, and 500 counts in a flame at 1700 K
with a nitrogen mole fraction of ~0.6.

With this setup, spectra at eight different temperatures
in the range 295-1850 K were recorded. Each spectrum
consisted of 100 accumulated single-shot spectra, and three
such spectra were evaluated for each temperature. The
measurements were made in pure nitrogen at atmospheric
pressure in a high-temperature heat pipe (Entech, Swe-
den). The temperature in the heat pipe was measured by
thermocouples of different sizes (25 um-1 mm), and they
yielded temperatures within 8 K of each other in the stud-
ied temperature range. The deviation of the thermocouple
temperature from the actual temperature in the heat pipe
was estimated to be at maximum about 10 K. The spectral

range covered by the diode array was moved three times
during the recording of the spectra presented in this study.
This was due to the shift of the maximum intensity of the
rotational CARS signal towards higher Raman shifts as
the temperature increased. Background spectra, generated
for each temperature with one dye laser beam blocked (R2
in Fig. 3), consisting of the accumulation of 100 single-
shot spectra was subtracted from the recorded nitrogen
spectra to reduce potential interference from stray light.
All spectra were compensated for the finite width of the
dye-laser spectrum by dividing by a nonresonant CARS
spectrum generated in a flow of argon. Finally, all spectra
were corrected for the nonlinear response of the diode-
array detector to the intensity of the incident radiation.?’

V. EVALUATION PROCEDURE AND RESULTS

The temperature was evaluated from the experimental
spectra by calculating a library of theoretical spectra with
different temperatures, and then interpolating between the
spectra in the library to get a best fit to the experimental
spectra. The quantity minimized in the the fit was the sum-
of-squares difference (SSQ) between the spectra, i.e.,

N th ) TP (o, 2
SSQ: Z Ias(ﬂ),) _ aS (wl) i

1
i=1 X
N 2 (o) v ST (wy)

(17)

Here N is the number of pixels in the experimental spectra
used in the evaluation. As Eq. (17) shows, it was the spec-
tral shape that was fitted and not the (temperature-
dependent) intensity of the CARS spectra. The theoretical
spectrum used in the fit I'3(w;) was calculated from the
spectra stored in the library, and the experimental spec-
trum 755 (w;) was prepared as described above. The set of
experimental frequency values were used in the fit, taken as
the spectral locations at the center of the pixels. As Eq.
(17) shows, the spectra were not weighted in the fitting
procedure, i.e., all experimental points contributed equally
to the SSQ. Experimental rotational CARS spectra of ni-
trogen for three temperatures are shown in Fig. 4, where
the difference between the experimental spectrum and the
best-fit theoretical spectrum is also displayed.

The parameters that could be varied during the fit were
any combination of the following: the linear dispersion of
the detection system, the calibration frequency for one
pixel element, the nonresonant susceptibility, and the tem-
perature. The value of the nonresonant susceptibility is
proportional to the concentration, and if the value of the
nonresonant susceptibility is known, a fit of y,. is equiva-
lent to fitting the concentration. The parameters were fitted
using a Marquardt algorithm®? until, hopefully, a global
minimum of the sum-of-squares difference was found. The
parameters could be divided into two groups which were
nearly independent of each other for rotational CARS—
the linear dispersion and the calibration frequency, which
were determined by the frequency scale, and the tempera-
ture and the nonresonant susceptibility, which were deter-
mined by the spectral shape per se. A slight dependence of
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FIG. 4. The experimental rotational CARS spectrum of nitrogen at (a)
296; (b) 1221; and (c) 1849 K. The difference between the spectra and
the best-fit theoretical spectrum is also displayed. The ECS linewidths
have been used in the evaluations, and the evaluated temperatures were
310, 1246, and 2025 K, respectively.

the nonresonant susceptibility on the frequency scale exists
because the position of the peaks in the spectrum moves
somewhat if the nonresonant susceptibility is changed. To
obtain a good fit to the frequency scale, a quadratic disper-
sion term was also introduced. It accounted for the small
nonlinearity in the spectral dispersion in the monochro-
mator, and the likewise small nonlinearity in the relation

between the energy and the wavelength. However, its value
was not fitted in the evaluation since it had a negligible
effect on the temperature. To enable fitting of the nonres-
onant susceptibility, the spectra in the theoretical library
were stored in the form of the B and C factors of Eq. (5).
The factor 4 was not needed since the theoretical spectra
were normalized in the fitting routine. When the anti-
Stokes spectrum was computed, the current value of y,,
was multiplied by the terms according to Eq. (5).

The temperature difference between the spectra in the
theoretical libraries used in the evaluation was 100 K for
temperatures below 1200 K, and 200 K above it. An in-
crement of 100 instead of 200 K for temperatures above
1200 K had no effect on the evaluated temperature. The
change in the calculated linewidth values with temperature
is small for high temperatures, but for lower temperatures,
where the linewidths vary more, it might influence the
evaluated temperature. However, since the evaluated tem-
peratures at lower temperatures did not differ very much
from the thermocouple values, as will be seen later, the
temperature steps used should be adequate. The influence
of the pump-laser linewidth used in the library calculation
on the evaluated temperature was negligible, since the
pump-laser linewidth was made much smaller (~0.1
cm™') than the slit width (~0.7 cm™') using the intra-
cavity etalon. The best-fit value of the pump-laser line-
width (the value that gave the smallest SSQ) for room
temperature spectra was used to generate all the theoretical
spectra.

The slit width function for the setup used has previ-
ously been determined to be well described by a Lorentzian
line shape.?? The width used in the evaluations should ide-
ally be the same for all temperatures. Unfortunately, it was
found that the slit width giving the best spectral fit varied,
both for different spectra at the same temperature, and for
spectra at different temperatures. Since the setup was op-
timized to yield as high a signal intensity as possible for
each heat-pipe temperature, small variations of the slit
width with temperature could be expected. However, for
temperatures above 1500 K, the slit width was consider-
ably larger (more than 109%) than the room temperature
value. A possible explanation of this could be that the
change in the refractive index at high temperatures alters
the spot size of the CARS signal on the entrance of the
monochromator. To obtain the best possible spectral fit,
libraries were generated with different slit width values.
The results presented here were calculated using the librar-
ies convoluted with the slit width that gave the best overall
fit, for each temperature, both when the nonresonant sus-
ceptibility was kept fixed and when it was fitted.

In all the evaluations presented, the linear dispersion,
the calibration frequency, and the temperature were fitted.
Theoretical libraries were calculated using three models of
the linewidths, and the quality of the fit, as measured by
the value of the SSQ, was equally good for all of them. The
ranges of J values covered by the spectra were 4-22 for the
room temperature spectra, 6-35 for the spectra at 1221 K,
and 1242 at 1849 K. The average of the resulting temper-
atures, keeping the nonresonant susceptibility fixed to the
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FIG. 5. The evaluated temperature as a function of the thermocouple
temperature for all linewidth sets. The nonresonant susceptibility is kept
fixed in the evaluation.

value for nitrogen, are shown in Fig. 5, and the differences
between the averages of the evaluated temperatures and the
thermocouple temperatures are shown in Fig. 6. They are
plotted vs the thermocouple temperature, and the results
for all three linewidth models are displayed. The maximum
temperature difference within each group of three spectra
was less than 2% of the mean temperature, typically
~1%. In Fig. 5, it can be seen that for temperatures below
1000 K, the evaluated temperatures using the ECS and the
MEG models gave equally good results, with a maximum
temperature deviation that was less than 5 K. In the tem-
perature range from 1000 to 1500 K, the ECS linewidths
yielded the smallest temperature deviation (approximately
20 K). For higher temperatures, the evaluated tempera-
tures increased steeply for all linewidth models.

The resulting average temperatures when the nonreso-
nant susceptibility was allowed to vary during fitting are
shown in Fig. 7, with the fixed nonresonant susceptibility
temperatures subtracted from them. The spread in the
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FIG. 6. The difference between the evaluated temperature and the ther-
mocouple temperature as a function of the thermocouple temperature for
all linewidth sets. The nonresonant susceptibility is kept fixed in the
evaluation.
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FIG. 7. The temperature evaluated with the nonresonant susceptibility
fixed subtracted from the temperature obtained when the nonresonant
susceptibility was allowed to vary as a function of the thermocouple
temperature for all linewidth sets.

evaluated temperature between the spectra was the same as
for those evaluated with vy, fixed. The differences are
small, except for the higher thermocouple temperatures.
The evaluated values of the nonresonant susceptibility are
plotted in Fig. 8. For the two lowest temperatures, the
spread in the fitted values of the nonresonant susceptibility
was very large, between 20% and 300% of the mean value.
The spread was less than 10% for higher temperatures.
The literature value of the nonresonant susceptibility of the
nitrogen Q branch is 7.4 10~ cm™%/erg,> which is also
shown in the figure.

VL. DISCUSSION OF THE RESULTS

The parameters that are most uncertain in the evalua-
tions are the slit width, the nonresonant susceptibility, and
the rotational Raman linewidths. The Raman linewidths
have the dominating influence on the evaluated tempera-
tures, although the effects of the three parameters on the
spectral fit are interconnected. The behavior of the evalu-
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FIG. 8. The fitted value of the nonresonant susceptibility as a function of
the thermocouple temperature for all linewidth sets. The literature value
of the nonresonant susceptibility for nitrogen (7.4x 107! em~%/erg) is
also displayed.
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ated temperature and the value of the fitted nonresonant
susceptibility in the preceding section can be explained by
a dependence on the rotational Raman linewidths. Disre-
garding the pump-laser convolution, the slit function con-
volution, and J-dependent factors (including the centrifu-
gal correction), the intensity of the resonant part is
proportional to the squared modulus of the resonant third-
order susceptibility, which can be expressed as

(Apsr)?
(w0 —o)*+ Fi,,/4 )

lx(@) |2~ (18)

The notation is the same as in Sec. II. Near the center of
the line, an error in the value of the linewidth will change
the value of the population difference factor and thereby
change the evaluated temperature. The value of the popu-
lation difference factor is most temperature sensitive at low
temperatures, since the population in the different rota-
tional levels changes most in this temperature range. For
higher temperatures, the rotational population is distrib-
uted more evenly and over more states, and consequently,
the population difference factor is less temperature sensi-
tive. In Figs. 2(a)-2(c), it can be seen that the change in
Raman linewidths with temperature is the largest for low
temperatures, and decreases as the temperature increases.
Thus, for high temperatures, the changes are small with
temperature, both in the numerator and denominator in
Eq. (18), and a small error in the linewidths will induce a
large error in the temperature. In particular, this effect
could explain the large increase in evaluated temperatures,
for all linewidth sets, for the two highest temperatures in
this investigation, provided that the expression for the Ra-
man intensity is correct.

The evaluation procedure used here is thus a sensitive
test of the different models used to calculate the rotational
Raman linewidths, especially for higher temperatures. To
determine the influence of mismatch in the unknown pa-
rameters, a sensitivity analysis was performed. Several
spectra were calculated with known parameters (slit
width, rotational linewidths, and nonresonant susceptibil-
ity). The temperature of all spectra was 1500 K, i.e., the
temperature for which the evaluated temperatures started
to increase dramatically, and the frequency scale was the
same. The linewidths used to calculate the spectra were the
semiclassical ones, but modified in order to investigate the
effect of mismatch in the rotational Raman linewidths. The
linewidths were modified in four different ways; either an
increase or a decrease of all linewidths by 10%, or by linear
changes in the linewidths so that the lowest J linewidth
increased or decreased by 10% and vice versa for the high-
est J linewidth used in the evaluation. A 109% change in the
linewidths for the temperature 1500 K corresponded to a
change in the temperature of the linewidths of several hun-
dred degrees Kelvin. The spectra were then evaluated us-
ing the same procedure as above. The conclusions drawn
from the sensitivity analysis were:

(1) Mismatch in the three parameters tested does not
influence the evaluated frequency scale.

Martinsson et al.: Rotational CARS thermometry in N,

(2) The evaluated temperature is correct, independent
of mismatch in the slit width and the nonresonant suscep-
tibility, if the nonresonant susceptibility is fitted. However,
the evaluated value of the nonresonant susceptibility de-
pends on the mismatch in the slit width.

(3) A uniform change in the linewidths does not
change the evaluated temperature significantly, but if the
linewidths used in the calculation of the spectra decreased
more with increasing J than in the spectra in the library,
the evaluated temperature increased, and vice versa, with
small changes to the SSQ. Fitting of the nonresonant sus-
ceptibility did not change the evaluated temperature.

The first conclusion is in agreement with the results of
the evaluation of the experimental spectra that the fre-
quency scale is independent of the temperature and non-
resonant susceptibility. The second conclusion explains the
results when the nonresonant susceptibility is fitted (Figs.
7 and 8). In this case, the effect on the theoretical spectra
is to adjust small errors due to slit width mismatch. Since
the slit width values used in the evaluation of the experi-
mental spectra were varied in discrete steps, there will al-
ways be a small mismatch in the slit width. For low tem-
peratures, the change in the nonresonant susceptibility has
to be large to affect the spectral shape of the theoretical
spectra, and for higher temperatures, smaller changes are
sufficient to change the spectral shape. An increase in the
value of the nonresonant susceptibility gives broader lines
in the theoretical spectrum, and this can be corrected by
reducing the slit width. The evaluated temperature does
not change much when the nonresonant susceptibility is
fitted compared to when it is fixed, except for the two
highest temperatures, where the evaluated temperature is
very sensitive to the spectral shape.

The last conclusion indicates that it is the J depen-
dence of the rotational Raman linewidths, and not their
magnitude, that is most important for the evaluated tem-
peratures. The results of the evaluations from the different
linewidth models are due mostly to their different slopes
for each temperature. Especially at higher temperatures,
the calculated rotational Raman linewidths should de-
crease faster with increasing J than the linewidth sets
tested here. To verify this, the spectra for 1462 and 1849 K
were evaluated using the semiclassical linewidths modified
by a factor linear in J. The factor was determined by the
conditions that either the J=35 linewidth should increase
by a certain amount and the J=36 linewidth should be the
same, or that the J=35 linewidth should be the same and
the J=36 linewidth should decrease by a certain amount.
These J values were arbitrarily chosen. The result of the
temperature evaluation is shown in Fig. 9. In this figure,
the difference between the mean evaluated temperature and
the thermocouple temperature is plotted for the 1462 and
1849 K spectra vs the increase/decrease, in percent, of the
linewidths for J=35 or J=136. From Fig. 9, it is evident that
by increasing the slope, the temperature errors are substan-
tially reduced. It should also be noted that for moderate
changes in the slope of the linewidth vs J curve, the eval-
uated temperatures were the same, independent of whether
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FIG. 9. The difference between the evaluated temperatures and the ther-
mocouple temperatures as a function of the change in the linewidth values
(as described in the text) for the 1462 and 1849 K spectra. The filled
triangles show the values when the low-J linewidths were increased, and
the open squares show the values when the high-J linewidths were de-
creased.

the linewidths were increased for low J’s or decreased for
high Js.

The lack of experimentally measured linewidths for
temperatures above 1500 K and for high rotational quan-
tum numbers makes it difficult to assess the validity of the
T~¥ extrapolation used in the calculation of the ECS and
MEG fitted broadening coefficients for temperatures above
1500 K. In vibrational CARS thermometry, the same ex-
trapolation has been used successfully, but in this case, the
appearance of “hot bands” will reduce the influence of the
high-J linewidths on the evaluated temperature. The large
temperature errors which are obtained when the semiclas-
sical linewidths are used is surprising, especially since the
assumptions on which the model is based are more valid at
higher temperatures. The results presented here indicate
that the J dependence of the linewidths needs to be inves-
tigated further.

Vil. SUMMARY

The feasibility of rotational CARS for thermometry at
high temperatures has been investigated by evaluating the
temperature from experimental spectra generated in pure
nitrogen. The formulas used in the code that generates the
theoretical spectra have been presented as well as the fit-
ting procedure. The evaluated temperatures are dependent
on the model from which the rotational Raman linewidths
have been calculated, but it is possible to choose a line-
width model (ECS) that gives a good temperature accu-
racy for temperatures below 1500 K. For higher tempera-
tures, none of the models gave good temperature
agreement, and this seems to indicate a too slow decrease
in the linewidths with increasing J values in the theoretical
models. The evaluation of the temperature from averaged
rotational CARS spectra, when the correct temperature is
known, is a test of the theory that underlies the code for
the spectral calculation, and it is also a sensitive test of the
different rotational linewidth models.
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APPENDIX A: THE CENTRIFUGAL CORRECTION
FACTOR AND THE POLARIZABILITY ANISOTROPY
FACTOR IN EQ. (3) AND THE MOLECULAR
CONSTANTS OF NITROGEN USED IN THE
CALCULATION

In this appendix, formulas for two factors in Eq. (3)
are derived. The F(J) factor is the first-order correction
for the line strength due to centrifugal distortion. In high
rotational levels, the molecules rotate rapidly and the in-
ternuclear distance increases because of the centrifugal ef-
fect. The expression for the centrifugal distortion in this
approximation is**>°

F(J,J’)=1+% (B/w)* (P +3T+3), (A1)
where
=06/ (r&e), (A2)

and B, and w, are defined in Table III. £, is the polariz-
ability anisotropy (often denoted by ), i.e., the difference
between the Raman polarizability matrix element parallel

TABLE III. The values of the molecular parameters used in the calcu-
lation of the theoretical rotational CARS spectra of nitrogen.

Quantity . Notation Value Units Ref.
Nonresonant 1 _3
susceptibility® Xor 7.4%10 cm™/erg 53
Polarizability 3 6.91%10~% em’ 57
anisotropy
First derivative ! 1.4 1071 cm? 57
Second derivative . 0 cm
Equilibrium r 1.097 68 % 10~ 1° m 58
distance

. 6 J even
Nuclear spin g 3 7 odd 58
Vibrational o, 2358.584 9 em™' 59
frequency
Anharmonic x, 14.332 45 em™! 59
vibrational A —2.106x 1073 cm™! 59
constants z, 2.583x 10~* cm™! 59
Rotational B, 1.998 24 cm~! 58
constant
Rotational—
vibrational a, 0.0172978 cm™! 59
interaction Ve —4.15x 1073 cm~! 59
constants
Centrifugal
distortion D, 576 10~¢ cm™! 58
constant
Rotational~
vibrational 9 -1
interaction B. 8.32x 10 cm 59
constant

*At 295 K and 1 atm.
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to the molecular axis o and the element perpendicular to
the axis a, at the equilibrium distance (indicated by the
subscript e)

(A3)

and &, is the derivative of { with respect to the internuclear
distance r at the equilibrium distance r,. The ¢, factor in
Eq. (3) is the polarizability anisotropy in a vibrational
level v. Due to the vibrational anharmonicity, molecular
internuclear distances increase in higher vibrational levels,
and when this effect is included in the expression for the
polarizability anisotropy, the result is°®>’

§v=§e+§;<r'—re)u+0'5§;'<r_re>12;+ Ty (A4)

where the average change in the internuclear distance from
the equilibrium value can be related to spectroscopic con-
stants, using first-order perturbation theory, by

(r—=roy=rl(3B/w,)+(a./2B,)1(v+0.5).  (AS)

The values of the different molecular constants for nitrogen
used in the calculation are listed in Table III.

§e= (a" —a; )e,

APPENDIX B: EXPLICIT EXPRESSIONS FOR THE
FACTORS A, B, AND C IN EQ. (5)

The formulas used to calculate the factors 4, B, and C
in Eq. (5) are presented in this appendix. These are

expl — (8,5/724)°]

A=Iplply— g5 (B1)
pLAA
B=——==2 ¥ a;Im[w(z)], (B2)
?’g'}/d J
%24 w(z3y) +w*(z3¢)
C= —_— i~ z aga ’ Im . ’
4Ye¥a Ik HERK Apg+i(Yir+ ki)
(B3)
where
Sis=w,s— s, (B4)
AJ=a)JJ,——(w(,’1—w?Q), (B5)
Ajx=A0g—Ay, (B6)
w5 =% — 0+ (B7)

In these formulas, 12 is the intensity of laser x at the center
frequency, and 02, %, ©%, and cog are the anti-Stokes and
laser center frequencies, respectively. w(z) is the com-
plex error function

w(z) =exp(—2z?)

2i [x
1+7T~0'3L exp(tz)dt]

i (= exp(—#£)
=-f SR gt Im(z) >0, (B8)
T J—w z—1
where
~ = (2
Y2a Yd
== ||= 5a — A7 :], (B9
Zy; ¥ [(de) s— Aty )
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* denotes the complex conjugate, and finally

Ya=Va+70)%, (B10)
Yaa= (Va+7)%%, (B11)
Ve=7x(In 2)~03, (B12)

where ¥,;, ¥, ¥g» and ¥,y are the laser and Raman line-
widths [half-widths at half-maximum (HWHM)], respec-
tively. By setting ¥,,=7,, and 0y =% in the expressions
above, they are valid for rotational dual-broadband CARS
using only one dye laser. No cross-coherence term is in-
cluded, since its contribution is negligible in the dual-
broadband approach. The calculation of the complex error
function is efficiently performed by using the rational ap-
proximation given in Ref. 60. Setting y,; and y,; to large
(infinite) values in the spectral calculation corresponds to
the division of the experimental spectra by a nonresonant
CARS spectrum, described in Sec. VI.
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