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1. Introduction and organization

The LCCC focus period on Dynamics and Control 
in Networks took place in Lund in October 2014. 
It spanned over five weeks with a 3-day work-
shop in the middle (October 15-17). The highly 
cross-disciplinary research theme was chosen by 
the LCCC board to support the strategic vision 
of the Centre. 

The event was organized by the LCCC fac-
ulty members Giacomo Como and Anders 
Rantzer, and local practical arrangements were 
handled by Eva Westin. A scientific committee 
was formed, composed by Tryphon Georgiou 
(University of Minnesota), Steven Low (CalTech), 
Asuman Ozdaglar (Massahusetts Institute of 
Technology), Rodolphe Sepulchre (University 
of Cambridge), Sandro Zampieri (Università 
di Padova), and the organizers. The scientific 
committee selected other fifteen world-leading 
researchers in the field and invited them to give 
a seminar at the workshop, extend their stay 
during the focus period compatibly with their 
commitments, and nominate outstanding young 
researchers for an extended stay. Seventeen 
such researchers were selected by the scientific 
committee and invited to join the Center for 
periods of 3 to 5 weeks and to give a seminar 
during the focus period. 

In addition to their seminar, all the partici-
pants where invited to submit open problems 
that could motivate and inspire the research 
community. The initiative was meant as a first 
step of a wider project to collect open research 
problems in Control Systems in conjunction with 
the 2015-16 thematic year in Control Theory 
and its Applications organized at the Institute 
for Mathematics and its Applications (IMA). The 
submitted problems underwent a peer review 
process and some selected ones were present-
ed during the workshop. The workshop was 
concluded by a panel discussion moderated by 
Anders Rantzer.

1.1 SCIENTIFIC THEME
Networks, ranging from infrastructure (such as 
transportation, communication, and distribution 
networks) to social and economical networks, 
play an increasingly central role in many aspects 
of our lives. Many of the key interactions in these 
networks are inherently dynamic and the net-
work connectivity and feedback pathways affect 
robustness and functionality. Such concepts are 
at the core of a new and rapidly evolving frontier 
of Dynamical Systems and Control. 

In this new technological and scientific realm, 
the modeling and representation of systems and 
the role of feedback need to be reevaluated. 
Traditional thinking, which is limited to a small 
number of feedback loops, is no longer applica-
ble, e.g., because of its lack of scalability. Feed-
back control and stability of network dynamics 
require new approaches. Decentralized control 
and distributed optimization, as well as layered 
architectures and plug-and-play paradigms have 
become of central interest. 

The October 2014 LCCC Focus Period and 
Workshop brought together leading experts 
and outstanding young researchers with differ-
ent scientific backgrounds in disciplines such as 
Control, Power Systems, Operation Research, 
Communication Networks, and Statistics, to 
share their results, compare their approaches 
and attempt to define the goals and boundaries 
of this exciting new research field. 
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2. Workshop 

2.1 WORKSHOP SEMINARS
Controllability for Complex Networks: Metrics 
and Limitations
Sandro Zampieri (Università di Padova)

Differentially positive systems
Rodolphe Sepulchre, University of Cambridge, 
UK

A survey of classical and recent results in RLC 
circuit synthesis
Malcolm Smith, University of Cambridge, UK

Synchronization and evolvability in nonlinear 
networks
Jean-Jacques Slotine, Massachusetts Institute 
of Technology, USA

Community Detection: Fundamental Limits and 
Optimal Sampling Algorithms
Alexandre Proutiere, Kungliga Tekniska Hög-
skolan, Sweden

Community detection in stochastic block models 
via spectral methods
Laurent Massoulié, Microsoft Research-INRIA 
Joint Centre

Complex Energy Systems
Michael Chertkov, Los Alamos National Lab-
oratory, USA

Semidefinite relaxation of optimal power flow
Steven H. Low, CalTech, USA

Distributed Alternating Direction Method of 
Multipliers for Multi-agent Optimization
Asuman Ozdaglar, Massachusetts Institute of 
Technology, USA

Learning graphical models: hardness and trac-
tability
Devavrat Shah, Massachusetts Institute of 
Technology, USA

Load Balancing Using Limited State Information
R. Srikant, University of Illinois at Urbana Cham-
pain, USA

On the eigenvalues of large structured matrices 
and the scalable stability of networks
Glenn Vinnicombe, University of Cambridge, 
UK

Toward standards for dynamics in future electric 
energy systems 
Marija Ilic, Carnegie Mellon University, USA

Plug-and-Play Control and Optimization in Mi-
crogrids
Florian Dörfler, ETH Zurich, Switzerland

Lyapunov Approach to Consensus Problems
Angelia Nedic, University of Illinois at Urbana 
Champain, USA

Majority Consensus by local polling
Moez Draief, Imperial College, UK

Robust Networked Stabilization: When Gap 
Meets Two-Port
Li Qiu, Hong Kong University of Science and 
Technology

Schroedinger bridges: steering of stochastic 
systems classical and quantum
Tryphon Georgiou, University of Minnesota, 
USA

Randomized averaging algorithms, when can 
errors and unreliabilities just be ignored?
Julien Hendrickx, Université Catholique de 
Louvain, Belgium

Systemic Risk in Finance
Munther A. Dahleh, Massachusetts Institute 
of Technology, USA

On Distributed Control of Dynamical Flow Net-
works
Giacomo Como, Lund University, Sweden

Control of convex-monotone systems
Anders Rantzer, Lund University, Sweden
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2.2 FOCUS PERIOD SEMINARS 
Robust stability of positive systems: a convex 
characterization
Marcello Colombino (ETH Zurich)

A new approach to sequential rate-distortion 
problems and applications 
Takashi Tanaka (Massachusetts Institute of 
Technology)

Stability and power sharing in microgrids 
Johannes Schiffer (TU Berlin)
Differentially positive systems 
Fulvio Forni (University of Liege) 

Submodularity and controllability in complex 
dynamical networks 
Tyler Summers (ETH Zurich)

A scalable approach to the design of large net-
works 
Richard Pates (University of Cambridge)

Bounded disturbance amplification for mass 
chains with passive interconnections 
Kaoru Yamamoto (University of Cambridge)

Gossip coverage control for robotic networks: 
dynamical systems on the space of partitions 
Ruggero Carli (Università di Padova) 

A communication/control co-design paradigm 
for networked control systems 
Wei Chen (Hong Kong University of Science and 
Technology)

Resilience of natural gas networks during con-
flicts, crises and disruptions
Rui Carvalho (University of Cambridge)

New approaches to identification and control of 
nonlinear systems 
Ian Manchester, University of Sydney

On the push-sum algorithm with unreliable 
communication 
Balázs Gerencsér (Université Catholique de 
Louvain)

Resilience and cascading failures in large-scale 
networks 
Wilbert Rossi (Politecnico di Torino)

Universal convexification via risk aversion 
Dvijotham Krishnamurthy (CalTech)

Distributed and event-based state estimation 
Sebastian Trimpe, (Max Planck Institute for 
Intelligent Systems) 

Stability of linear consensus processes
Ji Liu (University of Illinois at Urbana Champain)

Control of evolutionary games on networks 
James R. Riehl (University of Groningen)

2.3 SELECTED OPEN PROBLEMS
Two Problems on Minimality in RLC Circuit Syn-
thesis
Timothy H. Hughes1, Jason Z. Jiang, and 
Malcolm C. Smith

The Classical n-Port Resistive Synthesis Problem
Michael Z. Q. Chen

Synchronization of oscillators: Feasibility and 
Non-local analysis
Julien Hendrickx Florian Dorfler

Modeling for plug and play control in strongly 
coupled nonlinear networks
Marija D. Ilic and Xia Miao

Stability of Passivity Based Control for Power 
Systems and Power Electronics
Kevin Bacovchin and Marija D. Ilic

On the asymptotic behavior of differentially 
positive systems
Fulvio Forni and Rodolphe Sepulchre
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The workshop was concluded by a panel discus-
sion moderated by Anders Rantzer. The panel 
was composed by Munther Dahleh (Massachu-
setts Institute of Technology) Marija Ilic (Carn-
egie Mellon University), and Glenn Vinnicombe 
(Cambridge University). The panelists were 
asked to address the following points:

1. We have had lectures on control, energy, 
community detection and financial risks. 
What are the important common issues 
and the important differences? Do we have 
enough of a common language?

2. How do we stay relevant and where do we 
set the boundaries of our discipline? 

3. What teaching curriculum do we need to 
address the common issues?

Concerning point 1, the consensus was that 
the topics could be classified in two relatively 
homogeneous categories. On the one hand, 
in large-scale physical systems such as power, 
transportation, and financial networks, there are 
measurable flows among the different units and 
there is an infrastructure posing constraints on 
such flows. Issues of efficiency and robustness/
resilience are ubiquitous in this area. On the 
other hand, there are problems of community 
detection, consensus, and opinion dynamics in 
social networks where the central issue is to es-
timate from data the actual network structure 
and decision mechanisms in place. 

The centrality of ideas such as the design of 
local decision makers achieving a global ob-
jective and layering, e.g., exploiting time-scale 
separations that are inherent in many complex 
systems was also brought up. 

The discussion on Point 2 highlighted the ten-
sion between the need for the community not 

3. Panel Disscussion 

to loose its rigorous methodology while being 
close to the problem. The importance and chal-
lenges of having good contact with practitioners 
were also brought up.

Point 3 stimulated the debate on how to go 
back to fundamentals and get rid of what is no 
longer so central. The need for engineers with 
systems knowledge was highlighted along with 
the fact that computer science and communi-
cation should be fundamental parts of control 
engineering curricula. 
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Wednesday, October 15 

08:30  Registration at the Old Bishop’s Palace at Biskopsgatan 1 in Lund

08:45  Opening remarks
 Giacomo Como and Anders Rantzer, Lund University, Sweden

09:00  Controllability for Complex Networks: Metrics and Limitations
 Sandro Zampieri, Università di Padova, Italy
 Differentially positive systems
 Rodolphe Sepulchre, University of Cambridge, UK

10:20  Coffee

10:40  A survey of classical and recent results in RLC circuit synthesis
 Malcolm Smith, University of Cambridge, UK
 Synchronization and evolvability in nonlinear networks
 Jean-Jacques Slotine, Massachusetts Institute of Technology, USA

12:00  Lunch

14:00  Community Detection: Fundamental Limits and Optimal Sampling Algorithms
 Alexandre Proutiere, Kungliga Tekniska Högskolan, Sweden
 Community detection in stochastic block models via spectral methods
 Laurent Massoulié, Microsoft Research-INRIA Joint Centre

15:20  Coffee

15:40  Complex Energy Systems
 Michael Chertkov, Los Alamos National Laboratory, USA
 Semidefinite relaxation of optimal power flow
 Steven H. Low, CalTech, USA

Thursday, October 16

09:00  Distributed Alternating Direction Method of Multipliers for Multi-agent Optimization
 Asuman Ozdaglar, Massachusetts Institute of Technology, USA
 Learning graphical models: hardness and tractability
 Devavrat Shah, Massachusetts Institute of Technology, USA

10:20  Coffee

10:40  Load Balancing Using Limited State Information
 R. Srikant, University of Illinois at Urbana Champain, USA
 On the eigenvalues of large structured matrices and the scalable stability of networks
 Glenn Vinnicombe, University of Cambridge, UK

12:00  Lunch

PROGRAM LCCC October 2014 
Workshop on Dynamics and Control in Networks
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14:00  Toward standards for dynamics in future electric energy systems: 
 The basis for plug-and-play industry paradigm
 Marija Ilic, Carnegie Mellon University, USA
 Plug-and-Play Control and Optimization in Microgrids
 Florian Dörfler, ETH Zurich, Switzerland

15:20  Coffee

15:40  Lyapunov Approach to Consensus Problems
 Angelia Nedic, University of Illinois at Urbana Champain, USA
 Majority Consensus by local polling
 Moez Draief, Imperial College, UK

18:15  Buses leave from Bangatan (green arrow on map)

19:00  Symposium Dinner at Långa bryggan, Bjärreds saltsjöbad 

Friday, October 17

09:00  Robust Networked Stabilization: When Gap Meets Two-Port
 Li Qiu, Hong Kong University of Science and Technology
 Schroedinger bridges: steering of stochastic systems classical and quantum
 Tryphon Georgiou, University of Minnesota, USA

10:20  Coffee

10:40  Randomized averaging algorithms, when can errors and unreliabilities just be ignored?
 Julien Hendrickx, Université Catholique de Louvain, Belgium
 Systemic Risk in Finance
 Munther A. Dahleh, Massachusetts Institute of Technology, USA

12:00  Lunch

14:00  On Distributed Control of Dynamical Flow Networks
 Giacomo Como, Lund University, Sweden
 Control of convex-monotone systems
 Anders Rantzer, Lund University, Sweden

15:20  Coffee

15:40  Panel Discussion
 Anders Rantzer (moderator)
17:00  Final remarks – end of the workshop
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Appendix C 
 
PRESENTATIONS
CONTROLLABILITY FOR COMPLEX NETWORKS: METRICS 
AND LIMITATIONS
Sandro Zampieri, Università di Padova, Italy 

This presentation will consider the problem of controlling complex 
networks, i.e., the joint problem of selecting a set of control 
nodes and of designing a control input to steer a network to a 
target state. For this problem, we propose a metric to quantify the 
difficulty of the control problem as a function of the required con-
trol energy and we derive bounds based on the system dynamics 
(network topology and weights) to characterize the tradeoff 
between the control energy and the number of control nodes. 
Our findings show several control limitations and properties. For 
instance, for symmetric networks, if the number of control nodes 
is constant, then the control energy increases exponentially with 
the number of network nodes. On the other hand, if the number 
of control nodes is a fixed fraction of the network nodes, then 
certain networks can be controlled with constant energy inde-
pendently of the network dimension.

Asymmetric networks highlights richer scenarios. Indeed, it can 
be shown that, while asymmetric but isotropic networks are still 
difficult to control, sufficiently anisotropic networks are instead 
easy to control.
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DIFFERENTIALLY POSITIVE SYSTEMS
Rodolphe Sepulchre, University of Cambridge, UK 

The talk will introduce differentially positive systems, as systems 
whose linearization along an arbitrary trajectory is positive. A 
generalization of Perron Frobenius theory is developed in this 
differential framework to show that the property induces a (co-
nal) order that strongly constrains the asymptotic behavior of 
solutions. The results illustrate that behaviors constrained by local 
order properties extend beyond the well-studied class of linear 
positive systems and monotone systems, which both require a 
constant cone field and a linear state space. Joint work with Fulvio 
Forni.

Preprint on arxiv: http://arxiv.org/abs/1405.6298.
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A SURVEY OF CLASSICAL AND RECENT RESULTS IN RLC 
CIRCUIT SYNTHESIS
Malcolm Smith, University of Cambridge, UK

The talk will recall some of the main results of classical circuit 
synthesis: Foster’s Reactance theorem, the constructions of Brune 
and Darlington, reactance extraction, and the Bott-Duffin proce-
dure. An introduction will also be provided to the enumerative 
method for RLC synthesis and the recent results of Hughes and 
Smith, Jiang and Smith..
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ẍ 2

−
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SYNCHRONIZATION AND EVOLVABILITY IN NONLINEAR 
NETWORKS
Jean-Jacques Slotine, Massachusetts Institute of 
Technology, USA

Computation, measurement, and synchronization are key issues 
in complex networks. Vast nonlinear networks are encountered in 
biology, for instance, and in neuroscience, where for most tasks 
the human brain grossly outperforms engineered algorithms using 
computational elements 7 orders of magnitude slower than their 
artificial counterparts. We show that nonlinear dynamic systems 
tools, and in particular contraction analysis, yield simple but highly 
non-intuitive insights about such issues, and that they also sug-
gest systematic mechanisms to build progressively more refined 
networks through stable accumulation of functional building 
blocks and motifs.
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COMMUNITY DETECTION: FUNDAMENTAL LIMITS AND 
OPTIMAL SAMPLING ALGORITHMS
Alexandre Proutiere, Kungliga Tekniska Högskolan, 
Sweden

We consider networks consisting of a finite number of non-over-
lapping communities. To extract these communities, the inter-
action between pairs of nodes may be sampled from a large 
available data set, which allows a given node pair to be sampled 
several times. When a node pair is sampled, the observed out-
come is a binary random variable, equal to 1 if nodes interact and 
to 0 otherwise. The outcome is more likely to be positive if nodes 
belong to the same communities. For a given budget of node pair 
samples or observations, we wish to jointly design a sampling 
strategy (the sequence of sampled node pairs) and a clustering 
algorithm that recover the hidden communities with the highest 
possible accuracy. We consider both non-adaptive and adaptive 
sampling strategies, and for both classes of strategies, we derive 
fundamental performance limits satisfied by any sampling and 
clustering algorithm. In particular, we provide necessary condi-
tions for the existence of algorithms recovering the communities 
accurately as the network size grows large. We also devise simple 
algorithms that accurately reconstruct the communities when 
this is at all possible, hence proving that the proposed necessary 
conditions for accurate community detection are also sufficient. 
The classical problem of community detection in the stochastic 
block model can be seen as a particular instance of the problems 
consider here. But our framework covers more general scenarios 
where the sequence of sampled node pairs can be designed in an 
adaptive manner. We provide new results for the stochastic block 
model, and extends the analysis to the case of adaptive sampling. 
This is a joint work with Se-Young Yun.
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COMMUNITY DETECTION IN STOCHASTIC BLOCK 
MODELS VIA SPECTRAL METHODS
Laurent Massoulié, Microsoft Research-INRIA Joint 
Centre

Community detection consists in identification of groups of 
similar items within a population. In the context of online so-
cial networks, it is a useful primitive for recommending either 
contacts or news items to users. We will consider a particular 
generative probabilistic model for the observations, namely the 
so-called stochastic block model, and generalizations thereof. We 
will describe spectral transformations and associated clustering 
schemes for partitioning objects into distinct groups. Exploiting 
results on the spectrum of random graphs, we will establish con-
sistency of these approaches under suitable assumptions, namely 
presence of a sufficiently strong signal in the observed data. We 
will also discuss open questions on phase transitions for cluster 
detectability in such models when the signal becomes weak. In 
particular we will introduce a novel spectral method which prov-
ably allows detection of communities down to a critical threshold, 
thereby settling an open conjecture of Decelle, Krzakala, Moore 
and Zdeborová



60 PARTICIPANTS

C
O

M
M

U
N

IT
Y

D
E

TE
C

TI
O

N
IN

 
S

TO
C

H
A

S
TI

C
B

LO
C

K
 M

O
D

E
LS

V
IA

 
S

P
E

C
TR

A
L 

M
E

TH
O

D
S

La
ur

en
t M

as
so

ul
ié

(M
S

R
-In

ria
Jo

in
t C

en
tre

, I
nr

ia
)

ba
se

d 
on

 jo
in

t w
or

k 
w

ith
:

D
an

 T
om

oz
ei

 (E
P

FL
), 

M
ar

c 
Le

la
rg

e 
(In

ria
), 

Ji
am

in
g 

X
u 

(U
IU

C
)

C
om

m
un

ity
 D

et
ec

tio
n

2

P
ro

fil
e 

sp
ac

e


Id

en
tif

ic
at

io
n 

of
 g

ro
up

s 
of

 s
im

ila
r o

bj
ec

ts
 w

ith
in

 o
ve

ra
ll 

po
pu

la
tio

n


C
lo

se
ly

 re
la

te
d 

ob
je

ct
iv

es
: c

lu
st

er
in

g 
an

d 
em

be
dd

in
g

S
up

po
rti

ng
 d

at
a:

 e
.g

. O
S

N
’s

 fr
ie

nd
sh

ip
 g

ra
ph


re

co
m

m
en

d 
m

em
be

rs
 o

f u
se

r’s
 im

pl
ic

it 
co

m
m

un
ity

A
pp

lic
at

io
n 

1:
 c

on
ta

ct
 re

co
m

m
en

da
tio

n 
in

 
on

lin
e 

so
ci

al
 n

et
w

or
ks

S
up

po
rti

ng
 d

at
a:

 u
se

r-c
on

te
nt

 ra
tin

gs
 m

at
rix

U
se

 c
on

te
nt

 c
om

m
un

iti
es

 to
 s

up
po

rt 
re

co
m

m
en

da
tio

n 
“u

se
rs

 w
ho

 li
ke

d 
th

is
 a

ls
o 

lik
ed

…
”

A
pp

lic
at

io
n 

2:
 c

on
te

nt
 re

co
m

m
en

da
tio

n 
to

 
us

er
s 

of
 N

et
fli

x-
lik

e 
sy

st
em

U
se

r/
 M

ov
ie

…

?
**

**
*

∗∗
∗

?
?

…

**
**

*
**

**



61PARTICIPANTS

O
ut

lin
e


Th

e 
S

to
ch

as
tic

 B
lo

ck
 M

od
el

 


W
ith

 la
be

ls


W
ith

 g
en

er
al

 ty
pe

s


P
er

fo
rm

an
ce

 o
f S

pe
ct

ra
l M

et
ho

ds
 


“r

ic
h 

si
gn

al
” c

as
e


Th

e 
w

ea
k 

si
gn

al
 c

as
e:

 s
pa

rs
e 

ob
se

rv
at

io
ns


P

ha
se

 tr
an

si
tio

n 
on

 d
et

ec
ta

bi
lit

y


A 
m

od
ifi

ed
 s

pe
ct

ra
l m

et
ho

d

O
ut

lin
e


Th

e 
S

to
ch

as
tic

 B
lo

ck
 M

od
el

 


W
ith

 la
be

ls


W
ith

 g
en

er
al

 ty
pe

s


P
er

fo
rm

an
ce

 o
f S

pe
ct

ra
l M

et
ho

ds
 


“r

ic
h 

si
gn

al
” c

as
e


Th

e 
w

ea
k 

si
gn

al
 c

as
e:

 s
pa

rs
e 

ob
se

rv
at

io
ns


P

ha
se

 tr
an

si
tio

n 
on

 d
et

ec
ta

bi
lit

y


A 
m

od
ifi

ed
 s

pe
ct

ra
l m

et
ho

d

Th
e 

S
to

ch
as

tic
 B

lo
ck

 M
od

el
 

[H
ol

la
nd

-L
as

ke
y-

Le
in

ha
rd

t’8
3]


n

“n
od

es
” p

ar
tit

io
ne

d 
in

to
 K

ca
te

go
rie

s


C
at

eg
or

y 
: 

no
de

s


E
dg

e 
be

tw
ee

n 
no

de
s 

u,
v

pr
es

en
t 

w
ith

 p
ro

ba
bi

lit
y 

s:
“s

ig
na

l s
tre

ng
th

”


O

bs
er

va
tio

n:
 a

dj
ac

en
cy

 m
at

rix
 A

A 
=

+ 
N

oi
se

 m
at

rix
 

Th
e 

La
be

le
d 

S
to

ch
as

tic
 B

lo
ck

 
M

od
el


E

dg
es

 (u
-v

) l
ab

el
ed

 b
y 

L u
v

∈
L 

(fi
ni

te
 s

et
)


D

ra
w

n 
fro

m
 d

is
tri

bu
tio

n 


N

et
fli

x 
ca

se
: l

ab
el

s 
1-

5 
st

ar
s



62 PARTICIPANTS

Th
e 

S
B

M
 w

ith
 g

en
er

al
 ty

pe
s

[A
ld

ou
s’

81
; L

ov
ás

z’
12

]


U
se

r t
yp

e 
�(

u)
 i.

i.d
. �

��i
n 

ge
ne

ra
l s

et
 (e

.g
. u

ni
fo

rm
 o

n 
[0

,1
])


E

dg
e 

(u
-v

) p
re

se
nt

 w
.p

. �
�
�
�
�
���
�f

or
 “k

er
ne

l” 
b

e.
g.


E

dg
es

 (u
-v

) l
ab

el
ed

 b
y 

L u
v

∈
L 

(fi
ni

te
 s

et
)


D

ra
w

n 
fro

m
 d

is
tri

bu
tio

n 
� �

�
��
��


Te

ch
ni

ca
l a

ss
um

pt
io

ns
: c

om
pa

ct
 ty

pe
 s

et
 a

nd
 c

on
tin

ui
ty

 o
f 

sy
m

m
et

ric
 fu

nc
tio

ns
 �

an
d 
�

-1
+1

F(
x)

x

(
) y

x
F

b
y

x
−

=
,

O
ut

lin
e


Th

e 
S

to
ch

as
tic

 B
lo

ck
 M

od
el

 


W
ith

 la
be

ls


W
ith

 g
en

er
al

 ty
pe

s


P
er

fo
rm

an
ce

 o
f S

pe
ct

ra
l M

et
ho

ds
 


“r

ic
h 

si
gn

al
” c

as
e


Th

e 
w

ea
k 

si
gn

al
 c

as
e:

 s
pa

rs
e 

ob
se

rv
at

io
ns


P

ha
se

 tr
an

si
tio

n 
on

 d
et

ec
ta

bi
lit

y


A 
m

od
ifi

ed
 s

pe
ct

ra
l m

et
ho

d

S
pe

ct
ra

l C
lu

st
er

in
g


Fr

om
 M

at
rix

 A
ex

tra
ct

 R
no

rm
al

iz
ed

 e
ig

en
ve

ct
or

s 
� �

co
rr

es
po

nd
in

g 
to

 R
la

rg
es

t e
ig

en
va

lu
es

 
�
≥
⋯
≥

 �


Fo

rm
 R

-d
im

en
si

on
al

 n
od

e 
re

pr
es

en
ta

tiv
es

� �
=

��
� ��

��
� �

��
��


G

ro
up

 n
od

es
 u

ac
co

rd
in

g 
to

 p
ro

xi
m

ity
 o

f s
pe

ct
ra

l 
re

pr
es

en
ta

tiv
es

 � �

Ill
us

tra
tio

n 
fo

r R
=2 −0

.0
4

−0
.0

35
−0

.0
3

−0
.0

25
−0

.0
2

−0
.0

15
−0

.0
1

−0
.0

05
−0

.0
5

−0
.0

4

−0
.0

3

−0
.0

2

−0
.0

10

0.
01

0.
02

0.
03

0.
04

0.
05

Fi
rs

t e
ig

en
ve

ct
or

Second eigenvector

-0
.0

5
-0

.0
4

-0
.0

3
-0

.0
2

-0
.0

1
0

-0
.0

3

-0
.0

2

-0
.0

10

0.
01

0.
02

0.
03

Pr
inc

ip
al 

co
m

po
ne

nt
 1

Principal component 2

Cl
us

te
rin

g 
fro

m
 S

VD

S
B

M
 w

ith
 K

=4
N

et
fli

x 
da

ta
se

t



63PARTICIPANTS

R
es

ul
t f

or
 “l

og
ar

ith
m

ic
” s

ig
na

l 
st

re
ng

th
 s

A
ss

um
e 

s=
Ω

(lo
g(

n)
) a

nd
cl

us
te

rs
 a

re
 d

is
tin

gu
is

ha
bl

e,
 

i.e
.

�
��

��
�


Th

en
 s

pe
ct

ru
m

 o
f A

co
ns

is
ts

 o
f 


R

ei
ge

nv
al

ue
s 

λ i
of

 o
rd

er
 Ω

(s
)(

R
≤

K
) a

nd
 


n-

R
ei

ge
nv

al
ue

s 
λ i

of
 o

rd
er

 �
�

N
od

e 
re

pr
es

en
ta

tiv
es

 
�

ba
se

d 
on

 to
p 

R
ei

ge
nv

ec
to

rs
 

�: C
lu

st
er

 a
cc

or
di

ng
 to

 u
nd

er
ly

in
g 

“b
lo

ck
s”

 e
xc

ep
t f

or
 

ne
gl

ig
ib

le
 fr

ac
tio

n 
of

 n
od

es

P
ro

of
 a

rg
um

en
ts

C
on

tro
l s

pe
ct

ra
l r

ad
iu

s 
of

 n
oi

se
 m

at
rix

 
+ 

pe
rtu

rb
at

io
n 

of
 m

at
rix

 e
ig

en
-e

le
m

en
ts

A 
= 

   
   

   
   

   
   

   
   

   
 +

 ra
nd

om
 “n

oi
se

” m
at

rix

B
lo

ck
 m

at
rix

 
no

n-
ze

ro
 e

ig
en

va
lu

es
: Θ

(s
)

sp
ec

tra
l s

ep
ar

at
io

n 
pr

op
er

tie
s 

“à
 la

 R
am

an
uj

an
”

s-
re

gu
la

r g
ra

ph
 R

am
an

uj
an

if 
:=

ma
x

 �
,

�
≤
2
��

�
[L

ub
ot

zk
y-

P
hi

llip
s-

S
ar

na
k’

88
]

[F
rie

dm
an

’0
8]

: r
an

do
m

 s
-r

eg
ul

ar
 g

ra
ph

 v
er

ifi
es

 w
hp

=
2
��

��
��
��

[F
ei

ge
-O

fe
k’

05
]: 

fo
r E

rd
ős

-R
én

yi
gr

ap
h
�
�,
��
�

an
d 

�=

���

��
, t

he
n 

w
hp


=
�

�
A

ls
o:

 ρ
��

�̅
=
�

�

sp
ec

tra
l s

ep
ar

at
io

n 
pr

op
er

tie
s 

“à
 la

 R
am

an
uj

an
”

C
or

ol
la

ry
: i

n 
S

B
M

 w
ith

 


,w
hp


’s

 le
ad

in
g 

ei
ge

n-
el

em
en

ts
 

cl
os

e 
to

 th
os

e 
of

 

Fo
r 


, 

��
��


sp

ec
tra

l s
ep

ar
at

io
n 

is
 lo

st



64 PARTICIPANTS

R
es

ul
t f

or
 “l

og
ar

ith
m

ic
” s

ig
na

l 
st

re
ng

th
 s

–
La

be
le

d 
S

B
M

R
an

do
m

 p
ro

je
ct

io
n 

m
et

ho
d:

 tr
an

sf
or

m
 c

at
eg

or
ic

al
 

la
be

ls
 in

to
 n

um
er

ic
al

 d
at

a
Fo

r e
ac

h 
la

be
l l

ge
ne

ra
te

 W
(l)

i.i
.d

. u
ni

fo
rm

 o
n 

[0
,1

]
P

er
fo

rm
 S

pe
ct

ra
l c

lu
st

er
in

g 
on

 m
at

rix
 

��
��


U

nd
er

 m
od

ifi
ed

 d
is

tin
gu

is
ha

bi
lit

y 
co

nd
iti

on

S
am

e 
re

su
lt 

ho
ld

s 
as

 in
 u

nl
ab

el
ed

 s
ce

na
rio

()
() 




τ
σ

τ
σ

στ
στ

ν
ν

τ
σ

σ
'

'
su

ch
 th

at
 

 
,

,'
b

b
≠

∃
≠

∀

D
is

cr
ep

an
cy

 b
et

w
ee

n 
S

B
M

 w
ith

 
sm

al
l K

 a
nd

 N
et

fli
x

E
ig

en
va

lu
e 

di
st

rib
ut

io
ns

S
B

M
 w

ith
 K

=4
N

et
fli

x 
(s

ub
se

t)


m

ot
iv

at
es

 c
on

si
de

ra
tio

n 
of

 S
B

M
 w

ith
 g

en
er

al
 ty

pe
s

4 
ou

ts
ta

nd
in

g
ei

ge
nv

al
ue

s

S
B

M
 w

ith
 g

en
er

al
 ty

pe
s


U

se
r t

yp
es

 σ
(u

)i
.i.

d.
 �
�	f

ro
m

 g
en

er
al

 s
et

 (e
.g

. u
ni

fo
rm

 o
n 

[0
,1

])


E
dg

e 
(u

-v
) p

re
se

nt
 w

.p
. �

�
�
�
�
	��
�f

or
 “k

er
ne

l” 
b

e.
g.


E

dg
es

 (u
-v

) l
ab

el
ed

 b
y 

L u
v

∈
L 

(fi
ni

te
 s

et
)


D

ra
w

n 
fro

m
 d

is
tri

bu
tio

n 
� �

�
��
�)


Fo

rm
 m

at
rix

 ��
��
�
��

��
)}	

fro
m

 ra
nd

om
 p

ro
je

ct
io

ns
 �

�
of

 la
be

ls

-1
+1

F(
x)

x

(
) y

x
F

b
y

x
−

=
,

S
B

M
 w

ith
 g

en
er

al
 ty

pe
s:

S
pe

ct
ra

l p
ro

pe
rti

es
 fo

r l
og

ar
ith

m
ic

 

D
ef

in
e 

ke
rn

el
��

��
�

an
d 

in
te

gr
al

 o
pe

ra
to

r 


sp
ec

tru
m

 o
f 

��
��

��
sp

ec
tru

m
 o

f 


E

ig
en

va
lu

e 
co

nv
er

ge
nc

e:
 
��
 �

�
 �


E

ig
en

ve
ct

or
 c

on
ve

rg
en

ce
: 

�
�

�
A

ss
oc

ia
te

d 
ei

ge
n-

fu
nc

tio
nn

Ty
pe

 o
f n

od
e 

u



65PARTICIPANTS

S
B

M
 w

ith
 g

en
er

al
 ty

pe
s:

S
pe

ct
ra

l p
ro

pe
rti

es
 fo

r l
og

ar
ith

m
ic

 


Fl

ex
ib

le
 m

od
el

-p
ow

er
-la

w
 s

pe
ct

ra
 (c

on
vo

lu
tio

n 
op

er
at

or
 +

 
Fo

ur
ie

r a
na

ly
si

s)
-b

et
te

r m
at

ch
es

 to
 

N
et

fli
x 

da
ta

S
B

M
 w

ith
 g

en
er

al
 ty

pe
s:

es
tim

at
io

n 
fo

r l
og

ar
ith

m
ic

 


Fo
r f

ix
ed

 R
 fo

rm
 R

-d
im

en
si

on
al

 n
od

e 
re

pr
es

en
ta

tiv
es

 


E

m
be

ds
 n

od
es

 a
cc

or
di

ng
 to

 p
se

ud
o-

di
st

an
ce

 
th

at
 “c

ap
tu

re
s 

ge
om

et
ry

” o
f h

id
de

n 
no

de
 ty

pe
s 

w
ith

 e
m

be
dd

in
g 

ac
cu

ra
cy

 c
on

tro
lle

d 
by

 “r
es

id
ua

l 
en

er
gy

” 


of
 o

pe
ra

to
r’s

 s
pe

ct
ru

m

Ill
us

tra
tio

n 
w

ith
 [0

,1
] t

yp
es

E
m

be
dd

in
g 

al
lo

w
s 

co
ns

is
te

nt
 e

st
im

at
io

n 
of

 la
be

l d
is

tri
bu

tio
ns

P
ro

b(
la

be
l(i

,j)
=5

)
? N

od
e 

i

N
od

e 
j

U
se

 e
m

pi
ric

al
 d

is
tri

bu
tio

n 
of

 
la

be
ls

 L
(i,

k)
 fo

r k
 in

 ε
-

ne
ig

hb
or

ho
od

 o
f j

F(
x)

x
O

ut
lin

e


Th

e 
S

to
ch

as
tic

 B
lo

ck
 M

od
el

 


W
ith

 la
be

ls


W
ith

 g
en

er
al

 ty
pe

s


P
er

fo
rm

an
ce

 o
f S

pe
ct

ra
l M

et
ho

ds
 


“r

ic
h 

si
gn

al
” c

as
e


Th

e 
w

ea
k 

si
gn

al
 c

as
e:

 s
pa

rs
e 

ob
se

rv
at

io
ns


P

ha
se

 tr
an

si
tio

n 
on

 d
et

ec
ta

bi
lit

y


A 
m

od
ifi

ed
 s

pe
ct

ra
l m

et
ho

d



66 PARTICIPANTS

� �
: t

hr
es

ho
ld

fo
r 

G
ia

nt
co

m
po

ne
nt

 

W
ea

k 
si

gn
al

 s
tre

ng
th

: s
 =

 
(1

)


C

or
re

ct
 c

la
ss

ifi
ca

tio
n 

of
 a

ll 
bu

t n
eg

lig
ib

le
 fr

ac
tio

n 
of

 n
od

es
 im

po
ss

ib
le

 (i
so

la
te

d 
no

de
s…

)


A
ss

es
s 

pe
rfo

rm
an

ce
 o

f c
lu

st
er

in
g 

by
 o
ve
rla
p

m
et

ric
:

(
)

{
}

(
)

k

n u
u

u
n

α
σ

σ
σ

k
1

m
ax

ˆ
1

ˆ
ov

1
−

=
=

 =

S
ig

na
l 

st
re

ng
th

 s

O
ve

rla
p

S
ig

na
l s

tre
ng

th
 s

O
ve

rla
p � �

� �

S
ym

m
et

ric
 tw

o-
co

m
m

un
iti

es
 s

ce
na

rio
: �

�
=
� �

=
� �

C
on

je
ct

ur
e 

([D
ec

el
le

-K
rz

ak
al

a-
M

oo
re

-Z
de

bo
ro

va
20

11
]: 


Fo

r�
:=

��
�

�

�
��

�
<
1	,

 o
ve

rla
p 

te
nd

s 
to

 z
er

o 
fo

r a
ny

 ��


P
ro

ve
n 

by
 [M

os
se

l-N
ee

m
an

-S
ly

 2
01

2]


Fo
r �

�
1	,

 p
os

iti
ve

 o
ve

rla
p 

ca
n 

be
 a

ch
ie

ve
d 

(b
y 

B
el

ie
f P

ro
pa

ga
tio

n 
[D

K
M

Z 
20

11
]; 

by
 “s

pe
ct

ra
l r

ed
em

pt
io

n”
 [K

M
M

N
S

Z-
Zh

an
g 

20
13

])

N
o 

m
et

ho
d 

pr
ov

en
 to

 a
ch

ie
ve

 p
os

iti
ve

 o
ve

rla
p 

un
til

 N
ov

’1
3

W
ea

k 
si

gn
al

 s
tre

ng
th

 : 
s=

1

a
b

=
+

+
a

b
=

−
−

b
b

=
−

+

D
et

ec
tio

n 
by

 m
od

ifi
ed

 s
pe

ct
ra

l 
m

et
ho

d
Fo

rm
 m

at
rix

 �
���
:�

���
��
=	

nb
 o

f s
el

f-a
vo

id
in

g
pa

th
s

of
 le

ng
th
�

E
x:

 fo
r l

=4

i
j

��
�� �
�
=
1	

i
j

��
�� �
�
=
2	

Ty
pi

ca
l c

as
e:

 fo
r t

re
e-

sh
ap

ed
 l-

ne
ig

hb
or

ho
od

 o
f i

,
��

�� �
�
=
1 �

���
��

Le
t�

=
��

� �
, �

=
��

� �
(h

en
ce

�=
�� �

) e
ig

en
va

lu
es

of


To

p 
ei

ge
nv

al
ue

 ~
�
��

, t
op

 e
ig

en
ve

ct
or
�:

��
��

�� �
	~
	�

	�
���
�


2n

d
ei

ge
nv

al
ue

 ≥
�
��

,  
 2

nd
ei

ge
nv

ec
to

r  
�:	

���
���
�

	~
	�

	�
���
�


3r

d
ei

ge
nv

al
ue

 =
�
��

��
fo

r a
ll 
��

�


2n

d
ei

ge
nv

ec
to

r �
	of

 �
���

po
si

tiv
el

y
co

rr
el

at
ed

w
ith

sp
in

 v
ec

to
r�
	


H

en
ce

 p
os

iti
ve

 o
ve

rla
p 

ob
ta

in
ed

 b
y

es
tim

at
e
��
�

=
��
1	�
�	�

�
��

�
�1

	��	
� �

��
�

Fo
r s

ui
ta

bl
e 

th
re

sh
ol

d 
�

M
ai

n 
re

su
lt:

 s
pe

ct
ra

l s
tru

ct
ur

e 
of

 
fo

r
&

pa
th

 le
ng

th
, 

S
pe

ct
ra

l s
ep

ar
at

io
n 

“à
 la

 R
am

an
uj

an
”

a/
2

b/
2

a/
2

b/
2



67PARTICIPANTS

P
ro

of
 e

le
m

en
ts

 1
) m

at
rix

 
ex

pa
ns

io
n


E

xp
ec

te
d 

ad
ja

ce
nc

y 
m

at
rix


C

en
te

re
d 

si
m

pl
e 

pa
th

 a
dj

ac
en

cy
 m

at
rix


E

xp
an

si
on

:

“s
m

al
l” 

te
rm

s


Tr

ac
e 

m
et

ho
d:

 �
�

��
≤	

Tr
ac

e
��

�

+ 
co

m
bi

na
to

ric
s

(à
 la

 [F
ür

ed
i-K

om
ló

s’
81

])
H

er
e:

 c
ou

nt
 c

on
tri

bu
tio

ns
 o

f c
on

ca
te

na
tio

ns
 o

f s
im

pl
e 

pa
th

s


B

ou
nd

s 
on

 s
pe

ct
ra

l r
ad

ii:
 w

hp
, f

or
 a

ll 
��

�

“S
m

al
ln

es
s”

 o
f m

at
rix

 c
oe

ffi
ci

en
ts


N

b 
of

 d
is

ta
nc

e 
t n

ei
gh

bo
rs

: �
�
�


S

um
 o

f s
pi

ns
 o

f d
is

ta
nc

e 
t n

ei
gh

bo
rs

: �
�
�


th

en
 w

hp
:

	� �
�
�
��

��
� �
�
�
��
��

��

� �
�
�
��

��
� �

�
�
��
��

��

P
ro

of
: C

he
rn

of
fb

ou
nd

s 
on

 b
in

om
ia

l r
an

do
m

 v
ar

ia
bl

es

C
or

ol
la

ry
: F

or
 �

≤
�, 

w
hp

P
ro

of
 e

le
m

en
ts

 2
) Q

ua
si

-d
et

er
m

in
is

tic
 

gr
ow

th
 o

f n
od

e 
ne

ig
hb

or
ho

od
s

i

+
+

+
-

-

C
lo

se
 to

 v
ec

to
rs

 
� �

��
�

, 
� �

��
�

��
��

��
��

��
�

��
��

��
��

��
�

W
ea

k 
R

am
an

uj
an

pr
op

er
ty


P

re
vi

ou
s 

re
su

lts
 c

om
bi

ne
d 

gi
ve

 

U
se

 s
pe

ct
ra

l r
ad

iu
s 

bo
un

ds
 

E
xp

re
ss

 in
 te

rm
s 

 o
f �
��

U
se

 b
ou

nd
s 

fro
m

 
qu

as
i-d

et
er

m
in

is
tic

 
gr

ow
th



68 PARTICIPANTS

R
em

ai
ni

ng
 m

ys
te

rie
s 

ab
ou

t S
B

M
’s

 
(1

)
C

on
je

ct
ur

ed
 “p

ha
se

 d
ia

gr
am

” f
or

 m
or

e 
th

an
 2

 b
lo

ck
s

(a
ss

um
in

g 
fix

ed
 in

te
r-

co
m

m
un

ity
 p

ar
am

et
er

 b
)

In
tra

-c
om

m
un

ity
pa

ra
m

et
er

 a

N
um

be
r o

f
co

m
m

un
iti

es
 r

D
et

ec
tio

n 
ea

sy
(s

pe
ct

ra
l m

et
ho

ds
 

or
 B

P
)

D
et

ec
tio

n 
ha

rd
 b

ut
 fe

as
ib

le
(h

ow
? 

In
 p

ol
yn

om
ia

l t
im

e?
)

D
et

ec
tio

n 
in

fe
as

ib
le

R
em

ai
ni

ng
 m

ys
te

rie
s 

ab
ou

t S
B

M
’s

 
(2

)
C

liq
ue

 d
et

ec
tio

n 
pr

ob
le

m
: a

dd
 a

 s
iz

e-
K

 c
liq

ue
 to

 ra
nd

om
 g

ra
ph

 w
ith

 e
dg

e-
pr

ob
ab

ili
ty

 ½

i.e
. a

 2
-b

lo
ck

 S
B

M
 w

ith
 u

nb
al

an
ce

d 
bl

oc
k 

si
ze

s:


fo

r �
�

Ω
�
	cl

iq
ue

 e
as

ily
de

te
ct

ab
le

(e
.g

. i
ns

pe
ct

io
n 

of
 n

od
e

de
gr

ee
s)


ar

e 
th

er
e 

po
ly

no
m

ia
l-t

im
e 

al
go

rit
hm

s 
fo

r s
m

al
le

r y
et

 la
rg

e 
K

? 
(e

.g
. �

�	
Θ

�
�

	)
A 

no
to

rio
us

ly
 h

ar
d 

pr
ob

le
m

 (“
pl

an
te

d 
cl

iq
ue

 d
et

ec
tio

n”
 re

ce
nt

ly
 p

ro
po

se
d 

as
 a

 
ne

w
 b

en
ch

m
ar

k 
of

 a
lg

or
ith

m
ic

 h
ar

dn
es

s)

K n-
K

½
 

½
 

½
 

C
on

cl
us

io
ns

 a
nd

 O
ut

lo
ok


“V

an
illa

” s
pe

ct
ra

l m
et

ho
ds

 e
ffi

ci
en

t f
or

 s
tro

ng
 (l

og
ar

ith
m

ic
) 

si
gn

al
 s

tre
ng

th


A
lte

rn
at

iv
es

 n
ee

de
d 

at
 lo

w
 s

ig
na

l s
tre

ng
th


B

el
ie

f p
ro

pa
ga

tio
n 

co
nj

ec
tu

re
d 

op
tim

al


S
pe

ct
ra

l a
pp

ro
ac

h 
on

 p
at

h-
ex

pa
nd

ed
 m

at
rix

 p
ro

ve
n 

op
tim

al
 

do
w

n 
to

 “e
as

y/
ha

rd
” t

ra
ns

iti
on


C

om
pu

ta
tio

na
lly

 e
ffi

ci
en

t m
et

ho
ds

 fo
r “

ha
rd

” c
as

es
?


D

et
ec

tio
n 

in
 S

B
M

 =
 ri

ch
 p

la
yg

ro
un

d 
fo

r a
na

ly
si

s 
of

 
co

m
pu

ta
tio

na
l c

om
pl

ex
ity

 w
ith

 m
et

ho
ds

 o
f s

ta
tis

tic
al

 p
hy

si
cs


D

oe
s 

S
B

M
 m

od
el

 c
or

re
ct

ly
 re

al
-li

fe
 d

at
a?


S

pe
ed

 o
f c

on
ve

rg
en

ce
,  

be
tte

r-t
ha

n-
ra

nd
om

 la
be

l 
pr

oj
ec

tio
ns

, c
ho

ic
e 

of
 e

m
be

dd
in

g 
di

m
en

si
on

…

R
ef

er
en

ce
s


D

. T
om

oz
ei

, L
.M

., 
di

st
rib

ut
ed

 u
se

r p
ro

fil
in

g 
vi

a 
sp

ec
tra

l 
m

et
ho

ds
, A

C
M

 S
ig

m
et

ric
s’

10


M

. L
el

ar
ge

, L
.M

., 
J.

 X
u,

 R
ec

on
st

ru
ct

io
n 

in
 th

e 
la

be
lle

d
st

oc
ha

st
ic

 b
lo

ck
 m

od
el

, I
TW

’1
3


J.

 X
u,

 L
.M

., 
M

. L
el

ar
ge

, E
dg

e 
la

be
l i

nf
er

en
ce

 in
 

ge
ne

ra
liz

ed
 S

B
M

: f
ro

m
 s

pe
ct

ra
l t

he
or

y 
to

 im
po

ss
ib

ili
ty

 
re

su
lts

, C
O

LT
’1

4


L.

M
., 

C
om

m
un

ity
 d

et
ec

tio
n 

th
re

sh
ol

ds
 a

nd
 th

e 
w

ea
k 

R
am

an
uj

an
pr

op
er

ty
, A

C
M

 S
TO

C
’1

4



69PARTICIPANTS

S
B

M
 w

ith
 g

en
er

al
 ty

pe
s:

es
tim

at
io

n 
fo

r l
og

ar
ith

m
ic

 
D

ef
in

e 
D

is
ta

nc
e 


ca

pt
ur

es
 m

od
el

 s
tru

ct
ur

e


Ve
rif

ie
s 


A

nd
 

C
on

si
st

en
cy

 re
su

lt 
fo

r l
og

ar
ith

m
ic

 

In
fe

re
nc

e 
of

 la
be

l d
is

tri
bu

tio
n 

ba
se

d 
on

 


R
-d

im
en

si
on

al
 e

m
be

dd
in

g 


E
m

pi
ric

al
 m

ea
su

re
s 

on
 ε

-n
ei

gh
bo

rh
oo

ds

Fo
r f

ra
ct

io
n 

of
 

no
de

 p
ai

rs
, e

st
im

at
io

n 
er

ro
r v

er
ifi

es
 



70 PARTICIPANTS

COMPLEX ENERGY SYSTEMS
Michael Chertkov, Los Alamos National Laboratory, USA

Today’s energy systems, such as electric power grids and gas 
grids, already demonstrate complex nonlinear dynamics where, 
e.g., collective effects in one exert uncertainty and irregularities 
on other. These collective dynamics are not well understood and 
are expected to become more complex tomorrow as the grids 
are pushed to reliability limits, interdependencies grow, and ap-
pliances become more intelligent and autonomous. Tomorrow’s 
will have to integrate the intermittent power from wind and solar 
farms whose fluctuating outputs create far more complex stress 
on power grid operations, often dependent, e.g. in providing 
fast regulation control, on the gas supply. Conversely, one antic-
ipates significant effect of the wind-following gas fired turbines 
on reliability of the gas grid. Guarding against the worst of those 
perturbations will require taking protective measures based on 
ideas from optimization, control, statistics and physics.

In this talk we introduce a few of the physical, optimization and 
control principles and phenomena in today’s energy grids and 
those that are expected to play a major role in tomorrow’s grids.

We illustrate the new science of the energy grids on three 
examples: (a) discussing an efficient and highly scalable Chance 
Constrained Optimal Power Flow algorithm providing risk-aware 
control of the power transmission system under uncertainty as-
sociated with fluctuating renewables (wind farms); (b) describing 
effect of the intermittent power generation on reliability and 
compression control of the gas grid operations; and (c) briefly 
discussing examples of interdependencies, reliability troubles and 
solutions in the low level (distribution) grids.
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SEMIDEFINITE RELAXATION OF OPTIMAL POWER FLOW
Steven H. Low, CalTech, USA

The optimal power flow (OPF) problem seeks to optimize a cer-
tain objective, such as power loss, generation cost or user utility, 
subject to Kirchhoff’s laws, power balance as well as capacity, 
stability and contingency constraints on the voltages and power 
flows. It is a fundamental problem that underlies many power 
system operations and planning. It is nonconvex and many al-
gorithms have been proposed to solve it approximately. A new 
approach via semidefinite relaxation of OPF has been developed 
in the last few years.

In this tutorial, we present a bus injection model and a branch 
flow model, formulate OPF within each model, and prove their 
equivalence. The complexity of OPF formulated here lies in the 
quadratic nature of power flows, i.e., the nonconvex quadratic 
constraints on the feasible set of OPF. We characterize these 
feasible sets and design convex supersets that lead to three 
different convex relaxations based on semidefinite programming 
(SDP), chordal extension, and second-order cone programming 
(SOCP). When a convex relaxation is exact, an optimal solution of 
the original nonconvex OPF can be recovered from every optimal 
solution of the relaxation. We summarize three types of sufficient 
conditions that guarantee the exactness of these relaxations. Fi-
nally, we extend the convex relaxations to multiphase unbalanced 
radial networks that are common in distribution systems.
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MULTI-AGENT OPTIMIZATION
Asuman Ozdaglar, Massachusetts Institute of 
Technology, USA

We consider a network of agents solving a global optimization 
problem, where the objective function is the sum of privately 
known local convex objective functions. Recent literature pre-
sented subgradient based methods for distributed solution of this 
problem with O(1/ \sqrt{k}) rate of convergence (where k is the 
iteration number). In this talk, we present distributed Alternating 
Direction Method of Multipliers (ADMM) based methods for 
solving this problem over undirected and directed networks. We 
present convergence rate estimates that show that these meth-
ods converge at rate $O(1/k)$ and highlight the dependence of 
performance on network structure.
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LEARNING GRAPHICAL MODELS: HARDNESS AND 
TRACTABILITY
Devavrat Shah, Massachusetts Institute of Technology, 
USA

Our understanding of the question of learning graphical model, 
despite it’s fundamental importance, has been far from satisfac-
tory. In this talk, I will discuss recent progresses we have made 
towards improving this status quo. Specifically, we will discuss 
the reasons for learning graphical model being hard, both com-
putationally and statistically. We shall also discuss, somewhat 
surprising, conditions under which it becomes tractable. Time 
permitting, we shall discuss a variant of the ’standard’ graphical 
model learning problem from literature that might be more rel-
evant to practice. 

This talk describes joint work with Guy Bresler and David 
Gamarnik, both at MIT.
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LOAD BALANCING USING LIMITED STATE INFORMATION
R. Srikant, University of Illinois at Urbana Champain, USA

Social network providers, search engine providers, and other big 
data companies operate massive data centers with thousands 
of processors handling data processing requests from incoming 
tasks. A central problem in such data centers is to design good 
load balancing algorithms using very little state information, 
where the state of each processor is the queue length of tasks 
waiting to be processed at that processor. We will present an al-
gorithm which does remarkably well while sampling approximate-
ly only one queue per arriving task. This reduces the sampling 
requirement by half compared to previously known algorithms, 
while matching the delay performance of the best known algo-
rithms. Joint work with Lei Ying and Xiaohan Kang
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ON THE EIGENVALUES OF LARGE STRUCTURED MATRICES 
AND THE SCALABLE STABILITY OF NETWORKS
Glenn Vinnicombe, University of Cambridge, UK

A class of scalable stability results for interconnections of linear 
dynamical systems depend ultimately on tools for locating the 
eigenvalues of large structured matrices using only local infor-
mation. This talk will summarise some existing results in this area 
and introduce some open problems.
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tt
in
g
.

T
h
is

p
ro
ce
ss

ca
n

b
e
eq
u
iv
a
le
n
tl
y
v
ie
w
ed

a
s
a
fo
rm

o
f
d
is
-

tr
ib
u
te
d
a
n
a
ly
si
s
b
a
se
d
o
n
a
p
a
rt
ic
u
la
r
d
ec
o
m
p
o
si
ti
o
n
,
o
r
te
a
r-

in
g
a
p
a
rt
,
o
f
th
e
n
et
w
o
rk

m
o
d
el

(s
ee

fi
g
.
1
).

A
s
th
e
re
su
lt
s

h
in
g
e
o
n

d
ec
o
m
p
o
si
n
g
th
e
st
ru
ct
u
re

o
f
th
e
n
et
w
o
rk

w
e
ca
n

av
o
id

p
la
ci
n
g

a
ra
n
g
e
o
f
o
th
er

co
m
m
o
n

re
st
ri
ct
io
n
s
o
n

th
e

m
o
d
el

cl
a
ss
.
F
o
r
ex
a
m
p
le

th
e
m
o
d
el
s
fo
r
ea
ch

n
et
w
o
rk

co
m
-

P
h
y
si
c
a
l
S
y
st

e
m

D
is
tr

ib
u
te

d
A

n
a
ly

si
s

‘S
ta

n
d
a
rd

’
D

e
si
g
n

D
e
si
g
n

M
a
in

ta
in

e
d

S
tr

u
c
tu

re
d

T
e
a
ri
n
g

S
tr

u
c
tu

re
d

In
te

rc
o
n
n
e
c
ti
o
n

T
e
t

F
ig
.
1
.

S
ke
tc
h
of

ou
r
ap
pr
oa
ch

to
an
al
ys
is
an
d
d
es
ig
n
of

n
et
w
or
ks
.
W
e
fa
ci
lit
at
e

d
es
ig
n
by

ex
te
n
d
in
g
th
e
va
lid
it
y
of

so
m
e
st
an
d
ar
d
d
es
ig
n
pr
o
ce
d
u
re
s
fo
r
si
m
p
le
sy
st
em

s

to
al
so

in
cl
u
d
e
th
ei
r
in
te
rc
on

n
ec
ti
on

.
T
h
is
pr
o
ce
ss

is
eq
u
iv
al
en
t
to

d
is
tr
ib
u
te
d
an
al
ys
is

of
th
e
m
o
d
el

w
it
h
re
sp
ec
t
to

a
st
ru
ct
u
re
d
d
ec
om

p
os
it
io
n
.

p
o
n
en

t
ca
n
b
e
co
m
p
le
te
ly

d
i↵
er
en

t
a
n
d
n
ee
d
n
o
t
b
e
p
a
ss
iv
e,

a
n
d

w
e
m
a
k
e
n
o
a
ss
u
m
p
ti
o
n
s
a
b
o
u
t
w
ea
k
co
u
p
li
n
g
b
et
w
ee
n

th
e
ci
rc
u
it
s
in

th
e
d
ec
o
m
p
o
si
ti
o
n
.

W
e
b
eg
in

th
e
p
a
p
er

b
y
ch
a
ra
ct
er
is
in
g
th
e
ty
p
e
o
f
n
et
w
o
rk

m
o
d
el
s
th
a
t
ca
n
b
e
st
ru
ct
u
re
d
a
s
li
n
ea
r
g
ra
p
h
s.

W
e
th
en

sh
ow

th
a
t
th
e
el
ec
tr
ic
a
l
p
ow

er
sy
st
em

a
n
d
d
is
tr
ib
u
te
d
o
p
ti
m
is
a
ti
o
n

m
o
d
el
s
a
re

sp
ec
ia
l
in
st
a
n
ce
s
o
f
th
is

ty
p
e
o
f
m
o
d
el
,
a
n
d
ca
n
b
e

S
ig
n
ifi
ca

n
ce

In
m
a
n
y
n
et
w
o
rk
s
m
a
in
ta
in
in
g
p
er
fo
rm

a
n
ce

in
d
ep

en
d
en

t
o
f
si
ze

is
es
se
n
ti
a
l.

F
o
r
ex

a
m
p
le

a
p
o
w
er

sy
st
em

m
u
st

m
a
in
ta
in

it
s
o
p
-

er
a
ti
n
g
fr
eq

u
en

cy
a
n
d
vo

lt
a
g
e
a
s
co

n
su
m
er
s
jo
in

a
n
d
le
a
ve

th
e

g
ri
d
.
In

th
is

p
a
p
er

w
e
co

n
si
d
er

h
o
w

to
d
es
ig
n
a
n
et
w
o
rk

to
h
a
ve

th
is

p
ro
p
er
ty
.

S
p
ec
ifi
ca

lly
w
e
sh
o
w

th
a
t
p
ro
vi
d
ed

th
e
b
u
ild

in
g

b
lo
ck

s
o
f
th
e

n
et
w
o
rk

ar
e

in
te
rc
o
n
n
ec
te
d

in
a

p
ar
ti
cu

la
r
w
ay
,

th
e
d
es
ig
n
fo
r
ea

ch
p
ie
ce

ca
n
b
e
m
a
in
ta
in
ed

a
s
th
ey

ar
e
jo
in
ed

to
g
et
h
er
.
W

e
u
se

th
is

a
p
p
ro
a
ch

to
sh
o
w

h
o
w
,
fo
r
ex

a
m
p
le
,
st
a
-

b
ili
ty

o
f
a
n
el
ec
tr
ic
a
l
p
o
w
er

sy
st
em

w
it
h
m
a
n
y
g
en

er
a
ti
n
g
ar
ea

s
ca

n
b
e
d
ed

u
ce
d
fr
o
m

o
n
e
w
it
h
tw

o
.

R
es
er
ve

d
fo
r
P
u
b
lic

a
ti
o
n
F
o
o
tn
o
te
s

1
R
ep
re
se
n
ti
n
g
th
e
pr
o
ce
ss

of
in
te
re
st

w
it
h
an

‘e
q
u
iv
al
en
t’
el
ec
tr
ic
al

n
et
w
or
k.

w
w
w
.p
n
as
.o
rg

—
—

P
N
A
S

Is
su
e
D
a
te

V
ol
u
m
e

Is
su
e
N
u
m
b
er

1
–9

i
i

“
P
N
A
S
˙t
em

p
la
te
s”

—
2
0
1
4
/
9
/
2
2

—
2
0
:0
2

—
p
a
g
e
2

—
#
2

i
i

i
i

i
i

C
o
m

p
o
n
e
n
t

C
ir
c
u
it

N
e
tw

o
rk

t

F
ig
.

2
.

C
on

st
ru
ct
io
n
of

ci
rc
u
it
s
an
d
n
et
w
or
ks

by
in
te
rc
on

n
ec
ti
n
g
co
m
p
on

en
ts
.

E
ac
h
ed
ge

of
th
e
gr
ap
h
re
pr
es
en
ts

a
co
m
p
on

en
t
an
d
is

as
so
ci
at
ed

w
it
h
a
fl
ow

an
d

e↵
or
t.

T
h
e
to
p
ol
og

ic
al

st
ru
ct
u
re

of
th
e
gr
ap
h
d
es
cr
ib
es

th
e
st
ru
ct
u
re

of
th
e
p
h
ys
ic
al

la
w
s
go

ve
rn
in
g
h
ow

fl
ow

s
an
d
e↵

or
ts

in
d
i↵
er
en
t
co
m
p
on

en
ts

ar
e
re
la
te
d
.

co
n
st
ru
ct
ed

fr
o
m

a
si
m
p
le

se
t
o
f
ci
rc
u
it
s.

W
e
th
en

g
iv
e
o
u
r
re
-

su
lt
s
in

th
e
fo
rm

re
q
u
ir
ed

to
v
er
if
y
st
a
b
il
it
y
o
f
th
es
e
ex
a
m
p
le
s,

b
ef
o
re

fi
n
a
ll
y
g
iv
in
g
th
e
a
p
p
ro
p
ri
a
te

g
en

er
a
li
sa
ti
o
n
s
to

co
v
er

th
e
fu
ll
m
o
d
el

cl
a
ss
.

M
o
d
el
lin

g
P
h
ys
ic
a
l
S
ys
te
m
s

T
h
er
e
a
re

m
a
n
y
w
ay

s
to

d
es
cr
ib
e
th
e
st
ru
ct
u
re

o
f
d
y
n
a
m
ic
a
l

m
o
d
el
s
o
f
p
h
y
si
ca
l
sy
st
em

s
u
si
n
g
g
ra
p
h
s,

ra
n
g
in
g
fr
o
m

li
n
ea
r

g
ra
p
h
s,

to
si
g
n
a
l
fl
ow

g
ra
p
h
s
[1
,
2
],
to

b
o
n
d
g
ra
p
h
s
[3
]
(f
o
r
y
et

m
o
re
,
se
e
[4
]
a
n
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
).

T
y
p
ic
a
ll
y
th
e
p
u
r-

p
o
se

o
f
th
e
g
ra
p
h
is

to
ca
p
tu
re

so
m
e
st
ru
ct
u
ra
l
a
sp

ec
t
o
f
th
e

m
o
d
el
,
w
h
ic
h
ca
n
th
en

b
e
ex
p
lo
it
ed

in
th
e
a
n
a
ly
si
s
a
n
d
d
es
ig
n

o
f
th
e
sy
st
em

.
In

th
is
p
a
p
er

w
e
co
n
si
d
er

m
o
d
el
s
d
es
cr
ib
ed

b
y
li
n
ea
r
g
ra
p
h
s.

T
h
is

is
la
rg
el
y
d
u
e
to

th
e
n
u
m
er
o
u
s
n
ic
e
p
ro
p
er
ti
es

th
es
e
n
et
-

w
o
rk
s
en

jo
y,

in
p
a
rt
ic
u
la
r
th
e
fr
ee
d
o
m

w
it
h

w
h
ic
h

th
ey

ca
n

b
e
m
a
n
ip
u
la
te
d
a
n
d
to
rn

a
p
a
rt
;
th
e
st
ru
ct
u
ra
l
p
ro
p
er
ty

w
h
ic
h

w
e
ex
p
lo
it

in
d
er
iv
in
g
o
u
r
re
su
lt
s.

In
a
d
d
it
io
n
th
is

m
o
d
el
li
n
g

cl
a
ss

is
su
ffi
ci
en
tl
y

b
ro
a
d

to
co
n
si
d
er

m
a
n
y

p
ra
ct
ic
a
l
p
ro
b
-

le
m
s.

E
le
ct
ri
ca
l
n
et
w
o
rk
s
a
re

p
a
rt
ic
u
la
rl
y
a
m
en

a
b
le

to
a
n
a
ly
-

si
s
in

th
is

fr
a
m
ew

o
rk

(w
h
er
e
th
e
p
ra
ct
ic
e
b
eg
in

in
th
e
w
o
rk
s

o
f
K
ir
ch
h
o
↵

in
1
8
4
5
a
n
d
1
8
4
7
).

A
d
d
it
o
n
a
ll
y,

a
s
o
b
se
rv
ed

b
y

K
ro
n
,
T
re
n
t,

F
ir
es
to
n
e,

a
n
d

m
a
n
y
o
th
er
s
(e
.g
.

[5
,
6
,
7
,
8
])
,

th
ro
u
g
h
th
e
u
se

o
f
so

ca
ll
ed

n
e
t
w
o
r
k
a
n
a
l
o
g
u
e
s

1
th
es
e
m
o
d
el
s

ca
n
b
e
u
se
d
to

d
es
cr
ib
e
a
lm

o
st

a
n
y
p
h
y
si
ca
l
p
ro
ce
ss

(e
le
ct
ri
-

ca
l,
m
ec
h
a
n
ic
a
l,
th
er
m
o
d
y
n
a
m
ic
,
se
e
e.
g
.
[9
]
a
n
d
th
e
re
fe
re
n
ce
s

th
er
ei
n
).

S
u
ch

m
o
d
el
s
h
av
e
a
ls
o
fo
u
n
d
a
p
p
li
ca
ti
o
n
o
u
ts
id
e
o
f

th
e
p
h
y
si
ca
l
d
o
m
a
in
s,
fo
r
ex
a
m
p
le

in
d
es
ig
n
in
g
d
is
tr
ib
u
te
d
o
p
-

ti
m
is
a
ti
o
n
a
lg
o
ri
th
m
s.

A
l
i
n
e
a
r
g
r
a
p
h
,
o
r
si
m
p
ly

a
g
r
a
p
h
is

a
co
ll
ec
ti
o
n
o
f
v
er
ti
ce
s

co
n
n
ec
te
d
b
y
a
se
t
o
f
ed

g
es
.
W

it
h
in

th
is

fr
a
m
ew

o
rk

ea
ch

ed
g
e

re
p
re
se
n
ts

a
co
m
p
o
n
en

t,
a
n
d
is

a
d
d
it
io
n
a
ll
y
a
ss
o
ci
a
te
d
w
it
h
a

fl
o
w

v
a
r
i
a
b
l
e
a
n
d
a
n
e
↵
o
r
t
v
a
r
i
a
b
l
e
,
w
h
ic
h
w
e
d
en

o
te

f k
a
n
d

e k
re
sp

ec
ti
v
el
y
(t
h
e
in
d
ex

k
re
fe
rs

to
th
e
ed

g
e)
.
In

th
e
el
ec
tr
i-

ca
l
n
et
w
o
rk

se
tt
in
g
th
es
e
va
ri
a
b
le
s
w
o
u
ld

b
e
a
cu

rr
en
t
a
n
d
a

v
o
lt
a
g
e.

T
h
e
n
et
w
o
rk

m
o
d
el

co
n
si
st
s
o
f
tw

o
p
ri
n
ci
p
a
l
a
sp

ec
ts
:

D
y
n
a
m
i
c
:
T
h
e
ch
a
ra
ct
er
is
a
ti
o
n
o
f
th
e
d
y
n
a
m
ic
a
l
p
ro
p
er
ti
es

o
f
th
e
co
m
p
o
n
en
ts
.

T
h
is

im
p
o
se
s
a
re
la
ti
o
n
sh
ip

b
et
w
ee
n

th
e
fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le
s
fo
r
ea
ch

ed
g
e.

A
si
m
p
le

ex
a
m
-

p
le

w
o
u
ld

b
e

e k
=

R
f k

,
[
1
]

w
h
ic
h

d
es
cr
ib
es

O
h
m
’s

la
w

fo
r
a
re
si
st
o
r.

H
er
e
th
e
p
o
s-

it
iv
e
co
n
st
a
n
t
R

(t
h
e
re
si
st
a
n
ce
)
d
efi

n
es

th
e
a
p
p
ro
p
ri
a
te

re
la
ti
o
n
sh
ip
.

T
o
p
o
l
o
g
i
c
a
l
:
T
h
e
p
h
y
si
ca
l
la
w
s
g
ov
er
n
in
g
h
ow

th
e
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le
s
b
et
w
ee
n

co
m
p
o
n
en

ts
a
re

re
la
te
d

(a
ls
o
re
-

fe
rr
ed

to
a
s
k
i
n
e
m
a
t
i
c
c
o
n
s
t
r
a
i
n
t
s
).

T
h
es
e
h
av
e
th
e
fo
rm

o
f

K
ir
ch
h
o
↵
’s

cu
rr
en
t
a
n
d
v
o
lt
a
g
e
la
w
s,

a
n
d
a
re

ca
p
tu
re
d
b
y

th
e
to
p
o
lo
g
ic
a
l
st
ru
ct
u
re

o
f
th
e
g
ra
p
h
.

C
o
m
p
o
n
en

t
M
o
d
el
s.
W
e

co
n
si
d
er

co
m
p
o
n
en
t

m
o
d
el
s

d
e-

sc
ri
b
ed

b
y

tw
o

cl
a
ss
es

o
f
re
la
ti
o
n
sh
ip
:

fr
eq
u
en

cy
re
sp

o
n
se
s

a
n
d

st
a
ti
c
n
o
n
li
n
ea
r
m
a
p
s.

T
h
es
e
d
es
cr
ip
ti
o
n
s
ca
n

b
e
u
se
d

to
ca
p
tu
re

th
e
b
eh

av
io
u
r
o
f
a
v
er
y
w
id
e
ra
n
g
e
o
f
co
m
p
o
n
en

ts
,

a
t
le
a
st

a
p
p
ro
x
im

a
te
ly
.

T
h
e
fr
eq
u
en

cy
re
sp

o
n
se

d
es
cr
ip
ti
o
n
is

a
n
a
tu
ra
l
g
en

er
a
li
sa
-

ti
o
n
o
f
eq
.
(1
).

In
g
en

er
a
l,
th
e
re
la
ti
o
n
sh
ip

ta
k
es

th
e
fo
rm

ê k
=

Z
k
(!

)
f̂ k

,
[
2
]

w
h
er
e
f̂ k

,
ê k

a
re

th
e
F
o
u
ri
er

tr
a
n
sf
o
rm

s
o
f
th
e
fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le

re
sp

ec
ti
v
el
y.

T
h
e
fu
n
ct
io
n
Z

k
(!

)
is

th
e
fr
eq
u
en

cy
re
-

sp
o
n
se
,
a
n
d

d
es
cr
ib
es

th
e
in
tu
it
io
n

th
a
t
if

th
er
e
is

a
st
ea
d
y

si
n
u
so
id
a
l
‘fl
ow

’
th
ro
u
g
h
su
ch

d
ev
ic
es
,
th
e
‘e
↵
o
rt
’
w
il
l
b
e
a
si
-

n
u
so
id

a
t
th
e
sa
m
e
fr
eq
u
en

cy
,
b
u
t
p
er
h
a
p
s
w
it
h
a
d
i↵
er
en
t
a
m
-

p
li
tu
d
e
a
n
d
p
h
a
se
.
In

p
a
rt
ic
u
la
r,

fo
r
a
n
y
fr
eq
u
en

cy
!
,
Z

k
(!

)
is

a
co
m
p
le
x
n
u
m
b
er

su
ch

th
a
t:

1
.
T
h
e
m
a
g
n
it
u
d
e
o
f
Z

k
(!

)
is

eq
u
a
l
to

th
e
ra
ti
o
o
f
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le

a
m
p
li
tu
d
es
.

2
.
T
h
e
a
rg
u
m
en

t
o
f
Z

k
(!

)
is
eq
u
a
l
to

th
e
p
h
a
se

sh
if
t
b
et
w
ee
n

fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le
s.

Z
k
(!

)
ca
n
ei
th
er

b
e
o
b
ta
in
ed

fr
o
m

a
m
a
th
em

a
ti
ca
l
m
o
d
el

o
f

th
e
el
em

en
t
(t
y
p
ic
a
ll
y
a
se
t
o
f
o
rd
in
a
ry

d
i↵
er
en

ti
a
l
eq
u
a
ti
o
n
s)
,

o
r
d
ir
ec
tl
y
fr
o
m

ex
p
er
im

en
ts

o
n
th
e
p
h
y
si
ca
l
d
ev
ic
e.

A
st
a
ti
c
l
i
n
e
a
r
m
a
p
is

si
m
p
ly

a
re
la
ti
o
n
sh
ip

o
f
th
e
fo
rm

e k
=

c 1
f k

+
c 2
,

w
h
er
e
c 1

a
n
d
c 2

a
re

re
a
l
n
u
m
b
er
s.

In
p
a
rt
ic
u
la
r,

th
e
re
la
ti
o
n
-

sh
ip

b
et
w
ee
n

th
ro
u
g
h

a
n
d

a
cr
o
ss

va
ri
a
b
le
s
ca
n

b
e
d
es
cr
ib
ed

b
y
a
fu
n
ct
io
n
w
it
h
co
n
st
a
n
t
sl
o
p
e.

A
st
a
ti
c
n
o
n
li
n
ea
r
m
a
p
h
a
s

ex
a
ct
ly

th
e
sa
m
e
fo
rm

,
ex
ce
p
t
th
e
re
la
ti
o
n
sh
ip

e k
=

φ
k
(f

k
)

d
o
es

n
o
t
h
av
e
to

b
e
a
st
ra
ig
h
t
li
n
e.

A
co
m
m
o
n
ex
a
m
p
le

o
f
a
n

el
ec
tr
ic
a
l
co
m
p
o
n
en

t
b
es
t
d
es
cr
ib
ed

b
y
a
st
a
ti
c
n
o
n
li
n
ea
r
m
a
p

is
a
d
io
d
e.

P
h
ys
ic
a
l
L
aw

s.
T
h
e
g
ra
p
h

d
es
cr
ib
es

h
ow

th
e
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le
s
a
ss
o
ci
a
te
d
w
it
h
ea
ch

ed
g
e
a
re

re
la
te
d
.
In

p
a
rt
ic
u
la
r:

1
.
T
h
e
su
m

o
f
fl
ow

va
ri
a
b
le
s
in
to

a
n
y
n
o
d
e
is
ze
ro

(K
ir
ch
h
o
↵
’s

cu
rr
en
t
la
w
).

2
.
T
h
e

su
m

o
f
e↵

o
rt

va
ri
a
b
le
s

a
ro
u
n
d

a
n
y

ci
rc
u
it

is
ze
ro

(K
ir
ch
h
o
↵
’s

v
o
lt
a
g
e
la
w
).

A
n
a
lo
g
u
es

a
re

ty
p
ic
a
ll
y
d
ra
w
n
b
y
o
b
se
rv
in
g
th
e
id
en

ti
ca
l
st
ru
c-

tu
re

o
f
th
es
e
u
n
d
er
ly
in
g
la
w
s
a
n
d
th
o
se

in
o
th
er

p
h
y
si
ca
l
d
o
-

m
a
in
s.

F
o
r
ex
a
m
p
le
in

p
la
n
a
r
m
ec
h
a
n
ic
a
l
n
et
w
o
rk
s
K
ir
ch
h
o
↵
’s

cu
rr
en
t
la
w

is
eq
u
iv
a
le
n
t
to

D
’A

ll
em

b
er
t’
s
p
ri
n
ci
p
le

[5
].

M
o
re

a
b
st
ra
ct
ly

K
ir
ch
h
o
↵
’s

la
w
s
ca
n
b
e
in
te
rp
re
te
d
a
s
f
a
n
d
e
b
e-

in
g
s
o
l
e
n
o
i
d
a
l
(i
n
co
m
p
re
ss
ib
le
)
a
n
d
c
o
n
s
e
r
v
a
t
i
v
e
(i
rr
o
ta
ti
o
n
a
l)

re
sp

ec
ti
v
el
y,

a
n
d
K
ir
ch
h
o
↵
’s

la
w
s
th
e
d
is
cr
et
e
co
u
n
te
rp
a
rt
s
o
f

th
e
fu
n
d
a
m
en

ta
l
id
en
ti
ti
es

o
f
v
ec
to
r
ca
lc
u
lu
s
[1
0
].

A
n
y
n
et
-

w
o
rk

fo
r
w
h
ic
h
th
is
is
a
re
a
so
n
a
b
le

a
ss
u
m
p
ti
o
n
a
b
o
u
t
th
e
b
a
se

Z
k

t
1
Z
k

t
2
Z
k

tt

F
ig
.
3
.

B
y
te
ar
in
g
th
e
sh
ad
ed

ed
ge

th
e
n
et
w
or
k
ca
n
b
e
eq
u
iv
al
en
tl
y
vi
ew

ed
as

th
e

p
ar
al
le
l
in
te
rc
on

n
ec
ti
on

of
ci
rc
u
it
s.

2
w
w
w
.p
n
as
.o
rg

—
—

F
o
ot
lin
e
A
u
th
or

1 t 1
+

1 t 2
=

1

i
i

“
P
N
A
S
˙t
em

p
la
te
s”

—
2
0
1
4
/
9
/
2
2

—
2
0
:0
2

—
p
a
g
e
2

—
#
2

i
i

i
i

i
i

C
o
m

p
o
n
e
n
t

C
ir
c
u
it

N
e
tw

o
rk

t

F
ig
.

2
.

C
on

st
ru
ct
io
n
of

ci
rc
u
it
s
an
d
n
et
w
or
ks

by
in
te
rc
on

n
ec
ti
n
g
co
m
p
on

en
ts
.

E
ac
h
ed
ge

of
th
e
gr
ap
h
re
pr
es
en
ts

a
co
m
p
on

en
t
an
d
is

as
so
ci
at
ed

w
it
h
a
fl
ow

an
d

e↵
or
t.

T
h
e
to
p
ol
og
ic
al

st
ru
ct
u
re

of
th
e
gr
ap
h
d
es
cr
ib
es

th
e
st
ru
ct
u
re

of
th
e
p
h
ys
ic
al

la
w
s
go
ve
rn
in
g
h
ow

fl
ow

s
an
d
e↵

or
ts

in
d
i↵
er
en
t
co
m
p
on

en
ts

ar
e
re
la
te
d
.

co
n
st
ru
ct
ed

fr
o
m

a
si
m
p
le

se
t
o
f
ci
rc
u
it
s.

W
e
th
en

g
iv
e
o
u
r
re
-

su
lt
s
in

th
e
fo
rm

re
q
u
ir
ed

to
v
er
if
y
st
a
b
il
it
y
o
f
th
es
e
ex
a
m
p
le
s,

b
ef
o
re

fi
n
a
ll
y
g
iv
in
g
th
e
a
p
p
ro
p
ri
a
te

g
en

er
a
li
sa
ti
o
n
s
to

co
v
er

th
e
fu
ll
m
o
d
el

cl
a
ss
.

M
o
d
el
lin

g
P
h
ys
ic
a
l
S
ys
te
m
s

T
h
er
e
a
re

m
a
n
y
w
ay

s
to

d
es
cr
ib
e
th
e
st
ru
ct
u
re

o
f
d
y
n
a
m
ic
a
l

m
o
d
el
s
o
f
p
h
y
si
ca
l
sy
st
em

s
u
si
n
g
g
ra
p
h
s,

ra
n
g
in
g
fr
o
m

li
n
ea
r

g
ra
p
h
s,

to
si
g
n
a
l
fl
ow

g
ra
p
h
s
[1
,
2
],
to

b
o
n
d
g
ra
p
h
s
[3
]
(f
o
r
y
et

m
o
re
,
se
e
[4
]
a
n
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
).

T
y
p
ic
a
ll
y
th
e
p
u
r-

p
o
se

o
f
th
e
g
ra
p
h
is

to
ca
p
tu
re

so
m
e
st
ru
ct
u
ra
l
a
sp

ec
t
o
f
th
e

m
o
d
el
,
w
h
ic
h
ca
n
th
en

b
e
ex
p
lo
it
ed

in
th
e
a
n
a
ly
si
s
a
n
d
d
es
ig
n

o
f
th
e
sy
st
em

.
In

th
is
p
a
p
er

w
e
co
n
si
d
er

m
o
d
el
s
d
es
cr
ib
ed

b
y
li
n
ea
r
g
ra
p
h
s.

T
h
is

is
la
rg
el
y
d
u
e
to

th
e
n
u
m
er
o
u
s
n
ic
e
p
ro
p
er
ti
es

th
es
e
n
et
-

w
o
rk
s
en

jo
y,

in
p
a
rt
ic
u
la
r
th
e
fr
ee
d
o
m

w
it
h

w
h
ic
h

th
ey

ca
n

b
e
m
a
n
ip
u
la
te
d
a
n
d
to
rn

a
p
a
rt
;
th
e
st
ru
ct
u
ra
l
p
ro
p
er
ty

w
h
ic
h

w
e
ex
p
lo
it

in
d
er
iv
in
g
o
u
r
re
su
lt
s.

In
a
d
d
it
io
n
th
is

m
o
d
el
li
n
g

cl
a
ss

is
su
ffi
ci
en
tl
y

b
ro
a
d

to
co
n
si
d
er

m
a
n
y

p
ra
ct
ic
a
l
p
ro
b
-

le
m
s.

E
le
ct
ri
ca
l
n
et
w
o
rk
s
a
re

p
a
rt
ic
u
la
rl
y
a
m
en

a
b
le

to
a
n
a
ly
-

si
s
in

th
is

fr
a
m
ew

o
rk

(w
h
er
e
th
e
p
ra
ct
ic
e
b
eg
in

in
th
e
w
o
rk
s

o
f
K
ir
ch
h
o
↵

in
1
8
4
5
a
n
d
1
8
4
7
).

A
d
d
it
o
n
a
ll
y,

a
s
o
b
se
rv
ed

b
y

K
ro
n
,
T
re
n
t,

F
ir
es
to
n
e,

a
n
d

m
a
n
y
o
th
er
s
(e
.g
.

[5
,
6
,
7
,
8
])
,

th
ro
u
g
h
th
e
u
se

o
f
so

ca
ll
ed

n
e
t
w
o
r
k
a
n
a
l
o
g
u
e
s

1
th
es
e
m
o
d
el
s

ca
n
b
e
u
se
d
to

d
es
cr
ib
e
a
lm

o
st

a
n
y
p
h
y
si
ca
l
p
ro
ce
ss

(e
le
ct
ri
-

ca
l,
m
ec
h
a
n
ic
a
l,
th
er
m
o
d
y
n
a
m
ic
,
se
e
e.
g
.
[9
]
a
n
d
th
e
re
fe
re
n
ce
s

th
er
ei
n
).

S
u
ch

m
o
d
el
s
h
av
e
a
ls
o
fo
u
n
d
a
p
p
li
ca
ti
o
n
o
u
ts
id
e
o
f

th
e
p
h
y
si
ca
l
d
o
m
a
in
s,
fo
r
ex
a
m
p
le

in
d
es
ig
n
in
g
d
is
tr
ib
u
te
d
o
p
-

ti
m
is
a
ti
o
n
a
lg
o
ri
th
m
s.

A
l
i
n
e
a
r
g
r
a
p
h
,
o
r
si
m
p
ly

a
g
r
a
p
h
is

a
co
ll
ec
ti
o
n
o
f
v
er
ti
ce
s

co
n
n
ec
te
d
b
y
a
se
t
o
f
ed

g
es
.
W

it
h
in

th
is

fr
a
m
ew

o
rk

ea
ch

ed
g
e

re
p
re
se
n
ts

a
co
m
p
o
n
en

t,
a
n
d
is

a
d
d
it
io
n
a
ll
y
a
ss
o
ci
a
te
d
w
it
h
a

fl
o
w

v
a
r
i
a
b
l
e
a
n
d
a
n
e
↵
o
r
t
v
a
r
i
a
b
l
e
,
w
h
ic
h
w
e
d
en

o
te

f k
a
n
d

e k
re
sp

ec
ti
v
el
y
(t
h
e
in
d
ex

k
re
fe
rs

to
th
e
ed

g
e)
.
In

th
e
el
ec
tr
i-

ca
l
n
et
w
o
rk

se
tt
in
g
th
es
e
va
ri
a
b
le
s
w
o
u
ld

b
e
a
cu

rr
en
t
a
n
d
a

v
o
lt
a
g
e.

T
h
e
n
et
w
o
rk

m
o
d
el

co
n
si
st
s
o
f
tw

o
p
ri
n
ci
p
a
l
a
sp

ec
ts
:

D
y
n
a
m
i
c
:
T
h
e
ch
a
ra
ct
er
is
a
ti
o
n
o
f
th
e
d
y
n
a
m
ic
a
l
p
ro
p
er
ti
es

o
f
th
e
co
m
p
o
n
en
ts
.

T
h
is

im
p
o
se
s
a
re
la
ti
o
n
sh
ip

b
et
w
ee
n

th
e
fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le
s
fo
r
ea
ch

ed
g
e.

A
si
m
p
le

ex
a
m
-

p
le

w
o
u
ld

b
e

e k
=

R
f k

,
[
1
]

w
h
ic
h

d
es
cr
ib
es

O
h
m
’s

la
w

fo
r
a
re
si
st
o
r.

H
er
e
th
e
p
o
s-

it
iv
e
co
n
st
a
n
t
R

(t
h
e
re
si
st
a
n
ce
)
d
efi

n
es

th
e
a
p
p
ro
p
ri
a
te

re
la
ti
o
n
sh
ip
.

T
o
p
o
l
o
g
i
c
a
l
:
T
h
e
p
h
y
si
ca
l
la
w
s
g
ov
er
n
in
g
h
ow

th
e
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le
s
b
et
w
ee
n

co
m
p
o
n
en

ts
a
re

re
la
te
d

(a
ls
o
re
-

fe
rr
ed

to
a
s
k
i
n
e
m
a
t
i
c
c
o
n
s
t
r
a
i
n
t
s
).

T
h
es
e
h
av
e
th
e
fo
rm

o
f

K
ir
ch
h
o
↵
’s

cu
rr
en
t
a
n
d
v
o
lt
a
g
e
la
w
s,

a
n
d
a
re

ca
p
tu
re
d
b
y

th
e
to
p
o
lo
g
ic
a
l
st
ru
ct
u
re

o
f
th
e
g
ra
p
h
.

C
o
m
p
o
n
en

t
M
o
d
el
s.
W
e

co
n
si
d
er

co
m
p
o
n
en
t

m
o
d
el
s

d
e-

sc
ri
b
ed

b
y

tw
o

cl
a
ss
es

o
f
re
la
ti
o
n
sh
ip
:

fr
eq
u
en

cy
re
sp

o
n
se
s

a
n
d

st
a
ti
c
n
o
n
li
n
ea
r
m
a
p
s.

T
h
es
e
d
es
cr
ip
ti
o
n
s
ca
n

b
e
u
se
d

to
ca
p
tu
re

th
e
b
eh

av
io
u
r
o
f
a
v
er
y
w
id
e
ra
n
g
e
o
f
co
m
p
o
n
en

ts
,

a
t
le
a
st

a
p
p
ro
x
im

a
te
ly
.

T
h
e
fr
eq
u
en

cy
re
sp

o
n
se

d
es
cr
ip
ti
o
n
is

a
n
a
tu
ra
l
g
en

er
a
li
sa
-

ti
o
n
o
f
eq
.
(1
).

In
g
en

er
a
l,
th
e
re
la
ti
o
n
sh
ip

ta
k
es

th
e
fo
rm

ê k
=

Z
k
(!

)
f̂ k

,
[
2
]

w
h
er
e
f̂ k

,
ê k

a
re

th
e
F
o
u
ri
er

tr
a
n
sf
o
rm

s
o
f
th
e
fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le

re
sp

ec
ti
v
el
y.

T
h
e
fu
n
ct
io
n
Z

k
(!

)
is

th
e
fr
eq
u
en

cy
re
-

sp
o
n
se
,
a
n
d

d
es
cr
ib
es

th
e
in
tu
it
io
n

th
a
t
if

th
er
e
is

a
st
ea
d
y

si
n
u
so
id
a
l
‘fl
ow

’
th
ro
u
g
h
su
ch

d
ev
ic
es
,
th
e
‘e
↵
o
rt
’
w
il
l
b
e
a
si
-

n
u
so
id

a
t
th
e
sa
m
e
fr
eq
u
en

cy
,
b
u
t
p
er
h
a
p
s
w
it
h
a
d
i↵
er
en
t
a
m
-

p
li
tu
d
e
a
n
d
p
h
a
se
.
In

p
a
rt
ic
u
la
r,

fo
r
a
n
y
fr
eq
u
en

cy
!
,
Z

k
(!

)
is

a
co
m
p
le
x
n
u
m
b
er

su
ch

th
a
t:

1
.
T
h
e
m
a
g
n
it
u
d
e
o
f
Z

k
(!

)
is

eq
u
a
l
to

th
e
ra
ti
o
o
f
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le

a
m
p
li
tu
d
es
.

2
.
T
h
e
a
rg
u
m
en

t
o
f
Z

k
(!

)
is
eq
u
a
l
to

th
e
p
h
a
se

sh
if
t
b
et
w
ee
n

fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le
s.

Z
k
(!

)
ca
n
ei
th
er

b
e
o
b
ta
in
ed

fr
o
m

a
m
a
th
em

a
ti
ca
l
m
o
d
el

o
f

th
e
el
em

en
t
(t
y
p
ic
a
ll
y
a
se
t
o
f
o
rd
in
a
ry

d
i↵
er
en

ti
a
l
eq
u
a
ti
o
n
s)
,

o
r
d
ir
ec
tl
y
fr
o
m

ex
p
er
im

en
ts

o
n
th
e
p
h
y
si
ca
l
d
ev
ic
e.

A
st
a
ti
c
l
i
n
e
a
r
m
a
p
is

si
m
p
ly

a
re
la
ti
o
n
sh
ip

o
f
th
e
fo
rm

e k
=

c 1
f k

+
c 2
,

w
h
er
e
c 1

a
n
d
c 2

a
re

re
a
l
n
u
m
b
er
s.

In
p
a
rt
ic
u
la
r,

th
e
re
la
ti
o
n
-

sh
ip

b
et
w
ee
n

th
ro
u
g
h

a
n
d

a
cr
o
ss

va
ri
a
b
le
s
ca
n

b
e
d
es
cr
ib
ed

b
y
a
fu
n
ct
io
n
w
it
h
co
n
st
a
n
t
sl
o
p
e.

A
st
a
ti
c
n
o
n
li
n
ea
r
m
a
p
h
a
s

ex
a
ct
ly

th
e
sa
m
e
fo
rm

,
ex
ce
p
t
th
e
re
la
ti
o
n
sh
ip

e k
=

φ
k
(f

k
)

d
o
es

n
o
t
h
av
e
to

b
e
a
st
ra
ig
h
t
li
n
e.

A
co
m
m
o
n
ex
a
m
p
le

o
f
a
n

el
ec
tr
ic
a
l
co
m
p
o
n
en

t
b
es
t
d
es
cr
ib
ed

b
y
a
st
a
ti
c
n
o
n
li
n
ea
r
m
a
p

is
a
d
io
d
e.

P
h
ys
ic
a
l
L
aw

s.
T
h
e
g
ra
p
h

d
es
cr
ib
es

h
ow

th
e
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le
s
a
ss
o
ci
a
te
d
w
it
h
ea
ch

ed
g
e
a
re

re
la
te
d
.
In

p
a
rt
ic
u
la
r:

1
.
T
h
e
su
m

o
f
fl
ow

va
ri
a
b
le
s
in
to

a
n
y
n
o
d
e
is
ze
ro

(K
ir
ch
h
o
↵
’s

cu
rr
en
t
la
w
).

2
.
T
h
e

su
m

o
f
e↵

o
rt

va
ri
a
b
le
s

a
ro
u
n
d

a
n
y

ci
rc
u
it

is
ze
ro

(K
ir
ch
h
o
↵
’s

v
o
lt
a
g
e
la
w
).

A
n
a
lo
g
u
es

a
re

ty
p
ic
a
ll
y
d
ra
w
n
b
y
o
b
se
rv
in
g
th
e
id
en

ti
ca
l
st
ru
c-

tu
re

o
f
th
es
e
u
n
d
er
ly
in
g
la
w
s
a
n
d
th
o
se

in
o
th
er

p
h
y
si
ca
l
d
o
-

m
a
in
s.

F
o
r
ex
a
m
p
le
in

p
la
n
a
r
m
ec
h
a
n
ic
a
l
n
et
w
o
rk
s
K
ir
ch
h
o
↵
’s

cu
rr
en
t
la
w

is
eq
u
iv
a
le
n
t
to

D
’A

ll
em

b
er
t’
s
p
ri
n
ci
p
le

[5
].

M
o
re

a
b
st
ra
ct
ly

K
ir
ch
h
o
↵
’s

la
w
s
ca
n
b
e
in
te
rp
re
te
d
a
s
f
a
n
d
e
b
e-

in
g
s
o
l
e
n
o
i
d
a
l
(i
n
co
m
p
re
ss
ib
le
)
a
n
d
c
o
n
s
e
r
v
a
t
i
v
e
(i
rr
o
ta
ti
o
n
a
l)

re
sp

ec
ti
v
el
y,

a
n
d
K
ir
ch
h
o
↵
’s

la
w
s
th
e
d
is
cr
et
e
co
u
n
te
rp
a
rt
s
o
f

th
e
fu
n
d
a
m
en

ta
l
id
en
ti
ti
es

o
f
v
ec
to
r
ca
lc
u
lu
s
[1
0
].

A
n
y
n
et
-

w
o
rk

fo
r
w
h
ic
h
th
is
is
a
re
a
so
n
a
b
le

a
ss
u
m
p
ti
o
n
a
b
o
u
t
th
e
b
a
se

Z
k

t
1
Z
k

t
2
Z
k

tt

F
ig
.
3
.

B
y
te
ar
in
g
th
e
sh
ad
ed

ed
ge

th
e
n
et
w
or
k
ca
n
b
e
eq
u
iv
al
en
tl
y
vi
ew

ed
as

th
e

p
ar
al
le
l
in
te
rc
on

n
ec
ti
on

of
ci
rc
u
it
s.

2
w
w
w
.p
n
as
.o
rg

—
—

F
o
ot
lin
e
A
u
th
or

e k

f k

e k
=

Z
k
(s
)f

k

or
e k

=

k
(f

k
)

i
i

“
P
N
A
S
˙t
em

p
la
te
s”

—
2
0
1
4
/
9
/
2
2

—
2
0
:0
2

—
p
a
g
e
2

—
#
2

i
i

i
i

i
i

C
o
m

p
o
n
e
n
t

C
ir
c
u
it

N
e
tw

o
rk

t

F
ig
.

2
.

C
on

st
ru
ct
io
n
of

ci
rc
u
it
s
an
d
n
et
w
or
ks

by
in
te
rc
on

n
ec
ti
n
g
co
m
p
on

en
ts
.

E
ac
h
ed
ge

of
th
e
gr
ap
h
re
pr
es
en
ts

a
co
m
p
on

en
t
an
d
is

as
so
ci
at
ed

w
it
h
a
fl
ow

an
d

e↵
or
t.

T
h
e
to
p
ol
og
ic
al

st
ru
ct
u
re

of
th
e
gr
ap
h
d
es
cr
ib
es

th
e
st
ru
ct
u
re

of
th
e
p
h
ys
ic
al

la
w
s
go
ve
rn
in
g
h
ow

fl
ow

s
an
d
e↵

or
ts

in
d
i↵
er
en
t
co
m
p
on

en
ts

ar
e
re
la
te
d
.

co
n
st
ru
ct
ed

fr
o
m

a
si
m
p
le

se
t
o
f
ci
rc
u
it
s.

W
e
th
en

g
iv
e
o
u
r
re
-

su
lt
s
in

th
e
fo
rm

re
q
u
ir
ed

to
v
er
if
y
st
a
b
il
it
y
o
f
th
es
e
ex
a
m
p
le
s,

b
ef
o
re

fi
n
a
ll
y
g
iv
in
g
th
e
a
p
p
ro
p
ri
a
te

g
en

er
a
li
sa
ti
o
n
s
to

co
v
er

th
e
fu
ll
m
o
d
el

cl
a
ss
.

M
o
d
el
lin

g
P
h
ys
ic
a
l
S
ys
te
m
s

T
h
er
e
a
re

m
a
n
y
w
ay

s
to

d
es
cr
ib
e
th
e
st
ru
ct
u
re

o
f
d
y
n
a
m
ic
a
l

m
o
d
el
s
o
f
p
h
y
si
ca
l
sy
st
em

s
u
si
n
g
g
ra
p
h
s,

ra
n
g
in
g
fr
o
m

li
n
ea
r

g
ra
p
h
s,

to
si
g
n
a
l
fl
ow

g
ra
p
h
s
[1
,
2
],
to

b
o
n
d
g
ra
p
h
s
[3
]
(f
o
r
y
et

m
o
re
,
se
e
[4
]
a
n
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
).

T
y
p
ic
a
ll
y
th
e
p
u
r-

p
o
se

o
f
th
e
g
ra
p
h
is

to
ca
p
tu
re

so
m
e
st
ru
ct
u
ra
l
a
sp

ec
t
o
f
th
e

m
o
d
el
,
w
h
ic
h
ca
n
th
en

b
e
ex
p
lo
it
ed

in
th
e
a
n
a
ly
si
s
a
n
d
d
es
ig
n

o
f
th
e
sy
st
em

.
In

th
is
p
a
p
er

w
e
co
n
si
d
er

m
o
d
el
s
d
es
cr
ib
ed

b
y
li
n
ea
r
g
ra
p
h
s.

T
h
is

is
la
rg
el
y
d
u
e
to

th
e
n
u
m
er
o
u
s
n
ic
e
p
ro
p
er
ti
es

th
es
e
n
et
-

w
o
rk
s
en

jo
y,

in
p
a
rt
ic
u
la
r
th
e
fr
ee
d
o
m

w
it
h

w
h
ic
h

th
ey

ca
n

b
e
m
a
n
ip
u
la
te
d
a
n
d
to
rn

a
p
a
rt
;
th
e
st
ru
ct
u
ra
l
p
ro
p
er
ty

w
h
ic
h

w
e
ex
p
lo
it

in
d
er
iv
in
g
o
u
r
re
su
lt
s.

In
a
d
d
it
io
n
th
is

m
o
d
el
li
n
g

cl
a
ss

is
su
ffi
ci
en
tl
y

b
ro
a
d

to
co
n
si
d
er

m
a
n
y

p
ra
ct
ic
a
l
p
ro
b
-

le
m
s.

E
le
ct
ri
ca
l
n
et
w
o
rk
s
a
re

p
a
rt
ic
u
la
rl
y
a
m
en

a
b
le

to
a
n
a
ly
-

si
s
in

th
is

fr
a
m
ew

o
rk

(w
h
er
e
th
e
p
ra
ct
ic
e
b
eg
in

in
th
e
w
o
rk
s

o
f
K
ir
ch
h
o
↵

in
1
8
4
5
a
n
d
1
8
4
7
).

A
d
d
it
o
n
a
ll
y,

a
s
o
b
se
rv
ed

b
y

K
ro
n
,
T
re
n
t,

F
ir
es
to
n
e,

a
n
d

m
a
n
y
o
th
er
s
(e
.g
.

[5
,
6
,
7
,
8
])
,

th
ro
u
g
h
th
e
u
se

o
f
so

ca
ll
ed

n
e
t
w
o
r
k
a
n
a
l
o
g
u
e
s

1
th
es
e
m
o
d
el
s

ca
n
b
e
u
se
d
to

d
es
cr
ib
e
a
lm

o
st

a
n
y
p
h
y
si
ca
l
p
ro
ce
ss

(e
le
ct
ri
-

ca
l,
m
ec
h
a
n
ic
a
l,
th
er
m
o
d
y
n
a
m
ic
,
se
e
e.
g
.
[9
]
a
n
d
th
e
re
fe
re
n
ce
s

th
er
ei
n
).

S
u
ch

m
o
d
el
s
h
av
e
a
ls
o
fo
u
n
d
a
p
p
li
ca
ti
o
n
o
u
ts
id
e
o
f

th
e
p
h
y
si
ca
l
d
o
m
a
in
s,
fo
r
ex
a
m
p
le

in
d
es
ig
n
in
g
d
is
tr
ib
u
te
d
o
p
-

ti
m
is
a
ti
o
n
a
lg
o
ri
th
m
s.

A
l
i
n
e
a
r
g
r
a
p
h
,
o
r
si
m
p
ly

a
g
r
a
p
h
is

a
co
ll
ec
ti
o
n
o
f
v
er
ti
ce
s

co
n
n
ec
te
d
b
y
a
se
t
o
f
ed

g
es
.
W

it
h
in

th
is

fr
a
m
ew

o
rk

ea
ch

ed
g
e

re
p
re
se
n
ts

a
co
m
p
o
n
en

t,
a
n
d
is

a
d
d
it
io
n
a
ll
y
a
ss
o
ci
a
te
d
w
it
h
a

fl
o
w

v
a
r
i
a
b
l
e
a
n
d
a
n
e
↵
o
r
t
v
a
r
i
a
b
l
e
,
w
h
ic
h
w
e
d
en

o
te

f k
a
n
d

e k
re
sp

ec
ti
v
el
y
(t
h
e
in
d
ex

k
re
fe
rs

to
th
e
ed

g
e)
.
In

th
e
el
ec
tr
i-

ca
l
n
et
w
o
rk

se
tt
in
g
th
es
e
va
ri
a
b
le
s
w
o
u
ld

b
e
a
cu

rr
en
t
a
n
d
a

v
o
lt
a
g
e.

T
h
e
n
et
w
o
rk

m
o
d
el

co
n
si
st
s
o
f
tw

o
p
ri
n
ci
p
a
l
a
sp

ec
ts
:

D
y
n
a
m
i
c
:
T
h
e
ch
a
ra
ct
er
is
a
ti
o
n
o
f
th
e
d
y
n
a
m
ic
a
l
p
ro
p
er
ti
es

o
f
th
e
co
m
p
o
n
en
ts
.

T
h
is

im
p
o
se
s
a
re
la
ti
o
n
sh
ip

b
et
w
ee
n

th
e
fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le
s
fo
r
ea
ch

ed
g
e.

A
si
m
p
le

ex
a
m
-

p
le

w
o
u
ld

b
e

e k
=

R
f k

,
[
1
]

w
h
ic
h

d
es
cr
ib
es

O
h
m
’s

la
w

fo
r
a
re
si
st
o
r.

H
er
e
th
e
p
o
s-

it
iv
e
co
n
st
a
n
t
R

(t
h
e
re
si
st
a
n
ce
)
d
efi

n
es

th
e
a
p
p
ro
p
ri
a
te

re
la
ti
o
n
sh
ip
.

T
o
p
o
l
o
g
i
c
a
l
:
T
h
e
p
h
y
si
ca
l
la
w
s
g
ov
er
n
in
g
h
ow

th
e
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le
s
b
et
w
ee
n

co
m
p
o
n
en

ts
a
re

re
la
te
d

(a
ls
o
re
-

fe
rr
ed

to
a
s
k
i
n
e
m
a
t
i
c
c
o
n
s
t
r
a
i
n
t
s
).

T
h
es
e
h
av
e
th
e
fo
rm

o
f

K
ir
ch
h
o
↵
’s

cu
rr
en
t
a
n
d
v
o
lt
a
g
e
la
w
s,

a
n
d
a
re

ca
p
tu
re
d
b
y

th
e
to
p
o
lo
g
ic
a
l
st
ru
ct
u
re

o
f
th
e
g
ra
p
h
.

C
o
m
p
o
n
en

t
M
o
d
el
s.
W
e

co
n
si
d
er

co
m
p
o
n
en
t

m
o
d
el
s

d
e-

sc
ri
b
ed

b
y

tw
o

cl
a
ss
es

o
f
re
la
ti
o
n
sh
ip
:

fr
eq
u
en

cy
re
sp

o
n
se
s

a
n
d

st
a
ti
c
n
o
n
li
n
ea
r
m
a
p
s.

T
h
es
e
d
es
cr
ip
ti
o
n
s
ca
n

b
e
u
se
d

to
ca
p
tu
re

th
e
b
eh

av
io
u
r
o
f
a
v
er
y
w
id
e
ra
n
g
e
o
f
co
m
p
o
n
en

ts
,

a
t
le
a
st

a
p
p
ro
x
im

a
te
ly
.

T
h
e
fr
eq
u
en

cy
re
sp

o
n
se

d
es
cr
ip
ti
o
n
is

a
n
a
tu
ra
l
g
en

er
a
li
sa
-

ti
o
n
o
f
eq
.
(1
).

In
g
en

er
a
l,
th
e
re
la
ti
o
n
sh
ip

ta
k
es

th
e
fo
rm

ê k
=

Z
k
(!

)
f̂ k

,
[
2
]

w
h
er
e
f̂ k

,
ê k

a
re

th
e
F
o
u
ri
er

tr
a
n
sf
o
rm

s
o
f
th
e
fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le

re
sp

ec
ti
v
el
y.

T
h
e
fu
n
ct
io
n
Z

k
(!

)
is

th
e
fr
eq
u
en

cy
re
-

sp
o
n
se
,
a
n
d

d
es
cr
ib
es

th
e
in
tu
it
io
n

th
a
t
if

th
er
e
is

a
st
ea
d
y

si
n
u
so
id
a
l
‘fl
ow

’
th
ro
u
g
h
su
ch

d
ev
ic
es
,
th
e
‘e
↵
o
rt
’
w
il
l
b
e
a
si
-

n
u
so
id

a
t
th
e
sa
m
e
fr
eq
u
en

cy
,
b
u
t
p
er
h
a
p
s
w
it
h
a
d
i↵
er
en
t
a
m
-

p
li
tu
d
e
a
n
d
p
h
a
se
.
In

p
a
rt
ic
u
la
r,

fo
r
a
n
y
fr
eq
u
en

cy
!
,
Z

k
(!

)
is

a
co
m
p
le
x
n
u
m
b
er

su
ch

th
a
t:

1
.
T
h
e
m
a
g
n
it
u
d
e
o
f
Z

k
(!

)
is

eq
u
a
l
to

th
e
ra
ti
o
o
f
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le

a
m
p
li
tu
d
es
.

2
.
T
h
e
a
rg
u
m
en

t
o
f
Z

k
(!

)
is
eq
u
a
l
to

th
e
p
h
a
se

sh
if
t
b
et
w
ee
n

fl
ow

a
n
d
e↵

o
rt

va
ri
a
b
le
s.

Z
k
(!

)
ca
n
ei
th
er

b
e
o
b
ta
in
ed

fr
o
m

a
m
a
th
em

a
ti
ca
l
m
o
d
el

o
f

th
e
el
em

en
t
(t
y
p
ic
a
ll
y
a
se
t
o
f
o
rd
in
a
ry

d
i↵
er
en

ti
a
l
eq
u
a
ti
o
n
s)
,

o
r
d
ir
ec
tl
y
fr
o
m

ex
p
er
im

en
ts

o
n
th
e
p
h
y
si
ca
l
d
ev
ic
e.

A
st
a
ti
c
l
i
n
e
a
r
m
a
p
is

si
m
p
ly

a
re
la
ti
o
n
sh
ip

o
f
th
e
fo
rm

e k
=

c 1
f k

+
c 2
,

w
h
er
e
c 1

a
n
d
c 2

a
re

re
a
l
n
u
m
b
er
s.

In
p
a
rt
ic
u
la
r,

th
e
re
la
ti
o
n
-

sh
ip

b
et
w
ee
n

th
ro
u
g
h

a
n
d

a
cr
o
ss

va
ri
a
b
le
s
ca
n

b
e
d
es
cr
ib
ed

b
y
a
fu
n
ct
io
n
w
it
h
co
n
st
a
n
t
sl
o
p
e.

A
st
a
ti
c
n
o
n
li
n
ea
r
m
a
p
h
a
s

ex
a
ct
ly

th
e
sa
m
e
fo
rm

,
ex
ce
p
t
th
e
re
la
ti
o
n
sh
ip

e k
=

φ
k
(f

k
)

d
o
es

n
o
t
h
av
e
to

b
e
a
st
ra
ig
h
t
li
n
e.

A
co
m
m
o
n
ex
a
m
p
le

o
f
a
n

el
ec
tr
ic
a
l
co
m
p
o
n
en

t
b
es
t
d
es
cr
ib
ed

b
y
a
st
a
ti
c
n
o
n
li
n
ea
r
m
a
p

is
a
d
io
d
e.

P
h
ys
ic
a
l
L
aw

s.
T
h
e
g
ra
p
h

d
es
cr
ib
es

h
ow

th
e
fl
ow

a
n
d

e↵
o
rt

va
ri
a
b
le
s
a
ss
o
ci
a
te
d
w
it
h
ea
ch

ed
g
e
a
re

re
la
te
d
.
In

p
a
rt
ic
u
la
r:

1
.
T
h
e
su
m

o
f
fl
ow

va
ri
a
b
le
s
in
to

a
n
y
n
o
d
e
is
ze
ro

(K
ir
ch
h
o
↵
’s

cu
rr
en
t
la
w
).

2
.
T
h
e

su
m

o
f
e↵

o
rt

va
ri
a
b
le
s

a
ro
u
n
d

a
n
y

ci
rc
u
it

is
ze
ro

(K
ir
ch
h
o
↵
’s

v
o
lt
a
g
e
la
w
).

A
n
a
lo
g
u
es

a
re

ty
p
ic
a
ll
y
d
ra
w
n
b
y
o
b
se
rv
in
g
th
e
id
en

ti
ca
l
st
ru
c-

tu
re

o
f
th
es
e
u
n
d
er
ly
in
g
la
w
s
a
n
d
th
o
se

in
o
th
er

p
h
y
si
ca
l
d
o
-

m
a
in
s.

F
o
r
ex
a
m
p
le
in

p
la
n
a
r
m
ec
h
a
n
ic
a
l
n
et
w
o
rk
s
K
ir
ch
h
o
↵
’s

cu
rr
en
t
la
w

is
eq
u
iv
a
le
n
t
to

D
’A

ll
em

b
er
t’
s
p
ri
n
ci
p
le

[5
].

M
o
re

a
b
st
ra
ct
ly

K
ir
ch
h
o
↵
’s

la
w
s
ca
n
b
e
in
te
rp
re
te
d
a
s
f
a
n
d
e
b
e-

in
g
s
o
l
e
n
o
i
d
a
l
(i
n
co
m
p
re
ss
ib
le
)
a
n
d
c
o
n
s
e
r
v
a
t
i
v
e
(i
rr
o
ta
ti
o
n
a
l)

re
sp

ec
ti
v
el
y,

a
n
d
K
ir
ch
h
o
↵
’s

la
w
s
th
e
d
is
cr
et
e
co
u
n
te
rp
a
rt
s
o
f

th
e
fu
n
d
a
m
en

ta
l
id
en
ti
ti
es

o
f
v
ec
to
r
ca
lc
u
lu
s
[1
0
].

A
n
y
n
et
-

w
o
rk

fo
r
w
h
ic
h
th
is
is
a
re
a
so
n
a
b
le

a
ss
u
m
p
ti
o
n
a
b
o
u
t
th
e
b
a
se

Z
k

t
1
Z
k

t
2
Z
k

tt

F
ig
.
3
.

B
y
te
ar
in
g
th
e
sh
ad
ed

ed
ge

th
e
n
et
w
or
k
ca
n
b
e
eq
u
iv
al
en
tl
y
vi
ew

ed
as

th
e

p
ar
al
le
l
in
te
rc
on

n
ec
ti
on

of
ci
rc
u
it
s.

2
w
w
w
.p
n
as
.o
rg

—
—

F
o
ot
lin
e
A
u
th
or

f
e

Z
a

Z
b

e
=

t 2
Z
k
(s
)f

−
f
=

1

(Z
a
(s
)
+
Z
b
(s
))
e

=
)

u
se

N
y
q
u
is
t
w
it
h
L
(s
)
=

t 2
Z
k
(s
)

Z
a
(s
)
+
Z
b
(s
)

(
w

e
w

i
l
l
b
e

a
s
s
u
m

i
n
g

t
h
a
t
Z
k

i
s

o
p
e
n

c
i
r
c
u
i
t

s
t
a
b
l
e

a
n
d
Z
a
,
Z
b

s
h
o
r
t

c
i
r
c
u
i
t

s
t
a
b
l
e
)
.

i
i

“
P
N
A
S
˙t
em

p
la
te
s”

—
2
0
1
4
/
9
/
2
2

—
2
0
:0
2

—
p
a
g
e
6

—
#
6

i
i

i
i

i
i

w
h
er
e
R
e
{f

(!
)}

a
n
d
Im

{f
(!

)}
g
iv
e
th
e
re
a
l
a
n
d
im

a
g
in
a
ry

p
a
rt

o
f
f
(!

),
a
n
d
j
=

p
−
1
.
D
efi

n
e

P
(!

)
,

P
2 k
=
1
R
e
{t

k
Z

a
k
(!

)}
+

j!
Im

{t
k
Z

a
k
(!

)}
c

,
[
9
]

T
h
e
P
o
p
ov

cr
it
er
io
n

st
a
te
s
th
a
t
th
e
ci
rc
u
it

is
st
a
b
le

if
th
e

N
y
q
u
is
t
p
lo
t
o
f
P
(!

)
li
es

to
th
e
ri
g
h
t
o
f
a
li
n
e
th
ro
u
g
h
th
e
−
1

p
o
in
t.

J
u
st

a
s
w
it
h
th
e
N
y
q
u
is
t
st
a
b
il
it
y
cr
it
er
io
n
th
e
P
o
p
ov

p
lo
t
ca
n
b
e
u
se
d
a
s
a
b
a
si
s
fo
r
d
es
ig
n
,
in
d
ic
a
ti
n
g
h
ow

p
a
ra
m
-

et
er
s
in

th
e
fr
eq
u
en

cy
re
sp

o
n
se
s
o
f
th
e
lu
m
p
ed

el
em

en
ts

ca
n

b
e
‘t
u
n
ed

’
to

g
u
a
ra
n
te
e
ro
b
u
st

st
a
b
il
it
y
o
f
th
e
ci
rc
u
it
.

S
ca

la
b
le

P
o
p
o
v
C
ri
te
ri
o
n
.W

e
ex
te
n
d

th
e
P
o
p
ov

cr
it
er
io
n

to
g
u
a
ra
n
te
e
st
a
b
il
it
y
o
f
th
e
in
te
rc
o
n
n
ec
ti
o
n
o
f
ci
rc
u
it
s
th
ro
u
g
h

a
sc
a
la
b
le

P
o
p
ov

p
lo
t.

T
h
is

p
lo
t
is

co
n
st
ru
ct
ed

in
a
n
a
n
a
lo
-

g
o
u
s
m
a
n
n
er

to
th
e
sc
a
la
b
le

N
y
q
u
is
t
p
lo
t
b
y
d
ra
w
in
g
el
li
p
se
s

w
it
h
fo
ci

a
t
th
e
o
ri
g
in

a
n
d
a
t

P
(!

)
,

P
2 k
=
1
R
e
{t

k
Z

a
k
(!

)}
+

j!
Im

{t
k
Z

a
k
(!

)}
c

,
[
1
0
]

a
n
d
w
it
h
m
a
jo
r
a
x
is

le
n
g
th

b
(!

)
,

P
2 k
=
1
|R

e
{t

k
Z

a
k
(!

)}
+

j!
Im

{t
k
Z

a
k
(!

)}
|

c
.

[
1
1
]

T
h
e
p
o
si
ti
v
e
co
n
st
a
n
t
c
g
iv
es

a
lo
w
er

b
o
u
n
d
o
n
th
e
sl
o
p
e
o
f

Z
b
fo
r
th
e
g
iv
en

ci
rc
u
it
.

P
ro
v
id
ed

th
e
sc
a
la
b
le

P
o
p
ov

p
lo
t

fo
r
ev
er
y
ci
rc
u
it

li
es

to
th
e
ri
g
h
t
o
f
a
si
n
g
le

li
n
e
th
ro
u
g
h
th
e

−
1
p
o
in
t,

th
en

th
ei
r
in
te
rc
o
n
n
ec
ti
o
n
is

g
u
a
ra
n
te
ed

to
b
e
st
a
-

b
le
.
T
h
e
n
o
n
ze
ro

fo
cu

s
P
(!

)
is

ex
a
ct
ly

th
e
P
o
p
ov

p
lo
t,

th
u
s

th
e
sc
a
la
b
le

P
o
p
ov

p
lo
t
ca
n
b
e
v
ie
w
ed

a
s
a
sl
ig
h
tl
y
en

la
rg
ed

v
er
si
o
n
.

C
o
n
si
d
er

a
g
a
in

th
e
si
m
p
le
st

in
st
a
n
ce

o
f
th
e
d
is
tr
ib
u
te
d
o
p
ti
-

m
is
a
ti
o
n
ex
a
m
p
le

co
n
si
st
in
g
o
f
tw

o
u
se
rs

co
n
n
ec
te
d
b
y
a
si
n
g
le

ro
u
te
.
A
d
d
it
io
n
a
ll
y
a
ss
u
m
e
th
a
t
th
e
ro
u
te

co
st

is
g
iv
en

b
y

 
(f

)
=

f

µ
(µ

−
f
)
,

w
h
er
e
µ
>

0
.
T
h
is

co
st

g
iv
es

th
e
ex
p
ec
te
d
se
rv
ic
e
ti
m
e
o
f
a
n

M
/
M
/
1
q
u
eu

e
w
it
h
p
o
is
so
n
d
is
tr
ib
u
te
d
a
rr
iv
a
l
ti
m
es

a
n
d
ex
p
o
-

n
en
ti
a
ll
y
d
is
tr
ib
u
te
d
se
rv
ic
e
ti
m
es

w
it
h
ra
te
s
f
a
n
d
µ
re
sp

ec
-

ti
v
el
y
(i
n
th
is

ca
se

th
e
o
p
ti
m
is
a
ti
o
n
p
ro
b
le
m

is
to

d
et
er
m
in
e

h
ow

to
a
ss
ig
n
fl
ow

s
to

q
u
eu

es
to

m
in
im

is
e
th
e
to
ta
l
ex
p
ec
te
d

w
a
it
in
g
ti
m
e)
.
If
th
is
is
th
e
ca
se

th
en

th
e
sl
o
p
e
o
f
r
 
is
g
re
a
te
r

th
a
n

2 µ
3
.
T
h
u
s
p
ro
v
id
ed

th
e
N
y
q
u
is
t
p
lo
t
o
f

P
(!

)
=

µ
3 2

✓
j

C
a
1
+

j

C
a
2

◆

li
es

to
th
e
ri
g
h
t
o
f
a
li
n
e
th
ro
u
g
h
th
e
−
1
p
o
in
t,

st
a
b
il
it
y
(a
n
d

h
en

ce
co
n
v
er
g
en

ce
o
f
th
e
a
lg
o
ri
th
m
)
is
g
u
a
ra
n
te
ed

th
ro
u
g
h
th
e

P
o
p
ov

cr
it
er
io
n
.
T
h
is

is
tr
iv
ia
ll
y
sa
ti
sfi
ed

in
th
is

ca
se

fo
r
a
n
y

va
lu
e
o
f
th
e
p
a
ra
m
et
er
s.

F
u
rt
h
er

a
s
th
e
sc
a
la
b
le

P
o
p
ov

p
lo
t

ju
st

co
n
si
st
s
o
f
a
su
b
se
t
o
f
th
e
im

a
g
in
a
ry

a
x
is

a
n
y

p
o
ss
ib
le

in
te
rc
o
n
n
ec
ti
o
n
o
f
su
ch

ci
rc
u
it
s
(c
o
rr
es
p
o
n
d
in
g
to

a
d
d
in
g
a
d
-

d
it
io
n
a
l
ro
u
te
s)

is
a
ls
o
g
u
a
ra
n
te
ed

to
b
e
st
a
b
le
.

T
h
e
tr
u
e
p
ow

er
o
f
o
u
r
re
su
lt

is
to

b
e
a
b
le

to
g
u
a
ra
n
te
e
st
a
-

b
il
it
y
w
h
en

th
e
u
se
rs

h
av
e
m
o
re

re
a
li
st
ic

fr
eq
u
en

cy
re
sp

o
n
se
s

(n
o
te

th
e
sl
ig
h
tl
y
co
u
n
te
ri
n
tu
it
iv
e
su
g
g
es
ti
o
n
fr
o
m

th
e
p
re
v
i-

o
u
s
a
n
a
ly
si
s
th
a
t
w
e
m
ay

u
se

a
rb
it
ra
ri
ly

sm
a
ll
ca
p
a
ci
ta
n
ce
s)
.

S
u
p
p
o
si
n
g
fo
r
ex
a
m
p
le

th
a
t
th
e
u
se
rs

o
b
ta
in
ed

d
el
ay
ed

a
n
d

fi
lt
er
ed

in
fo
rm

a
ti
o
n
a
b
o
u
t
th
e
fl
ow

a
lo
n
g
th
e
ro
u
te
,
a
n
a
p
p
ro
-

p
ri
a
te

fr
eq
u
en

cy
re
sp

o
n
se

m
ig
h
t
b
e

Z
a
(!

)
=

e
j
!
T
a

j!
C

a
(1

+
j!

β
a
)
,

I
m

R
e

−
1

T
a
/
β
a

β
a

C
a

F
ig
.

9
.

T
h
e
le
ft

p
ar
t
of

th
e
fi
gu

re
sh
ow

s
th
e
sc
al
ab
le

P
op

ov
p
lo
ts

fo
r
th
e
d
is
-

tr
ib
u
te
d
op

ti
m
is
at
io
n
ex
am

p
le

fo
r
tw
o
d
i↵
er
en
t
va
lu
es

of
d
el
ay

an
d
ca
p
ac
it
an
ce

(b
u
t

id
en
ti
ca
l

a
).

If
th
e
ca
p
ac
it
an
ce

is
to
o
sm

al
l
or

th
e
d
el
ay

to
o
la
rg
e
th
e
p
lo
t
fa
ils

to

lie
to

th
e
ri
gh

t
of

lin
e
th
ro
u
gh

th
e

1
p
oi
n
t.

T
h
is
tr
ad
eo
↵
is
ill
u
st
ra
te
d
in

th
e
ri
gh

t

p
ar
t
of

th
e
fi
gu

re
,
w
it
h
th
e
sh
ad
ed

re
gi
on

sh
ow

in
g
th
e
p
ar
am

et
er

va
lu
es

sa
ti
sf
yi
n
g

th
e
cr
it
er
io
n
.
In

th
e
h
et
er
og
en
ou

s
ca
se

st
ab
ili
ty

is
gu

ar
an
te
ed

by
te
st
in
g
ea
ch

ci
rc
u
it

in
d
iv
id
u
al
ly

(e
ac
h
is
a
lo
ca
l
te
st

b
as
ed

on
ly

on
th
e
d
yn
am

ic
s
of

a
p
ai
r
of

u
se
rs

ar
ea
s

an
d
th
e
ro
u
te

co
n
n
ec
ti
n
g
th
em

).

w
h
er
e
T
a
co
rr
es
p
o
n
d
s
to

th
e
d
el
ay

a
n
d

β
a
a
sm

o
o
th
in
g
p
a
-

ra
m
et
er
.
E
v
en

in
th
e
ca
se

w
h
en

u
se
rs

h
av
e
id
en
ti
ca
l
fr
eq
u
en

cy
re
sp

o
n
se
s
st
a
b
il
it
y
w
o
u
ld

b
e
d
iffi

cu
lt

to
v
er
if
y
u
si
n
g
st
a
n
d
a
rd

te
ch
n
iq
u
es
,
y
et

d
is
tr
ib
u
te
d
st
a
b
il
it
y
g
u
a
ra
n
te
es

ca
n
b
e
q
u
ic
k
ly

o
b
ta
in
ed

u
si
n
g
o
u
r
co
n
d
it
io
n
s.

T
h
is

is
il
lu
st
ra
te
d

in
fi
g
.
9
.

O
b
se
rv
e
th
a
t
w
e
n
ow

h
av
e
a
tr
a
d
eo
↵
b
et
w
ee
n
d
el
ay

ti
m
e
a
n
d

Z
b

t
1
Z
a
1

t
2
Z
a
2 t
3
Z
a
3

t
n
Z
a
n

F
ig
.

1
0
.

S
tr
u
ct
u
re

of
a
fu
n
d
am

en
ta
l
ci
rc
u
it
.

A
n
y
n
et
w
or
k
re
pr
es
en
ta
b
le

by
a

lin
ea
r
gr
ap
h
m
ay

b
e
d
ec
om

p
os
ed

in
to

a
se
t
of

ci
rc
u
it
s
w
it
h
th
is
st
ru
ct
u
re

by
te
ar
in
g

th
e
ed
ge
s
in

so
m
e
sp
an
n
in
g
tr
ee
.
A
p
p
ly
in
g
th
e
an
al
ys
is
to
ol
s
fr
om

th
e
pr
ev
io
u
s
se
ct
io
n

to
th
is
se
t
of

ci
rc
u
it
s
gu

ar
an
te
es

st
ab
ili
ty

of
th
e
(i
n
te
rc
on

n
n
ec
te
d
)
n
et
w
or
k
m
o
d
el
.

a

d

b

c
c

d

a

b

t

F
ig
.

1
1
.

Il
lu
st
ra
ti
on

of
th
e
st
ru
ct
u
re
d
n
et
w
or
k
d
ec
om

p
os
it
io
n
.

T
h
e
el
em

en
ts

sh
ad
ed

in
gr
ey

fo
rm

a
sp
an
n
in
g
tr
ee
.
T
h
e
fu
n
d
am

en
ta
l
ci
rc
u
it
s
co
rr
es
p
on

d
to

th
os
e

fo
rm

ed
by

th
e
re
in
tr
o
d
u
ct
io
n
of

a
si
n
gl
e
el
em

en
t
sh
ad
ed

in
w
h
it
e.

T
h
e
n
et
w
or
k
ca
n

b
e
sp
lit

ap
ar
t
on

th
is
b
as
is
by

te
ar
in
g
th
e
el
em

en
ts

in
th
e
sp
an
n
in
g
tr
ee

as
re
q
u
ir
ed
.

8
A
t
le
as
t
fr
om

th
e
m
at
h
em

at
ic
al

p
er
sp
ec
ti
ve
,
se
e
th
e
d
is
cu
ss
io
n
in

[1
5,

ch
ap
te
r
16
].

9
T
h
ou

gh
b
ot
h
n
et
w
or
k
m
o
d
el
s
w
ill
n
ot

b
e
re
pr
es
en
ta
b
le
as

lin
ea
r
gr
ap
h
s
u
n
le
ss

th
e
gr
ap
h
s
ar
e
p
la
n
ar

[1
6]
.
T
h
er
e
is
h
ow

ev
er

n
o
d
iffi

cu
lt
y
in

ex
te
n
d
in
g
ou

r
re
su
lt
s
to

th
e
si
tu
at
io
n
w
h
er
e
th
e
st
ru
ct
u
re

of
th
e
p
h
ys
ic
al

la
w
s
is
d
es
cr
ib
ed

by
a
re
gu

la
r
m
at
ro
id

(w
h
er
e
in
d
ee
d
n
ei
th
er

an
al
og
y
n
ee
d
b
e
gr
ap
h
ic
),

as
op

p
os
ed

to
a
lin
ea
r
gr
ap
h
(c
.f
.
th
e
ge
n
er
al
is
ed

el
ec
tr
ic
al

n
et
w
or
ks

in
[1
7]
).

6
w
w
w
.p
n
as
.o
rg

—
—

F
o
ot
lin
e
A
u
th
or

t 1
Z
1

t 2
Z
1

t 3
Z
1

t 4
Z
2

t 5
Z
2

1 t 1
+

1 t 2
+

1 t 3
=

1

1 t 4
+

1 t 5
=

1
L
(s
)
=

t 3
Z
1
+
t 5
Z
2

Z
b

i
i

“
P
N
A
S
˙t
em

p
la
te
s”

—
2
0
1
4
/
9
/
2
2

—
2
0
:0
2

—
p
a
g
e
5

—
#
5

i
i

i
i

i
i

x

y

I
m

R
e

F
ig
.
6
.

A
n
el
lip
se

in
th
e
co
m
p
le
x
p
la
n
e
w
it
h
fo
ci
at

th
e
or
ig
in

an
d
at
x
+
y
.
T
h
e

su
m

of
th
e
d
is
ta
n
ce
s
fr
om

th
e
fo
ci

to
an
y
p
oi
n
t
on

th
e
el
lip
se
,
te
rm

ed
th
e
m
aj
or

ax
is

le
n
gt
h
,
is
|x
|+

|y
|.

T
h
e
sc
al
ab
le

N
yq
u
is
t
p
lo
t
is
co
n
st
ru
ct
ed

by
d
ra
w
in
g
an

el
lip
se

w
it
h
th
is
st
ru
ct
u
re

at
ev
er
y
fr
eq
u
en
cy
.

I
m

R
e

F
ig
.

7
.

S
ke
tc
h
of

th
e
co
n
st
ru
ct
io
n
of

th
e
sc
al
ab
le

N
yq
u
is
t
p
lo
t.

A
t
ev
er
y
fr
e-

q
u
en
cy

an
el
lip
se

w
it
h
m
aj
or

ax
is

le
n
gt
h
gi
ve
n
by

eq
.
(
8
)
is

su
p
er
im

p
os
ed

on
th
e

‘u
su
al
’
N
yq
u
is
t
p
lo
t
(g
iv
en

by
eq
.
(
7
)
).

S
ca

la
b
le

N
yq

u
is
t
cr
it
er
io
n
.W

h
il
e
th
e
N
y
q
u
is
t
cr
it
er
io
n

ca
n

g
u
a
ra
n
te
e
th
e
st
a
b
il
it
y
o
f
a
si
n
g
le

ci
rc
u
it
,
it

d
o
es

n
o
t
g
u
a
ra
n
-

te
e
st
a
b
il
it
y
o
f
th
e
in
te
rc
o
n
n
ec
ti
o
n
o
f
m
u
lt
ip
le

ci
rc
u
it
s,

ev
en

if
th
ey

ea
ch

in
d
iv
id
u
a
ll
y
sa
ti
sf
y
th
e
N
y
q
u
is
t
cr
it
er
io
n
.
O
u
r
m
a
in

co
n
tr
ib
u
ti
o
n

is
sh
ow

in
g
th
a
t
if

sl
ig
h
tl
y
st
ro
n
g
er

co
n
d
it
io
n

is
sa
ti
sfi
ed

,
th
en

st
a
b
il
it
y
o
f
th
e
in
te
rc
o
n
n
ec
ti
o
n
o
f
m
u
lt
ip
le

ci
r-

cu
it
s
i
s
g
u
a
r
a
n
t
e
e
d
.

J
u
st

a
s
w
it
h
th
e
N
y
q
u
is
t
cr
it
er
io
n
,
th
e
sc
a
la
b
le

cr
it
er
io
n
is

b
a
se
d
o
n
a
g
ra
p
h
ic
a
l
co
n
st
ru
ct
io
n
w
h
ic
h
w
e
te
rm

th
e
sc
a
la
b
le

N
y
q
u
is
t
p
lo
t.

T
h
is

p
lo
t
is

b
a
se
d
o
n
d
ra
w
in
g
el
li
p
se
s,

so
le
t
u
s

fi
rs
t
re
v
ie
w

th
e
re
le
va
n
t
g
eo
m
et
ry
.
A
n
el
li
p
se

is
a
cu

rv
e
su
r-

ro
u
n
d
in
g
tw

o
p
o
in
ts
,
te
rm

ed
th
e
fo
ci
,
su
ch

th
a
t
th
e
su
m

o
f
th
e

θ

−
k

I
m

R
e

A
re

a
1

A
re

a
2

A
re

a
3

A
re

a
4

A
re

a
5

A
rb

it
ra

ry
In

te
rc

o
n
n
e
c
ti
o
n

o
f
A

re
a
s

F
ig
.

8
.

T
h
e
le
ft

p
ar
t
of

th
e
p
lo
t
sh
ow

s
th
e
N
yq
u
is
t
p
lo
t
(b
la
ck

cu
rv
e)

fo
r
th
e

si
m
p
le

p
ow

er
sy
st
em

ex
am

p
le
,
w
it
h
th
e
sc
al
ab
le

N
yq
u
is
t
p
lo
t
su
p
er
im

p
os
ed

on
to
p

(g
re
y
ar
ea
).

A
s
th
e
sc
al
ab
le

p
lo
t
lie
s
to

th
e
ri
gh

t
of

a
lin
e
th
ro
u
gh

th
e

1
p
oi
n
t
th
e

sc
al
ab
le

co
n
d
it
io
n
is
sa
ti
sfi
ed
.
In

fa
ct

th
e
co
n
d
it
io
n
re
m
ai
n
s
sa
ti
sfi
ed

in
d
ep
en
d
en
t
of

th
e
va
lu
es

of
th
e
te
ar
in
g
p
ar
am

et
er
s
t i
,
w
h
ic
h
im

m
ed
ia
te
ly

gu
ar
an
te
es

st
ab
ili
ty

of
th
e

in
te
rc
on

n
ec
ti
on

of
an
y
n
u
m
b
er

of
ge
n
er
at
in
g
ar
ea
s
w
it
h
h
om

og
en
ou

s
d
yn
am

ic
s.

In
th
e

h
et
er
og
en
ou

s
ca
se

st
ab
ili
ty

is
gu

ar
an
te
ed

by
te
st
in
g
ea
ch

ci
rc
u
it
in
d
iv
id
u
al
ly
(e
ac
h
is
a

lo
ca
l
te
st

b
as
ed

on
ly

on
th
e
d
yn
am

ic
s
of

a
p
ai
r
of

co
n
tr
ol

ar
ea
s
an
d
th
e
tr
an
sm

is
si
on

lin
e
co
n
n
ec
ti
n
g
th
em

).

d
is
ta
n
ce
s
fr
o
m

th
e
fo
ci

to
a
n
y
p
o
in
t
o
n
th
e
cu

rv
e
is

co
n
st
a
n
t.

T
h
is

d
is
ta
n
ce

is
te
rm

ed
th
e
m
a
jo
r
a
x
is

le
n
g
th
.

C
o
n
si
d
er

a
g
a
in

th
e
ci
rc
u
it

in
fi
g
.
4
.
T
o
co
n
st
ru
ct

th
e
sc
a
l-

a
b
le

N
y
q
u
is
t
p
lo
t
d
ra
w

a
n
el
li
p
se

a
t
ev
er
y
fr
eq
u
en

cy
w
it
h
fo
ci

a
t
th
e
o
ri
g
in

a
n
d
a
t L
(!

)
,

P
2 k
=
1
t k
Z

a
k
(!

)

Z
b
(!

)
,

[
7
]

w
it
h
m
a
jo
r
a
x
is

le
n
g
th

a
(!

)
,

P
2 k
=
1
|t k

Z
a
k
(!

)|
|Z

b
(!

)|
.

[
8
]

P
ro
v
id
ed

th
e
sc
a
la
b
le

N
y
q
u
is
t
p
lo
t
fo
r
ev
er
y

ci
rc
u
it

li
es

to
th
e
ri
g
h
t
o
f
a
si
n
g
le

li
n
e
th
ro
u
g
h
th
e

1
p
o
in
t,

th
en

th
ei
r
in
-

te
rc
o
n
n
ec
ti
o
n

is
g
u
a
ra
n
te
ed

to
b
e
st
a
b
le
.

O
b
se
rv
e
th
a
t
th
e

n
o
n
ze
ro

fo
cu

s
is
ex
a
ct
ly

th
e
N
y
q
u
is
t
p
lo
t
fo
r
th
e
ci
rc
u
it
.
T
h
u
s

th
e
sc
a
la
b
le

N
y
q
u
is
t
p
lo
t
ca
n
b
e
v
ie
w
ed

a
s
a
sl
ig
h
tl
y
en

la
rg
ed

N
y
q
u
is
t
p
lo
t,

a
n
d
a
ll
th
e
u
su
a
l
‘d
es
ig
n
p
ri
n
ci
p
le
s’

co
n
ti
n
u
e
to

a
p
p
ly
.

T
h
e
st
ep

s
fo
r
co
n
st
ru
ct
in
g
th
e
sc
a
la
b
le

N
y
q
u
is
t
p
lo
t

a
re

il
lu
st
ra
te
d
th
ro
u
g
h
fi
g
s.

6
a
n
d
7
.

C
o
n
si
d
er

a
g
a
in

th
e
si
m
p
le

el
ec
tr
ic
a
l
p
ow

er
sy
st
em

m
o
d
el

co
n
si
st
in
g

o
f
tw

o
id
en
ti
ca
l
g
en

er
a
ti
n
g

a
re
a
s
co
n
n
ec
te
d

b
y

a
si
n
g
le

tr
a
n
sm

is
si
o
n

li
n
e.

In
th
is

ca
se

st
a
b
il
it
y

o
f
th
e
m
o
d
el

ca
n

b
e
ch
ec
k
ed

u
si
n
g
th
e
N
y
q
u
is
t
st
a
b
il
it
y

cr
it
er
io
n
.

T
h
u
s

p
ro
v
id
ed

th
e
N
y
q
u
is
t
p
lo
t
o
f

L
(!

)
=

q
1


(P
0
X

b
)2

X
b

✓
t 1

+
t 2

j!
D

a


!
2
M

a

◆

m
a
k
es

n
o
n
et

en
ci
rc
le
m
en

ts
o
f
th
e

1
p
o
in
t,
th
e
p
ow

er
sy
st
em

m
o
d
el

is
st
a
b
le
.
T
h
e
re
q
u
ir
ed

N
y
q
u
is
t
p
lo
t
fo
r
so
m
e
ty
p
ic
a
l

p
a
ra
m
et
er

va
lu
es

(f
ro
m

[1
1
,
ch
a
p
te
r
3
])

is
sh
ow

n
in

fi
g
.
8
.

S
u
p
er
im

p
o
se
d
o
n
th
is
p
lo
t
is
th
e
sc
a
la
b
le

N
y
q
u
is
t
p
lo
t.

T
h
e

sc
a
la
b
le

N
y
q
u
is
t
p
lo
t
li
es

to
th
e
ri
g
h
t
o
f
a
st
ra
ig
h
t
li
n
e
th
ro
u
g
h

th
e

1
p
o
in
t.

T
h
is

n
o
t
o
n
ly

im
p
li
es

th
a
t
th
is

si
n
g
le

ci
rc
u
it

is
st
a
b
le
,
b
u
t
a
ls
o
th
a
t
a
n
y
in
te
rc
o
n
n
ec
ti
o
n
o
f
co
n
tr
o
l
a
re
a
s
w
it
h

fr
eq
u
en

cy
re
sp

o
n
se

Z
(!

)
=

k

j!
D

a


!
2
M

a
,

w
h
er
e
k
is
a
p
o
si
ti
v
e
co
n
st
a
n
t
is
a
ls
o
st
a
b
le
!
F
o
r
th
e
ca
se

o
f
th
e

cl
a
ss
ic
a
l
m
o
d
el

o
f
el
ec
tr
ic
a
l
p
ow

er
sy
st
em

s
th
is
h
a
s
b
ee
n
k
n
ow

fo
r
m
a
n
y
y
ea
rs
.
H
ow

ev
er

th
e
g
en

er
a
li
ty

o
f
o
u
r
a
p
p
ro
a
ch

a
ll
ow

s
ev
en

th
e
m
o
st

so
p
h
is
ti
ca
te
d
p
ow

er
sy
st
em

s
m
o
d
el
s
to

b
y
in
v
es
-

ti
g
a
te
d
in

th
e
sa
m
e
w
ay
.
T
h
er
e
is

fo
r
ex
a
m
p
le

n
o
d
i

cu
lt
y
in

co
n
si
d
er
in
g
th
e
st
a
n
d
a
rd

m
o
d
el
s
u
se
d
in

sm
a
ll
si
g
n
a
l
st
a
b
il
it
y

st
u
d
ie
s
w
h
ic
h
in
cl
u
d
e
v
o
lt
a
g
e
d
y
n
a
m
ic
s,

re
a
ct
iv
e
p
ow

er
fl
ow

s
a
n
d
fa
st

a
ct
in
g
co
n
tr
o
l
sy
st
em

s
su
ch

a
s
a
u
to
m
a
ti
c
v
o
lt
a
g
e
re
g
-

u
la
to
rs
.

It
is

in
fa
ct

p
o
ss
ib
le

to
av
o
id

a
lm

o
st

a
ll

ti
m
e
sc
a
le

se
p
a
ra
ti
o
n
a
rg
u
m
en
ts
,
a
n
d
ev
en

m
o
d
el

ea
ch

tr
a
n
sm

is
si
o
n
li
n
e

a
s
a
fu
ll
y
d
is
tr
ib
u
te
d
sy
st
em

.
T
h
is

is
th
e
su
b
je
ct

o
f
o
n
g
o
in
g

w
o
rk
,
h
ow

ev
er

st
a
b
il
it
y
o
f
th
e
b
en

ch
m
a
rk

p
ow

er
sy
st
em

m
o
d
el

fr
o
m

[1
4
]
w
h
ic
h
in
cl
u
d
es

d
et
a
il
ed

g
en

er
a
to
r
a
n
d
lo
a
d
m
o
d
el
s

ca
n
b
e
v
er
ifi
ed

in
th
is

w
ay
.

P
o
p
o
v
st
a
b
ili
ty

cr
it
er
io
n
.
T
h
e
P
o
p
ov

st
a
b
il
it
y
cr
it
er
io
n
ca
n
b
e

u
se
d
to

d
et
er
m
in
e
st
a
b
il
it
y
o
f
th
e
ci
rc
u
it
in

fi
g
.
4
w
h
er
e
Z

a
1
(!

)
a
n
d
Z

a
2
(!

)
a
re

d
es
cr
ib
ed

b
y
fr
eq
u
en

cy
re
sp

o
n
se
s,

a
n
d
Z

b
b
y

a
st
a
ti
c
n
o
n
li
n
ea
r
m
a
p
w
it
h
sl
o
p
e
g
re
a
te
r
th
a
n
so
m
e
p
o
si
ti
v
e

n
u
m
b
er

c.
T
h
e
P
o
p
ov

cr
it
er
io
n
is

b
a
se
d
o
n
a
g
ra
p
h
ic
a
l
co
n
-

st
ru
ct
io
n
te
rm

ed
th
e
P
o
p
ov

p
lo
t.

T
h
e
P
o
p
ov

p
lo
t
o
f
a
fu
n
ct
io
n

f
(!

)
is

si
m
il
a
r
to

th
e
N
y
q
u
is
t
p
lo
t,

h
ow

ev
er

th
e
re
a
l
p
a
rt

o
f

f
(!

)
is

d
ra
w
n

a
g
a
in
st

th
e
im

a
g
in
a
ry

p
a
rt

m
u
l
t
i
p
l
i
e
d

b
y

!
.

T
h
is

is
eq
u
iv
a
le
n
t
to

d
ra
w
in
g
th
e
N
y
q
u
is
t
p
lo
t
o
f

f
⇤
(!

)
=

R
e
{f

(!
)}

+
j!

Im
{f

(!
)}

,

F
o
ot
lin
e
A
u
th
or

P
N
A
S

Is
su
e
D
a
te

V
ol
u
m
e

Is
su
e
N
u
m
b
er

5

L
(j
!
0
)
=

t 3
Z
1
(j
!
0
)
+
t 5
Z
2
(j
!
0
)

Z
b
(j
!
0
)

=
x
+
y

i
i

“
P
N
A
S
˙t
em

p
la
te
s”

—
2
0
1
4
/
9
/
2
2

—
2
0
:0
2

—
p
a
g
e
5

—
#
5

i
i

i
i

i
i

x

y

I
m

R
e

F
ig
.
6
.

A
n
el
lip
se

in
th
e
co
m
p
le
x
p
la
n
e
w
it
h
fo
ci
at

th
e
or
ig
in

an
d
at
x
+
y
.
T
h
e

su
m

of
th
e
d
is
ta
n
ce
s
fr
om

th
e
fo
ci

to
an
y
p
oi
n
t
on

th
e
el
lip
se
,
te
rm

ed
th
e
m
aj
or

ax
is

le
n
gt
h
,
is
|x
|+

|y
|.

T
h
e
sc
al
ab
le

N
yq
u
is
t
p
lo
t
is
co
n
st
ru
ct
ed

by
d
ra
w
in
g
an

el
lip
se

w
it
h
th
is
st
ru
ct
u
re

at
ev
er
y
fr
eq
u
en
cy
.

I
m

R
e

F
ig
.

7
.

S
ke
tc
h
of

th
e
co
n
st
ru
ct
io
n
of

th
e
sc
al
ab
le

N
yq
u
is
t
p
lo
t.

A
t
ev
er
y
fr
e-

q
u
en
cy

an
el
lip
se

w
it
h
m
aj
or

ax
is

le
n
gt
h
gi
ve
n
by

eq
.
(
8
)
is

su
p
er
im

p
os
ed

on
th
e

‘u
su
al
’
N
yq
u
is
t
p
lo
t
(g
iv
en

by
eq
.
(
7
)
).

S
ca

la
b
le

N
yq

u
is
t
cr
it
er
io
n
.W

h
il
e
th
e
N
y
q
u
is
t
cr
it
er
io
n

ca
n

g
u
a
ra
n
te
e
th
e
st
a
b
il
it
y
o
f
a
si
n
g
le

ci
rc
u
it
,
it

d
o
es

n
o
t
g
u
a
ra
n
-

te
e
st
a
b
il
it
y
o
f
th
e
in
te
rc
o
n
n
ec
ti
o
n
o
f
m
u
lt
ip
le

ci
rc
u
it
s,

ev
en

if
th
ey

ea
ch

in
d
iv
id
u
a
ll
y
sa
ti
sf
y
th
e
N
y
q
u
is
t
cr
it
er
io
n
.
O
u
r
m
a
in

co
n
tr
ib
u
ti
o
n

is
sh
ow

in
g
th
a
t
if

sl
ig
h
tl
y
st
ro
n
g
er

co
n
d
it
io
n

is
sa
ti
sfi
ed

,
th
en

st
a
b
il
it
y
o
f
th
e
in
te
rc
o
n
n
ec
ti
o
n
o
f
m
u
lt
ip
le

ci
r-

cu
it
s
i
s
g
u
a
r
a
n
t
e
e
d
.

J
u
st

a
s
w
it
h
th
e
N
y
q
u
is
t
cr
it
er
io
n
,
th
e
sc
a
la
b
le

cr
it
er
io
n
is

b
a
se
d
o
n
a
g
ra
p
h
ic
a
l
co
n
st
ru
ct
io
n
w
h
ic
h
w
e
te
rm

th
e
sc
a
la
b
le

N
y
q
u
is
t
p
lo
t.

T
h
is

p
lo
t
is

b
a
se
d
o
n
d
ra
w
in
g
el
li
p
se
s,

so
le
t
u
s

fi
rs
t
re
v
ie
w

th
e
re
le
va
n
t
g
eo
m
et
ry
.
A
n
el
li
p
se

is
a
cu

rv
e
su
r-

ro
u
n
d
in
g
tw

o
p
o
in
ts
,
te
rm

ed
th
e
fo
ci
,
su
ch

th
a
t
th
e
su
m

o
f
th
e

θ

−
k

I
m

R
e

A
re

a
1

A
re

a
2

A
re

a
3

A
re

a
4

A
re

a
5

A
rb

it
ra

ry
In

te
rc

o
n
n
e
c
ti
o
n

o
f
A

re
a
s

F
ig
.

8
.

T
h
e
le
ft

p
ar
t
of

th
e
p
lo
t
sh
ow

s
th
e
N
yq
u
is
t
p
lo
t
(b
la
ck

cu
rv
e)

fo
r
th
e

si
m
p
le

p
ow

er
sy
st
em

ex
am

p
le
,
w
it
h
th
e
sc
al
ab
le

N
yq
u
is
t
p
lo
t
su
p
er
im

p
os
ed

on
to
p

(g
re
y
ar
ea
).

A
s
th
e
sc
al
ab
le

p
lo
t
lie
s
to

th
e
ri
gh

t
of

a
lin
e
th
ro
u
gh

th
e

1
p
oi
n
t
th
e

sc
al
ab
le

co
n
d
it
io
n
is
sa
ti
sfi
ed
.
In

fa
ct

th
e
co
n
d
it
io
n
re
m
ai
n
s
sa
ti
sfi
ed

in
d
ep
en
d
en
t
of

th
e
va
lu
es

of
th
e
te
ar
in
g
p
ar
am

et
er
s
t i
,
w
h
ic
h
im

m
ed
ia
te
ly

gu
ar
an
te
es

st
ab
ili
ty

of
th
e

in
te
rc
on

n
ec
ti
on

of
an
y
n
u
m
b
er

of
ge
n
er
at
in
g
ar
ea
s
w
it
h
h
om

og
en
ou

s
d
yn
am

ic
s.

In
th
e

h
et
er
og
en
ou

s
ca
se

st
ab
ili
ty

is
gu

ar
an
te
ed

by
te
st
in
g
ea
ch

ci
rc
u
it
in
d
iv
id
u
al
ly
(e
ac
h
is
a

lo
ca
l
te
st

b
as
ed

on
ly

on
th
e
d
yn
am

ic
s
of

a
p
ai
r
of

co
n
tr
ol

ar
ea
s
an
d
th
e
tr
an
sm

is
si
on

lin
e
co
n
n
ec
ti
n
g
th
em

).

d
is
ta
n
ce
s
fr
o
m

th
e
fo
ci

to
a
n
y
p
o
in
t
o
n
th
e
cu

rv
e
is

co
n
st
a
n
t.

T
h
is

d
is
ta
n
ce

is
te
rm

ed
th
e
m
a
jo
r
a
x
is

le
n
g
th
.

C
o
n
si
d
er
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b
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u
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p
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b
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ra
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d
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b
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b
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b
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b
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b
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ra
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p
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p
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b
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b
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ra
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=
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b
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e
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d
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d
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b
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b
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h
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c
n
o
n
li
n
ea
r
m
a
p
w
it
h
sl
o
p
e
g
re
a
te
r
th
a
n
so
m
e
p
o
si
ti
v
e

n
u
m
b
er

c.
T
h
e
P
o
p
ov

cr
it
er
io
n
is

b
a
se
d
o
n
a
g
ra
p
h
ic
a
l
co
n
-

st
ru
ct
io
n
te
rm

ed
th
e
P
o
p
ov

p
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p
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a
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a
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p
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⇤
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TOWARD STANDARDS FOR DYNAMICS IN FUTURE 
ELECTRIC ENERGY SYSTEMS: THE BASIS FOR PLUG-AND-
PLAY INDUSTRY PARADIGM
Marija Ilic, Carnegie Mellon University, USA

In this talk we propose that by taking a step back and under-
standing the fundamental physics of interconnected electric 
power systems one can begin to think systematically about the 
role of both competitive and cooperative control, and their pros 
and cons for these rapidly evolving systems. To support this, we 
organize our presentation in several parts: 1) physics and operation 
of power grids; 2) the role of control; 3) systematic specification 
of performance objectives (dynamic standards) for plug-and-play 
operations; 4) use of cyber for implementing standards (sensing, 
communications and control architectures for supporting imple-
mentation of these standards); and, 5) illustration of how several 
industry problems can be solved when following proposed plug-
and-play standards for dynamics (use of power electronics for 
transient stabilization during faults and sudden equipment failures; 
use of PMUs for ensuring voltage and frequency quality by an intel-
ligent balancing authority (iBA) – generalization of today’s control 
areas; storage control in microgrids/systems with small inertia).

In the first part we give a somewhat new, dynamic systems 
view, of physical operation in several qualitatively different power 
grids (bulk power regulated; bulk power with markets; hybrid mix 
of emerging grids; micro-girds for developing countries; and mi-
cro-grids for developed countries). The physical operation dictates 
how to define internal states of given (groups of) physical compo-
nents and the interaction variables between different (groups of) 
physical components. Based on understanding physical principles, 
we propose a new state space model of an interconnected grid 
comprising (groups of) different physical components. This model 
has a transparent physical interpretation, and, it is, therefore used 
as the basis for explicit performance specifications in terms of 
interactions of components. Performance specifications become 
standards for plug-and-play dynamic interactions of components 
(behavior) over several time horizons within an otherwise complex 
dynamical grid, which, when followed, ensure system-wide per-
formance. We emphasize that the proposed approach is a frame-
work for thinking about the necessary specifications in future 
electric energy systems, which enables both choice of technology 
at the (groups of) component levels and, minimal interaction 
specifications to align these with the performance of the over 
overall system. It is not a specific method. This framework could 
possibly overcome the roadblock of integrating distributed local 
grid technologies with the bulk power grid without running into 
major coordinating complexity. Specific proposed approaches to 
distributed control for smart grids are interpreted.
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PLUG-AND-PLAY CONTROL AND OPTIMIZATION IN 
MICROGRIDS
Florian Dörfler, ETH Zurich, Switzerland

Microgrids are low-voltage electrical distribution networks, 
heterogeneously composed of distributed generation, storage, 
load, and managed autonomously from the larger transmission 
network. Modeled after the hierarchical control architecture of 
power transmission systems, a layering of primary, secondary, 
and tertiary control has become the standard operation para-
digm for microgrids. Despite this superficial similarity, the control 
objectives in microgrids across these three layers are varied and 
ambitious, and they must be achieved while allowing for robust 
plug-and-play operation and maximal flexibility, without hierar-
chical decision making and time-scale separations. In this seminar, 
we explore control strategies for these three layers and illuminate 
some possibly-unexpected connections and dependencies among 
them. We build upon a first-principle model and different de-
centralized primary control strategies such as droop, quadratic 
droop, and virtual oscillator control. We motivate the need for 
additional secondary regulation and study centralized, decentral-
ized, and distributed secondary control architectures. We find 
that averaging-based distributed controllers using communication 
among the generation units offer the best combination of flexibil-
ity and performance. We further leverage these results to study 
constrained AC economic dispatch in a tertiary control layer. Sur-
prisingly, we show that the minimizers of the economic dispatch 
optimization problem are in one-to-one correspondence with the 
set of steady-states reachable by droop control. This equivalence 
results in simple guidelines to select the droop coefficients, which 
include the known criteria for power sharing. Finally, we illustrate 
the performance and robustness of our designs through through 
hardware experiments.
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iė

i
=
−

∑

j
⊆

in
v
e
rt
e
rsa
ij
·(

Q
i

Q
i

−
Q

j

Q
j

)
−
εe

i

Ω
i

θ̇ i

} }P
ri
m
a
ry

c
o
n
tr
o
l:

m
im

ic
os
ci
ll
at
or
s

&
p
o
ly
n
.
sy
m
m
et
ry

T
e
rt
ia
ry

c
o
n
tr
o
l:

m
ar
g
in
al

co
st
s

∝
1
/c
o
n
tr
ol

ga
in
s

S
e
c
o
n
d
a
ry

c
o
n
tr
o
l:

d
iff
u
si
ve

av
er
ag
in
g

o
f
in
je
ct
io
n
ra
ti
o
s

Ω
i
/
D

i

Q
i

E
i

θ̇ i
P
i

e i
Q

i

Q
i/
Q

i

.
.
.

.
.
.

Ω
i
/
D

i

.
.
.

.
.
.

Ω
k
/
D

k

Q
k
/
Q

k

Q
j
/
Q

j

Ω
j
/
D

j

P
i
=

∑
j
B

ij
E

iE
j
si
n
(θ

i
−

θ j
)
+

G
ij
E

iE
j
co
s(
θ i

−
θ j
)

Q
i
=

−
∑

j
B

ij
E

iE
j
co
s(
θ i

−
θ j
)
+

G
ij
E

iE
j
si
n
(θ

i
−

θ j
)

Q
j
/
Q

j

1
6
/
1
9

E
xp
er
im

en
ta
l
va
lid
at
io
n
of

co
nt
ro
l
&

op
t.

al
go
ri
th
m
s

in
co
lla
b
or
at
io
n
w
it
h
Q
.
S
h
afi

ee
&

J.
M
.
G
u
er
re
ro

@
A
al
b
or
g
U
n
iv
er
si
ty

DC Source

LCL filter

DC Source

LCL filter

DC Source

LCL filter

4
D
G DC Source

LCL filter

1
D
G

2
D
G

3
D
G

Lo
ad

 1
Lo

ad
 2

12Z

23Z

34Z

1Z
2Z

1
7
/
1
9

E
xp
er
im

en
ta
l
va
lid
at
io
n
of

co
nt
ro
l
&

op
t.

al
go
ri
th
m
s

fr
eq
u
en
cy
/
vo
lt
ag

e
re
g
u
la
ti
o
n
&

ac
ti
ve
/
re
ac
ti
ve

lo
ad

sh
ar
in
g

t
=

2
2s
:
lo
a
d
#

2

u
n
p
lu
gg
ed

t
=

36
s:

lo
a
d
#

2

p
lu
g
ge
d
b
ac
k

t
∈
[0
s,
7s
]:
p
ri
m
ar
y

&
te
rt
ia
ry

co
n
tr
o
l

t
=

7
s:

se
co
n
d
ar
y

co
n
tr
o
l
ac
ti
va
te
d





































R
ea

ct
iv
e
P
ow

er
In

je
ct

io
n
s

T
im

e
(s
)

Power(VAR)




























A
ct
iv
e
P
ow

er
In

je
ct
io

n

T
im

e
(s
)

Power(W)































V
o
lt
a
g
e
M

a
g
n
it
u
d
es

T
im

e
(s
)

Voltage(V)


























V
o
lt
a
g
e
F
re

q
u
en

cy

T
im

e
(s
)

Frequency(Hz)

DC Source

LCL filter

DC Source

LCL filter

DC Source

LCL filter

4
DG

DC Source

LCL filter

1
DG

2
DG

3
DG

Lo
ad

 1
Lo

ad
 2

12Z

23Z

34Z

1Z
2Z

1
8
/
1
9

co
n
cl
u
si
o
n
s



165PARTICIPANTS

C
on
cl
us
io
ns

S
u
m
m
ar
y

•
pr
im

ar
y
P
/θ̇

d
ro
op

co
n
tr
ol

•
fa
ir
pr
op

or
ti
on

al
lo
ad

sh
ar
in
g
&

ec
on

om
ic

d
is
p
at
ch

op
ti
m
iz
at
io
n

•
d
is
tr
ib
u
te
d
se
co
n
d
ar
y
co
n
tr
ol

st
ra
te
gi
es

b
as
ed

on
av
er
ag
in
g

•
ex
p
er
im

en
ta
l
va
lid
at
io
n

F
u
rt
h
er

re
su
lt
s

•
re
ac
ti
ve

p
ow

er
co
n
tr
ol

•
vi
rt
u
al

os
ci
lla
to
r
co
n
tr
ol

O
p
en

co
n
je
ct
u
re

•
so
lv
e
th
es
e
pr
ob

le
m
s
w
it
h
ou

t
co
m
m

… … …

so
u
rc
e
#

i

Se
co
nd

ar
y

C
on

tr
ol

T
er
ti
ar
y

C
on

tr
ol

P
ri
m
ar
y

C
on

tr
ol

T
ra
n
sc
ei
ve
r

… … …

M
ic
ro
g
ri
d

1
9
/
1
9

A
ck
no
w
le
dg
em

en
ts

J.
S
im

p
so
n
-P
or
co

Q
.
S
h
afi

ee
H
.
B
o
u
at
to
u
r

B
.
G
en
ti
le

A
.
H
am

ad
eh

S
.
D
h
o
p
le

B
.
Jo

h
n
so
n

S
.
Z
am

p
ie
ri

J.
G
u
er
re
ro

F
.
B
u
llo

J.
Z
h
ao

S
.Y
.
C
al
is
ka
n

P
.
T
ab

u
ad

a
M
.
R
u
n
g
g
er

M
.
T
o
d
es
ca
to



166 PARTICIPANTS

LYAPUNOV APPROACH TO CONSENSUS PROBLEMS
Angelia Nedic, University of Illinois at Urbana Champain, 
USA

This talk is focused on the weighted-averaging dynamic for un-
constrained and constrained consensus problems. Through the 
use of a suitably defined adjoint dynamic, quadratic Lyapunov 
comparison functions are constructed to analyze the behavior 
of weighted-averaging dynamic. As a result, new convergence 
rate results are obtained that capture the graph structure in a 
novel way. In particular, the exponential convergence rate is es-
tablished for unconstrained consensus with the exponent of the 
order of O(1/(mlog2m)). Also, the exponential convergence rate is 
established for constrained consensus, which extends the existing 
results limited to the use of doubly stochastic weight matrices.
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MAJORITY CONSENSUS BY LOCAL POLLING
Moez Draief, Imperial College, UK

We consider a network where each of n anonymou) nodes holds 
some initial binary opinion. Our goal is to design efficient and ful-
ly-distributed algorithms that enable the network to reach a state 
where all the nodes hold the initial majority opinion. This problem 
has received a lot of interest from a number of communities such 
as distributed computing, communication networks, biological 
and chemical networks and social networks. 

 In this talk, I will present two distributed procedures for solving 
the majority consensus. In the first one we allow nodes to hold 
undecided states, provide a simple dynamics for solving the exact 
majority consensus problem on general connected graphs and 
derive bounds on the time to convergence of the algorithm. The 
second algorithm lets nodes interact with more than one neigh-
bour at a time and show that, for some family of graphs of inter-
est, and provided there is sufficient bias in the population towards 
the major it opinion, this algorithm solves majority consensus with 
high probability. We compute its asymptotic convergence time.

This is a joint work with M. Vojnovic and M. Abdullah.
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ROBUST NETWORKED STABILIZATION: WHEN GAP MEETS 
TWO-PORT
Li Qiu, Hong Kong University of Science and Technology

In robust networked stabilization, if the plant and controller un-
certainties are described by the gap metric (or $\nu$-gap metric), 
and the communication network between the plant and the con-
troller is described by a two-port with an uncertain transmission 
matrix, magic happens.
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SCHROEDINGER BRIDGES: STEERING OF STOCHASTIC 
SYSTEMS CLASSICAL AND QUANTUM
Tryphon Georgiou, University of Minnesota, USA

The classical Schroedinger bridge seeks the most likely probability 
law for a diffusion process, in path space, that matches marginals 
at two end points in time; the likelihood is quantified by the 
relative entropy between the sought law and a prior, and the law 
dictates a controlled path that abides by the specified marginals. 
Schreodinger proved that the optimal steering of the density be-
tween the two end points is effected by a multiplicative functional 
transformation of the prior; this transformation represents an 
automorphism on the space of probability measures and has since 
been studied by Fortet, Beurling and others. A similar question 
can be raised for processes evolving in a discrete time and space 
as well as for processes defined over non-commutative probabil-
ity spaces. Ultimately, in all of the above Schrodinger’s question 
relates to a corresponding stochastic control problem to steer a 
stochastic system from an initial to a final distribution. In the talk 
we will begin with a treatment of the Schroedinger bridge prob-
lem for Markov chains, Quantum channels, and then for classical 
stochastic systems where we will present in the linear-quadratic 
case (linear dynamics, Gaussian evolution) the solution to the 
minimum energy steering problem in closed form. We will discuss 
potential applications in active suppression of noise and in steer-
ing swarms of inertial diffusive particles. The presentation will be 
based on joint work with Michele Pavon and with Yongxin Chen.
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Ṗ
(t

)
=

A
(t

)P
(t

)
+

P
(t

)A
(t

)0
−

B
(t

)B
(t

)0

w
it

h
Q

(t
)

in
ve

rt
ib

le
ov

er
[0

,T
].

2
4

T
h
e

op
ti

m
al

co
nt

ro
l
is

u
(t

)
=
−

B
(t

)0
Q

(t
)−

1

x
(t

)

T
h
e

co
nt

ro
ll
ed

d
eg

en
er

at
e

d
i↵

u
si

on
is

th
e

cl
os

es
t

to
th

e
u
n
co

nt
ro

ll
ed

d
i↵

u
si

on
in

th
e

re
la

ti
ve

en
tr

op
y

se
n
se

.

Q
(0

)
=

N
(T

,0
)1

/2
S

1
/2

0

✓
S

0

+
1 2
I
−

⇣ S
1
/2

0

S
T
S

1
/2

0

+
1 4
I

◆
1
/2
!

−
1

S
1
/2

0

N
(T

,0
)1

/2

N
(T

,0
)

is
th

e
co

nt
ro

ll
ab

il
it
y

G
ra

m
m

ia
n
.

2
5

A
U

G
U

ST
10

,2
01

4
8

T
he

n

J̇
(t

)
=

Ṙ
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)Ṙ

1
(t

)
+

Φ
Q


(T

,t
)A

Q


(t
)R

2
(t

)
−

Φ
Q


(T

,t
)Ṙ
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RANDOMIZED AVERAGING ALGORITHMS, WHEN CAN 
ERRORS AND UNRELIABILITIES JUST BE IGNORED?
Julien Hendrickx, Université Catholique de Louvain, 
Belgium

We consider randomized discrete-time consensus systems that 
preserve the average ”on average”, and provide a new upper 
bound on the mean square deviation of the final consensus value 
from the initial average.

We show that a certain asymptotic accuracy can be guar-
anteed when there are few simultaneous interactions or when 
the simultaneous interactions are sufficiently uncorrelated. Our 
results are easily applicable to many classes of systems, and we 
particularize them to various algorithms having been proposed 
in the literature, obtaining bounds that match or outperform all 
previously available ones..
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SYSTEMIC RISK IN FINANCE
Munther A. Dahleh, Massachusetts Institute of 
Technology, USA

We study welfare of competitive equilibria in an economy with 
banks runs and costly fire sales, formalizing the importance of 
“animal spirits” for financial stability. These forces are not the 
product of irrationality, but a consequence of uncertainty of a 
self-fulfilling nature. Short-term debt issued by banks is safe, and 
thus functions as private money. Feedback between financial 
constraints and market prices results in a systemic externality not 
internalized by banks in the process of money creation: during 
credit booms aggregate short-term debt is excessive; during re-
cessions it is insufficient. With a multi-stage game formulation 
we show that there are exactly two equilibria corresponding to 
a Boom-Bust scenarios.

Work is co-authored with Diego Fejer.
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ON DISTRIBUTED CONTROL OF DYNAMICAL FLOW 
NETWORKS
Giacomo Como, Lund University, Sweden

This talk focuses on distributed control of dynamical flow net-
works. First, we show that optimal throughput and resilience 
can be achieved by feedback policies that depend only on local 
information and require no global knowledge of the network. 
Then, we prove how the optimal selection of a stable equilibrium 
and the optimal control of the transient can be cast as convex 
problems which are amoenable to dsitributed solutions. Applica-
tions to arterial traffic control are discussed.
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CONTROL OF CONVEX-MONOTONE SYSTEMS
Anders Rantzer, Lund University

We define the notion of convex-monotone system and prove 
that for such systems the state trajectory is a convex function of 
the initial state and the input trajectory. This observation gives 
a useful class of nonlinear dynamical systems for which optimal 
trajectories can be performed by convex optimization. Applica-
tions to evolutionary dynamics of diseases and voltage stability 
in power networks are presented. In particular, first order convex 
optimization methods enable computation of optimal trajectories 
with a complexity that grows only linearly with the number of 
network edges.
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