LUND UNIVERSITY

Random Geometry and Reinforced Jump Processes

Nguyen, Tuan-Minh

2017

Document Version:
Publisher's PDF, also known as Version of record

Link to publication

Citation for published version (APA):

Nguyen, T.-M. (2017). Random Geometry and Reinforced Jump Processes. [Doctoral Thesis (compilation),
Centre for Mathematical Sciences, Faculty of Science]. Lund University, Faculty of Science, Centre for
Mathematical Sciences, Mathematical Statistics.

Total number of authors:
1

General rights

Unless other specific re-use rights are stated the following general rights apply:

Copyright and moral rights for the publications made accessible in the public portal are retained by the authors
and/or other copyright owners and it is a condition of accessing publications that users recognise and abide by the
legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study
or research.

* You may not further distribute the material or use it for any profit-making activity or commercial gain

* You may freely distribute the URL identifying the publication in the public portal

Read more about Creative commons licenses: https://creativecommons.org/licenses/

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove
access to the work immediately and investigate your claim.

LUND UNIVERSITY

PO Box 117
221 00 Lund
+46 46-222 00 00


https://portal.research.lu.se/en/publications/1a0c3c32-10a4-4207-aba8-ce3e164f1ce3

N3IANDN HNIN-NVNL

Random Geometry and Reinforced
Jump Processes

Printed by Media-Tryck, Lund 2017 "'/// NORDIC ECOLABEL, 3041 0903

TUAN-MINH NGUYEN

$3ss9001] dwrn[ paosojuroy pue £119W095) WopuUeyY

Doctoral Theses in Mathematical Sciences 2017:8
ISBN 978-91-7753-505-8
ISRN LUTFMS-1043-2017
UNIVERSITY ISSN 1404-0034

£102




Random Geometry and
Reinforced Jump Processes

by
TuaN-MINH NGUYEN

[LLUND

UNIVERSITY

Thesis for the degree of Doctor of Philosophy
Thesis advisor: Prof. Stanislav Volkov
Faculty opponent: Prof. Ilya Goldsheid,
Queen Mary University of London, United Kingdom

To be, with the permission of Faculty of Science at Lund University,
publicly defended on Friday 08th of December 2017, at 9:00

in lecture hall MH:R, Matematikcentrum, Sélvegatan 18A, Lund.



DOKUMENTDATABLAD enl SIS 61 41 21

Organization Document name

LUND UNIVERSITY DOCTORAL DISSERTATION

Centre of Mathematical Sciences Date of disputation

Box 118 2017-12-08
SE-221 00 LUND Sponsoring organization
Sweden

Author(s)

Tuan-Minh Nguyen

Title and subtitle
Random Geometry and Reinforced Jump Processes

Abstract

This thesis comprises three papers studying several mathematical models related to geometric
Markov processes and random processes with reinforcements. The main goal of these works is to
investigate the dynamics as well as the limiting behaviour of the models as time goes to infinity,
the existence of invariant measures and limiting distributions, the speed of convergence and other
interesting relevant properties.

In the introduction, we firstly discuss the background: products of random matrices, asymptotic
pseudo-trajectories and Markov chains in a general state space. We then outline motivation and
overview of the main results in the papers included in this thesis.

In the first paper, we deal with a Markov chain model of convex polygons, which are random
consecutive subdivisions of an initial convex polygon. Applying the theory of products of random
matrices, we prove the universal convergence of these random convex polygons to a “flat figure”.
Beside this, we present a discussion about the speed of convergence and the computation of
invariant measure in the case of random triangles.

In the second paper, we investigate a model of strongly vertex-reinforced jump processes (VRJP).
Using the method of stochastic approximation, we show the connection between strongly VRJP
and an asymptotic pseudo-trajectory of a vector field in order to study the dynamics of the model.
In particular, we prove that strongly VRJP on a complete graph will almost surely have an infinite
local time at one vertex, while the local times at all the remaining vertices remain bounded.

In the last paper, we consider a class of random walks taking values in simplexes and study
the existence of limiting distributions. In some special cases of Markov chain models, we prove
that the limiting distributions are Dirichlet. In addition, we introduce a related history-dependent
random walk model in [0,1] based on Friedman’s urn-type schemes and show that this random
walk converges in distribution to the arcsine law.

Key words
random polygons, products of random matrices, vertex-reinforced jump processes, pseudo-
trajectories, random walks in simplexes, Markov chains in a general state space

Classification system and/or index terms (if any)

Supplementary bibliographical information Language
English
ISSN and key title ISBN
. N 978-91-7753-505-8 (print)
155N: 1404-0034 978-91-7753-506-5 (pcl)
Recipient’s notes Number of pages Price
148]

Security classification

I, the undersigned, being the copyright owner of the abstract of the above-mentioned dissertation,
hereby grant to all reference sources the permission to publish and disseminate the abstract of
the above-mentioned dissertation.

/
/

Signature Rppn Lo Mach Date  2017-10-30




Random Geometry and
Reinforced Jump Processes

by
TuaN-MINH NGUYEN

UNIVERSITY

FACULTY OF SCIENCE
CENTRE FOR MATHEMATICAL SCIENCES
MATHEMATICAL STATISTICS



A doctoral thesis at a university in Sweden takes either the form of a single,
cohesive research study (monograph) or a summary of research papers (com-
pilation thesis), which the doctoral student has written alone or together with
one or several other author(s).

In the latter case the thesis consists of two parts. An introductory text puts
the research work into context and summarizes the main points of the papers.
Then, the research publications themselves are reproduced, together with a
description of the individual contributions of the authors. The research papers
may either have been already published or are manuscripts at various stages
(in press, submitted, or in draft).

Mathematical Statistics

Centre for Mathematical Sciences
Lund University

Box 118

SE-211 00 Lund

Sweden

http:/ /maths.lu.se/

Doctoral Theses in Mathematical Sciences 2017:8
1ssN: 1404-0034

IsBN: 978-91-7753-505-8 (print)
1sBN: 978-91-7753-506-5 (pdf)
1srN: LUTFMS-1043-2017

© Tuan-Minh Nguyen, 2017

Printed in Sweden by Media-Tryck, Lund 2017

ey

® 7 1 ©

Intertek 341903




Dedicated to my love, Thi Tran
and all my family members






Contents

Abstract iii
[Acknowledgements| v
List of papers vii
[ntroduction| 1
(I Background materials| . . ... ... ... ... .. .. .. ... .. 1
2 Consecutive random subdivision of convex polygons| . . . . . . . 12
[3  Strongly vertex-reinforced jump processes| . .. .......... 17
4 Random walks on simplexes| . ... ... .............. 22
[ Bibliography|. . . ... ... ... .. oo oo oo 27
A" A universal result for consecutive random subdivision of polygons| 33
I___Introductionl . . .. ... ........................ 33
2 Random subdivision of triangles (d =3)]. . . .. .. ... ... .. 40
3  Generalcase (d >4)| ... ... .. ... ... 42
4 Convergence rate of random polygons|. . . . . .. ... ... ... 53
[0 Random triangles revisited| . . . .. ... .. ... ... ... .. 61
[6 Generalizations and open problems| . . . ... ... ... ... .. 71
[/ Bibliography|. . . . ... ... ... .. o oo oo 72
[B  Strongly vertex-reinforced jump processes on complete graphs| 77
I___Introductionl . . .. ... ...... ... .............. 77
2 Preliminary notations and remarks|. . . . .. ... ... ... ... 79
[3  Dynamics of occupation measure process| . . . . . . . . ... ... 80
4 Convergence to equilibrial . . ... ... ..... ... ... ..., 86
[>  Nonconvergence to unstable equilibria| . . .. ... ... ... .. 90
6 Bibliography|. . . .. .. ... ... .. ... . L o 108
[C On a class of random walks in simplexes| 113
[L__ Introduction| . . . . . . . . . . . . 113

[2 Existence of the limiting distributionf. . . . .. .. ... ... ... 115




[3  Beta walks with linearly place-dependent probabilities| . . . . . . 121
4 Random walks in [0,1] based on Friedman’s urn-type schemes| . 124
[p  Bibliography|. . . . ... ... ... o Lo 133

ii



Abstract

This thesis comprises three papers studying several mathematical models re-
lated to geometric Markov processes and random processes with reinforce-
ments. The main goal of these works is to investigate the dynamics as well as
the limiting behaviour of the models as time goes to infinity, the existence of
invariant measures and limiting distributions, the speed of convergence and
other interesting relevant properties.

In the introduction, we firstly discuss the background: products of random
matrices, asymptotic pseudo-trajectories and Markov chains in a general state
space. We then outline motivation and overview of the main results in the
papers included in this thesis.

In the first paper, we deal with a Markov chain model of convex polygons,
which are random consecutive subdivisions of an initial convex polygon. Ap-
plying the theory of products of random matrices, we prove the universal
convergence of these random convex polygons to a “flat figure”. Beside this,
we present a discussion about the speed of convergence and the computation
of invariant measure in the case of random triangles.

In the second paper, we investigate a model of strongly vertex-reinforced jump
processes (VR]JP). Using the method of stochastic approximation, we show the
connection between strongly VRJP and an asymptotic pseudo-trajectory of a
vector field in order to study the dynamics of the model. In particular, we
prove that strongly VRJP on a complete graph will almost surely have an
infinite local time at one vertex, while the local times at all the remaining
vertices remain bounded.

In the last paper, we consider a class of random walks taking values in sim-
plexes and study the existence of limiting distributions. In some special cases
of Markov chain models, we prove that the limiting distributions are Dirichlet.
In addition, we introduce a related history-dependent random walk model in
[0,1] based on Friedman’s urn-type schemes and show that this random walk
converges in distribution to the arcsine law.
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Keywords: random polygons, products of random matrices, vertex-reinforced
jump processes, pseudo-trajectories, random walks in simplexes, Markov chains
in a general state space
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Introduction

This thesis comprises three papers studying several mathematical models con-
cerned to geometric Markov processes and random processes with reinforce-
ments. The main goal of these works is to investigate the dynamics as well as
the limiting behaviour of the models as time goes to infinity, the existence of
invariant measures and limiting distributions, the speed of convergence and
other interesting relevant properties.

In this introduction, we firstly introduce some notations, basic definitions
and main results on several topics: products of random matrices, asymp-
totic pseudo-trajectories and Markov chains in a general state space which
are background material used in this thesis. We then present motivation and
review of the included papers.

Background materials

Random walks on real projective spaces

Let RY denote the linear space of all d-dimensional real column vectors under
the field of real numbers. The real projective space P(IR?) is defined as the
quotient space (R \ {0})/ ~, where ~ is the equivalence relation defined by
x ~ vy, x,y € R? if there exists a real number A such that x = Ay. We denote by
¥ the equivalence class of x. The projective space P(R?) becomes a compact
metric space if we consider the following “angular” metric

o (x,y)?
5(%,7) = 41— Y 1
(x.9) \/ AT @

where ||.|| and (.,.) are respectively the Euclidean norm and the Euclidean
scalar product on R?. For a linear transformation from R? to itself, we define

Ax = Ax



for every x € RY \ ker(A).

Let i be a probability measure on GL(d, R), which is the group of non-singular
d x d real matrices. Assuming that (A,),>1 is a sequence of ii.d. random
matrices with common distribution y, we are interested in the asymptotic
behaviour of the random walk (A,A,_1 ... A2A1X),>1 on P(R) as well as the
angular process (6(AyAy—1... A1X, AyAy_1...A1Y)),~, for some ¥,y € P(RY)
as time n goes to infinity. -

We first look at the properties for a family of matrices namely irreducible,
strongly irreducible and contracting which are defined as follows.

Definition 1.1.  a. We say a family H of d x d matrices is irreducible in R? if
there exists no proper linear subspace L of R? such that H(L) = L for all
H e H.

b. We say a family H of d x d matrices is strongly irreducible in R? if there
exists no union L of finite number of proper linear subspaces of R? such that
H(L) =L forall H € H.

c. We say a family H of d x d matrices is contracting if there is a sequence of
elements {h,},>1 C H such that ||h,||~'h, converges to a rank-one matrix.

We have the following key result:

Theorem 1.2 (from Theorem II1.3.1 and the proof of Proposition III.3.2 in [8],
pp. 50-53). Let (An)n>1 be a sequence of i.id. random matrices in GL(d, R)
with common distribution u. Suppose that the smallest closed semigroup gener-
ated by the support of u is strongly irreducible and contracting. Then, there ex-
ists almost surely an one-dimensional space V of RY such that any limit point of
{I|A1Ay... Ayl 7Y A1As ... Ay, n > 1} is a rank-one matrix with range V and any
non zero vector x € RY,

P{x is orthogonal to V'} = 0.

Furthermore, for any sequence (x,)y>1 C R? which converges to x,

I | A ... A2A1]|
im sup

< 1w
n—00 HAn---AZAlan o HCXH

almost surely, where {y is the orthogonal projection of x on V.



The next theorem shows that strong irreducibility and contracting property
are sufficient conditions for the convergence to 0 of the aforementioned angu-
lar process.

Theorem 1.3 (Theorem IIL.4.3 in [8], p. 56). Let (A,),>1 be a sequence of i.i.d.
random matrices in GL(d,R) with common distribution y. Let S, be the smallest
closed semigroup generated by the support of u. Suppose that S, C GL(d,R) is
strongly irreducible and contracting. Then for any X,y € P(R?)

lim (S(An N Alf, An N Aly) =0a.s.

n—00

Suppose that the semigroup S, is irreducible. To show that S, is actually
strongly irreducible, one can use the following criterion to give a contradiction
assuming that S, is irreducible but not strongly irreducible.

Proposition 1.4 (see the remark and the equation (2.7) on pp. 121-122 of [14]).
If S, is irreducible but not strongly irreducible in RY, then there exist proper linear
subspaces Vi, Vs, ..., V; of RY such that

,
R = PV where r > 1,V;NV; = {0} if i # j,
j=1

where all the subspaces V; have the same dimension, and
M(U;’:lxlj) - U;:1V',
forall M € S,,.

While it is not easy to verify the contracting property of a semigroup of
matrices, it suffices to check this property for the Zariski closure which is
a larger class of matrices, thanks to the following important statements by
Goldsheid and Margulis in [15].

Proposition 1.5. If a closed semigroup H C GL(d,R) is strongly irreducible and its
Zariski closure Zr(H) is contracting, then H is also contracting.

Recall that the Zariski closure Zr(H) of a subset H of an algebraic manifold is
defined as the smallest algebraic submanifold that contains H. Furthermore, if
H is a closed semigroup of GL(d,R), then the Zariski closure Zr(H) is indeed
a group (see [15]).

Taking into account the speed of convergence, we need the following defini-
tion of Lyapunov exponents:



Definition 1.6. Let (A, ),>1 be a sequence of i.i.d. random matrices. We define
Lyapunov exponents

I/l] - ]j.m ]E <31 ].Og U](n)> 7 j - 1/2/ ceey d/ (2)

n—oo

where Ul(n) > (72(")... > Ua(ln) are the singular values of A = AL A, 1... A ie.,

T
the square roots of the eigenvalues of (A(”)> A,

For A € GL(d,R), denote
((A) = max(log™ (|| Al]),Jog ™ (||A71]])),

where log™ (x) := max{logx,0}. The next theorem yields information about
the speed of convergence which is connected to Lyapunov exponents.

Theorem 1.7 (from the proof of Proposition II1.6.4 in [8], pp. 67-68). Let A; be
a sequence of i.i.d. random matrices in GL(d, R) with common distribution p. Let S,
be the smallest closed semigroup generated by its support. Suppose that E (A1) <
oo, the semigroup S, C GL(d,R) is strongly irreducible and contracting then for
any %,y € P(RY)

lim llogé(An LAY A AY) <up—u <0 as. 3)

n—oo 11

For more discussion about products of random matrices, we refer the readers
to excellent monographs written by Bougerol and Lacroix [8], Benoist and
Quint [6]].

Asymptotic pseudo-trajectories

This section contains a brief discussion of pseudo-trajectories on a metric space
studied by Benaim and Hirsch (see [1] and [4]), which have many important
applications to asymptotically autonomous differential equations, stochastic
differential equations, stochastic approximation processes and related random
processes.

Definition 1.8. A semiflow ® on metric space (M,d) is a continuous map P :
Ry XM — M, (t,x) — ®(t,x) = P(x) such that Oy is the identity map and P
has the semigroup property, i.e. Ppys = Oro D forall s, t € Ry.



Definition 1.9. A continuous function Z : Ry — M is called an asymptotic pseudo-
trajectory for the semiflow ® on metric space (M, d) if

lim sup d(Z(t+s), Ps(Z(t))) =0

t=00g g

forall T > 0.

Let @ be a semiflow on a metric space (M, d) and Z be an asymptotic pseudo-
trajectory for ®. We are interested in the limit behaviour of the asymptotic
pseudo-trajectory Z. Let L(Z) be the limit set of Z, which is defined by

L(Z) = () X([t, )

t>0

or equivalently, L(X) is set of limits of convergent sequences X(f), ty — oo.
A subset A C M is called invariant of the semiflow & if ®;(A) C A for all
t € R4. The asymptotic pseudo-trajectory Z is said precompact if its image has
compact closure in M.

Definition 1.10. Let K C M be a compact invariant set of the semiflow ®. A
continuous function H : M — R is called a Lyapunov function for K if the function
t € Ry — H(®i(x)) € R

(i) is a constant function for each x € K.

(ii) is a strictly decreasing function for each x € M \ K.
We denote by Co the set of all equilibria points for the semiflow ®, i.e. the set

of all points x € M such that ®;(x) = x for all t € Ry. It is obvious that Cg is
an invariant set of ®.

Theorem 1.11 (Theorem 5.7 and Proposition 6.4 in [4]). Let ® be a semiflow on
a metric space (M, d) and Z be an asymptotic pseudo-trajectory for ® such that

(a) Z is precompact,

(b) ® admits a Lyapunov function H for Ce,

(c) Co is a compact subset and H(Cq) has empty interior in M.

Then the limit set L(Z) is a connected subset of Co.



In particular, if Co is a set of isolated equilibria then we directly obtain the
following important result:

Corollary 1.12. Let ® be a semiflow on a metric space (M, d) and Z be an asymptotic
pseudo-trajectory for & such that the conditions (a) and (b) in Theorem are
fulfilled, furthermore

(c’) Co has countably many elements.
Then Z(t) converges to an equilibrium z* € Cg as t — oo.

To study speed of convergence of pseudo-trajectories, we need the following
definitions:

Definition 1.13. Assume that Z is an asymptotic pseudo-trajectory for a semiflow ®
on a metric space (M, d). For A > 0, Z is called a A-pseudo-trajectory for ® if

1

suplimsup —log [ sup d(Z(t+s), ®s(Z(t))) | < —A.
T>0 t—o t 0<s<T

Definition 1.14. Let K C M be a compact invariant set of a semiflow ® and B be a

subset of M containing K. For a > 0, we say that K attracts B exponentially at rate

« if there exists a constant C > 0 such that

d(®(x),K) < Ce*d(x,K)
forall x € Band t € Ry.

Theorem 1.15 (Lemma 8.7 in [4]). Let Z be a A-pseudo-trajectory for a semiflow P,
K C M be a compact invariant set of ® and B be a subset of M containing K. Assume
that K attracts B exponentially at rate &« > 0 such that Z(t) € B forall t € Ry. Let
Y(t) € K be the nearest point to Z(t). Then

. 1
lim sup —
t—oc0 t

log d(Z(t), Y (t)) < — min(a, A).

In particular, if K contains only a single point z* which is an equilibrium of ® and B
is a neighbourhood of z* such that z* attracts exponentially B at rate w and Z(t) € B
forall t € Ry, then

limsup%logd(Z(t),z*) < —min(a, A).

t—o0



We now restrict our attention to semiflows generated by vector fields. Let F
be a continuous vector field defined on R? with unique integral curves. The
semi-flow ® generated by the vector field F is defined such that ®;(x) is the
unique solution of the following autonomous differential equation

{ 4Di(x) = F(Pi(x)),
Ddy(x) =ux,

for (t,x) € Ry x R Note that the equilibria of ® coincide with the zeros of
F,ie.
Co={z€R?: F(z) =0}.

We say an equilibrium z € Co is hyperbolic if all eigenvalues of DF(z), the
Jacobian matrix of F at z, have nonzero real parts. If all eigenvalues of DF(z)
have negative real parts, z is called linearly stable. 1f there exists at least one
of its eigenvalues having positive real part, it is called linearly unstable. For a
hyperbolic unstable equilibrium z, the stable manifold of z is the set of initial
values zp whose forward trajectories ®;(zp) converge to z as t — oo.

Let Z : R; — R? be a bounded asymptotic pseudo-trajectory for ®. Assume
that ® admits a Lyapunov function for Co and F has countably many zeros.
By Corollary there exists an equilibrium z € Co such that Z; — z as
t — o0,

In many practical problems, we usually expect that Z; converges to a stable
equilibrium. To imply the convergence to stable equilibrium, one might study
the nonconvergence to unstable equilibrium by estimating “distance” from
Z; to stable manifold associated with each unstable equilibrium. This idea
was first introduced by Pemantle in [19], Benaim and Hirsch in [2]. More
specifically, assume that F is a CF-vector field and let z* be a linearly unstable
hyperbolic equilibrium of F. We have the orthogonal decomposition

RY = E5 @ EY,

where E° and E* are respectively the generalized eigenspaces generated by
the eigenvalues of DF(z*) with positive and negative real parts. Therefore, for
each z € RY, we have the unique decomposition z* = z} + z}, where z¥ € E?
and z; € E". By the stable manifold theorem (see, e.g. Theorem 10.1 in [20]),
there exist a neighbourhood Ny = Nj @ N of z*, where N (resp. N{') is a
neighbourhood of z} in E° (resp. z} in E%), and a C*-function T : N§ — N
such that



e DI'(z}) =0;
e The graph of T,
Graph(T) := {0+T(0) : v € A}
equals to the local stable manifold of z* defined by

Wie(z') = {2 € RY:VE 2 0,1(2) € N and Jim () = =');

o W3

©.(z") is an invariant manifold, i.e. for all t € R,

@4 (Wi, (2")) N No C Wi, (27).

Let R : My — R be defined by
R(z) = [lz = r(2)]l,

where the function r : Ny — Wy _

(z*) is given by
r(z) = r(zs +zy) = zs + T(zs).

In this case, R(Z;) is defined as the distance from Z; to the local manifold
W; .(z*) in the unstable directions at z*, which is expected to be not too small
so that Z; can stay away from z*. For further techniques related to nonconver-
gence theorems and their applications, we refer the interested readers to [19],

(2], [4] and [5].

Let us now consider the speed of convergence to stable equilibrium. Assume
that z, is a linearly stable equilibrium and Z; is a A-pseudo-trajectory for the
semiflow ® such that Z; converges to z, as t — co. Note that there exist &« > 0
and a neighbourhood B of z, such that z, attracts exponentially B at rate «,
ie. forallze€ Band t € Ry,

[Pe(z) — 24| < Ce™™||z — z||

where C is some constant depending only on B and « (see, e.g [20], Theorem
5.1). Therefore, by applying Theorem one can conclude that

limsupllogd(Z(t),z*) < —min(a, A).

t—o0 t



Markov chains in general state spaces

Let (Z,)n>0 be a Markov chain taking values on a measurable state space
(X,B(X)), where B(X) is a countably generated c-algebra (i.e. B(X) is gen-
erated by a countable family of subsets of &X’). We define the probability trans-
ition kernel P" : X x B(X) — [0,1] by

P'(z,A) =P(Z, € A|Zy =z)

foreachn > 1,z € X and A € B(X). We also denote P(z, A) := P!(z, A). We
will always assume that for each A € B(X'), P"(., A) is a measurable function
while for each z € X, P"(z,.) is a probability measure.

As usual, we define the total variation distance ||y — v|| between two probab-
ility measures y and v on (X, B(X)) by

[ —vll= sup [u(A)—v(A)l
AeB(X)

Definition 1.16. A measure 7w on (X, B(X)) is called invariant of the Markov chain
(Zn)nZO lf
(A) = / P(z, A)(dz)
X

forall A € B(X).
Assumption 1. Assume that there exist a subset V. € B(X'), q € (0,1), a probability
measure ¢ on (X, B(X)) and some positive integer ng such that

(i) P(ty < o|Zy=2z)=1forallz € X, where ty =inf{n >1:Z, € V};

(ii) P(Zn, € B|Zo = z) > q(B) for all z € V and measurable set B C V.
It is well-known that the Markov chain (Z,),>o is Harris recurrent if and only
if the Assumption [1|is fulfilled (see e.g. [18]). Here the Harris recurrence is

in the sense that there exists a o-additive measure ¥ on (X, B(X)) such that
P(X) > 0and

P(Z, € Bforsomen >1|Zy=2z)=1,Vze X
whenever B € B(X') and y(B) > 0.

The Harris recurrence implies the unique existence of a non-trivial o-additive
invariant measure up to a constant factor while in general it might not be a
finite measure and the weak convergence might not occur.



Assume that the condition (ii) in Assumption [1]is fulfilled. We construct an

“extended” Markov chain Z; = (Z,Eno),cfk) on X* = X x {0,1} such that
¢, k=0,1,2,... are i.i.d. random variables taking values on {0,1} such that
P(¢x = 1) = g and the transition distribution of Z; is defined as follows:

o forz ¢V,

P(Z7 € (B, ))|Zy = (2,k)) = P"(z,B)P(C1 = j);

e forzeV,

P(Zi € (B,j)|Z5 = (2,1)) = ¢(B)P(&1 = j);

P(Zi € (8,))12 = (0) = 2 10 Epe, )

Denote
™ =inf{lk >1:Z; € (V,1)}.

Proposition 1.17 (Theorem 1.3 in [7]). Let (Z,),>0 be a Markov chain correspond-
ing with the measurable state space (X,B(X)) such that (i), (ii) in Assumption
and the following conditions

(iii) ged{n >1:P(Z, € B|Zy = z) > qp(B)} =1 for all z € V and measurable
subset BC V;

(iv) E(T*) < oo forall z* € (V,1)

are fulfilled. Then there uniquely exists an invariant probability measure 7t defined by

1 =
E 1 .
E t* (kg (2 °)€3}>

(B) =

Moreover, for each z € X,

|P"(z,.) — || = 0 as n — oo.

In practical, it is quite complicated to estimate the expectation E(7*). Instead
of verifying the condition (iv), we might use the following simpler criterion:

10



Proposition 1.18 (Theorem 2.1 in [7]). Let Z,,n = 0,1,2, ... be a Markov chain
corresponding with the measurable state space (X, B(X)). Assume that there exist a
subset V. € B(X), g > 0, a probability measure ¢ on (X,B(X)) and some positive
integer ng such that (i) in Assumption (1} (iii) in Proposition and the following
conditions

(i’) sup,.y, E (tv]|Zo = z) < o0;

(ii') P(Zy, € B|Zop =z) > q@(B) forall Be B(X)andz € V

are fulfilled. Then the conclusion in Proposition [1.17)still holds.
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Consecutive random subdivision of convex polygons

Motivation

We consider the Markov chain (L,),>o of convex d-polygons (i.e. polygons
with d vertices, d > 3) in the plane recursively defined as follows:

e We begin with an initial convex d-polygon Ly = AgO)Ago)...A‘SO).

e For n > 0, assume that we obtained the polygon L, = A%n)Agn)...Atgn).
For j =1,2,...,d, we randomly choose a new point A](-"H) inside each

edge 1‘\](-”)14](-1)1 such that
(n) 4(n+1)
- ] /]— 1y Uy

() 40
‘Aj Aj-l—l

where [;’gn) , (;‘g”), ey é’[(in) are i.i.d. copies of a random variable ¢ with sup-

port in [0, 1]. Here, we use the convention that Agjr)l = Ag"). Therefore,

we obtain the new convex d-polygon L, ;1 = Ag”H)Ag”H) . A(gnﬂ).

e Repeating the subdivision process such that <§§n),§§"), e ,C‘(i")) ,n o=
1,2,... are ii.d random vectors and have the same distribution with
(&1,82,...,84), where &;, i = 1,2,...,d are i.i.d. copies of the random

(n) 4(n)

variable ¢, we obtain a sequence of polygons (Ln =A] A Ag”) .
n>

It is trivial to see that the random polygons L, become smaller and smaller
and eventually vanish to a point inside the initial polygon Lj as time goes to
infinity, however the behaviour of the process of their shapes is less clear. To
study the process of shapes we may, for example, always place the vertex Ag”)
at the origin (0,0) of the real plane R? and rescale the polygon L, such that

its longest edge has always length 1.

In the case of triangles, i.e. d = 3, one can follow the rescaling procedure by

Volkov in [25] as follows: for each n > 0, rescale the triangle Agn) Agn)Aén)

to a new triangle Bg”)B?)Bg")

vertices are reordered in a way that B@Bén) > Bén)Bgn) > Bén)Bgn) ; let the

such that its longest edge has length 1 and its

12



Cartesian coordinates of vertices be Bi”) = (0,0), Bén) = (1,0), Bgn) = (gn, hn)
as illustrated in Figure

Bén)

B™ = (0,0) B = (1,0)

Figure 1: lllustration of the rescaled triangle BE")BYl)Bgn).

The limit shape behaviour of these random triangles therefore is reduced to
the limit behaviour of the process (gu, 1y )n>0 in [1/2,1] X Ry as n — oo. In
particular, if ¢ is uniformly distributed in [0, 1], Volkov showed in [25] that
gn converges almost surely to an uniformly distributed random variable in
[1/2,1] while h, converges almost surely to 0 at least at exponential rate.

From the above-mentioned example, it is natural to raise a question to determ-
inate some “mild” condition of the distribution of ¢ such that the sequence of
rescaled convex polygon (L,), converges to a “flat figure”, in the sense that
all its vertices will be lying approximately along the same line, which is in
turn equivalent that the area of the rescaled polygon converges to 0 as n goes
to infinity. Formally, we say that the sequence of polygons L,, converges to a flat
figure as n — oo if

lim S(Ln)

in N2 =0 as.
n—oo
(maxics,..a 117

Here S(L,) denotes the area of the polygon L, and l](”) = A](")A](i)l, j =

1,2,...,d is the vector corresponding to the j-th side of L,.

(1) 4(n)
j Aj+1
Note that Y-/, x](.”) =y, y](.") = 0. From elementary geometrical calculations

Let (x]("), ](-")) denote the Cartesian coordinates of A forj=1,2,..,4d.

13



one can obtain the following linear recursion:

(n) ,,(n+1) _

x(?’H—l) =T Y — n—i—ly(n)/ (4)

= Ip41X

T T
where x(") = (xgn),xgn),...,xg’_)l) ,y) = <y§”),y§”),...,yé"_)1) are column

vectors and T, is an i.i.d. copy of the following random (d — 1) x (d — 1) matrix

1-¢ & 0 ... 0 0

0 1-& & ... 0 0

0 0 0 ... 1—-¢, Ein
€4 —Ca —Ca -~ —Ca 1-851—084

()
Therefore, to understand the limit shape of L,, one should study the asymp-
totic behaviour of the backward product of random matrices

T = T, T, 1... Ty

as 1 — o90.

Review of Paper A

In Paper A, we apply the theory of products of random matrices to prove the
convergence of the random convex polygon L, to a “flat figure” under very
mild non-degenerateness conditions on ¢. In addition, we present a discussion
about the speed of convergence and the computation of limiting distribution
in the case of random rescaled triangles.

To ensure that L, is a non-degenerate convex polygon and that the subdivision
is genuinely random, we need the following

Assumption 2. P(§ € {0,1}) = 0 and the support of ¢ contains at least two
distinct points in (0,1), i.e. the distribution of ¢ is non-degenerate.

Assumption 3. If d > 4 is an even number, we assume that

almost surely.

14



Obviously, Assumption [3|always holds for any continuous random variable .

We observe that L, converges to a flat figure as n — oo if

: (m g 7M7) —

”11_121.}0 (T"Wx, Ty) =0 (6)
almost surely for any x = (x1,...,x3-1)Ly = (y1,-vs1)" € R%1, such
that (x1,v1), (x2,Y2), ..., (x4-1,y4-1) are coordinates of d — 1 consecutive edges
of the convex d-polygon Ly in the real plane.

Assuming that Assumption 2| and Assumption 3| are fulfilled, we therefore
prove the convergence of random polygons L, to a flat figure by verifying
the strong irreducibility and the contracting property for the smallest closed
semigroup in GL(d — 1,R) generated by the support of the normalized ran-
dom matrix T = (| det T|)~1/T. Note that, the convergence to flat figure of
the sequence of random polygons with even number of vertices still requires
the satisfaction of Assumption 3} which we conjecture it is unnecessary.

To study the speed of convergence, we need to assume that the expectation
E ¢(T) = Emax(log™ (||T||),1og* (||T~||)) is finite. This condition is actually
equivalent to following;:

Assumption 4.

Elog (| det(T)|) = Elog H(l—(’,‘l dHé‘l > —oo.

i=

Applying Theorem we deduce that if Assumptions and [4 hold, then
the sequence of polygons L, converges to flatness at least at exponential rate

p=p1—p2 € (0,00).

Assumption {4 can be replaced by an “easier” criterion which depends only
on the distribution of the random variable ¢. Indeed, for d = 3,5,... is odd,
we show that if [E |log&| < oo and E |log(1 — ¢)| < co then Assumption /4| is
fulfilled. A sufficient condition for these expectations to be finite is

lim sup Ljv) < o0 and limsup PE > o)

< 00
v]0 & o1l (1 - U)“

for some & > 0. In particular, in the case that ¢ is uniformly distributed
on [0, 1], we prove that Assumption @ is fulfilled for all 4 > 3.

15



Suppose that Assumptions 2} 3|and [ are fulfilled, we also show that the length
of the largest side of L, converges exponentially to O at rate y1, i.e.

lim — ! log(M,) = u1 as.

n—oo 11

where

M, = max Hl H (7)

We now only consider the case of random triangles (i.e. d = 3). Let g, hy

be respectively the orthogonal projection of Bé”) on Bg")Bén) and the height
of the triangle BE")Bén)Bén) drawn from Bé”) as mentioned in the section Mo-
tivation. We firstly prove that g, converges in distribution to some random
variable 7 € [1/2,1] if Assumption [2|is fulfilled. Furthermore, assuming that

Assumptions [2] and [4] are both fulfilled, we obtain that
1
lim —log(#,) = F(log(det(T3))) — 2 / (x,0)dP,(x), as.  (8)

where 6, = (gu, hy), 17 is the weak limit of g,, IP, is its probability measure,
and

{(x,y) = E (log(M1) | 60 = (x,y)).

In particular, in the case where ¢ is uniformly distributed on (0,1), we show

that
2 _

1
~loghy — — T 0~ 043,

thus strengthening the result of Theorem 4 in [25].
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Strongly vertex-reinforced jump processes

Motivation

Let us consider a continuous time jump process X on a connected finite
(without loops, unoriented) graph G = (V,E) where V = {1,2,...,d} such
that

e at time ¢ < 0, each vertex v € V has a local time with a positive initial value

o,

o given F; = 0{X;,s < t} and {X; = v}, the jumping rate from v to a neigh-

bour v’ ~ v at time t is
) ¢
w (E(v) —|—/0 I{Xs—v’}ds> ,

where w : R — (0,00) is called a weight function. This type of history-
dependent processes is called a vertex-reinforced jump process (VR]P).

Assume w(t) = t*, for some « > 0. The jump process X is called
o strongly vertex-reinforced if & > 1,
o weakly vertex-reinforced if 0 < « < 1 and

o linearly vertex-reinforced if & = 1.

Denote as L(v,t) = E(()v) + fot 1x,—y)ds the local time at v up to time ¢t for each
v € V and let

_ (7 @ @) ._ (LLt) L2t Lt
zi= (2,277 )._<t+£0,t+€0,....,t+£0

stand for the occupation measure process on V at time t, where ¢y = E(()l) + Eéz) +

ot é(()d). Note that Z; is a continuous process taking values on the (d — 1)
dimensional unit simplex A, which is defined by

d
A={(z1,22,.,24) ER": Y 2;=1,2,>0,j=1,2,--- ,d}.
j=1

The model of continuous time vertex-reinforced jump processes was first con-
ceived by Wendelin Werner and later investigated by Davis and Volkov in [9]
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and [10]. In particular, these authors considered in [10] the model of linearly
VJRP on trees and finite graphs. They showed that linearly VRJP on any finite
graph is recurrent, i.e. all local times are almost surely unbounded and the
occupation measure process converges almost surely to an element in the in-
terior of A as time goes to infinity. In [21], Sabot and Tarres also obtained the
limiting distribution of the centred local times process for linearly VRJP on
any finite graph G = (V, E) with d vertices and showed that linearly VRJP is
actually a mixture of time-changed Markov jump processes. The connections
between linearly VRJP, linearly edge-reinforced random walks and random
walks in random environment as well as their applications have been recently
investigated in [12], [21], [22], [26] and [17].

From now on, we restrict our attention to the case where G is a complete
graph and w(t) = t*, & > 1, i.e. X is strongly reinforced.

Let d
TA = {(Z]/ZZI"'/ Zd) S Rd . ZZ] = 0}
=1

denote the tangent space of A and ¢; = (1,0,0,...,0), &2 = (0,1,0,...,0),...,
es = (0,0,...,0,1) be standard unit vectors in R? which are also vertices of A.

For each j € V, define ng) =w(L(j,t)) = L(j, t)* and w; = wt(l) + wgz) +-+
wgd). For each fixed t > 0, let A; be an infinitesimal generator matrix such that
1(i,j)eEwt(])z i #J;
(Ap)iji=q — Y o=
keV,(ki)eE

<w§1) w§2) wgd))
T = ’ 7t
Wt Wt Wt

is the unique invariant probability measure of A; in the sense that m;A; =
7t;. Since 71 can be rewritten as a function of Z;, we also use the notation
iy = m(Z;), where we define the function 77 : A — A, such that for each
z = (z1,22,..,24) € A,

Note that

z1 zZ
@)=\ T m )
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For t > 0, which is not a jumping time of X;, we have

dZ; 1
vat _7
I €0+t< t+€xt), ©)
We can rewrite (9) as
dZ; 1
W — m(—zl‘ + H(Zt)) + M(EXt - 7Tt). (10)
Sett+/ly=e"and Zu_y4, = Z,, we can rewrite (10) as
az . .
duu = _le —+ 7'C(Zu> + (€X€u7[0 — 7'[611,(0).
Let 17y := ex,_,, — Teu—y, and F : A — TA be a vector field defined by
F(z) := —z+ nt(z). (11)
We hence obtain the following differential equation
az .
duu - F(Z”) + 1u-
If the noise term it
t+T e 0ex — 7T
du = / Lo "y
/t ]77/‘ etffo ’€O + u

converges almost surely to 0 as t — oo for each T > 0, then one can expect
that the dynamics of the process Z is approximately to the dynamics of the
autonomous differential equation

dz

— = F(z).
For an instance, let 4 = 3 and a# = 2, we consider the reduced system of
differential equations on {(z1,22) € R?:0 <z <1,0 <z <1-— 2z} defined
as follows

le Z%
—_— = —Z ’ 12
dt 1+z§+z§+(1—z1—z2)2 (12)
de Z%
— = -z . 13
dt 2+z%+z%+(1—zl—zz)2 (13)

As illustrated in Figure |2} it is reasonable to believe that (Z}”,Zf”) as well
as (Zt(l),Zfz)) might converge to one of the vertices (0,0), (0,1), (1,0), which
are actually stable equilibria of the system (12)-(13). It turns out that the limit

behaviour of strongly VRJP seems to be completely different from linearly
VRJP.
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Figure 2: Direction field of the system —.

Review of Paper B

In paper B, using the method of stochastic approximation, we show the con-
nection between strongly VRJP and an asymptotic pseudo-trajectory of a vec-
tor field in order to study the dynamics of the model. In particular, we prove
that strongly VRJP on a complete graph will almost surely have an infinite
local time at one vertex, while the local times at all the remaining vertices
remain bounded.

Recall that we only consider the case when w(t) = t*,& > 1 and G is a com-
plete graph with the set of vertices V = {1,2,...,d}. Let F be the vector field
given by and ®;(z) stand for the unique solution of the following initial

value problem
iz (t)
z(0)

Note that the solution ®;(zg) can be extended for all € R;. Thus the con-
tinuous map ® : Ry x A — A defined by ®(t,z) = P¢(z) is a semiflow. We

F(z(t)) fort >0,
2.
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firstly prove that

lim su =0 as.

t‘)OOOSSST

€s+t_e0 exu - 7-[”
———du
et—{ EO +u

We then show that Z is actually an asymptotic pseudo-trajectory of the semi-
flow @, ie. forall T > 0,

lim sup HZHS —CIDS(Zt)H =0 as.

t%ooOSSST

Let
C={ze€A:F(z) =0}

stand for the equilibria set of F. One can easily obtain that

eS={=(1,0,0,..0),e =(0,1,0,..0),..,es = (0,0,...,0,1) } is the set of
stable equilibria, and

o U = {zjj.iv1 <1 < o< .. <jr<dk=2.,d}is the set of
unstable equilibria, where z; ;, . stands for the point z = (z1,...,z4) € A
with z;, = zj, = ... = zj, = 1 and all the remaining coordinates are equal to 0.

For &« > 1, we notice that the semiflow ® admits a Lyapunov function H : A —
R for C, which is defined by

H(z) =z{ +zy + ..+ 2.

By using Corollary we conclude that Z; almost surely converges to an
equilibrium z* in C. In addition, we also prove that on the event {Z; — z*},
where z* is a stable equilibrium, then

limsupt||Z; — z*|| < o0 aus.
t—ro0
Beside this, we show that for « > 2, the probability that Z; converges to an
unstable equilibrium is zero. The above results implies that there exists j € V
such that

limsup L(j,t) — o a.s.,
t—ro0

while

limsup L(i, ) < o0 a.s.
t—o0

foralli € V'\ {j}. The case for 1 < a < 2 is however still open!
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Random walks on simplexes

Motivation

We denote as
Si={(z,22,...,24) ER":zi+ 2+ +2;< 1,2 >0,j=1,2,...,d}

the standard unit simplex in RY, d > 1. Let Eg = (0,0,...,0) be the origin
and E; = (1,0,...,0), E, = (0,1,0,...,0), ..., E; = (0,...,0,1) be standard
orthonormal basis vectors in R?, which are also the vertices of S;. Let p =
(p1, p2, -, pa) be a mapping from S; to itself so-called probability choice function.
Let us consider a random walk (Z,),>0 on S; which is a Markov chain defined
as follows:

e At time n = 0, the walker stays at some initial point Zy € S.

e Assuming that at time n > 0, the walker stays at Z,. The walker ran-
domly selects a point ©®, from vertices Eg, Eq, ..., E;, where ©, is a dis-
crete random variable independent such that

]P(®n = E]|Z7’Z = Z) = p](z)/] = 1/2/"'/ d/
P(®y = Eo|Zy =2) =1~ L pj(2) == po(2).

e At time n + 1, the walker randomly moves from Z, to a new position
Z,+1 inside the segment @, 7, such that

Zn+1 = (1 - gn)zn + ¢n®n1

where ¢,,n = 0,1,2,... are i.i.d copies of a random variable ¢ with sup-
port in [0, 1].

Note that the above-mentioned settings could be easily generalized to any
simplex in RY. We therefore restrict the problem only on the standard unit
simplex S; without loss of generality.

Let us consider the case where d = 1, p(z) = 4 forall z € & = [0,1] and
¢ is uniformly distributed in [0,1]. Diaconis and Freedman in [11] showed
that the Markov chain (Z,),>0 has an unique stationary distribution. If this
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stationary distribution has a density f, then it should be a solution of the
following equation

2 X 2Jo 1—x

f) = 2 [T ap i ] [T g
Y

for y € (0,1). Differentiating both sides, we have

rw =3 (1) f0

It is easy to check that f(y) = - lliy is the solution of the above equation,

which is also the probability density function of the arcsine law.

A more general one-dimensional case was considered by McKinlay and Borovkov
in [16], where p(z) is piecewise continuous on [0, 1] such that

sup max{p(z),1-p(1—2)} <1
z€[0,4]

for some 6 € (0, 1) and ¢ is Beta(1,y) distributed. Recall that we say a distri-
bution with support in [0,1] is Beta(a, b) if its probability density function is
given by
— r(a + b) a—1
T8 =t
where I' is the Gamma function. These authors showed that the Markov chain
(Zn)n>0 is ergodic with the stationary density defined by

n(z) = Cz" (1:_/: + i_) exp (—'y ;2 p(u) <1 i ot i) du)

for z € (0,1), where C is the normalizing constant. In particular, if p(z) =
B1(1 —z) + (1 — B2)z then the stationary distribution is Beta(B17, B277)-

(1-2z)""1ze(0,1),

The multidimensional case was also discussed by Diaconis and Freedman in
[11]], Sethuraman in [23] where p = (p1, p2, . .., p4) is a vector of constants. The
ergodicity as well as the convergence to stationary distribution of the multidi-
mensional Markov chain (Z,),>0 in general case, where the probability choice
function p depends on Z,, however, have not been investigated yet.

We are also interested in the modified random walk model (Y}),>0 in the unit
interval §; = [0, 1], which is defined as follows
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e At time n, there are potentials L, and R, at 0 and 1 respectively, and the
walker stays at Y, € [0,1].

e At time n + 1, with probability ="z + 'z, the potential at 0 will increase a
value proportional to Y}, i.e. the distance from 0 to the current position
of the particle, and then the particle is pulled to a new uniformly random
position Y, inside the interval (0,Y,). Otherwise, with probability
%, the potential at 1 will increase a value proportional to 1 — Y,
i.e. the distance from 1 to the current position of the particle, and then
the particle is pulled to a new uniformly random position Y}, inside
the interval (Y, 1). More precisely, the new position of the walker is

defined by

Yn"rl - Yn(]‘ - CSZL))I{UH<L;1+ } + (Y + (l - n)giglR))l{un>LnL+7an}/
and the potentials L,, R, are defined as follows

L1 —Ln+f( )1{u<LLn }'
Rn+1 —Rn+f( )1{U>

Ln

where f : [0,1] — [0, 4o0) is some function; (;‘n and C,(lR),n > 1, are
independent random variables taking values in [0,1]; Uy, n > 1 are i.i.d
uniformly distributed random variables in [0, 1] and independent of @‘,SL),
Ry, n > 1.

Since the probabilities jumping to the left or the right of the walker depend on
(Ly, Ry), the random walk {Y; },>0 is no longer a Markov chain but depends
on its history.

Assume that C,SL) = C,SR), n > 1, are independent and uniformly distributed in
[0,1]. Let us consider the following simple cases when f : [0,1] — [0,00) is a
constant:

e If f(x) =0 for all x € [0,1], the process is reduced to the Markov model
with constant choice probability p = LOIiORO. Hence, Y, weakly converges

Ro Lo
to Beta (R0+Lo’ Ro+Lo>'

o If f(x) =B > 0forall x € [0,1], the process (L,, Ry;),>1 is the classical
Friedman urn with the matrix
0 B
g 0/
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It is well-known that L, /(R, + L,) converges almost surely to 1/2 as
n — oo (see e.g. [13], Corollary 5.2). Therefore, one can show that Y,
converges in distribution to the arcsine law Beta(1/2,1/2).

In general case, one can expect that under some conditions for the function
f, the random walk Y,, might converge almost surely to some x* € [0,1] or
weakly converge to some non-trivial distribution.

Review of Paper C

In Paper C, we investigate the existence of stationary distribution and the con-
vergence of the multidimensional Markov chain (Z,),>o. In the case where
¢ is Beta distributed and p is an affine map, we prove that the limiting dis-
tributions are Dirichlet. In addition, in a special setting, we show that the
history-dependent random walk (Y},),>0 converges in distribution to the arc-
sine law.

To ensure the ergodicity of the Markov chain (Z,),>0, we need the following

Assumption 5. There are § € (0, 57) and s,t € (6'/7,1—6Y4), s < t such that

(i) FF(1-06):=1-n<1;

(ii) there is an € > 0 such that forany 1 <k < dandany 0 < j; < jp < --- <
k<d,

k
inf Y pi(2) > €

ZESdIZjl +"'+Z]'k <é =

(iii) there is ¢ > 0 such that for all Borel measurable subset B C [s(1 —t)?~1 —
S,HU(1—t)4—6,1—¢],

P(¢ € B) > cA(B),

where A is the Lebesque measure on [0, 1].

Let
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where Vi = {z=(z1,...,24) € Sg:1-6 <z <1},j = 1,2,..,d. We define
the probability measure ¢ such that for each Borel measurable subset B C S,

/\d(BﬂK)
B) =~ ==
¢(B) A ()
where
u.
K= (u1,...,ug) €Sy:s< ——F—— <t,j=1,2,...,d,.
{ 1_2?:j+1”l

By veritying all conditions in Proposition with ngp = d and V, ¢ defined as
above, we conclude that the Markov chain (Z,),>o converges in distribution
if Assumption [5]is fulfilled.

In the case where ¢ is Beta(1, ) distributed and the probability choice function
p = (p1,p2,--.,paq) is defined by

d+1
pk(21122/' . '/Zd) = ﬁk(l - Zk) + (1 - Z ,B] +,Bk> Zky k = 1/2/"~/d1
j=1
where B > 0 and Z?ill Bi — Br < 1fork =1,2,..,d+1, we prove that Z,
converges in distribution to Dirichlet(B17y, B27, .-, Ba7Y, Bi+17Y)- Note that a
distribution with support in S; is Dirichlet(aq, ay, ..., a541) if its probability
density function is given by

I (o RN
) gy
I (&) i=1 i=1

for interior point (z1,2,...,z5) € S;. Note that the one-dimensional model
considered by McKinlay and Borovkov in [16] is a special case when d = 1,
p(z) = B1(1 —z) + (1 — B2)z. For the multidimensional case d > 1, where
Z;lill B; =1, i.e. the choice probabilities are constants, we also obtain Sethura-
man’s result derived in [23].

f(Zl, 22, eeey Zd)

We now return to the modified random walk (Y),>o. Assume that f(x) = x
for all x € [0,1] and C,SL) = C,SR),n > 1, are uniformly distributed in [0,1]. We
show that

Ly 1
= — ~as.
“=LFR, 2
as n — co. Moreover, using coupling technique, we prove that Y}, converges in

distribution to the arsine law Beta (3, 1) as n — co.
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Paper A

A universal result for consecutive random sub-
division of polygons

TuaAN-MINH NGUYEN AND STANISLAV VOLKOV

Centre for Mathematical Sciences, Lund University

Abstract

We consider consecutive random subdivision of polygons described as fol-
lows. Given an initial convex polygon with d > 3 edges, we choose a point at
random on each edge, such that the proportions in which these points divide
edges are i.i.d. copies of some random variable {. These new points form a
new (smaller) polygon. By repeatedly implementing this procedure we obtain
a sequence of random polygons. The aim of this paper is to show that under
very mild non-degenerateness conditions on ¢, the shapes of these polygons
eventually become “flat”. The convergence rate to flatness is also investigated;
in particular, in the case of triangles (d = 3), we show how to calculate the ex-
act value of the rate of convergence, connected to Lyapunov exponents. Using
the theory of products of random matrices our paper greatly generalizes the
results of [11] which are achieved mostly by using ad hoc methods.

Keywords: Random subdivisions, products of random matrices, Lyapunov ex-
ponents.

Introduction

Many problems of consecutive random subdivision of a convex geometrical
figure have been investigated by several authors since 1980s. In [13], G. S. Wat-
son introduced the following model: given an initial triangle, one chooses a
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point on each edge by keeping the same random proportion ¢ and hence ob-
taining a new triangle. If one repeats the above process with independent
identically distributed random proportions &™,n = 1,2,... then the limit tri-
angle vanishes to the centroid of the initial triangle. To study the shapes of
these triangles, let us rescale the newly formed in each step triangle in such a
way that the largest side has length 1. It is interesting that the “limit” of these
rescaled triangles is non-vanishing and, in fact, random. Veitch and Watson
in [12] also gave an extension for a system of points in higher dimensional
real space. With the same motivation of random triangles, Mannion in [9]
studied the situation where on each step the triangle is formed by choosing
three uniformly distributed random points inside the interior of the preceding
triangle. The sides of these triangles almost surely converge to collinear seg-
ments. Diaconis and Miclo [5] considered a triangle split by the three medians
such that one of the 6 triangles is chosen at random to replace the original
triangle. It turns out that the limiting triangle’s shape is flat. Volkov in [11]
discovered a similar phenomenon by considering a model where the new tri-
angle is formed by choosing a random point uniformly and independently on
each of the sides of the original triangle; he also studied distribution of the
“middle” point.

In the present paper, we give a generalization of Volkov’s result in [11] for all
convex polygons and nearly all non-degenerate distributions of proportions
in which the sides of the polygon are split.

Let us now formulate the model rigorously. Fix d > 3 and a random vari-

able ¢ whose support lies on [0,1]. Let Ly = A§0)A§0) . A(Elo) be a convex d-

(0) 4(0)

polygon (i.e., a convex polygon with d sides) in the plane, with edges A; A/,

(1) (1)
d+1 j

: 1 .
in A](O)A](i)l such that |A](0)A]( )|/|A]<0)A](?r)1] = ¢j, where &, j = 1,...,d, are
iid. copies of the random variable . Thus we obtain new convex poly-

j=1,2,...,d, with the convention A = Agl). Randomly choose a point A

gon L = Agl)AS) e Aél). Repeating the above process such that the random
vectors (CEn),(jén), .. .,Cén)), n=1,2,..., are ii.d., we obtain a Markov chain
of polygons (L,),>0 where L, = AY’)ASI) .. Afi").

It is easy to see that the polygons L, become smaller and smaller and even-
tually converge to a point, however the behaviour of their shapes is less clear.
To study the shapes we may, for example, place one of the vertices at the
origin (0,0) and rescale the polygon in such a way that its longest edge has
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AQ

AP

Figure A.1: A new smaller random pentagon L; obtaining from the primary pentagon L.

always length 1. We will show that under some regularity conditions on the
distribution of ¢ the rescaled polygon will eventually become degenerate, i.e.
flat, in the sense that all of its vertices will be lying approximately along the
same line; observe that this is equivalent to the fact that the area of the rescaled
polygon converges to 0 as n goes to infinity.

Let l](") = A§”)A§i)l, j =1,2,...,d, be the vector corresponding to the j-th
side of L,, and (x](n),y§n)) denote its Cartesian coordinates. From elementary
geometrical calculations one can obtain the following linear relation:

2 = Hon(n), y(”“) = Hn+1y(”) (A1)

T T
where x(") = (xgn),xgn),...,xfin)) and y(") = ( g”),yén),...,yén)) are column
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vectors, and H,, is an i.i.d. copy of the following random matrix

1-& & 0 ... 0

0 1-& & ... 0
H=H,...,0)=| S (A2)

0 0o 0 . &

& 0 0 ... 1-¢&

and ¢1,C2, ..., G4 are iid. copies of a random variable ¢. Note that 27:1 x](”) =

0 and Zle y](.n) = 0. In particular,
1 = ((er,..., )i H"xO, (e, &) HWy®)

where H® = H,H,_;...H; and (e,...,ey); = (0,...,0,1,0,...,0) is 1 x d
vector with 1 on the j-th place. Note also that if the original polygon is non-
degenerate then H"x(®) and H™y(®) are non-zero vectors for any n.

To ensure that L, is a non-degenerate convex polygon and that the subdivision
is genuinely random, we need the following

Assumption 6. P(¢ € {0,1}) = 0 and the support of ¢ contains at least two
distinct points in (0,1), i.e. the distribution of ¢ is non-degenerate.

We can define “thickness” of a two-dimensional object as the smallest possible
ratio between its one-dimensional projections on the two coordinate axes of a
Cartesian coordinate system (where we can orient this system arbitrarily); this
quantity always lies between 0 and 1; moreover, it equals one for a circle, and
it equals zero for any segment. The sequence of L, converges to a “flat figure”,
or simply to “flatness”, if the sequence of its thicknesses converges to zero. In
the case of polygons, this definition is equivalent to

Definition 1.1. We say that the sequence of polygons L, converges to a flat figure

asn—)ooif

lim A(Ln) =0

n—o0 (maszl,...,d Hl](n) H)2

Here A(L,) denotes the area of the polygon L.

The main purpose of our paper is to (partially) establish the following phe-
nomenon.
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Conjecture 1. Suppose that Assumption [6| holds, then the sequence of polygons Ly
converges to a flat figure almost surely as n — oo.

Further the dynamics of the random subdivisions will be formulated as a cer-
tain model related to products of random matrices and its point limit in the
projective space. Let R? (and C?) denote the linear space of all d-dimensional
real (complex, resp.) column vectors under the field of real (complex) num-
bers. The real (complex) projective space P(IRY) is defined as the quotient
space (R?\ {0})/ ~, where ~ is the equivalence relation defined by x ~ v,
x,y € RY if there exists a real (complex) number A such that x = Ay. We
denote X as the equivalence class of x. The projective space P(IR?) becomes a
compact metric space if we consider the following “angular” metric

o (x,y)?
o(x, =4/1 - ——=1 A3
(x.9) \/ ETE (43)

where || - || and (-, -) are respectively the Euclidean norm and the Euclidean
scalar product on R?. One can see that 6(¥,7) is actually the sinus of the
smaller angle between the lines corresponding to ¥ and j.

Next, each linear mapping A : R — R? can be generalized to P(R?) by
setting

AxX = Ax
for every x € RY \ Ker(A). Let us also define
L={veR":v;+v3+ 40, =0} (A.4)

Observe that since Zd 1% (n) _ =0, Z;i 1Y; () _ = 0, we have x( y(”) c L.
Proposition 1.2. Suppose that

lim & (HWy,H(”)y) =0 (A.5)

n— 00

almost surely for every x,y € Ly such that (x1,y1), (x2,Y2),--.,(xX4,Y4) are coordin-
ates of vectors corresponding to consecutive edges of the convex d-polygon in the real
plane. Then L, converges to a flat figure as n — oo.

Proof. Using the formula for & (@, ﬁ) and omitting the superscript (") for
all x(") and (" for simplicity, we obtain that

) (Zd 1% ) (Zd 1%) (Z?:l xi%‘)z _ Licicj<d(xiy; — Xjyi)?

o= (Zd 1%; ) (Zl 1%) - (Zd 1% ) (Zd 1%) o
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where 6, — 0 a.s.

According to a well-know formula for the signed area A(L) of a planar non-
self-intersecting polygon L with vertices (a1,b1), ..., (a4,by), see [1]

az as ag a1
2A(L) = det (bl b2>—|—d t<b2 b3>+ + det <bd b1>'

Since we know only the coordinates of the vectors forming the edges of poly-
gon (x;,v;), i = 1,2,...,d with the obvious restriction Y4 x; = ¥4, y; = 0,
we can assume that the polygon’s vertices have the coordinates

a;=x1+---+xj
bi=yi+-+yi

i=1,2,...,d, thus yielding that a; = b; = 0 so that the last two determinants
in the formula for 2A(L) are 0, and hence

d—2 d—2 i
=) det|,’ ’H) = det( P 1“) S o O

; <bl bi+1 1221 bi bi+yi+1 ;( iYi+1 i z+1)
= [xlyz + (%1 + X2)y3 ++(tx+... xd—z)yd_l]

— e+ Wi +y2)xs+--+ 1 +y2+ .. Ya2)X4-1]

1<i<j<d—1 i Yj

Therefore the area A(L,) of the polygon L, satisfies

Xi Y Xi Yi
|2A(L,)| = det< ) < det< )’
l§i<]‘Z§d1 XjYj 1§i<]2§d1 XjYj
d d
Y, (xiyy—xyi) = (Z )(Z ?)
1<i<j<d i=1 =1
Consequently,

A(L,) _1 5 (Zd1x><2d1%) _1

" n

e ol E

since x2 < maszl,m,d(x]z- + yjz) for each i, and the same holds for y;. O
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Note that £ defined by is an invariant subspace of H. Therefore, we can
restrict the linear transformation H to R?~! by considering only the first d — 1
coordinates of x and y respectively. One can easily deduce that the restriction
of the transformation H can be described by the (d — 1) x (d — 1) matrix

1-¢ & 0 ... 0 0
0 1-& & ... 0 0
0 0 0 ... 1-G, Ein
—Ca —Ca —Ca --- —Ca 1-C31—0Ca

(A.6)
and then the linear relation (A.1) still has the same formulation in R~! for T.
The condition (A.5) for the matrix (A.6) now can be restated as

Proposition 1.3. Let {T,},>1 be a sequence of random matrices, which are inde-
pendent copies of the matrix T in (A.€) and let T = T,T, 1...ToTy. Assume
that

lim &(T™x, TMy) =0 (A7)

n—00

almost surely for any x = (x1,...,x3-1)%,y = (y1,..,ya_1)T € R, such that
(x1,11), (x2,Y2), -, (X4-1,Y4-1) are coordinates of d — 1 consecutive edges of a con-
vex d-polygon in the real plane. Then L,, converges to a flat figure as n — oo.

Proof. Basically, we need to show the following geometric fact. Suppose that
x( = (xgn), . .,x(g”_)l) and y(") = (ygn), . ,y{g”_)l) are such that &, := 6(x("),y(m)

tends to 0 as n — oo, then &, := (5(~( n), §(n) —> 0 where 7)) = (xgn), ..,xé”))

andy(”):(ygn),...,ytg”))wﬁhxd =-yilx ,yd = leyl for all 7.

Observe that &, and J, represent the angular dlstance on the spaces P(R?~1)
and P(IRY) respectively.

Indeed, suppose that J,, < € for some very small € > 0. Let us from now on
also omit the superscript (") as this does not create a confusion. Without loss of
generality we can assume that ||x|| = ||y|| = 1, that is, 2?2_11 x2=1= Zf a2,
Denote by ¢ = (x,y) = Y7 xiy; = cos(x,y), so that ¢ + 62 = 1. We have

2 - (1+x3)(1+y3) — (B, xiyi)? _ 4+ x2)(1—c?) + (yq — cxg)?
! (1+x3) (1 +33) (1+x3)(1+13)

2
<=+ (ya—cxg)* =55+ (Z ui) (A.8)




where u = y—cx = (y1 —cx1,...,Y4-1 — cX4_1) is the difference between
vector y and the projection of y on x. Consequently, u is orthogonal to x

and |[ul|*> = |ly||*> = ||lcx||> = 1 —¢*> = &2. By the inequality between the
quadratic and arithmetic means | Y9! u;[> < (d — 1) ||u||> hence (A.8) implies
that 62 < [1+ (d — 1)]62 < de?. O

The rest of the paper is organized as follows. In Section 2} by applying the clas-
sical Furstenberg’s theorem for products of 2 x 2 invertible random matrices,
we will show that is fulfilled for d = 3 (Theorem 2.2). In a higher di-
mensional case, it is necessary to show that the closed semigroup generated
by the support of the random matrix T is strongly irreducible and contracting.
We will show that holds for any odd number d > 3 in Section 3| For the
remaining case when d > 4 is even, we will have to require that the random
matrix T in is invertible almost surely. We actually believe that this extra
requirement is not really needed, however we are unable to show the result
without this extra condition. The results are summarized in Theorem 3.5 The
exponential rate of convergence of random polygons will be considered in

Section [, see Theorems and

Finally, in Section E] we mention some generalizations of our model, as well as
open problems. Also note that throughout the the paper we denote by GL(d, R)
the group of d x d invertible matrices of real numbers and SL*(d, R) the closed
subgroup of GL(d,R) containing all matrices with determinant +1 or —1.

Random subdivision of triangles (d = 3)

Proposition 2.1. (Furstenberg’s theorem, Theorem 11.4.1 in [2], page 30) Let u
be a probability measure on GL(2,R) and G, be the smallest closed subgroup of GL(2,R)
which contains the support of u. Suppose that the following hold:

(i) Gy, C SL*(2,R);

(ii) Gy is not compact;

(iii) There does not exist any common invariant finite union of one-dimensional
subspaces of R? for all matrices of G,,.
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Let {My,n > 1} be a sequence of independent random matrices with distribution p
and X,y € P(R?). Then
lim ¢ (MnMnfl...le, MnMnflliy) =0.

n—00

Note that when M; is invertible almost surely and det(M;) is possibly not
equal to +1, it is enough to verify the above conditions for the group G;
generated by all M = (det M)~1/2M, where M is any invertible matrix in the
support of y.

Theorem 2.2. Conjecture[l|is fulfilled for d = 3.

Proof. When d = 3 the random matrix T equals

1-& G2

T= T(él/CZICS') - ( _63 1_62_§3>
where 1, ¢, ¢3 are i.i.d. copies of . Let p be the probability measure associ-
ated with the random matrix T({1, &, &3) . Observe that det(T) = &18283 +
(1-¢1)(1—&)(1—&) > 0aslongas &,&, & € (0,1), thus T = (det T)~V/2T
is a.s. well-defined. Let G, be the group generated by all the invertible matrices
in the support of u and G; be the group generated by all T, where T €
Gy. Since det(T(&1,&2,&)) = 1 for all possible ¢1,¢, ¢ and the determin-
ant of a product of two matrices equals the product of their determinants, we
have det(T) = 1 for all T € G;. Consequently, condition (i) of Proposition
is fulfilled.

Now let us verify condition (ii), i.e. that the group Gj; is not compact. From
Assumption [f]it follows that we can choose 4,b € supp ¢ such thata,b € (0,1)
and a # b. Let

Q = T(a,b,a) T(a,b,b)"* T(b,a,b) T(b,a,a)"t — C (1)> . (A9)

where

_ (a—b)?

© 2ab+P —a-2b+1
Since a # band 2ab+b?>—a—2b+1 = (a+b—1)2+a(l —a) > 0 the
quantity ¢ is well-defined and negative. Observe that Q € G; and hence

1 0
Qm:(mt 1)€Gﬁ
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as well. Since ||Q™|| ~ m — oo as m — oo, the group G is indeed not
compact.

Finally, we need to check the condition (iii) of Theorem that is, that Gy is
strongly irreducible, or equivalently that G, is strongly irreducible. Suppose
the contrary, i.e. there is a union L of one-dimensional subspaces of IR? such
that T(L) = Lforany T € Gz. Let L=V, UV, U--- UV}, k > 1.

First, suppose that L contains a vector of the form (x,y)jr such that x # 0.
Then at least one of V; is the linear span of v = (1, T, r € R; without
loss of generality let this be V;. Since Q defined by belongs to G, for
allm =1,2,... we must have Q" € G, and thus Q"L C L. The latter implies
that v, :== Q™v € L. However, the slopes of the vectors v, equal mt + r which
take distinct values for different values of m, therefore L cannot be a union of
a finite number of linear subspaces, leading to a contradiction.

Therefore, the only candidates for V; can be linear spaces spanned by (0,1)T.
To show that this is not possible either, pick any a € (0,1)T which is in the

support of ¢, then
0 a
T(a,a,a) <1> = (1 —2a> €L

Hence there must be a vector in L whose first coordinate is non-zero, which
leads to the situation already considered above.

Consequently, the conditions of the Furstenberg’s theorem are fulfilled,
implying a.s. convergence to flatness in case d = 3. O

General case (d > 4)

We start with a few definitions.

Definition 3.1. We say that a family H of d x d matrices is irreducible in RY if there
exists no proper linear subspace L of R such that H(L) = L for all H € H.

Definition 3.2. We say that a family H of d x d matrices is strongly irreducible
in RY if there exists no union L of finite number of proper linear subspaces of R? such
that H(L) = L forall H € H.

Definition 3.3. We say a family H of d x d matrices has contraction property if
there is a sequence of elements {Ay}n>1 C H such that ||A,|| 1A, converges to a
rank one matrix.
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We will make use of the following

Proposition 3.4 (Theorem I11.4.3 in [2], p. 56). Let A; be a sequence of i.i.d. ran-
dom matrices in GL(d, R) with common distribution y. Let S, be the smallest closed
semigroup generated by its support. Suppose that S, C GL(d,R) is strongly irredu-
cible and contracting. Then for any X,y € P(R?)

lim §(A, ... A1X, Ay ... A1) = 0as.

n—oo

Note that, when A; is only invertible almost surely, it is enough to verify the
strong irreducibility and contraction condition for the semigroup S, generated
by all A = (|detA|)~1/9A, where A is any invertible matrix in the support
of y. In our case the measure y corresponds to random matrices of type T =
T(&1,...,¢q) defined by (A.6). Observe that

d d

det(T) =[J(1 - &) — (1) ¢

Thus we have | det(T)| < 2; also obviously det(T) > 0 almost surely for any
odd d > 3; however, if 4 is an even number, we need the following invertibility

Assumption 7. If d is an even number, we assume that
d
1 _ £
H gl # 1
i=1 Ci

almost surely.

The main result of this Section is

Theorem 3.5. Conjecture [I]is fulfilled for all odd d > 3, and under Assumption [7]
also for all even d > 4.

From now on we will suppose that Assumption [7] is in fact fulfilled. As a
result, we can always choose a,b € supp (¢) such that a # b,a,b € (0,1)
and T(aj, ay, ....,a;) is invertible for all sequences ay,ay, ..., a; where each a; €
{a,b}. Let S,; stand for the smallest closed semigroup which contain all of
the following matrices

| det T(ﬂl, as,...., le) | _1/dT(ﬂll, az,...., ﬂd),
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with ay,a,...,a; € {a,b}. We will show that S,;, C S, is strongly irredu-
cible and contracting, hence so is S, itself. Then the result of Theorem
will immediately follow from Proposition [1.3|and provided we check the
condition of the latter statement (and this is done in turn in Propositions

and below).

Irreducibility

Proposition 3.6. Suppose that Assumptions [6| and [7] hold. Then the family of
matrices

{T(ﬂl, az, ., ad) }a1,a2,...,ude{u,b}

is irreducible in R41,

Proof. Observe that, if W is a real proper invariant subspaces of linear oper-
ator A then W = {w’ +iw” : w',w” € W} is also a complex proper invariant
subspaces of A. Thus we can complete the proof by proving the irreducibility
in C4-1,

From now on, let us denote
T, = T(a, a,..., IZ) and Ta,b;k = T((Zl,tlz, ooy ad) ’ak:b, aj=a,j#k- (AlO)

Note that T, has eigenvectors given by

1 1 1
2 cd-1
v = e , Uy = et , e,V = eld=12 (A.11)
cd—2 c2(d-2) cld—1)(d-2)
27i/d

where € = ¢ is the d—th root of 1; one can easily conclude that these d — 1
eigenvectors are linearly independent in C?~!, and correspond to eigenval-
ues Ay =1—a+ae,1=1,2,...,d—1 respectively.

Let us prove that all complex proper invariant subspaces of T, are given by
the linear spans of 2" — 2 non-trivial subsets of {vy,...,v;_1}, and only by
them. First of all, suppose V' = span(vy,, vk,,- .., Vk,) Where 1 < k; < ky <
o <ky<d—1landm € {1,2,...,d — 1}. Since T,vy, = A, vy, and Ay, # 0,
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1 <1 < m, we conclude that span(T,vg,, ..., T;vx,) = V and hence T,(V) = V
and thus V is indeed invariant.

On the other hand, suppose V is an invariant subspace of T,, thatis T,(V) =
V. Since vy, ...,v4_1 form a basis, any vector w € V can be written as

W = 10k + 420k T F GOk,
where all g; # 0. Since V is an invariant subspace, T,w € V, consequently

w' = q/zvkz + -4 q;nvkm = qZ()\kz — Akl)vkz + ... qm(/\km — Akl)vkm
= Tgaw — Ayw €V

with all g # 0 since all A’s are distinct. Continuing this by induction, we will
obtain that vy, € V, and hence vy, € V,..., vy, € V. Therefore, V contains
all those v for which the projection of some vector w € V on v, has a non-
zero coefficient. At the same time the span of all these v will contain all those
vectors w, hence V is the span of a subset of {vy,...,v;_1}.

Next we will show that at the same time no proper invariant subspace V =
span(vk,, Uk, - - -, U, ) of T, can be also an invariant subspace of T, k =
1,2,...,d. First, define the sequence of vectors uy,...,u; € R4-1 by

1 -1 0 0
0 1 -1 0
0 0 1 0
ur=1.1, up= . , Uz = . S e, U = . . (A.12)
0 0 0 —1
0 0 0 1

We must have T, 10, € V for all r € {ky, ko, ..., ki }, hence
(a—b)uy = Typ1vr — Ao, €V
Now, by using the fact that
(Topx — To)o, = (a—b)e* Dy e v

fork =1,2,...,d we obtain that uy,u,...,us; € V. Note that up, us,...,u, are
linearly independent, hence V = span(uy, ..., u;) = R?-1. This contradiction
completes the proof. O
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Strong irreducibility
We already know from Proposition 3.6/ that S, is irreducible. Now we aim to
show its strong irreducibility.

Lemma 3.7. If S, is irreducible but not strongly irreducible in R~ then there
exist proper linear subspaces V1, Vs, ..., V; of R such that

r
R = P V; where r > 1,V;NV; = {0} if i # j,
j=1
where all the subspaces V] have the same dimension, and
M(Uj_1Vj) = UiV,
forall M € S, .

Proof of Lemma See the remark and the equation (2.7) on pp. 121-122 of [6].
Ul

Proposition 3.8. Suppose that Assumptions [6|and [/| hold. Then the semigroup S,
is strongly irreducible.

Proof. For a real linear space W C R?~!, we define
W = {w +iw”,w',w" € W} c C?},
which is also a complex linear subspace of C?~1.

We already know that the semigroup S, is irreducible in R?~1. Suppose S,
is not strongly irreducible in R~1. Then it implies from Lemma 3.7 that there
exist proper linear space V1, V3, ..., V, C R?-1 such that

r
=,
j=1

where V] are disjoint linear subspaces of the same dimension, say m, and

M(Uj, V) = UiV,

forall M € S, .
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The rest of the proof is organized as follows. First, we show irreducibility in
the case m > 1. The case when m = 1 is split further in the sub-cases including
the one where k = 2 and k > 3, and yet further sub-sub-case where k = 4.

Observe also that from Lemma II1.4.5.b in [2] it follows that for each j €
{1,2,...,d — 1}, we have T,V; = V for some k = k(j). Suppose k(j) # j
for all j. Letey,...,e4_1 be the basis C?%1 such thatey, . .., ey, is the basis of V;,
em+tl, - -, em+m 1S the basis of V5, etc. In this basis T, will be a traceless matrix
since all the V; are disjoint. The property of being traceless is invariant with
respect to changing the basis as tr(PAP~!) = tr(A). However, in the original
basis tr(T;) = (1 —a)(d —1) —a # 0 unless a = %=, but in this case we can
replace a by b # a, so we get a contradiction.

Thus we have established that k(j) = j for some j; w.lo.g. let us assume
that j = 1 and consequently T,V; = V;. From the arguments in Proposition [3.6]
we know that V; is a linear span of some subset of v;’s from , that
is Vi = span{wy,...,w,} where w; = vy;, for some subset {ri,...,rm} C
{1,2,...,d — 1}. By denoting €; := €'/, some d-th root of 1, we get that w; =

T
(1,ej, . .,e}i’z) . Let u; be defined as in (A.12). Then

— k-1
Ta,b;kw]- = )Lr].w]‘ + (a - b)e] Ug.

For every k, we must have T, V1 = V; for some j = j(k). Now suppose that
there is no k such that T, ;+ V7 = Vj. Recall that V; = span(wy, ..., wy,). Let

Vi = Tops Vi = span({Ayw; + cxuy, j=1,...,m})

where ¢ = (a — b)e;.‘_1 #0fork=1,2,...,d—1—m. Observe that at the same
time V| = V; for some q = q(k), so that the collection V/, k=1,...,d —1—m,
is some subset of V7, ..., V;, possibly with repetitions.

Let us show that wy, ..., Wy, u1,...,us_1_,, are linearly independent. Indeed, to
establish the rank of the matrix of d — 1 vectors wy, ..., Wy, U1, U, ..., Uj—1—m
observe that
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€1 €2 €m 0o 1 -1 0
€? €3 e, 0 0 1 0
det ' : :
el 2 edm2 elsm2 0 0 0 1
=2 2 . €2 0 0 0 0
€ilfmfl edfmfl errinfmfl
= det :
e‘f’z eg’z e‘,f[z
1 1 1
= e‘li_m_l ..... (—,‘gfm_l . det : : . :
et eyt L ent
m
:He;l_’”_l- [T (ej—ex) #0
j=1 1<j<k<m

since this is a Vandermonde matrix. This, in turn, implies that the sub-
spaces Vq, V|, Vj,..., Vi . are all pairwise distinct; otherwise there would
be a vector which at the same time belongs to span({)\rj wj+cxg, j=1,..., m})
and span({Arjwj +cu, j=1,...,m}) for k # 1, yielding linear dependence
for the set wy, ..., wy, ug, u; which is impossible.

On the other hand, it implies that the dimension of Vi ® V] @& --- @ V)_ ism x
(d—1—-m) > d—1 unless m = 1, yielding a contradiction that this is a
subspace of R

Thus now we have to deal only with the case m = 1. In this case, all the
spaces Vi, Vs, ..., V;_1 are one-dimensional, moreover, by letting v = €;

w; = (Lv,..., v )T,

Vi = span(w),
Vi = T,pxV1 = span(Aywy +cxuy), k=1,2,...,d—1,

and V/s are some subset of V;,...,V;_; (if V[ = V; for some k then u; €
span(w1) which is impossible for d > 4). If all the elements of the set V;, V],
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..., V}_, are distinct (we know that then they must be linearly independent
since R“"! = Vi@V, @ - @ V;_;) this would yield a contradiction as our
space is only (d — 1)-dimensional.

Observe that

1 -1 0 0
v 1 -1 0
V2 0 1 0
det(wq, up, u3, ..., uz_1) = det ]

2 0 0 -1
vi-1 00 1

R |

=1 e d—2 = —_— =

TUtety 1—v v 70

since 11 = e‘f = 1. This implies that the vectors wy, up, u3,...,u;_1 are linearly
independent and hence it is impossible that V] = V} forsome k,h € {2,...,d —
1} such that k # h.

So the only not covered case is when V] coincides with some V/, k =2,...,d —
1, implying a linear dependence between w;, u; and u;. However, if k = 2,
then

1 v 12 ... a2
rank(wy, uy,ux) =rank | 1 0 0 ... O
-1 1 0 0
2 )
=k (]G Ty ) =
since 12 # 0. Finally, if kK > 3, then
1 v Jk=2 k-1 gk -2
rank(wy, ug, ux) =rank [ 1 0 0 0 0 0
0 0 -1 0
k=2 k-1 .k d—2
vV o... VU % viooL
_Hmnk(o .. -1 1 0 ... 0 )‘3
unless simultaneously d =4,k =3 and v =€; = —1.
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Finally, to deal with the case d = 4 and €; = —1, observe that

1-¢1 & 0 1
T(C1,82,83,84) = 0 1-¢ &3 ,wi=|-1|=e1—ex+e3
84  —Ci 1-033—04 1

where e3, e, e3 are the standard basis vectors for R3. Let us consider

wi :=T(a,a,b,a)w, = (1—b—a)w, + (b—a)e,
wy :=T(a,b,b,a)w; =(1—b—a)w; + (b—a)ey,
w3 :=T(a,b,a,a)wy = (1—b—a)wy + (b—a)es.

Then, in the standard Euclidean coordinates,

1-2a b+a—-1 1—-b—a
A:=wj,wy,w3]=(1-b—a 2b—1 1-b—a],
1-b—a b+a—-1 1-—2a

and

det(A) = (b —a)*(1 — 2a).

From Assumptions|f|and [7]it follows that w.l.o.g. we can chooses a and b such
thata # 1/2,a # b, and a + b # 1, implying that the above determinant is
non-zero. Thus we obtain that the three subspaces span by wj, w3, w3 are
linearly independent in IR® again yielding a contradiction. O

Contracting property

Here we need to show that the semigroup S, is strongly irreducible and
contracting. While in general it is not easy to verify the contraction property
of a semigroup, thanks to the following important statement by Goldsheid
and Margulis in [7], it suffices to check this property for the Zariski closure
of S, (which is easier).

Definition 3.9. Zariski closure of a subset H of an algebraic manifold is the smallest
algebraic submanifold that contains H.

Proposition 3.10 (Lemma 3.3 in [7]]). The Zariski closure Zr(H) of a closed semig-
roup of H C GL(d,R) is a group.
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Proposition 3.11 (Lemma 6.3 in [7])). If a closed semigroup H C GL(d,R) is
strongly irreducible and its Zariski closure Zr(H) has the contraction property then H
also has the contraction property.

Proposition 3.12. Suppose that Assumptions [6|and [/|hold. Then the semigroup S,
is contracting.

Proof. According to Proposition it is sufficient to show that Zr(S,,) is
contracting, since we have already established that S,; and hence Zr(S,;) is
strongly irreducible by Proposition Note that T~1 € Zr(S, ;) forany T €
S,p, since the Zariski closure is necessary a group by Proposition We
consider two separate cases.

Case d = 2/ + 1 is odd. Define

M =T(ab,...,a,b,a) T(a,b,...,a,b,b)_lT(b,a,. ..,b,a,b) T(b,a,...,b,a,a)_1
S ZI’(Sa,b)

After some algebraic computations, one can obtain that

1 0 ... 0 0
o 1 ... 0 0
M = : : . : N
0O 0 ... 1 0
I R T
where
_ )2 _ _ )\ j—1
oot == (ﬁ)_(;;’(l?gol)z+lb)+) albl(ff L and gy =0, j=12,..1
Hence
1 0 0 0
0 1 ... 0 0
M'=1 D : 2| € Zr(Sap)-
0 0o ... 1 0
negr ngy ... n@y_q 1

It implies that ||[M"| ~ Const-n hence ||M"||"!M" converges to a matrix
whose first d — 2 rows are zero rows, and thus Zr(S, ;) is contracting by defin-
ition.
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Case d = 2! is even. Define

M=T(a,a,...,a,aa,a) T(a,a,...,a,a,a,b)_1

1 0 ... 0 0
o 1 ... 0 0
o 0 ... 1 0
¢4 ¢ ... ¢41 c(ab)

where ¢; = c1(a,b),...,c4_1 = c4-1(a,b) are some constants depending on a
and b, and c(a,b) = detT(a,...,a,a)/ detT(a,...,a,b); observe also that

detT(a,...,a,a) = (1—a)* —a"
detT(a,...,a,b) = (1—a) —a’ + (a—b)[(1 —a)' 1 +a%7}

Assume initially that |c(a,b)| > 1, then

1 0 0 0
0 1 0 0
M" = :
0 0 . 1 0
Ancr Apcy ... Aycyq c(a,b)"

where A, = 1+ c(a,b) + c(a,b)®> + ... +c(a,b)""!, so that ||[M"|| > const x
c(a,b)" — oo and thus ||M"||"!M" converges to a matrix whose first d — 2
rows are zeros. If [c(a,b)| < 1 then we can consider M~! instead of M, which

has the form
1 0 ... 0

Mt=|c | €Zn(Se)
x % ... c(a,b)7!
and then apply exactly the same arguments as when |c(a,b)| > 1. Note

that c(a,b) # 1since a # b, so we only have to consider the case when c(a,b) =
-1

We have c(a,b) # c(b,a) since a # b. Hence, w.l.o.g. we can assume that
c(a,b) # —1. So in all the cases, either ||[M"||"'M" or ||[M~"||"!M~" con-
verges to a rank one matrix as n — oc. ]
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Convergence rate of random polygons

Convergence rate of rescaled polygons to flatness

Throughout the rest of the paper we use the notation log™ (x) := max{log x,0}.

Let £(T) = max(log™ (||T||),log™ (||T~'|])). In this section, we suppose that
Assumptions [f] and [7] as well as the following condition hold

E{(T) < oo. (A.13)

Let T1, 1>, .... be a sequence of random matrices having the same distribution
as T. We define Lyapunov exponents

—imE(Llog o), i=12,.,d-1 (A.14)
Wi ~log 0; j

n—oo

where (71(") > (Tz(n)... > (7‘511)1 are the singular values of T = T,T,_1...T, ie.,

T
the square roots of the eigenvalues of (T(”)) T, Therefore, from the proof
of Proposition I11.6.4 in [2] (pp. 67-68), for any x,y € P(R?~1)
- (") (n) _
r}l_rgo » log&( x, T"y) <pp—p1 <0 as. (A.15)

Lemma 4.1. Let ¢1,82,...,84 € [0,1]. Then

d
[16(1=8) <&&...0a+1-2)1—-C2)...(1—8) <1
i1

Proof. The upper bound follows from the fact that it is equal to probability to
get either all heads or all tails in an experiment with throwing d independent
coins each with probability to turn up head equal to ¢;, i = 1,2,...,d. To get
the lower bound observe that ford = 1,2,... we have

H€1+H1_€z = [H€Z+H 1_511 Cd 1_€d)

and since the statement is true for d = 1, we have proved the proposition. [

As it is implied from the following proposition, we can reformulate the re-
quirement (A.13) as
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Assumption 8.

Elog (| det(T)|) = Elog H(l—éz dHCZ > —o0.

i=

Proposition 4.2. Condition (A.13) holds if and only if Assumption |§|is fulfilled.

Proof. Noticing that all the elements of T are bounded, and using the formula
for inversion of matrices we obtain that

o[-
= Tdet(T)]

where C;, i = 1,2,... here and further in the text denote some non-random
positive constants. Let o9 > 0o > ...045_1 > 0 be the singular values of
matrix T, that is, the square roots of the eigenvalues of TT T, arranged in the
decreasing order. Then ||T~!|| = 1/04_1. On the other hand, using the fact
that there is a unitary matrix U such that UT(TTT)U is a diagonal matrix with
elements (71-2, we obtain that

Tl < C1, [T (A.16)

det(T) =002...04_1 > (Ud,l)d_l

so that 1 .
1T~ = >

i1 |det(T)|7T

On the other hand it is easy that

d
det(T) = [T(1- &) — (-1 ] &,
i=1 i=1
which is always non-negative for odd d, but can be positive as well as negative
for even d; in both cases |det(T)| < 1, as it easily follows from Lemma
Consequently,

g (1T 11) < 108" ( gty ) <18  raaery)
1
<108 (e ) =~ g (ldex()),
log™® (||T—1||> > log™ (’det(lT)‘dll> > _dil log (| det(T)]).

Since log™ || T|| is bounded above by some constant, the statement of the pro-
position follows. O
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Notice that since
1+ o+ ...+ g1 = E(log| det(T)|) (A.17)

all Lyapunov exponents p;, j = 1,2,...,d — 1 are finite if and only if Assump-
tion [§is fulfilled. Therefore, using (A.15), we can deduce the following
Theorem 4.3. Suppose that Assumptions [6] [7] and [8 hold. Then the sequence of
polygons L, converges to flatness with at least exponential rate with parameter y =
=2 € (0,00)

Now let us give an “easier” sufficient condition for Assumption (8 which de-
pends only on the distribution of one ¢.

Proposition 4.4. Suppose thatd = 3,5, ... isodd. IfE |log | < oo and EE | log(1 —
&)| < oo then Assumption |8|is fulfilled. A sufficient condition for these expectations
to be finite is

lim sup H’(ijv) < oo and limsup M (A.18)
vl0 % o1l (1 - U)
for some & > 0.

Remark 4.5. Note that when d is even we would not be able to bound |det(T)|
from below by the products of &;(1 — ;) as easily as it is done in the following proof.
Indeed, if we let all &; = 1/2 then det(T) = 0 while all &;(1—¢;) =1/4 > 0.

Proof of Proposition[4.4] The first part of the statement follows immediately
from Lemma [.1] since

Elog |det(T)| = Elog

d d
[Ta+]]a- Cz‘)]

i=1 i=1

> Elog

1

d d
[Te0- Ci)] =) (Elogg;+Elog(1—¢))-
i=1 =1
To prove the second part, note that

E[logd] <1+ [[log| 1] = 1+ [ P (~(10g0) Lecpr > u)

1 o
:1+/-~+/ .
0 1

:1+/01]I’(e§<1) du—i—/loolP(—logC>u) du

P(¢ <)

o1
:1—HP(6§<1)+/ dv < oo
0
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since

P(¢ <o) - const
v - vl+ﬂ(

for sufficiently small v. The expectation E |log(1 — &)| is bounded in exactly
the same way. O

An interesting example is when ¢ has a uniform distribution, as in the pa-
per [11]].

Proposition 4.6. If the distribution of ¢ is uniform on [0,1] then Assumption |8| is
fulfilled for all d > 3.

Proof. The case when d is odd immediately follows from Proposition [4.4so we
assume that d is even. We have

1 1
Elog|detT| = [ --- lo (1—x1)...(1—x4) —x1...x4| dxy... dxy
) g

—/ /log X1...%g) dxg ... dxy
+/---/10g 1— 1...1_xd

X1 X4

B log|1—u1 ugl
_ d+/ / Ty - d

Ur...Ug_q
cai [
0 0 (1—|—u1)2...(1—i—ud_1)2

® log|l—v|dv )
X dug ... duy-
(/0 (u1...ug-1+0)? ! o

where the inner integral

/°° log\l—v|dv (/1/2 /3/2 /2 +/°°) log|1—v| do

0o (ur...ug_1+0)? 1 32 J2 ) (up...ug_1+0)>?
1/2 —log?2 3/2 10g|1 — 7|

> dv+/ dou

_/0 (uy...ug_1+0)>2 12 (ug...ug_1+1/2)2

2 —log?2
+/ do+0
372 (Ug...ug_1+ U)Z

o —log?2 3/2 log |1 — 7|
> dv + dov
- /() (u1 U+ 0)2 1/2 (ul oo Ug 1+ 1/2)2
log 2 4 1+log2
Up...Ug (ul...ud,l—i—l/Z)z’

dX1 dxd
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Consequently,

Elog | detT|

du1 dud,l
> —d—1log?2 / /
8 A+ )2 (1+ug1)?

/ / (1+ 1og 2)[uy .. ud,l] dup ... duy
1+u1 (T4 ug 1)?(1/24 [uy ... ug1))?

1 +10g2 duq...dug_4
> _4_
> —d [l og2+ ]/ / Am?. (1 +ug )

> —0
since a/(1/2+a)?> <1/2fora > 0. O
The next statement shows that there are, in fact, examples of distributions for
which Assumption [8|is not fulfilled.

Proposition 4.7. Suppose ¢; are i.i.d. with density

c

c
fx) = L 1/2<x<1;
(1—x)log"*(1—x)
0, otherwise

where 6 € (0,1/2] and ¢ = ¢(6) € (0,00) is the appropriate constant. Then As-
sumption [8]is not satisfied.

Proof. Assuming d is odd and noticing that f(1 —y) = f(y) and that
xl...xd+(1—x1)...(1—xd) <1,

by Lemma we have
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= 0 . 0 log (X X4+ (1 — xl) (1 — xd)) f( 1) f(xd) dX1 dxd
< /1 / log (x1x2 + (1 —x1)(1 —x2)) f(x1) ... f(xg)dxq ... dxy
= [ [ tog(x(1 )+ y(1 - )£ () (y) dxly

IA IA
o o
N
(=) o

S~

dxd
XIOg 1+6 y

/1/2 1/2 log(x + 1)
/ og2  ultoplts log2 Jogz  ultopl+s

1/2 r1/2
//I%memmm@
1+(5 (ylog y)
o0 g 10g(2€ v) 2 %) log( )_ B
2/logZ </1 W1”>U du) do = 5 wdv = —©

IN

1/2 ;1/2
[ | 0gl+ ) (x) () dedly
(e} —u [ (e} —u [
/ log(e™* +e7) dudo =2 log(e " +e” )1l,>v dudo
1
og2 log2
since 6 < 1/2. The case when d is even can handled similarly. O

The next statement shows how quickly the lengths of the largest side of the
polygon converge to zero.

Lemma 4.8. Suppose that Assumptions|[6}[7] [8 are fulfilled. Let

M, = ]En Hl H (A19)
be the length of the largest side of L. Then

lim 1log(Mn) =y as.

n—oo 11

Proof. First of all, observe that by the triangle inequality

a1 < max )< max ]+ -+ ol max 1

<(@-1) _max ||
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so it suffices to prove the statement of the lemma for the first 4 — 1 sides of L,,
i.e., we can redefine just inside of this proof M,, as max{ || l%n) I, | lén) -l l‘g;i)l |}
Also, to avoid confusion, in this proof we will denote by || - [|(x) the Euclidean
norm in R¥, while || - || is just a Euclidean norm in R2. By applying The-
orem II.7.2.i (pp. 72) in [2], we obtain

.1 .1
nlgrc}oglog HT(”)xH(d,l) = ,}grologlog [ T T2 Trx || (a—1) = (A.20)

for each x € R~1\ {0}. Now recall that the coordinates of l](") € R? are the j-
th coordinates of x") = T x(0) and y(" = Ty respectively. Omitting the
superscript ("), we have
5112 = xf + 7, Mxlfgy =23+ +agy, ylfoy =vi+t - +vi
SO
I+I2, ) ) . L )
A1 S e x]§]11rn G112 < od 4 oGy i+ Y
= HxH(d_l) + HyH%d—l)'
Together with (A.20) this immediately implies
11msup = logmax{Hl H, Hlén) I, ..., Hlén_)lu} = .

n— 00

Convergence rate of polygon vertices

The purpose of this Section is to calculate the exact speed of convergence
of (not rescaled) polygons L, to a random point in the plane in the general
case d > 3, under some conditions.

Let (a]("),b](")), j = 1,2,..,d, be the Cartesian coordinates of vertices A‘g"),

Ag”), Aé”),..., Ag”_)l respectively — please note the unusual enumeration of the
coordinates, which we do in order to use the same notation for matrix H given
by (A.2). We have the following linear relation

at = HY a1 pn) = HT_ pln-1)

where (" = (agn),uén), . a[(i”)) b)) = (bi"), bén), . bfi")). We will make use
of the following
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Proposition 4.9 (Theorem 4 in [10]). Let (Xi)k>1 be a sequence of i.i.d. ran-
dom stochastic d x d matrices such that X,,X,_1..X2X1 is a positive matrix with
a positive probability for some ng < oo. Then there exists a random nonegative vec-
tor W = (wy, wo, ..., wy) such that wy + wy + ... + wy = 1 and

XXy 1..XX1 — 1TW

almost surely as n — oo, where 1 = (1,1,...,1). Moreover, if V = (vy,...,v4) is a
random non-negative vector such that v1 +vo + ..vy = 1, V is independent of Xy
then VX1 =V in distribution if and only if V.= W in distribution.

Theorem 4.10. Suppose that Assumptions 6] and [8| hold then the polygon L, con-
verges almost surely to a random point P inside the initial polygon Lo such that

max HPA HNCel“”
j=12,...,

almost surely as n — oo, in the sense that 1 log <max HPA ||> — yy where iy is

defined in (A.14).

Proof. By Assumption @ we have that H] H] |...HJH] is almost surely a pos-
itive stochastic matrix. Therefore, from Proposition it follows that there
exists a random non-negative vector { = ({3, ...,{4) such that {1 + ...+ (3 =1
for which

am (Qago) + ..+ @daég)) 1

and

= (@b + o+ L)1

almost surely as n — oo. It implies that the sequence of polygon L, converges
to a random point P defined by the following vector identity

oP = 04V + 7,04 + .. + 7,047

where O = (0,0) is the origin of the Cartesian plane. (Observe that if ¢;
is Beta(a, B) distributed on (0,1) then { = ({3, ..., {4) is a Dirichlet distributed
random vector with parameters (« + B, + §, ...« + B).)

Since

IPA;|| < |AaAq|l + |A1A2]| + ... + | Ad—1Aq]] < d % ,max HAkAkHH

/////
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and on the other hand, for each k = 1,2, ...,d, we have

max IPA;]| = 5 (||PAk||+HPAk+1H) *IlAkAkHH

the following inequality inequalities hold:

M, < nlnax ||PA ||<dMn (A.21)
j

Under the Assumption [§ we have (see our Lemma [4.8|and Proposition II1.7.2
in [2]])

1 o1
lim —log (M) = nlgrologlog | ThTp-1...ToTh|| = 1 € (—00,0)

n—oo 11

almost surely. Therefore,

max HPA HwCe”ln
=12,

almost surely as n — co. O

Random triangles revisited

The goal of this Section is to show that in three-dimensional case the projec-
tion of the “middle” vertex on the largest side of the triangle converges in
distribution, thus generalizing the result of Theorem 5 in [11]; our main res-
ults is presented in Theorems [5.3] which follows later in the Section. We also
evaluate the speed of convergence to flatness in Theorem as well as study
some examples; in particular, we strengthen the result of Theorem 4 in [11].

Since x € L defined by (A.4) we can restrict our attention just to the first d — 1
coordinates of x. Let us introduce the norm

||x]|e0 = max Hx]H = max{|x1], |x2|, .., [X5-1], [%1 + oo + x5-1]}
j=1,...d

and for each x in the unit ball Be = {(x1,..., x4_1) € R : ||x|| = 1} the
map T : Be — Boo by
~ 1

T = —— Thx.
) = T T

Notice that {f@(x)} is a Markov chain which can be considered as a

n>1
system of iterated random functions in the sense mentioned in [4} 8]. We will

use the following result implied from Lemma 2.5 in [8]:
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Lemma 5.1. Let De = {(x,y) : X,y € B, || ¥ — Y|l < €}. Assume that

—

limsup sup IEHT T(”)(y)H —0 (A.22)

n—00  (x,y)eD, o

as € — 0 and for each o > 0, there exist an integer N and a constant ¢ > 0 such that
for every x,y € Boo
P

—

where T') and T are two independent of copies of T, Then, for every x € By,

—

T (") (x) weakly converges to some random vector, which is independent of x.

TN (x) - T/ (y) |

uc) >, (A.23)

o0

Here is a very important result.

Lemma 5.2. Assume that Assumption [6|and [7are fulfilled then

(s )

converges in distribution to some random vector as n — oo, which is independent of

x(©),

Proof. Assume that all the points x, y, etc., belong to B, unless stated other-
wise. Next, w.l.o.g. assume that || T x||e < ||T"y]|o, then we have

1T (2) = T (y) oo

||T(n)xHoo ||T(n)||oo HT(n)xHOO
1T x| 1Tyl ) |~ 170 ol
HT(")HOO HT(n)xHoo
< o 1% ¥le {1 ey | ol
1T x| Tyl
ATl 1Tl (0 (n)
e Tyl — [T x|
< g Ve + T pregrs (1Tl = 1T))
1Tl 1T e ”
e S~
< e ¥ = Yl + (T 0 = 9l)
ITI%

1 = Ylleos
ITCxleo - IT™y oo
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where [[T|[ec = sup,cp_ [|Tx|leo, || T = sup—; [ Tx]| are the usual operator
norms. Therefore, since all the norms on finite dimensional spaces are equi-
valent, there exists a non random constant ¥ > 0 such that

— — (n) )12
ITO) = T o < 7+l

=T Ty 1% = Ylleo (A.24)

On the other hand, by Theorem II1.3.1 in [2], for almost all w, the exist one-
dimensional linear space V(w) C RY"! which is the range of limit points
of |Ti(w)...Ty(w)|| *Ti(w) ... Ty(w). By the proof of Proposition I11.3.2 in [2]
if a sequence {x,},>1 C B converges to x and {x(w) is the orthogonal pro-
jection of x onto V(w) then

lim sup Ty < [|g«] 7! as. (A.25)
noo [T

and
P ([Ig«]l =0) =0. (A.26)
Therefore, we obtain that

limsup [|T0) (x) = T (y) o < 712l 7HIG I X =yl a5 (A27)

n—00

Let us now verify the condition (A.22). We have

E||T0)(x) - T0(y) |

[oe]

<5 (|-l n_gey )+

QNG

IN

+IE(HT<n)(x)—T(n)(y)Hool{”T(n)2 1})
(700 ) () = Fre
=: (1) + (I

—

To bound (I), observe that H]T(;)(x) — T(”)(y)H < 2 and therefore (1) <

LT
2P (frobigryy = o )- Suppose
T2

[T x| Ty |

1
. > 1 .
limsup sup IP( > 4r€> #0 ase—0

n—oo (x/y) GDE
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Then there exists a p > 0 and a decreasing sequence € | 0 such that this
limsup,_,,sup(, yep, P(--- = (4rex)~1) > B for each k; therefore for each k
’, €k

there is a sequence nl(k), i=1,2,... such that

k)

5(k) = P LGl B foralli=1,2
= > orall1 =
(k) (k) = 74y
170, Ty 0 47
(A.28)
Let my = n,((k). Without loss of generality assume that x,, — x. € B

and v, — Y+« € Be; since B is compact we can always choose a conver-
gence subsequence.

By (A.25) we have

T
[T, ] =
T 2

8,4 ::l[’(HQ,mk A 1)

as k — oo. Hence

Oy (k) := P ( > 2(|Cx I 1) =0,

SCESCERACES A CIN RN
= 50(K) +8,(0) + P (120 |- 12| < 16rey)
< 00() + 8y (8) + P (2| < 4v/7E0) + P (.|| < 4/765) = 0

by (A.26), leading to a contradiction with (A.28).

. T(n)|2
On the other hand, if (x,y) € D, and W < 4 then the inequal-

ity (A.27) implies that HT )(x) — T(”)( Mo < 1, hence

sup (Il) = sup ]E(HT T(n)(y)H ‘ HT )2 <1}>

(x,y)€De (x,y)€De R ORTON LT

< swp B ([T - T00)| 1m0 o)
b, | | tim-mess

< Const- sup EJ <T(”)y, T(”)y>

X,Y€Bw
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where the last inequality holds since ||u — v|[o < Const-d(u,v) for any vec-
tors u, v such that the angle between u and v is smaller than 7. Finally, from
the proof of Theorem III.4.3 in [2], we have

limsup sup Eé (T(”)f, T(”)y> = 0.

n— 00 x,ye Boo
Therefore the condition (A.22) is fulfilled.
We now only have to verify the condition (A.23). Note that

P

/00 (x) — W@)H <a)

> T () — T H +}T" )—W(y)”oo<oc)

Z]P( T (x) — T/ H <a/2, )T" " (x )—m(y)Hm<a/2)

> ( T (x) — T09 H <w/2) -1

—HP(’T/’(\)( ) — TV H <a/2). (A.29)

W.l.o.g., assume that & < 1/2. Observe that

P 09 (x) — W(y)‘ <a/2)
P (cOnst ST, Ty < uc/Z)) 1 (A.30)

as n — oo, where the above limit is implied from Theorem III.4.3(i) in [2]. Fur-
thermore, T'(")(x) and T”(")(x) are independent identically distributed ran-
dom variables. Therefore, IP (‘ T (x) — T (x) H <a/ 2) is always posit-

ive. This fact together with (A.29) and (A.30) imply the satisfaction of (A.23).
O
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From now on assume that 4 = 3. Following [11], for each n > 0 rescale the

triangle Agn)Agn)Agn) to a new triangle Bgn)Bgn)Bgn) such that its longest edge

has length 1, its vertices are reordered in a way that Bg”)Bén) > Bé")B§”) >
Bé")Bgn), and let the Cartesian coordinates of vertices be Bgn) = (0,0), Bé") =
(1,0),Bén) = 0, = (gn, hy); formally

2A(L,)

= =\p

(A.31)
is the height of the rescaled triangle, corresponding to the largest side with
length M,;, formally defined by (A.19). Without loss of generality, we can also

assume that A§0) = B;O),Ago) = Béo),Aéo) = Béo).

Theorem 5.3. Assume that Assumption [6|is fulfilled then g, converges in distribu-
tion to some random variable € [1/2,1].

Proof. Recall that (xlgn) ,yl(n)), i = 1,2,3 denote the coordinates of the vectors
corresponding to the three sides of the triangle. Since they are asymptotically
collinear, g, has the same limit as
8xn = f(xgn)/ xén), xén))

where f(a,b,c) is the ratio between the second largest amongst {|a], |b], |c|}
and the largest of them; in fact, |gxn — gn| < hy — 0 a.s. from an elementary
geometric observation. The only problem which could arise is if the triangle is
(nearly) vertical; however this does not happen for large n a.s. by Lemma I11.4.2
from [2] which says (equivalently) the the direction of the limiting flat triangle
has a continuous distribution.

Since in our case a + b + ¢ = 0, we can write f as

min{|al, |b|, |c|}
a,b,C =1 .
f( ) max{|al, |b], |c|}

Since the function f(-) is continuous, and the vector x(") /||x(")|| converges
weakly by Lemma [5.2} the result follows. O

Theorem 5.4. Suppose that Assumption |§|is fulfilled. Then

lim 1log(h ) = E(log(det(Ty)) 2/ (x,0)dP,(x), as.

n—oo 1
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where 0, = (gn, hy) is defined just above (A.31), 1 is the weak limit of g,, P, is its

probability measure, and
¢(x,y) = E(log(Mi) | b0 = (x,¥)).

Proof. We have the following relation

2

M;
hn:hnfl'MLzl

n

- det(T,)

which implies that
—log( Zlog (det(T;)) — glog(M )+0O 1 :
n - n 8 n

Suppose that Assumption |8|is fulfilled. By the strong law of large numbers
and equation (A.17) we have

lim — Zlog (det(T;)) = E(log(det(T1))) = u1 +p2 as.

n—co 1

By Lemma [4.]
1
lim —log(M,) — u1 as.

n—oo 11
so that .
lim —log(h,) = 2 — 1 as.

n—oo 1

On the other hand, we have

2 & M; 1
- log( Zlog (det(T;)) — . Z;log <M]]1> + . log(ho).
p -

]

Let IP,(d6| 6y) be the conditional probability measure of 6, on 6y. We have

( Zlog( > \00>:]é1111E<10g( > |90) /g (6] 60),

where we denote { () = E (log(M;) | 6p = 6) and IP,,(d6| 6p) = % i IP;(d6| 6y).
j=1

We already know that 1, — 0 almost surely and g, converges in distribution
to some random variable # taking value on (1/2,1), therefore 6, = (gu,hn)
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converges in distribution to (#,0) as n — oo. Since {(x,0) is a continuous
function of x on (1/2,1), using Cesaro mean result we have

1
g&/g +(d6)] 6) = lim /g 2(d6] 80) = /1/2§(x,0)d]P,7(x).
where [P, is the probability measure of 7. Therefore
nlgrolo Elog( n) = E(log(det(T1)) 2/ (x,0)dP (x). (A.32)

O]

Example 1. Let us consider the case when random variables ¢, G2, {3 are uni-
formly distributed on (0, 1), notice that 6, = (gn, h,) converges in distribution
to (U, 0), where U is uniformly distributed on (%, 1), see [11]]. We easily obtain

that

E (log(det(T1))) = E (log (1 —&1)(1 — &2)(1 — &3) + §16283)) = —249+712'
and
c(s,0) - LB S SR R0 )
hence

1 —15 + 72
x,0)dx = ———
JRED =

and we can conclude from (A.32)) that

775276
hy ~Ce "9 "

as n — oo in the sense that 1 logh, — —# ~ —0.43, thus strengthening the

result of Theorem 4 in [11].

Example 2. Suppose that §1, {2, ¢3 have a continuous distribution with density
symmetric around 1, i.e. p(1 —x) = p(x). Let x € (0,1) and set x; = x, x3 =
x+ (1 —2x)&3,x = & and y1 < y» < y3 be the triple x1, x2, x3 sorted in the
increasing order. For z < x, we have

P (yz_yl < z> = L(z,x)+ I(z,x)
Ys—n
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where
L(z,x) = (yz—y <zy1<y2<x<x3>
X3 —W
=P (y2 <zxzs+ (1 -2y y1 <y2 < x < x3)
=Py <y2<xzxz+ (1—2z)y; > x)
+P (1 <yr<zxs+ (1 —2z)y;zxs+ (1 —2)y1 < x)

X zX
:H)<]/l<]/2<x} 1_Z3<y1<x;x<x3<1>

+ P <y1 <yp<zz+(1—-z2)ypzs+ (1—2)y1 <x 0<y; < xl—_

—/dx3/ / [ p(2) pla) + p(m)P(yl)]lixP(xf__;)dyQ
+/ dx3/ dy1 /m“ i

L ()t 1 () ] L (32

L(z,x) =P <yz_xl <z <x<y < y3>

Y3 —x1
—(1—

— (1= — (1=
:P<M<y3<1;w<1;y2>x)
_p(rr-(0-2)x . :
= f<y3<1,x<yz<(1—z)x1+z,(1—z)x1+z>x
:]p(yz_(lz_z)xl<y3<1;x<y2<(1—z)x1+z;glc:§<x1<x>

(1—z)x1+z 1
- x—z dxl/x dy2 /yz*(lfzm

1 Y3 —X 1 Yo—X 1 X1
X {1_xp<1_x>19(yz)+1_xp<1_x>P(y3)} ;P(;)d%

For z > x, by the symmetric property, we have

P(M <Z) =h(1-z1-x)+h(1-z1-x).
Y3—Whn
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Let 77 be the invariant distribution defined in Theorem[5.3] Assume that 257 —1
has the density ¢(x), then ¢(x) is the unique solution of the following integral
equation:

./OZ @(x)dx = /OZ [H(1—2z1—x)+L(1—-21—x)] ¢(x)dx
+ /Zl [[1(z,x) + L(z,x)] ¢(x)dx (A.33)

since one can look, for example, at the linear projections of the vertices of the
triangle, see also [11].

Now fix a positive integer n, and additionally assume that 1, ¢», 3 are inde-
pendent Beta(#n, n) distributed random variables, i.e. their density function is
given by

pn(G) = Blnn) 7 ¢e01) where B(x,y) = / tx’l(l — t>y*1 dt
0, otherwise 0

is the usual Beta function. Let the corresponding invariant distribution ¢, (x)
be defined by (A.33).

Using a computer algebra system, e.g. Mathematica™ or Maple™, one can
check that the solution to (A.33) for n = 1,2,3,4,5 are given by

p1(z) =1,

palz) = 2 (1 -2)z+1),

pa(z) = s (B(1 =22 +4(1 - 2)z + 4),

94(z) = 4114909 (13(1 — 2)°2% +22(1 — z)22 + 25(1 — z)z + 25) ,

9s(2) = %g <g(1 T g(l e 3(1 2224 (1—2)z+ 1> .

We conjecture that in the general case ¢,(z) is also a mixture of some Beta
distributions, that is, there exist non-negative constants cy, cy, ..., ¢, summing

up to 1 such that
n Zj—l(l —Z)j_l
n(z) =) ci——r—n
¢n(z) = j B(j, /)

but unfortunately we cannot prove this fact.
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0 0.2 0.4 0.6 0.8 1

X

Figure A.2: For { ~ Beta(3,3), one can see the similarity between the histogram of {Zgj -1,j= 1,2,...,106} obtained from
simulation and the plot of {@3(x),x € [0,1]}.

Generalizations and open problems

Let ¢1,82,...,C4 be the random variables governing how the sides of the d-
polygon are split at each iteration. Throughout the paper we have assumed
that ¢;, j = 1,...,d are i.i.d. However, if one looks at the proofs, one can see
that the independence assumption can be substantially relaxed without any
change in the proofs. Indeed, let & = (&,8,...,&4) be the random variable
describing the splitting proportions of the sides of the polygon. Assume that

(i) P(0 <& <1)=1forall i

(ii) there are two distinct numbers a,b € (0,1) such that all 24 points of the
form x = (xq,...,x5) € R, where each x; = a or = b, belong to the
support of &;

(iii) if d is even then &1&r... &y # (1 —=3G1)(1— &) ... (1 —¢y) as.
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Then Conjecture [1]is fulfilled (observe that we still suppose that random vari-
ables Z are drawn in i.i.d. manner for each iteration).

We also strongly feel that assumption (iii) is, in fact, superfluous, so the result
will hold even if some matrices are degenerate. Indeed, intuitively, when some
of the matrices in the product are not full rank, this should even be helpful
for the convergence to lower-dimensional subspaces. However, in this case we
would clearly not be able to form a group containing all the matrices in the
support of the measure and hence cannot use the standard results from the
random matrix theory.

Another possible generalization of our model is to higher dimensional spaces,
e.g. random subdivision of tetrahedrons in R3. We are currently working on
showing similar results in this case.
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Paper B

Strongly vertex-reinforced jump processes on com-
plete graphs

OLIVIER RAIMOND? AND TUuAN-MINH NGUYENP
aModélisation aléatoire de I’Université Paris Nanterre (MODAL'X)
bCentre for Mathematical Sciences, Lund University

Abstract

The aim of our work is to study vertex-reinforced jump processes with super-
linear weight function w(t) = t*, for some & > 1. On any complete graph
G = (V,E), we prove that there is one vertex v € V such that the total time
spent at v almost surely tends to infinity while the total time spent at the
remaining vertices is bounded.

Keywords: Vertex-reinforced jump processes; nonlinear reinforcement; ran-
dom walks with memory; stochastic approximation

Introduction

Let G = (V,E) be a finite connected, unoriented graph without loops, where
V ={1,2,...,d} and E respectively stand for the set of vertices and the set of
edges. We consider a continuous time jump process X on the vertices of G
such that the law of X satisfies the following condition:

i. at time ¢t < 0, the local time at each vertex v € V has a positive initial

value Kév),

ii. attimet > 0, given the natural filtration F; generated by {X;,s < t}, the
probability that there is a jump from X; during (¢, ¢ + h| to a neighbour
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v of X; (i.e. (v, X;) € E) is given by

t
w (680) —I—/ l{stv}ds> “h+o(h),
0

where w : [0,00) — (0, c0) is called weight function.

For each vertex v € V, we also denote as L(v,t) = K(()v) + fot 1(x,—y}ds the local
time at v up to time ¢ and let

L, _ (LD LY L@
P\ ot ot g+t

stand for the (normalized) occupation measure on V at time f, where ¢, =
P ).

In our work, we consider the weight function w(t) = #*, for some a > 0.
The jump process X is called strongly vertex-reinforced if & > 1, weakly vertex-
reinforced if & < 1 or linearly vertex-reinforced if « = 1.

The model of discrete time edge-reinforced random walks (ERRW) was first
studied by Coppersmith and Diaconis in their unpublished manuscripts [7]
and later the model of discrete time vertex-reinforced random walks (VRRW)
was introduced by Pemantle in [11] and [12]. Several remarkable results about
localization of ERRW and VRRW were obtained in [20], [17], [21], [6] and [22].
Following the idea about discrete time reinforced random walks, Wendelin
Werner conceived a model in continuous time so-called vertex reinforced jump
processes (VRJP) whose linear case was first investigated by Davis and Volkov
in [8] and [9]. In particular, these authors showed in [9] that linearly VRJP on
any finite graph is recurrent, i.e. all local times are almost surely unbounded
and the normalized occupation measure process converges almost surely to
an element in the interior of the (d — 1) dimensional standard unit simplex as
time goes to infinity. The relation between VRJP, ERRW and random walks in
random environment as well as its applications were studied in [10], [13], [14],
[18] and [19].

In this paper, we prove that strongly VRJP on a complete graph G = (V,E)
will almost surely have an infinite local time at some vertex v, while the local
times at the remaining vertices remain bounded. The main technique of our
proofs is based on stochastic approximation (see, e.g. [1} 2, 3} 4]).
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Preliminary notations and remarks

Throughout this paper, we denote as A and TA respectively the (d — 1) dimen-
sional standard unit simplex in R? and its tangent space, which are defined

by
A={z=(z1,22,...,24) € R :z1 4+ 2o+ 424 =1,2z2>0,j=12,---,d},

TA ={z = (21,22, ...,24) € RY:z14+zp+ - 42z5= 0}.

Also, let ||.|| and (.,.) denote the Euclidean norm and the Euclidean scalar
product on R¥.

For a cadlag process Y, we denote as Y;— = lims_;_ Y; and AY; = Y; — Y,
respectively the left limit and the size of the jump of Y at time ¢. Let [Y] be
as usual the quadratic variation of the process Y. Note that, for a cadlag finite
variation process Y, we have [Y]; — [Y]s = Y- ,<;(AYy)? In the next sections,
we will use the following useful well-known results of stochastic calculus (see

e.g. [15])):

1. (Change of variables formula) Let A be a cadlag finite variation process and
let f be a C! function. Then

F(A) = £ = [ FADA+ T (Bf(A) = F(A-)AA)

s<u<t

2. Let M be a martingale such that M; = My + I; + fot Ksds with K being some
adapted process. Suppose that I is a pure jump process i.e. I; = } g <; Al.
Then, for f a C! function,

£ = F0) + [ F(MJKeds + Y AF(ML)

In particular,

t
M%=M3+2/ MKds+ Y AM2.
0

0<s<t

If Ny = fot HsdM;, with H a bounded predictable process, then

t
Ne= Y] HSAIS+/O H,Kds.

0<s<t
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It is also a martingale,
t
Nl = | Hzalm),
and

EIN| = B[ & (ANJ?] = B[ ¥ H3(aL)) = L[ M) = B[N,

0<s<t 0<s<t

where we recall that [M]; = Yy < (AL)?.

3. (Integration by part formula) Let X and Y be two cadlag finite variation
processes. Then

ot t
XY — XY :/ Xu,dYqu/ Yo dXy + [X, Y] — [X, Y]s.
S S

4. (Doob’s Inequality) Let X be a cadlag martingale. Then for any p > 1,

Efsup P < (525 ) Bl

s<t

5. (Burkholder-Davis-Gundy Inequality) Let X be a martingale. For each
1 < p < oo there exist positive constants ¢, and C, depending on only p such

that
oF |[X]%] <E sup | X"
ERN

< GE[[x)]"?].

Dynamics of occupation measure process

For t > 0 which is not a jumping time of X;, we have

az; 1

— = ——(—Z:+ I|X B.1
where for each matrix M, M[j] is the j-th row vector of M and I is as usual the
identity matrix. Observe that the process Z; always takes values in the interior
of the standard unit simplex A.
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For fixed t > 0, let A; be an infinitesimal generator matrix such that the (i, j)
element is defined by

Liperw),  i#];
(Ay=S— ¥ ai=
keV,(k,i)eE

where we define w!) = w(L(j,t)) = L(j,t)* for each j € V. Also, let w; =
wgl) + wﬁz) +o 4+ wﬁd). Note that

(wgl) wEZ) wgd))

Tt 1= 7 7"

Wt Wt wy

is the unique invariant probability measure of A; in the sense that m;A; = 7.
Since 71; can be rewritten as a function of Z;, we will also use the notation

iy = 1(Z;), where we define the function 7t : A — A, such that for each
z=(21,22,..,24) € A,

z{ zg
)=\ a )
2+ 42 23442

Now we can rewrite the equation (B.1)) as

dz; 1
@ At

I[X¢] — 1¢). B.2
£0+t([t] ) (B.2)
Changing variable ¢+t = ¢" and denoting Z, = Zu_y, for u > 0, we can
transform the equation (B.2) as

az - ~
duu — _Zu —+ N(Zu) —+ (I[Xeu_go] — 7-[6”—@0)'

Taking integral of both sides, we obtain that

EH'S—EO I[Xu] o 7_[u

t+s
Zii—7 :/ —Zu+7(Z,)) du +
e ‘ t (=2 (Z4)) et—ly lo+u

du. (B.3)
Lemma 3.1. For t > 0, the process M; = (M}, M?,- - - , M%) defined by
t
M, = I[X;] /O As[X,]ds

is a martingale in RY.
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Proof. For small h > 0, we have

E (I[Xpin] = I[X:] | Fi) = ZX (IG] = IXe)) P(Xe = j | Fi)
J~ At

_ EX (I[j] — I[X]) wl.h + o(h)
j~Xi
= AXi)h+o(h).

Let us fix 0 < s < t and define t; = s +j(t —s)/n for j = 0,1, ..., n. Note that
E (I[X{] — I[X{]| Fs) = (ZIE J=10X: ] | Frpy) | .Fs>
t—

=E (Z Atjfl [th,l](tj )—|—7’l 0 < " ) | f5> .

=1

Since the left hand side is independent on 1, by using Lebesgue’s dominated
convergence theorem and taking the limit of the random sum under the ex-
pectation sign on the right hand side, we obtain that

E (I[X:] — I[X (/A duyf)

ThUS, ]E <Mt| .Fs) - Ms. D

Lemma 3.2. Let w(t) = t*. Ifa > 0and G = (V,E) is a complete graph, then a.s.

ct—lo JIX.] —
lim sup / ' [s]ﬂstH =0 (B.4)
t=oo o< || /t—ty by +s
for each C > 1.
Proof. Note that, for t > 0,
1

Tty — I[Xt] = ;At[Xt]

By taking integration by part, we obtain the following identity for each ¢ €
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/ctéo TTs — I[Xs] s — /ctgo A [X ] ds
t t

—l bo+s A SIS (ﬁo-}-s)ws

:<H&FM_IWFM>

thct*fo twl‘*éo

gt (g
_/t—éo [ S]ds<(s+£0)ws> i

ct—Ay dMS
/t'—fo (S +£O)ws

Observe that for some positive constant k, ws > ks* (which is easy to prove, us-
ing the fact that L(1,) + L(2,t) +--- + L(d, t) = £y + t). We now estimate the
terms in the right hand side of the above-mentioned identity. In the following,
the positive constant k may change from lines to lines and only depends on C
and /. First,

I[XCt*fo] o I[Xf*fo]

< k/tH (B.5
thct—fo twt—fo )

Second,

4 1 _ ! 1 dw
ds \ (bo+s)ws ) (bo+s)ws  (bop+s)w? ds )~

dws
ds

When s is not a jump time, it is easy to check that < a(ly+s)* L.

Therefore, for s € [t, ct],
d 1
- - < k 24w
i (e <4

ct—Ly d 1 d
I Xs|— [ —————
./téo [ ]dS <(€o+5)ws) ’
And at last (using first Doob’s inequality), for i,j € {1,2,--- ,d},
=l dM! Ct—bo  dM: 2
/t&) (E() -+ s)ws </t€0 (60 + S)ws> .

Observe that in our setting, for i € {1,2,---,d}, (AI})> = 1 if s is a jump time
between i and another vertex. Thus [M!]; + [M?]; + - - - + [M%); is just twice

and thus,
< k/t*H, (B.6)

2

E < 4 E

sup
1<c<C
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the number of jumps up to time ¢ of X. So, for i,j € {1,2,---,d},

Ct—to  4Mi 2 Ct—to  4[M)
E / _s ) - g / ]
( t—Lo (60 + s)w5> [ t—Ly (60 + S)ng
k i 1
< m E {[M ]Ct—éo - [M ]t—fo}
k ®
< M(Ct) (C—=1)t,

where in the last inequality, we have used the fact that the number of jumps
in [t — £y, Ct — {p] is dominated by the number of jumps of a Poisson process
with constant intensity (Ct)* in [t — ¢, Ct — {y]. Therefore,

sup

/ctlg dMs
1<c<C t—Lo (60 + S)ws

From (B.5), (B.6), (B.7) and by using Markov’s inequality, we have

P sup /ct—fo M(is > l < L (B.8)
1<c<C ||/ t=Lo lo+s = | = paric2y .

for every 0 < ¢ < "‘TH By Borel-Cantelli lemma,

E

2
k

/Ccnéo ;’[Xs] — 75

limsup su
P P Crt—{, EO +s

n—oo  1<c<C

dsH =0.

Moreover, for C" < t < C"t1 we have

R IR
t

S
g —l by +s cr—ty Lbo+s

1<c<C

+ sup ds

1<c<C

/min(ct,C”“)—ZO I[Xs] — 7T,
C"—ZO EO + S

/max(ct,C"“)—ﬂo I[XS] _ nsd
— S

+ sup or1_g, lo+s

1<c<C

<2 sup ds

1<c<C

/CC"—zo 1[Xs] — 7t ds

/CC'Z+1—£0 I[Xs] o 7_[5
C”—(O EO + S

Crn+l—y, EO +s

+ sup

1<c<C

This inequality immediately implies (B.4). O
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From now on, we always assume that w(f) = t*,« > 1and G = (V,E) is a
complete graph. Let us define the vector field F : A — TA such that F(z) =
—z + 71(z) for each z € A. We also remark that for each z = (21,2, -+ ,z4) €
A,

z5 z5
F(z) = <—21 + ! oz ) : (B.9)

o wr o
Zl+...+zd Zl+...+zd

A continuous map @ : Ry x A — A is called a semi-flow if ®(0,.) : A — A
is the identity map and @ has the semi-group property, i.e. ®(t+s,.) =
D(t,.) oD(s,.) foralls, t € R,.

Now for each z° € A, let ®;(z°) be the solution of the differential equation

{j(tg)(t) - P(z(t))(,) £>0; (B.10)

Note that F is Lipschitz. Thus the solution ®;(z°) can be extended for all
t€ Ry and @ : Ry x A — A defined by ®(t,z) = ®4(z) is a semi-flow.

Theorem 3.3. Z is an asymptotic pseudo-trajectory of the semi-flow ®, i.e. for all
T>0,as.
lim sup ||Zyys — Ds(Z)| = 0. (B.11)

t—ro0 0<s<T
Proof. Indeed, by the definition of ®
~ ~ s ~
Dy(Z)) — 7y = /0 F(Du(Z:))du.

Moreover, from (B.3)

.et+57€0 I[Xu] . 7_[”

du.
Efffg EO + u

~ ~ s ~
Zt+s — 7y = /(; F(Zt+u)du +
Subtracting both sides of the two above identities, we obtain that

EH>5*€0 I[Xu] _ 7Tu

du.
Efffg €O + u

Zire = y(Z4) = /0 (F(Zs1a) — E(®u(Z0))) du +

Observe that F is Lipschitz, hence

/Es+t_€0 I[Xu] — 1Ty i
e

S
Zirs — ®(7 <1</ Ziu — ®u(2y) | du +
[y s(Zo)|l < A | Zt-4u u(Zy)]| f— 1, bo+u

4
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where K is the Lipschitz constant of F. Therefore, by the Gronwall’s inequality,

/es+t_£0 I[Xu] S i
e

Zivs — ®(ZN)| <
|1Zies — @z < sup | [ SR

0<s<T

ks, (B.12)

Finally, (B.11) follows from the inequality (B.12) and Lemma 1 that a.s.

Mty 11X, —
lim sup / ’ [”]nuduH =0.
e

t_>°°0§S§T

tf, by +u

Convergence to equilibria

Let
C={zeA:F(z) =0}

stand for the equilibria set of the vector field F defined in (B.9). We say an equi-
librium z € C is (linearly) stable if all the eigenvalues of DF(z), the Jacobian
matrix of F at z, have negative real parts. If there is one of its eigenvalues
having a positive real part, then it is called (linearly) unstable.

Observe that C = S UU, where we define
S={e=(100,---,0),e,=(0,1,0,---,0),--- ,e4=(0,0,---,0,1)}
as the set of all stable equilibria and
U={zj .. ;1< <jp<--<jk<dk=2,---,d}

as the set of all unstable equilibria, where z;, j, ... ; stands for the point z =
(z1,-++ ,zq) € Asuch thatz; = z;, = --- = z; = % and all the remaining
coordinates are equal to 0.

k

Indeed, for each z € S, we note that DF(z) = —I. Moreover,

@-a 4 .y iy

d ” md d

11 1 —a —r _q _a

ZZ ... Z) = d d d

DP<d'd’ ’d)
d d d
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and DF(zj, j, .. i) = (Dmn) where

@—1, m=n=j,i=1---,k
D, = -1, m=mnm%j,i=1,---,k
’ 0, m#nmorn#j,i=1,---,k
—% otherwise.

Therefore, we can easily compute that for each z € U, the eigenvalues of
DF(z) are —1,a — 1.

Theorem 4.1. Z; converges almost surely to a point in C as t — oo.

Proof. Consider the the map H : A — R such that
H(z) =z{ +25 + -+ 25.

Note that H is a strict Lyapunov function of F, i.e VH(z).F(z)7 is positive for
all z € A\ C. Indeed, we have

d A
VH(z).F(z)" =Y azt ' | -z + i

i=1 Yj—17%]
d Zd Z204—1
—o- L BT
i=1 Yi-17%
(- (ga) sy
= — zi | + )z )z
H(z) i=1 i=1 i=1
_ Yoz (Zucfl _ 2%1)2
= iZj \ % ‘ :
H(z) 1<i<j<d !

For z € A\ C, there exist distinct indexes ji,j» € {1,2,...,d} such that Zj\,Zj,
are positive and z;, # z;,. Therefore,

Let

be limit set of Z. Since Z is an asymptotic pseudo-trajectory of ®, by Theorem
5.7 and Proposition 6.4 in [4], we can conclude that L(Z) = L(Z) is a connected
subset of C. Moreover, C is actually an isolated set and this fact implies the
almost sure convergence of Z; toward an equilibrium z € C as t — oo. ]
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Theorem 4.2. Assume that « > 1, G = (V,E) is a complete graph and z* = e; € S
is a stable equilibrium, where j € {1,2,...,d}. Then, on the event {Z; — z*},

limsup t||Z; — z.|| < oo,
t—roc0

thus implies that the local time at j is unbounded, while the local times at the remain-
ing vertices remain bounded.

Proof. We observe that
F(z) = (z—2z%).DF(z") + R(z — z%),

where .
R(y) =y. (/ DF(ty +z*)dt — DF(Z*)> :
0
Note that |[R(y)|| < k||y||'*#, where B = min(1,& — 1) and k is some positive

constant. Therefore, we can transform the differential equation (B.10) to the
following integral form

t
z(t) — 2" = (2(0) — z*)ePF ! +/ R(z(s) — z*)ePFEI=s) g5,
0
Note that for z* € S, we have DF(z*) = —I. Therefore,
t
lz(t) =z < e "[z(0) — 2" + /0 e IR (2(s) — 27)lds.
For each small € > 0, if ||z(s) — z*|| < (%)l/l3 for all 0 <s < 't, then
t
e'llz(t) — z*[| < J1z(0) — 2" + 6/0 e[|z(s) — z"|ds.
Thus, by Gronwall inequality, if ||z(s) — z*|| < (%)Uﬁ forall 0 <s <'t, then
I2(8) = 27| < [[2(0) — z*[le~ ).
.. . . . * € 1/,5 * € 1/.B
But this is also implies that if [|z(0) — z*|| < (§) " then ||z(t) — z*| < (§)
for all t > 0. Hence, for all t > 0 and any small € > 0 and z(0) such that
2(0) = z*I| < (§)"/*, we have

|z(f) —z*]| < e’(l’e)tHz(O) —z¥|. (B.13)
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On the other hand, from the inequality (B.12) in the proof of Lemma 3, we
obtain that for T > 0,

sup || Zers — @s(Zy)[| < k sup

0<s<T 0<s<T

65+t o
/ IX] =m0 (pgy
et

fo—l—u

where k is some positive constant depending on T and may change from lines
to lines. From (B.8), we have

oSt
0<s<T

Eo +u
for every 0 < y < %X, By Borel-Cantelli lemma, it implies that
s+nT

/E — 7'(” a.s.
enT 60 + u ’)/
a+1

Taking v — %=, by the continuity from the right of cumulative distribution
functions, we obtain that
/ estnT Xu DC + 1
enT EO +u

Note that for nT <t < (n+1)Tand 0 <s < T,

> e—’yt) < ke—(Dé-‘r].—Z’}’)t,

lim sup % log ( sup

n—»00 0<s<T

lim sup % log ( sup

n—r00 0<s<T

s+t es+nT _
/ I[Xu] dbl S ) sup / I[Xu] 7Ty du
e bo+u 0<s<T ||/e"” bo+u
estn+1)T 11X.] —
+ sup / IXu] =y |1
0<s<T e(n+1)T KO +u
Therefore,
1 X - 1
limsup —log | sup / M&lu < - “t a.s. (B.15)
oot 0<s<T bo+u 2
From (B.14) and (B.15), we obtain that
1 - - 1
limsup —log | sup ||Ziys — Ps(Zy)]] | < — at a.s.
tooo L 0<s<T 2

Moreover, from (B.13), for each € > 0 there exist 6(¢) > 0 such that

19(z) —2*|| < e 7|z — 2*|
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for all s > 0 and z € By(o)(z") = {z € A : [|z—z"[| < €}. Therefore, we can
conclude that on the event {Z; — z*} there exists t(¢) such that Z; € By (z*)
for all t > t(€) and furthermore,

1 Zes = 27| < | Ztgs = Ps(Z0) || + [|@s(Zs) — 27
at+1

< e (79 4 o170 7, — 27
< e—(l—e)t + 6_(1_€)S||Zt . Z*H

for all s > 0. It implies that
. 1 . «
limsup - log || Z; — z*|| < —1+¢€
t—o0 t
for arbitrary € > 0. Taking € — 0, we obtain that
. 1 - X
limsup - log || Z; — z*|| < —1.
t—co t

This also implies that on the event {Z; — z*}, we have

1
jz-=1=0(})

as t — oo. Therefore, if Z; converges to a stable equilibrium, then there is only
one vertex which eventually has infinite local time. O

Nonconvergence to unstable equilibria

On graph with two vertices

Let us consider strongly VRJP on the graph G = (V,E), where V = {1,2},
E = {(1,2)} and assume that w(t) = t*,« > 1. Note that, z* = (1/2,1/2) is
the unique unstable equilibrium of the vector field F defined in ford = 2.

Throughout this subsection, we use the notation Const for the existence of
some positive constants and they may vary from line to line. We will use the
next results, which are inspired by the work of Brandiére and Duflo in [1] for
discrete time processes.

90



Lemma 5.1. Assume that ¢; is a Fi-adapted process satisfying the following integral
equation

t
=1+ [ (r)pedu+c@dA,), t = p,
P
where A > 0; p is not a jump time; 1 is a F,-measurable random variable; -y and c are

deterministic continuous real functions such that lim; f y(u)du = +oo; A; are
cadlag finite variation Fi-adapted processes. Assume also that a.s. thm pr = ¢ <
—00

~+o00. Then - t
/ c(t)e_)‘fr’ YW 4, = -1 a.s.
14

Proof. Applying the integration by part formula, we note that the process

t s t
o = (/ C(S)e—/\fp 'y(u)dudAs + I’]> e/\fp y(u)du
p

is the unique solution to the above-mentioned stochastic integral equation.

t
Observe that, ¢ vy 4o and @t — @* < 400 almost surely as t — oo.
Thus,

t s
/ c(s)e MW GA 4y S 0as.
p
as t — oo. ]

Theorem 5.2. Let F be a differentiable bounded function and z* be an unstable equi-
librium of F, i.e F(z*) = 0 and F'(z*) > 0. Suppose that F' is Lipschitz continuous
in a neighbourhood of z*. Let us consider the finite variation process Z; satisfying the
following equation

t
Zt—Zs:/’y( W)E(Zy) du+/ 1) (Gudut + dN,)
S
where Ny is a martingale w.r.t Fy = 0(Zs,s < t) and Gy is a Fi- adapted pro-

cess; 7y and c are deterministic positive continuous functions such that fo t)dt =
oo, [o~ y(t)2dt < oo, [;° c(t)?dt < oo.

Assume that on the event T = {limy_,o Z; = z*}, for every t > 0

v(t)
AN < .
"0 |AZ;| < Const|Gy|, (B.16)

/ G2dt < oo, (B.17)
0
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E (1r Y |AZu]2> < Const.c?(t), (B.18)

t<u<t+1
lim sup E (1r INian — Ni[? | ]-"t) < Const.J, (B.19)
t—o0
and
liminfE (1r|Nys, — Nif? | 7) > Const.h (B.20)
—00

for every h > 0. Then IP(T') = 0.

Proof. 1. Define ¢(z) = ze¥®), where

2 A — [ F(tu+z*)dt
= d
¥z /o u [y F/(tu+z*)dt !

Note that ¢ is differentiable and its derivative ¢’ is Lipschitz in a neighbour-
hood W of 0. Moreover, ¢(0) =0, ¢'(0) = 1. We denote W(z*) = z* + W and
thus W(z*) is a neighbourhood of z*.

2. By the change of variables formula for finite variation processes, we have

0(Zi-2) 9z ~2) = [ ¢(20 ~2)az,
+ (Ap(Zy —2*) — ¢'(Zu— — 2")AZ,) .

s<u<t
Define ¢; = ¢(Z; — z*), we obtain that
t
O — @5 = / ¢ (Zu_ — 2) [y (u)F(Za)du + c(u) (Gudit + dN,)] + c(u)dH,,
where
1

H; = —— (Ap(Zy — 2*) — ¢'(Zu— — Z2")NZ,,) .
t 0<Nc(u)( 9 ) —¢'( )AZ,)

Therefore, on the event I'y = {Z; € W(z*) forall t > p}, for p < s < ¢,

t ~
oc= @ = A [ 7(0)gudu+c(u) (Cudu + ¢'(Zy —2)AN, + dH,),
S

where ;
G = -1z, —2)aR(Z) + 921 — )G

92



Since F is Lipschitz on W(z*), on the event Iy, we remark from that
|G| < Constz((:))mzt\ + Const|G;| < Const|Gy|.
Therefore, from (B.17)
E <1r,, /t ” ngu) 0,8 f — oo. (B.21)

By Lemma on the event I', we obtain that

/ k(t)(Gudt + ¢ (Zo_ — 2)AN, + dH,) = —g,, (B.22)
p

t
where k(t) = ¢ " Jy 7(”)‘1”(:(1‘). We also note that

E

1, /t k(u)dH,

Ir, ) oMy 0)ds (Ap(Zy —2*) — ¢'(Zy— —2")AZ,)

t<u<oo

=E

Note that ¢’ is a Lipschitz function on W, therefore

\Ap(Zy —2°) — ¢ (Zu— — 2")AZ, |

1
_ ’/0 0 (Zu — 2"+ tAZ)dE — ¢ (Zu — 27| |AZ4]
< Const.|AZ, %
On the other hand, it implies from (B.18) that
E(1, Y e "% az,p
t<u<oo
t+n
_ Z e*/\fp ’Y(S)dS E (1[‘p Z |AZu’2>
n>0 t+n<u<t+n+1
t+n oo u
< Const. ) | e M T2y ) < Const./ My 1O (1) 2
t

n>0
1/2

< Const. (/too (eAf;;'"Y(S)dSC(u))zdu)l/z (/th(u)zdu>
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Since ft 2du — 0 as t — oo, we obtain that

oo o 1/2
E|1r, / k(u)dHy| = o ( / kz(u)du> . (B.23)
t t
2. Denote
St Qp + / Zu_ - Z*)dNu + Gudu + dHu),
T, = / k(1) (¢ (Zue — 2*)dNy + Gudu + dH,)
t
and
- _/ (Gudu + dH, + (¢ (Zu — 2°) — 1)dN,) , py :/ k(1)dN,.
t
We claim that
E (|o¢|* | F¢) < Const.a? (B.24)
and
E (|Pt‘ ’ ./rt) Z COI’ISt.lXt, (325)

where oy = ([, kz(u)du)l/z. Indeed, the inequality (B.24) immediately fol-
lows from the assumption (B.19). On the other hand, by Burkholder-Davis-
Gundy inequality, Doob’s inequality and the assumption (B.20)

1
E (]pt]?’/z | ]-"t) > %]E (Slil? |ps|3/2 ] ]-"t> > Const. E ([p]‘?/4 | }}>
ERS

— Const. << /t " k(u)%d[N]. >3/4 | }“t>
> Const. E <</toQ k(u)zdu)3/4 \ .7-") Const.a3/2,

Finally, by Holder inequality we can conclude that

(E (|| F2)°
]E(’Pt| | Fi) > IE(‘Pt’2|]'—t)

3. From (B.22), we note that on the event I',,
p

> Const.a;.

Tt = —St.
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Therefore,

||ot] + sign(Si)oi| = [|oi| — sign(Ti)pt| = [|p¢| — |T¢| + sign(T:) (T; — p1)|
< 2|(Ti — pr)| = 2|l

Denote I'P) = {lim;0 Z = 2"} N{Z; € W(z*),forallt > p} and Ft(p) =
{IP(T(P)| ;) > 1/2}. By the inequality (B.25), we observe that

]P(ng)) < Consta; ' E {1rt<,,) E (|p¢] | .7-})}
= Consta; ' E [lrgp) E (|p¢] + sign(St)p: | }"t)} ,

where the later equality follows from the fact that S; is F;-measurable and
E(p¢|F) = 0. Thus,

P(T}") < Consta; " E [1r) E(2|7| | F1)] + Consta; ' E le(”) ~

E(2lo]) | 7]

- _ 1/2 )
< Consta; " E [1r(, ||| + Consta; ' E Ulm) — L) |2} E [Jo:[*]"/2.

1/2
Observe that E {|1r<p) — 1 ]2} — 0as t — co and E [|p:|*] < Const.a2. On
t
the other hand,

1r(P) /t k(u)dHu

oo 1/2
E 17| 7|] < Const.a; <]E <1r<p> / Gﬁdu)) + Const. E
t

+Const. E |1, / k(1) (¢ (Zue — 2*) — 1)dN, | .
t

The first and the second term have order o(«;) as t — oo by (B.21) and (B.23).
Moreover,

E

L [ k) (¢'(Zue = 2) = 1) N,

<E <1r<p> /OO k() (¢ (Zu- —2") — 1)2d[N]u>1/2

t
© ) 1/2
< ConstE <1r(,,) / K (u) (¢ (Zu- —2*) — 1) du> = o(a),
t

where the last estimation is implied from the fact that, lim; ;. ¢'(Z;— —z*) =1
on the event I'P). Thus,
E [1r) [n|] = o(ar).

95



Therefore, we can conclude that P(T'(P)) < lim; o, P(ng) ) = 0. It implies that
P(T) = P(U,I'P) = 0.

O]

We now return to the occupation measure process Z; = (Z},Z?). For t > 0,

define 1
7, = Z] {szl}

PO T e
and for each z € IR,

- z
F(Z) = Fl(Z,l — Z) =—z+ m.
By the integration by part formula, the equation (B.2) can be rewritten as the
following form for 0 <s < t

d +/ dEu + Rudu

ST u-l—ﬁo (u+4p) (1 + £)2/2+17

where we define the martingale

t 1
E = / S S—
t 0 (u-+—£0)“/2
1 t (Au>X1
— - 1 _ _1 _ _ ur d
L v gy Moen Ty /o (u+ o2

O<u<t

and the F;-adapted process

- L a/2+1
Ry = (F(Z}) = E(Z4))(t+ o)™ — (t+ f)e/2H 1ix, —1)-
Note that .
L ozl<—
’Zt Zt’ — (t+£0)a+l — 0

as t — oo. Furthermore,

- s - Const
1 1
(F(z}) ~ F(Z2))| < Constz} = Zi| < (s
It implies that
Const
Re| £ ——FF—.
[Re| < (£ £y)e/2+1
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Therefore -
/ R?dt < +oco.
0

For h > 0 and large t, we observe that

E <|Et+h —Ef* | ft)

_E y (Lgx,=1 — Lx, =13)° A
t<u<t+h (u+ Lo)*

< - x E (number of jumps between 1 and 2 during (t,t + h))
(t+4o)"

< Const.h,

where in the last inequality, we have used the fact that the number of jumps
between 1 and 2 during (¢,t + h) is dominated by the number of jumps of a
Poisson process with constant intensity (t + h)* during (¢, t + h).

Beside this, on the event I' = {Z; — z* = (1/2,1/2)}, L(1,t) = t/2 + o(t) and
L(2,t) =t/2+4o(t) as t — co. We thus have

E <1r |Etyn — Eif” | ]:t)
N

(t+ Lo+ h)~
> Const.h,

x [ (1r x number of jumps from 1 to 2 during (¢,t + h))

where in the last inequality, we have used the fact that the number of jumps
from 1 to 2 during (f,t + h) is greater than the number of jumps of a Poisson
process with constant intensity L(2,t)* = (% +o(t))* during (¢t + h).

Furthermore, for each t > 0,

— 2
(.2, m0) e ( 5, o)

t<s<t+1 t<s<t+1
Const
S IE (1 X;=1 -1 Xs—=1 )2
(TF L) <t<s§+l x=1p ~ Lpx =1
Const Const

(t+6p)* =

< . R —
— (t + £0)2zx+2 (t + go)zx+2

Applying Theoremfor (1) = ﬁ,c(t) = W, N; := E; and G; :=
R, we can conclude that P{Z; — z* = (1/2,1/2)} = P{Z; — 1/2} = 0.
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Multivariate nonconvergence theorem

In this subsection, we consider a cadlag stochastic process Z; taking values in
R? such that

t t t
0 0 0

and the following assumptions are fulfilled
Assumption 9. 1. Fis a C2-vector field;

2. G and H are cadlag adapted processes taking their values respectively in R
and in R4, and there are decreasing deterministic continuous functions t
gt and t — hy with limy_,eo §¢ = limyye0 hy = 0 such that for all t > 0,
sup; |Gf| < g and sup; ; |H,’| < hy;

3. M is a martingale of the form M; = Ny — fot Nsds such that for all i €
{1,...,4d},

e N'isan increasing cadlag process taking its values in IN such that AN} :=
Ni—Ni_€{0,1}and ifi # j, ANIAN] =0 forall t >0,

e Al is a nonnegative cadlag adapted process.

Let z* be a non-degenerate unstable equilibrium of F. Then RY = E* & EY,
where E° and E* are respectively the generalized eigenspaces generated by the
eigenvalues of DF(z*) with positive and negative real parts. To simplify the
notation, we suppose that E” is spanned by ey,...,e, and E° by ey41,...,€;.
Since z* is unstable, there exist constants C, A > 0 such that

D@t (z")|| = [|ePFE ]| > CeMjo]|
forallv € E* and t > 0.

Let (z!,z);) € E°® x E* be such that z* = zf +z}. By the stable manifold
theorem (see, e.g [16], Theorem 10.1), there exist a neighbourhood Ny = N &
N of z*, with N (resp. N{') a ball around z} in E° (resp. around zj in E¥)
and a C>-function I' : N§ — N such that

(a) DI (z¥) = 0.
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(b) The graph of I":
Graph(T') ;== {v+T(v) :v € N}

equals to the local stable manifold of z*:

s (z") = {z € R?: Vt > 0,®4(z) € Nj and tlim Di(z) =z"}.
—00

(© Wi

» (z") is an invariant manifold, i.e. for all f € R,

th(Wfoc(Z*)) ﬂNo - WZSOC(Z*)'

Letr: Np — W (z*) and R : Ny — R be defined by
r(zs +zu) = zs + T'(zs)

and
R(z) = [z = r(z)|*

Then r and R are C? and R vanishes on W} (z*).

Following Lemma 6.7 in [5], there exists #; > 0 and a neighbourhood N7 C N
of z* such that for all z € Np, @y, (z) € Ny and

R(®y, () > R(z). (B.27)

Let N2 C N be a neighbourhood of z* such that ®_;(z) € N for every
t € [0,t1]. For z € N, set

Then 7 is satisfies the following
Lemma 5.3. (i) #(z) =0, for every z € No "W _(z*),
(ii) n7is C*> on N,
(iii) Forall z € N, Dy(z)F(z) >0,
(iv) There is a constant C,, € [1,00) such that for all z € Ny and u € R?,
1
ID7(2)]| < Cyn2(2),
1D ()|l < Cy,
2i1(2) Dy 11 (2) = (Dun(2))* = —Cyllul P (2)°"2.
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(v) For every € > 0 there exists N5 C N, such that for all z,z' € N§ and v =
z/ —z,

l *
1(z) = 1(z) = Don(z) > 505,11 (2%) —elo]?,

(vi) D2 5(z*) = 0 if v € ES and there is a positive constant p such that for all
u € E", Dy,uy(z) = 20(u*

Proof. (i) and (ii) are clear. For z € N>,

Dy (2)F(2) = lim < (7(@s(2)) — 7(2))

6—0
! ( [ R @i [ R(®s(z))ds>

— R(z) — R(®_4,(2)) > 0.
Therefore, (iii) is implied from (B.27).
Set z; = ®_4(z), and for u € RY, u; = D,z; = D, ®_;(z). Then

ty 5]
Dui(z) = Du/o 12 — r(z:)||2dt = 2/0 (s — Duyr(22), 2t — r(z1))dt.

The first inequality in (iv) can be proved by using Cauchy-Schwartz inequality
and the fact that r and ® are C2. The second inequality in (iv) simply follows
from (ii). The inequality in (v) is a simple consequence of the Taylor expansion
of 7. We now prove the third inequality in (iv). Using Cauchy-Schwartz
inequality, one obtains that

t

291(z) Dy 11 (z) — (Duty (2))? = —417(2)/0 (D7 (z0), 20 = 1(ze))dt

+47(z) /Otl (wy — Dy, 1(2¢), 2t — r(z¢))dt,

where we set wy = Dy, ®_4(z). Therefore, the third inequality in (iv) is ob-
tained by using again Cauchy-Schwartz inequality.

To prove (vi), we remark that for u,v RY,

t
_2/1 Dy r(z*),0r — Doyr(z*))dt,

where uy = D, ®_;(z*) and v; = D,®_;(z*). Since for v € E%, v; € E®, we have
Dy, r(z*) = v;. This shows the first assertion of (vi). Following the proof of the
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claim (iv), page 54 in [4], there is a positive constant cy such that for all u € E*
and 0 <t <y,
[ = Dy (z¢) | = col[u]-

This prove the last statement of (vi), with p = c3t; O

A consequence of the first inequality in Lemma [5.3(iv) is that for all z,z’ € N,
if u = z/ — z, it holds that

This with the third inequality of (iv) implies that if ||u| < LCZ(Z) (which
implies that for all t € [0,1], 7(z + tu) > 0), then

Vi) = Vi) - 20

//fz;y (z+tu)DZ ,51(z +su) — (D un(z+su))2dsdt
T4 17(z +su)3/2

> — @ x| (B.28)

Suppose moreover that

Assumption 10. o There are a constant c* and a positive decreasing determin-
istic positive function t — ¢; with limy_ e ¢; = 0 such that when Z; € Np,

m . d )
o < Y Y (HF2AY and Y Y (HF)?AF <. (B29)
j k i=1 k

o Setny = 17(Zt)1z,en;. Let t — ay be a positive decreasing function such that
lim;_y00 a; = 0. We suppose also that there is T < co and C < oo such that for

allt > T,
% < /t " cudu < ( C’;‘fc) A ( 8(%1*) ; (B.30)
4C, /t.oo ayQudu < p/tloo c,du; (B.31)
ac, /t " gudu < (B.32)
h < (\2) A (212,7) : (B.33)
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For € < 5= we will choose later on, and ¢ > 0, define the following stopping
times

Sy =inf{s > t:ns > a?}, (B.34)
—inf{s > t: Z, & NE}. (B.35)

Lemma 5.4. Forallt > T,

]P[St AU < oo\]-"t] >p 1

P =20y or (B.36)

Proof. Applying the change of variable formula to (B.26), we have
S
775_77t:/ ,YuDﬂ( u du+2/817 Hldek

+/ Dy(Z)Gudu+ Y (Ay(Zy) — D(Zy )AZ)).

t<u<s

Using Lemma [5.3(iii-iv-v), the definitions (B.34), (B.35) and Assumption [9]2),
for t < s < §; A U;, we obtain that

17t>2/817 )V HEAME — C/txugudu

Z Zal]n )AZIAZ, —e Y ||AZ2.

t<u<s i,j t<u<s

Since AZLAZ] = ¥, HX H!' ANKAN! = ¥, HiF HIX AN%, we get for t <'s <
S AU,

17t>2/817 ) HEdME — C/zxugudu

+— Y X (") — 2e0,;) Hif HIE AN
t<u<51]k
S
ik
Ty / Z 2e5”) HiFHIF Ak du,
where
Za n(Z)HIF + = Z, ) — 2e6; ;) HiF HL.
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Note that K* is bounded on [t,S; A U;]. For 1 < k < d, Lemma Vi) and the
assumption (B.29) imply that

1 . ik meo .
5 2 (02m(2") — 2e8 ) Hy Hi' Ay, > p ) (H)*AG — e ) (H Ay
ijk i=1 i

> (p—ec*)ey > gcu

(since we have chosen € < 2@ ). We thus have

SiAU; X K e8] p SiAU;
Ns,au, — N = Z/t Ki,_dM;, — C,Y/t 0y gudu + E/t cy,du.  (B.37)
k

Note that when S; < Uy, from the definitions (B.34), (B.35), we have 1(Zs,—) <
ag, and Zs,, Zs,~ € N5 C Na. Furthermore, from Assumption|§k2-3), |1AZs, || =
I|[Hs,_ ANs, || < d.hg,. Therefore, from the change of variables formula, the two
first inequalities in Lemma [5.3{iv) and the assumption (B.33), we obtain that

1
W(Zst) - W(Zst*) < DU(ZSz*)AZSt + ECUHAZStHZ
1 2
< Cylyn(Zs)18Zs, || + 5 18Zs,|I]
1
< Cyldas,hs, + Edzhgt] < a3

Thus we get that ns, = 1s,— + (115, — 115,—) < Zaét. On the other hand, when
Uy < St, u, = 0 and when S; A Uy = o0, lim;_, 175 = 0. Therefore, from (B.37))
and the fact that { M; };>¢ is a martingale, we have

2E[af, | Fi) = Elysaul Fi]

[ee] p Sf/\ut
> _Cﬂ/t 0y gudu + E]E [/t cudu

> —C”/ 0y Qudu +g (/ cudu> P[S; A Uy = oo| Fy].
t t

7

Using that oc%t A S a21g,A11,<co, We Obtain from the above inequality that

-1
2C; [, augud 2
P[S; AUy < 00| Fy] > (1_’7ft"‘g”) <1+‘mt>

p [ cudu p [ cudu
In the last estimation, using the assumptions (B.30) and (B.31), we easily obtain
(B.36). O
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Lemma 5.5. Let H = {limy_,00 Z; = z*} and for t > 0, H, = HN{U; = oo}.
Then, for all t > T, on the event {S; < U;},

IP[H;| Fs,] < (B.38)

I\J\H

Proof. Set T} = inf{s > S; : s = 0}. On the event {S; < U;}, for s €
[St, Ty A Uy,

<z>du+Z San< )HleMJ

\/> S 2/1 “
Dy (Z, D17( )AZ, )
+ / Di(Zu)Gu o (B.39)
St Z\ﬁ S,<Zu:<s ( ) 2v/1(Zu-)
We remark from the definition (B.34) that

Vs, 2 &s,. (B.40)

s = wa+/w

From the second inequality in Lemma [5.3(iv), Assumption [9{2) and (B.32), we
have

s C 5
L/Dﬂzmhwz_-”/gﬂuz—%% (B.A1)
N 2 Js, 8

From (B.28),
3 (A W(Zl)_wzu—mzu)
1
Si<u<s 2 W(Z”_)
C
> ——”HAZ [&
2 Z Z Hlk ZANk
ik Si<u<s
C S .
> ?2/ sz Zde ’72/ (HZIi)ZAchldu
Cy *2amk — "Gy
> §Z / (HE 2wl — =2 A " cudu (B.42)
o
> §Z / (H 2aM - Sas, (B.43)
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where (B.42) is implied from the assumption (B.29) and (B.43) is implied from
(B.41).

Set
s . . C
W [ (S r)a e
ik St 2\/1(Zy-) 8
and
L= inf M (B.45)
SE[St,ut/\Tﬂ

Then, combining (B.39) together with the inequalities (B.40), (B.41), (B.43), the
definitions (B.44) and (B.45), we have

1 1 3
Vs = &s, + 1 — gt’ést — gﬁést = szst + I

on the event {S; < U;}, for s € [S;, T; A Uy]. Therefore,

1
inf /75 > 24

SE[Sr,Ut/\Tt}

on the event {S; < U;} N {I; > —ias,}. Thus on the event {S; < U},

1
P[H|Fs,] < P [It < — s, fst] : (B.46)
Using Doob’s inequality, we have
1 4 Ui AT} 5
P [It < —5as, }"St] < Z /St ;(L’,j) AXdu }'St], (B.47)
t

where, for u S [St, Ut A lt],
0: (Z . (
k i\ 4u 1k zk
_ , 1 H
u 22 (Z u 8 ;

i

From Assumption |§k2), note that Zi(Hi[k )2 < d.hf, < 1 as u is large enough.
Using the first inequality in Lemma [5.3] Wiv), we have

i
C h ;
'7 n “; ] <c, [CEHF?,  (B49)
i

< L (H)?
i
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where the last inequality of (B.48) is implied from the assumption (B.33)). The
assumption (B.29) and (B.48) imply that, for u € [S;, U; A Ty,

YILPAL < LY (AL
k ki
c*ey. (B.49)

Therefore, from (B.47), (B.49) and the assumption (B.30)

1 4C%c* o 1
P [It < —5s: fst} < 2 /Sf cydu < 5
This inequality and (B.46) imply the lemma. O

Theorem 5.6. P[lim;_,o Z; = z*] = 0.

Proof. Set A := {3t;U; = oo}. From (B.36) and (B.38), for t > T,

PH{|Fi] = B[P[H{|Fs,]1(s,<u,y | 7]

>

X IP[St < Ut|]-"t]

NI~ N[~

> X <p —]P[U,f < oo\]:t]) .

Since H = {limy_,o Zt = 2"} C A, for t > T, a.s.
P[H'|F] = lim P[HE|F]
= lim E[P[H{|F]|F]

S— 00

S—0

1
> lim = x (p — E[P[U; < oo| F.]|F])
> lim & % (p— P[Us < ool F])

X
s—o0 2

> 2 x (p—P[A|F]).

Since, a.s., lim;_,co P[H®|F;] = 1 and lim;_, P[A°|F;] = 14c, we obtain that

1
1Hc > E(p—lAC) a.s.

This implies that a.s., A C H¢, which is possible only if P(A) = 0 or IP(H®)
1. We thus have proved (since H C A) that P(H) = 0.

o
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Application to strongly VRJP on complete graphs

Theorem 5.7. Assume that w(t) = t*,a > 2 and G = (V, E) is a complete graph.
Then for every unstable equilibrium z*,

]P{Zt—>Z*}:0

Proof. Without lost of generality, we only need to consider the event {Z; —
z*}, where z* is a unstable equilibrium such that z; = 1/m if 1 <i < m and

*

zZ; 0 otherwise, where m € {2,..,d}. We apply the previous theorem to
7y =27+ G i[ff)’l —. Then Z satisfies (B.26), by taking

1
,)/t Cha t+£0’

F(Zt) — F(Zt) 4

=2 S (2 1) IX,
G - (2+ )[t]/
Bo_ s €
Ht «— 51,] (t + go)a+1/
Nf = Y |A[X.]],

O<u<t

A} = € ALXd],
where ‘
6; = 1{Xt7él‘} — 1{Xt:i}'
Then N’ counts the number of jumps of X from i or towards i.

For some sufficiently large constant g, one can take

1

8 _
and h; = presg

8§t = pa+2

We thus have ' )
sup |Gi| < g, and sup |H/| < Iy.
Note that t t
M= Y AN;'_/ A;du:/ ¢ _dMmi
O<u<t 0 0

is a martingale. Note also that

A= Y Lxeqinwr -
Jij~i
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If one assumes that G is a complete graph, then by taking c a sufficiently small
constant, ¢; = ct~(@“+2) and ¢* sufficiently large, one can check that (B.29) is
satisfied.

We then have ftoo cudu = a%rlt*(““).

SC,ZIC*C
a+1

and C > 4”2(““), T

Set a; = at—*%" . Then if one takes a such that a2 > e

sufficiently large, then (B.30) is satisfied.

2ag _3’("‘72*1)

We calculate [~ a,gudu = e = o (J,” cudu), which implies that if
T is taken sufficiently large, (B.31) holds for all t > T.

If now one takes T sufficiently large, then (B.32) and (B.33) also hold.

All this proves that P[Z; — z*] = 0.
O
Remark. Since Lemma requires that F is a C2-vector field, the case of

subsquare weight functions, i.e. 1 < a < 2, is still not solved for complete
graphs with d > 3 vertices.
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Paper C

On a class of random walks in simplexes

TuAN-MINH NGUYEN AND STANISLAV VOLKOV

Centre for Mathematical Sciences, Lund University

Abstract

In this paper, we will study the limit behaviour of a class of Markov chain
models taking values in the d-dimensional unit standard simplex, d > 1,
defined as follows: from an interior point z, the chain will choose one from
d + 1 vertices of the simplex with probabilities depending on z and then it will
randomly jump to a new point z’ in the segment connecting z and the chosen
vertex. In some specific cases using Beta distribution, we prove that the limit-
ing distributions of the Markov chain are Dirichlet. We also consider a related
history-dependent random walk model in [0,1] based on Friedman’s urn-type
schemes. We will show that this random walk converges in distribution to the
arcsine law.

Keywords: Random walks in simplexes, iterated random functions, Dirichlet
distribution, stick-breaking process.

Introduction

We denote as
Si={(z1,z2,...,z4) ER :z1 420+ +24< 1,2, >0,j =1,2,...,d}

the standard unit simplex in R?, also let B(S;) and A4 stand for the Borel
o-algebra and Lebesgue measure on S; respectively. Let Ey = (0,0,...,0) be
the origin and E; = (1,0,...,0), E2 = (0,1,0,...,0), .., E; = (0,...,0,1) be
standard orthonormal basis vectors in R?, which are also the vertices of S,
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Let p = (p1, p2, .-, pa) be a mapping from S; to itself so-called probability choice
function. For some initial point Zy € &;, we consider the following random
iteration

Zyt1=(1=Gn)Zn+n®

for n > 0, where §,,n = 0,1,2,... are i.i.d copies of a random variables ¢ with
support in [0,1]; ®, is a discrete random variable independent from {¢, },>0

such that
P(©, = Ej|Z, =z) = pj(z),j =1,2,....d;
P(®, = Eo|Z, = z) = 1 - L}, pj(2).

The aforementioned model was first introduced by Sethuraman in [10], in
the case the choice probabilities py, p, ..., ps are positive constants. Sethura-
man proved that if { ~ Beta(1l,7), ©® is a discrete random variable such
that ]P(@ = E]) = pj for ] =1,2,...,d, po=1—-—p1—p2— .. —pg and
Z ~ Dirichlet(p17, p2, - - -, Pa7Y, Poy), then

Z~(1-¢)Z+¢O,

where Beta(a,b) denotes the beta distribution with the probability density
function

(a+b)

I' being the Gamma function and Dirichlet(ay, &, ..., a4, 24,1) denotes the Di-
richlet distribution with the probability density function

Zd‘H d agp—1
f(z1,22, 0 24) = u (1 — Zzi> Hz”‘i’l
i=1 i=1

S o< <,

Hd+1 r(
defined for each (z1,2y, ..., z;) in the interior of S;.

This identity is often used for the construction of Dirichlet distribution in
&4, which has been intensively applied to Bayesian nonparametric statistics.
Further extensions when { ~ Beta(k,y), k is a positive integer, and © has
quasi-Bernoulli distributions were studied by Hitczenco and Letac in [5].

In [4], Diaconis and Freedman reconsidered Sethuraman’s model from the
point of view of random iterated functions and also discussed the case in
which p(z) depends on z € §; = [0,1]. Other models in S; with various
specific cases of p(z) and ¢ were studied in [8], [9], and [7]. Inspired by the
work of Diaconis and Freedman, Ladjimi and Peigné in their recent work [6]
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studied iterated random functions with place dependent choice probabilities
and demonstrated several applications to the one-dimensional model where
¢ ~ Uniform[0,1] and p(z) is Holder continuous in [0, 1].

In [7], McKinlay and Borovkov gave a general condition for the ergodicity
of the one-dimensional Markov chain {Z,},>0 in S;. By solving integral
equations, they derived a closed-form expression for the stationary density
function in the case where ¢ ~ Beta(1,y) and p(z) is a piecewise continuous
function on [0,1]. In particular, if p(z) = (1 —c¢)z+b(1 —z),b,c € (0,1], then
the stationary distribution is Beta(by, c7y).

The model, also known in the literature as stick-breaking process, stochastic
give-and-take (see [2], [7]) or Diaconis-Friedman’s chain (see [6]) has numer-
ous applications to other fields such as human genetics, robot coverage al-
gorithm, random search, etc. For further discussions on these, we refer the
reader to [2], [9] and [7].

The aim of our work is to study the limit behaviour of the d-dimensional
Markov chain {Z,},>0 in S; and a related history-dependent random walk
model in [0, 1] which is not a Markov chain. In Section 2, we give an exten-
sion of the work of MacKinlay and Borovkov in higher dimensional simplexes
under some certain assumptions for p(z) and ¢. In the case where ¢ is Beta
distributed and the probability choice function p(z) is linearly dependent on
z, we prove that the limiting distributions of these Markov chains are Dirich-
let in Section 3. In Section 4, we also consider a history-dependent random
walk model in [0,1] based on Friedman’s urn-type schemes. Using martin-
gales and coupling techniques, we will show that the random walk converges
in distribution to the arcsine law.

Existence of the limiting distribution

To prove the ergodicity of the Markov chain {Z, },>0, we will use the following
result (see [[1], Theorem 2.1)

Proposition 2.1. Let Z,,n = 0,1,2,... be a Markov chain corresponding with the
measurable state space (X,B(X)) such that for n > 1, P(Z, € A|Zy = z) is a
measurable function of z € X when A € B(X) is fixed, while it is a probability
measure of A when z is fixed.

Then Z, is ergodic if there exist a subset V. € B(X'), q > 0, a probability measure ¢
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on (X,B(X)) and some positive integer ng such that

(a) P(ty < oo|Zyg=2z)=1forallz € X, where Ty =inf{n >1:Z, € V},
(b) sup, ., E (1v|Zy = z) < o0;

(c) P(Zy, € B|Zo=2z) > q¢(B) forall B€ B(X)andz € V;

(d) gcd{n:P(Z, € B|Zy=2z) >qp(B)} =1forze V.

Moreover, if the above conditions are fulfilled, then there exists an invariant measure
u such that the distribution of Z,, converges to y in total variation norm.

Forz = (z1,22...,24) € Sy, wedefinezg =1—2; —z — -+ —zz and po(z) =
1—pi(z) = pa(z) = = pal2).
Assumption 11. There are 6 € (0, zld) and s, t € (81/4,1 — 6V/4), s < t such that

(i) FF(1-06):=1-n<1;

(ii) there is an € > 0 such that forany 1 <k < dandany 0 < j; < jp < --- <

k<d,
k

inf (z) > e
ZESd:zj1+...+zjk§5l 1P]l( )_ ’

(iii) there is ¢ > 0 such that for all B € B([0,1]),B C [s(1 —t)* 1 —6,t]U[(1 -
H4 —5,1— s],
P(¢ € B) > cA(B),

where A is the Lebesque measure on [0, 1].

Remark. The condition (i) is quite natural to avoid the absorption of Z, at
the boundary of S;. For d = 1, the above conditions are mostly similar to
the assumptions (E1-E2-E3) of McKinlay and Borovkov in [7]. However, in
comparison with the condition (iii), they required that ¢ has a density on
[s—d,tjand [1—t—4,1—s].

Also, observe that in condition (iii) the intervals are properly defined (but may
overlap).

Forj=0,1,...,d, let

‘/j:{’z:(zll---/zd)GSd:].—&SZjS]_}'
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In particular,

B
Vo
Vo Vi
E 0 E 1

Figure C.1: lllustration of V;, j =0,1,2 in case d = 2.

Let T : [0,1]¢ — S defined as follows, for each x = (x1,xy,...,%4) € [0,1]%,

T(x) = <x1 [T @=x),x [T @—xp),...,x49(1— xd)/xd> :
1<j<n 2<j<n

Note that T is a homeomorphism from (0,1)“ to the interior of S¢. Moreover,

the inverse T~ ! is defined such that, for each z = (z1,...,2z4) in the interior of

Sa,

4 ¥4 Z4—1
1— Y z'1- )Y z' "1-z

2<j<n 3<j<n

T (z) =

Z4

Forj=1,2,...,d,z=(z1,...,zq),u = (u1,...,ug) € Sq,z0 =1 —Y9_, zx, tip =
1— Y9 u, we define the following affine operators
Rj(21122/ s /Zd) = (ZO/ ZAVRRE /Zj—l/Zj—i-l/Zj—i-Z/ s Izd)l
Gz (u) = (uoz1 + w1, uozo + U, ..., Uozg + Ug) .

Note that provided zp # 0, the map G; is invertible and its inverse can be
computed as

1 Z1Up ZUg Z4Uuo
G, (u)=u — S Uy — S Uy — — ).
20 20 20

117



We also define
Uj

K= (u1,...,ug) €ESg:8 < ——7——
{ 1—21:]'+1ul

gtJ::LZP.”d}::Tq&ﬂ%.

The proof of the following Lemma is given in the Appendix.

Lemma 2.2. (a) If z € V then
T 1oG 1K) C [s(1—t)1 4,4
() Ifz € Vi withk € {1,2,...,d} then

T loG3t

R 0 Re(K) C [ =1 =5,1—s] x [s(L—t)""" — 5,41,

Theorem 2.3. Assume that all conditions in Assumption 1 are fulfilled with a com-
mon §. Then the Markov chain {Z, },>0 converges in distribution.

Proof.
Step 1. We define

d
v=UV
j=0

Observe from the assumption (i) that P(Z; € V|Zy =z) > n=1—-F(1-4) >
0 for all z € S;. Therefore, for all z € Sy, given Zp =z, v =inf{n > 1:Z, €
V} stochastically dominates a geometric random variable with parameter 7.
Thus,

P(ty >nlZy=2z) < (1—n)".

Hence, the conditions (a) and (b) are easily verified.

Step 2. Throughout this proof, we let Const stand for an existence of some
positive constant. From the definition of {Z, },>0, we observe that

Zg = 0020+ 0100 + (201 + - - - + (4Oy_1,

where
d—1 d
(gll .. wéd) = T(éO/"-/ gd*l)l gO = H(l - C]) =1- Zg]
j=0 =1

For1<k<dand0<j; <jp <:---<jx <d,define

Ujljz,,.jk = {Z = (Zl,Zz,...,Zd) €S, Zj, +Zj2 4+ .- _|_Z].k < 5} .
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Let B € B(Sd) Then, if Zo =z €V and Oy = E1,0; = EZ""/®d—l = E,,
then Z; € Uj11j42,.4 for j=0,1,...,d. Therefore, by assumption (ii), we note
that

P(Z; € B|Zy = z)

> ]P(Zd € BﬂK,(@m@l,...,@d_l) = (El,Ez,...,Ed) | Zo = Z)

> T, infeewy,,, (Z}i:z Pj(z)) x P (Coz+ C1E1 + - - - + L4Eqg € BNK)

> et ]P((&)Zl + 01,0020+ Co, ..., Cozg + é’d) € BN K)

=€’ P ((¢1,82,---,04) € GT1(BNK))

=e? P ((&o,&1,--.,€a-1) € T 1o G (BNK)).

(C.1)

Step 3. For B € B(S;) and z € V), from the assumption (iii) and Lemma
we have

P ((go, .. &) €T 1oGIY(BN K)) > Mg (T—1 o GI1(BN K)) . (C2)
We will demonstrate that,
Ay (T—l o GIL(BN K)) > A4(BNK). (C.3)

Indeed, the inequality (C.3) is implied from the fact that for any differentiable
mapping Q : S; — [0,1] and A € B(S,),

0
M(QA) = int ldet (2-000) )| Aa(a)
ues, Ju
and by setting the Jacobian Q = 2 G- !(u) to get
1+ = 2 E
22 22 Z 4
) 2 1+2 oz 2 1
dot (i) =der| ¢ i ¢ | =iz
. Zi1 21 )4z Zia =0
% CEEEY % % 1 + %
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and

‘}i - 2 = 2 AR o 2
ey (1-Dy)”  (1-Xy) (1-E/2 )
" TR G G
] 1=Yj-37j 1-2 50 1-y7 4o,
det <T_1(v)> = det ) Y Y
v
1 U4
e 0 ﬁ (1:11);)2
0 0 0 1

(- 50) =

From (C.1), (C.2)) and (C.3), for each B € B(S;) and z € Vj, we obtain that
P (Z; € B|Zy = z) > Const A; (BNK). (C4)
Step 4. For each k € {1,2,...,d}, B € B(S;) and z € V, we have

P(Z; € B|Zy =z)

>P(Z; € BN (K),(©y,®,...,0;_1) = (Eo,E1,...,Ex_1,Exs1,---,Eq) | Zo = z)
> Const IP (Rk—1 o Gr,()(G1, G2, Ca) € BN K)

= Const IP ((Cl, 0 € GEkl(z) oRi(BN K))

— Const P ((go, G, Bat) €T 1o Gyl o R(BN K)) ,
where we remark that, for u € S; and z € V,

R ! (GRry(z) (1)) = (uoz1 + ti2, ..., UoZk—1 + Uk, U0Zk, U0Zk+1 + Uk 1, -+ U0Zd + Ug) -

From the assumption (iii), we have

P (20,818 1) € TGl o Ri(BNK)) = Aa(BNK).
It implies that for each B € B(S;),k=1,2,..,dand z € V,
P(Z; € B|Zy =z) > Const A; (BNK). (C5)
We define the probability measure ¢ as follows, for each B € B(S;),

o(B) = ML
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From (C.4) and (C.5), we can conclude that the condition (c) is verified.
Step 5. For each B € B(S;) andz € V,

P (Zgs1 € B|Zo =2) > P (Zys1 € B, Zy € V|Zo = 2)
=P (Zys1 €B|Z1 €V, Zy = 2)P(Z1 € V|Zo = 2)
>3 P (Zys1 € B|Z1 € V)
> Const Ay (BNK).

Since ged(d,d + 1) = 1, the condition (d) is now clearly fulfilled. O

Beta walks with linearly place-dependent probabilities

Assume that Z, converges in distribution to a random variable Z. Then
Z~(1-¢8)Z+¢0,

where © is a discrete random variable independent from ¢ such that

]P(@ = E]’Z = Z) = p](Z),] = 1,2,...,d;
P(© = Eo|Z =2) =1 - L1, pj(2).

Lemma 3.1. Assume that ¢ and Z respectively have the probability density functions
g(u) for u € (0,1) and f(z1,22,...,2q4) for (z1,22,...,24) in the interior of Sy.
Then Z ~ (1 —¢)Z + ¢O if and only if f and g satisfy the following equation

d
flz1,22,...,20) = Y T;, (C.6)
=0
where
1 1 Z1 2o Zq Z1 42 Z4
Ty = —fl=,=,..., = —, =, = 1—u)d
0 /zl+22+---+zd udf<u u u)po(u u u)g( u)du
and

z

u u u u u

" '<Z1 zi1 zj—1+u zjy1 oz
pj .

.. i , L )g(l—u)du

u u u u u
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Proof. Denote Z = (1 —&)Z + £@. We have

d 1 1
:Z/ IP<Z+
j=070

where for y = (y1,y2, ., Ya),z = (21,22,.,24) € RY, we write z < y if zj <
Yyj,j =1,2,...,d. Note that

z
P < 0= E]-> = /Sd Lryor g} S WP ()dy

Observe that for j = 0,1, ...,d,

ad
S5 o, Hvette 0wy} Iy
:L}df< (z—(1—u)E ))p;(l( (1—u)E ))1{ —(1-wEes;}
L (Ge-a-05)) b (e - 0-0E)) 1 ey

Therefore, the density function f of Z is computed as follows

o < 2,@ - E]-) ¢1—wdu,  (C7)

f(z1,22, .02 Z/Z udf ( (1— u)E])> p (i(z —(1- u)E]-)> ¢(1—u)du

]
¥,
j=0
The lemma is implied from the fact that Z and Z have the same distribution if

and only if f(z) = f(z) for all z in the interior of S;. O

Theorem 3.2. Assume that

(a) & ~ Beta(1,7);
(b)) p=(p1,p2,---,pa) : Sqg — Sy is defined by
d+1
pi(z1,22, ..., z4) = Br(1 — z¢) + (1 — E Bi +ﬁk> 7z, k=1,2,..4d,

j=1

where By > 0 and ZdH Bi—Br<lfork=1,2,.,d+1;
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(c) Z ~ Dirichlet(B17, B2, - - -, Ba¥, Ba+17)-

Then Z ~ (1 — ¢)Z + ¢O yielding by Lemma 3.1| that Z,, converges to a Dirichlet
distribution.

Proof. Let f and g be respectively the probability density functions of § ~
Beta(1,y) and Z ~ Dirichlet(B1, B2, - - -, BaY, Ba+17)- We only have to verify
that f and g satisfy the integral equation (C.6).

We have
d+1
Y Z ﬁ] d ]’y . 1 d YBa+1—1 ,y<dill !3/1> -1
Ty= ——~ pre] Hz ‘ %z- u—;z]- u j
HF Biv) =N =
d+1 d
YBa+1u — ¥ Bi—1) (u—) z||du
j=1 j=1
d+1
I v Z] ’B] Ba+17Y d 5 1
= i
~ i <1_sz> HZJ'/ ’
[1rBm) = =
i=1

where we note that
1
/ u N u—2)" au — b(u — 2)]du = (1 —2)~

Z

Similarly, for k = 1,2, ...,d, we also obtain that
d+1

r i Zl lB] d Bar1r—1 d 5 1
BT E— <1 — ;Z]> Zkl:!:zj] .
L1 = =
i=1

Ty =

Therefore,

d+1
d T Z;ﬁ] d Bat17—1 p
]: —
k;oTk = a1 <1 B ZZ]) HZ v f(z1,22, ..., 2a).
1)
=1
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Remarks.

e Ford =1, p1(z) = B1(1 —z) + (1 — B2)z. This is the one-dimensional
case considered by McKinlay and Borovkov in [7].

e Ford > 1, if Z?:ﬂl p;j = 1 then we obtain the model considered by Seth-
uraman in [10].

Random walks in [0,1] based on Friedman'’s urn-type schemes

In this section, we are interested in the following random walk model in the
unit interval S; = [0, 1] with the following assumptions

1. At time n, there are potentials L, and R, at 0 and 1 respectively, and we
denote as Z, the position of the particle at this time.

2. At time n, with probability Lnl‘;‘an , the potential at 0 will increase a value

proportional to Z,, i.e. the distance from 0 to the current position of
the particle, and then the particle is pulled to a new uniformly random
position Z, ;1 inside the interval (0,Z,). Otherwise, with probability
Ln]ian , the potential at 1 will increase a value proportional to 1 — Z,, i.e.
the distance from 1 to the current position of the particle, and then the
particle is pulled to a new uniformly random position Z, inside the
interval (Z,,1).

For more general, we can consider the following random recursion

Zu1 = Zo(1 =8 gy oy + (2ot (1= Z05 )y 0y,

+Rn Ln+Rn

together with two “urns” L,, R, respectively at 0 and 1, defined as follows

Lny1 = La ‘|‘f(Zn)1{un< .

Ln+Rn

Ryt1 =Ry +f(1 - Zn)l{u,,> Ln }’

Ln+Rn

where f : [0,1] — [0,+o0) is some function; C,SL) and C,SR),n > 1, are inde-
pendent random variables taking values in [0, 1]; U, n > 1 are i.i.d uniformly
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distributed random variables in [0, 1] and independent of gff), g,(f), Zy,n > 1.
Since the probabilities jumping to the left or the right depend on (L, R,), the
random walk {Z, },>1 is no longer a Markov chain but depends on its history.

We assume from now on that C,SL) = C,SR) = §n,n > 1, are uniformly distrib-
uted in [0,1]. Note that in the case where f(x) = B > 0 for all x € [0,1], the
process (L,, Ry)n>1 is reduced to the classical Friedman urn w.r.t the matrix

(5 o)

It is well-known in this case that L,/ (R, + L,) converges almost surely to
1/2 as n — oo (see e.g. [3], Corollary 5.2). Therefore, one can show that Z,
converges in distribution to the arcsine law Beta(1/2,1/2).

In the remaining part of this paper, for simplicity, we restrict to the case where
f(x) =xforall x € [0,1].

Lemma 4.1. L, + R, — oo almost surely as n — oo.

Proof. There are the following cases that might occur:

e Case 1: There is € € (0,1/2) such that

limsupZ, > € and liminfZ, <1 —e.

n—so00 n—oo

In this case, we will show that there exist infinitely many ns such that
Z, € (e,1—¢); therefore L,11 + Ry+1 — (L, + Ry) > € for all such n
implying that R, + L, — oo. Indeed, assume that Z, € [0,e] U [1 —¢,1]
for all large n; moreover the assumption on liminf and limsup imply
that Z, visit both segments infinitely often; hence it must make infinitely
many moves to the right when Z, € [0,¢e]. However, each time it does
so, Zy+1 will land in (e,1 — €) with probability at least 1 —2¢ > 0 so
eventually this will happen a.s. contradicting the assumption.

e Case 2: lim, o Z, = 0. In this case, for each € > 0, there exists N large
enough such that for alln > N, Z, € (0,¢). If Z,1 € (Z,,1) infinitely
many times for n > N, then, since P(Z,+1 € (,1)|Zy11 € (Z,,1)) >
1 — ¢, there exists N’ > N such that Zys € (e,1) which is against our
assumption. This contradiction implies that there exists Ny such that
Zny11 € (0,Z,) for all n > Ny. Hence, we have

L, = LNO(l +m+my+.+ 771772...17,1_1\]0),
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where 11,12, ... are independent uniformly distributed random variable
in [0,1]. It is well-known that 1 + 11 + 171172 + ... + 1172...17, converges
almost surely to a finite random variable as n — oo (see e.g. [11]). On
the other hand, for all n > Nj

R, S Ry

o >0, as,,

P (Zys1 € (Zo,1)|Z;,j =1,2,...,n) = Ly +Ry, = Ry, +L
0 o0

where Lo := lim, . L,. The above contradiction implies that this case
cannot happen.

e Case 3: lim,, o Z,, = 1, this case is similar to Case 2.

Lemma 4.2. L L
< liminf =2 < lim sup <12,

1 n—oo n n—o0o n

Proof. The proof is based on the arguments from the previous statement. For
simplicity rewrite the recursion equivalently as

Zyt1 = Gn an{Un<LL7”} +<Zn+én (1_Z”>)1{Un> Ly }

n+Rn Ln+Rn

We know that Z, makes a.s. infinitely many steps to the left as well as to the
right. Hence there exists a sequence of stopping times

nM<m<n<nyy<...
going to infinity, such that

Zpi1 < Zy, if n € [1, ;) for some i,

Zpi1 > Zy, if n € [y;,Ti41) for some i.
Consequently,

Lm - LT,- = Zm(l + grﬁ—l + CTi-i-l‘:TiJrZ et CTi+1‘:Ti+2 o ‘Cm—l)
<1+ Cqq1 + Co1lran+ -+ Cpr1lrao- - Cpa +1,
Ry, — Ry, = 0.

126



At the same time with probability 1/2 we have ;1 < 1/2. Assuming this,
we get that Z,, < ¢, 1 < 1/2. Since at the time 7; the walk moves to the right,
we have R, 1 — Ry, =1— 2, > 1/2. Consequently, we obtain that

n n
Ly41 <Y Va, Ry1>) 7
j=1 j=1

where all v, and 7, are independent and v, has the distribution of 2+ Y2, [T, &
yielding Ev, = 3 while 7, equals 1/2 and 0 with equal probabilities 1/2, so
that E7,, = 1/4. Now the strong law of large numbers together with mono-
tonicity of L, and R, imply that

Ly 3
limsup — =12.
TP R, = 172
The complimentary inequality can be proved identically. O

Lemma 4.3. {, := converges almost surely to {« € (0,1) as n — oo.

n
Ly + Ry
Remark. From the previous lemma it follows that

1/13 <liminf{, < limsup ¢, < 12/13.

Proof. Let F, stand for the c-algebra generated by 7y, ..., Z,. Let us consider

the quantity
1 L,+7Z,\> 1
W, =(=— .
" (2 Ln+Rn> +Ln+Rn
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We have
E (Wn+1|]:n)

Ly, Ly
= E(W, u —_—,
Ln+Rn < n+1 n<Ln+R11 fn)
L
un ]:n>

Rn n
+ E (W, > "
L, + R, ( -l L, + R,
Ly /Zn1 <1_ Ln+Zn+u)2+ 1
L,+R,Jo Z,|\2 L,+R,+Z, L,+ R, + Z,
1 2
n R, / 1 <1_ L,+u )+ 1 du
LVl+RTl Zn]._Zn 2 Ln+Rn+1_Zn Ln+Rn+1_Zn

Ly 3(Ly—Ry)*+12(Ly — Ry) Zy + 12 (Lyy + Ry + Z,,) + 1322

- L+ R, 12 (Ly + Ry + Z4)?

. Ru 3(Li- Ru)? +12(Ly — Ry) Zy + 12 (Ly + Ry + Zy) +13(1 — Z,,)?
L.+ Ry, 12(Ly 4+ Ry +1 - Z,)? '

du

L Ly 1
Substitut = ——— and = —
1u Zlumggn L +R, and ¢, L +R,

— tn

, to the above identity, we obtain that
€n

s Rp =
n

, or equivalently, L, = g—n R

_ . en[ro(Gnz) +r1(Gnz)en + - +15(Gn 2)en)
E (Wasr = WalFn Zn =2) = 6(enz +1)2(1 + €a(1—2))2 ’
(C.8)

where
10(C,2z) = —2420% 4 3627 +127° — 1827 — 24¢*> 4+ 3z + 157 — 3
= -3(20 - 1)*((z+ (1 -2)(1-0)),
(¢, z) = —302%¢% — 1220° + 30 227 + 24 27>
+60° -7z 3820 —120*+14z+1370 -7,
12(0,2) =102°C —122°7*> —52° =922 + 72> — 1920 +4z+ 67 — 6,
r3(0,z) = —z (62°0* — 6270 — 12270 — 172
—122°0 +620* +282* +302 — 23z — 6 +12),
ra(g,z) = —62* (1 —z) (—2220 + 22 + 220 + 1),
r5(0,z) = —62* (z—1)°.

128



One can show that maxy e (o1 ri(x,y) <0fori=0,2,3,4,5 From the proof of
Lemma €, — 0, and one can show that

max (ro(x,y) +r1(x,y))e <0
x,y€[0,1]
for 0 < e < 0.5. Hence W, is a supermartingale. Therefore, by Doob’s martin-

gale convergence theorem, there exists Wy, := lim W, almost surely.
n—oo

Observe that gi’l € { \/ - m - Lﬂ%, 2 + \/Wn Ln+Rn Ln+Rn}

On the other hand, note that

L, 1-2, R, Zy }
— < max . , . — 0
|€n+1 €n| - { Ln + Rn Ln+1 + Rn+1 Ln + Rn Ln+1 + Rn+1

as n — oo. It implies that limsup, _,  {, = liminf, ;. {; := (e almost surely.

O

1
Lemma 4.4. (o, = 5 almost surely.

Proof. Suppose P(We = 0) < 1. Then, there exists € > 0 such that P(W, >
€) > 0. Let us denote the stopping time

Tm:inf{nzm : Wn<§}.

Since IP(Ws > €) > 0, there exists m such that P(7,, = o) > 0. Let us consider
Y, = Wynr,. Yy is also a supermartingale, hence, there exists Yoo = limy, 0 V5.
From (C.8), observe that for N > 0,

E (Wyin) — E (W) =

m+N1
—E ( Z 2 (280 — 1) (ZnCn+ (1= Zu)(1 = Cn)) en(1 +O(5n))> .

n=m
Therefore,

E (Yoo) — E (Y) (€9)

=—E(fiug—n%aa+a—zwa—a»%a+ow»)

n=m
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Note that W, > £, for all n < 7,. Hence, combining with the remark in
Lemma 4.3, one can show that there exists v > 0 such that on the event

{Tm = OO},
% (200 — 1) (Zulu+ (1= Za) 1= ) > 7,

for large enough n. Since IP(7,, = o) > 0, the LHS of (C.9) is finite while the
RHS is divergent. This contradiction proves the lemma. O

Theorem 4.5. As n — oo, Z,, converges in distribution to the arsine law Beta (%, %)

Proof. Using Lemma for small € > 0, there exists (random) N such that

for all n > N. We couple {Z,},>0 with two random walks {Z,},>¢ and
{Z,}n>0 defined as follows:

e For0<n<N,setZ, =Z, = Zy.

e Forn > N, set

5 EnZn iflU, <i-g¢
Z?l+1 = ~ ~ . 1
Zn+8n(1+2Zy) ifU, >3 —¢,
and )
5, { gnzn if U, < % +€;
Zpt1 =14 5 5\ . i
Zn+8n(1—=2,) ifU, > ;5 +e.

Assume that for some n > N, Z,, < Z, < Z,. We observe that:
e When Z,, chooses left, Z,, also chooses left since U, < % —e < Lnﬁ’an'
In this case, Z,11 = &nZn < &uZn = Zn+1. When Z, chooses right, Z,
might choose left or right, but we still have Z,,1 < Z,+¢,(1 —Z,) <
Zy + Cn(l - Zn) = Zn+l~

e When Z, chooses left, Z, also chooses left since U, < Lneran < % + €.
In this case, Z,+1 = $uZy > CnZn = Zn+1. When Z,, chooses right, Z,
might choose left or right, but we still have Zyi1 < Zy+ (1 — Zn) <
Zy+ gn(l - Zn) = Zn+1-
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By induction, we obtain that for all n > 0, Zn < Zn < Z,. Therefore, we have
P(Z, <x) <P(Z, < x) <P(Z, < x)

for all n > 0 and x € [0,1]. On the other hand, by Theorem 7, and Z,
weakly converge respectively to Beta (3 +¢, 4 —¢€) and Beta (1 —¢€,1 +¢€) as
n — oo. Since € is arbitrarily small, the theorem is proved. O

Appendix

Proof of Lemma 2.2.

(a) For u = (uy,...,uy) € Kand z = (z1, ...,z4) € Vo, we will consider
v = (v1,0,...,04) = G; (u).

Note that ug <1 —uy < 1—(5§zo,zj <1 -2y <4 and thus

d-1 _ Up
s(1—1t) —5§uj—zj§vj—uj—%zj§uj§t

forj =1,2,...,d. Therefore, for j = 1,2,...,d, we have

u V4 4o
. i—Zi— ”
d—1 , Yj _ Z j
s(I—t)"" —6<v; < y = y y uOS d <t
S SRR SRS ST A S
I=j+1 I=j+1 I=+1 20 I=j+1

It implies that v = G; (1) € Ky for each u € K and z € V), where we denote
Yj

Ko=<(v1,...,04) €Sy:s(1—t) 1 o< —L
{ 1_2?:]41”1

gt,j:1,2,...,d}.

Observe that T~1(Kp) = [s(1 — )41 —4,t]. Thus, T"'o G (K) C [s(1 —
$)A=1 — 5,44,

(b) Foru € K,z € Vi, let
v =(01,02,...,.. V) = G§k1(2)<Rk(u>)

Ug Uj Uj Ug Uy
= |\Uo—Zo—— U1 — 21—y s Uk—1 — Zk—1 s Ukl — ZkH1 s  Ud —Za—— | -
Zk Zk Zk Zk Zk
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Note thatz; <1—z <¢dforl € {0,2,..,d} \ {k} and uy < max{uy,1—u;} <

1 — 6 < z. Therefore, we observe that:

(i) fork+1<j<d,

7; 2k
U — 7.2k
i - Zk < I <t
1—201 1—Zul—|—Zzlk 1—21/{1
I=j+1 I=j+1 I=j+1 I=j+1
and
% vi=u—zi K >z >s(1—t) 1 -6
i ST TE =T
1-— Z (4]
I=j+1
(ii) for j = 1, we have
u
uo—ZO*k
01 _ Zx —1_ Uk
d d Mk_ d d
1—2'()1 M0+ZZI* 1—21/{1 zk—i—ukZzl
= =1 %k I=1 I=1
u u
<1-— —t <l————<l-s
1—2141 Zk + Ug 1— Z Uj
1=k I=k+1
and
v u
7161201:140_207’(2(1_’5)11_5.
Zk
1—201
1=2
(iii) for 2 < j <k,
u
- Uj_1— Zj—l;k Ui q
s(1—t)d_1—5§v]-§ ]d = y y k< ]d
u
1- Y o 1-Yu+Yz=> 1-Yu
1=7+1 =5 %k I=j

Therefore,

veT ([(1 — ) =51 8] x [s(1— )1 —§, t]d’l) .
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