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In a recent publication, Feng et al. [Feng et al., Nature
Mater., 2015, 14, 61] reported very interesting re-entrant
solidification behaviour of colloidal particles in an aque-
ous solution containing polyethylene oxide (PEO). In this
system, a crystalline colloidal phase, which is present at
low temperatures, melts to a homogeneous fluid upon in-
creasing the temperature. Further raising the temperature,
however, eventually gives rise to a flocculated colloidal
phase. Feng et al. proposed that the low-temperature
crystalline phase is caused by polymer depletion while,
at higher temperature, an increased attraction between
polymers and particles leads to bridging attractions, and
colloidal flocculation. The intermediate temperature regime
sees the colloidal interactions dominated by charge repul-
sion, giving rise to a fluid phase. In the model by Feng et
al., polymers are treated as hard spheres, which interact
with the colloids via a phenomenological, temperature de-
pendent potential. In this work, we develop a more detailed
polymer density functional treatment, based on a model for
aqueous PEO solutions that was originally developed by
Karlstrom [Karlstrom The Journal of Physical Chemistry,
1985, 89, 4962] for bulk solutions. In this model, monomers
are assumed to be in either of two states, labelled A and
B, where B is more solvophobic than A. On the other hand,
the degeneracy of the B state exceeds that of A, causing
the population of solvophobic monomers to increase with
temperature. If the colloidal particles are also solvophobic,
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then this model displays the same qualitative temperature
response as was observed by Feng et al. That is, at low tem-
peratures, A type monomers predominate and one observes
depletion interactions, whereas polymer bridging domi-
nates at higher temperatures, due to the attraction between
B-type monomers and the colloidal surface. Interestingly,
the intermediate temperature regime is characterized by
a polymer mediated interaction between colloids which
is repulsive. That is, according to our model the homo-
geneous fluid phase would form even in the absence of
repulsive electrostatic interactions. We emphasize that
our model does not rely upon any temperature-dependent
interactions. Furthermore, all possible polymer configura-
tions are accounted for, subject to a mean-field Boltzmann
weight. Finally, we show that interactions between colloids,
mediated by neutral non-grafted polymers, generally follow
the trend: attraction => repulsion (or vanishing interaction)
=> attraction as the surface affinity toward monomers
proceeds from repulsive to attractive.

The large parameter space spanned by the myriad of possi-
ble interactions between large particles, polymers and solvent
molecules implies a rich phase behaviour in these systems. For ex-
ample, polymer solutions may induce particle flocculation or act
as stabilizers depending upon these factors. Varying conditions
can influence stability, allowing some degree of control. This ver-
satility has created significant interest in this field, which is both
academic and application-based.

It is well-known that high concentrations of non-adsorbing
polymers can destabilize particle dispersions via so-called deple-
tion attractions. Alternatively, if polymers adsorb to particle sur-
faces, they may cause flocculation via the formation of bridges.
Polymer mediated repulsive interactions between particles can be
obtained by grafting one end of non-adsorbing polymer molecules
onto the particle surfaces. The resultant “hairy” particles will re-
pel each other, due to the configurational entropy cost associated
with confining polymers between approaching surfaces. However,
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for non-grafted polymers, a well-known theorem by deGennes!

purports that polymer mediated interactions are always attractive.
We have previously demonstrated that deGennes’ theorem is not
universally valid2, and that repulsions can be induced by non-
grafted polymers, for certain systems, some examples of which
will be considered below.

An interesting study, of particular relevance to these consider-
ations, was recently published by Feng et al.3 They investigated
polymer-colloid dispersions at various temperatures, and with a
rather high polymer concentration. At low temperatures, i.e., un-
der good solvent conditions, the systems formed colloidal crys-
tals, under the action of polymer-induced depletion. However,
upon raising the temperature, the crystals melted and homoge-
neous dispersions were formed. Surprisingly, a further increase in
temperature caused the particles to flocculate! To explain their re-
sults, Feng et al. constructed an effective temperature-dependent
polymer/particle interaction, which switched from non-adsorbing
(at low temperatures) to adsorbing (at high temperatures). In
the cross-over regime their model predicts a weak interaction
and with the inclusion of electrostatic repulsions between par-
ticles, the net interaction could become repulsive. In their model
the polymers were crudely treated as hard spheres and a linear
relation was assumed between polymer adsorption strength and
temperature. The effective adsorption potential of Feng et al. is
thus a free energy, which was arrived at by using a phenomeno-
logical approach, matched to experiment. While such modelling
certainly can be useful, there is some value to be gained from ex-
plaining this phenomenon using a fundamental Hamiltonian, free
from temperature-dependent interactions, in combination with a
theoretical treatment in which all polymer configurations are ac-
counted for (subject to a mean-field Boltzmann weight). That
is the aim of this work. We will furthermore show that polymer-
induced equilibrium surface interactions mediated by non-grafted
neutral polymers can give rise to a net repulsion between parti-
cles at separations beyond a few monomer diameters (which is
the relevant range in a coarse-grained polymer model). Hence, in
the absence of additional DIVO interactions, our model predicts
that polymer mediated interactions alone are able to explain the
re-entrant behavior observed by Feng et al.

The particles in the systems studied by Feng et al. were at least
an order of magnitude larger than the radius of gyration of the
polymers. This will allow us to simplify the modeling by consid-
ering the interaction between two infinitely large planar surfaces
immersed in a polymer solution. The latter is characterized by its
chemical potential. The interaction between spheres can then be
obtained by using the Derjaguin Approximation®. We stress that
while we are guided by the experimental systems studied by Feng
et al., we will not attempt to model a specific experimental system.
Instead we will pursue a more generic approach, which will focus
on qualitative behavior, driven by plausible underlying mecha-
nisms. Exactly the same polymer solution model was previously
used by us in a study on induced capillary phase transitions in
polymer solutions®. We provide a brief recapitulation here. With
R = (ry,...,r;) representing a configuration of a polymer com-
posed of r connected monomers, we let N(R)dJR denote the num-
ber of polymer molecules having configurations between R and
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R+ dR. The monomers are held together by a bonding potential,
V,(R), which allows total orientational freedom of bonds which
have a fixed length, b. That is, ¢ BY®) o [18(|r;p —ri| — b).

where, &(x) is the Dirac delta function and = 1/(kgT) is the
inverse thermal energy. The monomers can be in either of two
states, labelled as “A” or “B”, with degeneracies g4 and gg. The A
monomers are solvophilic, while the B monomers are solvopho-
bic. The entropy of the solvophobic state is larger than that of the
solvophilic state (g4 < gp), which implies the latter dominates at
lower temperature. Raising the temperature causes demixing, as
the solvophobic states will become more probable. This model
gives a simple generalized representation of the generally com-
plex interactions between monomer units and the solvent. It was
first proposed by Karlstrom®, to explain the lower critical solu-
tion temperature (LCST) of an aqueous PEO solution. In the spe-
cific case of PEQ, the A state presumably corresponds to monomer
configurations with a net dipole moment. In a recent study we
showed, using this generic model, that such systems might dis-
play capillary wetting, well below the LCST®. We will assume
that the polymer solution is incompressible. This is ensured by
constraining the total density of monomers+solvent particles (as-
sumed to have equal size) to a fixed value, n,. That is, we have
ny = ny (r) + ng(r), i.e. ny is given by the sum of monomer and sol-
vent densities. We used such a model in earlier work”, which can
be viewed as a continuum space version of the Scheutjens-Fleer
theory®. Introducing the monomer state probabilities P4 and Pz,
we write the free energy functional of the solution, .#, as:

/N (In[N(R)] — 1)dR + B | N(R)V,(R)dR +

/ (1 — 1 (1)) In [y —9@] + 1 (E)d+ B [ (x), Pa (r)] +

/nm(r)(l —Py(r))In [Lﬁ\(ﬂ} dr+/nm(r)PA(r)ln {P/; r

8

B [ () Pa @V 1) ma(0)(1 = AV () +

(g = (1))VA) (1))l

where V%(r)) is the external (surface) potential acting on o par-
ticles (o« = A,B or s). The first two terms in eq.(1) represents
the configurational free energy of an ideal bulk polymer solution,
whereas the third integral is the ideal entropy of the solvent, tak-
ing into account that its density is constrained by the monomer
density, and the incompressibility relation. Attractive interparticle
interactions are collected in % [n,(x), P4 (r)]:

W (1), Pa(x)] = % Zﬁ//na(r)nﬁ(r )0

gg (r—x")|dr'dr (2)

where we have defined n4 (r) = ny,(r) P4 (r) and np(r) = ny(r)(1 —
P4(r)). More specifically, all particles, i.e. monomers and sol-
vent particles interact via Lennard-Jones (L-J) potentials, sharing
a common size parameter o:

00 (1) = deap((2)12 = (2)F), rs @)

r
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Using €44 as a reference,we define a reduced temperature 7* =
kT /€44, and reduced L-J parameters €yp = Eap /€aa. The two in-
tegrals that follow immediately after % [n,, (r), P4 (r)] in eq. (1) ac-
count for the entropy associated with state degeneracies. Finally,
the last three terms of eq.(1) represent the surface interactions
of state A monomers, state B monomers, and solvent particles,
respectively.

In principle, we are now left with an unfortunately wide range
of adjustable parameters. However, we reduce this number, and
simplify the model, by constraining several parameters to have
the same value. Specifically, we shall adopt exactly the same bulk
fluid energy parameters as were used in a previous work, where
capillary induced phase separations were studied, at tempera-
tures below the bulk LCST® *: &}, = el =¢€ig=1, &} =€l =0.3,
and £}, = v/0.3 ~ 0.45. These values are certainly to some extent
ambiguous, and they are not “optimized” to model a specific sys-
tem. However, they are physically reasonable, and have been
shown (cf. reference®) to generate a polymer solution model that
displays an LCST, for long enough chain lengths. Our generic ap-
proach is partly motivated by the fact that experiments suggest
that the observed behaviours are rather general and non-specific,
these motivations should suffice for the present work and scope.
We simplify things even further by assuming inert hard walls,
which act identically on all species. These walls are located at
z=0 and z = h. In other words, V,,, which is common to solvent
particles and monomers, vanishes for 0 < z < &, and is infinite
elsewhere. We will only consider separations for which # > 4c.
Note that o reflects the size of a solvent molecule, and with an
aqueous solvent, we expect that ¢ ~ 3.1 A. Thus h < 46 would
typically correspond to less than about 1.2 nm in experiential sce-
narios. A coarse-grained model, such as ours, is not well suited
to describe interactions at such short length scales (where solvent
molecular packing, hydration forces etc. come into play).

The number of monomers in each polymer, », is 1600 T. In-
spired by recent DFT modelling of PEG in water at low tem-
peratures (good solvent conditions)®, where an optimized bond
length (chosen to reproduce experimentally observed radii of gy-
rations) typically is 2-3 times the monomer bead diameter, we
have set b = 20. We will consider two different choices for the
ratio between monomer state degeneracies. Quantum chemical
calculations % have identified 27 monomer rotational conforma-
tions, two of which are sterically prevented. Two out of the re-
maining 25 possess a strong dipole moment, presumably result-
ing in a strong interaction with a polar solvent. The remaining
23 conformations are less well solvated *. This would imply a
monomer degeneracy ratio gg/gs = 11.5°. In our previous study,
we were guided by these arguments, and set gg/g4 = 12. This

* A computational benefit results from shifting the reduced energy levels by one unit,
since all AA, AS and SS interactions then vanish. Since all relative energy differences
are maintained by such a global energy shift, it will have no influence upon the
results.

i A case with r =400 is given in the Electronic Supporting Information as a compari-
son.

 One could also use hydrogen bonding ability, rather than overall dipole moment, as
a measure of the monomer-solvent interactions, with a qualitatively similar result 1.
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value is used in the present work as well. It should be noted
that the demixing loop diminishes for short polymers, and van-
ishes below some threshold chain length, r.. For our set of en-
ergy parameters, and with gg/g4 = 12, rc is about 80-90. How-
ever, while experimental phase diagrams follows the same qual-
itative trend, the LCST persists (barely) down to PEG2000, i.e.
the experimental “r.” is slightly below 4512,
similar results with our model system if we set gg/ga = 13, so
this option will also be explored. In the Electronic Supporting
Information (ESI), we provide details on how the LCST varies
with polymer length, for gg/g4 = 12,13. The idea of more po-
lar “A states” being replaced by less polar (but more abundant)
“B states” at higher temperatures find some experimental support
by NMR studies of dimethoxyethane, dissolved in (highly polar)
dimethylformamide !3. According to those studies (see table 6 of
ref.13), the relative population of the more polar gauche states
decreases with increasing temperature.

The functional was minimized with respect to n,;,(r) as well as
Py (r). A mean-field assumption was invoked, allowing us to in-
tegrate away all dependencies in the x,y plane parallel with the
confining walls. This is convenient, but the simplification does
result in a loss of proper intra- and intermolecular chain corre-
lations. The potential @ = .% /A — [ Upnim(z)dz where p,, is the
polymer chemical potential and A is the surface area, allows a
grand canonical formulation. We also introduce gs(h) = @ —ITh
with IT denoting the bulk osmotic pressure. We can interpret g
as the total (including bulk) Gibbs free energy change per unit
surface area'4. Finally, we define Ag(h) = gs(h) — gs(h— > o) as
the net interaction free energy per area.

Before we highlight the results obtained with this model, we
summarize the general response of polymer mediated surface in-
teractions to a progressively increasing adsorption. These results
are interesting in their own right, and have not (to the best of our
knowledge) been presented before. In order to save space, de-
tails of models and calculations are provided in the ESI. The main
overall result is that there is in general a “window” regime of in-
termediate adsorption potentials, for which the polymer mediated
surface interaction is either repulsive, or essentially vanishing. For
stronger (more attractive) adsorption potentials, there is a net
attraction, due to bridging, whereas depletion attraction domi-
nates for weak adsorption potentials. In the ESI, we illustrate
this for ideal chains (theta solvent model), in which case the re-
sults are exact, but also for excluded volume polymers (good sol-
vent model). In the latter case, we have included predictions for
infinitely long chains, displaying the same qualitative response.
One could argue that the “window regime” is of limited practical
importance, but it is actually quite relevant to the kind of col-
loidal systems that we aim to investigate®, since an increase in
temperature will effectively push the system from the depletion
regime into the intermediate adsorption regime, and finally into
the bridging dominated adsorption regime. Note that this result
is not achieved by the use of temperature-dependent interactions.
Instead the adsorption increase that results from a raised tem-
perature, stems from a higher population of B-state monomers,
which effectively have a higher surface affinity.

We now switch focus, back to our main models of this study. We

We can achieve
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will start by investigating the model with gg/g4 = 12. The bulk so-
lution of this system displays a demixing regime, with a reduced
lower critical temperature T} ¢ at just above 2.7 (for r = 1600).
In Figure 1 (a), we illustrate how the monomer density profile

(a) monomer density distributions

0.08

3

9./0,712, T o727

n,(2)o

0.04 OT =2.2 (depletion)
0T =25 (intermediate)

OT = 2.65 (bridging)

0 5 10 15
zlo

(b) monomer state distributions
n,’ o'=0.07
0.8

P2

0.4

oT =22 (depletion)
0T =25 (intermediate)

OT =2.65 (bridging)

0 5 10
zlo

Fig. 1 Calculated equilibrium profiles at a single surface, as obtained for various
temperatures, using our model with gg/ga = 12.

(a) Total monomer density profiles, n,,(z).

(b) The A-state probability profile, P4 (z).

changes with temperature, at a single surface (for gp/ga = 12).
The increased surface affinity at higher temperatures is accompa-
nied by a higher population of B monomers (see graph (b) of Fig-
ure 1). Note that these effectively have a stronger surface affinity
than the A state monomers, despite the fact that both are con-
fined by simple hard walls. This is because the B monomers suffer
a smaller energetic penalty at the surfaces, than the A monomers
or the solvent particles do.

In Figure 2, we see how a gradual temperature increase will
lead to attraction => repulsion => attraction, where the first
regime is depletion dominated, while the attraction at high tem-
perature is generated by bridging. This behaviour is common to
all three investigated polymer concentrations. We see that the
temperature regime across which the transition occurs, increases
with the bulk density, n%. All these findings, including the fact
that the transition from depletion attraction across repulsion to
bridging attraction occurs below the LCST, is in agreement with
experimental findings by Feng et al. In principle, the free en-
ergy minimum found for bridging systems might indicate that the
equilibrium separation in condensed phases at high temperatures
would be larger than in those brought about by depletion, i.e. at
low temperatures. This is also in line with observations by Feng et
al, but given the crudeness of our model this could be a fortuitous
coincidence.

We emphasize that while these results were obtained for 1600-
mers, the polymer length dependence is small, at least for » > 100
or so. We provide an explicit comparison in the ESI, with cor-
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Fig. 2 Net interaction free energies versus surface separation (k), at various
temperatures, for three different bulk monomer concentrations. The LCST, T/, is
slightly above 2.7 for this model system (gz/g4 = 12).

(a) n, 63 = 0.05, with n?, denoting the bulk monomer density.

(b) nb,0° =0.07

(c) nbo®=0.1

m

responding results for 400-mers. The dominance of solvophilic
A state monomers at low temperatures renders the surfaces non-
adsorbing, with a concomitant depletion attraction. At high tem-
peratures, on the other hand, B state monomers are prevalent.
These are effectively adsorbed at the surfaces, resulting in attrac-
tive bridging interactions. Armed with the results established in
the ESI, for “intermediate” adsorptions, we anticipate a tempera-
ture regime between these extremes where the polymer induced
interaction is either repulsive or essentially vanishing. The former
is obviously true in the investigated cases.

For completeness, we will also include predictions for gp/gs =
13, where the LCST for 1600-mers is shifted from T} .o, ~ 2.7 (for
gB/8a = 12) to Tj-¢; = 2.44 (slightly above each value). This will
allow us to determine if the relation to the LCST is essentially uni-
versal. The results are summarized in Figure 3. We indeed find an
overall response to temperature increase, in a regime below the
LCST, that agrees with that found for our previous model, i.e. this
seems to be a general behaviour. In all of the cases reported here,
the polymer density exceeds the overlap concentration. However,
we have checked that the same overall behaviour can be found

This journal is © The Royal Society of Chemistry [year]
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(a)n,’d’ =005

04/0,=13, T

LesT=2-44
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OT = 1.8 (depletion)
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OT = 2.3 (bridging)
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4
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Fig. 3 Net interaction free energies, at various temperatures, for three different
bulk monomer concentrations. The LCST, T, is slightly above 2.44 for this
model system (gz/ga = 13).

(a) nb,03 = 0.05, with n?,
(b) nb,6° =0.07
(c)nbc®=0.1

m

denoting the bulk monomer density.

also in cases where this is not true, i.e. below the overlap con-
centration (not shown). In a previous work®, we showed that
polymer solutions displaying an LCST might undergo a capillary-
induced phase separation (CIPS) in narrow geometries, such as
the confined space between two approaching (large) colloidal
particles. Furthermore, CIPS can occur even at temperatures be-
low the LCST, i.e. even in cases where there is only a single fluid
phase in the bulk. Although this is not central to our previous
work, we do observe similar behaviours close to (but still below)
the LCST, for some of the systems displayed in Figure 3. The
CIPS generates a sudden and strong attractive interaction. This
is studied in some detail in the ESI. Note that the free energy
minimum that was observed for gg/g4 = 12 is absent in this case.
This is probably due to the occurrence of CIPS, i.e. at separations
below a CIPS transition, the free energy tends to vary linearly
(and attractively) with separation. The absence of an LCST for
gB/8g4 = 12 means that there is no CIPS, and hence no such linear
free energy regime.

As mentioned earlier, Feng et al. showed that many colloid +
polymer systems “melt” from a condensed state at low tempera-

This journal is © The Royal Society of Chemistry [year]

tures, but re-flocculates again upon further heating. The particles
used in their study typically had diameters of 1-2 um. This is
considerably larger than the size of the polymers, allowing us to
make use of Derjaguin’s Approximation* (DA) to evaluate corre-
sponding predictions by our model. In other words, the potential
of mean force (PMF) acting between particles of radius R. can be
obtained from the interaction free energy per unit area, between
planar surfaces: W(D) = —nR. [ dxgs(x), where D measures the
separation between the particle surfaces, while gs(x) is the the
corresponding interaction free energy per unit area in a planar
geometry. Using this relation, and assuming a particle diameter
of 1 um, we arrive at the PMF:s (W) shown in graph (a) of Fig-
ure 4. We have then made the simplifying assumption that Ag; is
constant for h < 40. With ¢ ~ 3.1 A, this implies that the PMF:s
below about 12 A should be regarded as highly approximate. As

0T =22 (depletion)
oT =25 (intermediate)
O T =2.65 (bridging)

0 20 40 60
D/A

bulk dispersion structure factors, nmh ¢°=0.07

10 — T =2.2 (depletion)

S(a)

--- T =25 (intermediate)
+—+T = 2.65 (bridging)

Fig. 4 (a) Predicted potentials of mean force (PMF) between particles of
diameter 1um, at three different temperatures, with n%,63 = 0.07 (gz/ga = 12). The
Derjaguin Approximation has been used to generate these potentials, from the
corresponding predictions of the interaction free energies per unit area in a planar
geometry - cf. Figure 2. Note that D measures the separation between particle
surfaces.

(b) Simulated structure factors in colloidal suspensions of average volume fraction
0.2 %, where the particle-particle PMF:s are shown in (a). The particles also carry
a hard sphere diameter of 1 um.

mentioned earlier, a proper treatment this regime would require
an explicit solvent model. In Figure 4 (b), we show structure fac-
tors, as obtained from canonical Metropolis Monte Carlo (MC)
simulations of particles interacting with the PMF:s presented in
Figure 4 (a). In addition to these PMF:s, the simulated particles
had a hard-sphere diameter of 1 um, and the overall particle vol-
ume fraction was 0.2 %. Both of these parameters were typical to
the systems studied by Feng et al. The simulations furthermore
utilized standard cubic periodic boundary conditions. In order to
facilitate efficient free energy barrier crossings, a mixture of two
different kinds of single particle MC moves were used: standard
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displacements, centred at the current position of a particle, and
translocation to a random position in the simulation box, respec-
tively.

The simulated large values of S(g) at low ¢ values for high
and low temperatures, are indicative of aggregated particles. Al-
though not shown, the radial distribution functions of these sys-
tems display very strong peaks at separations just above a hard
sphere diameter. In other words, in qualitative agreement with
experiment, the particle + polymer system changes from aggre-
gated to homogeneously dispersed, and finally a re-entrant floc-
culation, as the temperature is increased. Note that the entire
investigated temperature regime is below the LCST of the system.

In summary, we have firstly established that polymer mediated
surface interactions are in general either repulsive, or negligi-
ble, for “intermediate” surface affinities, i.e. in a regime between
adsorbing and non-adsorbing. We have also constructed a poly-
mer+ particle dispersion model which displays a temperature re-
sponse that is in qualitative agreement with recent findings by
Feng et al..3, i.e. flocculated - homogeneous dispersion - floccu-
lated, upon increasing the temperature. This is achieved without
any assumptions of temperature-dependent interactions.
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