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1PQVMBS 4DJFODF 4VNNBSZ

8F IBWF MPOH QBTTFE GBS CFZPOE "SJTUPUMF�T WJFX UIBU UIF IFBSU JT UIF GFFMJOH BOE UIJOL�
JOH DFOUFS PG UIF CPEZ
 BOE UIBU UIF CSBJO JT B TFDPOEBSZ PSHBO TFSWJOH BT B DPPMJOH
BHFOU GPS UIF IFBSU� ɨF IVNBO CSBJO JT VOEPVCUFEMZ UIF NPTU DPNQMFY BOE VOJRVF
PSHBO PG UIF IVNBO CPEZ JO UFSNT PG CPUI JUT TUSVDUVSF BOE GVODUJPO� &YRVJTJUF UFDI�
OJRVFT IBWF CFFO EFWFMPQFE UP SFWFBM UIF UPQPMPHJDBM BOE NJDSPTUSVDUVSBM PSHBOJ[BUJPO
PG UIF IVNBO CSBJO� /FWFSUIFMFTT
 PVS LOPXMFEHF PO UIF GVODUJPOJOH PG UIF IVNBO
CSBJO JT ZFU TP NJOVUF DPNQBSFE UP JUT WBTU NZTUFSJFT� 5P CFUUFS VOWFJM IPX UIF IVNBO
CSBJO HJWFT SJTF UP DPHOJUJPO BOE CFIBWJPS
 JO CPUI IFBMUI BOE EJTFBTF
 BEWBODFE EBUB
BOBMZTJT NFUIPET BSF CFJOH DPOTUBOUMZ EFWFMPQFE� :FU
 UIF TVDDFTT PG UIFTF NFUIPET
TJHOJmDBOUMZ WBSJFT� 0OF OBUVSBM LFZ UP TVDDFTT
 UZQJDBMMZ UBLFO GPS HSBOUFE
 JT UP FY�
QMPJU BOBUPNJDBM LOPXMFEHF PG UIF CSBJO UP FOIBODF UIF QSPDFTTJOH PG EBUB BTTPDJBUFE
UP CSBJO GVODUJPOBM BDUJWJUZ� *O QBSUJDVMBS
 UIF DFSFCSBM DPSUFY
 UIF � UP � NJMMJNFUFS
UIJDL PVUFS MBZFS PG UIF CSBJO
 FYIJCJUT B VOJRVF UPQPMPHZ JO FBDI JOEJWJEVBM� JU JT NVDI
GPMEFE BOE BCPVU UXP�UIJSET PG JU JT CVSJFE JO HSPPWFT� ɨF DFSFCSBM DPSUFY DPOTJTUT
PG OFVSPOBM DFMM CPEJFT BOE JT UIF CSBJO�T QSJNBSZ SFHJPO BTTPDJBUFE XJUI QSPDFTTJOH
BOE DPHOJUJPO
 CBTJDBMMZ CFJOH UIF QMBDF XIFSF POFT UIPVHIUT
 NFNPSZ
 MBOHVBHF BOE
CFIBWJPS BSF TIBQFE� "EWBODFE BMHPSJUINT IBWF CFFO EFWFMPQFE UP FYUSBDU UIF EFMJ�
DBUF TUSVDUVSF PG UIJT SFHJPO GSPN DPOWFOUJPOBM NBHOFUJD SFTPOBODF JNBHJOH 	.3*

CSBJO TDBOT
 EFDPVQMJOH JU GSPN UIF TVSSPVOEJOH CSBJO XIJUF NBUUFS UJTTVF
 DPOTJTUJOH
PG OFVSPOBM BYPOBM DPOOFDUJPOT
 BOE DFSFCSPTQJOBM nVJE� ɨF GVODUJPOBM BDUJWJUZ JO
UIF DFSFCSBM DPSUFY WBSJFT GSPN UIBU JO XIJUF NBUUFS� ɨF IZQPUIFTJT UIBU IBT MFE UP
UIF SFTFBSDI QSFTFOUFE JO UIJT EJTTFSUBUJPO JT UIBU UBLJOH JOUP BDDPVOU UIF DPOWPMVUFE
TUSVDUVSF PG UIF DFSFCSBM DPSUFY JO SFMBUJPO UP JUT TVSSPVOEJOH XIJUF NBUUFS UJTTVF BOE
DFSFCSPTQJOBM nVJE DBO IFMQ UP CFUUFS QSPDFTT GVODUJPOBM CSBJO EBUB BOE UP EFUFDU UIF
VOEFSMZJOH IJEEFO CSBJO BDUJWJUZ� 'VODUJPOBM .3* 	G.3*
 JT POF QPQVMBS JNBHJOH
UFDIOJRVF VTFE GPS OPO�JOWBTJWF QSPCJOH PG IVNBO CSBJO GVODUJPO� 6TJOH G.3*
 POF

WJJ
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TFFLT UP JOEJSFDUMZ EFUFDU FMFDUSJDBM CSBJO BDUJWJUZ CBTFE PO UIF MFWFM PG PYZHFOBUJPO
QSFTFOU JO UIF CMPPE TUSFBN BDSPTT UIF CSBJO� *O TJNQMF UFSNT
 XIFO B SFHJPO PG UIF
CSBJO JT BDUJWF
 NPSF PYZHFO�SJDI CMPPE JT QVNQFE UP UIBU SFHJPO
 MFBEJOH UP B SFMBUJWF
JODSFBTF JO PYZHFOBUJPO� #Z JOUFSQSFUJOH UIF JOEVDFE BDUJWJUZ PG UIF CSBJO DBQUVSFE
XJUI G.3* BT B TJHOBM
 TJHOBM QSPDFTTJOH TDIFNFT BSF DPNNPOMZ VTFE UP FOIBODF UIF
QSPDFTTJOH PG G.3* EBUB�

*O UIJT EJTTFSUBUJPO
 XF QSFTFOU B TFU PG OPWFM TJHOBM QSPDFTTJOH TDIFNFT UIBU BJN
UP FOIBODF UIF QSPDFTTJOH PG G.3* EBUB BOE UIF EFUFDUJPO PG CSBJO BDUJWJUZ� ɨF GVO�
EBNFOUBM UIFNF PG UIF QSFTFOUFE TDIFNFT JT UP FYQMPJU LOPXMFEHF PG UIF JOUSJDBUF
BOBUPNZ PG FBDI JOEJWJEVBM�T CSBJO UP FOIBODF UIF QSPDFTTJOH PG G.3* EBUB� 8F EF�
mOF NPEFMT UP SFQSFTFOU UIF CSBJO TUSVDUVSF BT UIF CBDLCPOF PG UIF BDRVJSFE G.3*
EBUB� ɨFTF NPEFMT BSF FYUSBDUFE GSPN DPOWFOUJPOBM BOBUPNJDBM .3* TDBOT� *O TJHOBM
QSPDFTTJOH UFSNT
 UIF BOBUPNZ JT FRVJWBMFOU UP UIF EPNBJO PG UIF TJHOBM
 J�F�
 UIF CBTF
PO XIJDI UIF TJHOBM JT MZJOH PO� 8F QSPQPTF GPVS EPNBJO�JOGPSNFE TJHOBM QSPDFTTJOH
TDIFNFT XJUI BQQMJDBUJPO UP BOBMZTJT PG G.3* EBUB� ɨF DPOUSJCVUJPOT PG UIJT EJTTFS�
UBUJPO HP CFZPOE OFVSPJNBHJOH TJODF UISFF PG UIF QSPQPTFE TDIFNFT BSF EFWFMPQFE JO
TVDI XBZ UP FOBCMF QSPDFTTJOH OPU POMZ PG G.3* EBUB
 CVU PG BOZ EBUB UIBU BSF EFmOFE
PO BO JOIPNPHFOFPVT PS JSSFHVMBS EPNBJO� &YQFSJNFOUBM BOE TJNVMBUFE SFTVMUT PO
G.3* EBUB TIPX UIF QPUFOUJBM PG UIF QSPQPTFE TDIFNFT JO QSPWJEJOH BO FċDJFOU EF�
DPNQPTJUJPO PG UIF EBUB BOE SFWFBMJOH mOF�HSBJOFE BDUJWJUZ QBUUFSOT DPOTJTUFOU UP UIF
BOBUPNZ PG UIF CSBJO�



"CTUSBDU

4UBOEBSE TJHOBM QSPDFTTJOH UFDIOJRVFT BSF JNQMJDJUMZ CBTFE PO UIF BTTVNQUJPO UIBU UIF
TJHOBM MJFT PO B SFHVMBS
 IPNPHFOFPVT EPNBJO� *O QSBDUJDF
 IPXFWFS
 NBOZ TJHOBMT MJF
PO BO JSSFHVMBS PS JOIPNPHFOFPVT EPNBJO� "O BQQMJDBUJPO BSFB XIFSF EBUB BSF OBUV�
SBMMZ EFmOFE PO BO JSSFHVMBS PS JOIPNPHFOFPVT EPNBJO JT IVNBO CSBJO OFVSPJNBH�
JOH� ɨF HPBM JO OFVSPJNBHJOH JT UP NBQ UIF TUSVDUVSF BOE GVODUJPO PG UIF CSBJO VTJOH
JNBHJOH UFDIOJRVFT� *O QBSUJDVMBS
 GVODUJPOBM NBHOFUJD SFTPOBODF JNBHJOH 	G.3*

JT B UFDIOJRVF UIBU JT DPOWFOUJPOBMMZ VTFE JO OPO�JOWBTJWF QSPCJOH PG IVNBO CSBJO
GVODUJPO�

ɨJT EPDUPSBM EJTTFSUBUJPO EFBMT XJUI UIF EFWFMPQNFOU PG TJHOBM QSPDFTTJOH TDIFNFT
UIBU BEBQU UP UIF EPNBJO PG UIF TJHOBM� *U DPOTJTUT PG GPVS QBQFST UIBU JO EJĊFSFOU
XBZT EFBM XJUI FYQMPJUJOH LOPXMFEHF PG UIF TJHOBM EPNBJO UP FOIBODF UIF QSPDFTTJOH
PG TJHOBMT� *O FBDI QBQFS
 TQFDJBM GPDVT JT HJWFO UP UIF BOBMZTJT PG CSBJO G.3* EBUB

FJUIFS BT UIF NBJO UIFNF 	1BQFS *
 PS BT QSPPG PG QSBDUJDBM TJHOJmDBODF PG UIF QSPQPTFE
TDIFNFT 	1BQFST **
 *** BOE *7
�

1BQFS * QSFTFOUT B GSBNFXPSL GPS FOIBODFE G.3* BDUJWBUJPO NBQQJOH UISPVHI FY�
QMPJUJOH mMUFST UIBU BEBQU UP UIF CSBJO BOBUPNZ� " OPWFM QSPDFEVSF GPS DPOTUSVDUJOH
CSBJO HSBQIT
 XJUI TVCHSBQIT UIBU TFQBSBUFMZ FODPEF UIF UPQPMPHZ PG UIF DFSFCSBM BOE
DFSFCFMMBS HSBZ NBUUFS
 JT QSFTFOUFE� (SBQI XBWFMFUT UBJMPSFE UP UIF DPOWPMVUFE CPVOE�
BSJFT PG CSBJO HSBZ NBUUFS BSF EFTJHOFE BOE FYQMPJUFE UP JNQMFNFOU BO BOBUPNJDBMMZ�
JOGPSNFE TQBUJBM USBOTGPSNBUJPO PO G.3* EBUB� $PNQBSFE UP DPOWFOUJPOBM CSBJO BDUJ�
WBUJPO NBQQJOH TDIFNFT
 UIF QSPQPTFE BQQSPBDI TIPXT TVQFSJPS UZQF�* FSSPS DPOUSPM�
3FTVMUT PO SFBM EBUB TVHHFTU B IJHIFS EFUFDUJPO TFOTJUJWJUZ BT XFMM BT DBQBCJMJUZ UP DBQ�
UVSF TVCUMF
 DPOOFDUFE QBUUFSOT PG CSBJO BDUJWJUZ�

1BQFS ** QSFTFOUT B HSBQI�CBTFE TJHOBM EFDPNQPTJUJPO TDIFNF UIBU BEBQUT UP UIF
EPNBJO PG UIF EBUB BT XFMM BT UP UIF TQFDUSBM DPOUFOU PG B HJWFO TJHOBM TFU� ɨF DPOTUSVD�
UJPO TUBSUT GSPN UIF EFTJHO PG B QSPUPUZQF .FZFS�UZQF TZTUFN PG LFSOFMT XJUI VOJGPSN
TVCCBOET� ɨF BEBQUJWJUZ PG UIF BQQSPBDI JT JOUSPEVDFE CZ FYQMPJUJOH UIF FOTFNCMF

JY



Y "CTUSBDU

FOFSHZ TQFDUSBM EFOTJUZ� 6TJOH UIF FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ
 UIF QSPUPUZQF
EFTJHO JT XBSQFE TVDI UIBU UIF SFTVMUJOH TVCCBOET FBDI DBQUVSF BO FRVBM BNPVOU PG
FOFSHZ GPS UIF HJWFO TJHOBM DMBTT� 3FTVMUT PO G.3* EBUB BOE .POUF $BSMP TJNVMBUJPOT
JMMVTUSBUF UIF TVQFSJPSJUZ PG TJHOBM�BEBQUFE GSBNFT PWFS GSBNFT CMJOE UP TJHOBM DIBSBD�
UFSJTUJDT JO SFQSFTFOUJOH EBUB BOE JO EFOPJTJOH�

1BQFS *** QSFTFOUT B HFOFSJD JOUFSQPMBUJPO TDIFNF GPS SFDPOTUSVDUJOH TJHOBM TBNQMFT
GSPN BO JOIPNPHFOFPVT EPNBJO� ɨF JOUFSQPMBUJPO BEBQUT UP UIF JOIPNPHFOFJUZ PG
UIF EPNBJO� ɨF BEBQUBUJPO JT JODPSQPSBUFE CZ JOUSPEVDJOH B EPNBJO�TJNJMBSJUZ NFU�
SJD UIBU DIBSBDUFSJTFT UIF EPNBJO JO UIF BEKBDFODZ PG FBDI TBNQMF QPJOU� ɨF JOUFSQP�
MBUJPO JT TIPXO UP TBUJTGZ UIF EPNBJO�JOGPSNFE DPOTJTUFODZ QSJODJQMF
 B QSJODJQMF UIBU
XF EFmOF BT BO FYUFOTJPO PG UIF DMBTTJDBM DPOTJTUFODZ QSJODJQMF� "T QSPPG PG DPODFQU

EPNBJO�JOGPSNFE MJOFBS JOUFSQPMBUJPO JT QSFTFOUFE BT BO FYUFOTJPO PG TUBOEBSE MJOFBS
JOUFSQPMBUJPO� 3FTVMUT GSPN BQQMZJOH UIF QSPQPTFE BQQSPBDI PO G.3* EBUB EFNPO�
TUSBUFE JUT QPUFOUJBM UP SFWFBM TVCUMF EFUBJMT�

1BQFS *7 FYUFOET UIF UIFPSZ JO 1BQFS *** UP FOBCMF SFDPOTUSVDUJPO PG TJHOBMT XJUI
WBSZJOH EFHSFFT PG TQBUJBM TNPPUIOFTT� *O QBSUJDVMBS
 DPOWFOUJPOBM TIJGU�JOWBSJBOU #�
TQMJOF JOUFSQPMBUJPO JT FYUFOEFE UP B TIJGU�WBSJBOU
 EPNBJO�JOGPSNFE JOUFSQPMBUJPO�
ɨJT JT EPOF CZ DPOTUSVDUJOH B EPNBJO�JOGPSNFE HFOFSBUJOH CBTJT UIBU TBUJTmFT TUBCJM�
JUZ QSPQFSUJFT� ɨF CFOFmU PG EPNBJO�JOGPSNFE JOUFSQPMBUJPO PWFS TUBOEBSE #�TQMJOF
JOUFSQPMBUJPO JT EFNPOTUSBUFE UISPVHI .POUF $BSMP TJNVMBUJPOT BDSPTT B SBOHF PG #�
TQMJOF PSEFST� ɨF QSBDUJDBM TJHOJmDBODF PG EPNBJO�JOGPSNFE TQMJOF JOUFSQPMBUJPO JT
EFNPOTUSBUFE PO G.3* EBUB� ɨF SFTVMUT TIPX UIF CFOFmU PG JODPSQPSBUJOH EPNBJO
LOPXMFEHF TP UIBU BO JOUFSQPMBOU DPOTJTUFOU UP UIF BOBUPNZ PG UIF CSBJO DBO CF SFDPW�
FSFE CZ UIF QSPQPTFE JOUFSQPMBUJPO�



1SFGBDF

ɨJT EJTTFSUBUJPO JT EJWJEFE JO UP UXP QBSUT� ɨF mSTU QBSU TFSWFT BT BO JOUSPEVDUJPO UP
SFMFWBOU DPODFQUT XJUIJO UIF mFME BOE FOET XJUI B CSJFG TVNNBSZ PG GPVS QBQFST UIBU
BSF UIF DPSF PG UIJT UIFTJT� ɨF TFDPOE QBSU DPOTJTUT PG UIF GPMMPXJOH GPVS QBQFST�

<�> )BNJE #FIKBU
 /PSB -FPOBSEJ
 -FJG 4ÚSONP
 %JNJUSJ 7BO %F 7JMMF

i"OBUPNJDBMMZ�"EBQUFE (SBQI 8BWFMFUT GPS *NQSPWFE (SPVQ�MFWFM G.3* "D�
UJWBUJPO .BQQJOHw
 JO /FVSP*NBHF
 WPM� ���
 QQ� ���o���
 �����

<�> )BNJE #FIKBU
 6MSJLF 3JDIUFS
 %JNJUSJ 7BO %F 7JMMF
 -FJG 4ÚSONP
 i4JHOBM�
"EBQUFE 5JHIU 'SBNFT PO (SBQITw
 JO *&&& 5SBOT� 4JH� 1SPDFTT�
 WPM� ��
 OP� ��

QQ� ����o����
 �����

<�> )BNJE #FIKBU
 ;BGFS %PƭBO
 %JNJUSJ 7BO %F 7JMMF
 -FJG 4ÚSONP
 i*OUFSQPMBUJPO
JO UIF 1SFTFODF PG %PNBJO *OIPNPHFOFJUZw
 NBOVTDSJQU�

<�> )BNJE #FIKBU
 ;BGFS %PƭBO
 %JNJUSJ 7BO %F 7JMMF
 -FJG 4ÚSONP
 i%PNBJO�
*OGPSNFE 4QMJOF *OUFSQPMBUJPOw
 TVCNJUUFE GPS QVCMJDBUJPO�

"VUIPS�T DPOUSJCVUJPO
'PS UIF MJTUFE QBQFST
 UIF BVUIPS PG UIJT EJTTFSUBUJPO JT UIF NBJO DPOUSJCVUPS XIP DPO�
DFJWFE BOE EFWFMPQFE UIF JEFBT
 JNQMFNFOUFE UIF BMHPSJUINT
 QFSGPSNFE UIF FYQFSJ�
NFOUT BOE QSFQBSFE UIF NBOVTDSJQUT�

YJ





"DLOPXMFEHNFOUT

'JSTU BOE GPSFNPTU
 * XPVME MJLF UP FYQSFTT NZ TJODFSF HSBUJUVEF UP -FJG 4ÚSONP
 NZ
TVQFSWJTPS
 GPS IJT TVQQPSU
 HVJEBODF BOE NFOUPSJOH UISPVHIPVU NZ 1I% TUVEJFT� *
BN HSBUFGVM UP -FJG GPS BMM UIBU * IBWF MFBSOFE GSPN IJN BOE GPS IJT CFMJFG JO NF
 XIJDI
IBT HSFBUMZ IFMQFE NF HSPX BT B SFTFBSDIFS� .Z EFFQ HSBUJUVEF BMTP HPFT UP 6MSJLF
3JDIUFS XIP TFSWFE BT NZ DP�TVQFSWJTPS JO UIF mSTU IBMG PG NZ 1I% TUVEJFT� * XPVME
MJLF UP UIBOL 6MSJLF GPS BMM UIF UJNF UIBU TIF IBT TQFOU GPS NF BOE BMM UIF UFDIOJDBM
UIJOHT UIBU * IBWF MFBSOFE GSPN IFS� .Z EFFQ HSBUJUVEF BMTP HPFT UP %JNJUSJ 7BO %F
7JMMF GSPN &1'- GPS UIF CFBVUJGVM DPMMBCPSBUJPO XF IBWF IBE JO UIF QBTU TFWFSBM ZFBST

GPS CFJOH B HSFBU TPVSDF PG JOTQJSBUJPO UP NF BOE GPS IBWJOH IPTUFE NF JO IJT MBC GPS
B QFSJPE JO NZ 1I% TUVEJFT� * XPVME BMTP MJLF UP UIBOL NZ DP�BVUIPST ;BGFS %PƭBO
BOE /PSB -FPOBSEJ XIPN * IBWF MFBSOFE GSPN BOE FOKPZFE XPSLJOH XJUI� * UIBOL BMM
QSFTFOU BOE QBTU NFNCFST PG UIF TJHOBM QSPDFTTJOH HSPVQ
 8JMMJBN 3PTFOHSFO
 -JOOÏB
-BSTTPO
 .BUUJBT )PMNFS
 'SJEB 4BOECFSH
 .BSUJO 4USJEI
 /FEFMLP (SCJD
 .JLBFM
4XBSUMJOH
 &HMƪ (SJHPOZUF
 4FSHFZ 4NJSOPW
 #FOHU .BOEFSTTPO
 BOE JO QBSUJDVMBS NZ
HSFBU SPPNNBUF
 .JLBFM )FOSJLTTPO
 GPS UIFJS HPPE DPNQBOZ EVSJOH NZ 1I% TUVEJFT�
* DPMMFDUJWFMZ UIBOL BMM NZ PUIFS DPMMFBHVFT BU UIF &*5 BOE #.& EFQBSUNFOUT XIP IBWF
JO POF XBZ PS BOPUIFS FJUIFS TIBSFE UIFJS UJNF XJUI NF
 FWFO GPS BT MJUUMF BT GPS B TJOHMF
mLB CSFBL
 PS IBWF IFMQFE NF JO TPNF XBZ
 CF JU UFDIOJDBM PS BENJOJTUSBUJWF� * BMTP
UIBOL NFNCFST PG .*1�-BC XIP QSPWJEFE NF XJUI B SJDI FYQFSJFODF EVSJOH NZ TUBZ�
'JOBMMZ
 * XPVME MJLF UP EFFQMZ UIBOL NZ GBNJMZ XIP IBWF TVQQPSUFE NF UISPVHIPVU
NZ BDBEFNJD DBSFFS� ɨJT EJTTFSUBUJPO JT EFEJDBUFE UP NZ NPUIFS
 "TISBG
 GPS IFS ∞
MPWF
 UP NZ GBUIFS
 "CCBT
 XIP TUJNVMBUFE NZ JOUFSFTU JO TDJFODF
 BOE BCPWF BMM
 UP NZ
CFBVUJGVM XJGF
 /BFJNFI
 BOE EBVHIUFS
 #BSBOB
 GPS BEEJOH DPMPS UP NZ MJGF�

)BNJE #FIKBU
-VOE
 .BSDI �����

YJJJ
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$IBQUFS �

.PUJWBUJPO

ɨJT EPDUPSBM EJTTFSUBUJPO EFBMT XJUI UIF EFWFMPQNFOU PG TJHOBM QSPDFTTJOH TDIFNFT
UIBU BEBQU UP UIF EPNBJO PG UIF TJHOBM � IFODF UIF UJUMF iEPNBJO�JOGPSNFE TJHOBM
QSPDFTTJOHw� *O QBSUJDVMBS
 UXP UZQFT PG TJHOBM EPNBJOT BSF DPOTJEFSFE� 	J
 JSSFHVMBS
BOE 	JJ
 JOIPNPHFOFPVT� ɨF EJTUJODUJPO CFUXFFO UIF UXP EPNBJOT DBO CF DPOWFZFE
XJUI UIF BJE PG TJNQMF FYBNQMFT� "O FYBNQMF PG B EJTDSFUF TJHOBM PO BO JSSFHVMBS EP�
NBJO DPOTJTUT PG B TFU TBNQMFT BDRVJSFE UISPVHI OPO�VOJGPSN TBNQMJOH PO B ��% HSJE

TFF 'JHVSF ���	B
� ɨF BTTPDJBUJPO CFUXFFO TBNQMF QPJOUT JT TQFDJmFE CBTFE PO UIFJS
&VDMJEFBO EJTUBODF� 4BNQMFT UIBU GBMM XJUIJO B TIPSU &VDMJEFBO EJTUBODF UP POF BOPUIFS
BSF DPOTJEFSFE BT BEKBDFOU BOE DPOOFDUFE� ɨFTF TFU PG DPOOFDUJPOT EFmOF BO JSSFHVMBS
EPNBJO EJĊFSFOU GSPN UIBU PG B SFHVMBS HSJE� "O FYBNQMF PG B EJTDSFUF TJHOBM PO BO
JOIPNPHFOFPVT EPNBJO DPOTJTUT PG B TFU PG TBNQMFT BDRVJSFE UISPVHI VOJGPSN TBN�
QMJOH PO B ��% HSJE GPS XIJDI UIF VOEFSMZJOH TJHOBM EPNBJO JT DIBSBDUFSJ[FE CZ B TFU
PG UISFF EJĊFSFOU PWFSMBQQJOH TVCEPNBJOT
 TFF 'JHVSF ���	C
� *O UIJT TFUUJOH
 TBNQMFT
BEKBDFOU UP FBDI PUIFS NBZ CF BTTPDJBUFE UP EJĊFSFOU TVCEPNBJOT� 'PS JOTUBODF
 TFF
UIF EPNBJO BTTPDJBUFE UP UIF GPVSUI BOE mGUI TBNQMFT
 DPVOUJOH GSPN MFGU�

(a) (b)

'JHVSF ���� 	B
 " TFU PG TJHOBM TBNQMFT EFmOFE PO 	B
 BO JSSFHVMBS EPNBJO BOE 	C

BO JOIPNPHFOFPVT EPNBJO� ɨF WBMVFT PG UIF TBNQMFT BSF EJTUJOHVJTIFE CZ UIFJS
HSBZ TDBMF DPOUSBTU�

�



� *OUSPEVDUJPO

(a)

(b) (c) (d)

'JHVSF ���� 	B
 " TMJDF PG B TUSVDUVSBM CSBJO .3* TDBO� 	C
o	E
 (SBZ NBUUFS
 XIJUF
NBUUFS BOE DFSFCSPTQJOBM nVJE TFHNFOUBUJPOT PG UIF 30* TIPXO JO 	B

 SFTQFDUJWFMZ�

"O BQQMJDBUJPO BSFB XIFSF EBUB BSF OBUVSBMMZ EFmOFE PO BO JSSFHVMBS PS JOIPNPHF�
OFPVT EPNBJO JT IVNBO CSBJO OFVSPJNBHJOH� ɨF HPBM JO OFVSPJNBHJOH JT UP NBQ UIF
TUSVDUVSF BOE GVODUJPO PG UIF CSBJO VTJOH JNBHJOH UFDIOJRVFT� 'VODUJPOBM NBHOFUJD
SFTPOBODF JNBHJOH 	G.3*
 JT BO JNBHJOH UFDIOJRVF UIBU IBT CFDPNF B DPOWFOUJPO JO
OPO�JOWBTJWF QSPCJOH PG IVNBO CSBJO GVODUJPO� ɨF FTTFODF JO G.3* MJFT JO EFUFDU�
JOH DIBOHFT JO CMPPE PYZHFO MFWFM BT BO JOEJSFDU NFBTVSFNFOU PG CSBJO BDUJWJUZ� ɨF
NBKPSJUZ PG BWBJMBCMF BMHPSJUINT GPS QSPDFTTJOH G.3* EBUB USFBU EBUB TBNQMFT GSPN
BDSPTT CSBJO JEFOUJDBMMZ� )PXFWFS
 CSBJO BDUJWJUZ SFTJEFT PO B UPQPMPHJDBMMZ DPOWP�
MVUFE EPNBJO
 DPOTJTUJOH PG EJĊFSFOU UJTTVF UZQFT XJUI WBSZJOH UPQPMPHJDBM BOE GVOD�
UJPOBM DIBSBDUFSJTUJDT
 TFF 'JHVSF ���	B
� 'VODUJPOBM CSBJO BDUJWJUZ DBQUVSFE CZ G.3* JT
NBJOMZ BTTPDJBUFE UP CSBJO�T HSBZ NBUUFS XIFSF OFSWF DFMM CPEJFT SFTJEF� (SBZ NBUUFS JT
B UPQPMPHJDBMMZ DPOWPMVUFE TUSVDUVSF UIBU FYIJCJUT QSPQFSUJFT PG BO JSSFHVMBS EPNBJO

TFF 'JHVSF ���	C
� ɨVT
 JU JT CFOFmDJBM UP DPOmOF UIF QSPDFTTJOH PG UIF EBUB UP UIF
HSBZ NBUUFS BOE NPSF JNQPSUBOUMZ
 UP FYQMPJU UIF JOGPSNBUJPO PO UIF JSSFHVMBSJUZ PG
UIF EPNBJO UP FOIBODF QSPDFTTJOH PG GVODUJPOBM EBUB BTTPDJBUFE UP UIJT UJTTVF� 0O UIF
PUIFS IBOE
 JO TFWFSBM G.3* QSPDFTTJOH BQQMJDBUJPOT JU JT OFDFTTBSZ UP USFBU UIF FOUJSF
��% PS ��% SFQSFTFOUBUJPO PG BDRVJSFE GVODUJPOBM EBUB SBUIFS UIBO NFSFMZ DPOTJEFS�
JOH EBUB BTTPDJBUFE UP HSBZ NBUUFS� *O UIJT TFUUJOH
 EBUB TBNQMFT BDRVJSFE PO UIF ��%
PS ��% HSJE MJF PO BO JOIPNPHFOFPVT EPNBJO DPOTJTUJOH PG UISFF TVCEPNBJOT� HSBZ
NBUUFS
 XIJUF NBUUFS BOE DFSFCSPTQJOBM nVJE
 TFF 'JHVSFT ���	C
o	E
�

ɨJT EJTTFSUBUJPO DPOTJTUT PG GPVS QBQFST UIBU JO EJĊFSFOU XBZT EFBM XJUI FYQMPJUJOH



.PUJWBUJPO �

LOPXMFEHF PG UIF TJHOBM EPNBJO UP FOIBODF UIF QSPDFTTJOH PG TJHOBMT� ɨF mSTU UXP
QBQFST BEESFTT QSPDFTTJOH PG TJHOBMT EFmOFE PO JSSFHVMBS EPNBJOT XIFSFBT UIF TFDPOE
UXP QBQFST BEESFTT QSPDFTTJOH PG TJHOBMT EFmOFE PO JOIPNPHFOFPVT EPNBJOT� *O FBDI
QBQFS
 B QBSUJDVMBS GPDVT IBT CFFO HJWFO UP UIF BOBMZTJT PG CSBJO G.3* EBUB
 FJUIFS BT
UIF NBJO UIFNF 	1BQFS *
 PS BT QSPPG PG QSBDUJDBM TJHOJmDBODF PG UIF QSPQPTFE HFOFSJD
TDIFNFT 	1BQFST **
 *** BOE *7
� ɨF DFOUSBM UIFNFT PG UIF QBQFST BSF BT GPMMPXT�

1BQFS * QSFTFOUT B GSBNFXPSL GPS FOIBODFE G.3* BDUJWBUJPO NBQQJOH UISPVHI
FYQMPJUJOH mMUFST UIBU BEBQU UP UIF CSBJO BOBUPNZ�

1BQFS ** QSFTFOUT B HFOFSJD HSBQI�CBTFE TJHOBM EFDPNQPTJUJPO TDIFNF UIBU BEBQUT
UP UIF EPNBJO PG UIF EBUB BT XFMM BT UP UIF TQFDUSBM DPOUFOU PG B HJWFO TJHOBM TFU�

1BQFS *** QSFTFOUT B HFOFSJD JOUFSQPMBUJPO TDIFNF GPS SFDPOTUSVDUJOH TJHOBM TBN�
QMFT GSPN BO JOIPNPHFOFPVT EPNBJO�

1BQFS *7 FYUFOET UIF UIFPSZ JO 1BQFS *** UP FOBCMF SFDPOTUSVDUJPO PG TJHOBMT
XJUI WBSZJOH EFHSFFT PG TQBUJBM TNPPUIOFTT�

ɨF SFNBJOEFS PG UIF EJTTFSUBUJPO JOUSPEVDUJPO JT PSHBOJ[FE BT GPMMPXT� $IBQUFST � BOE
� TFSWF BT CBDLHSPVOE NBUFSJBM
 XIFSFBT $IBQUFS � TVNNBSJ[FT UIF JODMVEFE QBQFST
BOE FOET XJUI BO PVUMPPL UP GVUVSF XPSL� *O QBSUJDVMBS
 $IBQUFS � QSFTFOUT B CSJFG
JOUSPEVDUJPO UP HSBQI TJHOBM QSPDFTTJOH
 B TVCmFME PG TJHOBM QSPDFTTJOH EFBMJOH XJUI
UIF QSPDFTTJOH PG EBUB PO JSSFHVMBS EPNBJOT� $IBQUFS � SFWJFXT UIF G.3* UFDIOJRVF

UIF DPOWFOUJPOBM NFUIPET VTFE GPS QSPDFTTJOH G.3* EBUB
 BOE USJFT UP FTUBCMJTI UIF
JNQPSUBODF PG BDDPVOUJOH GPS UIF BOBUPNZ PG UIF CSBJO JO NBQQJOH CSBJO GVODUJPO�





$IBQUFS �

(SBQI 4JHOBM 1SPDFTTJOH

(SBQIT QSPWJEF B nFYJCMF GSBNFXPSL GPS SFQSFTFOUJOH BOE NPEFMJOH EBUB UIBU BSF
EFmOFE PO UPQPMPHJDBMMZ DPNQMJDBUFE EPNBJOT� &YBNQMFT JODMVEF EBUB EFmOFE PO
OFUXPSL�MJLF TUSVDUVSFT
 TVDI BT TFOTPS <�> PS TPDJBM BOE CJPMPHJDBM OFUXPSLT <�>
 BOE
EBUB EFmOFE PO NBOJGPMET PS JSSFHVMBSMZ TIBQFE EPNBJOT TVDI BT UIF IVNBO CSBJO
<�
 �>� ɨF DVSSFOU EFDBEF IBT XJUOFTTFE B HSFBU CPEZ PG SFTFBSDI EFEJDBUFE UP HFO�
FSBMJ[JOH DMBTTJDBM TJHOBM QSPDFTTJOH PQFSBUJPOT PG UIF &VDMJEFBO TFUUJOH UP UIF HSBQI
TFUUJOH� ɨJT IBT HJWFO SJTF UP UIF FNFSHFODF PG BO FYDJUJOH TVCmFME XJUIJO TJHOBM
QSPDFTTJOH� HSBQI TJHOBM QSPDFTTJOH 	(41
 <�>
 XIJDI DPOTJTUT PG WBSJPVT FYUFOTJPOT
PG GVOEBNFOUBM TJHOBM QSPDFTTJOH DPODFQUT
 JODMVEJOH TBNQMJOH UIFPSZ <�
 �>
 TJHOBM
TUBUJPOBSJUZ <�
 �>
 VODFSUBJOUZ QSJODJQMFT <��
 ��>
 HSBQI 'PVSJFS USBOTGPSNT <��
 ��>

mMUFS EFTJHO <��>
 LFSOFM SFHSFTTJPO <��
 ��>
 NVMUJ�SFTPMVUJPO USBOTGPSNT <��
 ��>
BOE mMUFS CBOL EFTJHOT <��
 ��>� 5P FYUFOE UIFTF EFmOJUJPOT GSPN UIF DMBTTJDBM TFUUJOH
UP UIF (41 TFUUJOH
 UIF FJHFOWBMVFT BOE FJHFOWFDUPST PG B HSBQI BTTPDJBUFE NBUSJY

UIF -BQMBDJBO NBUSJY
 QMBZ B DFOUSBM SPMF� UIJT NBUSJY JT VTFE UP EFmOF B TQFDUSBM TQBDF
FRVJWBMFOU UP UIBU PG UIF 'PVSJFS TQBDF� ɨF HSPXJOH JOUFSFTU JO EFWFMPQJOH (41 NFUI�
PET IBT CFFO DPVQMFE XJUI BQQMJDBUJPO XJTF EFWFMPQNFOUT TQBOOJOH WBSJPVT BSFBT TVDI
BT JNBHF QSPDFTTJOH <��
 ��>
 BVEJP QSPDFTTJOH <��>
 TQFFDI QSPDFTTJOH <��>
 CJPJOGPS�
NBUJDT <��
 ��> BOE OFVSPTDJFODF <��
 ��
 ��
 ��>�

*U JT XPSUI OPUJOH UIBU UIFSF FYJTUT BO BMUFSOBUJWF GSBNFXPSL GPS TJHOBM QSPDFTTJOH
PO HSBQIT� EJTDSFUF TJHOBM QSPDFTTJOH PO HSBQIT 	%41(
 <��
 ��
 ��>� ɨF GVOEBNFO�
UBM EJĊFSFODF CFUXFFO (41 BOE %41( JT UIBU UIF TQFDUSBM PQFSBUJPOT JO UIF MBUUFS BSF
FOEPXFE CZ UIF HSBQI BEKBDFODZ NBUSJY
 SBUIFS UIBO CZ HSBQI -BQMBDJBO NBUSJY BT JO
UIF GPSNFS� 'PS UIF TBLF PG DPODJTFOFTT BT XFMM BT SFMFWBODF UP UIF DPOUFOUT PG UIJT
EJTTFSUBUJPO
 UIF QSFTFOUBUJPO JO UIJT DIBQUFS JT EFEJDBUFE POMZ UP (41�

ɨJT DIBQUFS TUBSUT CZ GPSNVMBUJOH UIF EFTDSJQUJPO PG B HSBQI
 JUT -BQMBDJBO TQFD�
USVN
 GPMMPXFE CZ B CSJFG JOUSPEVDUJPO UP GVOEBNFOUBM (41 PQFSBUJPOT
 JO QBSUJDVMBS


�



� *OUSPEVDUJPO

HSBQI 'PVSJFS USBOTGPSN
 TQFDUSBM mMUFSJOH BOE EFDPNQPTJUJPO PG HSBQI TJHOBMT�

��� (SBQIT

"O VOEJSFDUFE
 XFJHIUFE HSBQI
 EFOPUFE G = (V, E , A)
 DPOTJTUT PG B TFU V =
{1, 2, . . . , Ng} PG Ng WFSUJDFT BOE B TFU E PG FEHFT 	J�F�
 QBJST 	i, j
 XIFSF i, j ∈ V
�
'JHVSF ��� JMMVTUSBUFT B TJNQMF HSBQI� "MHFCSBJDBMMZ
 G DBO CF EFTDSJCFE CZ BO BEKBDFODZ
NBUSJY A XJUI FMFNFOUT EFmOFE BT

Ai,j =

{
wi,j JG (i, j) ∈ E ,
0 PUIFSXJTF,

∀i, j ∈ V , 	���


XIFSF wi,j EFOPUFT UIF XFJHIU PG UIF FEHF CFUXFFO WFSUJDFT i BOE j� "OPUIFS NBUSJY
BTTPDJBUFE UP G JT UIF EFHSFF NBUSJY D
 XIJDI JT B EJBHPOBM NBUSJY XJUI FMFNFOUT

Di,i =
∑

j

ai,j , ∀i ∈ V . 	���


*O NBOZ SFDFOU (41 BQQMJDBUJPOT
 UIF BTTVNQUJPO JT UIBU UIF HSBQI JT HJWFO PS DBO
CF EFmOFE JO B SFBTPOBCMF XBZ CBTFE PO UIF OBUVSF PG UIF BQQMJDBUJPO� 'PS JOTUBODF

JO TFOTPS OFUXPSLT
 B HSBQI JT EFmOFE UP SFQSFTFOUT UIF SFMBUJWF QPTJUJPOT PG TFOTPST JO
UIF FOWJSPONFOU� ɨF TFOTPS QPTJUJPOT BSF USFBUFE BT HSBQI WFSUJDFT BOE FEHF XFJHIUT
BT B EFDSFBTJOH GVODUJPO PG EJTUBODF CFUXFFO TFOTPST <�
 ��>� 'JHVSF ��� JMMVTUSBUFT UXP
FYBNQMF HSBQIT� UIF .JOOFTPUB SPBE HSBQI <��> BOE UIF DFSFCFMMVN HSBZ NBUUFS HSBQI
<��>� ɨF WFSUJDFT BOE FEHFT PG UIF .JOOFTPUB HSBQI DBO CF UIPVHIU PG BT OBUVSBMMZ
HJWFO CZ UIF BQQMJDBUJPO� UIF FEHFT SFQSFTFOU NBKPS SPBET JO .JOOFTPUB TUBUF BOE UIF

1

2

3
4

5

6

w2,5

w1,5

w4,5

w1,2

w2,3

w3,4

w4,6

'JHVSF ���� " TJNQMF VOEJSFDUFE HSBQI DPOTJTUJOH PG � WFSUJDFT BOE � FEHFT� "
EJĊFSFOU XFJHIU wi,j DBO CF BTTPDJBUFE UP FBDI FEHF�



(SBQI 4JHOBM 1SPDFTTJOH �

(a) (b)

'JHVSF ���� 	B
 ɨF .JOOFTPUB SPBE HSBQI <��>� 	C
 ɨF CSBJO DFSFCFMMVN HSBZ
NBUUFS HSBQI <��>�

WFSUJDFT SFQSFTFOU UIFJS JOUFSTFDUJPO QPJOUT
 XIJDI PGUFO DPSSFTQPOE UP UPXOT PS DJUJFT�
0O UIF DPOUSBSZ
 UIF DFSFCFMMVN HSBZ NBUUFS HSBQI JT EFmOFE CBTFE PO UIF BQQMJDBUJPO
UP FODPEF JUT UPQPMPHJDBM TUSVDUVSF� ɨF DFSFCFMMVN TUSVDUVSF BOE JUT BTTPDJBUFE HSBQI
BSF EFmOFE JO ��% TQBDF
 CVU IFSF POMZ B �% TMJDF JT QSFTFOUFE GPS FBTF PG JMMVTUSBUJPO�
ɨF WFSUJDFT PG UIJT HSBQI SFQSFTFOU EPXOTBNQMFE WPYFMT XIPTF QSPCBCJMJUZ PG CFJOH
HSBZ NBUUFS FYDFFET ���
 BOE JUT FEHFT SFQSFTFOU OFJHICPVSIPPE DPOOFDUJPOT�

��� 4JHOBMT PO HSBQIT

-FU ℓ2(G) EFOPUF UIF )JMCFSU TQBDF PG BMM TRVBSF�TVNNBCMF SFBM�WBMVFE WFDUPST f ∈
RNg 
 XJUI UIF JOOFS QSPEVDU EFmOFE BT

⟨f1,f2⟩ =
Ng∑

n=1

f1[n]f2[n], ∀f1,f2 ∈ ℓ2(G) 	���


BOE UIF OPSN BT

||f ||22 = ⟨f ,f⟩ =
Ng∑

n=1

|f [n]|2, ∀f ∈ ℓ2(G). 	���


" SFBM TJHOBM EFmOFE PO UIF WFSUJDFT PG B HSBQI
 f : V → R
 DBO CF TFFO BT B WFDUPS JO
ℓ2(G)
 XIFSF UIF n�UI FMFNFOU SFQSFTFOUT UIF WBMVF PG UIF TJHOBM PO UIF n�UI WFSUFY�
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��� 5IF HSBQI TQFDUSBM EPNBJO

"OPUIFS LFZ NBUSJY JO UIF TUVEZ PG HSBQIT JT UIF HSBQI -BQMBDJBO NBUSJY
 EFmOFE BT

L = D −A, 	���


XJUI FMFNFOUT HJWFO BT

Li,j =

⎧
⎪⎨

⎪⎩

−wi,j JG (i, j) ∈ E
Di,i JG i = j

0 PUIFSXJTF.
	���


ɨFSF FYJTUT TFWFSBM WBSJBOUT PG UIF HSBQI -BQMBDJBO <��>� 0G QBSUJDVMBS JOUFSFTU
 JT UIF
OPSNBMJ[FE -BQMBDJBO NBUSJY L EFmOFE BT

L = D−1/2LD−1/2 	���


= I −D−1/2AD−1/2, 	���


XJUI FMFNFOUT HJWFO BT

Li,j =

⎧
⎪⎪⎨

⎪⎪⎩

−wi,j√
Di,iDj,j

JG (i, j) ∈ E

1 JG i = j

0 PUIFSXJTF.

	���


" DPNQBSJTPO PG 	���
 BOE 	���
 TIPXT UIBU UIF OPSNBMJ[BUJPO MFBET UP GBDUPSJOH PVU
EJĊFSFODFT JO WFSUFY EFHSFFT
 BOE BT TVDI
 L POMZ SFnFDUT UIF SFMBUJWF TUSFOHUI PG UIF
XFJHIUT� L BOEL BSF CPUI TZNNFUSJD QPTJUJWF TFNJ�EFmOJUF NBUSJDFT BOE DBO UIFSFGPSF
CF EJBHPOBMJ[FE� ɨF FJHFOWBMVF EFDPNQPTJUJPO PG L JT HJWFO BT

L = ΣΛΣT , 	����


XIFSF Σ = [χ1|χ2| · · · |χNg
] JT BO PSUIPOPSNBM NBUSJY DPOUBJOJOH Ng FJHFOWFDUPST

{χl ∈ ℓ2(G)}
Ng

l=1 BOE Λ JT B EJBHPOBM NBUSJY XIPTF FOUSJFT FRVBM UIF BTTPDJBUFE SFBM

OPO�OFHBUJWF FJHFOWBMVFT UIBU EFmOF UIF HSBQI TQFDUSVN

σ(G) = {0 = λ1 ≤ λ2 · · · ≤ λNg = λNBY}. 	����


ɨF NVMUJQMJDJUZ PG FJHFOWBMVF [FSP JOEJDBUFT UIF OVNCFS PG DPOOFDUFE DPNQPOFOUT
JO UIF HSBQI <��>� ɨF TQFDUSBM TQBDF PG B HSBQI TIPXT TJNJMBSJUJFT UP UIF 'PVSJFS TQBDF
JO UIF DMBTTJDBM EPNBJO
 XIFSF UIF FJHFOWFDUPST BTTPDJBUFE XJUI IJHIFS FJHFOWBMVFT BSF
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0

1

2
× 10

 3

0.8 1 1.2 1.40.60.40.20

¸

0

1

2

¸

21.510.50

× 10
 2

(a) (b)

'JHVSF ���� )JTUPHSBNT PG UIF FJHFOWBMVFT PG L GPS 	B
 UIF .JOOFTPUB SPBE HSBQI
BOE 	C
 UIF DFSFCFMMVN HSBZ NBUUFS HSBQI�

MFTT TNPPUI UIBO UIPTF BTTPDJBUFE UP MPXFS FJHFOWBMVFT
 J�F�
 TJNJMBS UP UIBU DPNQMFY
FYQPOFOUJBMT BTTPDJBUFE UP IJHIFS GSFRVFODJFT SFQSFTFOU IJHIFS
 MFTT TNPPUI IBSNPOJDT�

ɨF FJHFOWBMVF EFDPNQPTJUJPO PG L DBO CF TJNJMBSMZ FYQSFTTFE
 MFBEJOH UP B EJG�
GFSFOU TFU PG FJHFOWBMVFT BOE FJHFOWFDUPST� ɨF VOJRVF QSPQFSUZ PG L SFMBUJWF UP L JT
UIBU JUT FJHFOWBMVFT
 GPS BOZ HJWFO HSBQI
 BSF CPVOEFE XJUIJO UIF SBOHF [0, 2] <��>
 J�F�
λNBY <= 2� 'JHVSF ��� JMMVTUSBUFT UIF EJTUSJCVUJPO PG UIF FJHFOWBMVFT PG L GPS UIF UXP
HSBQIT TIPXO JO 'JHVSF ���� ɨF EJTUSJCVUJPOT PG FJHFOWBMVFT PG UIF UXP HSBQIT BSF
WFSZ EJĊFSFOU� UIF FJHFOWBMVFT PG UIF .JOOFTPUB HSBQI BSF SBUIFS VOJGPSNMZ TQSFBE

XIFSFBT UIPTF PG UIF DFSFCFMMVN HSBQI BSF NBJOMZ DPODFOUSBUFE JO UIF VQQFS FOE PG
UIF TQFDUSVN�

��� 4QFDUSBM SFQSFTFOUBUJPO PG HSBQI TJHOBMT

(SBQI TJHOBMT
 BMUIPVHI EJTDSFUF
 DBOOPU CF JOUFSQSFUFE JO UIF 'PVSJFS EPNBJO VTJOH
UIF DMBTTJDBM EJTDSFUF 'PVSJFS USBOTGPSN 	%'5
� :FU
 JU JT CFOFmDJBM UP EFSJWF BO FRVJWB�
MFOU PQFSBUPS UIBU XPVME BMMPX GSFRVFODZ BOBMZTJT PG HSBQI TJHOBMT � B HSBQI 'PVSJFS
USBOTGPSN 	('5
 PQFSBUPS� *O UIF GPMMPXJOH
 XF mSTU CSJFnZ SFWJFX UIF DPOTUSVDUJPO
PG %'5 UP FTUBCMJTI UIF SFRVJSFE MJOL UP TVCTFRVFOUMZ EFmOF UIF ('5�

����� 5IF EJTDSFUF 'PVSJFS USBOTGPSN 	&VDMJEFBO EPNBJO

ɨF N �TBNQMF %'5 PG B MFOHUI�N EJTDSFUF TJHOBM f 
 EFOPUFE f̃ 
 JT HJWFO BT

f̃ [k] =
N−1∑

n=0

f [n]e−j2πkn/N , k = 0, . . . , N − 1

= ⟨f , ξ∗k⟩ , k = 0, . . . , N − 1, 	����
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XIFSF ∀p ∈ {0, . . . , N − 1}

ξp[q] = ej2πpq/N , q = 0, . . . , N − 1. 	����


ɨF TJHOBM DBO CF SFDPWFSFE GSPN UIF GSFRVFODZ TBNQMFT VTJOH UIF JOWFSTF %'5 PQFS�
BUJPO BT

f [n] =
1

N

N−1∑

k=0

f̃ [k]ej2πkn/N , 	����


=
1

N

N−1∑

k=0

f̃ [k]ξn[k], n = 0, . . . , N − 1. 	����


"O JNQPSUBOU QSPQFSUZ PG BMM WBSJBOUT PG UIF 'PVSJFS USBOTGPSN
 JODMVEJOH UIF %'5
 JT
FOFSHZ DPOTFSWBUJPO CFUXFFO UIF PSJHJOBM BOE USBOTGPSNFE EPNBJO
 LOPXO BT 1BSTF�
WBM�T SFMBUJPO� ɨJT SFMBUJPO JT HJWFO BT

∀f1,f2 ∈ RN , ⟨f1,f2⟩ = ⟨f̃1, f̃2⟩. 	����


*O FTTFODF
 UIF %'5 JT B MJOFBS PQFSBUPS UIBU USBOTGPSNT B HJWFO SFBM�WBMVFE EJTDSFUF
TJHOBM f UP B TQFDUSBM TQBDF UIBU IBT UIF GPMMPXJOH UXP QSPQFSUJFT�

t JOEFYFE CZ B TFU PG SFHVMBSMZ TQBDFE GSFRVFODZ JOEJDFT

f1 = 0, f2 = 2π/N︸ ︷︷ ︸
:=∆

, f3 = 2∆, . . . , fN = (N − 1)∆, 	����


t TQBOOFE CZ B TFU PG PSUIPOPSNBM WFDUPST
 POF BTTPDJBUFE UP FBDI GSFRVFODZ JO�
EFY


ξ0, ξ1, ξ2, . . . , ξN−1, 	����


ɨFTF UXP QSPQFSUJFT TIPX UIBU UIF 'PVSJFS EPNBJO IBT B VOJRVF SFQSFTFOUBUJPO XJUIJO
UIF &VDMJEFBO SFBMN
 VOMJLF UIF SFQSFTFOUBUJPO JO UIF HSBQI TFUUJOH
 DG 	�
� "OPUIFS
LFZ PCTFSWBUJPO JT UP OPUJDF UIBU UIF DPSSFTQPOEJOH FRVJWBMFOU DPOUJOVPVT GVODUJPOT
UP {ξn}N−1

n=0 
 J�F�

ξn(x) = ej∆nx, n = 0, . . . , N − 1 	����


BSF UIF FJHFOGVODUJPOT PG UIF POF�EJNFOTJPOBM -BQMBDJBO PQFSBUPS
 J�F�


d2

dx2
ξn(x) = −(∆n)2ξn(x), n = 0, . . . , N − 1. 	����


ɨJT PCTFSWBUJPO JT FTTFOUJBM JO QBWJOH UIF XBZ UP EFmOJOH UIF ('5 BT EFTDSJCFE JO
UIF GPMMPXJOH TFDUJPO�



(SBQI 4JHOBM 1SPDFTTJOH ��

����� 5IF HSBQI 'PVSJFS USBOTGPSN
ɨF FMFNFOUT PG UIF %'5 PG B TJHOBM BSF PCUBJOFE UISPVHI UIF JOOFS QSPEVDU PG UIF
TJHOBM BOE DPNQMFY FYQPOFOUJBMT
 DG� 	����

 XIJDI BSF UIFNTFMWFT FJHFOGVODUJPOT PG
B -BQMBDJBO PQFSBUPS
 DG� 	����
� ɨFSFGPSF
 JO BOBMPHZ UP UIF DMBTTJDBM TFUUJOH
 B OBU�
VSBM EFmOJUJPO GPS UIF ('5 JT UP UBLF UIF JOOFS QSPEVDU PG B HSBQI TJHOBM XJUI UIF
FJHFOWFDUPST PG UIF HSBQI�T -BQMBDJBO BT

∀f ∈ ℓ2(G), f̂ [l] = ⟨f ,χl⟩, l = 1, . . . , Ng. 	����


ɨJT TQFDUSBM SFQSFTFOUBUJPO DBO CF VTFE UP FYQSFTT f JO UFSNT PG UIF HSBQI -BQMBDJBO
FJHFOWFDUPST VTJOH UIF JOWFSTF ('5 PQFSBUJPO BT

f [n] =

Ng∑

l=1

f̂ [l]χl[n], n = 1, . . . , Ng. 	����


8JUI UIJT EFmOJUJPO PG UIF 'PVSJFS USBOTGPSN
 UIF 1BSTFWBM SFMBUJPO IPMET

∀f1,f2 ∈ ℓ2(G), ⟨f1,f2⟩ = ⟨f̂1, f̂2⟩. 	����


TJODF

⟨f̂1, f̂2⟩
(2.3)
=

Ng∑

l=1

f̂1[l]f̂2[l]

(2.21),(2.3)
=

Ng∑

l=1

Ng∑

n=1

f1[n]χl[n]

Ng∑

m=1

f2[m]χl[m]

=

Ng∑

l=1

Ng∑

n=1

f1[n]f2[n]χl[n]χl[n],

=

Ng∑

n=1

f1[n]f2[n]

Ng∑

l=1

χl[n]χl[n]

︸ ︷︷ ︸
=||χl||

2
2=1

,

(2.3)
= ⟨f1,f2⟩. 	����


��� (SBQI TQFDUSBM mMUFSJOH

*O UIF &VDMJEFBO EPNBJO
 B mMUFS JT VOJRVFMZ EFmOFE CZ JUT JNQVMTF SFTQPOTF� 'JMUFSJOH
PG B TJHOBM f ∈ RN XJUI B mMUFS XJUI JNQVMTF SFTQPOTF g ∈ RM JT PCUBJOFE UISPVHI
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B DPOWPMVUJPO QSPEVDU BT

f (g)[n] =
N∑

m=1

f [m]g[n−m], n = 1, . . . , N, 	����


XIFSF f (g) EFOPUFT UIF mMUFSFE TJHOBM� 6TJOH UFOTPS QSPEVDUT
 UIF DPOWPMVUJPO QSPE�
VDU DBO CF SFBEJMZ FYUFOEFE UP ��% BOE ��% TQBDF GPS mMUFSJOH PG JNBHFT BOE WPMVNFT

SFTQFDUJWFMZ� ɨF mMUFSJOH PQFSBUJPO DBO BMTP CF FYQSFTTFE BT BO PQFSBUJPO JO UIF TQFD�
USBM EPNBJO
 J�F�


∀f ∈ RN , ∀g ∈ RM , f̃
(g)

[k] = f̃ [k] · g̃[k], k = 1, . . . ,K, 	����


XIFSF f̃ 
 g̃ BOE f̃
(g) EFOPUF UIF K TBNQMF %'5 PG f 
 g BOE f (g)
 SFTQFDUJWFMZ�

0O UIF DPOUSBSZ
 JO UIF HSBQI TFUUJOH
 UIF mMUFS JNQVMTF SFTQPOTF PG B HJWFO TQFDUSBM
LFSOFM JT TIJGU�WBSJBOU
 SBUIFS UIBO CFJOH TIJGU�JOWBSJBOU BT JO UIF &VDMJEFBO TFUUJOH� 'PS
B HJWFO mMUFS XJUI TQFDUSBM QSPmMF ĝ ∈ RNg 
 UIF HSBQI mMUFS SFTQPOTF GPS BO JNQVMTF
BU WFSUFY i ∈ RNg 
 EFOPUFE δi
 JT HJWFO BT

δi
(g)[n] =

Ng∑

l=1

ĝ[l] δ̂i[l]χl[n],

(4)
=

Ng∑

l=1

ĝ[l] ⟨δi,χl⟩χl[n], 	����


=

Ng∑

l=1

ĝ[l]χl[i]χl[n]. 	����


ɨJT SFMBUJPO TIPXT UIBU UIF mMUFS JNQVMTF SFTQPOTF JT
 JO HFOFSBM
 TIJGU�WBSJBOU JO UIF
HSBQI TFUUJOH� J�F�
 ∀n ∈ {1, . . . , Ng}, δi(g)[n] ̸= δj

(g)[n]
 VOMFTT� �
 i = j
 PS
�
 i ̸= j CVU {χl[i] = χl[j]}l=1,...,Ng � %VF UP UIJT TIJGU�WBSJBODF QSPQFSUZ
 	����

DBOOPU CF EJSFDUMZ FYUFOEFE UP UIF HSBQI TFUUJOH
 TJODF UIFSF FYJTU OP VOJRVF JNQVMTF
SFTQPOTF� ɨF mMUFSJOH PQFSBUJPO DBO JOTUFBE CF JNQMFNFOUFE XJUIJO UIF HSBQI TQFD�
USBM EPNBJO CZ NPEVMBUJOH UIF TQFDUSBM DPOUFOU PG UIF TJHOBM XJUI B HJWFO HSBQI mMUFS
TQFDUSBM QSPmMF ĝ BT

∀f , ĝ ∈ RNg , f̂
(g)

[l] = ĝ[l] f̂ [l], l = 1, . . . , Ng. 	����
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ɨF TQFDUSBM SFQSFTFOUBUJPO DBO UIFO CF USBOTGPSNFE CBDL UP UIF WFSUFY EPNBJO BT

∀f , ĝ ∈ RNg , f (g)[n] = F−1
(
f̂
(g)

[l]
)
,

(4)
=

Ng∑

l=1

f̂
(g)

[l]χl[n],

(2.29)
=

Ng∑

l=1

ĝ[l] f̂ [l]χl[n], n = 1, . . . , Ng. 	����


��� (SBQI TQFDUSBM EFDPNQPTJUJPO

.BOZ TJHOBM QSPDFTTJOH BQQSPBDIFT BSF CBTFE PO EFDPNQPTJUJPO TDIFNFT UIBU TQMJU B
TJHOBM CBTFE PO JUT TQFDUSBM DPOUFOU� ɨF EFDPNQPTJUJPO USBOTGPSNT UIF TJHOBM JOUP B
OFX TQBDF FJUIFS GPS SFQSFTFOUBUJPOBM QVSQPTFT POMZ PS BT B mSTU TUFQ GPS GVSUIFS QSP�
DFTTJOH� 0G QBSUJDVMBS JOUFSFTU BSF XBWFMFU USBOTGPSNT <��> UIBU FOBCMF EFDPNQPTJUJPO
PG B TJHOBM PO BO PSUIPOPSNBM CBTJT UIBU BMMPXT TJNVMUBOFPVT MPDBMJ[BUJPO JO UJNF�TQBDF
BOE GSFRVFODZ� 8BWFMFU USBOTGPSNT DBO QSPWJEF B CFUUFS SFQSFTFOUBUJPO PG UIF TJHOBM
CPUI JO UIF PSJHJOBM TJHOBM EPNBJO BT XFMM BT JO UIF TQFDUSBM EPNBJO� UIJT JT TQFDJBMMZ
USVF GPS TJHOBMT XIPTF QSJNBSZ JOGPSNBUJPO DPOUFOU MJFT JO MPDBMJ[FE TJOHVMBSJUJFT <��>

TVDI BT USBOTJFOUT JO UFNQPSBM TJHOBMT PS FEHFT JO JNBHFT� 'PS FYBNQMF
 UIF EJTDSFUF
XBWFMFU USBOTGPSN <��> IBT GPVOE JUT XBZ JO B XJEF SBOHF PG BQQMJDBUJPOT�

.VDI BUUFOUJPO IBT CFFO HJWFO UP HFOFSBMJ[JOH DMBTTJDBM TQFDUSBM EFDPNQPTJUJPO
NFUIPET UP UIF HSBQI TFUUJOH� &YBNQMFT JODMVEF FYUFOTJPOT PG XBWFMFU USBOTGPSNT
<��
 ��
 ��> BOE WFSUFY�GSFRVFODZ BOBMZTJT <��
 ��>� .PSFPWFS
 WBSJPVT mMUFS CBOL
EFTJHOT IBWF CFFO QSPQPTFE XIJDI FJUIFS JOIFSJU B HSBQI EPXOTBNQMJOH <��
 ��
 ��>
PS VQTBNQMJOH <��
 ��> QSPDFEVSF PS EP OPU JODMVEF HSBQI TBNQMJOH <��
 ��
 ��>�
ɨFSF BMTP FYJTUT B EJĊFSFOU GBNJMZ PG FYUFOTJPOT UIBU BSF EFmOFE XJUIJO UIF WFSUFY
EPNBJO
 TVDI BT <��
 ��
 ��
 ��>� )FSF
 XF GPDVT UIF QSFTFOUBUJPO GPS UIF EFTJHOT UIBU
BSF EFmOFE XJUIJO UIF TQFDUSBM EPNBJO
 BOE UIBU EP OPU JODMVEF B HSBQI TBNQMJOH
TUFQ� *O TVDI EFTJHOT
 UIF FJHFOWBMVFT BOE FJHFOWFDUPST PG UIF -BQMBDJBO NBUSJY QMBZ B
DFOUSBM SPMF�

" NVMUJ�TVCCBOE HSBQI TJHOBM EFDPNQPTJUJPO FTTFOUJBMMZ SFRVJSFT EFTJHOJOH B TZT�
UFN TQFDUSBM LFSOFMT XJUIJO UIF HSBQI TQFDUSVN� 'PS DPOWFOJFODF PG EFTJHO BT XFMM
BT JNQMFNFOUBUJPO
 TQFDUSBM LFSOFMT BSF DPNNPOMZ EFmOFE BT DPOUJOVPVT LFSOFMT� *O
QBSUJDVMBS
 DPOTJEFS B TFU PG J TQFDUSBM LFSOFMT

Kj(λ) : [0,λNBY] → R+, j = 1, 2, . . . , J. 	����
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*G SFRVJSFE
 UIF EJTDSFUF WFSTJPO PG UIF TQFDUSBM LFSOFMT DBO CF PCUBJOFE UISPVHI TBN�
QMJOH BT

k̂j [l] = Kj(λl), l = 1, . . . , Ng. 	����


#Z DPOTUSVDUJOH UIF JNQVMTF SFTQPOTF PG FBDI TQFDUSBM LFSOFM Kj(λ) BU FBDI WFSUFY k

B EJDUJPOBSZ PG WFSUFY EPNBJO BUPNT
 EFOPUFE DG JT PCUBJOFE

DG =

{{
ψj,n ∈ ℓ2(G)

}J

j=1

}Ng

n=1

, 	����


XIFSF BUPN ψj,n JT HJWFO BT

ψj,n[n] = δi
(Kj)[n] 	����


(2.28)
=

Ng∑

l=1

k̂j [l]χl[i]χl[n]. 	����


5P EFDPNQPTF B HSBQI TJHOBM f ∈ ℓ2(G) POUP B TFU PG UIF BUPNT JODG 
 UIF DPFċDJFOUT
DBO CF PCUBJOFE BT

cKj ,m = ⟨f ,ψKj ,m⟩ 	����


(5)
=

Ng∑

l=1

ψ̂Kj ,m[l]f̂ [l], 	����


(12)
=

Ng∑

l=1

kj [l]f̂ [l]χl[m]. 	����


5ZQJDBMMZ POF TFFLT UIF DPFċDJFOU WFDUPS BTTPDJBUFE UP FBDI kj

cKj = [cKj ,1, cKj ,2, . . . , cKj ,Ng ]
T , 	����


XIJDI DBO CF PCUBJOFE BT

cKj

(20)
=

Ng∑

l=1

kj [l]f̂ [l]χl. 	����


)PXFWFS
 TVDI B EJSFDU EFDPNQPTJUJPO VTJOH UIF FYQMJDJU EFmOJUJPO PG UIF BUPNT
ψKj ,m JT SBUIFS JOFċDJFOU� 3FMBUJPO 	����
 TIPXT UIBU UIJT EFDPNQPTJUJPO TDIFNF
SFRVJSFT B GVMM FJHFOEFDPNQPTJUJPO PG L TJODF JU JT FYQMJDJUMZ CBTFE PO J
 UIF -BQMBDJBO
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FJHFOWFDUPST {χl}
Ng

l=1 BOE JJ
 UIF HSBQI 'PVSJFS USBOTGPSN PG UIF TJHOBM f̂ � 'PS MBSHF
HSBQIT
 JU DBO CF DVNCFSTPNF UP DPNQVUF UIF GVMM FJHFOEFDPNQPTJUJPO PGL
 BOE JO FY�
UFOTJWFMZ MBSHF HSBQIT UIJT DBO JO GBDU CF JNQPTTJCMF� .PSFPWFS
 EVF UP UIF SFEVOEBODZ
PG TVDI B USBOTGPSN
 JU JT CFOFmDJBM UP JNQMFNFOU UIF USBOTGPSN VTJOH B GBTU BMHPSJUIN

SBUIFS UIBO VTJOH UIF FYQMJDJU DPNQVUBUJPO PG UIF DPFċDJFOUT UISPVHI 	��
� 0OF TP�
MVUJPO UP PWFSDPNF UIJT DPNQVUBUJPOBM CVSEFO JT UP VTF B QPMZOPNJBM BQQSPYJNBUJPO
TDIFNF� *G Kj(λ) DBO CF BQQSPYJNBUFE BT B QPMZOPNJBM
 EFOPUF Pj(λ) ∈ L2(G)
 UIF
TVCCBOE EFDPNQPTJUJPO cKj DBO CF BQQSPYJNBUFE BT

cKj

(11)
=

Ng∑

l=1

Kj(λl)f̂ [l]χl 	����


≈
Ng∑

l=1

Pj(λl)f̂ [l]χl 	����


= Pj(L)

Ng∑

l=1

f̂ [l]χl 	����


(4)
= Pj(L)f 	����


XIFSF JO 	����
 UIF QSPQFSUZ Lχl = λlχl ⇒ Pj(L)χl = Pj(λl)χl JT FYQMPJUFE�
ɨF TQFDUSBM HSBQI XBWFMFU USBOTGPSN 	4(85
 JT POF PG UIF mSTU QSPQPTBMT PG FY�

UFOEJOH UIF DPOTUSVDUJPO PG XBWFMFU USBOTGPSNT UP UIF HSBQI TFUUJOH <��>� ɨF 4(85
TZTUFN PG HSBQI TQFDUSBM mMUFST DPOTJTUT PG B TFSJFT PG TQMJOF�CBTFE LFSOFMT JODMVEJOH
B MPXQBTT LFSOFM BOE B TFRVFODF PG EJMBUFE CBOEQBTT LFSOFMT� 'JHVSF ���	B
 BOE 'JH�
VSF ���	B
 JMMVTUSBUF UIF 4(85 TZTUFN PG TQFDUSBM LFSOFMT EFmOFE PO UIF OPSNBMJ[FE
TQFDUSVN PG UIF .JOOFTPUB SPBE HSBQI BOE UIF DFSFCFMMVN HSBZ NBUUFS HSBQI
 SFTQFD�
UJWFMZ� ɨF 4(85 GSBNF JT WFSZ HFOFSJD
 JO UIF TFOTF UIBU UIF TIBQF PG UIF TQFDUSBM LFS�
OFMT BSF mYFE BOE UIFJS NBYJNVN TVQQPSU JT EFUFSNJOFE CZ λNBY� "O FYUFOTJPO PG UIF
4(85 UP GPSN B UJHIU GSBNF XBT QSFTFOUFE JO <��>� *O QBSUJDVMBS
 .FZFS�UZQF XBWFMFU
BOE TDBMJOH GVODUJPOT XFSF BEPQUFE UP PCUBJO TQFDUSBM LFSOFMT UIBU DMPTFMZ SFTFNCMF UIF
EZBEJD OBUVSF PG DMBTTJDBM XBWFMFUT� 'JHVSF ���	C
 BOE 'JHVSF ���	C
 JMMVTUSBUF UIF TZT�
UFN PG TQFDUSBM LFSOFMT PG .FZFS�MJLF UJHIU GSBNFT EFmOFE PO UIF OPSNBMJ[FE TQFDUSVN
PG UIF .JOOFTPUB SPBE HSBQI BOE UIF DFSFCFMMVN HSBZ NBUUFS HSBQI
 SFTQFDUJWFMZ� 4JN�
JMBS UP UIF EFmOJOH LFSOFMT PG UIF 4(85
 UIF DIBSBDUFSJTUJDT PG UIF .FZFS�MJLF UJHIU
GSBNF TQFDUSBM LFSOFMT BSF mYFE BOE JOEFQFOEFOU PG UIF HSBQI
 BOE UIFJS NBYJNVN
TVQQPSU JT EFUFSNJOFE CZ λNBY�

0OF PG UIF EJċDVMUJFT PG UIF HSBQI TQFDUSVN JT UIBU JUT DPOTUSVDUJPO EFQFOET PO
UIF HSBQI JUTFMG� $POTFRVFOUMZ
 UIF TQFDUSBM SFQSFTFOUBUJPO PG B HSBQI TJHOBM JT EFUFS�
NJOFE CZ CPUI UIF EPNBJO BOE UIF TJHOBM� )PXFWFS
 UIF BGPSFNFOUJPOFE TQFDUSBM
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'JHVSF ���� 4ZTUFN PG TQFDUSBM LFSOFMT EFmOFE PO UIF TQFDUSVN PG UIF .JOOFTPUB
SPBE HSBQI
 XJUI J = 7 TQFDUSBM CBOET� 	B
 4QMJOF CBTFE TZTUFN PG TQFDUSBM LFSOFMT
<��>� 	C
 .FZFS�MJLF TZTUFN PG TQFDUSBM LFSOFMT <��>� 	D
 4QFDUSVN�BEBQUFE TZTUFN
PG TQFDUSBM LFSOFMT <��>�

(a)

(c)
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'JHVSF ���� 4ZTUFN PG TQFDUSBM LFSOFMT EFmOFE PO UIF TQFDUSVN PG UIF DFSFCFMMVN
HSBZ NBUUFS HSBQI
 XJUI J = 5 TQFDUSBM CBOET� 	B
 4QMJOF CBTFE TZTUFN PG TQFDUSBM
LFSOFMT <��>� 	C
 .FZFS�MJLF TZTUFN PG TQFDUSBM LFSOFMT <��>� 	D
 4QFDUSVN�BEBQUFE
TZTUFN PG TQFDUSBM LFSOFMT <��>�



(SBQI 4JHOBM 1SPDFTTJOH ��

EFTJHOT UZQJDBMMZ EFmOF TQFDUSBM XJOEPXT JO B XBZ UIBU JT JOEFQFOEFOU PG UIF HSBQI
BOE HSBQI TJHOBM� 0OF FYBNQMF PG BEBQUBUJPO UP UIF TQFDUSBM QSPQFSUJFT PG UIF HSBQI
EPNBJO XBT SFDFOUMZ QSPQPTFE JO <��> GPS UIF DPOTUSVDUJPO PG TQFDUSVN�BEBQUFE UJHIU
HSBQI XBWFMFU BOE WFSUFY�GSFRVFODZ GSBNFT� ɨF TQFDUSVN�BEBQUFE TQFDUSBM LFSOFMT BSF
BEBQUFE UP UIF EJTUSJCVUJPO PG FJHFOWBMVFT PG UIF HSBQI -BQMBDJBO NBUSJY TVDI UIBU B
TJNJMBS OVNCFS PG FJHFOWBMVFT MJFT JO UIF TVQQPSU PG FBDI TQFDUSBM LFSOFM� 'JHVSF ���	D

BOE 'JHVSF ���	D
 JMMVTUSBUF UIF TZTUFN PG TQFDUSBM LFSOFMT PG TQFDUSVN�BEBQUFE UJHIU
GSBNFT EFmOFE PO UIF OPSNBMJ[FE TQFDUSVN PG UIF .JOOFTPUB SPBE HSBQI BOE UIF DFSF�
CFMMVN HSBZ NBUUFS HSBQI
 SFTQFDUJWFMZ� ɨF TQFDUSVN�BEBQUFE LFSOFMT BSF DFOUSBMJ[FE
UP SFHJPOT PG UIF TQFDUSVN XIFSF NPSF FJHFOWBMVFT BSF DPODFOUSBUFE�





$IBQUFS �

.BQQJOH )VNBO #SBJO 'VODUJPO

6OEFSTUBOEJOH UIF GVODUJPOBM PSHBOJ[BUJPO PG UIF IVNBO CSBJO IBT BUUSBDUFE NVDI
SFTFBSDI BUUFOUJPO JO UIF QBTU DFOUVSZ� *O QBSUJDVMBS
 UIF BEWFOU PG OPO�JOWBTJWF CSBJO
JNBHJOH UFDIOJRVFT
 OBNFMZ FMFDUSPFODFQIBMPHSBQIZ 	&&(
 <��>
 QPTJUSPO FNJTTJPO
UPNPHSBQIZ 	1&5
 <��> BOE GVODUJPOBM NBHOFUJD SFTPOBODF JNBHJOH 	G.3*
 <��>

IBWF QBWFE UIF XBZ GPS DPOWFOJFOU QSPCJOH PG CSBJO GVODUJPO BDSPTT UIF FOUJSF CSBJO
JO IFBMUI BOE EJTFBTF� "MUIPVHI UIFTF UISFF BQQSPBDIFT BMM BJN BU QSPCJOH UIF GVOD�
UJPO PG UIF CSBJO
 UIF OBUVSF PG UIF TJHOBM UIFZ BDRVJSF JT GVOEBNFOUBMMZ EJĊFSFOU� ɨF
&&( SFDPSET UIF FMFDUSJDBM mFME UIBU TUFNT GSPN UIF KPJOU BDUJWJUZ PG NJMMJPOT PG DPSUJ�
DBM OFVSPOT
 BOE IBT UIF CFOFmU PG QSPWJEJOH B TVC�TFDPOE UFNQPSBM SFTPMVUJPO <��>�
ɨF NBJO MJNJUBUJPO PG UIF &&( MJFT JO JUT QPPS TQBUJBM TQFDJmDJUZ JO MPDBMJ[JOH CSBJO
BDUJWJUZ TJODF JU JT NFBTVSFE PO UIF CPEZ TVSGBDF� 1&5 JNBHJOH PWFSDPNFT UIF MBDL
PG TQBUJBM TQFDJmDJUZ JO &&(
 CVU JU TVĊFST GSPN UIF MJNJUBUJPO PG JOWPMWJOH SBEJPBD�
UJWF TVCTUBODFT� ɨF 1&5 UFDIOJRVF USBDLT DIBOHFT JO DFSFCSBM CMPPE nPX PS DFSFCSBM
NFUBCPMJTN CZ TDBOOJOH B SBEJPBDUJWF TVCTUBODF UIBU JT JOKFDUFE UP UIF CMPPE TUSFBN�
ɨF VTF PG 1&5 JNBHJOH GPS TUVEZJOH UIF CSBJO IBT TJHOJmDBOUMZ EFDMJOFE XJUI UIF
BEWFOU PG G.3*
 EVF UP JUT IJHIFS DPTU
 MPXFS TQBUJBM SFTPMVUJPO
 BOE OFFE GPS JTPUPQFT
DPNQBSFE UP G.3*� $PNQBSFE UP UIF &&(
 G.3* QSPWJEFT TVQFSJPS TQBUJBM SFTPMVUJPO
BU UIF DPTU PG B MPXFS UFNQPSBM BDDVSBDZ�

ɨJT DIBQUFS CSJFnZ SFWJFXT UIF G.3* UFDIOJRVF BOE UIF DPOWFOUJPOBM NFUIPET
VTFE JO QSPDFTTJOH G.3* EBUB GPS CSBJO BDUJWBUJPO NBQQJOH� *U BMTP FTUBCMJTIFT UIF
JNQPSUBODF PG BDDPVOUJOH GPS UIF BOBUPNZ PG UIF CSBJO JO NBQQJOH CSBJO GVODUJPO�
ɨF DIBQUFS FOET CZ SFGFSFODJOH UP SFMFWBOU TUVEJFT FYQMPJUJOH BOBUPNJDBMMZ�JOGPSNFE
BQQSPBDIFT GPS BOBMZTJT PG G.3* EBUB�

��
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'JHVSF ���� #MPPE WFTTFMT JO UIF IVNBO CSBJO� 7FTTFMT XFSF WJTVBMJ[FE CZ mMMJOH
UIFN XJUI B QMBTUJD FNVMTJPO BOE TVCTFRVFOUMZ EJTTPMWJOH UIF QBSFODIZNBM UJTTVF�
'JHVSF SFQSPEVDFE XJUI QFSNJTTJPO GSPN <��>�

��� 5IF G.3* UFDIOJRVF

'VODUJPOBM .3* JT B LFZ CJPJNBHJOH NPEBMJUZ VTFE GPS OPO�JOWBTJWF TUVEJFT PG UIF
CSBJO� *U QSPWJEFT BO JOEJSFDU NFBTVSFNFOU PG CSBJO BDUJWJUZ CZ FMVDJEBUJOH DIBOHFT
JO DFSFCSBM CMPPE nPX BOE PYZHFOBUJPO MFWFM
 mSTU JOUSPEVDFE CZ 0HBXB JO ����
<��>� ɨJT SFMBUJPO CFUXFFO OFVSPOBM BDUJWJUZ BOE DIBOHFT JO IFNPEZOBNJD SFTQPOTF
JT LOPXO BT OFVSPWBTDVMBS DPVQMJOH
 BOE TFWFSBM NPEFMT IBWF CFFO QSPQPTFE GPS JUT
PSJHJO <��
 ��>� "T B SFHJPO PG UIF CSBJO CFDPNFT BDUJWF
 UIF DFSFCSBM CMPPE nPX
JODSFBTFT MPDBMMZ UP NFFU UIF JODSFBTFE EFNBOE GSPN mSJOH OFVSPOT� 0YZHFO JT TVQ�
QMJFE UISPVHI BO FYUFOTJWF BOE EFMJDBUF XFC PG WFTTFMT
 TQBDFE CZ BT MJUUMF BT �����
µm JO HSBZ NBUUFS <��>
 TFF 'JHVSF ���� )PXFWFS
 EVF UP B NJTCBMBODF CFUXFFO UIF
JODSFBTF JO PYZHFO DPOTVNQUJPO BOE UIF JODSFBTF JO CMPPE nPX
 NPSF PYZHFOBUFE
CMPPE CFDPNFT BWBJMBCMF JO UIF SFHJPO UIBO OFFEFE GPS DPOTVNQUJPO� ɨJT TMJHIU JO�
DSFBTF BOE UIF EJĊFSFODF CFUXFFO UIF NBHOFUJD QSPQFSUJFT PG PYZHFOBUFE BOE EFPYZ�
HFOBUFE CMPPE MFBET UP DIBOHFT JO UIF NBHOFUJD SFTPOBODF TJHOBM XIJDI JT LOPXO BT
UIF CMPPE�PYZHFO�MFWFM�EFQFOEFOU 	#0-%
 TJHOBM� ɨF FYBDU TIBQF PG UFNQPSBM JO�
DSFBTF JO CMPPE WPMVNF FWPLFE CZ B TUJNVMVT WBSJFT CFUXFFO EJĊFSFOU TVCKFDUT BT XFMM
BT CFUXFFO EJĊFSFOU CSBJO BSFBT XJUIJO UIF TBNF TVCKFDU <��
 ��>�

*O PSEFS UP USBDL DIBOHFT PG #0-% TJHOBM BDSPTT UJNF
 B TFSJFT PG XIPMF�CSBJO ��%
.3* TDBOT BSF BDRVJSFE PWFS B QFSJPE PG UJNF� ɨFTF TDBOT
 DPNNPOMZ DBMMFE G.3*
WPMVNFT
 BSF BDRVJSFE VTJOH BO FDIP�QMBOBS JNBHJOH 	&1*
 .3* TFRVFODF <��>� $PN�
QBSFE UP DPOWFOUJPOBM .3* TFRVFODFT BEPQUFE UP JNBHF CSBJO TUSVDUVSF
 &1* USBEFT
TQBUJBM SFTPMVUJPO GPS UFNQPSBM SFTPMVUJPO UP FOBCMF USBDLJOH CFIBWJPS� 'JHVSF ���
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(a)

(b)

'JHVSF ���� 	B
 " TUSVDUVSBM .3* TDBO� 	C
 "O G.3* TDBO PG UIF TBNF TVCKFDU JO 	B
�
ɨF TDBOT BSF ��%� B ��% FYUSBDU PG EBUB JO FBDI EJNFOTJPO JT EJTQMBZFE � BYJBM
QMBOF 	ZFMMPX

 DPSPOBM 	HSFFO
 BOE TBHJUBM 	SFE
� ɨF TUSVDUVSBM BOE GVODUJPOBM
TDBOT IBWF CFFO BMJHOFE BOE NBQQFE UP B UFNQMBUF <��> TQBDF�
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TIPXT B TUSVDUVSBM .3* BOE BO G.3* TDBO PG B TVCKFDU GSPN <��>� ɨF TUSVDUVSBM WPM�
VNF IBT CFFO BDRVJSFE BU B TQBUJBM SFTPMVUJPO PG ��� NN JTPUSPQJD PWFS BQQSPYJNBUFMZ
��� NJOVUFT
 XIFSFBT UIF G.3* WPMVNF IBT CFFO BDRVJSFE BU B TQBUJBM SFTPMVUJPO PG �
NN JTPUSPQJD PWFS NFSFMZ ���� TFDPOET�

��� 5BTL�CBTFE G.3* BDUJWBUJPO NBQQJOH

'VODUJPOBM .3* EBUB BSF HFOFSBMMZ BDRVJSFE JO UXP NPEBMJUJFT� UBTL�CBTFE BOE SFTUJOH�
TUBUF� ɨF GVOEBNFOUBM BTTVNQUJPO JO UBTL�CBTFE G.3* JT GVODUJPOBM TFHSFHBUJPO
 UIBU
JT
 UP JEFOUJGZ SFHJPOT XJUIJO UIF CSBJO UIBU BSF TQFDJBMJ[FE GPS EJĊFSFOU CFIBWJPSBM UBTL

TVDI BT NPUPS
 WJTVBM
 DPHOJUJWF
 MBOHVBHF UBTLT� "O JMMVTUSBUJWF WJTVBM QBSBEJHN JT
TIPXO JO 'JHVSF ���� 6TJOH TVDI B QBSBEJHN
 UIF BJN JT UP EFUFDU SFHJPOT JO UIF CSBJO
UIBU BSF QPTJUJWFMZ DPSSFMBUFE UP IVNBO GBDF SFDPHOJUJPO
 BT UIBU mSTU QSPQPTFE JO UIF
TFNJOBM XPSL CZ )BYCZ BOE DPMMFBHVFT <��>� *O DPOUSBTU UP UBTL�CBTFE G.3*
 SFTUJOH�
TUBUF G.3* FOUBJMT JNBHJOH TVCKFDUT XIJMF UIFZ MJF JO UIF TDBOOFS JEMF
 XJUIPVU CFJOH
FYQPTFE UP BOZ FYQFSJNFOUBM QBSBEJHN� #Z TUVEZJOH TQPOUBOFPVT nVDUVBUJPOT JO CSBJO
BDUJWJUZ BDSPTT CSBJO SFHJPOT
 UIF PCKFDUJWF JT UP EFUFDU MPX GSFRVFODZ 	< 0.1 )[

TQBUJBMMZ�EJTUSJCVUFE CSBJO OFUXPSLT<��>� *O UIJT EJTTFSUBUJPO
 POMZ BOBMZTJT PG UBTL�
CBTFE G.3* EBUB JT DPOTJEFSFE�

%JĊFSFOU TUBUJTUJDBM BQQSPBDIFT IBWF CFFO QSPQPTFE GPS UIF BOBMZTJT PG UBTL�CBTFE
G.3* EBUB
 LOPXO BT G.3* BDUJWBUJPO NBQQJOH
 JODMVEJOH
 QSJODJQBM DPNQPOFOU
BOBMZTJT <��>
 JOEFQFOEFOU DPNQPOFOU BOBMZTJT <��
 ��
 ��>
 DBOPOJDBM DPSSFMBUJPO
BOBMZTJT <��
 ��> BOE TQBSTJUZ�QSPNPUJOH EFDPOWPMVUJPO NFUIPET <��
 ��
 ��>� ɨF
NPTU XJEFMZ VTFE BQQSPBDI JT B NBTT VOJWBSJBUF IZQPUIFTJT�ESJWFO TDIFNF CBTFE PO
UIF HFOFSBM MJOFBS NPEFM 	(-.
� ɨJT QBSBNFUSJD NFUIPE JT JNQMFNFOUFE JO NBOZ
TPGUXBSF QBDLBHFT TVDI BT TUBUJTUJDBM QBSBNFUSJD NBQQJOH 	41.
 <��>
 UIF '.3*#
4PGUXBSF -JCSBSZ 	'4-
 <��> BOE "'/* 	"OBMZTJT PG 'VODUJPOBM /FVSPJNBHFT
 <��>�
*U TIPVME BMTP CF OPUFE UIBU TUBUJTUJDBM JOGFSFODFT PG G.3* EBUB BSF DPOWFOUJPOBMMZ NBEF
BU UIF MFWFM PG WPYFMT <��> BT XFMM BT DMVTUFST <��>� *O UIF GPSNFS
 UIF PCKFDUJWF JT UP
EFUFSNJOF JG B WPYFM JT TJHOJmDBOUMZ BDUJWF
 XIFSFBT JO UIF MBUUFS UIF BJN JT UP EFUFS�
NJOF XIFUIFS B DMVTUFS PG WPYFMT BSF TJHOJmDBOUMZ BDUJWF� *O UIF GPMMPXJOH
 XF QSFTFOU
BO PWFSWJFX PG UIF DPOWFOUJPOBM (-. UFDIOJRVF GPS WPYFM MFWFM TUBUJTUJDBM JOGFSFODF
PG G.3* EBUB�
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time

regressor for facces

'JHVSF ���� "O JMMVTUSBUJWF FYBNQMF PG BO G.3* QBSBEJHN� ɨF TVCKFDU
 XIJMF MZJOH
JO UIF TDBOOFS
 JT TIPXO B TFSJFT PG JNBHFT PG XIJDI TPNF BSF GBDFT�

����� (-. mUUJOH PG G.3* EBUB
" TJOHMF TVCKFDU G.3* EBUBTFU DPOTJTUT PG B TFSJFT PG Nt GVODUJPOBM WPMVNFT
 FBDI XJUI
Nv WPYFMT� #Z SFQSFTFOUJOH FBDI WPMVNF BT BO Nv×1 WFDUPS {v(t)}Nt

t=1
 UIF UFNQPSBM
DIBOHF JO JOUFOTJUZ BU FBDI WPYFM k DBO CF FYQSFTTFE BT

y(k) = [v(1)[k] . . .v(Nt)[k]]T . 	���


" (-. JT UIFO mUUFE JOEFQFOEFOUMZ UP UIF UJNF�TFSJFT PG FBDI PG UIF WPYFMT BT

y(k) = Xβ(k) + ϵ(k), 	���


XIFSF X JT UIF Nt × Nr EFTJHO NBUSJY XJUI DPMVNOT SFQSFTFOUJOH B EFTJSFE TFU PG
SFHSFTTPST
 β(k) JT B Nr × 1 WFDUPS PG SFHSFTTJPO QBSBNFUFST BOE ϵ(k) JT B Nt × 1
WFDUPS PG SFTJEVBM FSSPST� ɨF SFHSFTTPST JO UIF EFTJHO NBUSJY DPOTJTUT PG UIF B TFU PG
FYQFSJNFOUBM QBSBEJHNT
 TVDI BT UIF QBSBEJHN TIPXO JO 'JHVSF ���
 FBDI DPOWPMWFE
XJUI BO BQQSPQSJBUF IFNPEZOBNJD SFTQPOTF GVODUJPO
 BT XFMM BT B TFU PG QSF�DPNQVUFE
IFBE NPWFNFOU SFHSFTTPST� ɨF FMFNFOUT PG WFDUPS β(k) BSF UIF FĊFDU TJ[FT
 J�F�
 UIF
FĊFDU UIBU FBDI PG UIF Nr SFHSFTTPST IBWF IBE PO UIF UIF #0-% SFTQPOTF PG UIF k�UI
WPYFM�

"TTVNJOH UIBU UIF EFTJHO NBUSJY JT PG GVMM SBOL
 J�F�
 SBOL(X) = Nr
 BOE UIBU UIF
FSSPS DPNQPOFOU JT JOEFQFOEFOUMZ BOE JEFOUJDBMMZ (BVTTJBO EJTUSJCVUFE
 J�F�
N (0,σ2I)

UIF PQUJNBM VOCJBTFE FTUJNBUF PG β(k) JT UIF MFBTU TRVBSFT FTUJNBUF HJWFO CZ <��>

β(k) = (XTX)−1XTy(k). 	���


ɨF DPSSFTQPOEJOH FTUJNBUF PG UIF SFTJEVBM FSSPST JT PCUBJOFE BT

ϵ(k) = y(k) −Xβ(k). 	���
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����� 4UBUJTUJDBM *OGFSFODF
5ZQJDBMMZ
 OPU BMM DPNQPOFOUT PG UIF FTUJNBUFE β(k) BSF PG JOUFSFTU� *O QBSUJDVMBS
 UP
QFSGPSN B U�UFTU
 BO BQQSPQSJBUF U�UFTU DPOUSBTU WFDUPS c PG TJ[F Nr × 1 JT BQQMJFE
UP UIF FTUJNBUFE QBSBNFUFST BT cTβ(k)� ɨF PCKFDUJWF JT UIFO UP EFDJEF CFUXFFO UIF
GPMMPXJOH UXP IZQPUIFTJT

H(k)
0 : cTβ(k) = 0 	���


H(k)
1 : cTβ(k) > 0. 	���


6TJOH UIF FTUJNBUFE β(k) BOE ϵ(k)
 UXP TDBMBS WBMVFT BSF EFmOFE GPS FBDI WPYFM k BT

µ(k) = cTβ(k) 	���


s(k) = ϵ(k)
T
ϵ(k)cT (XTX)−1c, 	���


XIFSF µ(k) JT UIF FĊFDU TJ[F PG UIF DPOUSBTU PG JOUFSFTU BOE s(k) JUT VODFSUBJOUZ <��>�
µ(k) JT B SBOEPN WBSJBCMF XJUI (BVTTJBO EJTUSJCVUJPO XJUI NFBO cTβ
 BOE s(k) GPMMPXT
B DIJ�TRVBSF EJTUSJCVUJPOT XJUI J = (Nt − SBOL(X)) EFHSFFT PG GSFFEPN� " t�WBMVF
DBO UIFO CF DBMDVMBUFE GPS FBDI WPYFM k BT

t(k) =
µ(k)

√
s(k)/J

. 	���


ɨF SFTVMUJOH U�WBMVFT BSF UFTUFE BHBJOTU B UISFTIPME EFUFSNJOFE CZ B EFTJSFE TJHOJG�
JDBODF MFWFM α 	F�H� 0.05
� ɨF OVMM IZQPUIFTJT JT SFKFDUFE JG UIF t�WBMVF FYDFFET UIF
UISFTIPME
 BOE UIF BTTPDJBUFE WPYFM JT EFDMBSFE BT BDUJWF�

����� 5IF NVMUJQMF DPNQBSJTPO QSPCMFN
ɨF TJHOJmDBODF MFWFM α PG B TUBUJTUJDBM UFTU JOEJDBUFT UIF QSPCBCJMJUZ p PG GBMTF QPTJUJWF
EFUFDUJPO
 DPNNPOMZ LOPXO BT 5ZQF * FSSPS SBUF� 8IFO NVMUJQMF TUBUJTUJDBM UFTUT BSF
JNQMFNFOUFE PO B TJOHMF EBUB TFU 	N UFTUT

 UIF QSPCBCJMJUZ PG GBMTF QPTJUJWF EFUFDUJPO
CFDPNFT pN 
 SBUIFS UIBO p� ɨJT QSPCMFN JT LOPXO BT UIF NVMUJQMF DPNQBSJTPO QSPC�
MFN� %VF UP UIJT QSPCMFN
 UIF TJHOJmDBODF MFWFM OFFET UP CF DPSSFDUFE GPS B DPSSFDU
TUBUJTUJDBM JOUFSQSFUBUJPO�

ɨF TUBOEBSE NFBTVSF JO DPOUSPMMJOH GBMTF QPTJUJWFT JO NVMUJQMF UFTUJOH QSPCMFNT JT
UP DPOUSPM UIF DIBODF PG BOZ 5ZQF * FSSPS
 UIF GBNJMZXJTF FSSPS 	'8&
 SBUF <��>� 0OF
XFMM�LOPXO BQQSPBDI UP DPOUSPM UIF '8& SBUF JT UP SFTPSU UP #POGFSSPOJ DPSSFDUJPO
 J�F�

UP SFEVDF UIF TJHOJmDBODF MFWFM CZ B GBDUPS PG UIF OVNCFS PG UFTUT
 J�F�
 GSPNα UPα/Nv�
ɨF OVNCFS PG UFTUT JO B XIPMF�CSBJO G.3* TUVEZ UZQJDBMMZ FRVBMT UIF OVNCFS PG WPYFMT
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XJUIJO UIF CSBJO NBTL UIBU JT B OVNCFS JO UIF PSEFS PG 104� ɨJT TUSJDU DPSSFDUJPO IBT
UIF ESBXCBDL PG ESBTUJDBMMZ SFEVDJOH UIF TFOTJUJWJUZ GPS IJHIMZ OPJTF�DPOWPMVUFE G.3*
EBUBTFUT
 MFBEJOH UP BMNPTU OP EFUFDUJPOT�

"O BTQFDU UIBU JT UBLFO GPS HSBOUFE JO UIF #POGFSSPOJ DPSSFDUJPO JT UIF JOIFSFOU TQB�
UJBM DPSSFMBUJPO PG G.3* EBUB� (BVTTJBO SBOEPN mFME UIFPSZ 	(3'5
 CBTFE NFUIPET
VTF FTUJNBUFT PG UIF TNPPUIOFTT PG UIF EBUB UP BEBQU UP UIF TFWFSJUZ PG UIF NVMUJQMF
UFTUJOH QSPCMFN JO DPOUSPMMJOH UIF '8& SBUF� (3'5 JT BEPQUFE JO XJEF SBOHF PG
G.3* TUBUJTUJDBM BOBMZTJT QBDLBHFT JODMVEJOH 41. <��>� 6TJOH (3'5 JNQMJFT BEPQU�
JOH UIF BTTVNQUJPO UIBU UIF GVODUJPOBM EBUB MJF JO B MBUUJDF SFQSFTFOUBUJPO PG B (BVTTJBO
SBOEPN mFME <��>� )PXFWFS
 TJODF G.3* EBUB UZQJDBMMZ EP OPU FYIJCJU TVDI TNPPUI�
OFTT DIBSBDUFSJTUJDT
 JU JT FTTFOUJBM UP JOJUJBMMZ TNPPUI UIF EBUB CFGPSF TUBUJTUJDBM UFTUJOH�
.PTU DPOWFOUJPOBM BOBMZTFT TDIFNFT VTF B TUBUJPOBSZ ��% TQBUJBM MPXQBTT mMUFS
 TVDI
BT B (BVTTJBO LFSOFM PG B EFTJSFE TUBOEBSE EFWJBUJPO� ɨF VTF PG (3'5 DPNFT XJUI
JUT PXO MJNJUBUJPOT� 'JSTUMZ
 UIFSF IBT CFFO B TFU PG SFDFOU TUVEJFT TIPXJOH UIBU UIF BQ�
QSPBDI ZJFMET GBNJMZ�XJTF FSSPS SBUFT UIBU BSF IJHIFS UIBO UIBU FYQFDUFE
 JO QBSUJDVMBS

GPS DMVTUFS MFWFM JOGFSFODF <��
 ��>
 TVHHFTUJOH UIF VTF PG OPO�QBSBNFUSJD BQQSPBDIFT
GPS DPOUSPMMJOH UIF '8& SBUF VTJOH QFSNVUBUJPO UFTUJOH <��
 ��>�

��� .BJOUBJOJOH TQBUJBM TQFDJmDJUZ PG BDUJWBUJPO NBQT

4NPPUIJOH UIF EBUB JT OFDFTTBSZ JG (3'5 JT UP CF VTFE GPS TUBUJTUJDBM JOGFSFODF� )PX�
FWFS
 UIJT JT OPU UIF POMZ SFBTPO UP VTF TNPPUIJOH� G.3* EBUB IBWF B WFSZ MPX TQBUJBM
SFTPMVUJPO EVF UP UIF SFRVJSFNFOU PG GBTU BDRVJTJUJPO� .PSFPWFS
 UIF #0-% TJHOBM JU�
TFMG JT B XFBL TJHOBM DPSSVQUFE CZ WBSJPVT OPJTF TPVSDFT PG QIZTJPMPHJDBM PSJHJO
 TVDI BT
DBSEJBD BOE SFTQJSBUPSZ TJHOBMT <��>
 BT XFMM BT OPO�QIZTJPMPHJDBM PSJHJO
 TVDI BT TDBO�
OFS OPJTF <��> BOE IFBE NPUJPO
 UIBU UFOET UP CF TQBUJBMMZ BOE UFNQPSBMMZ JOEFQFOEFOU
<��>� *U JT UIFSFGPSF OFDFTTBSZ UP FOIBODF UIF TJHOBM�UP�OPJTF SBUJP UP JODSFBTF UIF QPXFS
PG DPOTFRVFOU TUBUJTUJDBM UFTUT� 5P UIJT BJN
 B EFOPJTJOH TUFQ JT HFOFSBMMZ JODPSQPSBUFE
JO G.3* BOBMZTJT QJQFMJOFT� 4NPPUIJOH UIF EBUB JT POF TVDI TDIFNF� $POWFOUJPOBM
TDIFNFT SFMZ PO JTPUSPQJD (BVTTJBO TNPPUIJOH� )PXFWFS
 TQBUJBMMZ JTPUSPQJD mMUFST

TVDI BT B (BVTTJBO
 BSF PQUJNBM POMZ GPS EFUFDUJOH BDUJWBUJPOT UIBU DPOGPSN UP UIF TJ[F
BOE TIBQF PG UIF mMUFS LFSOFM� 4VDI TNPPUIJOH MFBET UP MPTT PG JOGPSNBUJPO PO UIF
TQBUJBM FYUFOU BOE TIBQF PG BDUJWBUJPO BSFBT <��
 ��>
 BOE EFTUSPZT BOZ OPO�TNPPUI
TJOHVMBSJUJFT JO UIF EBUB� 8JUI UIJT BQQSPBDI
 JODSFBTFE TFOTJUJWJUZ JT USBEFE GPS B MPTT
JO TQBUJBM TQFDJmDJUZ JO EFUFDUJPOT�

"T B TUFQ UPXBSET NBJOUBJOJOH TQBUJBM EFUBJMT
 BQQSPBDIFT IBWF CFFO QSPQPTFE UP
SFQMBDF (BVTTJBO TNPPUIJOH XJUI NPSF FMBCPSBUF BEBQUJWF TQBUJBM mMUFSJOH TDIFNFT
 TFF
GPS FYBNQMF <��
 ��
 ��>� *O TVDI TDIFNFT
 UIF BEBQUBUJPO JT JOUSPEVDFE CZ FYQMPJU�
JOH TUFFSBCMF mMUFST <��
 ��> DPOTUSVDUFE VTJOH EJSFDUJPOBM EFSJWBUJWF PQFSBUPST� ɨF
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TUFFSBCMF mMUFST BSF VTFE BT B TQBUJBM CBTJT GVODUJPO UIBU DBO FċDJFOUMZ FODPEF OPO�
TQIFSJDBM BDUJWBUJPO QBUUFSOT� 4QBUJBM XBWFMFU USBOTGPSNT IBWF BMTP CFFO BCVOEBOUMZ
FYQMPJUFE BT B NFBOT UP OPO�MJOFBSMZ EFOPJTF GVODUJPOBM EBUB XJUIJO GSBNFXPSLT PG
CPUI DMBTTJDBM <��
 ���
 ���
 ���> BOE #BZFTJBO <���
 ���> JOGFSFODF� "T CSBJO BDUJW�
JUZ JT IJHIMZ MPDBMJ[FE JO TQBDF <���>
 JU DBO CF FċDJFOUMZ SFQSFTFOUFE VTJOH XBWFMFUT

XIJDI BDIJFWF B CBMBODF CFUXFFO MPDBMJ[BUJPO JO TQBDF BOE GSFRVFODZ EPNBJO� " DMVT�
UFS PG BDUJWF WPYFMT DBO CF FODPEFE XJUI POMZ B GFX XBWFMFU DPFċDJFOUT <���> XIFSFBT
UIF QPXFS PG XIJUF OPJTF SFNBJOT VOJGPSNMZ TQSFBE BDSPTT UIF XBWFMFU DPFċDJFOUT�
#Z QFSGPSNJOH DPFċDJFOU�XJTF TUBUJTUJDBM UFTUJOH XJUIJO UIF XBWFMFU EPNBJO <���
 ��>
B IJHIFS TFOTJUJWJUZ JT BDIJFWFE UIBO UIBU CZ WPYFM�XJTF UFTUJOH XJUIJO UIF TQBUJBM EP�
NBJO <���>� "T BO FYBNQMF
 UIF EJTDSFUF�XBWFMFU USBOTGPSN <���> IBT CFFO VTFE JO UIF
XBWFMFU�CBTFE 41. 	841.
 GSBNFXPSL <��
 ���>� 841. IBT UIF VOJRVF GFBUVSF
PG USFBUJOH UISFTIPMEJOH XJUIJO UIF XBWFMFU EPNBJO BT B EFOPJTJOH TUFQ POMZ� TUBUJTUJ�
DBM UFTUJOH JT EFGFSSFE UP B TFDPOE UISFTIPMEJOH PO UIF SFDPOTUSVDUFE NBQ XJUIJO UIF
TQBUJBM EPNBJO� ɨF TUBUJTUJDBM BOBMZTJT JT QFSGPSNFE CZ B DPFċDJFOU�XJTF t�UFTU� 5P
EFBM XJUI UIF NVMUJQMF DPNQBSJTPO QSPCMFN
 841. FYQMPJUT #POGFSSPOJ DPSSFDUJPO
GPS TUSPOH UZQF * FSSPS DPOUSPM� "EBQUJOH UIF 'BMTF EJTDPWFSZ SBUF QSJODJQMF <���> UP
UIF GSBNFXPSL IBT BMTP CFFO QSPQPTFE <���>�

��� 5IF MJOL CFUXFFO CSBJO TUSVDUVSF BOE GVODUJPO

" DPNNPO DIBSBDUFSJTUJD CFUXFFO (BVTTJBO mMUFST
 BOJTPUSPQJD mMUFST BOE XBWFMFUT JT
UIBU UIFZ BSF TUBUJPOBSZ mMUFST� J�F�
 UIF TBNF TFU PG mMUFST BSF VTFE BDSPTT UIF CSBJO�
(JWFO UIF FYUFOU PG TQBUJBM WBSJBCJMJUZ PCTFSWFE JO UIF VOEFSMZJOH OFVSPBOBUPNZ
 TUB�
UJPOBSZ mMUFST BSF OPU JEFBM JO UFSNT PG TFOTJUJWJUZ UP SFBM BDUJWBUJPOT
 CZ WJSUVF PG UIF
NBUDIFE mMUFS BSHVNFOU <���>� J�F� UIF FYQFDUFE TQBUJBM TIBQF PG BDUJWJUZ QBUUFSOT
WBSJFT SFMBUJWF UP UIF WBSJBUJPO JO UIF VOEFSMZJOH BOBUPNZ
 BOE UIVT
 UIF TQBUJBM TIBQF
PG B TUBUJPOBSZ mMUFS EPFT OPU JEFBMMZ NBUDI BMM FYQFDUFE BDUJWJUZ QBUUFSOT� 5P CFUUFS
VOEFSTUBOE UIJT TUSVDUVSF�GVODUJPO JOUFS�SFMBUJPO
 B CSJFG PWFSWJFX PG CSBJO�T NBDSP
TUSVDUVSF JT OFDFTTBSZ�

ɨF CSBJO DPOTJTUT PG UXP UJTTVF UZQFT� HSBZ NBUUFS BOE XIJUF NBUUFS� 'JHVSF ���	B

TIPXT B TMJDF PG B 5��XFJHIUFE CSBJO .3* TDBO PG B TVCKFDU GSPN BO PQFO�BDDFTT
EBUBCBTF <��>� 'JHVSF ���	C
o	D
 TIPX UIF HSBZ BOE XIJUF NBUUFS QSPCBCJMJUZ NBQT
PG 'JHVSF ���	B

 PCUBJOFE UISPVHI TFHNFOUBUJPOT <���>� ɨF OBNFT TUFN GSPN UIF
DPMPS PG UIFTF UXP UJTTVFT
 CVU UIFJS EJWJTJPO JT SBUIFS EVF UP UIF GVOEBNFOUBM EJG�
GFSFODF JO UIFJS GVODUJPO� (SBZ NBUUFS DPOTJTUT PG TFWFSBM CJMMJPO OFSWF DFMM CPEJFT
XIFSF CSBJO QSPDFTTJOH UBLFT QMBDF� *U DPOTJTUT PG WBSJPVT GVODUJPOBMMZ TQFDJBMJ[FE SF�
HJPOT
 JODMVEJOH UIF DFSFCSBM DPSUFY
 EFFQ OVDMFJ
 CSBJO TUFN
 UIF DFSFCFMMVN DPSUFY�
ɨF DFSFCSBM DPSUFY FYIJCJUT BO FYRVJTJUF DPOWPMVUFE TUSVDUVSF� *UT DPOWPMVUFE TIBQF
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(a) (b) (c) 

'JHVSF ���� 	B
 "O BYJBM TMJDF PG B TUSVDUVSBM 5�X .3* TDBO� 4FHNFOUFE 	C
 HSBZ
NBUUFS BOE 	D
 XIJUF NBUFS QSPCBCJMJUZ NBQT PG 	B
�

JT UIPVHIU UP IBWF BSPVTF EVSJOH FWPMVUJPO BT B TUSBUFHZ GPS QBDLJOH FWFS�JODSFBTJOH
OVNCFS PG OFVSPOT JOUP UIF MJNJUFE TQBDF PG TLVMM <���>
 TJODF UIF DPSUJDBM UIJDLOFTT
EPFT OPU TVCTUBOUJBMMZ WBSZ BDSPTT QJFDFT 	BQQSPYJNBUFMZ ��� NN UIJDL

 CVU JUT TVSGBDF
BSFB JT TJHOJmDBOUMZ MBSHFS JO IJHIFS QSJNBUFT TVDI BT IVNBOT� /FSWF DFMMT MZJOH JO HSBZ
NBUUFS BSF JO DPOUBDU XJUI FBDI PUIFS UISPVHI UIFJS PXO BYPOT� 8IJUF NBUUFS NPTUMZ
DPOTJTUT PG NZFMJO TIFBUI�DPWFSFE OFSWF DFMMT UIBU BSF SFTQPOTJCMF GPS USBOTNJUUJOH JO�
GPSNBUJPO CFUXFFO EJTUBOU OFVSPOBM SFHJPOT BDSPTT UIF CSBJO� .ZFMJO TIFBUIT JOTVMBUF
OFVSPOBM FMFDUSJDBM TJHOBMT BOE UIVT
 FOBCMF GBTU USBOTNJTTJPO PG JOGPSNBUJPO BDSPTT UIF
CSBJO BU WFMPDJUJFT VQ UP ��� N�T <���>� (SBZ NBUUFS BOE XIJUF NBUUFS
 UPHFUIFS XJUI
DFSFCSPTQJOBM nVJE
 NBLF VQ UIF XIPMF WPMVNF PG UIF CSBJO�

#FTJEFT WBSJBUJPO JO UIFJS GVODUJPO
 HSBZ NBUUFS BOE XIJUF NBUUFS FYIJCJU EJĊFSFOU
QSPQFSUJFT JO UFSNT PG OFVSPWBTDVMBS DPVQMJOH� 8IJUF NBUUFS IBT B WFSZ TQBSTF WBTDV�
MBSJ[BUJPO DPNQBSFE UP HSBZ NBUUFS <���>
 BOE JUT FOFSHZ DPOTVNQUJPO JT POF GPVSUI
PG UIBU PG HSBZ NBUUFS <���>� 8IJUF NBUUFS BMTP FYIJCJUT B EJĊFSFOUMZ TIBQFE IFNP�
EZOBNJD SFTQPOTF GVODUJPO DPNQBSFE UP UIBU PG HSBZ NBUUFS <���>� ɨFTF EJĊFSFODFT
MFBET UP UIF XIJUF NBUUFS CFJOH B UJTTVF XJUI WFSZ MPX OFVSPWBTDVMBS DPVQMJOH DPN�
QBSFE UP HSBZ NBUUFS
 XIJDI JO UVSO JNQMJFT UIF BCTFODF PS QSFTFODF PG POMZ B XFBL
#0-% TJHOBM XJUIJO XIJUF NBUUFS <���>� )PXFWFS
 JU JT XPSUI OPUJOH UIBU CBTFE PO
DVSSFOU SFTFBSDI
 UIF BTTVNQUJPO PG BCTFODF PG #0-% BDUJWJUZ JO XIJUF NBUUFS IBT
CFFO DBMMFE JOUP RVFTUJPO <���
 ���
 ���
 ���
 ���>
 TVHHFTUJOH UIF OFDFTTJUZ PG EF�
WFMPQJOH XIJUF NBUUFS UBJMPSFE G.3* JNBHJOH TFRVFODFT <���
 ���> BT XFMM BT UFNQPSBM
<���> BOE TQBUJBM <���> BOBMZTJT TDIFNFT� .PSFPWFS
 G.3* EBUB XJUIJO HSBZ NBUUFS

XIJUF NBUUFS BOE DFSFCSPTQJOBM nVJE IBWF EJĊFSFOU OPJTF QSPQFSUJFT <���>� GPS FYBN�
QMF
 XIJUF NBUUFS FYIJCJUT TNBMMFS CFUXFFO�WPYFM WBSJBUJPO JO TQBDF UIBO EPFT UIF HSBZ
NBUUFS� %VF UP UIJT EJĊFSFODF
 mMUFSJOH B WPMVNF PG EBUB JSSFTQFDUJWF PG UIF VOEFSMZ�
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JOH UJTTVF JNQPTFT B OPOMJOFBS FĊFDU PO WPYFM WBSJBODFT BOE DBO MFBE UP B TIJGU PG QFBL
TJHOJmDBODFT JO UIF SFTVMUJOH t�NBQT <���
 ���
 ���>� ɨJT MPTT JO TQBUJBM MPDBMJ[BUJPO
JT QBSUJDVMBSMZ QSPOPVODFE XIFO (BVTTJBO LFSOFMT PG MBSHF XJEUI BSF VTFE <���>�

*O TVNNBSZ
 VOEFSTUBOEJOH UIFTF QSJPS LOPXMFEHF BCPVU UJTTVF�GVODUJPO SFMBUJPO�
TIJQ JT FTTFOUJBM GPS EFWFMPQJOH OPWFM NFUIPEPMPHJFT BOE JOUFSQSFUJOH PCUBJOFE SFTVMUT�

��� *OUFS�TVCKFDU TQBUJBM WBSJBCJMJUZ JO #0-% SFTQPOTF

*O TJOHMF�TVCKFDU G.3* TUVEJFT
 UIF QBSBNFUFS PG JOUFSFTU JT UIF WBSJBODF PCTFSWFE
XJUIJO FBDI TVCKFDU
 BOE UIF WBSJBODF CFUXFFO TVCKFDUT JT BTTVNFE UP CF mYFE PS PG
OP JOUFSFTU <���>� 0O UIF DPOUSBSZ
 JO NVMUJ�TVCKFDU G.3* TUVEJFT
 FĊFDUT PCTFSWFE
JO B HSPVQ PG TVCKFDUT BSF VTFE UP NBLF JOGFSFODFT BCPVU QPQVMBUJPO SFTQPOTFT� 5ZQJ�
DBMMZ B MBSHF JODPOTJTUFODZ JT PCTFSWFE JO HSBZ NBUUFS GPMEJOHT BDSPTT JOEJWJEVBMT FWFO
JO TUBOEBSE QPQVMBUJPOT <���
 ���>� " GVOEBNFOUBM TUFQ JO HSPVQ TUVEJFT JT
 UIVT
 UP
BDDPVOU GPS UIF JOUFS�TVCKFDU WBSJBCJMJUZ JO CSBJO BOBUPNZ�

'JHVSF ��� JMMVTUSBUFT UIF UZQJDBM WBSJBCJMJUZ PCTFSWFE JO UIF UPQPMPHJDBM TUSVDUVSF
PG UIF HSBZ NBUUFS BDSPTT TJY TVCKFDUT� ɨF DIBMMFOHF MJFT JO EFSJWJOH B TVJUBCMF USBOTGPS�
NBUJPO UIBU QSPKFDUT TVCKFDUT� GVODUJPOBM EBUB JOUP B DPNNPO BOBUPNJDBM TQBDF� 0OF
PG UIF NPTU DPNNPOMZ VTFE TQBDFT JO UIF .POUSFBM /FVSPMPHJDBM *OTUJUVUF 	./*

TQBDF <��>� ɨF USBOTGPSNBUJPO JT QFSGPSNFE CZ JOJUJBMMZ NBQQJOH
 MJOFBSMZ <���
 ���>
PS OPOMJOFBSMZ <���>
 UIF TVCKFDUT TUSVDUVSBM TDBO UP B HSPVQ FOTFNCMF BOBUPNJDBM
UFNQMBUF <���
 ���>
 BOE UIFO VTJOH UIF SFTVMUJOH USBOTGPSNBUJPO UP NBQ UIF BTTPDJ�
BUFE TVCKFDUT GVODUJPOBM EBUB� /PO�MJOFBS OPSNBMJ[BUJPO BQQSPBDIFT TVDI BT %"35&-
<���>
 XIJDI JT BNPOH UIF CFTU QFSGPSNJOH BMHPSJUINT <���>
 DBO CF VTFE UP GVSUIFS
BMMFWJBUF UIJT QSPCMFN CZ EFmOJOH B DPNNPO UFNQMBUF TQBDF GPS B HSPVQ PG TVCKFDUT
BU IBOE SBUIFS UIBO VTJOH B QPQVMBUJPO�CBTFE UFNQMBUF� 6TJOH UIF GBTU EJĊFPNPS�
QIJD JNBHF SFHJTUSBUJPO TDIFNF JNQMFNFOUFE JO %"35&-
 UIF BOBUPNJDBM TUSVDUVSF
PG UIF TFU PG TVCKFDUT BSF JUFSBUJWFMZ XBSQFE UP PCUBJO BO BDDVSBUF HSPVQ�MFWFM UFNQMBUF
HSBZ NBUUFS BOE XIJUF NBUUFS� .PSFPWFS
 GPS TVC�SFHJPOT PG UIF CSBJO TVDI BT UIF
DFSFCFMMVN
 UIFSF FYJTU NFUIPET UIBU QSPWJEF B OPSNBMJ[BUJPO PG JOEJWJEVBM TVCKFDUT�
DFSFCFMMBS SFHJPO UP B QPQVMBUJPO�MFWFM
 UFNQMBUF TQBDF <���
 ���>�

$POWFOUJPOBM NVMUJ�TVCKFDU G.3* BOBMZTJT TDIFNFT OPU POMZ SFMZ PO UIF BTTVNQ�
UJPO UIBU GVODUJPOBM WPYFMT SFTJEF JO UIF TBNF BOBUPNJDBM DPPSEJOBUF TZTUFN
 CVU BMTP
PO UIF BTTVNQUJPO UIBU BDUJWBUJPOT BSF FYQSFTTFE JO UIF TBNF MPDBUJPO BDSPTT TVCKFDUT�
)PXFWFS
 JU JT VOMJLFMZ UIBU B MBSHF TFU PG DPNNPO WPYFMT FWJEFODF BDUJWBUJPO JO BMM TVC�
KFDUT� " TQBUJBM EJTDSFQBODZ JO UIF PSEFS PG B NJMMJNFUFS PS UXP JT UZQJDBMMZ PCTFSWFE
JO BDUJWBUJPO QBUUFSOT BDSPTT TVCKFDUT� 5P BMMFWJBUF UIJT GVODUJPOBM NJTNBUDI
 mSTU MFWFM
TVCKFDU�TQFDJmD BDUJWBUJPO QBUUFSOT BSF UZQJDBMMZ TNPPUIFE XJUI BO JTPUSPQJD (BVTTJBO
LFSOFM UP JODSFBTF UIFJS TQBUJBM PWFSMBQ
 BOE JO UVSO UP FOTVSF FWJEFODF PG B DPNNPO
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'JHVSF ���� ɨF TFHNFOUFE HSBZ NBUUFS PG TJY TVCKFDUT
 GSPN UIF G.3* EBUBTFU JO
<���>
 TIPXJOH UIF JOUFS�TVCKFDU DPSUJDBM GPMEJOH WBSJBCJMJUZ�

BDUJWBUJPO� ɨF TJHOJmDBODF PG UIF PWFSMBQ JT UIFO UZQJDBMMZ EFUFSNJOFE VTJOH B POF
TBNQMF t�UFTU <���>� 8JUI UIJT BQQSPBDI
 UIF TQBUJBM SFTPMVUJPO PG EFUFDUFE BDUJWBUJPO
QBUUFSOT JT USBEFE GPS JODSFBTFE TUBUJTUJDBM QPXFS
 XIJDI JO UVSO MFBET UP BO JODSFBTFE
EFUFDUJPO TFOTJUJWJUZ�

��� "OBUPNJDBMMZ�JOGPSNFE BQQSPBDIFT GPS BOBMZTJT PG
G.3* EBUB

ɨF VTF PG BOBUPNJDBMMZ�JOGPSNFE NFUIPET GPS BOBMZTJT PG G.3* EBUB JT SFMBUJWFMZ
TQBSTF
 ZFU UIF OVNCFS PG TUVEJFT JT TUFBEJMZ SJTJOH� #Z BOBUPNJDBMMZ�JOGPSNFE NFUIPET
XF SFGFS UP TDIFNFT UIBU BJN UP FOIBODF UIF QSPDFTTJOH PG G.3* EBUB CZ FYQMPJUJOH JO
POF XBZ PS BOPUIFS LOPXMFEHF BCPVU UIF VOEFSMZJOH BOBUPNZ PG UIF EBUB� *O UIJT MJOF

B SJDI SBOHF PG TDIFNFT IBWF CFFO QSPQPTFE GPS BOBMZTJT PG G.3* EBUB PO UIF DPSUJDBM
TVSGBDF� *OUFSQPMBUJPO TDIFNFT UIBU FYQMPJU BOBUPNJDBM DPOTUSBJOUT UP NBQ WPMVNFUSJD
G.3* EBUB PO UP UIF DPSUJDBM TVSGBDF XFSF QSPQPTFE JO <���
 ���>� 7BSJPVT TNPPUIJOH
QSPDFEVSFT TVDI BT EJĊVTJPO TNPPUIJOH <���
 ���>
 IFBU LFSOFM TNPPUIJOH <���> BOE
TQMJOF TNPPUIJOH <���> IBWF CFFO QSPQPTFE UP BDDVSBUFMZ mMUFS G.3* EBUB CZ UBLJOH
JOUP BDDPVOU UIF JSSFHVMBSJUZ PG UIF DPSUJDBM TVSGBDF� $POTUSVDUJPO PG DPSUJDBM HFPNFUSZ
FODPEJOH TQBUJBM CBTJT GVODUJPOT XBT JOJUJBMMZ QSPQPTFE JO <���>
 FYQMPJUFE GPS NVMUJ�
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TVCKFDU G.3* BOBMZTJT JO <���>
 BOE GVSUIFS TDSVUJOJ[FE JO B SFDFOU XPSL <���> GPS DIBS�
BDUFSJ[JOH MPX GSFRVFODZ PTDJMMBUJOH OFVSPOBM BDUJWJUZ� 5P CFUUFS EFTDSJCF UIF EZOBNJDT
PG DPSUJDBM BDUJWJUZ <���>
 FMBCPSBUF FYUFOTJPOT PG UIF DPSUJDBM CBTJT IBWF CFFO QSPQPTFE
<���
 ���> UP FODPEF OPU POMZ MPDBM UPQPMPHZ CVU BMTP EJTUBM JOUFS�IFNJTQIFSJD DPOOFD�
UJPOT <���>
 UIF IVNBO DPOOFDUPNF <���>� "TJEF GSPN TVSGBDF BQQSPBDIFT
 B OVNCFS
PG WPMVNFUSJD TDIFNFT IBWF BMTP CFFO QSPQPTFE� 5P NJOJNJ[F CMVSSJOH PG BQQBSFOU
CSBJO BDUJWJUZ BDSPTT BOBUPNJD CPVOEBSJFT BOE UP FODPEF MPDBM BOBUPNJDBM TJOHVMBSJUJFT

CJMBUFSBM TQBUJBM mMUFSJOH TDIFNFT XFSF QSPQPTFE JO <���
 ���>� ɨF VTF BOBUPNJDBM
JOGPSNBUJPO BT TQBUJBM QSJPST XJUIJO B .BSLPW SBOEPN mFME SFHVMBSJ[BUJPO GSBNFXPSL
XBT QSPQPTFE <���>� ɨF EFTJHO PG TFDPOE�HFOFSBUJPO XBWFMFUT <���> BEBQUFE UP UIF
DPSUJDBM MBZFS VTJOH UIF XBWFMFU MJGUJOH TDIFNF <���> XBT QSPQPTFE JO <���
 ���>� "
TQBUJPUFNQPSBM G.3* EFDPOWPMVUJPO NFUIPE
 XIFSF UIF TQBUJBM SFHVMBSJ[BUJPO QIBTF
JT BEBQUFE TVDI UIBU JU FYQMPJUT UIF UPQPMPHJDBM TUSVDUVSF PG HSBZ NBUUFS
 XBT QSPQPTFE
JO <���>� *O <���>
 JU XBT TIPXO UIBU G.3* GVODUJPOBM OFUXPSLT DBO CF BQQSPYJNBUFE
VTJOH FJHFONPEFT PG CSBJO TUSVDUVSBM DPOOFDUPNF HSBQIT
 DPOmSNJOH TJNJMBS mOEJOHT
PO UIF DPSUJDBM TVSGBDF <���>� *O <���>
 G.3* EBUB XFSF EFDPNQPTFE VTJOH B TJNJMBS
TFU PG IVNBO DPOOFDUPNF FJHFONPEFT BT UIBU JO <���
 ���>
 TIPXJOH UIBU CFUUFS BMJHO�
NFOU CFUXFFO UIF GVODUJPOBM EBUB BOE UIF VOEFSMZJOH BOBUPNJDBM CBDLCPOF TVQQPSUT
GBTUFS DPHOJUJWF TXJUDIJOH� ɨF QSPQPTFE TDIFNF JO <���> XBT GVSUIFS FMBCPSBUFE JO
<��> UP TUVEZ UIF EZOBNJDT <���> PG DPSUJDBM BDUJWJUZ PWFS UJNF�



$IBQUFS �

4VNNBSZ PG UIF *ODMVEFE 1BQFST

ɨJT DIBQUFS QSFTFOUT TVNNBSJFT PG UIF GPVS JODMVEFE QBQFST PO BMHPSJUINT GPS EPNBJO�
JOGPSNFE TJHOBM QSPDFTTJOH� *O 1BQFST * BOE **
 UIF BEBQUBUJPO UP UIF EPNBJO JT JODPS�
QPSBUFE CZ SFQSFTFOUJOH UIF TJHOBM EPNBJO BT B HSBQI� 1BQFS * QSFTFOUT BO BMHPSJUIN
EFWFMPQFE TQFDJmDBMMZ GPS UIF EFDPNQPTJUJPO BOE EFOPJTJOH PG G.3* EBUB� 1BQFS **
QSFTFOUT B HFOFSJD BMHPSJUIN GPS EPNBJO�JOGPSNFE EFDPNQPTJUJPO PG TJHOBMT� UIF BM�
HPSJUIN DBO CF BEPQUFE GPS UIF BOBMZTJT PG BOZ TFU PG TJHOBMT EFmOFE PO UIF OPEFT PG
B HJWFO VOEJSFDUFE HSBQI� *O QBSUJDVMBS
 UIF BQQMJDBCJMJUZ PG UIF BQQSPBDI PO BO G.3*
EBUBTFU JT QSFTFOUFE� *O 1BQFST *** BOE *7
 UIF BEBQUBUJPO UP UIF EPNBJO JT JODPSQP�
SBUFE EJSFDUMZ JOUP UIF DPOWFOUJPOBM TJHOBM QSPDFTTJOH TFUUJOH� J�F�
 XJUIPVU UIF OFFE UP
SFQSFTFOU UIF EPNBJO BT B HSBQI� 1BQFS *** QSFTFOUT B TDIFNF GPS FYUFOEJOH DPOWFO�
UJPOBM MJOFBS JOUFSQPMBUJPO UP BO JOUFSQPMBUJPO UIBU BEBQUT UP UIF TJHOBM EPNBJO� 1BQFS
*7 GVSUIFS FYUFOET UIF UIFPSZ JO 1BQFS *** UP PCUBJO IJHIFS PSEFS EPNBJO�JOGPSNFE
TQMJOF JOUFSQPMBOUT� *O UIF GPMMPXJOH
 XF CSJFnZ SFWJFX UIF DPOUSJCVUJPOT BOE NBJO
SFTVMUT PG UIFTF GPVS QBQFST�

1BQFS *� "OBUPNJDBMMZ�BEBQUFE HSBQI XBWFMFUT GPS JN�
QSPWFE HSPVQ�MFWFM G.3* BDUJWBUJPO NBQQJOH

" HSBQI�CBTFE GSBNFXPSL GPS G.3* BDUJWBUJPO NBQQJOH BU UIF HSPVQ�MFWFM JT QSF�
TFOUFE� ɨF GSBNFXPSL FYUFOET 841. XIJDI QSPWJEFT B XBWFMFU�CBTFE EFOPJTJOH
QSPDFEVSF BT BO BMUFSOBUJWF UP QSF�TNPPUIJOH UIF EBUB CZ B TQBUJBM (BVTTJBO LFSOFM

BOE UIVT
 QSFWFOUT MPTT JO TQBUJBM TQFDJmDJUZ� ɨF FYUFOTJPO JT NBJOMZ UXPGPME�

'JSTUMZ
 DPOTJEFSJOH UIF GBDU UIBU UIF #0-% SFTQPOTF JT NBJOMZ FYQFDUFE JO HSBZ
NBUUFS
 UIF DPOWPMVUFE TUSVDUVSF PG HSBZ NBUUFS JT DPOTJEFSFE BT UIF TJHOBM EPNBJO

��
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SBUIFS UIBO UIF XIPMF CSBJO WPMVNF� " OPWFM USBOTGPSNBUJPO PG G.3* EBUB JT UIFO
JOUSPEVDFE XJUIJO UIJT EPNBJO
 VTJOH BOBUPNJDBMMZ�BEBQUFE XBWFMFUT UBJMPSFE UP UIF
DPOWPMVUFE CPVOEBSJFT PG HSBZ NBUUFS 	TFF 'JHVSF ���	B

 SBUIFS UIBO DMBTTJDBM EJTDSFUF
XBWFMFUT UIBU IBWF QSFGFSFOUJBM PSJFOUBUJPOT BMPOH UIF $BSUFTJBO BYFT� "T QBSU PG UIF
GSBNFXPSL
 UIF QSPDFEVSF GPS DPOTUSVDUJOH MPDBM�DPOOFDUJWJUZ FODPEJOH CSBJO HSBQIT
	TFF 'JHVSF ���	D


 XJUI TVCHSBQIT UIBU TFQBSBUFMZ FODPEF UIF TUSVDUVSBM DPOOFDUJWJUZ
PG UIF DFSFCSBM HSBZ NBUUFS BOE DFSFCFMMBS HSBZ NBUUFS
 JT BMTP QSFTFOUFE�

(b)

(a)

(c)

(d)

(e)

+

_

+

_

'JHVSF ���� 	B
 3FBMJ[BUJPOT PG UXP HSBZ NBUUFS BEBQUFE XBWFMFUT
 BU B DPBSTF TDBMF
	MFGU
 BOE B mOF TDBMF 	SJHIU

 PWFSMBJE PO UIF DPOTUSVDUFE UFNQMBUF DFSFCSBM HSBZ
NBUUFS� 	C
 5FNQMBUF HSPVQ�MFWFM SFQSFTFOUBUJPO PG DFSFCSBM HSBZ NBUUFS PCUBJOFE
VTJOH %"35&-� 	D
 -PDBM�DPOOFDUJWJUZ FODPEJOH HSBZ NBUUFS HSBQI� 	E
 'JSTU MFWFM
DPOUSBTU NBQT� 	F
 " HSBQI TJHOBMT DPOTUSVDUFE CZ NBQQJOH DPOUSBTU EBUB PO UP UIF
EFTJHOFE HSBZ NBUUFS HSBQI�

4FDPOEMZ
 UIF GSBNFXPSL JT EFWFMPQFE JO QBSUJDVMBS GPS HSPVQ TUVEJFT� WFSTJPOT PG
UIF TDIFNF GPS TJOHMF�TVCKFDU BOBMZTJT IBWF CFFO QSPQPTFE TFQBSBUFMZ <��
 ���>� ɨF
JOUFS�TVCKFDU HSBZ NBUUFS WBSJBCJMJUZ JT BEESFTTFE CZ UIF VTF PG UFNQMBUF HSBZ NBUUFS
SFQSFTFOUBUJPOT� 'PS UIF DFSFCFMMBS SFHJPO
 UIF 46*5 UFNQMBUF <���> JT VTFE UP EFSJWF



4VNNBSZ PG UIF *ODMVEFE 1BQFST ��

B QPQVMBUJPO�MFWFM
 TUVEZ�JOEFQFOEFOU UFNQMBUF HSBZ NBUUFS SFQSFTFOUBUJPO� 'PS UIF
DFSFCSBM SFHJPO
 %"35&- JT VTFE UP EFSJWF HSPVQ�MFWFM HSBZ NBUUFS SFQSFTFOUBUJPO
CBTFE PO UIF BOBUPNJDBM TDBOT PG UIF TFU PG TVCKFDUT 	TFF 'JHVSF ���	C

� ɨF EFTJSFE
HSBQI JT UIFO DPOTUSVDUFE VTJOH UIF EFSJWFE HSBZ NBUUFS SFQSFTFOUBUJPOT� 'JSTU�MFWFM
DPOUSBTU NBQT 	TFF 'JHVSF ���	E


 EFSJWFE GSPN (-. mUUJOH PG UIF OPO�TNPPUIFE
GVODUJPOBM EBUB
 BSF UIFO NBQQFE PO UIF HSBQI 	TFF 'JHVSF ���	F


 BOE USBOTGPSNFE
UP UIF TQFDUSBM HSBQI EPNBJO VTJOH UIF BOBUPNJDBMMZ�BEBQUFE XBWFMFUT�

*O UIF TQFDUSBM HSBQI EPNBJO
 UIF DPOUSBTU NBQT BSF OPO�MJOFBSMZ EFOPJTFE� ɨF
QSPDFTTFE NBQT BSF UIFO SFDPOTUSVDUFE CBDL UP UIF TQBUJBM EPNBJO
 BOE TUBUJTUJDBM JO�
GFSFODF JT QFSGPSNFE� ɨF QSPQPTFE BQQSPBDI JT FWBMVBUFE VTJOH TFNJ�TZOUIFUJD BT
XFMM BT SFBM <���> NVMUJ�TVCKFDU EBUB� 5BCMF ��� TIPXT UIF PCUBJOFE TFOTJUJWJUZ BOE
TQFDJmDJUZ SBUFT PCUBJOFE PO UIF TZOUIFUJD EBUB XIFSF HSPVOE USVUI JT LOPXO� $PN�
QBSFE UP 41.
 UIF QSPQPTFE BQQSPBDI TIPXT TVQFSJPS UZQF�* FSSPS DPOUSPM
 XIJDI DBO
CF PCTFSWFE CZ DPNQBSJOH UIF OVNCFS PG GBMTF QPTJUJWFT� $PNQBSFE UP UIF VTF PG
DMBTTJDBM XBWFMFU BT FYQMPJUFE JO 841.
 UIF TFOTJUJWJUZ PG UIF QSPQPTFE BQQSPBDI JT
TJHOJmDBOUMZ HSFBUFS 	��� WT� ���
�

'JHVSF ��� TIPXT BDUJWBUJPO NBQT PCUBJOFE VTJOH 41. BOE UIF QSPQPTFE BQQSPBDI
PO UIF SFBM EBUB� 7JTVBM DPNQBSJTPO PG UIF NBQT TVHHFTUT IJHIFS EFUFDUJPO TFOTJUJWJUZ
BT XFMM BT UIF DBQBCJMJUZ UP DBQUVSF TVCUMF
 DPOOFDUFE QBUUFSOT PG CSBJO BDUJWJUZ VTJOH
UIF QSPQPTFE HSBQI�CBTFE BQQSPBDI�

5BCMF ���� %FUFDUJPO QFSGPSNBODF VTJOH 41. 	XJUI (BVTTJBO mMUFST PG � mm BOE
� mm '8).

 841. VTJOH DMBTTJDBM XBWFMFUT BOE UIF QSPQPTFE HSBQI�CBTFE
GSBNFXPSL � 51� USVF QPTJUJWFT
 '1� GBMTF QPTJUJWF�

.FUIPE 41.�NN 41.�NN 841. QSPQPTFE BQQSPBDI
/P� PG EFUFDUJPOT ���� ���� ��� ����
/P� PG 51T ���� ���� ��� ����
4FOTJUJWJUZ ��� ��� ��� ���
/P� PG '1T ��� ���� �� ���
4QFDJmDJUZ ����� ����� ���� � ���� �
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(a)

(c)

(b)

'JHVSF ���� "DUJWBUJPO NBQT EFUFDUFE CZ 	B
 41. 	(BVTTJBO TNPPUIJOH
 � mm
'8).
 BOE 	C
 UIF QSPQPTFE BQQSPBDI
 PWFSMBJE PO HSPVQ�MFWFM HSBZ NBUUFS UFN�
QMBUF� 	D
 4BNF BT JO 	B
 CVU XJUI BDUJWBUJPOT PVUTJEF HSBZ NBUUFS FYDMVEFE�

1BQFS **� 4JHOBM�BEBQUFE UJHIU GSBNFT PO HSBQIT

ɨJT QBQFS QSFTFOUT BO BQQSPBDI UP UIF DPOTUSVDUJPO PG TJHOBM�BEBQUFE UJHIU HSBQI
GSBNFT� 1SFWJPVT HSBQI GSBNF EFTJHO BQQSPBDIFT IBWF CFFO FJUIFS HFOFSJD PS BEBQUFE
POMZ UP UIF TQFDUSBM QSPQFSUJFT PG UIF HSBQI EPNBJO� )PXFWFS
 UIF TQFDUSBM QSPQFSUJFT
PG UIF TJHOBMT UIBU MJF PO UIF HSBQI DBO QSPWJEF JOTJHIUGVM JOGPSNBUJPO PO IPX UP
QBSUJUJPO BOE BMMPDBUF UIF TQFDUSBM TVQQPSU PG UIF TQFDUSBM LFSOFMT�

(JWFO B HSBQI
 TFF 'JHVSF ���	B

 UIF TQFDUSVN PG UIF HSBQI DBO CF PCUBJOFE
UISPVHI FJHFO�EFDPNQPTUJPO PG JUT -BQMBDJBO NBUSJY
 MFBEJOH UP B TFU PG FJHFOWBM�
VFT
 TFF 'JHVSF ���	C

 BOE B TFU PG FJHFOWFDUPST� 'PS B HJWFO TFU PG TJHOBMT EFmOFE
PO UIF HSBQI
 BO FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ DBO UIFO CF PCUBJOFE VTJOH UIF
HSBQI FJHFOWFDUPST
 TFF 'JHVSF ���	D
� ɨF FTTFODF PG EFTJHOJOH UIF QSPQPTFE GSBNF
MJFT JO DPOTJEFSJOH UIF EJTUSJCVUJPO PG UIF FOTFNCMF FOFSHZ DPOUFOU BT B OPWFM NFBOT UP
BEBQUBUJPO� 'JSTU
 B QSPUPUZQF UJHIU
 .FZFS�UZQF TZTUFN PG LFSOFMT XJUI VOJGPSN TDBM�
JOH JT EFTJHOFE GPS UIF HJWFO HSBQI
 TFF 'JHVSF ���	E
� 4FDPOE
 BO FOTFNCMF FOFSHZ
TQFDUSBM EFOTJUZ JT EFmOFE GPS B HJWFO TFU PG TJHOBMT EFmOFE PO UIF HSBQI� ɨJSE
 BO
FOFSHZ�FRVBMJ[JOH USBOTGPSNBUJPO GVODUJPO JT PCUBJOFE VTJOH UIF FTUJNBUFE FOTFNCMF
FOFSHZ TQFDUSBM EFOTJUZ PG UIF HJWFO TJHOBM TFU� 'JOBMMZ
 CZ JODPSQPSBUJOH UIJT USBOTGPS�
NBUJPO JO UIF QSPUPUZQF EFTJHO
 UIF EFTJSFE UJHIU
 TJHOBM�BEBQUFE GSBNF JT PCUBJOFE

TFF 'JHVSF ���	F
�
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'JHVSF ���� 	B
 " SFBMJ[BUJPO PG B TJHOBM PWFSMBJE PO UIF .JOOFTPUB SPBE HSBQI�
	C
 )JTUPHSBN PG UIF EJTUSJCVUJPO PG UIF FJHFOWBMVFT PG L� 	D
 %JTUSJCVUJPO PG UIF
FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ PG B TFU PG �� TJHOBMT SFBMJ[FE PO UIF HSBQI� 	E

6OJGPSN .FZFS�UZQF TZTUFN PG TQFDUSBM LFSOFMT GPSNJOH B UJHIU GSBNF� 	F
 4JHOBM�
BEBQUFE TZTUFN PG TQFDUSBM LFSOFM GPSNJOH B UJHIU GSBNF DPOTUSVDUFE CZ XBSQJOH
UIF VOJGPSN .FZFS�UZQF TZTUFN PG TQFDUSBM LFSOFMT�

ɨF OPWFMUZ PG UIF BEBQUJWJUZ MJFT JO DPOTJEFSJOH UIF FOFSHZ�XJTF TJHOJmDBODF PG UIF
HSBQI -BQMBDJBO FJHFOWBMVFT BSF DPOTJEFSFE
 SBUIFS UIBO NFSFMZ UIFJS EJTUSJCVUJPO BT
QSFWJPVTMZ QSPQPTFE� ɨF QSPQPTFE GSBNFT BSF DPOTUSVDUFE GPS UISFF EJĊFSFOU HSBQI
TJHOBM TFUT� TZOUIFUJD TJHOBMT SFBMJ[FE PO UIF .JOOFTPUB SPBE HSBQI
 SFBM USBċD EBUB
GSPN "MBNFEB DPVOUZ BOE CSBJO EBUB GSPN BO G.3* TUVEZ
 BOE DPNQBSFE UP OPO
TJHOBM�BEBQUFE GSBNFT� ɨF UISFF HSBQIT BOE UIF BTTPDJBUFE TJHOBM TFUT BSF DIPTFO TVDI
UIBU UIF JOEFQFOEFODF PG UIF EJTUSJCVUJPO PG UIF HSBQI�T FJHFOWBMVFT BOE UIF FOTFNCMF
FOFSHZ TQFDUSBM EFOTJUZ JT IJHIMJHIUFE�

'JHVSF ��� TIPXT UIF NFBO EJTUSJCVUJPO PG UIF EFDPNQPTJUJPO DPFċDJFOUT PG BO
G.3* TJHOBM TFU DPOTJTUJOH PG ��� TJHOBMT VTJOH TJHOBM�BEBQUFE
 TQFDUSVN�BEBQUFE BOE
.FZFS�MJLF XBWFMFU GSBNFT� ɨF EJTUSJCVUJPOT PG UIF DPFċDJFOUT PG TVCCBOE mWF PG
BMM UISFF GSBNFT DMPTFMZ SFTFNCMFT B (BVTTJBO
 TJNJMBS UP UIF EJTUSJCVUJPOT PCUBJOFE
PO B OPJTF EBUBTFU
 TVHHFTUJOH UIBU UIF DPSSFTQPOEJOH BUPNT PG UIJT TVCCBOE IBWF
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'JHVSF ���� ɨF NFBO EJTUSJCVUJPO PG DPFċDJFOUT SFTVMUJOH GSPN EFDPNQPTJOH BO
G.3* TJHOBM TFU VTJOH 	B
 TJHOBM�BEBQUFE
 	C
 TQFDUSVN�BEBQUFE BOE 	D
 .FZFS�MJLF
XBWFMFU TZTUFN PG TQFDUSBM LFSOFMT XJUI mWF TVCCBOET�

DBQUVSFE OPJTF� " TJNJMBS PCTFSWBUJPO JT NBEF GPS UIF EJTUSJCVUJPOT BTTPDJBUFE XJUI
UIF UIJSE BOE GPVSUI TVCCBOET PG UIF TQFDUSVN�BEBQUFE <��> BOE .FZFS�MJLF XBWFMFU
<��> GSBNF 	'JHVSFT ���	C
�	D

� 0O UIF PUIFS IBOE
 UIF DPFċDJFOUT PG UIF mSTU GPVS
TVCCBOET PG UIF TJHOBM�BEBQUFE GSBNF TJHOJmDBOUMZ EFWJBUF GSPN [FSP BOE FYIJCJU B
CSPBEFS TQSFBE
 DG� mSTU GPVS QMPUT JO 'JHVSF ���	B

 BOE IBWF EJTUSJCVUJPOT VOMJLF UIBU
FYQFDUFE UP SFTVMU GSPN EFDPNQPTJOH OPJTF� ɨJT TVHHFTUT UIF FċDJFODZ PG VTJOH UIF
TJHOBM�BEBQUFE GSBNF UP DPOTUSVDU BUPNT UIBU DBQUVSF TJHOBM DPNQPOFOUT�

ɨF QSPQPTFE GSBNFT IBWF BMTP CFFO UFTUFE GPS TJHOBM EFOPJTJOH� 'JHVSF ��� QSFTFOUT
B DPNQBSJTPO PG QFSGPSNBODFT PCUBJOFE JO EFOPJTJOH UIF TJHOBMT VTJOH UIF 4(85
GSBNF
 UIF TQFDUSVN�BEBQUFE GSBNF BOE UIF QSPQPTFE TJHOBM�BEBQUFE GSBNFT
 JMMVT�
USBUFT UIF TVQFSJPSJUZ PG MBUUFS GSBNFT PWFS GSBNFT CMJOE UP TJHOBM DIBSBDUFSJTUJDT�
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SGWT frame proposed frame spectrum-adapted 

'JHVSF ���� $PNQBSJTPO PG EFOPJTJOH QFSGPSNBODF VTJOH EJĊFSFOU GSBNFT PO B TJH�
OBM TFU DPOTJTUJOH PG �� TJHOBMT SFBMJ[FE PO UIF .JOOFTPUB SPBE HSBQI
 DPSSVQUFE
XJUI OPJTF� 	B
 .JOJNVN NFBO TRVBSF FSSPS SFEVDUJPO ∆.4&(NJO) BT B GVODUJPO
PG 4/3 = σ2

x/σ
2
e 
 XIFSF σ2

x BOE σ2
e EFOPUF UIF TJHOBM BOE OPJTF WBSJBODFT
 SFTQFD�

UJWFMZ� 	C
 ∆.4&(NJO) BT B GVODUJPO PG UIF OVNCFS PG TDBMFT J 
 XIFSF σ2
e = σ2

x JO
TJHOBM SFBMJ[BUJPO GPS BMM DBTFT�

1BQFS ***� *OUFSQPMBUJPO JO UIF QSFTFODF PG EPNBJO JOIP�
NPHFOFJUZ

4UBOEBSE JOUFSQPMBUJPO UFDIOJRVFT BSF JNQMJDJUMZ CBTFE PO UIF BTTVNQUJPO UIBU UIF TJH�
OBM MJFT PO B IPNPHFOFPVT EPNBJO� *O UIJT QBQFS
 XF QSPQPTF BO JOUFSQPMBUJPO TDIFNF
XIJDI FYQMPJUT QSJPS JOGPSNBUJPO BCPVU EPNBJO JOIPNPHFOFJUZ
 DIBSBDUFSJ[FE CZ EJG�
GFSFOU
 QPUFOUJBMMZ PWFSMBQQJOH
 TVCEPNBJOT� *O QBSUJDVMBS
 UIF JOUFSQPMBUJPO FYQMPJUT
B OPWFM TFU PG NPEVMBUFE HFOFSBUJOH LFSOFMT UIBU BEBQU UP UIF JOIPNPHFOFPVT EPNBJO�
ɨF BEBQUBUJPO JT JODPSQPSBUFE CZ JOUSPEVDJOH B EPNBJO�TJNJMBSJUZ NFUSJD UIBU DIBSBD�
UFSJTFT UIF EPNBJO JO UIF BEKBDFODZ PG FBDI TBNQMF QPJOU� ɨF QSPQPTFE JOUFSQPMBUJPO
JT TIPXO UP TBUJTGZ UIF EPNBJO�JOGPSNFE DPOTJTUFODZ QSJODJQMF � B QSJODJQMF UIBU XF
EFmOF BT BO FYUFOTJPO PG UIF DMBTTJDBM DPOTJTUFODZ QSJODJQMF <���>� ɨJT NFBOT UIBU UIF
JOUFSQPMBUFE TJHOBM JT DPOTJTUFOU OPU POMZ BU TBNQMF QPJOUT
 XJUI SFTQFDU UP UIF HJWFO
TBNQMFT
 CVU BMTP BU JOUFSNFEJBUF QPJOUT CFUXFFO TBNQMFT
 XJUI SFTQFDU UP UIF HJWFO
EPNBJO LOPXMFEHF� "T QSPPG PG DPODFQU
 EPNBJO�JOGPSNFE MJOFBS JOUFSQPMBUJPO IBT
CFFO QSFTFOUFE BT BO FYUFOTJPO PG TUBOEBSE MJOFBS JOUFSQPMBUJPO�

*O UIF ��% TFUUJOH
 XF EFOPUF UIJT JOUFSQPMBUJPO BT EPNBJO�JOGPSNFE CJMJOFBS JO�
UFSQPMBUJPO 	%*#-*
� 3FTVMUT GSPN BQQMZJOH %*#-* PO G.3* EBUB EFNPOTUSBUFE JUT
QPUFOUJBM UP SFWFBM TVCUMF EFUBJMT� 'JHVSFT ��� BOE ��� JMMVTUSBUFT UIF TFUUJOH GPS BQQMZ�
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'JHVSF ���� ɨF JOIPNPHFOFPVT EPNBJO PG G.3* EBUB� 	B
 " TMJDF PG B TUSVDUVSBM
CSBJO .3* TDBO� 	C
 $MPTF�VQ PG UIF 30* TIPXO JO 	B
� 	D
o	F
 (.
 8. BOE
$4' PG UIF 30*
 SFTQFDUJWFMZ� 	G 
o	H
 %PNBJO EBUB BTTPDJBUFE UP UIF WFSUJDBM BOE
IPSJ[POUBM NBSLFE QPTJUJPO JO 	D

 SFTQFDUJWFMZ�

JOH %*#-* PO B ��% TMJDF PG BO G.3* WPMVNF� 8F VTF .3* EBUB PG B TJOHMF TVCKFDU
GSPN UIF )VNBO $POOFDUPNF 1SPKFDU <��>� ɨF TVCKFDU�T IJHI SFTPMVUJPO TUSVDUVSBM
.3* TDBO JT VTFE BT UIF CBTF GPS EFmOJOH B EFTDSJQUJPO PG UIF EPNBJO PG UIF TVC�
KFUD�T G.3* EBUB� 'JHVSF ���	C
 TIPXT B ��% TMJDF PG UIF BOBUPNJDBM TUSVDUVSF PG BO
JOEJWJEVBM�T CSBJO� " DMPTF�VQ PG BO 30* NBSLFE JO 'JHVSF ���	B
 JT TIPXO JO 'JH�
VSF ���	C
� 4FHNFOUJOH UIF TUSVDUVSBM TDBO
 POF PCUBJOT HSBZ NBUUFS
 XIJUF NBUUFS

BOE DFSFCSPTQJOBM QSPCBCJMJUZ NBQT
 TFF 'JHVSFT ���	D
o	F
� UIFTF NBQT BSF VTFE UP EF�
mOF �% TVCEPNBJO GVODUJPOT UIBU GVMMZ EFTDSJCF UIF EPNBJO PG UIF G.3* TBNQMFT� "
TBNQMF PG DPMVNO BOE SPX EPNBJO EBUB GPS UIF NBSLFE QPTJUJPO JO 'JHVSF ���	C

 JT
JMMVTUSBUFE JO 'JHVSFT ���	G 
 BOE 	H

 SFTQFDUJWFMZ�

" ��% TMJDF PG BO G.3* BDRVJTJUJPO PG UIF TBNF TVCKFDU
 SFHJTUFSFE BU UIF TBNF



4VNNBSZ PG UIF *ODMVEFE 1BQFST ��

(a) (b)

(c) (d) (e)

'JHVSF ���� %PNBJO�JOGPSNFE CJMJOFBS JOUFSQPMBUJPO� 	B
 " ��% TMJDF PG BO G.3*
WPMVNF� 	C
 $MPTF�VQ PG UIF 30* TIPXO JO 	B
� 	D
 4#-*� 	E
 %*#-* XJUI NBYJNBM
EPNBJO BEBQUBUJPO� 	F
 %*#-* XJUI NJOJNBM EPNBJO BEBQUBUJPO�

BOBUPNJDBM QPTJUJPO BT UIF TUSVDUVSBM JNBHF JT TIPXO JO 'JHVSF ���	B
� UIF DMPTF�VQ
PG UIF NBSLFE 30* JT TIPXO JO 'JHVSF ���	C
� 'JHVSF ���	D
 TIPXT TUBOEBSE CJMJOFBS
JOUFSQPMBUJPO 	4#-*
 PG UIF GVODUJPOBM QJYFMT TIPXO JO 'JHVSF ���	B
� 5XP WFSTJPOT PG
%*#-* BSF TIPXO JO 'JHVSFT ���	E
 BOE 	F

 UIF GPSNFS XJUI NBYJNBM BOE UIF MBUFS XJUI
NJOJNBM BEBQUBUJPO UP EPNBJO LOPXMFEHF� 4#-* BOE CPUI WFSTJPO PG %*#-* WFSTJPOT
BSF JEFOUJDBM BU IPNPHFOFPVT QBSUT PG UIF EPNBJO 	TFF CMBDL BSSPXT

 XIFSFBT BU UIF
JOIPNPHFOFPVT QBSUT 	TFF XIJUF BSSPXT

 CPUI %*#-* WFSTJPOT QSFTFOU mOFS EFUBJMT�
4IBSQ TJHOBM CPVOEBSJFT BU UIF JOUFSTFDUJPO PG TVCEPNBJOT DBO CF SFDPWFSFE CZ %*#-*�
UIF BDDVSBDZ JT MJNJUFE CZ UIF MFWFM PG EJTDSFQBODZ PCTFSWFE JO UIF DPOWPMVUFE EPNBJO
EFTDSJQUJPO
 TFF DJSDMFE SFHJPOT� %*#-* XJUI NBYJNBM BEBQUBUJPO QSPWJEFT GVSUIFS
EFUBJMT PWFS UIF NJOJNBM BEBQUFE WFSTJPO BU TPNF QBSUT 	TFF SFE BSSPXT
� 0O UIF PUIFS
IBOE
 %*#-* XJUI NJOJNBM BEBQUBUJPO
 DG� 'JHVSF ���	F

 NBZ TFFN NPSF WJTVBMMZ
BQQFBMJOH UIBO 'JHVSF ���	E

 BOE ZFU
 JU QSFTFOUT TJHOJmDBOU TVCUMF EFUBJMT UIBU BSF
NJTTJOH JO 4#-*�
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1BQFS *7� %PNBJO�JOGPSNFE TQMJOF JOUFSQPMBUJPO

ɨJT QBQFS FYUFOET UIF UIFPSZ BOE SFTVMUT PG 1BQFS *** JO TFWFSBM SFTQFDUT� 'JSTUMZ
 UIF
UIFPSZ JT FYUFOEFE UP FOBCMF JOUFSQPMBUJPOT VTJOH IJHIFS PSEFS #�TQMJOF HFOFSBUJOH
GVODUJPOT <���>� ɨJT SFRVJSFE NPEJGZJOH UIF EFTJHO TDIFNF TVDI UIBU JU CFDPNFT
NPSF SPCVTU SFMBUJWF UP UIF FYUFOEFE TVQQPSU PG IJHIFS PSEFS #�TQMJOFT� *O QBSUJDVMBS

SBUIFS UIBO VTJOH UIF EPNBJO TJNJMBSJUZ NFUSJD BT UIF CBTJT GPS EFmOJOH UIF EPNBJO�
JOGPSNFE CBTJT
 B DPOTUSVDUJPO TDIFNF UIBU EJSFDUMZ JODPSQPSBUFT UIF HJWFO EFmOJUJPO
PG UIF TVCEPNBJOT JT EFWFMPQFE� ɨJT JT EPOF CZ DPOTUSVDUJOH B EPNBJO�JOGPSNFE
HFOFSBUJOH CBTJT UIBU TBUJTmFT TUBCJMJUZ QSPQFSUJFT BT JO UIF DMBTTJDBM
 TIJGU�JOWBSJBOU JO�
UFSQPMBUJPO TFUUJOH <���> 	J
 UP TBUJTGZ UIF SFRVJSFNFOUT PG IBWJOH B 3JFT[ CBTJT UP FO�
TVSF B TUBCMF VOBNCJHVPVT SFQSFTFOUBUJPO NPEFM
 BOE 	JJ
 UP GPSN B QBSUJUJPO PG VOJUZ
BDSPTT UIF EPNBJO UP DPOUSPM UIF BQQSPYJNBUJPO FSSPS�

'JHVSF ���	B
 TIPXT BO JOIPNPHFOFPVT EPNBJO� 'JHVSFT ���	C
 BOE 	D
 JMMVTUSBUF
EPNBJO�JOGPSNFE HFOFSBUJOH CBTJT DPOTUSVDUFE GPS UIF EPNBJO TIPXO JO 'JHVSF ���	B


VTJOH #�TQMJOF LFSOFMT PG PSEFS POF BOE UISFF
 SFTQFDUJWFMZ� ɨF DPOTUSVDUFE LFSOFMT
SFTQFDU UIF JOIPNPHFOFJUZ PG UIF EPNBJO
 BOE QSFTFOU HSFBUFS BT XFMM BT TNPPUIFS
BEBQUBUJPO UP UIF EPNBJO XIFO VTJOH IJHIFS PSEFS #�TQMJOFT�

#Z BEWBOUBHFPVTMZ FYQMPJUJOH BWBJMBCMF EPNBJO LOPXMFEHF
 XF EFNPOTUSBUF UIF
CFOFmU PG EPNBJO�JOGPSNFE #�TQMJOF JOUFSQPMBUJPO 	%*#4*
 PWFS #�TQMJOF JOUFSQPMB�
UJPO 	#4*
 UISPVHI .POUF $BSMP TJNVMBUJPOT BDSPTT B SBOHF PG #�TQMJOF PSEFST� *O
QBSUJDVMBS
 XF TIPX UIBU UIF JOUFSQPMBUJPO FSSPS PG %*#4* JT MPXFS UIBO #4* BDSPTT B
SBOHF PG TQMJOF PSEFST 	n = 1 UP 6
 BOE TBNQMJOH TUFQT
 T 
 TFF 'JHVSF ����

8F BMTP EFNPOTUSBUF UIF GFBTJCJMJUZ PG %*#4* JO BO G.3* TFUUJOH XIFSF UIF EPNBJO
JOGPSNBUJPO JT BWBJMBCMF CZ B DPNQMFNFOUBSZ BOBUPNJDBM JNBHF
 TFF 'JHVSF ����� *O
QBSUJDVMBS
 UIF TJHOBM EPNBJO JT HJWFO BT B DPOWPMVUFE NJYUVSF PG UISFF TVCEPNBJOT
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'JHVSF ���� 	B
 " SFBMJ[BUJPO PG BO JOIPNPHFOFPVT EPNBJO� 	C
 %PNBJO�JOGPSNFE
#�TQMJOFT PG PSEFS �� 	D
 %PNBJO�JOGPSNFE #�TQMJOFT PG PSEFS ��
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'JHVSF ���� 	B
�	G 
 *OUFSQPMBUJPO FSSPST PG %*#4* WT #4* VTJOH #�TQMJOF CBTJT PG
PSEFST � UP �
 SFTQFDUJWFMZ�

(a) (b)

(c) (d) (e)

'JHVSF ����� 	B
 " TMJDF PG G.3* EBUB PG B TVCKFDU
 JODMVEJOH B DMPTF�VQ PG BO 30*�
	C
 ɨF TVCKFDU�T CSBJO BOBUPNZ BU UIF TBNF OFVSPMPHJDBM DPPSEJOBUF BT JO 	B
� 	D

(SBZ NBUUFS
 	E
 XIJUF NBUUFS BOE 	F
 DFSFCSPTQJOBM nVJE TFHNFOUFE QSPCBCJMJUZ
NBQT PG UIF 30* TIPXO JO 	C
�
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'JHVSF ����� 	B
 %FTDSJQUJPO PG UIF JOIPNPHFOFPVT EPNBJO BMPOH UIF NBSLFE
WFSUJDBM MJOF XJUIJO UIF 30* JO 'JHVSF ����	C
� 	C
 %*#4* CBTJT
 PG PSEFS UISFF

BTTPDJBUFE UP UIF EPNBJO TIPXO JO 	B
� 	D
 #�TQMJOF JOUFSQPMBUJPO BOE EPNBJO�
JOGPSNFE #�TQMJOF JOUFSQPMBUJPO PG UIF GVODUJPOBM TBNQMFT BMPOH UIF NBSLFE MJOF
XJUIJO UIF 30* JO 'JHVSF ����	B
�

OBNFMZ
 HSBZ NBUUFS
 XIJUF NBUUFS BOE DFSFCSPTQJOBM nVJE
 TFF 'JHVSFT ����	D
o	F
�
ɨF EFTDSJQUJPO PG UIF EPNBJO BMPOH POF DPMVNO PG UIF ��% JNBHF JT TIPXO JO 'JH�
VSF ����	B
� ɨF DPOTUSVDUFE EPNBJO�JOGPSNFE UIJSE PSEFS #�TQMJOFT BSF TIPXO JO
'JHVSF ����	C
� ɨF LFSOFMT BSF BEBQUFE UP UIF DPOWPMVUFE EFTDSJQUJPO PG UIF EPNBJO

BOE BSF SPCVTU UP DPNQMFY EFMJOFBUJPO QBUUFSOT CFUXFFO TVCEPNBJOT
 GPS FYBNQMF TFF
JOUFSWBM �� UP ��� 'JHVSF ����	D
 TIPXT UIF G.3* TBNQMFT BMPOH UIF NBSLFE MJOF
TIPXO JO 'JHVSF ����	B

 BT XFMM BT UIF SFTVMUJOH #4* BOE %*#4* JOUFSQPMBOUT� "U BOZ
IPNPHFOFPVT QBSUT PG UIF EPNBJO %*#4* SFTVMUT JO BO JOUFSQPMBOU UIBU JT JEFOUJDBM UP
#4*� GPS JOTUBODF TFF UIF %*#4* BOE #4* JOUFSQPMBOUT XJUIJO JOUFSWBM �� UP �� JO 'JH�
VSF ����	C
� "U UIF JOIPNPHFOFPVT QBSUT PG UIF EPNBJO
 %*#4* QSFTFOUT mOFS EFUBJMT
UIBO UIF 4#-* JNBHF� 'PS JOTUBODF
 TFF UIF EPNBJO EFTDSJQUJPO XJUIJO UIF JOUFSWBM
� UP ��
 DG� 'JHVSF ����	B
� 8JUIJO UIJT JOUFSWBM TBNQMFT GSPN HSBZ NBUUFS 	TBNQMFT
� BOE ��

 XIJUF NBUUFS 	TBNQMFT � BOE ��
 BOE DFSFCSPTQJOBM nVJE 	TBNQMF �
 BSF
HJWFO
 DG� 'JHVSF ����	D
� 0O UIF POF IBOE
 CPUI #4* BOE %*#4* TBUJTGZ UIF DPO�
TJTUFODZ QSJODJQMF BU UIF TBNQMF QPJOUT� 0O UIF PUIFS IBOE
 JO CFUXFFO UIF TBNQMFT

#4* NBJOUBJOT UIF TNPPUIOFTT DIBSBDUFSJTUJD FOGPSDFE CZ VTJOH UIJSE�PSEFS #�TQMJOFT

XIFSFBT %*#4* MFBET UP B TJHOBM UIBU JT DPOTJTUFOU XJUI UIF BOBUPNZ PG UIF CSBJO�



4VNNBSZ PG UIF *ODMVEFE 1BQFST ��

'VUVSF XPSL

ɨF NFUIPET QSFTFOUFE JO UIJT UIFTJT DBO CF FYUFOEFE JO GFX SFTQFDUT BOE CF FYQMPJUFE
JO PUIFS BQQMJDBUJPO TFUUJOHT� ɨF QSPQPTFE HSBQI�CBTFE BDUJWBUJPO NBQQJOH TDIFNF
JO 1BQFS * FYIJCJUT FOIBODFE TFOTJUJWJUZ JO EFUFDUJOH TVCUMF XFBL BDUJWBUJPOT XJUIJO
HSBZ NBUUFS� ɨJT TVHHFTUT UIF QPUFOUJBM PG FYQMPJUJOH B TJNJMBS BOBUPNJDBMMZ�BEBQUFE
TDIFNF GPS EFUFDUJOH BDUJWBUJPOT XJUIJO CSBJO XIJUF NBUUFS� UIJT SFRVJSFT FYUFOEJOH
UIF HSBQI EFmOJUJPO UP FODPEF OPU POMZ MPDBM UPQPMPHZ
 CVU BMTP XIJUF NBUUFS NJ�
DSPTUSVDUVSF QSPWJEFE CZ EJĊVTJPO .3* EBUB
 TJNJMBS UP UIF EFTJHO QSPQPTFE JO <���>�
1SFMJNJOBSZ SFTVMUT CBTFE PO UIJT JEFB <���>
 TVHHFTU BO FOIBODFE DBQBCJMJUZ UP EFUFDU
GVODUJPOBM BDUJWJUZ XJUIJO XIJUF NBUUFS
 XIJDI JO UVSO DBO PQFO VQ OFX QFSTQFDUJWFT
PO UIF GVODUJPOBM EZOBNJDT PG UIF IVNBO CSBJO�

"T BOPUIFS SFTFBSDI BWFOVF
 UIF QSPQPTFE HSBZ NBUUFS FODPEJOH HSBQI JO 1BQFS
* DBO CF BEPQUFE JO TUSVDUVSBM TUVEJFT PG UIF CSBJO
 JO QBSUJDVMBS
 GPS DIBSBDUFSJ[JOH
UIF QSPHSFTTJPO PG CSBJO BUSPQIZ PCTFSWFE JO OFVSPEFHFOFSBUJWF EJTPSEFST TVDI BT
"M[IFJNFS�T EJTFBTF BOE JUT QSPESPNBM TUBHF
 NJME DPHOJUJWF JNQBJSNFOU� 3FHJPOBM
NPSQIPMPHJDBM BMUFSBUJPOT JO DPSUJDBM BOE TVCDPSUJDBM TUSVDUVSFT DBO CF DIBSBDUFSJ[FE
CBTFE PO WBSJBUJPOT JO UIF -BQMBDJBO TQFDUSVN VTJOH TQFDUSBM NBUDIJOH <���> PS MFBSO�
JOH TDIFNFT <���
 ���>� ɨF DIBSBDUFSJ[BUJPO DBO BMTP CF EPOF XJUIJO B NVMUJ�TDBMF
TFUUJOH BT UIBU JNQMFNFOUFE VTJOH &VDMJEFBO XBWFMFUT <���
 ���>� 'SPN B EFTJHO QFS�
TQFDUJWF
 UIF HSBZ NBUUFS HSBQI JO 1BQFS * DBO CF FYUFOEFE JO UXP SFTQFDUT� 'JSTUMZ

DPSUJDBM TVSGBDF SFDPOTUSVDUJPOT <���
 ���> DBO CF FYQMPJUFE UP QSVOF TQVSJPVT HSBQI
FEHFT BDSPTT UPVDIJOH CBOLT PG TVMDJ� 4FDPOEMZ
 UIF EFTJHO PG HSBQIT BTTPDJBUFE UP
MPDBMJ[FE HSBZ NBUUFS SFHJPOT BDSPTT UIF CSBJO DBO CF DPOTJEFSFE� ɨF MBUUFS FYUFOTJPO
FOBCMFT PCUBJOJOH MPDBM UPQPMPHZ FODPEJOH HSBQI FJHFONPEFT <���> PS HSBQI 4MFQJBO
GVODUJPOT <���>
 XIJDI DBO QSPWF CFOFmDJBM JO QSPWJEJOH NPSF FċDJFOU SFQSFTFOUBUJPO
PG GVODUJPOBM EBUB BT XFMM BT DPSUJDBM BUISPQIZ�

ɨF QSPQPTFE TDIFNF JO 1BQFS ** DBO CF FYQMPJUFE UP EFTJHO GSBNFT UIBU BDDPVOU
GPS EZOBNJDT PG DPSUJDBM BDUJWJUZ <���
 ���>� #Z DPOTUSVDUJOH UIF FOTFNCMF FOFSHZ
TQFDUSBM EFOTJUZ CBTFE PO UIF NPNFOU�UP�NPNFOU GVODUJPOBM EBUB EFmOFE PO B TUSVD�
UVSBM CBDL�CPOF <��
 ���>
 UIF SFTVMUJOH TJHOBM�BEBQUFE GSBNF DBO CF VTFE UP NBOJGFTU
MPOH�SBOHF JOUFSBDUJPOT BOE mOF�TDBMF MPDBM PSHBOJ[BUJPO JO UIF GVODUJPOBM EBUB <���>�
'SPN B DPNQVUBUJPOBM QFSTQFDUJWF
 UIF EFTJHO JO 1BQFS ** DBO CF JNQSPWFE UP QSFWFOU
UIF OFFE GPS B GVMM FJHFOEFDPNQPTJUJPO PG UIF HSBQI -BQMBDJBO NBUSJY
 XIJDI DBO CF
DVNCFSTPNF GPS MBSHF BOE JNQSBDUJDBM GPS FYUFOTJWFMZ MBSHF HSBQIT� " SFNFEZ XPVME CF
UP BQQSPYJNBUF UIF FOTFNCMF TQFDUSBM DPOUFOU CZ FJUIFS VTJOH SFDFOUMZ QSPQPTFE HSBQI
TQFDUSBM FTUJNBUJPO UFDIOJRVFT <�> PS VTJOH B QPMZOPNJBM EFDPNQPTJUJPO TDIFNF
 DG�
4FDUJPO ���
 UP PCUBJO FTUJNBUFT BU UIF SFTPMVUJPO PG TVCCBOET�

3FTVMUT GSPN BQQMZJOH UIF JOUFSQPMBUJPO TDIFNF QSFTFOUFE JO 1BQFS *7 PO G.3*
EBUB EFNPOTUSBUFE UIF QPUFOUJBM PG UIJT TDIFNF JO PCUBJOJOH GVODUJPOBM QBUUFSOT DPO�
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TJTUFOU UP CSBJO BOBUPNZ� 5P BDDPVOU GPS UIF ��% TUSVDUVSF PG UIF CSBJO
 UIF JOUFS�
QPMBUJPO OFFET UP CF FYUFOEFE� 0OF BQQSPBDI JT UP VTF UFOTPS QSPEVDUT UP PCUBJO B
TFQBSBCMF FYUFOTJPO UP IJHIFS PSEFS &VDMJEFBO TQBDFT
 TJNJMBS UP UIBU VTFE JO 1BQFS
***� " UFOTPS QSPEVDU FYUFOTJPO DBO POMZ JODPSQPSBUF EPNBJO LOPXMFEHF BMPOH UIF
&VDMJEFBO BYJT
 XIJDI NBZ MFBE UP JODPOTJTUFOU JOUFSQPMBUJPO QBUUFSOT JG UIF EPNBJO
EFTDSJQUJPO JT DPOWPMVUFE� %FTJHOJOH B OPO�TFQBSBCMF IJHIFS EJNFOTJPOBM FYUFOTJPO
DBO QSPWF UP CF NPSF FċDJFOU� .PSFPWFS
 GSPN B EFTJHO QFSTQFDUJWF
 UIF EFmOJUJPO PG
UIF EPNBJO DBO CF FYUFOEFE UP JODPSQPSBUF DPSUJDBM TVSGBDF SFDPOTUSVDUJPOT UIBU EFmOF
XIJUF�HSBZ NBUUFS CPVOEBSZ BOE $4'�HSBZ NBUUFS CPVOEBSJFT <���
 ���>� 4VDI JO�
GPSNBUJPO JT OFDFTTBSZ UP QSFWFOU UIF NJYJOH PG TBNQMFT GSPN 	J
 UPVDIJOH HSBZ NBUUFS
PO UIF UXP CBOLT PG B TVMDJ PS 	JJ
 PQQPTJUF TJEFT PG HZSJ UIBU BSF TFQBSBUFE CZ B OBS�
SPX CBOE PG XIJUF NBUUFS� ɨJT SFRVJSFT FYUFOEJOH UIF QSPCMFN GPSNVMBUJPO UP BMMPX
TIBSQ USBOTJFOUT CFJOH JOUSPEVDFE JO UIF EPNBJO EFmOJUJPO
 BOE JO UVSO
 UP BDDPVOU
GPS TVDI TJOHVMBSJUJFT XIFO EFTJHOJOH UIF EPNBJO�JOGPSNFE #�TQMJOFT�
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 "� 0SUFHB
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"OBUPNJDBMMZ�BEBQUFE (SBQI 8BWFMFUT GPS
*NQSPWFE (SPVQ�MFWFM G.3* "DUJWBUJPO .BQQJOH

"CTUSBDU

" HSBQI CBTFE GSBNFXPSL GPS G.3* CSBJO BDUJWBUJPO NBQQJOH JT QSFTFOUFE� ɨF BQQSPBDI FY�
QMPJUT UIF TQFDUSBM HSBQI XBWFMFU USBOTGPSN 	4(85
 GPS UIF QVSQPTF PG EFmOJOH BO BEWBODFE
NVMUJ�SFTPMVUJPOBM TQBUJBM USBOTGPSNBUJPO GPS G.3* EBUB� ɨF GSBNFXPSL FYUFOET XBWFMFU
CBTFE 41. 	841.

 XIJDI JT BO BMUFSOBUJWF UP UIF DPOWFOUJPOBM BQQSPBDI PG TUBUJTUJDBM QBSB�
NFUSJD NBQQJOH 	41.

 BOE JT EFWFMPQFE TQFDJmDBMMZ GPS HSPVQ�MFWFM BOBMZTJT� 8F QSFTFOU
B OPWFM QSPDFEVSF GPS DPOTUSVDUJOH CSBJO HSBQIT
 XJUI TVCHSBQIT UIBU TFQBSBUFMZ FODPEF UIF
TUSVDUVSBM DPOOFDUJWJUZ PG UIF DFSFCSBM BOE DFSFCFMMBS HSBZ NBUUFS 	(.

 BOE BEESFTT UIF JOUFS�
TVCKFDU (. WBSJBCJMJUZ CZ UIF VTF PG UFNQMBUF (. SFQSFTFOUBUJPOT� (SBQI XBWFMFUT UBJMPSFE UP
UIF DPOWPMVUFE CPVOEBSJFT PG (. BSF UIFO DPOTUSVDUFE BT B NFBOT UP JNQMFNFOU B (.�CBTFE
TQBUJBM USBOTGPSNBUJPO PO G.3* EBUB� ɨF QSPQPTFE BQQSPBDI JT FWBMVBUFE VTJOH SFBM BT XFMM
BT TFNJ�TZOUIFUJD NVMUJ�TVCKFDU EBUB� $PNQBSFE UP 41. BOE 841. VTJOH DMBTTJDBM XBWFMFUT

UIF QSPQPTFE BQQSPBDI TIPXT TVQFSJPS UZQF�* FSSPS DPOUSPM� ɨF SFTVMUT PO SFBM EBUB TVHHFTU B
IJHIFS EFUFDUJPO TFOTJUJWJUZ BT XFMM BT UIF DBQBCJMJUZ UP DBQUVSF TVCUMF
 DPOOFDUFE QBUUFSOT PG
CSBJO BDUJWJUZ�

ª���� &MTFWJFS *OD� 3FQSJOUFE
 XJUI QFSNJTTJPO
 GSPN
)BNJE #FIKBU
 /PSB -FPOBSEJ
 -FJG 4ÚSONP
 BOE %JNJUSJ 7BO %F 7JMMF
 i"OBUPNJDBMMZ�BEBQUFE
(SBQI 8BWFMFUT GPS *NQSPWFE (SPVQ�MFWFM G.3* "DUJWBUJPO .BQQJOH
w
JO /FVSP*NBHF
 WPM� ���
 QQ� ���o���
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'VODUJPOBM NBHOFUJD SFTPOBODF JNBHJOH 	G.3*
 JT B LFZ NPEBMJUZ UP MPDBMJ[F CSBJO
BDUJWJUZ CBTFE PO UIF CMPPE�PYZHFO�MFWFM�EFQFOEFOU 	#0-%
 TJHOBM <�>� ɨF NPTU
XJEFMZ VTFE BQQSPBDI JO G.3* BDUJWBUJPO NBQQJOH JT B NBTT VOJWBSJBUF IZQPUIFTJT�
ESJWFO NFUIPE UIBU JT JNQMFNFOUFE JO NBOZ TPGUXBSF QBDLBHFT TVDI BT TUBUJTUJDBM QBSB�
NFUSJD NBQQJOH 	41.
 <�
 �>� 6TJOH SFHSFTTPST EFmOFE CZ UIF FYQFSJNFOUBM QBSBEJHN

B HFOFSBM MJOFBS NPEFM 	(-.
 JT mUUFE UP UIF UJNF DPVSTF PG FWFSZ WPYFM PG UIF CSBJO

GPMMPXFE CZ B TUBUJTUJDBM UFTU PG B MJOFBS DPNCJOBUJPO PG UIF mUUFE QBSBNFUFST
 MFBEJOH
UP B TUBUJTUJDBM NBQ JOEJDBUJOH FWJEFODF GPS TUJNVMVT�SFMBUFE CSBJO BDUJWJUZ� 4JODF VTJOH
B #POGFSSPOJ DPSSFDUJPO JT UPP DPOTFSWBUJWF
 41. EFBMT XJUI UIF NVMUJQMF DPNQBSJTPO
QSPCMFN CBTFE PO (BVTTJBO SBOEPN mFME UIFPSZ 	(3'5
 <�>� " LFZ DIBSBDUFSJTUJD PG
(3'5 JT UIBU JU SFRVJSFT JOJUJBM TNPPUIJOH PG UIF GVODUJPOBM EBUB CZ B mYFE (BVTTJBO
mMUFS� ɨJT QSF�mMUFSJOH OPU POMZ JT SFRVJSFE UP DPOUSPM UIF TQBUJBM TNPPUIOFTT PG UIF
EBUB UP DPNQMZ XJUI (3'5
 CVU JU BMTP TFSWFT BT B NFBOT UP JNQSPWF UIF TJHOBM�UP�OPJTF
SBUJP 	4/3
 CZ WJSUVF PG UIF NBUDIFE mMUFS BSHVNFOU� )PXFWFS
 TVDI MJOFBS JTPUSPQJD
mMUFSJOH DPNFT BU UIF FYQFOTF PG B MPTT JO mOF TQBUJBM EFUBJMT PG UIF VOEFSMZJOH BDUJWJUZ�

"T BO BMUFSOBUJWF UP (3'5
 TQBUJBM XBWFMFU USBOTGPSNT IBWF CFFO QSPQPTFE BT B
NFBOT UP OPO�MJOFBSMZ EFOPJTF GVODUJPOBM EBUB XJUIJO GSBNFXPSLT PG CPUI DMBTTJDBM JO�
GFSFODF <�
 �
 �
 �
 �
 ��> BOE #BZFTJBO JOGFSFODF <��
 ��>� 4JODF CSBJO BDUJWJUZ JT IJHIMZ
MPDBMJ[FE JO TQBDF <��>
 UIF QSPQFSUZ PG TQBSTF TJHOBM SFQSFTFOUBUJPO JO UIF XBWFMFU EP�
NBJO NBLFT JU QPTTJCMF UP FODPEF B DMVTUFS PG BDUJWF WPYFMT XJUI POMZ B GFX DPFċDJFOUT�
4VDI SFQSFTFOUBUJPO FOIBODFT UIF 4/3 BT UIF CBDLHSPVOE OPJTF SFNBJOT FRVBMMZ EJT�
USJCVUFE BNPOH UIF XBWFMFU DPFċDJFOUT
 BOE UIVT
 DPFċDJFOU�XJTF TUBUJTUJDBM UFTUJOH
QSPWJEFT B IJHIFS TFOTJUJWJUZ UIBO WPYFM�XJTF UFTUJOH� 8BWFMFU�CBTFE 41. 	841.

<�> IBT UIF VOJRVF GFBUVSF PG USFBUJOH UISFTIPMEJOH XJUIJO UIF XBWFMFU EPNBJO BT B
EFOPJTJOH TUFQ POMZ
 BOE UIF TUBUJTUJDBM UFTUJOH JT EFGFSSFE UP B TFDPOE UISFTIPMEJOH PO
UIF SFDPOTUSVDUFE NBQ XJUIJO UIF TQBUJBM EPNBJO�

��� "DDPVOUJOH GPS JOUSB�TVCKFDU HSBZ NBUUFS TUSVDUVSF

(BVTTJBO mMUFST BT XFMM BT TUBOEBSE XBWFMFUT TVDI BT UIPTF EFQMPZFE CZ 841. TIBSF
TFWFSBM CBTJD QSPQFSUJFT� UIFZ BSF 	J
 JTPUSPQJD JO TUSVDUVSF
 	JJ
 EFmOFE XJUIJO SFHVMBS
&VDMJEFBO TQBDFT 	FJUIFS B TRVBSF JO ��% TQBDF PS B DVCF JO ��% TQBDF
 BOE 	JJJ
 TUB�
UJPOBSZ BOE RVBTJ TIJGU�JOWBSJBOU
 NFBOJOH UIBU UIFJS TUSVDUVSF EPFT OPU WBSZ BT BQQMJFE
UP EJĊFSFOU SFHJPOT XJUIJO B WPMVNF� 5P WBSJPVT FYUFOUT
 UIFTF QSPQFSUJFT BSF PQQPTFE
UP UIF FYQFDUFE HFPNFUSJDBM QSPQFSUJFT PG UIF BDUJWBUJPO QBUUFSO� 4JODF UIF HSBZ NBU�
UFS 	(.

 XJUIJO XIJDI UIF #0-% SFTQPOTF JT FYQFDUFE
 IBT B DPOWPMVUFE TUSVDUVSF

JTPUSPQJDBMMZ TIBQFE BDUJWBUJPO QBUUFSOT UIBU DSPTT CPVOEBSJFT PG (. BSF VOMJLFMZ�
.PSFPWFS
 EVF UP UIF EJĊFSFODFT JO UIF TUSVDUVSF PG UIF TVMDJ BOE HZSJ BDSPTT UIF CSBJO
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JOUSB�TVCKFDU WBSJBCJMJUZ PG (. HFPNFUSZ JT XJEFMZ PCTFSWFE <��
 ��>� ɨVT
 JU JT FT�
TFOUJBM UP DPOTUSVDU mMUFST UIBU BEBQU UP UIF JOUSJDBUFMZ DPOWPMVUFE (. EPNBJO SBUIFS
UIBO BTTVNJOH UIF TQBUJBM DIBSBDUFSJTUJDT PG UIF VOEFSMZJOH TJHOBM JOEFQFOEFOU PG JUT
MPDBUJPO� "T B TUFQ JO UIJT EJSFDUJPO
 TVSGBDF�CBTFE BQQSPBDIFT IBWF CFFO QSPQPTFE UIBU
SFTUSJDU UIF BOBMZTJT UP UIF DPSUFY CZ VTJOH SFDPOTUSVDUJPOT PG UIF DPSUJDBM TVSGBDF� 0OF
TVDI BQQSPBDI JT UIF BOBUPNJDBMMZ�JOGPSNFE CBTJT GVODUJPO 	"*#'
 NFUIPE QSPQPTFE
JO <��
 ��>
 XIFSF B GPSXBSE NPEFM JT EFUFSNJOFE GPS TPMWJOH UIF JOWFSTF QSPCMFN PG
FYQMBJOJOH UIF EJTUSJCVUJPO PG UIF GVODUJPOBM EBUB VTJOH DJSDVMBS (BVTTJBO CBTJT GVOD�
UJPOT EFmOFE PO UIF DPSUJDBM TVSGBDF� *O PUIFS BQQSPBDIFT
 IFSF DPMMFDUJWFMZ SFGFSSFE
UP BT DPSUJDBM TVSGBDF NBQQJOH 	$4.

 BO JOUFSQPMBUJPO TDIFNF JT VTFE UP NBQ UIF
GVODUJPOBM EBUB UP UIF FYUSBDUFE DPSUJDBM TVSGBDF
 GPMMPXFE CZ JUFSBUJWFMZ TNPPUIJOH UIF
EBUB PO UIF TVSGBDF VTJOH EJĊFSFOU QSPDFEVSFT TVDI BT EJĊVTJPO TNPPUIJOH <��>
 IFBU
LFSOFM TNPPUIJOH <��
 ��> BOE TQMJOF TNPPUIJOH <��>� /FWFSUIFMFTT
 UIF QSPCMFN PG
MPTT JO TQBUJBM BDDVSBDZ SFNBJOT JO $4. EVF UP UIF JSSFWFSTJCMF TNPPUIJOH� "TJEF GSPN
UIBU
 UIF NBQQJOH PG WPMVNFUSJD EBUB UP B TVSGBDF JT DIBMMFOHJOH EVF UP UIF WBSJBCJMJUZ
JO DPSUJDBM UIJDLOFTT�

*O UIF QSFTFOU QBQFS
 XF JOUSPEVDF BO BMUFSOBUJWF BQQSPBDI XIFSF XF EFmOF B
WPMVNFUSJD (. EPNBJO XJUI UIF IFMQ PG HSBQI UIFPSZ
 XIFSF UIF HSBQI WFSUJDFT DPS�
SFTQPOE UP JSSFHVMBSMZ TBNQMFE QPJOUT PG UIF ��% &VDMJEFBO TQBDF� /VNFSPVT OFV�
SPJNBHJOH BQQMJDBUJPOT IBWF CFOFmUFE GSPN CSBJO EBUB CFJOH NPEFMFE BT HSBQIT BOE
HSBQI TJHOBMT <��
 ��>� )FSF
 XF QSPQPTF DPOTUSVDUJOH CSBJO HSBQIT UIBU FODPEF MP�
DBM TUSVDUVSBM DPOOFDUJWJUZ PG (. HFPNFUSZ 	JSSFHVMBS EPNBJO JO ��%

 BT PQQPTFE UP
UIF TVSGBDF�CBTFE BQQSPBDIFT XIJDI NBJOMZ JODPSQPSBUF DPSUJDBM UPQPMPHZ 	��% TVSGBDF
UIBU JT GPMEFE
� 'VODUJPOBM EBUB DBO UIFO CF NPEFMMFE BT B TDBMBS GVODUJPO 	TJHOBM

EFmOFE PO UIF WFSUJDFT
 BOE HSBQI mMUFST UIBU EJĊVTF POMZ XJUIJO UIF (. WPMVNF
DBO CF DPOTUSVDUFE� "T TVDI
 UIF QFSGPSNBODF JO G.3* CSBJO BDUJWBUJPO NBQQJOH DBO
CF JNQSPWFE CZ BUUFOVBUJOH UIF FĊFDU PG OPO�TJHOBM DPNQPOFOUT UIBU PSJHJOBUF GSPN
PVUTJEF UIF (.�

8JUI UIF JODSFBTFE JOUFSFTU JO HSBQI BQQSPBDIFT UP EBUB BOBMZTJT
 B HSFBU BNPVOU PG
SFTFBSDI IBT CFFO EFWPUFE UP HFOFSBMJ[JOH TJHOBM QSPDFTTJOH PQFSBUJPOT UP UIF HSBQI TFU�
UJOH <��>� ɨJT JODMVEFT XBWFMFU USBOTGPSNT
 XJUI UIF TQFDUSBM HSBQI XBWFMFU USBOTGPSN
	4(85
 QSPQPTFE JO <��> CFJOH BO FYBNQMF� 5P QSFWFOU MJOFBS JSSFWFSTJCMF TNPPUIJOH
BOE UP QFSGPSN BOBMZTJT BU NVMUJQMF TDBMFT
 XF QSPQPTF UIF UJHIU�GSBNF 4(85 <��>
UP DPOTUSVDU (.�BEBQUFE XBWFMFUT UIBU BSF VUJMJ[FE UP JNQMFNFOU BO BEWBODFE TQBUJBM
USBOTGPSNBUJPO PO G.3* EBUB
 JOUFHSBUFE XJUIJO UIF TUBUJTUJDBM BOBMZTJT PG UIF 841.
GSBNFXPSL�



��

��� "DDPVOUJOH GPS JOUFS�TVCKFDU (. WBSJBCJMJUZ
(SPVQ�MFWFM G.3* BDUJWBUJPO NBQQJOH JT GVSUIFS DPNQMJDBUFE CZ UIF JOUFS�TVCKFDU (.
WBSJBCJMJUZ UIBU JT JNQPSUBOU UP BEESFTT� ɨJT WBSJBCJMJUZ SFOEFST UIF OFFE GPS OPSNBM�
J[BUJPO PG GVODUJPOBM EBUB UP B UFNQMBUF TQBDF
 XIJDI
 JO UVSO
 MFBET UP CFUUFS EPNBJO
NBUDIJOH BDSPTT TVCKFDUT BOE JNQSPWFE TUBUJTUJDBM QPXFS BT BDUJWBUJPOT CFUUFS PWFSMBQ�
%VF UP UIF PCTFSWFE EJĊFSFODF JO UIF FYUFOU PG HFPNFUSJDBM (. WBSJFUZ JO UIF DFSF�
CSVN BOE UIF DFSFCFMMVN BDSPTT TVCKFDUT
 JU JT BEWBOUBHFPVT UP EFmOF DFSFCSBM BOE
DFSFCFMMBS UFNQMBUF TQBDFT TFQBSBUFMZ�

ɨF HFPNFUSZ PG UIF DFSFCSBM DPSUFY JT OPU DPOTJTUFOU BDSPTT TVCKFDUT� "MUIPVHI
UIFSF BSF TJNJMBSJUJFT JO UFSNT PG UIF NBJO mTTVSFT
 UIF (. GPMEJOHT BSF WFSZ JODPOTJT�
UFOU BDSPTT JOEJWJEVBMT FWFO JO TUBOEBSE QPQVMBUJPOT <��
 ��>
 TFF 'JHVSF �� ɨF NPTU
DPNNPOMZ VTFE DPSUJDBM UFNQMBUFT BSF CBTFE PO FJUIFS UIF BOBUPNZ PG B TJOHMF TVCKFDU
<��> PS UIF FOTFNCMF BWFSBHF PWFS NBOZ TVCKFDUT
 TVDI BT UIF *$#.���� <��> UIBU EF�
mOFT UIF .POUSFBM /FVSPMPHJDBM *OTUJUVUF 	./*
 TQBDF� 4VDI UFNQMBUFT DBO CF WJFXFE
BT UXP FYUSFNFT JO (. SFQSFTFOUBUJPO� TJOHMF TVCKFDU UFNQMBUFT UBLF OP BDDPVOU GPS
JOUFS�TVCKFDU WBSJBCJMJUZ
 BOE UIF HSPVQ BWFSBHFE UFNQMBUFT
 TVDI BT UIF *$#.����

MBDL mOF BOBUPNJDBM EFUBJM PG UIF DFSFCSBM (.
 XIJDI NBLFT CPUI DBUFHPSJFT VOTVJU�
BCMF GPS PVS QVSQPTF� 5P BEESFTT UIJT QSPCMFN
 TUVEZ TQFDJmD UFNQMBUF DPOTUSVDUJPO
NFUIPET TVDI BT %"35&- <��> BSF PG HSFBU CFOFmU� ɨF GBTU EJĊFPNPSQIJD JNBHF SFH�
JTUSBUJPO TDIFNF QSPQPTFE CZ "TICVSOFS JT BNPOH UIF CFTU QFSGPSNJOH <��> BOE DBO
QSPEVDF B EFUBJMFE HSPVQ�BWFSBHFE UFNQMBUF (. UISPVHI JUFSBUJWF
 OPOMJOFBS XBSQJOH
PG UIF TFHNFOUFE (. PG B TFU PG TVCKFDUT�

ɨF TUSVDUVSBM WBSJBCJMJUZ XJUIJO UIF DFSFCFMMVN JT MPXFS UIBO JO UIF DFSFCSBM DPS�
UFY
 TJODF UIF DFSFCFMMBS TUSVDUVSF JT SFMBUJWFMZ DPOTJTUFOU BDSPTT JOEJWJEVBMT JO UFSNT PG
UIF OVNCFS BOE TIBQF PG JUT mTTVSFT 	TFF 'JHVSF �
� ɨJT PCTFSWBUJPO IBT NBEF JU QPT�
TJCMF UP DSFBUF BUMBT UFNQMBUFT PG UIF DFSFCFMMVN UIBU QSFWFOU B MPTT JO TQBUJBM BDDVSBDZ
PG UIF BOBUPNJDBM EFUBJM� ɨF TQBUJBMMZ VOCJBTFE JOGSB�UFOUPSJBM 	46*5
 DFSFCFMMVN
UFNQMBUF <��> JT UIF NPTU BDDVSBUF DFSFCFMMBS UFNQMBUF BWBJMBCMF UP EBUF� $PNQBSFE
UP UIF *$#. ��� UFNQMBUF <��> UIBU JT EFTJHOFE UISPVHI BWFSBHJOH PG 5� TDBOT GSPN
��� EJĊFSFOU TVCKFDUT
 46*5 JT DPOTUSVDUFE GSPN TDBOT PG �� TVCKFDUT
 BOE BU UIF TBNF
UJNF
 IBT UIF VOJRVF GFBUVSF PG CFJOH TQBUJBMMZ VOCJBTFE� UIBU JT
 UIF MPDBUJPO PG FBDI PG
UIF TUSVDUVSFT JT FRVBM UP JUT FYQFDUFE MPDBUJPO JO UIF ./* TQBDF BDSPTT TVCKFDUT <��>�

ɨFSFGPSF
 XF QSPQPTF UIF VTF PG UIF 46*5 BUMBT BT UIF CBTJT GPS EFmOJOH B DBOPOJ�
DBM DFSFCFMMBS TVCHSBQI BOE UIF %"35&- GPS DPOTUSVDUJOH TUVEZ�EFQFOEFOU UFNQMBUF
DFSFCSBM TVCHSBQIT� " GVMM (.�BEBQUFE CSBJO HSBQI JT UIFO EFmOFE CZ NFSHJOH UIF
UXP TVCHSBQIT�
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'JHVSF �� 4FHNFOUFE HSBZ NBUUFS PG GPVS JOEJWJEVBMT GSPN BO FYQFSJNFOUBM EBUBTFU
	TFF 4FDUJPO ���
 JMMVTUSBUJOH UIF JOUFS�TVCKFDU WBSJBCJMJUZ� ɨF WBSJBCJMJUZ JT MFTT
TJHOJmDBOU JO UIF DFSFCFMMVN
 BT PQQPTFE UP UIF DFSFCSVN XIFSF UIF QBUUFSO PG
GPMEJOH WBSJFT HSFBUMZ GSPN POF JOEJWJEVBM UP UIF PUIFS�

��� 0WFSWJFX

ɨF QBQFS JT PSHBOJTFE BT GPMMPXT� *O 4FDUJPO ���
 841. JT SFWJFXFE CZ HFOFSBMJTJOH
UIF GSBNFXPSL TVDI UIBU JU �
 JODPSQPSBUFT BOZ MJOFBS TQBUJBM USBOTGPSN BOE �
 JT TFU PVU
GPS HSPVQ�MFWFM BOBMZTJT� *O 4FDUJPO ���
 XF SFWJFX UIF OFDFTTBSZ DPODFQUT GSPN HSBQI
UIFPSZ BOE XBWFMFU EFTJHO� *O 4FDUJPO ���
 XF JOUSPEVDF UIF DPOTUSVDUJPO PG (.�
BEBQUFE HSBQIT BOE XBWFMFUT
 UIF SFRVJSFE QSFQSPDFTTJOH TUFQT BOE DPOUSBTU NBQQJOHT�
*O 4FDUJPO �
 XF JOUSPEVDF B SFBM EBUBTFU BT XFMM BT UIF EFTJHO PG B TFNJ�TZOUIFUJD NVMUJ�
TVCKFDU EBUBTFU� *O 4FDUJPO �
 XF EFNPOTUSBUF UIF VUJMJUZ PG PVS BQQSPBDI CZ BQQMZJOH JU
UP UIF TFNJ�TZOUIFUJD BOE FYQFSJNFOUBM EBUBTFUT
 GPMMPXFE CZ B EJTDVTTJPO JO 4FDUJPO ��

� .FUIPET

'PS UIF EBUB TUSVDUVSF XF BTTVNF J TVCKFDUT
 XIFSF FBDI TVCKFDU IBT B TUSVDUVSBM TDBO
{Sj}Jj=1 BOE B TFU PGNt GVODUJPOBM WPMVNFT 	BDSPTT UJNF

 FBDI DPOUBJOJOHNv WPYFMT�
Nr1 BOE Nr2 SFHSFTTPST BSF BTTVNFE GPS UIF mSTU MFWFM 	TVCKFDU�MFWFM
 BOE TFDPOE MFWFM
	HSPVQ�MFWFM
 BOBMZTJT
 SFTQFDUJWFMZ� {X1,j}Jj=1 BOE X2 EFOPUF UIF DPSSFTQPOEJOH mSTU
MFWFM BOE TFDPOE MFWFM EFTJHO NBUSJDFT XIJDI BSF PG TJ[F Nt × Nr1 BOE J × Nr2

SFTQFDUJWFMZ�

��� 5SBOTGPSN�#BTFE 41. 	U41.


8F QSFTFOU UIF 841. JO B NPSF HFOFSBM XBZ BT USBOTGPSN�CBTFE 41. 	U41.
 TVDI
UIBU JU� �
 JODPSQPSBUFT BOZ JOWFSUJCMF MJOFBS TQBUJBM USBOTGPSN
 BOE �
 BEESFTTFT G.3*
BDUJWBUJPO NBQQJOH BU UIF HSPVQ�MFWFM�

ɨF JOWFSUJCMF MJOFBS TQBUJBM USBOTGPSN JT B NBQQJOH GSPN UIF WPYFM TQBDF RNm

UP RNT 
 XIFSF Nm ≤ Nv BOE NT EFOPUFT UIF EJNFOTJPO PG UIF USBOTGPSN EP�



��

NBJO� T = [ζ1|ζ2| . . . |ζNT
]T EFOPUFT UIF DPSSFTQPOEJOH PSUIPHPOBM USBOTGPSNBUJPO

NBUSJY
 XJUI {ζk}
NT
k=1 CFJOH UIF CBTJT WFDUPST TQBOOJOH UIF USBOTGPSN EPNBJO� 'PS

UIF DMBTTJDBM XBWFMFUT TVDI BT UIF EJTDSFUF XBWFMFU USBOTGPSN 	%85
 VTFE JO <�
 �>

Nm = Nv = NT 
 XIFSF UIF TFDPOE FRVBMJUZ GPMMPXT GSPN UIF %85 CFJOH OPO�
SFEVOEBOU� 'PS UIF HSBQI TFUUJOH QSPQPTFE JO UIJT QBQFS
 Nm JT UIF OVNCFS PG HSBQI
WFSUJDFT
 BOE NT = (S+1)×Nm
 XIFSF S EFOPUFT UIF OVNCFS PG XBWFMFU TDBMFT PG
UIF TQFDUSBM HSBQI XBWFMFU USBOTGPSN 	4(85
 UIBU JT B SFEVOEBOU HSBQI USBOTGPSN�

5FNQPSBM .PEFMMJOH BU UIF 'JSTU -FWFM
5FNQPSBM NPEFMMJOH PG UIF EBUB JT JNQMFNFOUFE JO UIF OBUJWF TQBUJBM EPNBJO
 MFBEJOH
UP B QBSBNFUFS NBQ 	FĊFDU TJ[F
 GPS FBDI TVCKFDU� ɨF BQQSPBDI JT NBTT VOJWBSJBUF
XIFSF B HFOFSBM MJOFBS NPEFM 	(-.
 JT mUUFE UP UIF UJNF DPVSTF PG FBDI WPYFM i ∈
{1, . . . , Nm} GPS BMM TVCKFDUT j ∈ {1, . . . , J} BT

vi,j = X1,jβi,j + ϵi,j , 	�


XIFSF vi,j JT BO Nt × 1 WFDUPS SFQSFTFOUJOH UIF UJNF DPVSTF PG UIF iUI WPYFM PG UIF jUI

TVCKFDU
 βi,j JT BO Nr1 × 1 WFDUPS PG SFHSFTTJPO QBSBNFUFST BOE ϵi,j JT UIF WFDUPS PG
SFTJEVBM FSSPST� 6TJOH UIF FTUJNBUFE βi,j 
 UIF FĊFDU TJ[FT BSF DPOTUSVDUFE BT

pi,j = cT1 βi,j 	�


XIFSF c1 JT BONr1×1 mSTU MFWFM DPOUSBTU WFDUPS UIBU EFmOFT IPX UIF FTUJNBUFE SFHSFT�
TJPO QBSBNFUFST TIPVME CF DPNCJOFE CBTFE PO UIF IZQPUIFTJT BU UFTU� #Z WFDUPSJ[JOH
pi,j 
 UIF mTU MFWFM QBSBNFUFS NBQT 	DPOUSBTU NBQT
 PG UIF TVCKFDUT BSF PCUBJOFE BT

pj = [p1,j , p2,j , · · · , pNm,j ]
T . 	�


5SBOTGPSN�%PNBJO 4QBUJBM .PEFMMJOH
ɨF mSTU MFWFM QBSBNFUFS NBQT BSF UIFO UBLFO JOUP UIF TQBUJBM USBOTGPSN EPNBJO CZ
BQQMZJOH UIF USBOTGPSN NBUSJY T BT

P
′
= T [p1|p2| · · · |pJ ], 	�


XIFSF P
′ JT BO NT × J NBUSJY
 FBDI DPMVNO SFQSFTFOUJOH UIF USBOTGPSN EPNBJO

DPFċDJFOUT PG POF TVCKFDU�
*O PSEFS UP JNQMFNFOU B TUBOEBSE HSPVQ�MFWFM SBOEPN�FĊFDUT JOGFSFODF BDSPTT TVC�

KFDUT
 B TFDPOE�MFWFM (-. JT mUUFE UP UIF DIBOHF JO WBMVF PG FBDI DPFċDJFOU BDSPTT
TVCKFDUT
 J�F�
 UIF SPXT PG NBUSJY P ′ EFOPUFE XJUI P

′
k,: 
 BT

P
′
k,: = 92βk + ϵk, 	�
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XIFSF βk JT BONr2×1 WFDUPS PG SFHSFTTJPO QBSBNFUFST BOE ϵk JT UIF WFDUPS PG SFTJEVBM
FSSPST� ɨF FĊFDU TJ[F µk BOE JUT VODFSUBJOUZ sk GPS FBDI DPFċDJFOU k DBO UIFO CF
PCUBJOFE BT

µk = cT2 βk, 	�

sk = ϵk

T ϵk cT2 (X
T
2 X2)

−1c2, 	�


SFTQFDUJWFMZ
 XIFSF c2 JT BO Nr2 × 1 TFDPOE�MFWFM DPOUSBTU WFDUPS� *O QBSUJDVMBS
 GPS
UIF POF TBNQMF t�UFTU UIBU JT VTFE GPS BOBMZ[JOH UIF EBUBTFUT JO UIJT TUVEZ
 X2 =
[1, · · · , 1]T 
 c2 = 1� "T TVDI
βk XJMM CF B TDBMBS WBMVF
 BOE µk BOE sk XJMM DPSSFTQPOE
UP VOCJBTFE FTUJNBUFT PG UIF DPFċDJFOUT� TBNQMF NFBO BOE WBSJBODF
 SFTQFDUJWFMZ�

5SBOTGPSN�%PNBJO %FOPJTJOH
"U UIJT TUBHF
 UIF NBJO JEFB JT UP UISFTIPME UIF FTUJNBUFE FĊFDU TJ[FT µk BT B NFBOT UP
EFOPJTF UIF QBSBNFUFS NBQT� ɨJT JT EPOF CZ DPOTUSVDUJOH USBOTGPSN�EPNBJO t�WBMVFT
DPSSFTQPOEJOH UP UIF DPFċDJFOUT BT

tk =
µk√
sk

J−SBOL(X2)

, 	�


XIFSF {tk}NT
k=1 GPMMPX B 4UVEFOU�T t�EJTUSJCVUJPO XJUI J EFHSFFT PG GSFFEPN VOEFS UIF

OVMM IZQPUIFTJT UIBU TUJNVMVT�SFMBUFE BDUJWJUZ JT ESJWFO CZ OPJTF POMZ�
#Z TVCKFDUJOH tk UP B USBOTGPSN EPNBJO UISFTIPME τT 
 UIF SFDPOTUSVDUFE
 EFOPJTFE

TFDPOE MFWFM QBSBNFUFS NBQ BGUFS CJBT DPSSFDUJPO JT PCUBJOFE BT

ûi = NJO

(
NT∑

k=1

)(|tk|− τT )µkζk[i] ,
NT∑

k=1

µkζk[i]

)
, 	�


XIFSF i = 1, . . . , Nm
 )(·) JT UIF )FBWJTJEF TUFQ GVODUJPO BOE
∑NT

k=1 µkζk[i] EFOPUF
UIF FMFNFOUT PG UIF VOQSPDFTTFE NBQ 	J�F�
 UIF MJOFBS FTUJNBUF
� ɨF PQUJNBM WBMVF PG
τT JT PCUBJOFE JO DPNCJOBUJPO XJUI B TQBUJBM EPNBJO UISFTIPME τS 	TFF CFMPX &R�	��


TVDI UIBU UIF OVMM IZQPUIFTJT SFKFDUJPO QSPCBCJMJUZ JO UIF TQBUJBM EPNBJO JT QSPQFSMZ
DPOUSPMMFE� TFF <�> GPS GVSUIFS EFUBJMT BOE EFSJWBUJPOT�

4QBUJBM�%PNBJO 4UBUJTUJDBM *OGFSFODF
ɨF mOBM EFUFDUFE QBSBNFUFS NBQ JT DSFBUFE CZ DPOTUSVDUJOH TQBUJBM EPNBJO t�WBMVFT
BOE QFSGPSNJOH TUBUJTUJDBM TJHOJmDBODF UFTUJOH CZ TVCKFDUJOH UIFN UP B TQBUJBM EPNBJO



��

UISFTIPME τS BT <�>

ui = )

(
ûi∑NT

k=1 µk|ζk[i]|
− τS

)
ûi. 	��


5P BEESFTT UIF NVMUJQMF DPNQBSJTPO QSPCMFN
 UIF EFTJSFE TJHOJmDBODF MFWFM JT BEKVTUFE
VTJOH #POGFSSPOJ DPSSFDUJPO XIFO DPNQVUJOH UIF PQUJNBM DPNCJOBUJPO PG τS BOE τT �

��� 4QFDUSBM (SBQI 8BWFMFU 5SBOTGPSN 	4(85


8F OPX HJWF B CSJFG SFWJFX PG UIF 4(85 PO XIJDI PVS GSBNFXPSL JT CBTFE
 BOE SFGFS
UP <��> GPS GVSUIFS EFUBJMT�

$MBTTJDBM 8BWFMFUT
$MBTTJDBM XBWFMFUT EFmOFE JO UIF &VDMJEFBO EPNBJO BSF DPOTUSVDUFE CZ TIJGUJOH BOE
TDBMJOH B NPUIFS XBWFMFU ψ
 BT ψs,l(x) = 1

sψ
(
x−l
s

)

 XIFSF ψs,l(x) EFOPUFT UIF

XBWFMFU BU TDBMF s BOE MPDBUJPO l� 5P HFOFSBMJ[F XBWFMFUT UP HSBQIT
 UIF BOBMPHVF PG UIF
'PVSJFS EPNBJO JT SFRVJSFE GPS HSBQIT� *O UIF 'PVSJFS EPNBJO
 UIF DMBTTJDBM DPOUJOVPVT
XBWFMFU JT HJWFO CZ

ψs,l(x) =
1

2π

∫ ∞

−∞
ψ̂(sω)e−jωlejωxdω, 	��


XIFSF ψ̂ EFOPUFT UIF 'PVSJFS USBOTGPSN PG ψ� 'SPN &R� 	��

 JU JT DMFBS UIBU UIF
TDBMJOH QBSBNFUFS s TPMFMZ BĊFDUT UIF BSHVNFOU PG ψ̂
 BOE UIF TIJGUJOH JT SFQSFTFOUFE
CZ NVMUJQMJDBUJPO XJUI UIF DPNQMFY FYQPOFOUJBM e−jwl� ɨFTF UXP PCTFSWBUJPOT BSF
FTTFOUJBM XIFO HFOFSBMJ[JOH UIF XBWFMFU USBOTGPSN UP HSBQIT�

(SBQIT BOE UIFJS 4QFDUSB
5VSOJOH UP TQFDUSBM HSBQI XBWFMFUT
 B CSJFG EFTDSJQUJPO PG TPNF CBTJD OPUJPOT PG HSBQIT
BOE UIFJS TQFDUSB JT JO QMBDF� "O VOEJSFDUFE CJOBSZ HSBQI JT EFTDSJCFE CZ JUT TFU PG WFS�
UJDFT V BOE FEHFT E BT G = (V, E)
 XIFSF FBDI FEHF JT EFmOFE CZ B QBJS PG VOPSEFSFE
JOEJDFT (m,n)� 'PS B HSBQI XJUI |V| = Ng WFSUJDFT BOE OP TFMG�MPPQT
 UIF TZNNFUSJD
BEKBDFODZ NBUSJY A JT HJWFO CZ UIF PĊ�EJBHPOBM FMFNFOUT

am,n =

{
1 JG (m,n) ∈ E ,
0 PUIFSXJTF.

	��
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ɨF EFHSFF NBUSJY D JT EJBHPOBM XJUI FMFNFOUT dm =
∑

n am,n� ɨF OPSNBMJ[FE
HSBQI -BQMBDJBO NBUSJY L JT HJWFO CZ

L = I −D−1/2AD−1/2, 	��


XIFSF I EFOPUFT UIF JEFOUJUZ NBUSJY� "TTVNJOH B TJOHMF DPOOFDUFE HSBQI
 BOE OPUJOH
UIBUL JT TZNNFUSJD BOE QPTJUJWF TFNJ�EFmOJUF
 UIF FJHFOEFDPNQPTJUJPO PGL MFBET UP B
TFU PG Ng SFBM
 OPO�OFHBUJWF FJHFOWBMVFT
 J�F�
 0 = λ1 ≤ λ2 · · · ≤ λNg := λmax� ɨF
NVMUJQMJDJUZ PG FJHFOWBMVFT FRVBM UP [FSP SFnFDUT UIF OVNCFS PG DPOOFDUFE DPNQPOFOUT
JO UIF HSBQI� ɨF DPSSFTQPOEJOH TFU PG FJHFOWFDUPST {χn}

Ng

n=1 GPSN B DPNQMFUF TFU PG
PSUIPOPSNBM WFDUPST
 XIJDI EFmOF UIF HSBQI TQFDUSBM EPNBJO <��>�

4QFDUSBM (SBQI 8BWFMFUT

ɨF XBWFMFU TIJGUJOH BOE TDBMJOH PQFSBUJPOT BSF OPU TUSBJHIUGPSXBSE UP HFOFSBMJ[F GPS
TJHOBMT MZJOH PO B OPO�&VDMJEFBO EPNBJO TVDI BT HSBQI TJHOBMT� )BNNPOE FU BM�
<��> IBWF UBDLMFE UIJT JTTVF CZ UBLJOH UIF EFTJHO UP UIF HSBQI TQFDUSBM EPNBJO BOE
EFSJWJOH UIF FRVJWBMFODF XJUI UIF 'PVSJFS EPNBJO PG DPOWFOUJPOBM XBWFMFUT� 4JODF UIF
DPNQMFY FYQPOFOUJBMT {ejωx} BSF CPUI UIF CBTJT GVODUJPOT PG UIF 'PVSJFS USBOTGPSN
 DG�
&R� 	��

 BOE UIF FJHFOGVODUJPOT PG UIF ��% -BQMBDJBO PQFSBUPS
 BO BOBMPHVF TQFDUSBM
EFTJHO GPS HSBQIT DBO CF EFmOFE CBTFE PO UIF HSBQI FJHFOWFDUPST {χn}

Ng

n=1� ɨVT

UIF TQFDUSBM HSBQI XBWFMFU GVODUJPOT {ψs,l}S−1

s=1 BOE TDBMJOH GVODUJPO φl MPDBMJ[FE BU
FBDI HSBQI WFSUFY l DBO CF EFmOFE BT

ψs,l(x) =

Ng∑

n=1

g(ρsλn)χ
∗
n(l)χn(x), 	��


φl(x) =

Ng∑

n=1

h(λn)χ
∗
n(l)χn(x), 	��


XIFSF {ρs}S−1
s=1 EFOPUF UIF TDBMJOH QBSBNFUFST
 BOE g(·) BOE h(·) BSF XBWFMFU BOE

TDBMJOH HFOFSBUJOH LFSOFMT EFmOFE BT XFJHIUFE XJOEPXT PO UIF HSBQI TQFDUSVN
 SF�
TQFDUJWFMZ� "O FYBNQMF PG TVDI B GSBNF DBO CF DPOTUSVDUFE CZ EFmOJOH .FZFS�MJLF
XBWFMFU�TDBMJOH HFOFSBUJOH LFSOFMT JO UIF TQFDUSBM HSBQI EPNBJO BT TIPXO JO ��

ɨF TQFDUSBM HSBQI XBWFMFU BOE TDBMJOH DPFċDJFOUT PG B HSBQI TJHOBM f ∈ RNg BU
TDBMF s BOE MPDBUJPO l BSF DPNQVUFE BT



��

wψ(s, l) = ⟨f ,ψs,l⟩
(14)
=

Ng∑

n=1

g(ρsλn)f̂(n)χn(l), 	��


wφ(l) = ⟨f ,φl⟩
(15)
=

Ng∑

n=1

h(λn)f̂(n)χn(l), 	��


SFTQFDUJWFMZ
 XIFSF ⟨·, ·⟩ EFOPUFT UIF JOOFS QSPEVDU
 BOE f̂ JT UIF TQFDUSBM SFQSFTFOUBUJPO
PG UIF HSBQI TJHOBM f HJWFO CZ

f̂(n) = ⟨f ,χn⟩, n = 1, . . . , Ng.

��� 4QFDUSBM (SBQI 8BWFMFU CBTFE 41. 	U41.THXU

*O XIBU GPMMPXT
 UIF 4(85 JT BEBQUFE UP B (. CSBJO HSBQI BOE JOUFHSBUFE JO UIF
U41. GSBNFXPSL GPS HSPVQ�MFWFM BDUJWBUJPO NBQQJOH
 MFBEJOH UP B OFX HSBQI CBTFE
G.3* BDUJWBUJPO NBQQJOH SFGFSSFE UP BT U41.THXU� 'JSTU
 UIF DPOTUSVDUJPO PG (.�
BEBQUFE HSBQIT JT JOUSPEVDFE
 GPMMPXFE CZ UIF EFTJHO PG UIF DPSSFTQPOEJOH HSBQI
XBWFMFUT BOE B EFTDSJQUJPO PG UIF SFRVJSFE QSFQSPDFTTJOH TUFQT BOE DPOUSBTU NBQQJOHT�

(.�BEBQUFE (SBQIT
%FmOJOH B HSBQI CBTFE PO UIF (. HFPNFUSZ PG UIF CSBJO Ggm JT BO FTTFOUJBM TUFQ JO
PVS BQQSPBDI� Ggm JT DPOTUSVDUFE BT B HSBQI XJUI UXP TVCHSBQI DPNQPOFOUT� B DFSF�
CSBM TVCHSBQI Gcbr DPOTUSVDUFE VTJOH UIF (. JOGPSNBUJPO BDRVJSFE GSPN TUSVDUVSBM
TDBOT PG NVMUJQMF TVCKFDUT
 BOE B DFSFCFMMBS TVCHSBQI Gcbl DPOTUSVDUFE CBTFE PO UIF
46*5 UFNQMBUF BUMBT�

$FSFCFMMBS (SBQI $POTUSVDUJPO 	Gcbl

ɨF DFSFCFMMBS HSBQI JT EFTJHOFE BT GPMMPXT� 'JSTU
 UIF 46*5 DFSFCFMMVN UFNQMBUF Ssuit

<��>
 EFmOFE JO ./* DPPSEJOBUFT BU � NN SFTPMVUJPO
 JT TFHNFOUFE VTJOH UIF VOJmFE
TFHNFOUBUJPO BMHPSJUIN <��> UP FYUSBDU JUT (. QSPCBCJMJUZ NBQ
 EFOPUFEMsuit
 XJUI
WPYFM QSPCBCJMJUZ WBMVFT pi ∈ [0, 1]� /FYU
 B DFSFCFMMBS (. NBTL JT EFmOFE CZ JOUFS�
TFDUJOH UIF UISFTIPMEFE Msuit 	UISFTIPME WBMVF ���
 XJUI UIF 46*5 QSPCBCJMJTUJD BUMBT
PG DFSFCFMMBS MPCVMFTAsuit <��>� *OUFSTFDUJPO PG UIF NBTL XJUIAsuit FOTVSFT UIBU POMZ
UIPTF WPYFMT XIJDI EFmOF UIF DFSFCFMMBS TUSVDUVSF BSF LFQU
 BOE UIBU UIF CSBJOTUFN JT
FYDMVEFE� ɨF SFTVMUJOH NBQ JT UIFO NPSQIPMPHJDBMMZ mMUFSFE UP SFNPWF JTPMBUFE WPY�
FMT� J�F�
 B WPYFM JT EFmOFE BT JTPMBUFE JG JU JT OPU BEKBDFOU UP BOZ PUIFS WPYFM XJUIJO
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JUT ��DPOOFDUFE OFJHICPVSIPPE JO ��% 	TFF 'JHVSF �
� 8F EFOPUF UIF SFTVMUJOH NBTL
XJUI Mcbl BOE UIF CJOBSZ WBMVFT PG UIJT NBTL XJUI Wi ∈ {0, 1}�

ɨF SFTPMVUJPO PG Mcbl JT � NN JTPUSPQJD BOE OFFET UP CF EPXOTBNQMFE UP UIF
GVODUJPOBM SFTPMVUJPO� ɨFSFGPSF
 XF QSPQPTF UP mSTU mMUFS UIF NBTL XFJHIUFE XJUI
UIF QSPCBCJMJUZ NBQ
 VTJOH B NPWJOH BWFSBHF ��% CPY mMUFS XJUI XJOEPX TJ[FT BQ�
QSPYJNBUJOH UIF GVODUJPOBM WPYFM TJ[F JO FBDI EJNFOTJPO
 GPMMPXFE CZ UISFTIPMEJOH
	UISFTIPME WBMVF ���
� *O QBSUJDVMBS
 UIF EPXOTBNQMFE WPYFMT BSF PCUBJOFE BT

W
′
i = H

(
1

M

M∑

m=1

Wm pm − 0.5

)
, 	��


XIFSF )(·) JT UIF )FBWJTJEF TUFQ GVODUJPO BOE M EFOPUFT UIF OVNCFS PG OFBSFTU
OFJHICPVS WPYFMT JO UIF � NN NBTL SFRVJSFE UP JOUFSQPMBUF UIF EPXOTBNQMFE WPYFM�
ɨF SFTVMUJOH NBTL JT EFOPUFE XJUI Md

cbl� " CJOBSZ DFSFCFMMBS HSBQI
 EFOPUFE Gcbl
 JT
UIFO DPOTUSVDUFE CZ DPOTJEFSJOH UIF OPO�[FSP WPYFMT JOMd

cbl BT WFSUJDFT BOE BTTJHOJOH
FEHFT CZ DPNQVUJOH DPOOFDUJPOT CFUXFFO BEKBDFOU WPYFMT BTTVNJOH ���DPOOFDUJWJUZ
JO ��%
 TFF 'JHVSF ��

'JHVSF �� %FmOJUJPO PG OFJHICPVSIPPE DPOOFDUJWJUJFT� ɨF SFE EBTIFE MJOFT JOEJ�
DBUF UIF EJSFDUJPOT EFmOJOH UIF ��DPOOFDUJWJUZ OFJHICPVSIPPE XJUI SFTQFDU UP UIF
DFOUSBM HSFFO QPJOU
 XIFSFBT UIF SFE EBTIFE MJOFT UPHFUIFS XJUI UIF SFE TPMJE MJOFT
EFmOF UIF ���DPOOFDUJWJUZ OFJHICPVSIPPE�

$FSFCSBM (SBQI %FTJHO 	Gcbr

ɨF TUSVDUVSBM TDBOT {Sj}Jj=1 BSF TFHNFOUFE
 SFTVMUJOH JO B TFU PG (. QSPCBCJMJUZ
NBQT
 EFOPUFE XJUI {Mj}Jj=1� ɨF %"35&- JUFSBUJWF TDIFNF PG BWFSBHJOH BOE EJG�
GFPNPSQIJD SFHJTUSBUJPO PG UIF QSPCBCJMJUZ NBQT JT JODPSQPSBUFE UP DPOTUSVDU B (.
UFNQMBUF GPS UIF HSPVQ PG TVCKFDUT XJUIJO UIF EBUBTFU� ɨF BMHPSJUIN DPOWFSHFT BGUFS



��

TFWFSBM JUFSBUJPOT
 SFTVMUJOH JO B EFUBJMFE (. UJTTVF QSPCBCJMJUZ UFNQMBUF BU � NN SFT�
PMVUJPO Mtmp
 BOE B TFU PG nPX mFMET {Tj}Jj=1 EFTDSJCJOH UIF EFGPSNBUJPO SFRVJSFE
GPS NBQQJOH {Mj}Jj=1 UP UIJT UFNQMBUF�

Mtmp JT OPU OFDFTTBSJMZ BMJHOFE UP UIF ./* DPPSEJOBUFT
 BOE
 UIFSFGPSF
 B TFD�
POE MFWFM PG USBOTGPSNBUJPO UP UIF ./* TQBDF JT SFRVJSFE� ɨVT
 Mtmp JT VQEBUFE
CZ TVCKFDUJOH JU UP BO BċOF USBOTGPSNBUJPO Ttmp UIBU SFHJTUFST JU UP 41.�T (. UJT�
TVF QSPCBCJMJUZ NBQ� 'PS SFGFSFODF
 XF EFOPUF UIF UISFTIPMEFE 	UISFTIPME WBMVF ���

BOE CJOBSJ[FE WFSTJPO PG Mtmp XJUI Mcbr� "GUFS EPXOTBNQMJOH Mtmp UP UIF GVOD�
UJPOBM SFTPMVUJPO
 B CJOBSZ DFSFCSBM (. NBTL JT DSFBUFE CZ mSTU UISFTIPMEJOH UIF NBTL
	UISFTIPME WBMVF ���

 GPMMPXFE CZ FYDMVEJOH UIPTF WPYFMT UIBU MJF XJUIJO JUT JOUFSTFD�
UJPO XJUI Md

cbl� ɨF NBTL JT UIFO NPSQIPMPHJDBMMZ mMUFSFE UP SFNPWF JTPMBUFE WPYFMT
	��DPOOFDUJWJUZ JO ��%
� ɨF OPO[FSP WPYFMT JO UIF SFTVMUJOH NBTL BSF USFBUFE BT HSBQI
WFSUJDFT
 BOE UIF FEHFT BSF EFmOFE XJUI UIF TBNF BQQSPBDI BT EFTDSJCFE GPS UIF DFSF�
CFMMBS DBTF
 MFBEJOH UP B CJOBSZ DFSFCSBM HSBQI UIBU XF EFOPUF XJUI Gcbr�
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'JHVSF �� (.�BEBQUFE HSBQI BOE XBWFMFU EFTJHO� 	B
 4USVDUVSBM TDBOT PG UIF TVC�
KFDUT 	UPQ
 BOE UIF 46*5 UFNQMBUF BUMBT 	CPUUPN
 BSF VTFE UP DPOTUSVDU 	C
 UIF
DFSFCSBM 	UPQ
 BOE DFSFCFMMBS 	CPUUPN
 UFNQMBUF (. NBTLT
 XIJDI BSF UIF CBTJT JO
EFTJHOJOH MPDBM TUSVDUVSBM DPOOFDUJWJUZ TVCHSBQIT Gcbr BOE Gcbl
 SFTQFDUJWFMZ� 	D

#MPDL EJBHPOBM -BQMBDJBO NBUSJY EFmOJOH UIF TQFDUSVN PG Ggm� 	E
 .FZFS�MJLF
XJOEPXJOH GVODUJPOT h(ρSλ) BOE {g(ρsλ)}s=1,2 BU UIF MPXFS FOE PG UIF TQFDUSB
PG Gcbr BOE Gcbl� " DPNQBSJTPO PG UIF UXP GSBNFT SFWFBMT UIF EJĊFSFODF JO UIF TVQ�
QPSU PG UIF DPSSFTQPOEJOH TDBMJOH 	CMVF
 BOE XBWFMFU 	HSFFO BOE SFE
 LFSOFMT PG UIF
UXP TVCHSBQIT 	JOEJDBUFE CZ UIF BSSPXT BOE EBTIFE MJOFT
� ɨF HSBZ DPMPVSFE WFS�
UJDBM QBSBMMFM CBST BMPOH UIF IPSJ[POUBM BYJT JOEJDBUF UIF QPTJUJPO PG UIF FJHFOWBMVFT
XJUIJO UIF TQFDUSBM SBOHF�



��

(SBZ .BUUFS "EBQUFE 8BWFMFU %FTJHO
ɨF DPOTUSVDUFE TVCHSBQIT Gcbr BOE Gcbl BSF EJTDPOOFDUFE XJUIJO Ggm� ɨVT
 UIF DPS�
SFTQPOEJOH GVMM CSBJO -BQMBDJBO NBUSJY Lgm JT CMPDL EJBHPOBM 	'JHVSF �	D

� -FU Ncbr

BOENcbl EFOPUF UIF OVNCFS PG WFSUJDFT JO FBDI TVCHSBQI� "T TVDI
 UIF FJHFOWFDUPST PG
Lgm DPNQSJTF UXP TFUT PG EJTUJODU CBTJT {χcbr

n }Ncbr
n=1 BOE {χcbl

n }Ncbl
n=1
 FBDI TFQBSBUFMZ

TQBOOJOH UIF DFSFCSBM BOE DFSFCFMMBS (. EPNBJOT
 SFTQFDUJWFMZ� " UJHIU GSBNF EFTJHO
JT UIFO VTFE UP QBSUJUJPO UIF TQFDUSBM SBOHF PG FBDI TVCHSBQI BOE UP BMMPDBUF UIF TVQ�
QPSU PG FBDI XBWFMFU TDBMF� 8F DIPPTF g(·) BOE h(·) 	DG� 4FDUJPO ���
 TVDI UIBU UIF
TFU PG GVODUJPOT {ψs,l,φl}s∈S,l∈V GPSNT B UJHIU GSBNF JO ℓ2(V) <��>� ɨF UJHIU GSBNF
DPOTUSVDUJPO JT PG JNQPSUBODF BT JU MFBET UP FOFSHZ DPOTFSWBUJPO CFUXFFO UIF PSJHJOBM
BOE USBOTGPSNFE EPNBJO BOE FOBCMFT BO FċDJFOU JOWFSTF USBOTGPSN VTJOH UIF BEKPJOU
PQFSBUPS <��>� "MTP
 XF QSFGFS UIF XBWFMFU LFSOFMT BU EJĊFSFOU TDBMFT UP GVODUJPO BT
TDBMFE CBOEQBTT mMUFST BOE UIF TDBMJOH GVODUJPO BT B MPXQBTT mMUFS� ɨVT
 XF VTF UIF
.FZFS�MJLF TQFDUSBM XBWFMFU GSBNF BT QSPQPTFE JO <��> 	�
�

ɨF DPOTUSVDUJPO PG Gcbl JT TUVEZ�JOEFQFOEFOU
 BOE UIF SFTVMUJOH Gcbl IBT ����
WFSUJDFT� ɨF TJ[F PG Gcbr EFQFOET PO UIF EBUBTFU VTFE� 6TJOH UIF EBUBTFU VTFE JO UIJT
TUVEZ 	TFF 4FDUJPO ���
 MFBET UP B Gcbr XJUI ����� WFSUJDFT
 BOE UIVT
 B Ggm XJUI
����� WFSUJDFT� %VF UP UIF MBSHF TJ[F PG Ggm
 EJBHPOBMJTJOH Lgm JT DPNQVUBUJPOBMMZ
DVNCFSTPNF� ɨFSFGPSF
 XF mOE JU BEWBOUBHFPVT UP VTF B QPMZOPNJBM BQQSPYJNBUJPO
TDIFNF GPS FTUJNBUJOH UIF TDBMFE HFOFSBUJOH LFSOFMT g(·) 	TFF &R� 	��

 CZ MPX�PSEFS
QPMZOPNJBMT BT QSPQPTFE JO <��>� *O EPJOH TP
 UIF XBWFMFU DPFċDJFOUT BU FBDI TDBMF
BSF PCUBJOFE CZ BQQMZJOH B QPMZOPNJBM PG Lgm UP UIF EBUB
 BOE POMZ BO FTUJNBUF PG
UIF SBOHF PG UIF FJHFOWBMVFT GPS FBDI CMPDL PG Lgm JT SFRVJSFE� Lgm IBT UXP [FSP
FJHFOWBMVFT BT CPUI Gcbr BOE Gcbl BSF DPOTUSVDUFE TVDI UIBU UIFJS TJOHMF DPOOFDUJWJUZ
JT FOTVSFE BOE BSF
 BU UIF TBNF UJNF
 NVUVBMMZ EJTDPOOFDUFE� ɨVT
 UIF MPXFS TQFDUSBM
CPVOE GPS CPUI Gcbr BOE Gcbl
 J�F�
 λ1
 JT 0� )PXFWFS
 UIFJS VQQFS TQFDUSBM CPVOET
EFQFOE PO UIF DPNQMFYJUZ QSFTFOU JO UIF (. TUSVDUVSF PG UIF SFTQFDUJWF SFHJPO
 XJUI
B IJHIFS WBMVF FYQFDUFE GPS Gcbr EVF UP JUT NPSF JOUSJDBUF HFPNFUSJDBM EFUBJM� 'PS Gcbl

UIBU JT DPOTUSVDUFE UP GPSN B UFNQMBUF UIBU JT DBOPOJDBM JO OBUVSF
 UIF VQQFS CPVOE JT
mYFE
 J�F�
 λmax = 1.4
 XIFSFBT JU WBSJFT GPS Gcbr BT JU JT DPOTUSVDUFE GPS FBDI EBUBTFU
TFQBSBUFMZ� 'PS UIF EBUBTFU UFTUFE JO UIJT TUVEZ 	DG� 4FDUJPO ���

 λmax = 1.6� ɨJT
EJĊFSFODF JO VQQFS CPVOE
 JO UVSO
 BĊFDUT UIF TVQQPSU PG UIF DFSFCFMMBS BOE DFSFCSBM
GSBNFT JO UFSNT PG UIF SBOHF BOE XJEUI PG UIF LFSOFMT
 TFF 'JHVSF �	E
�
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+

_

+

_

+

_

+

_

(b)

(a)

'JHVSF �� 3FBMJ[BUJPOT PG UIF (.�BEBQUFE XBWFMFUT MPDBMJ[FE BU TFWFSBM EJĊFSFOU
SFHJPOT PG UIF DFSFCSVN 	UPQ SPX
 BOE UIF DFSFCFMMVN 	CPUUPN SPX
 PWFSMBJE PO
(.� ɨF mHVSFT BSF DPMPS DPEFE 	CMVF BOE HSFFO
 DPSSFTQPOEJOH UP UIF TQFDUSBM
EFTJHOT TIPXO JO 'JHVSF �	E
� J�F� CMVF� φj BOE HSFFO� ψ1,j 
 GPS TJY EJĊFSFOU j
EFOPUJOH UIF JOEJDFT PG UIF HSBQI WFSUJDFT XIFSF UIF XBWFMFUT BSF MPDBMJ[FE� /PUF
UIBU BMUIPVHI UIF XBWFMFUT EJĊVTF XJUIJO ��% TQBDF
 POMZ JNBHFT PG B DPSPOBM TMJDF
BSF JMMVTUSBUFE�



��

'VODUJPOBM %BUB 1SF�QSPDFTTJOH � $POUSBTU .BQQJOH

ɨF GVODUJPOBM WPMVNFT BSF DPSSFDUFE GPS TMJDF�UJNJOH BOE SFBMJHOFE XJUI UIF mSTU BD�
RVJSFE JNBHF� ɨF IFBE NPWFNFOU QBSBNFUFST BSF UIFO FTUJNBUFE BOE VTFE BT DP�
WBSJBUFT JO UIF EFTJHO NBUSJDFT {X1,j}� 'PS FBDI TVCKFDU
 UIF TUSVDUVSBM WPMVNFT BSF
DP�SFHJTUFSFE XJUI UIF NFBO GVODUJPOBM WPMVNF�

*O PSEFS UP SFEVDF JOUFSQPMBUJPO FĊFDUT
 BMM DPNQVUBUJPOT PG UIF mSTU MFWFM BOBMZTJT
BSF EPOF JO UIF OBUJWF TVCKFDU TQBDF
 UIVT
 OP OPSNBMJ[BUJPO JT EPOF PO UIF GVOD�
UJPOBM EBUB� *OTUFBE
 UIF SFTVMUJOH mSTU MFWFM QBSBNFUFS NBQT {Pj}Jj=1

� BSF OPSNBM�
J[FE
 XIJDI MFBET UP OPSNBMJ[FE DFSFCSBM BOE DFSFCFMMBS DPOUSBTU NBQT EFOPUFE XJUI
{Pcbr,j}Jj=1 BOE {Pcbl,j}Jj=1
 SFTQFDUJWFMZ� ɨF SFRVJSFE USBOTGPSNBUJPOT GPS UIJT OPS�
NBMJ[BUJPO
 EFOPUFE {Tcbr,j}Jj=1 BOE {Tcbl,j}Jj=1
 SFTQFDUJWFMZ
 BSF FTUJNBUFE CBTFE PO
USBOTGPSNJOH UIF TVCKFDUT� TUSVDUVSBM EBUB UP UIF SFTQFDUJWF UFNQMBUF EPNBJOT�

)BWJOH EFTJHOFE Gcbr
 UIF (. PG FBDI TVCKFDU DBO CF DPOTUSVDUFE UISPVHI XBSQ�
JOH Mtmp
 VTJOH UIF JOWFSTF PG UIF FTUJNBUFE nPX mFMET {Tj}Jj=1� ɨFSFGPSF
 BT UIF
GVODUJPOBM BOE TUSVDUVSBM WPMVNFT BSF DP�SFHJTUFSFE
 BQQMZJOH UIF TBNF USBOTGPSNB�
UJPO UP UIF DPSSFTQPOEJOH DPOUSBTU NBQT SFTVMUT JO UIFJS XJUIJO�TVCKFDU SFHJTUSBUJPO�
"T TVDI
 B CFUUFS PWFSMBQ PG FĊFDUT DBO CF HBJOFE GPS TFDPOE MFWFM BOBMZTJT
 XIJDI DBO
DPOTFRVFOUMZ MFBE UP JODSFBTFE TUBUJTUJDBM QPXFS� ɨF TBNF SFBTPOJOH IPMET GPS UIF
DFSFCFMMVN� {Tcbr,j}Jj=1 BSF DPOTUSVDUFE CZ DPNCJOJOH {Tj}Jj=1 XJUI Ttmp 	DG� 4FD�
UJPO ���
� ɨF DFSFCFMMBS TUSVDUVSF PG FBDI TVCKFDU JT mSTU BOOPUBUFE VTJOH B TFNJ�
BVUPNBUJD QSPDFEVSF
 BOE UIF USBOTGPSNBUJPO JT EFUFSNJOFE CZ NBQQJOH JU UP UIF
46*5 UFNQMBUF <��>� ɨF 46*5 UFNQMBUF JT BMSFBEZ EFmOFE JO ./* TQBDF BOE UIVT
OP FYUSB USBOTGPSNBUJPOT BSF SFRVJSFE� 'JHVSF � JMMVTUSBUFT FYBNQMFT PG UIF SFTVMUJOH
OPSNBMJ[FE TUSVDUVSBM EBUB BGUFS BQQMZJOH UIF OPSNBMJ[BUJPO USBOTGPSNBUJPOT
 CPUI PO
UIF DFSFCSVN BOE UIF DFSFCFMMVN�

ɨF DP�SFHJTUSBUJPO BOE OPSNBMJ[BUJPO QSPDFEVSFT BSF DSVDJBM TUFQT JO UIF QSPQPTFE
GSBNFXPSL EVF UP UIF SFRVJSFNFOU PG B POF�UP�POF DPSSFTQPOEFODF CFUXFFO UIF WPYFMT
PG UIF GVODUJPOBM BOE TUSVDUVSBM EBUB BT UIF DPOTUSVDUFE HSBQIT BSF CBTFE PO BOBUPNJDBM
EBUB� 'JHVSF � JMMVTUSBUFT UIF NBQQJOH PG BO G.3* DPOUSBTU NBQ UP B HSBQI TJHOBM�
/PUF UIBU POMZ UIPTF WPYFMT PG UIF DPOUSBTU WPMVNFT XJUI B HSBQI WFSUFY DPVOUFSQBSU
BSF FYUSBDUFE
 BOE UIFJS WBMVFT BSF DPOTJEFSFE BT FMFNFOUT PG B TJHOBM MZJOH PO UIF
HSBQI� ɨF FYUSBDUFE DPOUSBTU WPYFMT GSPN CPUI UIF DFSFCSVN BOE DFSFCFMMVN BSF
WFDUPSJ[FE
 UIFJS 4(85 JT DPNQVUFE BOE UIF SFTVMUJOH TFU PG XBWFMFU DPFċDJFOUT BSF
GFE UP USBOTGPSN�EPNBJO NPEFMMJOH� 'JHVSF � JMMVTUSBUFT BO PWFSWJFX PG U41.THXU�

�Pj EFOPUFT UIF TBNF mSTU MFWFM QBSBNFUFS NBQT BT pj HJWFO JO &R�	�
 CVU JO OPO�WFDUPSJ[FE GPSNBU�
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'JHVSF �� "EESFTTJOH JOUFS�TVCKFDU (. WBSJBCJMJUZ� ɨF SFRVJSFE USBOTGPSNBUJPOT
GPS OPSNBMJ[JOH UIF mSTU MFWFM DPOUSBTUT UP UIF TQBDFT PG Gcbr BOE Gcbl
 EFOPUFE
{Tcbr,j}Jj=1 BOE {Tcbl,j}Jj=1
 SFTQFDUJWFMZ
 BSF FTUJNBUFE CBTFE PO USBOTGPSNJOH
	B
 UIF (. TFHNFOUBUJPOT UP Mtmp BOE 	C
 UIF DFSFCFMMVN TUSVDUVSBM TDBOT UP
Ssuit
 SFTQFDUJWFMZ� /PUF UIBU UIF OPSNBMJ[FE TUSVDUVSBM EBUB 	CPUUPN SPX
 BSF OPU
EJSFDUMZ VTFE CZ U41.THXU
 CVU SBUIFS UIF FTUJNBUFE USBOTGPSNBUJPOT�
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extracted contrast voxels

spatially normalized cerebral contrasts

graph signal

'JHVSF �� *MMVTUSBUJPO PG NBQQJOH BO G.3* DPOUSBTU NBQ UP B HSBQI TJHOBM� /PUF
UIBU UIF HSBQI EFTJHO BOE NBQQJOH QSPDFEVSF JT JNQMFNFOUFE JO ��% TQBDF
 CVU
GPS FBTF PG JMMVTUSBUJPO B ��% FYBNQMF JT QSFTFOUFE�
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� %BUBTFUT

��� &YQFSJNFOUBM %BUBTFU

%BUB GSPN �� IFBMUIZ BEVMUT QFSGPSNJOH B TMPX FWFOU�SFMBUFE &SJLTFO nBOLFS UBTL XFSF
TUVEJFE <��>� *O FBDI USJBM
 UIF TVCKFDUT VTFE POF PG UXP CVUUPOT UP EJTUJOHVJTI CFUXFFO
DPOHSVFOU BOE JODPOHSVFOU USJBMT 	JOUFS�USJBM JOUFSWBM WBSJFE CFUXFFO � T BOE �� T XJUI
B NFBO PG �� T
� *O DPOHSVFOU USJBMT
 UIF nBOLJOH BSSPXT QPJOUFE JO UIF TBNF EJSFDUJPO
BT UIF DFOUSBM BSSPX 	F�H�
 <<<<<

 XIFSFBT JO NPSF EFNBOEJOH JODPOHSVFOU USJBMT
UIF nBOLJOH BSSPXT QPJOUFE JO PQQPTJUF EJSFDUJPO 	F�H�
 <<><<
�

'VODUJPOBM EBUB XFSF BDRVJSFE VTJOH B �5 TDBOOFS
 XIFSF DPOUJHVPVT XIPMF�CSBJO
GVODUJPOBM WPMVNFT XFSF PCUBJOFE VTJOH FDIP QMBOBS JNBHJOH EVSJOH FBDI PG UIF UXP
nBOLFS UBTL CMPDLT 	5& � �� NT
 53 � ���� NT
 nJQ BOHMF � 8◦
 NBUSJY � 64 × 64

�� TMJDFT
 '07 � ��� NN
 WPYFM TJ[F � 3× 3× 4 NN3
 ��� WPMVNFT
� 5��XFJHIUFE
BOBUPNJDBM TDBOT XFSF DPMMFDUFE VTJOH BO .13"(& TFRVFODF 	5& � ���� NT
 53 �
���� NT
 nJQ BOHMF � 8◦
 ��� TMJDFT
 '07 � ��� NN
 WPYFM TJ[F � 30×20×10NN3
�
6TJOH UIJT EBUBTFU
 B DFSFCSVN HSBQI Gcrb XJUI ����� WFSUJDFT XBT DSFBUFE�

��� 4FNJ�4ZOUIFUJD %BUBTFU

5P FWBMVBUF UIF QSPQPTFE BMHPSJUIN
 B TFNJ�TZOUIFUJD HSPVQ G.3* EBUBTFU XJUI LOPXO
HSPVOE USVUI VOEFSMZJOH TJNVMBUFE CSBJO BDUJWJUZ XBT DSFBUFE
 VTJOH UIF BOBUPNJDBM
TDBOT PG UIF �� TVCKFDUT PG UIF nBOLFS UBTL EBUBTFU� ɨF EBUBTFU XBT DSFBUFE UP BDDPVOU
GPS JOUFS�TVCKFDU WBSJBCJMJUZ JO TUSFOHUI BOE MPDBUJPO PG UIF BDUJWJUZ BT XFMM BT UP TJNVMBUF
B SFBMJTUJD BDUJWJUZ QBUUFSO� 'VODUJPOBM DPOUSBTUT XJUI LOPXO TVCKFDU�TQFDJmD HSPVOE
USVUI BDUJWBUJPO QBUUFSOT UIBU EJĊVTF BDDPSEJOH UP UIF (. PG FBDI TVCKFDU XFSF DSFBUFE
BT GPMMPXT�

'JSTU
 GPS FBDI TVCKFDU j
 UIF FTUJNBUFE nPX mFME Tcbr,j 	DG� 4FDUJPO ���
 XBT BQ�
QMJFE UP JUT (. QSPCBCJMJUZ NBQ
 Mj 
 SFTVMUJOH JO B EFGPSNFE�XBSQFE (. JO ./*
TQBDF� ɨF SFTVMUJOH QSPCBCJMJUZ NBQT XFSF UIFO TNPPUIFE 	'8). � NN

 CJOBSJ[FE
CZ UISFTIPMEJOH BU ���
 MFBEJOH UP B TFU PG NBTLT VTFE UP DPOTUSVDU BO VOXFJHIUFE
HSBQI GPS FBDI TVCKFDU XJUI BEKBDFODZ NBUSJDFT {Aj}26j=1� ɨSFF 5 × 5 × 5 NN DV�
CJD SFHJPOT 	��� WPYFMT

 UXP JO UIF DFSFCSVN BOE POF JO UIF DFSFCFMMVN
 XFSF UIFO
DIPTFO BT DBOEJEBUFT GPS UISFF BDUJWBUJPO DFOUSFT� ɨF DFOUSFT XFSF TQBUJBMMZ KJUUFSFE
CZ SBOEPNMZ QJDLJOH UISFF WPYFMT 	POF GSPN FBDI SFHJPO

 DSFBUJOH B TFU PG JOEJDB�
UPS WFDUPST {xj}26j=1 EFmOJOH UIF WPYFM MPDBUJPO PG UIF UISFF DFOUFST GPS FBDI TVCKFDU�
"O BDUJWBUJPO QBUUFSO yj UIBU EJĊVTFT GSPN UIF UISFF DFOUFS QPJOUT BMPOH UIF JOEJWJE�
VBM�T (. EPNBJO XBT DPOTUSVDUFE CZ DPOTFDVUJWF BQQMJDBUJPO PG UIF DPSSFTQPOEJOH
BEKBDFODZ NBUSJY Aj UP xj BOE DPOmOJOH UIF FMFNFOUT PG yj UP UIF SBOHF <�
 �> BT
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'JHVSF��3FBMJ[BUJPOTPGTZOUIFUJDBDUJWJUZQBUUFSOTy
j GPSTFWFSBMTVCKFDUT
PWFSMBJE

PO
FBDI

TVCKFDU�T(
.

�
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'JHVSF �� 4FNJ�TZOUIFUJD %BUB� %FmOFE HSPVOE USVUI BDUJWBUJPO NBQ�

yj(i) =

{
1 JG x′

j(i) > 1,
n

√
x

′
j(i) PUIFSXJTF,

	��


XIFSF x′
j = An

j xj BOE n EFmOFT UIF FYUFOU PG UIF EJĊVTJPO 	'JHVSF �
� 8JUI UIJT
DPOTUSVDUJPO
 OPU POMZ EP UIF QBUUFSOT WBSZ CFUXFFO TVCKFDUT
 CVU BMTP UIF EJTUSJCVUJPO
PG UIFJS WBMVFT� ɨF SFTVMUJOH QBUUFSOT XFSF EPXOTBNQMFE UP ��NN SFTPMVUJPO�

8F USFBU UIFTF QBUUFSOT BT UIF HSPVOE USVUI mSTU MFWFM DPOUSBTUT GPS UIF JOEJWJEVBM
TVCKFDUT 	J�F�
 POF QBUUFSO QFS TVCKFDU
� 6TJOH UIF BWFSBHF PG BMM �� QBUUFSOT
 UIPTF WPY�
FMT XIPTF BDUJWJUZ FYDFFEFE 0.5 BOE XIPTF MPDBUJPO DPSSFTQPOEFE UP B WPYFM JO Mtmp

XJUI BU MFBTU 50� QSPCBCJMJUZ XFSF EFmOFE BT HSPVOE USVUI 	'JHVSF �
� ɨF JOEJWJEVBM
BDUJWJUZ QBUUFSOT XFSF UIFO DPSSVQUFE XJUI BEEJUJWF XIJUF (BVTTJBO OPJTF XJUI WBSJ�
BODF σ2 = 1�
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� 3FTVMUT

��� 4FUVQ BOE 1FSGPSNBODF .FBTVSFT

'PS DPNQBSBUJWF QVSQPTFT
 XF JNQMFNFOUFE 41. 	JTPUSPQJD (BVTTJBO TNPPUIJOH XJUI
'8). PG 4 BOE 6NN
 EFOPUFE 41.�NN BOE 41.�NN
 SFTQFDUJWFMZ

 BOE USBOTGPSN�
CBTFE 41. VTJOH TUBOEBSE PSUIPHPOBM XBWFMFUT 	��%�;
 SFEVOEBOU

 EFOPUFE U41.EXU

BOE (.�BEBQUFE XBWFMFUT
 EFOPUFE U41.THXU� 41.�NN XBT QFSGPSNFE UP JMMVTUSBUF
UIF FĊFDU PG TNPPUIJOH PO TQBUJBM BDDVSBDZ BOE EFUBJM PG EFUFDUJPOT�

'PS CPUI EBUBTFUT
 XF QSFTFOU UIF SFTVMUT JO UFSNT PG UIF OVNCFS PG EFUFDUJPOT� 'PS
UIF TFNJ�TZOUIFUJD EBUB
 XF BMTP QSFTFOU UIF OVNCFS PG USVF QPTJUJWFT 	51
 BOE GBMTF
QPTJUJWFT 	'1

 BOE UIF SFDFJWFS PQFSBUJOH DIBSBDUFSJTUJD 	30$
 DVSWF CZ WBSZJOH p�
WBMVFT� .PSFPWFS
 UP JOEJDBUF UIF EFUFDUJPOT UIBU MJF PVUTJEF UIF FYQFDUFE (. SFHJPO
XIFSF B #0-% TJHOBM JT FYQFDUFE
 UIF EFUFDUJPOT BSF BMTP DBUFHPSJTFE CBTFE PO UIFJS
BċOJUZ UP UIF VOEFSMZJOH UJTTVF� (.�� EFOPUFT B NBTL DPWFSJOH UIF SFHJPOT XJUI B
(. QSPCBCJMJUZ PG BU MFBTU ���
 J�F�
 HSFBUFS UIBO UIBU PG UIF QSPCBCJMJUZ PG CFJOH XIJUF
NBUUFS 	8.
 PS DFSFCSPTQJOBM nVJE 	$4'
� ɨJT NFUSJD QSPWJEFT BO JOUVJUJWF RVBMJUZ
NFBTVSF PG BDUJWBUJPO NBQQJOH
 FTQFDJBMMZ GPS SFBM EBUB XIFSF UIF HSPVOE USVUI JT OPU
LOPXO� "T BO JOJUJBM CVU SFBTPOBCMF BQQSPYJNBUJPO
 EFUFDUJPOT UIBU EP OPU JOUFSTFDU
XJUI (.�� DBO CF BTTVNFE UP CF '1T�

��� 4FNJ�4ZOUIFUJD %BUB

5BCMF � QSFTFOUT UIF SFTVMUT JO BQQMZJOH UIF EJĊFSFOU NFUIPET PO UIF TFNJ�TZOUIFUJD
EBUB
 XIFO UFTUJOH BU B TJHOJmDBODF MFWFM PG p < 0.05 GBNJMZXJTF FSSPS 	'8&
 DPS�
SFDUFE� #PUI XBWFMFU BQQSPBDIFT IBWF B TJHOJmDBOUMZ CFUUFS DPOUSPM PWFS '1T 	UZQF�*
FSSPS DPOUSPM
 DPNQBSFE UP 41.�NN 	�� BOE ��� WT� ���� '1T
� U41.THXU TIPXT B
TJHOJmDBOUMZ IJHIFS TFOTJUJWJUZ DPNQBSFE UP U41.EXU 	���� WT� ��� 51T
� "MUIPVHI
41.�NN BMTP FYIJCJUT B IJHIFS TFOTJUJWJUZ UIBO U41.THXU 	���� WT� ���� 51T

 JU MBDLT
TQBUJBM BDDVSBDZ 	���� WT� ��� '1T
� 'PS FYBNQMF
 UIF MBDL PG TQBUJBM BDDVSBDZ DBO CF
PCTFSWFE XIFO DPNQBSJOH 41.�NN BOE U41.THXU EFUFDUJPOT BU DPSPOBM TMJDFT −34 UP
−25 JO 'JHVSFT ��	B
o	C

 SFTQFDUJWFMZ
 UP UIF HSPVOE USVUI JO 'JHVSF ��

.BOZ 41.�NN EFUFDUJPOT BSF PVUTJEF (.�� 	BQQSPYJNBUFMZ ���
� ɨF DMBTTJm�
DBUJPO PG '1T XJUI SFTQFDU UP (.�� TIPXT UIBU UIF TQFDJmDJUZ PG U41.THXU JT IJHIFS
UIBO 41.�NN OPU POMZ JO UPUBM
 CVU BMTP XIFO POMZ UBLJOH EFUFDUJPOT XJUIJO (.��
JOUP BDDPVOU 	��� WT� ��� '1T
� *O PUIFS XPSET
 UIF mOF EFUBJMT EFUFDUFE CZ U41.THXU

DBOOPU CF PCUBJOFE CZ JOUFSTFDUJOH 41.�NN EFUFDUJPOT XJUI UIF (.�� NBTL� /PUF
UIBU 41.�NN IBT ��� FYUSB 51T UIBO U41.THXU 	J�F�
 1785− 1398

 BT DPNQBSFE UP
��� FYUSB '1T XJUIJO (.�� 	J�F�
 644− 183

 XIJDI JOEJDBUFT MFTT UIBO SBOEPN 51
EFUFDUJPO� ɨJT MBDL PG EFUBJM JO 41.�NN EFUFDUJPOT JT NBJOMZ EVF UP UIF TNPPUIJOH
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(a)

(b)

'JHVSF ��� 4FNJ�TZOUIFUJD %BUB� "DUJWBUJPO NBQT EFUFDUFE CZ 	B
 41.�NN BOE
	C
 U41.THXU
 BMM PWFSMBJE PO Mtmp�
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5BCMF �� %FUFDUJPO QFSGPSNBODF PO UIF TFNJ�TZOUIFUJD EBUBTFU�

.FUIPE 41.�NN 41.�NN U41.EXU U41.THXU

EFUFDUJPOT � UPUBM ���� ���� ��� ����
EFUFDUJPOT � JO (.�� ���� ���� ��� ����
51T � 	TFOTJUJWJUZ
 ���� � 	���
 ���� � 	���
 ��� � 	�� �
 ���� � 	�� �

'1T � UPUBM � 	TQFDJmDJUZ
 ��� � ����� ���� � 	�����
 �� � 	���� �
 ��� � 	���� �

'1T � JO (.�� ��� ��� �� ���

QIBTF
 UIPVHI MFBEJOH UP IJHIFS TFOTJUJWJUZ� #Z SFEVDJOH UIF BNPVOU PG TNPPUIJOH

XF PCTFSWF UIBU UIF TFOTJUJWJUJFT PG 41.�NN BOE U41.THXU BSF TJNJMBS 	���� WT� ����
51T
 XIJMF U41.THXU QSFTFSWT JUT CFUUFS TQFDJmDJUZ 	��� WT� ��� '1T
�

'JHVSF �� TIPXT 30$ DVSWFT JMMVTUSBUJOH UIF TQFDJmDJUZoTFOTJUJWJUZ USBEF�PĊ PG
UIF BQQSPBDIFT BT B GVODUJPO PG UIF TJHOJmDBODF MFWFM� "U UIF TBNF MFWFM PG TQFDJmDJUZ

U41.THXU DPOTJTUFOUMZ TIPXT TVQFSJPS TFOTJUJWJUZ XIFO DPNQBSFE UP UIF PUIFS UISFF
BQQSPBDIFT� /PUF UIBU TQFDJmDJUZ PG CPUI U41.EXU BOE U41.THXU JT DPOmOFE UP IJHI
WBMVFT EVF UP UIF JOWFSTF JOUFS�SFMBUJPO PG UIF TQBUJBM BOE USBOTGPSN EPNBJO UISFTIPMET
	J�F�
 τS BOE τT 
 UIBU BSF JOWFSTFMZ QSPQPSUJPOBM <�>� BT UIF TJHOJmDBODF MFWFM JOQVU UP
UIF BMHPSJUIN ESPQT CFMPX α = 0.01
 B SFBTPOBCMF MPX FOPVHI MJNJU
 τT TJHOJmDBOUMZ
EFDSFBTFT
 MFBEJOH UP BO FYDFTT JODSFBTF JO τS 
 XIJDI JO UVSO SFTUSJDUT EFUFDUJPOT BOE
UIF TFOTJUJWJUZ�

0 0.0025 0.005 0.0075 0.01 0.0125 0.015 0.0175 0.02 0.0225 0.025 0.0275 0.030.03
0

0.2

0.4

0.6
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'JHVSF ��� 1FSGPSNBODF 30$ DVSWFT GPS UIF GPVS BQQSPBDIFT� ɨF DJSDMFE QPJOUT
EJTQMBZ UIF SFTVMUT BDIJFWFE XIFO UFTUJOH BU B TJHOJmDBODF MFWFM PG p < 0.05 '8&
DPSSFDUFE 	J�F�
 DPSSFTQPOEJOH UP 5BCMF �
�



��

��� &YQFSJNFOUBM %BUB

5BCMF � QSFTFOUT UIF SFTVMUT GPS UIF nBOLFS UBTL EBUBTFU
 XIFSF UIF JODPOHSVFOU BDUJWF
DPOUSBTU XBT TUVEJFE� J�F�
 EFUFDUJOH BDUJWBUJPOT EVSJOH JODPOHSVFOU USJBMT� 'PS FBDI
TVCKFDU j


X1,j = [x1,j |x2,j |r1,j |r2,j | · · · |r6,j ,1],

XIFSF x1,j BOE x2,j BSF CJOBSZ WFDUPST JOEJDBUJOH UIF POTFU PG DPOHSVFOU BOE JODPO�
HSVFOU USJBMT
 SFTQFDUJWFMZ
 {xk,j}K=1,··· ,6 BSF UIF FTUJNBUFE IFBE NPWFNFOU QBSBN�
FUFST VTFE BT BEEJUJPOBM SFHSFTTPST
 BOE UIF MBTU DPMVNO 1 JT B DPOTUBOU WFDUPS XIJDI
NPEFMT UIF BWFSBHF BDUJWJUZ� c1 JT TFU UP [0, 1, 0, · · · , 0]T GPS EFUFDUJOH WPYFMT XIPTF
BDUJWBUJPO JODSFBTF JO SFTQPOTF UP JODPOHSVFOU USJBMT� "MM UFTUT XFSF QFSGPSNFE BU B TJH�
OJmDBODF MFWFM PG p < 0.05 '8& DPSSFDUFE� " mSTU PCTFSWBUJPO JT UIBU CPUI 41.�NN

BOE U41.EXU SFTVMU JO NPSF EFUFDUJPOT UIBO U41.THXU 	���� BOE ���� WT� ���� EF�
UFDUJPOT
 SFTQFDUJWFMZ
� )PXFWFS
 SFTUSJDUJOH UIF EFUFDUJPOT UP (.�� XJUIJO XIJDI
U41.THXU GVODUJPOT
 XF TFF UIBU U41.THXU PVUQFSGPSNT CPUI 41.�NN BOE U41.EXU

CZ ��� BOE ��� NPSF EFUFDUJPOT
 SFTQFDUJWFMZ 	���� WT� ���� BOE ���� EFUFDUJPOT

SFTQFDUJWFMZ
�

'JHVSFT ��	B
o	C
 TIPX UIF EFUFDUJPO NBQT VTJOH 41.�NN BOE U41.THXU
 SFTQFD�
UJWFMZ� U41.THXU EFUFDUJPOT FYIJCJU NPSF TQBUJBM EFUBJMT
 BT FWJEFODFE GPS JOTUBODF CZ
UIF TVCUMF QBUUFSOT PCTFSWFE JO UIF MFGU BOE SJHIU VQQFS DFSFCSPDPSUJDBM SFHJPOT JO TMJDFT
−49 UP −31� .PSFPWFS
 U41.THXU IBT CFUUFS BCJMJUZ UP EFUFDU DPOOFDUFE QBUUFSOT � B
SFTVMU XIJDI JT FMVDJEBUFE CZ SF�QMPUUJOH 41.�NN EFUFDUJPOT XIJMF LFFQJOH POMZ UIPTF
EFUFDUJPOT UIBU GBMM XJUIJO (.��
 TFF 'JHVSF ��	D
� &YBNQMFT PG UIJT QIFOPNFOPO DBO
CF PCTFSWFE CZ DPNQBSJOH UIF EFUFDUJPOT JO UIF DFSFCSBM DPSUFY JO TMJDFT −61 UP −31
JO 'JHVSFT ��	C
o	D
� 8JUI SFTQFDU UP EFUFDUJPO TFOTJUJWJUZ XJUIJO (.��
 U41.THXU JO
HFOFSBM QFSGPSNT CFUUFS XJUI BEEJUJPOBM BDUJWBUJPOT DPNQBSFE UP 41.�NN JO TFWFSBM
SFHJPOT
 TFF DFSFCFMMBS SFHJPO JO TMJDFT −55 UP −34� *U TIPVME BMTP CF OPUFE UIBU UIF
EFUFDUJPOT PG 41.�NN JODMVEF EFFQ OVDMFJ SFHJPOT TVDI BT CBTBM HBOHMJB BOE UIBMBNVT

TFF NFEJBM EFUFDUJPOT JO TMJDFT −19 UP −10 JO 'JHVSF ��	B

 XIJDI BSF OPU QBSU PG UIF
HSBQI EFmOJUJPO PG U41.THXU BOE UIVT
 SFNBJO VOEFUFDUFE CZ U41.THXU�

5BCMF �� %FUFDUJPO QFSGPSNBODF PO UIF FYQFSJNFOUBM EBUBTFU�

.FUIPE 41.�NN 41.�NN U41.EXU U41.THXU

/P� PG EFUFDUJPOT � UPUBM ���� ���� ���� ����
/P� PG EFUFDUJPOT � JO (.�� ���� ���� ���� ����
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(a)

(b)

(c)

'JHVSF ��� &YQFSJNFOUBM %BUB� "DUJWBUJPO NBQT EFUFDUFE CZ 	B
 41.�NN
 	C

U41.THXU BOE 	D
 41.�NN 	XJUIJO (.��
 � BMM NBQT PWFSMBJE PO Mtmp�



��

� %JTDVTTJPO

��� *NQSPWFE 4QBUJBM -PDBMJ[BUJPO BOE &NQJSJDBM 4FOTJUJWJUZ

ɨF FOIBODFE TQBUJBM MPDBMJ[BUJPO GPS U41.THXU DPNQBSFE UP UIBU PG U41.EXU BOE 41.
JT EVF UP TFWFSBM SFBTPOT� 'JSTU BOE GPSFNPTU
 QSJPS LOPXMFEHF BCPVU IPX BOE XIFSF
UIF #0-% TJHOBM FNFSHFT JT UBLFO JOUP BDDPVOU BEWBOUBHFPVTMZ� 8. JT BO FYBNQMF
PG B UJTTVF XJUI WFSZ MPX OFVSP�WBTDVMBS DPVQMJOH EVF UP JUT TQBSTF WBTDVMBSJ[BUJPO

XIJDI JNQMJFT B XFBL PS BCTFOU #0-% TJHOBM XJUIJO 8. <��>� "T TVDI
 FYQMPJUJOH
UIJT QSJPS LOPXMFEHF BCPVU UJTTVFoGVODUJPO SFMBUJPOTIJQ JT FTTFOUJBM� ɨF QSFWFOUJPO
PG EFUFDUJPOT JO 8. PS $4'
 XIJDI XPVME CF NBJOMZ ESJWFO CZ OPJTF
 BMTP QSFWFOUT
UIFTF DPOUSJCVUJPOT GSPN QFOFUSBUJOH BOE HFUUJOH NJYFE XJUI UIF GVODUJPOBM TJHOBM JO
(.� "MUIPVHI FWFO XJUIJO 41.
 TUBUJTUJDBM BOBMZTJT DBO CF SFTUSJDUFE UP B TVCTFU PG UIF
WPYFMT DPSSFTQPOEJOH UP (.
 EBUB TUJMM OFFET UP CF TNPPUIFE JO PSEFS UP CF TVċDJFOUMZ
JO MJOF XJUI UIF (BVTTJBO SBOEPN mFME UIFPSZ <�>� 4FDPOEMZ
 DPNQBSFE UP 41.
 UIFSF
JT OP JSSFWFSTJCMF TQBUJBM TNPPUIJOH PG UIF GVODUJPOBM EBUB JO XBWFMFU BQQSPBDIFT
 XIJDI
JO UVSO SFTVMUT JO FOIBODFE TQBUJBM BDDVSBDZ JO EFUFDUJOH TVCUMF BDUJWJUZ QBUUFSOT� ɨF
DPOWFOUJPOBM BQQSPBDI PG TQBUJBM TNPPUIJOH XJUI B OPO�BEBQUJWF (BVTTJBO mMUFS USBEFT
JODSFBTFE TFOTJUJWJUZ GPS MPTT PG JOGPSNBUJPO PO UIF TQBUJBM FYUFOU BOE TIBQF PG UIF
BDUJWBUJPO BSFBT <��
 ��>� *U IBT BMTP CFFO TIPXO UIBU JTPUSPQJD (BVTTJBO TNPPUIJOH
BDSPTT (. BOE 8. 	J�F�
 XJUIPVU BOZ (. DPOTUSBJOU
 DBO MFBE UP EJTQMBDFNFOU PG
BDUJWBUJPO QFBLT JO t�WBMVF NBQT UPXBSET 8. EVF UP UIF EJĊFSFODF JO OPJTF WBSJBODF PG
UIF UXP UJTTVF UZQFT <��>� ɨJSEMZ
 UIF TUSPOH DPOUSPM PG '1T VTJOH U41. JT MJOLFE UP UIF
VOEFSMZJOH UIFPSZ JO TFMFDUJOH UIF UISFTIPME WBMVFT UISPVHI UIF CPVOE PWFS UIF OVMM
IZQPUIFTJT SFKFDUJPO QSPCBCJMJUZ <�>� 0O UIF PUIFS IBOE
 41. ZJFMET '8& SBUFT UIBU
BSF IJHIFS UIBO UIF FYQFDUFE POF
 BT SFDFOUMZ SFQPSUFE JO <��>� ɨJT FĊFDU JT EFDSFBTFE
CZ SFEVDJOH UIF BNPVOU PG TNPPUIJOH
 BT XBT PCTFSWFE XIFO VTJOH 41.�NN�

'JYJOH UIF EFTJSFE TJHOJmDBODF
 XF PCTFSWF UIBU U41.THXU PVUQFSGPSNT 41. BOE
U41.EXU JO UFSNT PG TFOTJUJWJUZ
 TFF 'JHVSF ��� "MUIPVHI UIF VTF PG DMBTTJDBM XBWFMFUT
IBT TIPXO HPPE TFOTJUJWJUZ JO TJOHMF�TVCKFDU TUVEJFT <�
 �>
 JU QFSGPSNT XPSTF JO HSPVQ
TUVEJFT EVF UP JOUFS�TVCKFDU WBSJBCJMJUZ UIBU JT OPU DPVOUFSFE CZ TNPPUIJOH BT JO 41.

JO QBSUJDVMBS
 XIFO UIFSF JT POMZ QBSUJBM PWFSMBQ CFUXFFO BDUJWBUJPOT� .PSFPWFS
 BM�
UIPVHI UIF BQQSPBDI JT NVMUJ�SFTPMVUJPO
 UIF XBWFMFUT EJMBUF BMPOH UIF BYFT PG UIF DBSUF�
TJBO DPPSEJOBUF TZTUFN BU B TDBMF QSPHSFTTJPO UIBU JT UPP GBTU� *OTUFBE
 (.�BEBQUFE
XBWFMFUT MFBE UP NVDI IJHIFS TFOTJUJWJUZ DPNQBSFE UP DMBTTJDBM XBWFMFUT 	J�F�
 ���� WT�
��� EFUFDUJPOT
 SFTQFDUJWFMZ
 UIBOLT UP UIF BEBQUJWF TDBMJOH PG XBWFMFUT UIBU SFTQFDU UIF
(. EPNBJO� .PSFPWFS
 FNQJSJDBM BTTFTTNFOU PG TFOTJUJWJUZ PO SFBM EBUB
 CZ DPOTJEFS�
JOH EFUFDUJPOT XJUIJO (.��
 SFnFDUT UIF IJHIFS TFOTJUJWJUZ PG U41.THXU DPNQBSFE UP
CPUI U41.EXU BOE 41. 	TFF 5BCMF � BOE 'JHVSF ��
� %FTJHOJOH CBTJT GVODUJPOT UIBU
EJMBUF POMZ XJUIJO (.
 OPU POMZ QSFWFOUT IJHI OPJTF EBUB GSPN 8. PS $4' UP CF
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iNJYFEw XJUI (. EBUB
 CVU BMTP MFBET UP B NPSF TJHOJmDBOU PWFSMBQ PG QVSF BDUJWBUJPOT
UIBU GPMMPX (. GPMEJOHT
 XIJDI JO UVSO
 SFTVMUT JO IJHIFS TFOTJUJWJUZ�

��� (SBQI %FTJHO GPS UIF #SBJO
" CJOBSZ HSBQI EFTJHO JT BEPQUFE JO UIF QSPQPTFE GSBNFXPSL� 0VS QSFMJNJOBSZ UFTUT
TIPXFE UIBU XFJHIUJOH UIF FEHFT CBTFE PO UIF &VDMJEFBO EJTUBODF EPFT OPU JNQSPWF
UIF SFTVMUT
 BT UIF &VDMJEFBO EJTUBODFT CFUXFFO DPOOFDUFE WFSUJDFT JO BO JTPUSPQJD ��%
HSJE BSF JO UIF TBNF SBOHF 	1,

√
2 PS

√
3 WPYFMT
 TFF 'JHVSF �
� "MTP
 EFmOJOH XFJHIUT

CBTFE PO (. QSPCBCJMJUJFT EJE OPU JNQSPWF UIF SFTVMUT <��>� ɨVT
 UIF CJOBSZ EFTJHO
XBT GBWPVSFE PWFS BO FEHF XFJHIUJOH TDIFNF EVF UP JUT TJNQMJDJUZ� ɨJT DPOTUSVDUJPO
SFTFNCMFT BO E�OFJHICPVSIPPE HSBQI DPNNPOMZ VTFE JO TQFDUSBM DMVTUFSJOH <��>
 XJUI
E FRVBM UP B EJTUBODF PG

√
3 WPYFMT�

ɨFSF BSF UXP NBJO SFBTPOT XIZ UIF EFTJHO PG B HSBQI XJUI SFHJPO�TQFDJmD TVC�
HSBQIT XBT QSFGFSSFE PWFS UIF EFTJHO PG B TJOHMF DPOOFDUFE CSBJO HSBQI� 'JSTU
 UIF
JNQPSUBODF PG TFQBSBUJOH UIF DFSFCSVN GSPN UIF DFSFCFMMVN JT UP QSFWFOU BDUJWBUJPOT
GSPN UIF WFOUSBM PDDJQJUBM MPCF iCMFFEJOHw JOUP UIF DFSFCFMMVN
 BOE WJDF WFSTB� &YBN�
QMFT PG UIJT QIFOPNFOPO DBO CF PCTFSWFE JO 41. EFUFDUJPOT
 TFF TMJDFT −70 : −49
JO 'JHVSF ��	B
� 4FDPOE
 UIF HFPNFUSJDBM QSPQFSUJFT PG UIF (. BSF EJĊFSFOU GPS UIF
DFSFCSVN BOE UIF DFSFCFMMVN� "U UIF SFTPMVUJPO PG DVSSFOUMZ BWBJMBCMF TUSVDUVSBM .3*
TDBOT BOE TFHNFOUBUJPO BMHPSJUINT
 UIFSF BSF NPSF mOF EFUBJMT PCTFSWFE XJUIJO UIF
XIPMF SBOHF PG UIF DFSFCSBM TUSVDUVSF UIBO XJUIJO UIF NPSF DPBSTF HFPNFUSZ PG UIF
DFSFCFMMVN� "T TVDI
 DPOTUSVDUJOH TVCHSBQIT TQFDJmD UP UIF DFSFCSVN BOE DFSFCFMMVN
MFBET UP XBWFMFUT TQFDJmDBMMZ EFTJHOFE GPS FBDI SFHJPO
 BT UIF XBWFMFU GSBNF JT CBTFE
PO UIFJS DPSSFTQPOEJOH TQFDUSB�

#Z DPNQBSJOH UIF DFSFCFMMBS NBTL Msuit UP UIF DFSFCFMMBS SFHJPO PG UIF BWFSBHF
(. NBQ Ttmp
 JU DBO CF PCTFSWFE UIBU NPSF TQBUJBM EFUBJM JT QSFTFSWFE XJUIJO UIF
GPSNFS
 TFF 'JHVSF ��� .PSFPWFS
 UIF VTF PG TVDI B UFNQMBUF NBTL MFBET UP B TUVEZ�
JOEFQFOEFOU DBOPOJDBM (. HSBQI
 XJUI BEWBOUBHFT TJNJMBS UP UIPTF PG UIF 46*5 BUMBT
JUTFMG� ɨF (. UFNQMBUF DPOTUSVDUFE GSPN 46*5 XBT UIFSFGPSF QSFGFSSFE PWFS UIF
DFSFCFMMBS SFHJPO PG Mtmp�



��

-68-68

-56

-48-48

-56

(a) (b)

'JHVSF ��� 5FNQMBUF DFSFCFMMBS (.� ɨSFF TBHJUBM TMJDFT PG 	B
 Msuit DPOTUSVDUFE
VTJOH 46*5 UFNQMBUF BOE 	C
 UIF DFSFCFMMBS SFHJPO PG Mtmp DPOTUSVDUFE VTJOH
%"35&-� 'JOFS TQBUJBM EFUBJM JT PCTFSWFE JO Msuit UIBO JO Mtmp�

��� $PNQBSJTPO XJUI PUIFS "OBUPNJDBMMZ $POTUSBJOFE

.FUIPET

1SFWJPVT TUVEJFT GPMMPXJOH $4. BQQSPBDIFT <��
 ��
 ��
 ��>
 XIJDI BOBUPNJDBMMZ
DPOTUSBJO UIF BDUJWBUJPO NBQQJOH
 TVĊFS GSPN B GFX TIPSUDPNJOHT� 'JSTU
 UIF JOUFS�
QPMBUJPO FĊFDUT SFMBUFE UP UIF QSPKFDUJPO PG ��% WPMVNFT POUP UIF DPSUJDBM TVSGBDF JT
B NBKPS DIBMMFOHF <��
 ��>� 4FDPOE
 TNPPUIJOH MFBET UP TQBUJBM JOBDDVSBDZ BOE BS�
UJmDJBM TIJGU PG BDUJWBUJPOT
 CF JU VTJOH DPOWFOUJPOBM WPMVNF�CBTFE BQQSPBDIFT 	F�H�

41.
 PS $4. <��
 ��
 ��>� "MUIPVHI UIF DPSUJDBM ��% EJĊVTJPO TNPPUIJOH PG $4.
BQQSPBDIFT
 SBUIFS UIBO ��% JTPUSPQJD (BVTTJBO TNPPUIJOH PG DPOWFOUJPOBM WPMVNF�
CBTFE BQQSPBDIFT
 QSFWFOUT PWFSMBQ PG BDUJWBUJPO DFOUSFT UIBU BSF HFPEFTJDBMMZ EJTUBOU
CVU DMPTF JO B &VDMJEFBO TFOTF 	F�H�
 UXP QPJOUT
 BU UIF PQQPTJUF TJEFT PG B TVMDVT
 <��>

UIF SFTVMUJOH TNPPUIFE TJHOBM DBO TUJMM CF JOnVFODFE CZ TPVSDFT UIBU BSF HFPEFTJDBMMZ
BEKBDFOU� U41.THXU PWFSDPNFT UIFTF UXP MJNJUBUJPOT CZ OPU TNPPUIJOH UIF EBUB JO UIF
mSTU QMBDF BOE LFFQJOH UIF BOBMZTJT XJUIJO UIF OBUJWF WPYFM�TQBDF� #Z NPEFMMJOH UIF
(. BT B HSBQI CBTFE PO UIF MPDBM OFJHICPSIPPE TUSVDUVSF
 XF JNQMJDJUMZ EFmOF B NBO�
JGPME 	XJUI OPO�[FSP UIJDLOFTT
 PO XIJDI XBWFMFUT EJMBUF XJUI SFTQFDU UP HFPEFTJD EJT�
UBODFT PO UIJT TUSVDUVSF� *O UIJT TFOTF
 UIF EFTJHO BMMPXT VQTDBMJOH PG MPDBM QSPQFSUJFT UP
B HMPCBM TDBMF� "U UIF DPBSTF TDBMF
 BMUIPVHI U41.THXU BMTP JNQMJDJUMZ JOIFSJUT TNPPUI�
JOH JO BQQMZJOH UIF MPXQBTT TDBMJOH GVODUJPO h(·) UIBU DBO CF JOUFSQSFUFE BT FRVJWBMFOU
UP (BVTTJBO QSF�mMUFSJOH <��>
 UIJT JT GVOEBNFOUBMMZ EJĊFSFOU GSPN QSF�TNPPUIJOH UIF
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EBUB� 'JSTU
 UIF TDBMJOH DPFċDJFOUT BSF UISFTIPMEFE MFBEJOH UP OPO�MJOFBS EFOPJTJOH BT
PQQPTFE UP UIF MJOFBS mMUFSJOH EPOF JO QSF�TNPPUIJOH XIFSF BMM mOF EFUBJMT PG UIF EBUB

CF JU OPJTF PS TJHOBM
 BSF SFNPWFE�
 XIJDI JO UVSO
 MFBET UP B MPTT JO TQBUJBM EFUBJM PG UIF
VOEFSMZJOH BDUJWJUZ QBUUFSOT� 4FDPOE
 UIF XBWFMFU DPFċDJFOUT UIBU TVSWJWF UISFTIPME�
JOH BSF UIFO VTFE
 UPHFUIFS XJUI UIF TDBMJOH DPFċDJFOUT
 UP SFDPOTUSVDU UIF EF�OPJTFE
TJHOBM
 VOMJLF UIF JSSFWFSTJCMF QSF�TNPPUIJOH BT JO $4. PS 41.�

*U JT JOUFSFTUJOH UP DPNQBSF U41.THXU XJUI UIF "*#' BQQSPBDI <��
 ��>� 'JSTU
 CPUI
BQQSPBDIFT LFFQ NPEFMMJOH JO UIF TQBUJBM BOE UFNQPSBM EPNBJO TFQBSBUFE� )PXFWFS

UFNQPSBM NPEFMMJOH QSFDFEFT TQBUJBM NPEFMMJOH JO U41.THXU
 J�F�
 TQBUJBM NPEFMMJOH JT
EFGFSSFE UP UIF TFDPOE MFWFM BOBMZTJT 	DG� 4FDUJPO ���

 XIFSFBT UIF PQQPTJUF JT QFS�
GPSNFE JO "*#'� *G TJOHMF TVCKFDU BOBMZTJT TJNJMBS UP UIF DVSSFOU HSBQI�CBTFE QSPQPTBM
JT EFTJSFE� J�F�
 POMZ mSTU MFWFM BOBMZTJT
 UIF PSJHJOBM KPJOU TQBUJP�UFNQPSBM NPEFM PG
841. BT QSPQPTFE JO <�> DBO CF VTFE <��>� 4FDPOE
 U41.THXU TIBSFT TJNJMBSJUJFT
XJUI "*#' JO UIF TFOTF UIBU TNPPUIJOH PG UIF EBUB JT QSFWFOUFE� ɨFZ CPUI QSPKFDU UIF
EBUB JOUP B USBOTGPSN EPNBJO� "*#' UP UIF TQBDF TQBOOFE CZ DJSDVMBS
 VTFS�TQFDJmFE
XJEF (BVTTJBO CBTJT GVODUJPOT XJUI MPDBM TVQQPSU EFmOFE PO UIF nBUUFOFE DPSUJDBM TVS�
GBDF
 BOE U41.THXU UP B NVMUJ�TDBMF (. EPNBJO TQBOOFE CZ (.�BEBQUFE XBWFMFUT
EFmOFE XJUIJO UIF WPYFM�TQBDF� ɨF CBTJT TFU BSF UIFO VTFE UP SFQSFTFOU
 CZ B MJOFBS
DPNCJOBUJPO
 UIF GVODUJPOBM PCTFSWBUJPOT 	#0-% WPMVNFT JO "*#' BOE mSTU MFWFM
DPOUSBTU NBQT JO U41.THXU
� *O U41.THXU
 UIF NPEFMMJOH JT EPOF XJUIJO UIF XBWFMFU
EPNBJO
 XIFSFBT JO "*#' JU JT EPOF JO UIF WPYFM�TQBDF CZ CBDL�QSPKFDUJOH UIF DPO�
TUSVDUFE CBTJT UP UIF WPYFM�TQBDF� "T TVDI
 "*#' JT BMTP QSPOF UP JOUFSQPMBUJPO FĊFDUT
JO CBDL�QSPKFDUJOH UIF CBTJT GSPN UIF DPSUJDBM TVSGBDF UP UIF WPYFM�TQBDF
 TJNJMBS UP
UIBU FYQMBJOFE FBSMJFS XJUI SFTQFDU UP NBQQJOH GVODUJPOBM EBUB GSPN UIF WPYFM�TQBDF
UP UIF TVSGBDF� ɨJSE
 JO U41.THXU EFOPJTJOH JT QFSGPSNFE CZ TVCKFDUJOH UIF XBWFMFU
DPFċDJFOUT UP B UISFTIPME 	DG� 4FDUJPO ���
 BOE BQQMZJOH UIF JOWFSTF USBOTGPSN UP
QSPKFDU UIF EBUB CBDL UP UIF OBUJWF TQBDF
 XIFSFBT JO "*#' OPJTF SFEVDUJPO JT JOIFSFOU
JO UIF BOBUPNJDBMMZ DPOTUSBJOU MFBTU�TRVBSFT NPEFMMJOH� 'PVSUI
 JO NVMUJ�TVCKFDU "*#'
<��>
 B TJOHMF TVCKFDU�T DPSUJDBM TVSGBDF JT VTFE BT B DBOPOJDBM TVSGBDF UP DPOTUSVDU UIF
CBTJT TFU BOE UP OPSNBMJ[F GVODUJPOBM EBUB GSPN BMM TVCKFDUT� )FSF
 XF NBEF VTF PG SF�
DFOU QPQVMBUJPO�MFWFM UFNQMBUF BUMBT DPOTUSVDUJPOT BT XFMM BT EFGPSNBUJPO BMHPSJUINT
UP DPOTUSVDU B HSPVQ�MFWFM UFNQMBUF PG (.
 JO BO BUUFNQU UP BEESFTT UIF PCTFSWFE
JOUFS�TVCKFDU WBSJBCJMJUZ PG (. TUSVDUVSF NPSF FMFHBOUMZ 	4FF 'JHVSF �
�

"OPUIFS MJNJUBUJPO PG TVSGBDF�CBTFE BQQSPBDIFT JT UIFJS JOBCJMJUZ UP BOBMZTF OPO�
DPSUJDBM SFHJPOT
 TVDI BT UIF DFSFCFMMVN BOE UIF EFFQ OVDMFJ 	F�H�
 UIBMBNVT BOE CBTBM
HBOHMJB

 BT UIFZ SFRVJSF B TVSGBDF SFDPOTUSVDUJPO
 XIJDI XPVME OFDFTTJUBUF BEEJUJPOBM
BOE UBJMPSFE SFQSFTFOUBUJPO TUFQT� "T TVDI
 WPMVNFUSJD UFDIOJRVFT
 TVDI BT UIF QSFTFOU

�/PUF UIBU UIF 'PVSJFS USBOTGPSN PG B (BVTTJBO JT BMTP B (BVTTJBO
 BOE UIVT
 BQQMZJOH TVDI B (BVTTJBO
mMUFS UP UIF EBUB DPSSFTQPOET UP NVMUJQMZJOH UIF TQFDUSVN PG UIF EBUB XJUI B (BVTTJBO�
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QSPQPTBM
 BMMPX NPSF FBTJMZ UP JODMVEF OPO�DPSUJDBM TUSVDUVSFT�
8F BMTP NFOUJPO BO BMUFSOBUJWF EFTJHO PG BOBUPNJDBMMZ BEBQUJWF XBWFMFUT QSPQPTFE

JO <��
 ��>� ɨF EFTJHO JT CBTFE PO UIF MJGUJOH TDIFNF <��> XIFSF BO JSSFHVMBS EPNBJO
DBO CF JUFSBUJWFMZ TFDUJPOFE JOUP B OFTUFE GBNJMZ PG QBSUJUJPOT BU EJĊFSFOU TQBUJBM TDBMFT�
"T TVDI
 UIF CBTJT DPOTUSVDUJPO JO <��> CFDPNFT TIJGU WBSJBOU 	EVF UP TVCTBNQMJOH


XIJMF UIF XBWFMFU CBTJT JO 4(85 TQBOT UIF TQBDF PG FJHFOGVODUJPOT PG L UIBU BSF
EFmOFE PO UIF (. EPNBJO� .PSFPWFS
 PVS BQQSPBDI IBT CFFO EJSFDUMZ EFWJTFE GPS
NVMUJ�TVCKFDU BOBMZTJT BOE BT TVDI BEESFTTFT JOUFS�TVCKFDU (. WBSJBCJMJUZ� "T CPUI
QSPQPTBMT VTF UIF TFHNFOUFE (. BT UIF TUBSUJOH QPJOU GPS UIFJS DPOTUSVDUJPO
 UIF
MJGUJOH�CBTFE BOBUPNJDBMMZ BEBQUFE XBWFMFUT DBO BMTP CFOFmU GSPN UIF (. UFNQMBUF
BT QSPQPTFE JO UIF QSFTFOU TUVEZ�

��� -JNJUBUJPOT
"MUIPVHI XF IBWF TIPXO UIF BQQMJDBCJMJUZ PG U41.THXU JO FOIBODJOH G.3* BDUJWBUJPO
NBQQJOH
 UIFSF BSF TUJMM BTQFDUT UIBU DBO CF JNQSPWFE� ɨF QSFTFOU GSBNFXPSL MBDLT B
TZTUFNBUJD BQQSPBDI JO EFUFSNJOJOH UIF TQFDUSBM DPWFSBHF GPS FBDI XBWFMFU TDBMF� UIJT
JT B MJNJUBUJPOT GPS UIF 4(85 EFTJHO JO HFOFSBM
 BT BMTP SFQPSUFE JO PUIFS BQQMJDBUJPOT
UIBO G.3* <��
 ��>� ɨF BEPQUFE TQFDUSBM QBSUJUJPOJOH JO UIF EFTJHO IBT CFFO GPVOE
FNQJSJDBMMZ CZ WJTVBM BTTFTTNFOU PG UIF XBWFMFUT BOE UIFJS DIBSBDUFSJTUJD TDBMF� ɨF
DVSSFOU TFUUJOH TIPVME OFWFSUIFMFTT SFBTPOBCMZ HFOFSBMJ[F UP PUIFS EBUBTFUT EVF UP UIF
HFOFSBM TJNJMBSJUZ JO UIF FYUFOU BOE OBUVSF PG UIF SFTVMUJOH HSPVQ�MFWFM UFNQMBUF (.
EPNBJOT�

"OPUIFS MJNJUBUJPO JT UIBU TVC�DPSUJDBM SFHJPOT
 TVDI BT UIF CBTBM HBOHMJB BOE UIB�
MBNVT
 BSF DVSSFOUMZ OPU QBSU PG UIF HSBQI� "T TVDI
 TFWFSBM EFUFDUJPOT CZ 41. JO
UIF TVC�DPSUJDBM BSFB XFSF NJTTFE CZ U41.THXU 	DG� 4FDUJPO ���
� "MUIPVHI UIFSF JT
B QSFDJTF BUMBT PG EFFQ DFSFCFMMBS OVDMFJ BWBJMBCMF <��>
 UIFSF EPFT OPU TFFN UP FYJTU
B EFUBJMFE QPQVMBUJPO�MFWFM BUMBT 	NBTL
 GPS UIF TVC�DPSUJDBM OVDMFJ TVDI BT UIF UIBMB�
NVT BOE QBMJEVN� "WBJMBCMF BUMBTFT TVDI BT UIF ""- BUMBT <��> BSF CBTFE PO B TJOHMF
TVCKFDU BOBUPNZ
 BOE
 XIFO JODPSQPSBUFE XJUIJO PVS (. UFNQMBUF
 SFHJPOT GPS UIF
TVC�DPSUJDBM OVDMFJ XFSF UPP DPBSTF BOE DPMMBQTFE XJUI UIF OFBSCZ EFMJDBUF (. TUSVD�
UVSF BT EFmOFE CZ Gcbr� ɨFSFGPSF
 UIFTF SFHJPOT XFSF EFDJEFE OPU UP CF JODMVEFE JO
UIF DVSSFOU HSBQI EFTJHO� 1SPWJEFE B TVJUBCMF BUMBT CFDPNFT BWBJMBCMF
 JU TIPVME CF
QPTTJCMF UP JODMVEF UIFTF SFHJPOT BT FYUSB TVCHSBQIT UP Gb� "OPUIFS PQUJPO JT UP JO�
DPSQPSBUF USBDUPHSBQIZ JOGPSNBUJPO QSPWJEFE CZ EJĊVTJPO UFOTPS JNBHJOH EBUB <��>�
" TJNJMBS JEFB JO DPOTUSVDUJOH TVDI IZCSJE DPOOFDUJWJUZ HSBQIT IBT CFFO SFDFOUMZ QSP�
QPTFE UP JNQSPWF FMFDUSPFODFQIBMPHSBQIZ�CBTFE TPVSDF FTUJNBUJPO <��>�

ɨF DPNQVUBUJPOBM CVSEFO PG UIF QSPQPTFE BQQSPBDI JT BOPUIFS QPUFOUJBMMZ MJN�
JUJOH GBDUPS� ɨF NPTU DPTUMZ QBSU PG UIF JNQMFNFOUBUJPO JT UIF BCTPMVUF�WBMVF XBWFMFU
SFDPOTUSVDUJPO OFFEFE GPS UIF TQBUJBM UISFTIPMEJOH 	DG� EFOPNJOBUPS PG &R� ��
� 4JODF
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UIF HSBQI XBWFMFUT BSF VOJRVF
 UIFZ OFFE UP CF DPNQVUFE FYQMJDJUMZ BU FBDI BOE FW�
FSZ WFSUFY BOE TDBMF� "MUIPVHI UIJT DPNQVUBUJPOBM CVSEFO DBO CF SFEVDFE CZ QSF�
DPNQVUJOH BOE TUPSJOH UIF BCTPMVUF�WBMVF�XBWFMFUT {{|ψs,l|, |φl|}Ss=1}

Ncbl
l=1 GPS Gcbl


UIJT TIPVME TUJMM CF EPOF GPS FBDI TUVEZ�EFQFOEFOU Gcbr� "OPUIFS QPTTJCJMJUZ XPVME
CF UP QFSGPSN UIF SFDPOTUSVDUJPOT JO QBSBMMFM PO UIF DPNQVUFS�T HSBQIJD DBSE
 BT TVDI
BQQMJDBCJMJUZ IBT CFFO TIPXO GPS PUIFS G.3* BOBMZTJT QSPDFEVSFT <��>�

��� &YUFOTJPO UP 4USVDUVSBM 4UVEJFT

"OPUIFS SFTFBSDI BWFOVF UIBU DBO EJSFDUMZ CFOFmU GSPN UIF QSPQPTFE (.�BEBQUFE
XBWFMFU DPOTUSVDUJPO BSF TUSVDUVSBM TUVEJFT� &VDMJEFBO XBWFMFU BQQSPBDIFT IBWF CFFO
VTFE UP DMBTTJGZ TUSVDUVSBM CSBJO EBUB <��
 ��> BT B NFBOT UP BTTFTT TUSVDUVSBM NPS�
QIPNFUSJD EJĊFSFODFT CFUXFFO EJĊFSFOU QPQVMBUJPO PG TVCKFDUT� ɨFZ IBWF BMTP CFFO
VTFE UP EJTDSJNJOBUF CFUXFFO IFBMUIZ BOE QBUIPMPHJDBM UJTTVF CZ DIBSBDUFSJTJOH TVCUMF
DIBOHFT JO CSBJO TUSVDUVSF JO B WBSJFUZ PG EJTFBTFT TVDI BT "M[IFJNFS�T EJTFBTF
 NJME DPH�
OJUJWF JNQBJSNFOU BOE NVMUJQMF TDMFSPTJT <��
 ��>� *OUFSFTUJOHMZ
 UIF SFDFOU QSPQPTBM
JO <��>
 BMTP VTFT UIF 4(85 UP EFSJWF NVMUJ�TDBMF TIBQF EFTDSJQUPST UIBU DBO CF VTFE
UP EFUFDU HSPVQ�MFWFM FĊFDUT� )PXFWFS
 UIF BQQSPBDI VTFT DPSUJDBM TVSGBDF SFDPOTUSVD�
UJPOT
 BOE BT TVDI
 JU DPNFT XJUI CFOFmUT BOE MJNJUBUJPOT PG JOUFSQPMBUJPO CFUXFFO UIF
TVSGBDF BOE WPMVNF BT XF EJTDVTTFE FBSMJFS� /FWFSUIFMFTT
 UIF BQQSPBDI DBO CF FBTJMZ
FYUFOEFE VTJOH UIF QSPQPTFE WPMVNFUSJD (. HSBQI BOE XBWFMFU EFTJHO�

� $PODMVTJPO

8F IBWF FYUFOEFE G.3* BDUJWBUJPO NBQQJOH CBTFE PO TQBUJBM NVMUJ�TDBMF USBOTGPSNT UP
FYQMPJU UIF HFPNFUSJDBM TUSVDUVSF PG UIF (.� 8F MFWFSBHFE SFDFOU BEWBODFT JO HSBQI�
CBTFE XBWFMFU EFTJHO UP JODPSQPSBUF UIJT QSJPS LOPXMFEHF JO UIF USBOTGPSNBUJPO� ɨF
QSPDFEVSF JODMVEFE UIF DPOTUSVDUJPO PG B (.�BEBQUFE HSBQI
 JODMVEJOH EJĊFSFOU TVC�
HSBQIT GPS DFSFCSBM BOE DFSFCFMMBS SFHJPOT� ɨF XBWFMFU�CBTFE 41. GSBNFXPSL XBT
QSFTFOUFE UP JODPSQPSBUF BOZ MJOFBS TQBUJBM USBOTGPSN
 JODMVEJOH UIF TQFDUSBM HSBQI
XBWFMFU USBOTGPSN� &YQFSJNFOUBM BOE TJNVMBUFE SFTVMUT TIPXFE UIF QPUFOUJBM PG UIF
QSPQPTFE BQQSPBDI JO UFSNT PG JNQSPWFE TQFDJmDJUZ BOE TFOTJUJWJUZ GPS NVMUJ�TVCKFDU
TUVEJFT
 BOE UP SFWFBM mOF�HSBJOFE BDUJWJUZ QBUUFSOT�

4PGUXBSF

ɨF TPVSDF DPEF PG UIF QSPQPTFE NFUIPE JT NBEF BWBJMBCMF UP UIF DPNNVOJUZ BU
CNF�MUI�TF�TUBĊ�CFIKBU�IBNJE�TPGUXBSF� BOE NJQMBC�FQn�DI�TPGUXBSF��



���

"DLOPXMFEHFNFOUT

ɨJT XPSL XBT TVQQPSUFE CZ UIF 4XFEJTI 3FTFBSDI $PVODJM VOEFS HSBOU ����������

UIF 4XJTT /BUJPOBM 4DJFODF 'PVOEBUJPO VOEFS HSBOU 11��1�������� BOE UIF $*#.�
1SFMJNJOBSZ WFSTJPOT PG UIF QSPQPTFE HSBQI XBWFMFU�CBTFE G.3* BDUJWBUJPO NBQQJOH
BQQSPBDI
 CVU GPS TJOHMF TVCKFDU TUVEJFT
 XFSF QSFTFOUFE JO <��
 ��>�

"QQFOEJY "� 5JHIU 4QFDUSBM (SBQI .FZFS�-JLF 8BWFMFU
'SBNF

"O FYBNQMF PG UJHIU HSBQI XBWFMFU GSBNF DBO CF DPOTUSVDUFE CZ EFmOJOH .FZFS�MJLF
XBWFMFU BOE TDBMJOH LFSOFMT JO UIF TQFDUSBM HSBQI EPNBJO BT <��>

g(λ) =

⎧
⎪⎨

⎪⎩

TJO(π2 ν(q(
λ
a − 1))) ∀λ ∈]a,Ma]

DPT(π2 ν(q(
λ

Ma − 1))) ∀λ ∈]Ma,M2a]

0 FMTFXIFSF
	��


h(λ) =

⎧
⎪⎨

⎪⎩

1 ∀λ ∈ [0, a]

DPT(π2 ν(q(
λ
a − 1))) ∀λ ∈]a,Ma]

0 FMTFXIFSF
	��


SFTQFDUJWFMZ
 XIFSF M EFOPUFT UIF EJMBUJPO GBDUPS BOE JT TFU CZ q ∈ Z BT M = q+1
q 


a = (q − ϵ)b
 ϵ ∈]0, (1 + M)−1] BOE a, b ∈ R+� ɨF DMBTTJDBM EZBEJD EJMBUJPO
DPSSFTQPOET UP M = 2� ɨF J XBWFMFU TDBMFT BSF EFmOFE BT

tj =
a

λmax
M j , j = 1, . . . , J.

ɨF SFTVMUJOH DPOTUSVDUJPO MFBET UP B TFU PG LFSOFMT XIFSF UIF TVQQPSU PG FBDI LFSOFMT
JT B TUSJDU TVCTFU PG UIF FJHFOWFDUPST PG L 	J�F�
 CBOEQBTT mMUFST

 BOE UIF VOJPO PG UIF
GVODUJPOT |g(tjλ)|2 BOE |h(tJλ)|2 GPSNT B QBSUJUJPO PG VOJUZ
 J�F�


J∑

j=1

|g(tjλ)|2 + |h(tJλ)|2 = 1.

3FGFSFODFT

<�> 4� 0HBXB
 3� 4� .FOPO
 %� 8� 5BOL
 4� (� ,JN
 )� .FSLMF
 +� .� &MMFS�
NBOO
 BOE ,� 6HVSCJM
 i'VODUJPOBM CSBJO NBQQJOH CZ CMPPE PYZHFOBUJPO MFWFM�
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4JHOBM�"EBQUFE 5JHIU 'SBNFT PO (SBQIT

"CTUSBDU

ɨF BOBMZTJT PG TJHOBMT PO DPNQMFY UPQPMPHJFT NPEFMFE CZ HSBQIT JT B UPQJD PG JODSFBTJOH
JNQPSUBODF� %FDPNQPTJUJPOT QMBZ B DSVDJBM SPMF JO SFQSFTFOUBUJPO BOE QSPDFTTJOH PG TVDI
JOGPSNBUJPO� )FSF XF QSPQPTF B OFX UJHIU GSBNF EFTJHO UIBU JT BEBQUFE UP B DMBTT PG TJHOBMT
PO B HSBQI� ɨF DPOTUSVDUJPO TUBSUT GSPN B QSPUPUZQF .FZFS�UZQF TZTUFN PG LFSOFMT XJUI
VOJGPSN TVCCBOET� ɨF FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ JT UIFO EFmOFE GPS B HJWFO TFU PG
TJHOBMT EFmOFE PO UIF HSBQI� ɨF QSPUPUZQF EFTJHO JT UIFO XBSQFE TVDI UIBU UIF SFTVMUJOH
TVCCBOET DBQUVSF UIF TBNF BNPVOU PG FOFSHZ GPS UIF TJHOBM DMBTT� ɨJT BQQSPBDI BDDPVOUT BU
UIF TBNF UJNF GPS HSBQI UPQPMPHZ BOE TJHOBM GFBUVSFT� ɨF QSPQPTFE GSBNFT BSF DPOTUSVDUFE
GPS UISFF EJĊFSFOU HSBQI TJHOBM TFUT BOE BSF DPNQBSFE UP OPO TJHOBM�BEBQUFE GSBNFT� 7FSUFY
MPDBMJ[BUJPO PG B TFU PG SFTVMUJOH BUPNT JT TUVEJFE� ɨF GSBNFT BSF UIFO VTFE UP EFDPNQPTF B TFU
PG SFBM HSBQI TJHOBMT
 BOE BSF BMTP VTFE JO B TFUUJOH PG TJHOBM EFOPJTJOH� ɨF SFTVMUT JMMVTUSBUF UIF
TVQFSJPSJUZ PG UIF EFTJHOFE TJHOBM�BEBQUFE GSBNFT
 PWFS GSBNFT CMJOE UP TJHOBM DIBSBDUFSJTUJDT

JO SFQSFTFOUJOH EBUB BOE JO EFOPJTJOH�

ª���� *&&&� 3FQSJOUFE
 XJUI QFSNJTTJPO
 GSPN
)BNJE #FIKBU
 6MSJLF 3JDIUFS
 %JNJUSJ 7BO %F 7JMMF
 -FJG 4ÚSONP
i4JHOBM�"EBQUFE 5JHIU 'SBNFT PO (SBQIT
w
JO *&&& 5SBOTBDUJPOT PO 4JHOBM 1SPDFTTJOH
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� *OUSPEVDUJPO

(SBQIT QSPWJEF B nFYJCMF GSBNFXPSL GPS SFQSFTFOUJOH EBUB UIBU MJF PO UPQPMPHJDBMMZ
DPNQMFY EPNBJOT� ɨVT
 NVDI BUUFOUJPO IBT CFFO HJWFO UP HFOFSBMJ[JOH GVOEBNFOUBM
TJHOBM QSPDFTTJOH PQFSBUJPOT UP UIF HSBQI TFUUJOH <�
 �
 �>� *O QBSUJDVMBS
 NBOZ QSPQPT�
BMT SFMBUF UP FYUFOEJOH NVMUJ�SFTPMVUJPO USBOTGPSNT
 mMUFS CBOL EFTJHOT BOE EJDUJPOBSZ
DPOTUSVDUJPOT GPS TJHOBMT PO HSBQIT <�
 �
 �
 �
 �
 �
 ��
 ��
 ��
 ��
 ��
 ��
 ��
 ��
 ��

��
 ��
 ��
 ��
 ��
 ��
 ��
 ��
 ��>� ɨFTF TUVEJFT GBMM FTTFOUJBMMZ XJUIJO UXP SFHJNFT�
TQBUJBM 	WFSUFY
 BOE TQFDUSBM 	GSFRVFODZ
 EFTJHOT� $POTUSVDUJPOT UIBU GBMM XJUIJO UIF
GPSNFS SFHJNF JODMVEF NFUIPET CBTFE PO MJGUJOH TDIFNFT <�
 �
 �> BOE NFUIPET JO
EFTJHOJOH XBWFMFUT GPS IJFSBSDIJDBM USFFT <�
 �
 �>� ɨF MBUUFS SFHJNF DBO CF WJFXFE BT
EFmOJOH EJDUJPOBSJFT DPNQSJTFE PG BUPNT UIBU BSF DPOTUSVDUFE CZ USBOTMBUJOH TNPPUI
HSBQI TQFDUSBM mMUFST UP EJĊFSFOU WFSUJDFT PG UIF HSBQI� ɨF HSBQI TQFDUSVN JT EFmOFE
BT UIF FJHFOTQBDF PG B HSBQI -BQMBDJBO NBUSJY� 0OF PG UIF mSTU QSPQPTBMT PG TVDI B EJD�
UJPOBSZ JT UIF TQFDUSBM HSBQI XBWFMFU USBOTGPSN 	4(85
 GSBNF <��> UIBU JT DPOTUSVDUFE
CBTFE PO B TZTUFN PG TQMJOF�CBTFE TQFDUSBM LFSOFMT
 JODMVEJOH B MPXQBTT LFSOFM BOE B TF�
RVFODF PG EJMBUFE CBOEQBTT LFSOFMT� $POTUSVDUJPOT PG TZTUFNT PG TQFDUSBM HSBQI LFSOFMT
MFBEJOH UP UJHIU GSBNFT XFSF QSPQPTFE JO <��
 ��
 ��>� 5JHIU GSBNFT BSF QBSUJDVMBSMZ
JOUFSFTUJOH CFDBVTF PG UIFJS QSPQFSUZ PG FOFSHZ DPOTFSWBUJPO CFUXFFO UIF PSJHJOBM BOE
USBOTGPSNFE EPNBJO <��>� 0UIFS BQQSPBDIFT UP TQFDUSBM EPNBJO EFTJHO JODMVEF EJĊV�
TJPO XBWFMFUT <��>
 WFSUFY�GSFRVFODZ GSBNFT <��> BOE BQQSPBDIFT UP HSBQI mMUFS�CBOL
EFTJHO VTJOH CJQBSUJUF HSBQI EFDPNQPTJUJPOT <��
 ��
 ��
 ��
 ��
 ��>
 HSBQI DPMPSJOH
<��> BOE DPOOFDUFE TVC�HSBQI EFDPNQPTJUJPO <��>�

ɨF BGPSFNFOUJPOFE TQFDUSBM EFTJHOT BSF CMJOE UP UIF GBDU UIBU UIF FJHFOWBMVFT PG
UIF -BQMBDJBO NBUSJY UIBU EFmOF UIF HSBQI TQFDUSVN BSF UZQJDBMMZ JSSFHVMBSMZ TQBDFE

VOMJLF UIF EFmOJUJPO PG EJTDSFUF GSFRVFODJFT GPS SFHVMBS TJHOBMT� "T B TUFQ UPXBSET BEBQ�
UBUJPO UP UIF TQFDUSBM QSPQFSUJFT PG UIF HSBQI EPNBJO
 UIF DPOTUSVDUJPO PG TQFDUSVN�
BEBQUFE UJHIU HSBQI XBWFMFU BOE WFSUFY�GSFRVFODZ GSBNFT XBT SFDFOUMZ QSPQPTFE JO
<��>� ɨF TQFDUSVN�BEBQUFE TQFDUSBM LFSOFMT BSF BEBQUFE UP UIF EJTUSJCVUJPO PG FJHFO�
WBMVFT PG UIF HSBQI -BQMBDJBO NBUSJY TVDI UIBU B TJNJMBS OVNCFS PG FJHFOWBMVFT MJFT JO
UIF TVQQPSU PG FBDI TQFDUSBM LFSOFM�

#FTJEFT DPOTJEFSJOH UIF TUSVDUVSBM DIBSBDUFSJTUJDT PG UIF HSBQI
 B NBKPS JNQSPWF�
NFOU UP UIF GSBNF EFTJHO XPVME CF UP BMTP DPOTJEFS UIF QSPQFSUJFT PG UIF TJHOBMT SFBMJ[FE
PO UIF HSBQI� 5P UIJT BJN
 ɨBOPV FU BM� <��
 ��> IBWF QVSTVFE B TUSVDUVSFE
 OVNFSJ�
DBM EJDUJPOBSZ MFBSOJOH BQQSPBDI JO XIJDI XBWFMFU EJDUJPOBSJFT BSF MFBSOU CBTFE PO B TFU
PG USBJOJOH TJHOBMT� 4JODF UIF HSBQI TUSVDUVSF JT JODPSQPSBUFE JOUP UIF MFBSOJOH QSPDFTT

UIF MFBSOFE LFSOFMT BSF JOEJSFDUMZ BEBQUFE UP UIF HSBQI -BQMBDJBO TQFDUSVN BT XFMM BT
UP UIF USBJOJOH EBUB� ɨJT BQQSPBDI JT FĊFDUJWF JO QSPWJEJOH B TQBSTF SFQSFTFOUBUJPO PG
HSBQI TJHOBMT UIBU DBO CF EFTDSJCFE BT DPNCJOBUJPOT PG PWFSMBQQJOH MPDBM QBUUFSOT� *O
B NPSF FNQJSJDBM BQQSPBDI <��
 ��
 ��>
 UIF .FZFS�MJLF GSBNF EFTJHO <��> IBT CFFO



��� 1BQFS **

UBJMPSFE UP G.3* TJHOBMT CZ EFmOJOH B TQFDUSBM QBSUJUJPOJOH TVDI UIBU B TNBMM OVNCFS
PG OBSSPX�TVQQPSU mMUFST
 DPWFSJOH UIF MPXFS FOE PG UIF TQFDUSVN
 BSF DPOTUSVDUFE�

*O UIJT QBQFS
 XF QSPQPTF BO BQQSPBDI GPS DPOTUSVDUJOH UJHIU HSBQI GSBNFT UIBU
BDDPVOU OPU POMZ GPS UIF JOUSJOTJD UPQPMPHJDBM TUSVDUVSF PG UIF VOEFSMZJOH HSBQI BT
QSPQPTFE JO <��>
 CVU BMTP GPS UIF DIBSBDUFSJTUJDT PG B HJWFO TFU PG TJHOBMT� ɨJT JT BD�
DPNQMJTIFE CZ DPOTJEFSJOH B HSBQI�CBTFE FOFSHZ TQFDUSBM EFOTJUZ OPUJPO UIBU JODMVEFT
TJHOBM BOE UPQPMPHZ QSPQFSUJFT BOE FODPEFT UIF FOFSHZ�XJTF TJHOJmDBODF PG UIF HSBQI
FJHFOWBMVFT� " TZTUFN PG TQFDUSBM LFSOFMT UBJMPSFE UP UIF FOFSHZ TQFDUSBM EFOTJUZ JT
DPOTUSVDUFE CZ TUBSUJOH GSPN UIF EFTJHO PG B QSPUPUZQF .FZFS�UZQF UJHIU GSBNF XJUI
VOJGPSN TQFDUSBM DPWFSBHF
 GPMMPXFE CZ B XBSQJOH TUFQ XIJDI JODPSQPSBUFT UIF FOFSHZ
TQFDUSBM EFOTJUZ JOGPSNBUJPO UP UIF QSPUPUZQF EFTJHO
 SFTVMUJOH JO B UJHIU GSBNF XJUI
FRVJ�FOFSHZ TVCCBOET�

ɨF QBQFS JT PSHBOJ[FE BT GPMMPXT� *O 4FDUJPO �
 EFmOJUJPOT SFMBUFE UP TQFDUSBM
HSBQI UIFPSZ
 UJHIU GSBNFT BOE HSBQI TJHOBM EFDPNQPTJUJPO BSF CSJFnZ SFWJFXFE� *O
4FDUJPO �
 UIF QSPDFEVSF GPS DPOTUSVDUJOH TJHOBM�BEBQUFE UJHIU GSBNFT JT JOUSPEVDFE�
*O 4FDUJPO �
 JOTJHIU PO WFSUFY MPDBMJ[BUJPO PG UIF SFTVMUJOH BUPNT JT QSPWJEFE� *O
4FDUJPO �
 DPOTUSVDUJPOT PG UIF QSPQPTFE GSBNF GPS UISFF EJĊFSFOU HSBQI TJHOBM TFUT BSF
QSFTFOUFE
 WFSUFY MPDBMJ[BUJPO PG B TFU PG SFTVMUJOH BUPNT JT RVBOUJmFE
 UIF DPFċDJFOUT
SFTVMUJOH GSPN EFDPNQPTJOH B SFBM HSBQI EBUBTFU BSF TUVEJFE
 BOE mOBMMZ
 UIF QSPQPTFE
GSBNFT BSF VTFE JO UIF TFUUJOH PG TJHOBM EFOPJTJOH�

� 1SFMJNJOBSJFT

��� (SBQIT BOE 4QFDUSBM (SBQI 5IFPSZ

"O VOEJSFDUFE
 XFJHIUFE HSBQI G = (V, E , A) DPOTJTUT PG B TFU V PG Ng WFSUJDFT

B TFU E PG FEHFT 	J�F�
 QBJST 	i, j
 XIFSF i, j ∈ V
 BOE B XFJHIUFE BEKBDFODZ NBUSJY
A = [ai,j ]
 XIFSF ai,j EFOPUFT UIF XFJHIU PG UIF FEHF CFUXFFO WFSUJDFT i BOE j� ɨF
EFHSFF NBUSJY D JT EJBHPOBM XJUI FMFNFOUT di,i =

∑
j ai,j � ɨF -BQMBDJBO NBUSJDFT PG

G JO DPNCJOBUPSJBM GPSN L BOE OPSNBMJ[FE GPSN L BSF EFmOFE BT

L = D −A, 	�


L = D−1/2LD−1/2, 	�


SFTQFDUJWFMZ� 4JODF CPUIL BOEL BSF TZNNFUSJD BOE QPTJUJWF TFNJ�EFmOJUF
 UIFJS FJHFO�
EFDPNQPTJUJPOT MFBE UP B TFU PGNg SFBM
 OPO�OFHBUJWF FJHFOWBMVFT UIBU EFmOF UIF HSBQI
TQFDUSVN

Λ(G) = {0 = λ1 ≤ λ2 · · · ≤ λNg = λNBY}. 	�




���

ɨF DPSSFTQPOEJOH TFU PG FJHFOWFDUPST {χl}
Ng

l=1 GPSNT B DPNQMFUF TFU PG PSUIPOPSNBM
WFDUPST UIBU TQBO UIF HSBQI TQFDUSBM EPNBJO <��>� 8IFO OFDFTTBSZ
 XF VTF UIF OP�
UBUJPOT ΛL(G) BOE ΛL(G) UP EJTUJOHVJTI CFUXFFO UIF UXP EFmOJUJPOT PG UIF HSBQI
-BQMBDJBO� "T UIF FJHFOWBMVFT NBZ CF SFQFUJUJWF
 GPS FBDI λl
 XF EFOPUF JUT BMHFCSBJD
NVMUJQMJDJUZ CZ mλl BOE UIF JOEFY PG JUT mSTU PDDVSSFODF CZ iλl � ɨBU JT
 JG λl JT TJOHV�
MBS
 J�F� mλl = 1
 UIFO iλl = l
 BOE JG λl JT SFQFUJUJWF
 UIFO iλl ≤ l� ɨF NVMUJQMJDJUZ PG
FJHFOWBMVFT FRVBM UP [FSP SFnFDUT UIF OVNCFS PG DPOOFDUFE DPNQPOFOUT JO UIF HSBQI�
*O UIJT QBQFS
 POMZ DPOOFDUFE HSBQIT BSF DPOTJEFSFE
 BOE UIVT
 mλ1 = 1�

��� (SBQI 4JHOBMT

-FU R(V) EFOPUF B )JMCFSU TQBDF PG SFBM�WBMVFE TJHOBMT EFmOFE PO UIF WFSUJDFT PG UIF
HSBQI
 XJUI UIF JOOFS QSPEVDU EFmOFE BT ∀f1,f2 ∈ R(V), ⟨f1,f2⟩ =

∑Ng

n=1 f1[n]f2[n],

BOE UIF OPSN BT ∀f ∈ R(V), ||f ||22 = ⟨f ,f⟩ =
∑Ng

n=1 |f [n]|2�

(SBQI 'PVSJFS 5SBOTGPSN

'PS BOZ f ∈ R(V)
 JUT TQFDUSBM SFQSFTFOUBUJPO f̂ ∈ R(V)
 LOPXO BT UIF HSBQI 'PVSJFS
USBOTGPSN PG f 
 DBO CF VTFE UP FYQSFTT f JO UFSNT PG UIF HSBQI -BQMBDJBO FJHFOWFDUPST

f [n] =

Ng∑

l=1

⟨f ,χl⟩︸ ︷︷ ︸
=f̂ [l]

χl[n]. 	�


1BSTFWBM 3FMBUJPO
8JUI UIJT EFmOJUJPO PG UIF 'PVSJFS USBOTGPSN
 JU DBO CF TIPXO UIBU UIF 1BSTFWBM SFMBUJPO
IPMET <��>

∀f1,f2 ∈ R(V), ⟨f1,f2⟩ = ⟨f̂1, f̂2⟩. 	�


(FOFSBMJ[FE $POWPMVUJPO 1SPEVDU
'PS BOZ UXP HSBQI TJHOBMT f1,f2 ∈ R(V)
 UIF HFOFSBMJ[FE DPOWPMVUJPO QSPEVDU JT
EFmOFE BT

(f1 ∗ f2)[n] =

Ng∑

l=1

f̂1[l]f̂2[l]χl[n]. 	�




��� 1BQFS **

(SBQI 4JHOBM 'JMUFSJOH
*O BOBMPHZ XJUI DPOWFOUJPOBM TJHOBM QSPDFTTJOH
 mMUFSJOH PG HSBQI TJHOBMT DBO CF WJFXFE
BT BO PQFSBUJPO JO UIF TQFDUSBM EPNBJO� 'PS B HJWFO HSBQI TJHOBM f ∈ R(V) BOE HSBQI
mMUFS g ∈ R(V)
 EFmOFE UISPVHI JUT 'PVSJFS USBOTGPSN ĝ
 UIF mMUFSFE TJHOBM
 EFOPUFE
CZ (Fgf)
 DBO CF PCUBJOFE BT

(Fgf)[n] = (g ∗ f)[n] 	�


(6)
=

Ng∑

l=1

ĝ[l]f̂ [l]χl[n]. 	�


ɨF mMUFS SFTQPOTF PG BO JNQVMTF BU WFSUFY m

f = δm ↔ δ̂m[l] = ⟨δm,χl⟩ = χl[m], 	�


DBO UIFO CF PCUBJOFE BT

(Fgδm)[n] =

Ng∑

l=1

ĝ[l]χl[m]χl[n], 	��


XIJDI
 JO HFOFSBM
 JT TIJGU�WBSJBOU� J�F
 JO UIF WFSUFY EPNBJO
 JU JT OPU B TIJGUFE WFSTJPO
PG UIF TBNF HSBQI TJHOBM� ɨFSFGPSF
 GPS DPOWFOJFODF
 B HSBQI mMUFS DBO CF EFmOFE CZ
JUT TQFDUSBM LFSOFM ĝ�

5P EFTJHO TQFDUSBM LFSOFMT
 JU JT PGUFO NPSF FMFHBOU UP EFmOF BO VOEFSMZJOH TNPPUI
DPOUJOVPVT LFSOFM� 'PS JOTUBODF
 XF DPOTJEFS K(λ) : [0,λNBY] → R+
 GSPN XIJDI
XF EFSJWF B EJTDSFUF WFSTJPO UISPVHI TBNQMJOH BT

k[l] = K(λl), l = 1, . . . , Ng. 	��


/PUF UIBU BMUIPVHI TQFDUSBM LFSOFMT 	J�F�
 K(λ) BOE k
 BSF EFmOFE JO UIF TQFDUSBM
EPNBJO
 UIFZ BSF OPU MJOLFE UP BOZ FYQMJDJU WFSUFY SFQSFTFOUBUJPO
 BOE UIVT
 UIF 'PVSJFS
TZNCPM ̂ JT OPU VTFE GPS UIFJS EFOPUBUJPO� ɨJT OPUBUJPO DPOWFOUJPO XJMM CF VTFE
UISPVHIPVU UIF QBQFS�

��� %JDUJPOBSZ PG (SBQI "UPNT
"T OPUFE CFGPSF
 GPS B HJWFO LFSOFM k BTTPDJBUFE XJUI K
 UIF WFSUFY�EPNBJO JNQVMTF
SFTQPOTFT BSF PCUBJOFE BT

ψK,m = (Fkδm) ↔ ψ̂K,m[l] = k[l]χl[m]. 	��




���

ɨF DPMMFDUJPO PG JNQVMTF SFTQPOTFT {ψK,m}Ng

m=1 BSF DPOTJEFSFE HSBQI BUPNT BTTPDJ�
BUFE XJUI UIF TQFDUSBM LFSOFMK(λ)� (JWFO B TFU PG J TQFDUSBM LFSOFMT {kj}Jj=1 ∈ R(V)

B EJDUJPOBSZ DG DPOUBJOJOH JNg BUPNT JT PCUBJOFE BT

DG =
{
{ψKj ,m}Jj=1

}Ng

m=1
. 	��


ɨF BUPNT PG DG GPSN B GSBNF JO ℓ2(V) JG UIFSF FYJTU CPVOET B2 ≥ B1 > 0 TVDI
UIBU <��>

∀f ∈ R(V), B1||f ||22 ≤
∑

j,m

|⟨f ,ψKj ,m⟩|2 ≤ B2||f ||22, 	��


XIFSF UIF GSBNF CPVOET BSF HJWFO CZ

B1 = NJO
λ∈[0,λNBY]

G(λ), B2 = NBY
λ∈[0,λNBY]

G(λ), 	��


BOE G(λ) JT EFmOFE BT

G(λ) =
J∑

j=1

|Kj(λ)|2. 	��


*O QBSUJDVMBS
 DG GPSNT B UJHIU GSBNF JG

∀λ ∈ [0,λNBY], G(λ) = C, 	��


BOE B 1BSTFWBM GSBNF JG C = 1�

��� %FDPNQPTJUJPO PG (SBQI 4JHOBMT

%JSFDU %FDPNQPTJUJPO
5P EFDPNQPTF B HSBQI TJHOBM f POUP B TFU PG UIF BUPNT JO DG 
 UIF DPFċDJFOUT DBO CF
PCUBJOFE BT

cKj ,m = ⟨f ,ψKj ,m⟩ 	��


(5)
=

Ng∑

l=1

ψ̂Kj ,m[l]f̂ [l], 	��


(12)
=

Ng∑

l=1

kj [l]f̂ [l]χl[m]. 	��




��� 1BQFS **

*G DG GPSNT B 1BSTFWBM GSBNF
 UIF PSJHJOBM TJHOBM DBO CF SFDPWFSFE BT

f [n] =
∑

j

∑

m

cKj ,mψKj ,m

=
∑

j

∑

m

∑

l

kj [l]f̂ [l]χl[m]
∑

l′

kj [l
′
]χl′ [m]χl′ [n]

=
∑

l

∑

l′

∑

j

kj [l]kj [l
′
]f̂ [l]χl′ [n]

∑

m

χl[m]χl′ [m]

︸ ︷︷ ︸
δ
l−l

′

=
∑

l

∑

j

k2
j [l]

︸ ︷︷ ︸
=1

f̂ [l]χl[n]. 	��


%FDPNQPTJUJPO 5ISPVHI 1PMZOPNJBM "QQSPYJNBUJPO
ɨF EFDPNQPTJUJPO PG f PO DG MFBET UP UIF DPFċDJFOUT

cKj = [cKj ,1, cKj ,2, . . . , cKj ,Ng ]
T j = 1, . . . , J,

UIBU DBO CF JOUFSQSFUFE BT mMUFSFE WFSTJPOT PG f XJUI EJĊFSFOU TQFDUSBM LFSOFMT {kj}Jj=1�
%VF UP UIF SFEVOEBODZ PG TVDI B USBOTGPSN
 JU JT CFOFmDJBM UP JNQMFNFOU UIF USBOTGPSN
VTJOH B GBTU BMHPSJUIN
 SBUIFS UIBO VTJOH UIF FYQMJDJU DPNQVUJPO PG UIF DPFċDJFOUT
UISPVHI 	��
� ɨJT CFDPNFT FWFO NPSF DSVDJBM XIFO MBSHF HSBQIT BSF DPOTJEFSFE�
0OF TVDI BMHPSJUIN JT UIF $IFCZTIFW QPMZOPNJBM BQQSPYJNBUJPO NFUIPE <��>
 XIJDI
JT CBTFE PO DPOTJEFSJOH UIF FYQBOTJPO PG UIF DPOUJOVPVT TQFDUSBM XJOEPX GVODUJPOT
{Kj(λ)}Jj=1 XJUI UIF $IFCZTIFW QPMZOPNJBMT Cp(x) = DPT(p BSDDPT(x)) BT

Kj(x) =
1

2
dKj ,0 +

∞∑

p=1

dKj ,p C̄p (x) , 	��


XIFSF C̄p(x) = Cp(x−b
b )
 b = λNBY/2 BOE dKj ,p EFOPUF UIF $IFCZTIFW DPFċDJFOUT

PCUBJOFE BT
dKj ,p =

2

π

∫ π

0
DPT(pθ)Kj(b(DPT(θ) + 1)). 	��


#Z USVODBUJOH 	��
 UP M UFSNT
 cKj DBO UIFO CF BQQSPYJNBUFE BT

c̃Kj =
1

2
dKj ,0f +

M∑

p=1

dKj ,pC̄p(L)f . 	��


8F SFGFS UP <��> GPS GVSUIFS EFUBJMT�



���

� 4JHOBM�"EBQUFE 'SBNF $POTUSVDUJPO

ɨF PCKFDUJWF JT UP DPOTUSVDU B TJHOBM�BEBQUFE UJHIU GSBNF XIFSF UIF BEBQUJWJUZ JT JO�
USPEVDFE CZ FYQMPJUJOH UIF TQFDUSBM FOFSHZ DPOUFOU PG B HJWFO HSBQI TJHOBM TFU� ɨJT
BQQSPBDI JT NPUJWBUFE CZ UXP PCTFSWBUJPOT� 	J
 UIF FJHFOWBMVFT PG UIF HSBQI -BQMBDJBO
UIBU EFmOF UIF HSBQI�T TQFDUSVN BSF JSSFHVMBSMZ TQBDFE
 BOE EFQFOE JO B DPNQMFY XBZ
PO UIF HSBQI UPQPMPHZ� 	JJ
 UIF EJTUSJCVUJPO PG HSBQI TJHOBMT� FOFSHZ JT HFOFSBMMZ OPO�
VOJGPSN BDSPTT UIF TQFDUSVN� #BTFE PO UIFTF PCTFSWBUJPOT
 UIF JEFB JT UP DPOTUSVDU
BO ABEBQUFE� GSBNF
 TVDI UIBU UIF FOFSHZ�XJTF TJHOJmDBODF PG UIF FJHFOWBMVFT JT UBLFO
JOUP BDDPVOU
 SBUIFS UIBO POMZ BEBQUJOH CBTFE PO UIF EJTUSJCVUJPO PG UIF FJHFOWBMVFT
BT QSPQPTFE JO <��>� *O UIJT XBZ
 BMTP UIF UPQPMPHJDBM JOGPSNBUJPO PG UIF HSBQI JT
JNQMJDJUMZ JODPSQPSBUFE JO UIF EFTJHO
 TJODF UIF FOFSHZ DPOUFOU JT HJWFO JO UIF HSBQI
TQFDUSBM EPNBJO UIBU JT JO UVSO EFmOFE CZ UIF FJHFOWBMVFT� 5P GPSNVMBUF UIF QSPCMFN

XF mSTU JOUSPEVDF B OPUJPO PG FOFSHZ GPS B HJWFO HSBQI BOE B HJWFO TJHOBM TFU�

%FmOJUJPO 	FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ

'PS B HJWFO HSBQI G
 XJUI TQFDUSVN Λ(G)
 BOE HSBQI TJHOBM TFU F = {f s}Ns

s=1
 UIF
FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ PG F DBO CF PCUBJOFE BT

ēF [l] =
1

Ns

Ns∑

s=1

∣∣∣∣⟨
f s

||f s||2
,χl⟩

∣∣∣∣
2

, l = 1, . . . , Ng, 	��


XIFSF UIF OPSNBMJ[BUJPO UFSN FOTVSFT UIBU FBDI TJHOBM DPOUSJCVUFT FRVBMMZ UP UIF FO�
TFNCMF FOFSHZ BOE

∑
l ēF [l] = 1�

6TJOH ēF 
 UIF EFTJSFE TZTUFN PG TQFDUSBM LFSOFMT {kj}Jj=1 OFFET UP CF DPOTUSVDUFE
TVDI UIBU FBDI LFSOFM DBQUVSFT BO FRVBM BNPVOU PG FOTFNCMF FOFSHZ
 J�F�


Ng∑

l=2

kj [l]ēF [l] =
1− ēF [1]

J
, j = 1, . . . , J 	��


TVCKFDU UP UIF 1BSTFWBM GSBNF DPOTUSBJOU
 J�F�


J∑

j=1

|kj [l]|2 = 1, l = 1, · · · , Ng. 	��


ɨF FOFSHZ DPOUSJCVUJPO GSPN λ1 JT FYDMVEFE GSPN UIF EFTJHO BT JU NFSFMZ SFnFDUT UIF
FOTFNCMF NFBO PG UIF TJHOBM TFU�



��� 1BQFS **

8F QSPQPTF B UXP�TUFQ QSPDFEVSF UP PCUBJO TVDI B EFTJHO� 'JSTU
 B QSPUPUZQF
TZTUFN PG DPOUJOVPVT TQFDUSBM LFSOFMT
 {K′

j(λ)}Jj=1
 JT PCUBJOFE TVDI UIBU UIFZ TBUJTGZ
UIF GPMMPXJOH VOJGPSNJUZ DPOTUSBJOU

∃ C ∈ R+,

∫ λNBY

0
K′

j(λ) Eλ = C, j = 1, . . . , J, 	��


TVCKFDU UP UIF UJHIU 1BSTFWBM GSBNF DPOTUSBJOU


J∑

j=1

|K′
j(λ)|2 = 1, ∀λ ∈ [0,λNBY]. 	��


4FDPOE
 BO FOFSHZ�FRVBMJ[JOH USBOTGPSNBUJPO TF (λ) JT DPOTUSVDUFE BOE JODPSQPSBUFE
JO {K′

j(λ)}Jj=1
 MFBEJOH UP B XBSQFE WFSTJPO PG UIF QSPUPUZQF EFTJHO

Kj(λ) = K′
j(TF (λ)), j = 1, . . . , J. 	��


1SPWJEFE UIBU TF (λ) JT EFTJHOFE TVDI UIBU JU JT NPOPUPOJDBMMZ JODSFBTJOH BOE TBUJTmFT

bj∑

l=aj

ēF [l] =
1− ēF [1]

J
, j = 1, . . . , J, 	��


XIFSF

aj = BSH NJO
l∈{1,...,Ng}

{∣∣∣∣TF (λl)−
j − 1

J
λNBY

∣∣∣∣

}
	��


bj = BSH NJO
l∈{1,...,Ng}

{∣∣∣∣TF (λl)−
j

J
λNBY

∣∣∣∣

}
, 	��


UIF SFTVMUJOH {Kj(λ)}Jj=1 DPSSFTQPOET UP UIF EFTJSFE TJHOBM�BEBQUFE TZTUFN PG TQFDUSBM
LFSOFMT JO UIF DPOUJOVPVT EPNBJO� *G B EJTDSFUF SFQSFTFOUBUJPO JT OFFEFE GPS EJSFDU EF�
DPNQPTJUJPO BT JO 	��

 {kj}Jj=1 DBO CF PCUBJOFE UISPVHI TBNQMJOH� *O UIF GPMMPXJOH

UIFTF UXP TUFQT BSF FYQMBJOFE JO EFUBJM�

��� 4UFQ �� 1SPUPUZQF 4ZTUFN PG 4QFDUSBM ,FSOFMT $POTUSVDUJPO
8IJMF UIFSF JT OP VOJRVF TPMVUJPO UIBU TBUJTmFT 	��

 QSPUPUZQF TZTUFNT PG TQFDUSBM
LFSOFMT TBUJTGZJOH UIJT DPOTUSBJOU TVCKFDU UP 	��
 DBO CF EFTJHOFE� *O UIJT QBQFS
 XF
BJN BU EFTJHOJOH TQFDUSBM LFSOFMT TJNJMBS UP UIPTF PG UIF .FZFS�MJLF HSBQI XBWFMFU



���

¸

¢

°a0

0

1

¸
max

a

a¢¢ ¢

. . . 

K
j(
¸

)
‘

'JHVSF �� $POTUSVDUJPO PG 6.5 TZTUFN PG TQFDUSBM LFSOFMT�

GSBNF <��> TJODF UIFZ IBWF 	J
 B mOJUF TVQQPSU PG UIF CBOEQBTT UZQF
 BOE 	JJ
 TNPPUI
USBOTJUJPO CBOET UIBU IBWF BO BEWBOUBHFPVT FĊFDU PO MPDBMJ[BUJPO JO UIF WFSUFY EPNBJO
<��
 ��>� ɨF GPMMPXJOH QSPQPTJUJPO JOUSPEVDFT UIF EFTJHO PG B VOJGPSN .FZFS�UZQF
TZTUFN PG TQFDUSBM LFSOFMT�

1SPQPTJUJPO �� 	VOJGPSN .FZFS�UZQF 	6.5
 TZTUFN PG TQFDUSBM LFSOFMT
 6TJOH UIF BVYJM�
JBSZ GVODUJPO PG UIF .FZFS XBWFMFU
 HJWFO CZ <��>

ν(x) = x4(35− 84x+ 70x2 − 20x3), 	��


B TFU PG J ≥ 2 TQFDUSBM LFSOFMT EFmOFE BT

K′
1(λ) =

⎧
⎪⎨

⎪⎩

1 ∀λ ∈ [0, a]

DPT(π2 ν(
1

γ−1(
λ
a − 1))) ∀λ ∈]a, γa]

0 FMTFXIFSF
	��B


K′
j(λ) =

⎧
⎪⎨

⎪⎩

TJO(π2 ν(
1

γ−1(
λ−(j−2)∆

a − 1))) ∀λ ∈]λ*,λ**]
DPT(π2 ν(

1
γ−1(

λ−(j−1)∆
a − 1))) ∀λ ∈]λ**,λ** +∆]

0 FMTFXIFSF
	��C


K′
J(λ) =

⎧
⎪⎨

⎪⎩

TJO(π2 ν(
1

γ−1(
λ−(J−2)∆

a − 1))) ∀λ ∈]λ*,λ**]
1 ∀λ ∈]λ**,λ** + a]

0 FMTFXIFSF
	��D


DBO CF DPOTUSVDUFE
 XIFSF

∆ = γa− a, 	��B

λ* = a+ (j − 2)∆, 	��C

λ** = γa+ (j − 2)∆, 	��D


a =
λNBY

Jγ − J − γ + 3
. 	��E




��� 1BQFS **

0
0

1

¸
max¸

(a)

¸

(b)

0
0

1

¸
max

0
0

1

¸
max

0
0

1

¸
max

¸

(c)

¸

(d)

'JHVSF �� 6.5 TZTUFN PG TQFDUSBM LFSOFMT BT HJWFO JO 1SPQPTJUJPO � EJTQMBZFE GPS
	B
 J = 5 BOE 	C
 J = 7 TQFDUSBM TDBMFT� ɨF )$65 TZTUFN PG TQFDUSBM LFSOFMT
<��> EJTQMBZFE GPS 	D
 J = 5 BOE 	E
 J = 7 TQFDUSBM TDBMFT�

'JH� � JMMVTUSBUFT UIF OPUBUJPOT VTFE� #Z TFUUJOH γ = 2.73
 UIF TFU PG LFSOFMT EFmOFE JO 	��

TBUJTmFT UIF VOJGPSNJUZ DPOTUSBJOU HJWFO JO 	��
� ǲF BUPNT PG B EJDUJPOBSZ DPOTUSVDUFE
VTJOH UIJT TFU PG TQFDUSBM LFSOFMT GPSN B 1BSTFWBM GSBNF PO R(V)�

1SPPG� TFF "QQFOEJY "�

'JHT� �	B
 BOE 	C
 TIPX SFBMJ[BUJPOT PG UIF SFTVMUJOH 6.5 TZTUFN PG TQFDUSBM LFS�
OFMT GPS B mYFE λNBY BOE UXP EJĊFSFOU J � 'PS DPNQBSJTPO
 UIF IBMG�DPTJOF VOJGPSN
USBOTMBUF 	)$65
 TZTUFN PG TQFDUSBM LFSOFMT <��> BSF TIPXO JO 'JH� �	D
 BOE 	E
� ɨFSF
BSF UISFF NBJO EJĊFSFODFT XIFO DPNQBSJOH UIFTF UXP EFTJHOT� 'JSTU
 UIF BUPNT PG B
EJDUJPOBSZ DPOTUSVDUFE VTJOH UIF 6.5 TZTUFN PG TQFDUSBM LFSOFMT OPU POMZ GPSN B
UJHIU GSBNF CVU BMTP B 1BSTFWBM GSBNF� 4FDPOE
 UIF 6.5 TZTUFN PG TQFDUSBM LFSOFMT
IBT CFUUFS QBTTCBOE DIBSBDUFSJTUJDT DPNQBSFE UP )$65 TZTUFN PG TQFDUSBM LFSOFMT BT
UIF TVQQPSU PG FBDI LFSOFM JT B NPSF TUSJDU TVCTFU PG UIF TQFDUSVN
 XJUI MFTT PWFSMBQ PG
BEKBDFOU LFSOFMT� ɨJSE
 UIF 6.5 TZTUFN PG TQFDUSBM LFSOFMT TBUJTmFT 	��
� ɨF MBUUFS
UXP EJĊFSFODFT BSF JO GBWPVS PG UIF QSPQPTFE 6.5 EFTJHO GPS PVS QVSQPTF�



���

��� 4UFQ �� &OFSHZ�&RVBMJ[JOH 4QFDUSBM 8BSQJOH

"MUIPVHI UIF 6.5 TZTUFN PG mMUFST TBUJTGZ UIF VOJGPSNJUZ DPOTUSBJOU 	��

 UIFZ TBUJTGZ
UIF FRVJ�FOFSHZ DPOTUSBJOU 	��
 POMZ JG �
 UIF HSBQI�T FJHFOWBMVFT BSF VOJGPSNMZ EJT�
USJCVUFE BDSPTT UIF TQFDUSVN BOE �
 UIF FOTFNCMF FOFSHZ DPOUSJCVUJPO BU FBDI FJHFO�
WBMVF JT FRVBM� *O GBDU
 GPS B HJWFO HSBQI BOE TJHOBM TFU
 UIFTF UXP DPOEJUJPOT EP OPU
IPME JO HFOFSBM� 6TJOH ēF 
 UIF EFTJSFE DPOUJOVPVT FOFSHZ�FRVBMJ[JOH USBOTGPSNBUJPO
GVODUJPO TF (λ) : [0,λNBY] → [0,λNBY]
 DBO UIFO CF PCUBJOFE UISPVHI NPOPUPOJD
DVCJD JOUFSQPMBUJPO <��> PG UIF QBJS PG QPJOUT

{⎛

⎝λl ,
λNBY

mλl(1− ēF [1])

iλl+mλl∑

r=iλl

r∑

k=2

ēF [k]

⎞

⎠
}Ng

l=2

, 	��


UPHFUIFS XJUI (λ1, 0)� ɨF SFTVMUJOH TF (λ) TBUJTmFT 	��
� ɨVT
 UIF TFU PG TQFDUSBM
LFSOFMT PCUBJOFE CZ XBSQJOH UIF 6.5 TZTUFN PG LFSOFMT VTJOH TF (λ)
 DG� 	��

 DPS�
SFTQPOE UP UIF EFTJSFE TJHOBM�BEBQUFE TZTUFN PG TQFDUSBM LFSOFMT�

��� (FOFSBMJ[BUJPO

ɨF QSPQPTFE QSPDFEVSF GPS UIF EFTJHO PG TJHOBM�BEBQUFE GSBNFT DBO CF HFOFSBMJTFE JO
UXP BTQFDUT� 'JSTU
 QSPUPUZQF EFTJHOT PUIFS UIBO UIF 6.5 DBO CF EFTJHOFE BOE VTFE BT
UIF CBTF GPS UIF QSPQPTFE GSBNFT
 XJUI B HFOFSBM DBTF GPSNVMBUJPO HJWFO JO "QQFOEJY
#� 4FDPOE
 SBUIFS UIBO UIF QSPQPTFE FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ NFBTVSF HJWFO
JO 	��

 PUIFS GPSNT PG TUBUJPOBSZ TJHOBM JOGPSNBUJPO DBO CF FYQMPJUFE UP DPOTUSVDU B
TVJUBCMF TJHOBM�BEBQUFE TQFDUSBM USBOTGPSNBUJPO
 XJUI FYBNQMF NFBTVSFT SFDFOUMZ FY�
UFOEFE UP UIF HSBQI TFUUJOH HJWFO JO <��
 ��
 ��>� 'JOBMMZ
 XF BMTP OPUF UIBU
 EFQFOEJOH
PO UIF EBUBTFU
 JU DBO CF CFOFmDJBM UP TMJHIUMZ TNPPUI TF (λ)
 JO QBSUJDVMBS JNQPSUBOU
BU TQFDUSBM SFHJPOT XIFSF BEKBDFOU FJHFOWBMVFT BSF NJOVUFMZ EJĊFSFOU JO WBMVF BOE UIF
FOTFNCMF FOFSHZ TJHOJmDBOUMZ DIBOHFT BDSPTT UIFN� " TNPPUI TF (λ)
 JO UVSO
 DPNFT
JO GBWPVS PG PCUBJOJOH TNPPUIFS TQFDUSBM LFSOFMT�

� 7FSUFY -PDBMJ[BUJPO PG 4QFDUSBM ,FSOFMT

"T JO DMBTTJDBM TJHOBM QSPDFTTJOH XIFSF UIF VODFSUBJOUZ QSJODJQMF EFUFSNJOFT UIF USBEF�
PĊ CFUXFFO mOF MPDBMJ[BUJPO JO UJNF 	TQBUJBM
 BOE GSFRVFODZ EPNBJO
 B TJNJMBS OPUJPO
OBUVSBMMZ FYUFOET UP UIF HSBQI TFUUJOH
 XJUI FYBNQMF QSPQPTBMT HJWFO JO <��
 ��
 ��
 ��

��>� "T UIF QSFTFOU QSPQPTBM PG DPOTUSVDUJOH GSBNFT JT EFmOFE JO UIF TQFDUSBM EPNBJO

JU JT JOUFSFTUJOH UP DPOTJEFS UIF UIFPSFUJDBM DPOTUSBJOUT JO UIF WFSUFY MPDBMJ[BUJPO PG UIF
SFTVMUJOH BUPNT� *O QBSUJDVMBS
 XF mSTU DPOTJEFS UIF CPVOE PO UIF WFSUFY MPDBMJ[BUJPO PG
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BUPNT QSPWJEFE UISPVHI QPMZOPNJBM BQQSPYJNBUJPO <��>� 'PS B QPMZOPNJBM TQFDUSBM
LFSOFM PG EFHSFF D
 EFmOFE BT

PD(λl) =
D∑

k=0

αkλ
k
l 	��


GPS TPNF DPFċDJFOUT {αk}Dk=0
 JU DBO CF TIPXO UIBU JUT BTTPDJBUFE BUPNT TBUJTGZ UIF
MPDBMJ[BUJPO DPOTUSBJOU <��>

∀n ∈ V , ψPD,n[m] = 0 JG dG(n,m) > D, 	��


XIFSF dG(·, ·) JT B EJTUBODF NFUSJD� "T TVHHFTUFE JO <��>
 UIF HFPEFTJD EJTUBODF JT POF
NFUSJD UIBU DBO CF VTFE
 JO XIJDI DBTF
 dG(i, j) JT UIF MFOHUI PG UIF TIPSUFTU QBUI
DPOOFDUJOH WFSUJDFT i BOE j� 'PS B HFOFSJD TQFDUSBM LFSOFM K(λ)
 UIF MPDBMJ[BUJPO PG JUT
BTTPDJBUFE BUPNT DBO CF RVBOUJmFE BT <��>

|ψK,n[m]| ≤
√

Ng JOG
P
D

′
{||K − PD′ ||∞}, 	��


XIFSF UIF JOmNVN JT UBLFO PWFS BMM QPMZOPNJBM LFSOFMT PG EFHSFF D′ 
 BT EFmOFE JO
	��

 XJUI D

′
= dG(n,m)−1� "O VQQFS CPVOE DBO CF EFUFSNJOFE GPS UIF NJOJNBY

QPMZOPNJBM BQQSPYJNBUJPO FSSPS PG UIF JOmNVN UFSN� 8F SFGFS UP <��> GPS GVSUIFS
EFUBJMT BOE B QSPPG PG 	��
 BOE 	��
�

#BTFE PO 	��
 BOE 	��

 JG B HJWFO TQFDUSBM LFSOFM DBO CF QFSGFDUMZ SFQSFTFOUFE BT
B QPMZOPNJBM PG EFHSFF M 
 JUT SFBMJ[BUJPO BU B HJWFO WFSUFY n XJMM CF MPDBMJ[FE JO B
TQIFSF PG SBEJVT M FEHFT BSPVOE WFSUFY n� J�F�
 UIF MPXFS UIF EFHSFF
 UIF mOFS UIF
MPDBMJ[BUJPO JO UIF WFSUFY EPNBJO� *G UIF BQQSPYJNBUJPO JT OPU QFSGFDU
 UIF WFSUJDFT
UIBU GBMM PVUTJEF UIF TQIFSF XJMM OPU OFDFTTBSJMZ CF [FSP
 CVU DPOTUSBJOFE CZ UIF CPVOE
JO 	��
� ɨJT DBO CF TFFO BT UIF USBEF�PĊ PG WFSUFY�TQFDUSBM MPDBMJ[BUJPO� UIF TNPPUIFS
UIF HJWFO TQFDUSBM LFSOFM K(λ) BOE UIF XJEFS JUT USBOTJUJPOT CBOET
 UIF MPXFS JT JUT
BQQSPYJNBUJPO FSSPS UP B QPMZOPNJBM
 BOE UIVT
 UIF mOFS JT UIF MPDBMJ[BUJPO PG JUT
BTTPDJBUFE BUPNT JO UIF WFSUFY EPNBJO� $PNQBSFE UP UIF )$65 TQFDUSBM LFSOFMT

UIF QSPQPTFE 6.5 TQFDUSBM LFSOFMT QSPWJEF OBSSPXFS USBOTJUJPO CBOET 	DG� 'JH� �


BOE UIFSFGPSF
 UIF SFTVMUJOH BUPNT BSF FYQFDUFE UP CF MFTT MPDBMJ[FE� "T TJHOBM�BEBQUFE
LFSOFMT SFTVMU GSPN JODPSQPSBUJOH UIF FOFSHZ�FRVBMJ[JOH USBOTGPSNBUJPO JOUP UIF 6.5
EFTJHO
 DG� 	��

 UIF TQFDJmD CPVOE EFQFOET PO UIF TJHOBM TFU VTFE�

'PS BO BMUFSOBUJWF EFTDSJQUJPO
 UIF MPDBMJ[BUJPO PG SFBMJ[BUJPOT PG HSBQI BUPNT DBO
CF RVBOUJmFE VTJOH UIF HSBQI TQSFBE NFBTVSF <��>� UIF HSBQI TQSFBE PG B TJHOBM f ∈
R(V) BSPVOE WFSUFY k ∈ V JT EFmOFE BT

∆2
G,k(f) =

1

||f ||22

∑

v∈V
d2G(k, v)f

2[v], 	��




���

XIFSF dG(·, ·) JT UIF TBNF EJTUBODF NFUSJD BT UIBU VTFE JO 	��
 BOE 	��
� ɨF TNBMMFS
JT ∆2

G,k(f)
 UIF NPSF MPDBMJ[FE JT f BSPVOE WFSUFY k
 BOE WJDF WFSTB� " HMPCBM TQSFBE
NFBTVSF DBO BMTP CF PCUBJOFE BT

∆2
G(f) = NJO

k∈V

{
∆2

G,k(f)
}
. 	��


#Z TVCTUJUVUJOH BO BUPN ψK,n GPS f JO 	��
 BOE 	��

 JUT WFSUFY MPDBMJ[BUJPO DBO CF
RVBOUJmFE� *O 4FDUJPO ���
 UIFTF UXP NFBTVSFT BSF VTFE UP RVBOUJGZ WFSUFY MPDBMJ[BUJPO
PG UIF EJĊFSFOU GSBNFT�

� 3FTVMUT

��� 4JHOBM�"EBQUFE 5JHIU 'SBNF $POTUSVDUJPOT

8F QSFTFOU DPOTUSVDUJPOT PG UIF QSPQPTFE GSBNFT GPS TJHOBM TFUT SFBMJ[FE PO UIF .JO�
OFTPUB SPBE HSBQI <��> BOE UIF "MBNFEB HSBQI <��>� ɨF .JOOFTPUB SPBE HSBQI JT
DIPTFO BT JU JT DPOTJEFSFE BT B CFODINBSL JO NBOZ SFDFOU TUVEJFT
 F�H�
 <��
 ��
 ��

��
 ��
 ��
 ��
 ��
 ��
 ��
 ��>� ɨF DIPJDF PG UIF "MBNFEB HSBQI JT UP IJHIMJHIU
UIF GBDU UIBU
 BMUIPVHI UIF QSPQPTFE NFUIPE JT EFWFMPQFE CBTFE PO TQFDUSBM FOFSHZ
DIBSBDUFSJTUJDT PG B TJHOBM TFU
 JU JT BMTP JNQMJDJUMZ BEBQUFE UP UIF HSBQI�T TQFDUSVN�

%BUB 3FBMJ[FE PO UIF .JOOFTPUB 3PBE (SBQI
ɨF .JOOFTPUB SPBE HSBQI JT DPOTJEFSFE BT B CFODINBSL JO NBOZ SFDFOU TUVEJFT
 F�H�

<��
 ��
 ��
 ��
 ��
 ��
 ��
 ��
 ��
 ��
 ��>� ɨF FEHFT SFQSFTFOU NBKPS SPBET BOE
UIF WFSUJDFT UIFJS JOUFSTFDUJPO QPJOUT
 XIJDI PGUFO DPSSFTQPOE UP UPXOT PS DJUJFT� 8F
DPOTJEFS B HFOFSBM NPEFM GPS SFBMJ[JOH TJHOBMT PO UIJT HSBQI BT

yη,n = xη,n + e, 	��


XIFSF xη,n ∈ R(V) EFOPUFT UIF HSBQI TJHOBM PG JOUFSFTU XJUI EFOTJUZ η ∈]0, 1] BOE
TNPPUIOFTT n ∈ Z+
 BOE e ∈ R(V) EFOPUFT BEEJUJWF XIJUF (BVTTJBO OPJTF PG WBSJ�
BODF σ2e � *O QBSUJDVMBS
 xη,n JT DPOTUSVDUFE BT

xη,n = Anpη, 	��


XIFSF pη ∈ R(V) EFOPUFT B SBOEPN SFBMJ[BUJPO PG B TQJLF TJHOBM BT pη[i] ∈ {0, 1}

i = 1, . . . , Ng TVDI UIBU

∑
i pη[i] = ηNg
 An JODPSQPSBUFT UIF JOUSJOTJD TUSVDUVSF PG

UIF HSBQI JOUP UIF TJHOBM
 BOE UIF QPXFS n DPOUSPMT UIF FYUFOU PG TJHOBM TNPPUIOFTT�
'JH� � TIPXT UXP TJHOBMT SFBMJ[FE PO UIF .JOOFTPUB SPBE HSBQI VTJOH UIJT TDIFNF�
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(a)

1

0

(b)

1

0

'JHVSF �� 4BNQMF TJHOBM SFBMJ[BUJPOT PO UIF .JOOFTPUB SPBE HSBQI
 	B
 x0.2,2 BOE
	C
 x0.5,4� ɨF QMPUT BSF OPSNBMJ[FE BT xη,n/||xη,n||∞�

#Z TFUUJOH σ2e = 0
 UXP TFUT PG DMFBO HSBQI TJHOBMT XJUI EJĊFSFOU TNPPUIOFTT XFSF
DPOTUSVDUFE BT

F1 =
{
y[i]
η,2

}

η=0.2,0.5
, i = 1, . . . , 10,

BOE
F2 =

{
y[i]
η,4

}

η=0.2,0.5
, i = 1, . . . , 10,

XIFSF i EFOPUFT SBOEPN SFBMJ[BUJPOT PG pη
 MFBEJOH UP �� TJHOBMT JO FBDI TFU�
8IJMF UIF EJTUSJCVUJPO PG UIF FJHFOWBMVFT PG UIJT HSBQI JT SBUIFS VOJGPSN
 TFF

'JH� �	B

 UIF FOTFNCMF FOFSHZ JT DPODFOUSBUFE UPXBSET UIF UXP FOET PG UIF TQFDUSVN
GPS CPUI F1 BOE F2
 TFF 'JH� �	C
� 'JH� �	D
 TIPXT UIF SFTVMUJOH FOFSHZ�FRVBMJ[JOH
USBOTGPSNBUJPO GVODUJPOT� #Z JODPSQPSBUJOH TF1(λ) BOE TF2(λ) JOUP UIF 6.5 TZT�
UFN PG TQFDUSBM LFSOFMT
 UIF EFTJSFE TJHOBM�BEBQUFE TZTUFNT PG TQFDUSBM LFSOFMT BSF PC�
UBJOFE
 TFF 'JH� �	E
� " DPNQBSJTPO PG 'JHT� �	E
 BOE 	C
 IJHIMJHIUT UIF FOFSHZ�XJTF
PQUJNBMJUZ PG UIF QSPQPTFE TJHOBM�BEBQUFE GSBNF DPOTUSVDUJPO� J�F�
 NPSF mMUFST BSF BM�
MPDBUFE UP TQFDUSBM SBOHFT UIBU IBWF IJHIFS FOTFNCMF FOFSHZ� ɨF TVQQPSU PG UIF mMUFST
JO UIF UXP TFUT WBSZ SFMBUJWF UP UIF EJĊFSFODF JO UIF EJTUSJCVUJPO PG UIF FOTFNCMF FOFSHZ
PG UIF UXP TJHOBM TFUT
 XJUI NPSF mMUFST BMMPDBUFE UP UIF MPXFS FOE PG UIF TQFDUSVN GPS
UIF F2 GSBNF UIBO GPS UIF F1 GSBNF
 BOE WJDF WFSTB BU UIF VQQFS FOE PG UIF TQFDUSVN�

'PS DPNQBSJTPO
 'JH� �	F
 TIPXT UIF DPSSFTQPOEJOH TQFDUSVN�BEBQUFE TZTUFN PG
TQFDUSBM LFSOFMT GPS UIF .JOOFTPUB SPBE HSBQI
 XIFSF UIF )$65 TZTUFN PG TQFDUSBM
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'JHVSF �� 	B
 )JTUPHSBNT PG UIF FJHFOWBMVFT ΛL(G) PG UIF .JOOFTPUB SPBE HSBQI�
&BDI CBS JOEJDBUFT UIF OVNCFS PG FJHFOWBMVFT UIBU MJF JO UIF DPSSFTQPOEJOH TQFDUSBM
SBOHF� 	C
 %JTUSJCVUJPO PG UIF FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ ēF1 	UPQ
 BOE ēF2

	CPUUPN
� &BDI CBS JOEJDBUFT UIF TVN PG FOTFNCMF FOFSHJFT PG UIF FJHFOWBMVFT MZ�
JOH JO UIF DPSSFTQPOEJOH TQFDUSBM SBOHF� 	D
 $POTUSVDUFE FOFSHZ�FRVBMJ[JOH USBOT�
GPSNBUJPO GVODUJPOT
 TF1(λ) BOE TF2(λ)
 BOE UIF TQFDUSVN�BEBQUJOH XBSQJOH
GVODUJPO wL(λ) <��>� 	E
 4JHOBM�BEBQUFE TZTUFN PG TQFDUSBM LFSOFMT DPOTUSVDUFE
CZ XBSQJOH UIF 6.5 TZTUFN PG TQFDUSBM LFSOFMT 	J = 7
 VTJOH TF1(λ) 	UPQ

BOE TF2(λ) 	CPUUPN
� 	F
 4QFDUSVN�BEBQUFE TZTUFN PG TQFDUSBM LFSOFMT <��> DPO�
TUSVDUFE CZ XBSQJOH UIF )$65 TZTUFN PG TQFDUSBM LFSOFMT 	J = 7
 VTJOH wL(λ)�
	G 
 .FZFS�MJLF XBWFMFU GSBNF TZTUFN PG TQFDUSBM LFSOFMT <��>� ɨF EBTIFE MJOF JO
	E
o	G 
 DPSSFTQPOET UP UIF GVODUJPO G(λ) JO 	��
�
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'JHVSF �� *MMVTUSBUJPO PG UIF "MBNFEB HSBQI�

LFSOFMT <��>
 TIPXO JO 'JH� �	E

 BSF XBSQFE VTJOH B TQFDUSVN�BEBQUJOH XBSQJOH GVOD�
UJPO wL(λ)
 TIPXO JO 'JH� �	D
� wL(λ) JT DPOTUSVDUFE TVDI UIBU UIF EJTUSJCVUJPO PG
FJHFOWBMVFT JT FRVBMJ[FE <��>� "T UIF EJTUSJCVUJPO PG UIF FJHFOWBMVFT PG UIJT HSBQI JT BM�
NPTU VOJGPSN
 UIF TQFDUSVN�BEBQUFE mMUFST BMNPTU SFTFNCMF UIF OPO�XBSQFE )$65
mMUFST� $PNQBSJOH 'JHT� �	E
 BOE 	F

 JU DBO CF PCTFSWFE UIBU UIF QSPQPTFE NFUIPE
PQUJNJ[FT UIF DPOTUSVDUJPO PG UIF mMUFST TVDI UIBU UIF FOFSHZ�XJTF TJHOJmDBODF PG UIF
FJHFOWBMVFT JT UBLFO JOUP BDDPVOU
 SBUIFS UIBO POMZ DPOTJEFSJOH UIF EJTUSJCVUJPO PG UIF
FJHFOWBMVFT BT JO UIF TQFDUSVN�BEBQUFE GSBNF�

'JH� �	G 
 TIPXT UIF .FZFS�MJLF XBWFMFU GSBNF TZTUFN PG TQFDUSBM LFSOFMT <��>
 JO
XIJDI UIF LFSOFMT IBWF UIF DMBTTJDBM EZBEJD EJMBUJPO PG UIF XBWFMFU TDIFNF� ɨF GSBNF
JT OFJUIFS BEBQUFE UP UIF EJTUSJCVUJPO PG UIF FJHFOWBMVFT OPS UP UIF EJTUSJCVUJPO PG UIF
FOTFNCMF FOFSHZ� #Z DPNQBSJOH 'JHT� �	E
 BOE 	G 

 JU JT PCTFSWFE UIBU UIF QBSUJUJPOJOH
PG UIF LFSOFMT BU UIF MPXFS FOE PG UIF TQFDUSVN BSF TJNJMBS
 XIFSFBT B NBKPS EJĊFSFODF
JT TFFO BU UIF SFNBJOEFS PG UIF TQFDUSVN� ɨF TJNJMBSJUZ JT NPSF QSPOPVODFE GPS
LFSOFMT PG UIF TJHOBM�BEBQUFE GSBNF BTTPDJBUFE XJUI F1
 EVF UP UIF QBSUJDVMBS JOJUJBM
EFDBZ QBUUFSO PCTFSWFE JO UIF FOTFNCMF FOFSHZ PGF1
 TFF 'JH� �	C

 UPQ� ɨF CFOFmU PG
UIF TJHOBM�BEBQUFE GSBNF JT PCTFSWFE XIFO DPNQBSJOH UIF TQSFBE PG UIF LFSOFMT JO UIF
TQFDUSBM JOUFSWBM [0.2, 2]� UIF TJHOBM�BEBQUFE EFTJHO BQQSPBDI BMMPDBUFT NPSF TVCCBOET
UP UIF TQFDUSBM JOUFSWBM XIFSF TJHOBM FOFSHZ JT FYQFDUFE
 XIFSFBT UIF XBWFMFU GSBNF
EFTJHO BQQSPBDI
 DBOOPU BMMPDBUF NPSF TVCCBOET UP TQFDUSBM JOUFSWBMT PUIFS UIBO UIF
MPXFS FOE�
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'JHVSF �� 	B
 )JTUPHSBN PG UIF FJHFOWBMVFT ΛL(G) PG UIF "MBNFEB HSBQI� 	C

%JTUSJCVUJPO PG UIF FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ ēF PG UIF USBċD EBUBTFU� 	D

$POTUSVDUFE FOFSHZ�FRVBMJ[JOHUSBOTGPSNBUJPO GVODUJPOT TF (λ) BOE UIF TQFDUSVN�
BEBQUJOH XBSQJOH GVODUJPO wL(λ) <��>� 	E
 4JHOBM�BEBQUFE TZTUFN PG TQFDUSBM LFS�
OFMT� 	F
 4QFDUSVN�BEBQUFE TZTUFN PG TQFDUSBM LFSOFMT <��>� 	G 
 .FZFS�MJLF XBWFMFU
GSBNF TZTUFN PG TQFDUSBM LFSOFMT <��>�

5SBGmD %BUB PO UIF "MBNFEB (SBQI
ɨF EBUB BSF QBSU PG UIF $BMUSBOT 1FSGPSNBODF .FBTVSFNFOU 4ZTUFN EBUBTFU�� ɨF
NPOUIMZ CPUUMFOFDLT PDDVSSJOH BDSPTT �� GSFFXBZT JO "MBNFEB DPVOUZ CFUXFFO +BO�
VBSZ ���� BOE %FDFNCFS ���� BSF DPOTJEFSFE� " CPUUMFOFDL DPVME CF BOZ MPDBUJPO
XIFSF UIFSF JT B QFSTJTUFOU ESPQ JO TQFFE
 TVDI BT NFSHFT
 MBSHF PO�SBNQT BOE JODJ�
EFOUT� ɨF WFSUJDFT PG UIF HSBQI SFQSFTFOU EFUFDUPS TUBUJPOT XIFSF CPUUMFOFDLT XFSF
JEFOUJmFE PWFS UIF NFOUJPOFE QFSJPE
 TFF 'JH� �� 5XP TUBUJPOT i BOE j BSF DPOTJEFSFE
BT DPOOFDUFE UISPVHI BO FEHF JG FJUIFS �
 UIFZ BSF BEKBDFOU BDSPTT B GSFFXBZ
 PS �
 UIFSF
JT B DPOOFDUJPO BU B DSPTTJOH CFUXFFO GSFFXBZT OFBS UIF UXP TUBUJPOT� ɨF MBUUFS UZQF

�ɨF EBUB BSF QVCMJDMZ BWBJMBCMF BU IUUQ���QFNT�EPU�DB�HPW�
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PG FEHFT XFSF EFmOFE CBTFE PO TBUFMMJUF NBQT PG UIF DPVOUZ BWBJMBCMF PO (PPHMF .BQT
<��>� ɨF TJHOBM PO UIF HSBQI JT UIF BWFSBHF EVSBUJPO PG CPUUMFOFDLT GPS FBDI TQFDJmD
NPOUI EVSJOH UISFF TIJGUT 	". TIJGU� �BN���BN
 OPPO TIJGU� ��BN��QN
 BOE 1.
TIJGU� �QN��QN

 SFTVMUJOH JO ��� TJHOBMT JO UPUBM�

ɨF TQFDUSBM DIBSBDUFSJTUJDT PG UIJT TJHOBM TFU EFWJBUF DPOTJEFSBCMZ GSPN UIBU PG UIF
.JOOFTPUB HSBQI� ɨF UPUBM FOTFNCMF FOFSHZ JT BMNPTU VOJGPSNMZ TQSFBE BDSPTT UIF
FJHFOWBMVFT
 BT PCTFSWFE CZ DPNQBSJOH UIF IJTUPHSBN PG UIF FJHFOWBMVFT ΛL(G) JO
'JH� �	B
 BOE UIF EJTUSJCVUJPO PG UIF FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ JO 'JH� �	C
�
"T B SFTVMU
 UIF XBSQJOH GVODUJPO EFmOFE GPS FRVBMJ[JOH UIF EJTUSJCVUJPO PG FOFSHZ
BDSPTT UIF TQFDUSVN
 J�F�
 TF (λ)
 DMPTFMZ SFTFNCMFT UIBU EFmOFE GPS FRVBMJ[JOH UIF
EJTUSJCVUJPO PG FJHFOWBMVFT� J�F�
 wL(λ)
 TFF 'JH� �	D
� $POTFRVFOUMZ
 BMNPTU BO FRVBM
OVNCFS PG LFSOFMT TQBO FBDI QBSU PG UIF TQFDUSVN
 XJUI NPSF LFSOFMT BMMPDBUFE UP UIF
MPXFS IBMG PG UIF TQFDUSVN BOE WJDF WFSTB
 TFF 'JHT� �	E
 BOE 	F
� 0O UIF PUIFS IBOE

UIF OPO�BEBQUFE
 .FZFS�MJLF XBWFMFU GSBNF IBT B LFSOFM BU UIF GBS FOE PG UIF TQFDUSVN
XIFSF UIFSF JT WFSZ GFX FJHFOWBMVFT BOE BMNPTU OP FOFSHZ
 TFF 'JH� �	G 
�

"MUIPVHI UIF LFSOFMT PG UIF QSPQPTFE GSBNF IBWF OBSSPXFS QBTTCBOE DIBSBDUFS�
JTUJDT DPNQBSFE UP UIPTF PG UIF TQFDUSVN�BEBQUFE GSBNF EVF UP UIF EJĊFSFOU CBTF
TFU PG LFSOFMT VTFE 	DPNQBSF 'JHT� �	E
 BOE 	F


 UIJT FYBNQMF EFNPOTUSBUFT XIFSF
UIF QSPQPTFE GSBNF EFTJHO BQQSPBDI BOE UIF TQFDUSVN�BEBQUFE BQQSPBDI DPJODJEF
JO UFSNT PG UIFJS SFTQFDUJWF BQQSPBDI UP BEBQUJWJUZ� JG UIF TQFDUSBM FOFSHZ JT FRVBMMZ
TQSFBE BDSPTT UIF FJHFOWBMVFT
 UIF FOFSHZ�FRVBMJ[JOH USBOTGPSNBUJPO GVODUJPO TF (λ)
BOE UIF TQFDUSVN�BEBQUJOH XBSQJOH GVODUJPO wL(λ) CFDPNF BMNPTU JEFOUJDBM� ɨVT

BMUIPVHI UIF QSPQPTFE NFUIPE JT EFWFMPQFE CBTFE PO TQFDUSBM FOFSHZ DIBSBDUFSJTUJDT PG
B TJHOBM TFU
 JU JT PQUJNBM JO UIF TFOTF UIBU JU XJMM JOEJSFDUMZ BEBQU CBTFE PO UIF HSBQI�T
TQFDUSVN JO UIF FWFOU PG VOJGPSNMZ TQSFBE FOFSHZ BDSPTT UIF FJHFOWBMVFT�

��� 7FSUFY -PDBMJ[BUJPO
7FSUFY MPDBMJ[BUJPO PG BUPNT SFBMJ[FE VTJOH UIF GSBNFT DPOTUSVDUFE PO UIF .JOOFTPUB
SPBE HSBQI BSF RVBOUJmFE CZ DPNQVUJOH UIF HSBQI TQSFBE BSPVOE BMM HSBQI WFSUJDFT

DG� 	��

 GPS {{ψKj ,l}j=1,...,J}l=1,...,Ng � ɨF BUPNT XFSF UIFO TPSUFE CBTFE PO UIFJS
HMPCBM HSBQI TQSFBE NFBTVSF
 DG� 	��

 MFBEJOH UP B TFU PG TPSUFE JOEJDFT {ik}

Ng

k=1
 TVDI
UIBU

∆2
G(ψKj ,i1) ≤ ∆2

G(ψKj ,i2) ≤ · · · ≤ ∆2
G(ψKj ,iNg

).

'JHT� �	B
 BOE 	C
 TIPX UIF HMPCBM HSBQI TQSFBE PG UIF BUPNT BTTPDJBUFE UP K1 BOE K4

SFTQFDUJWFMZ
 GPS CPUI UIF TJHOBM�BEBQUFE BOE TQFDUSVN�BEBQUFE GSBNFT PG UIF .JO�
OFTPUB SPBE HSBQI� 'PS K1
 UIF HMPCBM HSBQI TQSFBE JT HSFBUFS GPS UIF BUPNT PG UIF
TJHOBM�BEBQUFE GSBNF� ɨJT DBO CF BTTPDJBUFE XJUI UIF OBSSPXFS TQFDUSBM TQSFBE PG K1
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'JHVSF �� (MPCBM HSBQI TQSFBE PG UIF BUPNT BTTPDJBUFE XJUI 	B
 K1(λ) BOE 	C

K4(λ) PG UIF TJHOBM�BEBQUFE GSBNF 	CMBDL DVSWFT
 BOE TQFDUSVN�BEBQUFE GSBNF
	HSBZ DVSWFT
� 	D
 &OTFNCMF HSBQI TQSFBE NFBTVSF GPS UIF TFWFO TVCCBOET PG UIF
TJHOBM�BEBQUFE BOE TQFDUSVN�BEBQUFE GSBNFT�

PG UIF TJHOBM BEBQUFE GSBNF DPNQBSFE UP UIBU PG UIF TQFDUSVN�BEBQUFE GSBNF
 TFF CMVF
LFSOFM JO 'JH� �	E

 UPQ
 BOE UIBU JO 'JH� �	F
� 0O UIF PUIFS IBOE
 GPS K4
 UIF HMPCBM
HSBQI TQSFBE PG UIF BUPNT PG UIF UXP GSBNFT CFDPNF BMNPTU JEFOUJDBM
 XIJDI DBO CF
MJOLFE UP UIF GBDU UIBU K4 JT BQQSPYJNBUFMZ FRVBMMZ TQSFBE GPS CPUI UIF TJHOBM�BEBQUFE
BOE UIF TQFDUSVN�BEBQUFE GSBNFT
 TFF QVSQMF LFSOFM JO 'JH� �	E

 UPQ
 BOE UIBU JO
'JH� �	F
�

5P FYQSFTT UIF CFIBWJPVS PG UIF BUPNT JO UIF WJDJOJUZ PG UIFJS DFOUSBM WFSUFY
 BO
FOTFNCMF NFBTVSF PG UIF DIBOHF JO HSBQI TQSFBE BT B GVODUJPO PG HFPEFTJD EJTUBODF
GSPN UIFJS DFOUSBM WFSUFY DBO CF PCUBJOFE BT

∆̄ψKj
[k] =

1

Ng

Ng∑

l=1

∆2
G,v(l)k

(ψKj ,l), k = 1, . . . , Ng. 	��


XIFSF v(l)k ∈ {1, . . . , Ng} EFOPUFT UIF JOEFY PG UIF kUI DMPTFTU WFSUFY UP UIF WFSUFY
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XIFSF BUPN ψKj,l JT DFOUFSFE BU
 CBTFE PO UIF UIF HFPEFTJD EJTUBODF NFBTVSF� J�F�


dG(l, v
(l)
1 = l) = 0 < dG(l, v

(l)
2 ) ≤ · · · ≤ dG(l, v

(l)
Ng

).

'JH� �	D
 TIPXT {∆̄ψj}7j=1 BTTPDJBUFE XJUI UIF TQFDUSBM LFSOFMT PG UIF TJHOBM�BEBQUFE
BOE TQFDUSVN�BEBQUFE GSBNFT PG UIF .JOOFTPUB SPBE HSBQI
 GPS HFPEFTJD EJTUBODFT
PG VQ UP ��� WFSUJDFT� 'PS BMM TVCCBOET
 BOE GPS CPUI GSBNFT
 UIF FOTFNCMF HSBQI
TQSFBE NPOPUPOJDBMMZ JODSFBTFT BT UIF HFPEFTJD EJTUBODF JODSFBTFT� "T FYQFDUFE
 GPS
TVCCBOET j = {1, 2, 3, 6, 7}
 XIFSF UIF LFSOFMT PG UIF TQFDUSVN�BEBQUFE GSBNF BSF
NPSF TQFDUSBMMZ TQSFBE DPNQBSFE UP UIBU PG UIF TJHOBM�BEBQUFE GSBNF 	TFF 'JH� �	E


UPQ
 BOE 'JH� �	F


 ∆̄ψj [k] JT MPXFS
 XIFSFBT GPS TVCCBOET j = {4, 5} UIF WBMVFT
BSF BMNPTU JEFOUJDBM TJODF UIF DPSSFTQPOEJOH LFSOFMT PG CPUI GSBNFT BSF XJEFMZ TQSFBE
BDSPTT UIF TQFDUSVN� ɨFTF SFTVMUT BSF JO MJOF XJUI UIF UIFPSFUJDBM JOTJHIU QSPWJEFE CZ
	��
 BOE 	��
�

��� &GmDJFOU %FDPNQPTJUJPO PG #SBJO G.3* %BUB
'VODUJPOBM NBHOFUJD SFTPOBODF JNBHJOH 	G.3*
 JT B LFZ CJPJNBHJOH NPEBMJUZ VTFE GPS
QFSGPSNJOH OPO�JOWBTJWF TUVEJFT PG UIF CSBJO� ɨF QSJODJQMF CFIJOE G.3* JT UIF EFUFD�
UJPO PG B TJHOBM LOPXO BT UIF CMPPE�PYZHFO�MFWFM�EFQFOEFOU 	#0-%
 TJHOBM
 XIJDI
BSJTFT BT B SFTVMU PG JODSFBTFE CMPPE nPX UP BDUJWBUFE SFHJPOT PG UIF CSBJO� "T IJHI
UFNQPSBM SFTPMVUJPO EBUB JT SFRVJSFE UP DPSSFMBUF CSBJO BDUJWJUZ XJUI UIF FYQFSJNFOUBM
QBSBEJHN
 UIF SFTVMUJOH G.3* EBUB BSF HFOFSBMMZ DPSSVQUFE XJUI BO FYUFOTJWF BNPVOU
PG OPJTF
 SFRVJSJOH EFOPJTJOH�

'JMUFST BOE XBWFMFUT JO UIF NPTU DMBTTJDBM GPSN VTFE JO JNBHF QSPDFTTJOH TIBSF TFW�
FSBM CBTJD QSPQFSUJFT� UIFZ BSF 	J
 EFmOFE XJUIJO &VDMJEFBO TQBDFT 	B TRVBSF JO ��% PS
B DVCF JO ��%

 	JJ
 JTPUSPQJD JO TUSVDUVSF BOE 	JJJ
 TUBUJPOBSZ BOE RVBTJ TIJGU�JOWBSJBOU

NFBOJOH UIBU UIFJS TUSVDUVSF EPFT OPU WBSZ XIFO BQQMJFE UP EJĊFSFOU SFHJPOT XJUIJO
B WPMVNF� )PXFWFS
 UIF #0-% TJHOBM JT FYQFDUFE POMZ XJUIJO UIF UIJO DPOWPMVUFE
MBZFS PG HSBZ NBUUFS PG UIF CSBJO
 CVU OPU XJUIJO UIF XIJUF NBUUFS PS DFSFCSPTQJOBM
nVJE <��>� "U UIF TQBUJBM SFTPMVUJPO PG G.3*
 JTPUSPQJDBMMZ TIBQFE CBTJT GVODUJPOT XJMM
DSPTT CPVOEBSJFT PG HSBZ NBUUFS
 FWFO BU UIF mOFTU TDBMF� ɨVT
 JU JT BEWBOUBHFPVT UP
DPOTUSVDU mMUFST UIBU BEBQU UP UIJT JOUSJDBUFMZ DPOWPMVUFE EPNBJO SBUIFS UIBO UP BTTVNF
UIBU UIF TQBUJBM DIBSBDUFSJTUJDT PG UIF VOEFSMZJOH TJHOBM JT JOEFQFOEFOU PG JUT MPDBUJPO�
5P UIJT BJN
 NBOZ BQQSPBDIFT IBWF CFFO QSPQPTFE 	TFF GPS FYBNQMF
 <��
 ��
 ��
 ��>


JO QBSUJDVMBS
 UIF DPOTUSVDUJPO PG BOBUPNJDBMMZ�BEBQUFE HSBQI XBWFMFUT <��>� ɨF EF�
mDJFODZ PG B mYFE HSBQI GSBNF EFTJHO BOE UIF MBDL PG B TZTUFNBUJD BQQSPBDI JO EF�
UFSNJOJOH UIF TQFDUSBM DPWFSBHF PG TQFDUSBM CBOET GPS BOBMZ[JOH G.3* EBUB IBWF CFFO
QPJOUFE PVU JO <��
 ��
 ��>� *O GBDU
 UIFTF mOEJOHT NPUJWBUFE VT UP QVSTVF UIF JEFB PG
EFTJHOJOH UIF QSPQPTFE TJHOBM�BEBQUFE GSBNFT�



���

'JHVSF �� *MMVTUSBUJPO PG UIF DFSFCFMMVN HSBQI�

)FSF
 XF DPOTJEFS UIF DFSFCFMMVN SFHJPO PG UIF CSBJO� ɨF HSBQI
 BT EFTJHOFE JO
<��>
 FODPEFT UIF ��% HFPNFUSZ PG UIF DFSFCFMMBS HSBZ NBUUFS
 BOE JUT DPOTUSVDUJPO JT
CBTFE PO BO BUMBT UFNQMBUF PG UIF DFSFCFMMVN <��>� ɨF WFSUJDFT PG UIF HSBQI SFQSFTFOU
WPYFMT XJUIJO UIF DFSFCFMMBS TUSVDUVSF UIBU DPSSFTQPOE UP HSBZ NBUUFS
 BOE UIF FEHFT BSF
BTTJHOFE CZ DPNQVUJOH DPOOFDUJPOT CFUXFFO BEKBDFOU WPYFMT JO ��% OFJHICPVSIPPE

TFF 'JH� �� ɨF G.3* EBUB XFSF BDRVJSFE GSPN �� IFBMUIZ TVCKFDUT XIJMF QFSGPSNJOH B
TMPX FWFOU�SFMBUFE &SJLTFO nBOLFS UBTL <��>�� 8IPMF�CSBJO GVODUJPOBM WPMVNFT XFSF
BDRVJSFE UISPVHIPVU UIF UBTL
 POF FWFSZ UXP TFDPOET
 XJUI B UPUBM PG ��� WPMVNFT QFS
TVCKFDU� "O BOBUPNJDBM TDBO PG FBDI TVCKFDU�T CSBJO XBT BMTP DPMMFDUFE� #Z SFHJTUFSJOH
FBDI TVCKFDU�T BOBUPNJDBM TDBO UP UIF UFNQMBUF DFSFCFMMVN
 BOE BDDPSEJOHMZ NBQQJOH
UIF GVODUJPOBM WPMVNFT
 DFSFCFMMBS HSBQI TJHOBMT XFSF DPOTUSVDUFE CZ FYUSBDUJOH GVOD�
UJPOBM WPYFMT NBUDIJOH UIF EFmOFE HSBQI WFSUJDFT� ɨJT SFTVMUFE JO POF TJHOBM TFU GPS
FBDI TVCKFDU
 {Fk}26k=1
 FBDI JODMVEJOH ��� TJHOBMT� " TFU JODMVEJOH UIF TJHOBMT GSPN
BMM TVCKFDUT XBT BMTP DPOTUSVDUFE BT

F = F1 ∪ F2 ∪ · · · ∪ F26.

ɨF IJTUPHSBN PG UIF FJHFOWBMVFT ΛL(G) PG UIF DFSFCFMMVN HSBZ NBUUFS HSBQI BOE
UIF EJTUSJCVUJPO PG UIF FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ PG F BSF TIPXO JO 'JHT� �	B

BOE 	C

 SFTQFDUJWFMZ� 6OMJLF UIF "MBNFEB USBċD HSBQI BOE EBUB
 B NBKPS EJĊFSFODF JT
PCTFSWFE CFUXFFO UIF UXP EJTUSJCVUJPOT� NPTU FJHFOWBMVFT BSF MPDBUFE BU UIF VQQFS FOE
PG UIF TQFDUSVN
 XIFSFBT UIF FOTFNCMF FOFSHZ JT TJHOJmDBOUMZ DPODFOUSBUFE BU UIF MPXFS
FOE PG UIF TQFDUSVN� ɨJT MFBET UP B NBKPS EJTDSFQBODZ CFUXFFO TF (λ) BOE wL(λ)

TFF 'JH� �	D

 BOE DPOTFRVFOUMZ
 UIF SFTVMUJOH TQFDUSBM LFSOFMT
 TFF 'JHT� �	E
�	H
� UIF
LFSOFMT PG UIF TJHOBM�BEBQUFE GSBNFT BSF MPDBMJ[FE BU UIF MPXFS FOE PG UIF TQFDUSVN

XIFSFBT UIPTF PG UIF TQFDUSVN�BEBQUFE GSBNF BSF MPDBMJ[FE BU UIF IJHIFS FOE PG UIF
TQFDUSVN� "T B SFTVMU
 UIF TJHOBM�BEBQUJOH TDIFNF MFBET UP BO PQUJNBM DPOmHVSBUJPO
PG mMUFST JO UIF TFOTF UIBU NPSF mMUFST BSF BMMPDBUFE UP TQFDUSBM SFHJPOT XIFSF IJHIFS
FOTFNCMF TJHOBM FOFSHZ JT QSFTFOU SBUIFS UIBO CFJOH BMMPDBUFE UP QBSU PG UIF TQFDUSVN
XIFSF NPSF FJHFOWBMVFT BSF MPDBUFE�

�ɨF EBUB BSF QVCMJDMZ BWBJMBCMF BU IUUQT���PQFOGNSJ�PSH�EBUBTFU�ET�������
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'JHVSF �� 	B
 )JTUPHSBN PG UIF FJHFOWBMVFT ΛL(G) PG UIF DFSFCFMMVN HSBQI�
	C
 %JTUSJCVUJPO PG UIF FOTFNCMF FOFSHZ TQFDUSBM EFOTJUZ ēF PG F � 	D
 $PO�
TUSVDUFE FOFSHZ�FRVBMJ[JOH USBOTGPSNBUJPO GVODUJPOT {TFk(λ)}26k=1
 TF (λ) BOE
UIF TQFDUSVN�BEBQUJOH XBSQJOH GVODUJPO wL(λ) <��>� /PUF UIBU UIF CMBDL DVSWFT
DPSSFTQPOE UP UIF USBOTGPSNBUJPO GPS FBDI TVCKFDUT TJHOBM TFU
 XJUI UIF USBOTGPSNB�
UJPO BU UIF UXP FYUSFNFT QSFTFOUFE BT EBTIFE DVSWFT� 	E
�	G 
 4JHOBM�BEBQUFE TZTUFN
PG TQFDUSBM LFSOFMT CBTFE PO F1
 F2 BOE F 
 SFTQFDUJWFMZ� 	H
 4QFDUSVN�BEBQUFE
TZTUFN PG TQFDUSBM LFSOFMT <��>� 	I
 .FZFS�MJLF XBWFMFU GSBNF TZTUFN PG TQFDUSBM
LFSOFMT <��>�
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'JHVSF ��� 	B
�	E
 ɨF NFBO EJTUSJCVUJPO PG DPFċDJFOUT SFTVMUJOH GSPN EFDPN�
QPTJOH UIF TFU PG TJHOBM JO FOPJTF VTJOH UIF TZTUFN PG TQFDUSBM LFSOFMT TIPXO JO
'JHT� �	F
�	I

 SFTQFDUJWFMZ� &BDI QMPU TIPXT UIF NFBO EJTUSJCVUJPO PG DPFċDJFOUT
JO POF TVCCBOE
 XJUI UIF PSEFS GSPN MFGU UP SJHIU DPSSFTQPOEJOH UP UIF CMVF
 SFE

ZFMMPX
 QVSQMF BOE HSFFO TQFDUSBM LFSOFMT
 SFTQFDUJWFMZ� /PUF UIBU UIF EJTUSJCVUJPOT
BSF TIPXO GPS UIF TBNF SBOHF PG DPFċDJFOU WBMVFT GPS FBDI TVCCBOE BDSPTT UIF
GSBNFT
 XIFSFBT UIF DPVOUT 	Z BYJT
 BSF BEKVTUFE GPS FBDI EJTUSJCVUJPO�
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'JHVSF ��� 	B
�	F
 ɨF TBNF BT JO 'JH� �� CVU GPS F2� 'PS DMBSJUZ
 UIF MPXFS FOE PG
UIF EJTUSJCVUJPOT JO UIF TFDPOE TVCCBOET BSF WFSUJDBMMZ NBHOJmFE�
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ɨF DPODFOUSBUJPO PG UIF FOTFNCMF FOFSHZ BU UIF MPXFS FOE PG UIF TQFDUSVN NBLFT
UIF OPO�BEBQUFE UJHIU .FZFS�MJLF XBWFMFU EFTJHO B SFMBUJWFMZ TVJUBCMF EFTJHO
 TFF 'JH� �	I
�
)PXFWFS
 DPNQBSJOH 'JHT� �	G 
 BOE 	I
 EFNPOTUSBUFT UIF FċDJFODZ PG UIF QSPQPTFE
DPOTUSVDUJPO� UIF TQFDUSBM SBOHF MZJOH JO UIF TVQQPSU PG UIF mSTU LFSOFM PG UIF .FZFS�
MJLF XBWFMFU GSBNF 	CMVF LFSOFM
 JT TQBOOFE CZ BQQSPYJNBUFMZ UISFF LFSOFMT JO UIF
TJHOBM�BEBQUFE GSBNF 	CMVF
 SFE BOE PSBOHF LFSOFMT
� ɨJT TVHHFTUT UIF TVQFSJPSJUZ
PG UIF TJHOBM�BEBQUFE GSBNF JO QSPWJEJOH B NPSF FċDJFOU NVMUJ�TDBMF SFQSFTFOUBUJPO
PG UIF EBUB DPNQBSFE UP UIF EZBEJDBMMZ TDBMFE XBWFMFU EFTJHO� *OUFSFTUJOHMZ
 UIF OBS�
SPXCBOE DPOmHVSBUJPO PG UIF QSPQPTFE TJHOBM�BEBQUFE GSBNF DMPTFMZ SFTFNCMFT UIBU
GPVOE UP CF PQUJNBM GPS BOBMZ[JOH DFSFCFMMBS EBUB CZ UVOOJOH UIF .FZFS�MJLF XBWFMFU
GSBNF JO <��
 ��>��

5P QSPWJEF GVSUIFS JOTJHIU UIBO UIBU QSPWJEFE CZ WJTVBM DPNQBSJTPO PG UIF GSBNFT

UIF TFU PG DFSFCFMMBS TJHOBMT JO F2 BT XFMM BT B TFU PG ��� XIJUF (BVTTJBO OPJTF TJHOBMT
	σ2 = 1

 EFOPUFE FOPJTF
 XFSF EFDPNQPTFE VTJOH UIF GSBNFT TIPXO JO 'JHT� �	F
�	I
�
ɨF SFTVMUJOH DPFċDJFOUT cKj ,m 	DG� 	��

 XFSF OPSNBMJ[FE BT cKj ,m/||ψKj ,m||

2
UP

BDDPVOU GPS UIF EJĊFSFODF JO UIF OPSN PG UIFJS BTTPDJBUFE BUPNT� 'JHT� �� BOE �� TIPX
UIF NFBO EJTUSJCVUJPO PG UIF OPSNBMJ[FE EFDPNQPTJUJPO DPFċDJFOUT PG FOPJTF BOE F 

SFTQFDUJWFMZ� 'PS FOPJTF
 UIF EJTUSJCVUJPOT PG UIF DPFċDJFOUT JO BMM mWF TVCCBOET PG BMM
GPVS GSBNFT BSF (BVTTJBO�MJLF BT FYQFDUFE
 TFF 'JH� ��� 'PS F2
 UIF EJTUSJCVUJPOT PG UIF
DPFċDJFOUT PG UIF MBTU TVCCBOE PG BMM GPVS GSBNFT DMPTFMZ SFTFNCMFT B (BVTTJBO 	TFF UIF
� QMPUT BU UIF SJHIU FOE PG 'JHT� ��	B
�	E


 TJNJMBS UP UIF EJTUSJCVUJPOT PCUBJOFE PO
FOPJTF
 DG� 'JHT� ��� ɨJT TVHHFTUT UIBU UIF DPSSFTQPOEJOH BUPNT PG UIJT TVCCBOE IBWF
DBQUVSFE OPJTF� " TJNJMBS PCTFSWBUJPO JT NBEF GPS UIF EJTUSJCVUJPOT BTTPDJBUFE XJUI
UIF UIJSE BOE GPVSUI TVCCBOET PG UIF TQFDUSVN�BEBQUFE BOE .FZFS�MJLF XBWFMFU GSBNF
	'JHT� ��	D
�	E

 BT XFMM BT UIF GPVSUI TVCCBOE PG UIF TJHOBM�BEBQUFE GSBNF DPOTUSVDUFE
CBTFE POF 	'JH� ��	C

� 0O UIF PUIFS IBOE
 UIF DPFċDJFOUT PG UIF mSTU GPVS TVCCBOET
PG UIF TJHOBM�BEBQUFE GSBNF DPOTUSVDUFE CBTFE PO F2 TJHOJmDBOUMZ EFWJBUF GSPN [FSP

DG� mSTU GPVS QMPUT JO 'JH� ��	B

 BOE IBWF EJTUSJCVUJPOT VOMJLF UIBU FYQFDUFE UP SFTVMU
GSPN EFDPNQPTJOH OPJTF 	DG� 'JH� ��
� ɨJT TVHHFTUT UIF FċDJFODZ PG UIF TJHOBM�
BEBQUFE GSBNF JO SFTVMUJOH JO BUPNT UIBU DBQUVSF TJHOBM DPNQPOFOUT�

"MUIPVHI UIF DPFċDJFOUT PG UIF mSTU UISFF TVCCBOET PG UIF TJHOBM�BEBQUFE GSBNF
DPOTUSVDUFE CBTFE PO F 	'JH� ��	C

 BMTP QSPWJEF NPSF JOGPSNBUJPO UIBO UIPTF PG UIF
TQFDUSVN�BEBQUFE BOE .FZFS�MJLF XBWFMFU GSBNF 	'JHT� ��	D
�	E


 UIF DPFċDJFOUT PG
UIF TJHOBM�BEBQUFE GSBNF DPOTUSVDUFE CBTFE POF2 	'JH� ��	B

 TIPX ZFU HSFBUFS TJHOJG�
JDBODF� ɨJT TVHHFTUFT UIF TVQFSJPSJUZ PG UIF TVCKFDU�CBTFE GSBNF
 TIPXO JO 'JH� �	F


PWFS UIF GSBNF DPOTUSVDUFE CBTFE PO UIF FOFSHZ DPOUFOU PG UIF TJHOBMT GSPN UIF HSPVQ
PG TVCKFDUT
 TIPXO JO 'JH� �	G 

 GPS EFDPNQPTJOH F2� %FTQJUF UIJT GBDU
 JG B DPNQBS�

�ɨF TJNJMBSJUZ DBO CF PCTFSWFE CZ DPNQBSJOH UIF TQFDUSBM DPWFSBHF PG UIF mSTU UXP LFSOFMT JO 'JH� �	G 

XJUI UIBU JO mHVSF �	E
 JO <��> BOE mHVSF �	C
 JO <��>�



���

JTPO CFUXFFO EFDPNQPTJUJPO PG UIF TJHOBMT GSPN EJĊFSFOU TVCKFDUT JT SFRVJSFE
 BT GPS
JOTUBODF QFSGPSNFE JO <��>
 UIF HSPVQ�CBTFE GSBNF DPOTUSVDUFE CBTFE PO F JT UIF
TVJUBCMF DIPJDF�

��� 4JHOBM %FOPJTJOH
5P JMMVTUSBUF POF BQQMJDBUJPO PG UIF QSPQPTFE GSBNFT
 XF EFOPJTF B TFU PG TJHOBMT SFBM�
J[FE PO UIF .JOOFTPUB SPBE HSBQI� 'PS EJĊFSFOU σ2e 
 OPJTF DPSSVQUFE TJHOBM TFUT XFSF
DSFBUFE VTJOH 	��
 BT

Fσe =
{
y[i]
η,2

}

η=0.2,0.5
, i = 1, . . . , 10,

XIFSF i EFOPUFT EJĊFSFOU SBOEPN SFBMJ[BUJPOT PG pη BOE e� %FOPJTJOH XBT QFSGPSNFE
UISPVHI TPGU UISFTIPMEJOH PG UIF EFDPNQPTJUJPO DPFċDJFOUT� *O QBSUJDVMBS
 UIF EF�
OPJTFE TJHOBM x̃(ϑ)
 XIFSF ϑ EFOPUFT UIF HMPCBM UISFTIPME
 XFSF PCUBJOFE GSPN UIF
DPFċDJFOUT cK,m 	DG� 	��

 BT

x̃(ϑ) =
∑

j,m

H(|cKj
,m|− τ (ϑ)Kj ,m

)cKj
,mψKj ,m, 	��


XIFSF H(·) EFOPUFT UIF )FBWJTJEF TUFQ GVODUJPO BOE τ (ϑ)Kj ,m
EFOPUF FMFNFOU�BEBQUFE

UISFTIPMET� *O PSEFS UP BDDPVOU GPS UIBU UIF GSBNF FMFNFOUT HFOFSBMMZ IBWF EJĊFSFOU
OPSNT
 FMFNFOU�BEBQUFE UISFTIPMET PG UIF GPSN <��>

τ (ϑ)Kj ,m
= σe||ψKj ,m||

2
ϑ, 	��


XFSF VTFE UIBU BSF BMTP BEKVTUFE XJUI SFTQFDU UP UIF OPJTF MFWFM�
5P FWBMVBUF QFSGPSNBODF
 UIF BWFSBHF NFBO TRVBSF FSSPS SFEVDUJPO 	∆.4&
 XBT

DPNQVUFE GPS FBDI ϑ BT

∆.4&(ϑ) =
1

|F|

|F|∑

k=1

10 MPH10(
||xk − x̃(ϑ)

k ||22
||xk − yk||22

), 	��


XIFSF k SVOT PWFS UIF TJHOBMT JO UIF TJHOBM TFU
 BOE |F| EFOPUFT UIF DBSEJOBMJUZ PG UIF
TFU� 5P DPNQBSF UIF EFOPJTJOH QFSGPSNBODF BDSPTT EJĊFSFOU σ2e BOE J 
 UIF NJOJNVN
.4& SFEVDUJPO JT DPOTJEFSFE

∆.4&(NJO) = NJO
ϑ

∆.4&(ϑ), 	��


XIFSF ϑ JT WBSJFE XJUIJO UIF JOUFSWBM [1, 5] XJUI B TUFQ TJ[F PG �����
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'JHVSF ��� 4ZTUFNT PG TQFDUSBM LFSOFMT PG UIF 	B
 4(85 GSBNF <��>
 	C
 TQFDUSVN�
BEBQUFE GSBNF BOE 	D
 UIF TJHOBM�BEBQUFE GSBNF
 VTFE GPS EFOPJTJOH�

ɨF TJHOBMT JO UIF TFUTFσe XFSF EFOPJTFE VTJOH� �
 UIF 4(85 GSBNF <��>
 OFJUIFS
BEBQUFE UP UIF TQFDUSVN OPS UP UIF HSBQI TJHOBMT
 �
 UIF TQFDUSVN�BEBQUFE GSBNF <��>
BOE �
 UIF QSPQPTFE GSBNF
 VTJOH VQ UP �� TQFDUSBM TDBMFT� 'JH� �� JMMVTUSBUFT BO FYBNQMF
PG UIF VTFE GSBNFT GPS J = 7 TDBMFT BOE σ2e = σ2x� #Z DPNQBSJOH UIF TJHOBM�BEBQUFE
GSBNF DPOTUSVDUFE CBTFE PO UIF OPJTZ TJHOBMT
 TIPXO JO 'JH� ��	D

 XJUI JUT SFTQFDUJWF
DPVOUFSQBSU DPOTUSVDUFE CBTFE PO UIF DMFBO TJHOBMT
 TIPXO JO UIF UPQ PG 'JH� �	E

 JU JT
PCTFSWFE UIBU BMUIPVHI UIF BEEJUJPO PG OPJTF IBT BĊFDUFE UIF TVQQPSU PG UIF mMUFST
 UIF
PWFSBMM EJTUSJCVUJPO PG UIF TVQQPSU PG UIF LFSOFMT BDSPTT UIF TQFDUSVN JT TUJMM DPOTJTUFOU
CFUXFFO UIF UXP DBTFT� "T XIJUF (BVTTJBO OPJTF FYIJCJUT B VOJGPSN FOFSHZ TQFDUSBM
EFOTJUZ
 JUT JOnVFODF PO UIF PWFSBMM EJTUSJCVUJPO PG FOTFNCMF FOFSHZ JT OFHMJHBCMF�

'JH� �� QSFTFOUT B DPNQBSJTPO PG EFOPJTJOH QFSGPSNBODFT PG UIF EJĊFSFOU UZQFT PG
GSBNFT� 'JH� ��	B
 QSFTFOUT ∆.4& NFBTVSFT XIFO VTJOH J = 7 TDBMFT� $PNQBSFE UP
UIF TQFDUSVN�BEBQUFE GSBNF
 UIF QSPQPTFE GSBNFT TIPX CFUUFS QFSGPSNBODF BDSPTT ϑ�
$PNQBSFE UP UIF 4(85 GSBNF
 UIF EJĊFSFODF JO QFSGPSNBODF JT HFOFSBMMZ CFUUFS GPS
ϑ WBMVFT DMPTF UP UIF NJOJNVN ∆.4&� 'JH� ��	C
 QSFTFOUT UIF ∆.4&(NJO) NFBTVSFT
BT B GVODUJPO PG UIF 4/3 = σ2x/σ

2
e 
 XIFO VTJOH J = 7� ɨF SFMBUJWF QFSGPSNBODF

PG UIF TJHOBM�BEBQUFE GSBNF BOE 4(85 GSBNF JT DPOTJTUFOU BDSPTT EJĊFSFOU 4/3T

XJUI UIF QSPQPTFE GSBNF PĊFSJOH
 JO HFOFSBM
 CFUUFS OPJTF SFEVDUJPO� )PXFWFS
 UIF
TQFDUSVN�BEBQUFE GSBNF TIPXT CFUUFS OPJTF SFEVDUJPO BU IJHIFS 4/3T�

*U JT BEWBOUBHFPVT UP BMTP DPNQBSF UIF EFOPJTJOH QFSGPSNBODF GPS GSBNFT XJUI EJG�
GFSFOU OVNCFS PG TVCCBOET� 'JH� ��	D
 TIPXT QMPUT PG UIF∆.4&(NJO) JO EFOPJTJOH UIF
TJHOBMT VTJOH UIF EJĊFSFOU GSBNFT BT B GVODUJPO PG J � 6TJOH UIF TJHOBM�BEBQUFE GSBNFT
MFBET UP B MPXFS ∆.4&(NJO) UIBO GPS UIF 4(85 BOE TQFDUSVN�BEBQUFE GSBNFT� *U JT



���

BMTP PCTFSWFE UIBU UIF EJĊFSFODF JO QFSGPSNBODF CFUXFFO UIF QSPQPTFE GSBNF BOE UIF
TQFDUSVN�BEBQUFE GSBNF JT NPSF QSPOPVODFE XIFO VTJOH VQ UP FJHIU TDBMFT� *O SFDFOU
TUVEJFT UIBU VTF UIF 4(85 <��
 ��
 ��
 ��
 ��
 ��>
 UZQJDBMMZ
 VQ UP TJY TDBMFT BSF VTFE

XIJDI DBO CF FYQMBJOFE CZ PCTFSWJOH UIBU UIF QFSGPSNBODF GPS UIJT GSBNF TBUVSBUFT BU
J = 5� *O DPOUSBTU
 UIF QSPQPTFE GSBNFT TIPX B NPOPUPOJD JODSFBTF JO QFSGPSNBODF
BMTP GPS MBSHFS OVNCFS PG TDBMFT� ɨJT TVHHFTUT UIBU UIF QSPQPTFE TJHOBM�BEBQUFE GSBNFT
IBWF UIF QPUFOUJBM UP QSPWJEF B NPSF NFBOJOHGVM NVMUJ�TDBMF SFQSFTFOUBUJPO PG HSBQI
TJHOBMT�
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SGWT frame proposed frame spectrum-adapted 

'JHVSF ��� $PNQBSJTPO PG EFOPJTJOH QFSGPSNBODF VTJOH EJĊFSFOU GSBNFT PO TJHOBM
TFU Fσe � 	B
 ∆.4& BT B GVODUJPO PG UISFTIPME MFWFM ϑ VTJOH J = 7 TQFDUSBM TDBMFT

XIFSF σ2

e = σ2
x JO TJHOBM SFBMJ[BUJPO GPS BMM DBTFT� 	C
 ∆.4&(NJO) BT B GVODUJPO

PG OPJTF MFWFM
 4/3 = σ2
x/σ

2
e 
 VTJOH GSBNFT XJUI 	C
 J = 7 TQFDUSBM TDBMFT� 	D


∆.4&(NJO) BT B GVODUJPO PG UIF OVNCFS PG TDBMFT J 
 XIFSF σ2
e = σ2

x JO TJHOBM
SFBMJ[BUJPO GPS BMM DBTFT� /PUF UIBU JO 	D
 TPNF TBNQMF QPJOUT BSF OPU EJTQMBZFE GPS
UIF TQFDUSVN�BEBUFE BOE UIF 4(85 GSBNF� UIJT JT EVF UP UIBU UIF GPSNFS JT POMZ
EFmOFE GPS J ≥ 3
 BOE UIBU UIF MBUUFS JT OPU PQUJNBMMZ EFTJHOFE GPS TNBMM J BOE
MFBET UP ∆.4&(NJO) > 0�

� $PODMVTJPO

8F IBWF QSFTFOUFE B DPOTUSVDUJPO PG TJHOBM�BEBQUFE UJHIU GSBNFT GPS HSBQI TJHOBMT�
ɨF BEBQUJWJUZ PG UIF BQQSPBDI JT JOUSPEVDFE CZ FYQMPJUJOH UIF FOTFNCMF FOFSHZ TQFD�
USBM EFOTJUZ
 XIJDI EFTDSJCFT UIF TFDPOE�PSEFS TUBUJTUJDT PG UIF TJHOBM DMBTT BU IBOE�
*U TIPVME CF OPUFE UIBU XBWFMFU�UZQF EFDPNQPTJUJPOT BSF PQUJNBM GPS OPO�TUBUJPOBSZ
TJHOBMT
 TVDI BT UIF POFT DPOTJEFSFE JO PVS FYQFSJNFOUBM SFTVMUT� 'SPN UIJT QPJOU�PG�



��� 1BQFS **

WJFX
 UIF EFTJHO POMZ VTFT UIF TUBUJPOBSZ JOGPSNBUJPO
 BOE JUT nFYJCJMJUZ UP SFQSFTFOU
OPO�TUBUJPOBSZ GFBUVSFT DPNFT XJUI UIF XJEUI BOE TNPPUIOFTT PG UIF CBOEQBTT DIBS�
BDUFSJTUJDT� $PODFQUVBMMZ
 UIJT BQQSPBDI JT TJNJMBS UP PQUJNBM QZSBNJE EFTJHOT UIBU
XFSF QSPQPTFE GPS JNBHF QSPDFTTJOH JO UIF ���T <��>� " ."5-"# JNQMFNFOUBUJPO
PG UIF QSPQPTFE BQQSPBDI BOE UIF EBUBTFUT VTFE JO UIJT QBQFS BSF BWBJMBCMF POMJOF BU
NJQMBC�FQn�DI�TPGUXBSF��

"QQFOEJY "� 1SPPG PG 1SPQPTJUJPO �

*O PSEFS UP FOTVSF UIBU UIF TQFDUSBM LFSOFMT DPWFS UIF GVMM TQFDUSVN
 a NVTU CF DIPTFO
TVDI UIBU

λNBY
(35c)
= λ** + a

(j=J)
= γa+ (J − 2)∆+ a,

XIJDI VTJOH 	��
 MFBET UP a = λNBY
Jγ−J−γ+3 .

5P QSPWF UIBU UIF 6.5 TZTUFN PG TQFDUSBM LFSOFMT GPSN B UJHIU GSBNF
 	��
 OFFET
UP CF GVMmMMFE� 4JODF
 GPS BMM K
 UIF TVQQPSUT PG K′

j−1(λ) BOE K′
j+1(λ) BSF EJTKPJOU


G(λ) DBO CF EFUFSNJOFE BT

G(λ) =
J∑

j=1

|K′
j(λ)|2

(48)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

|K′
1(λ)|2

(35a)
= 1 ∀λ ∈ [0, a]

|K′
1(λ)|2 + |K′

2(λ)|2 ∀λ ∈]a, γa]
|K′

2(λ)|2 + |K′
3(λ)|2 ∀λ ∈]γa, γa+∆]

���
���

|K′
J(λ)|2

(35c)
= 1 ∀λ ∈]λNBY − a,λNBY]

(35b)
=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1 ∀λ ∈ [0, a]

DPT2(x*) + TJO2(x*) ∀λ ∈]a, γa]
DPT2(x**) + TJO2(x**) ∀λ ∈]γa, γa+∆]
���

���
1 ∀λ ∈]λNBY − a,λNBY]

= 1 ∀λ ∈ [0,λNBY] 	��


XIFSF x* =
π
2 ν(

1
γ−1(

λ
a − 1)) BOE x** =

π
2 ν(

1
γ−1(

λ−∆
a − 1))�

'PS BOZ HJWFO γ
 UIF DPOTUSVDUFE TFU PG TQFDUSBM LFSOFMT GPSN B UJHIU GSBNF� )PX�
FWFS
 JO PSEFS GPS UIF GSBNF UP TBUJTGZ UIF VOJGPSNJUZ DPOTUSBJOU HJWFO JO 	��

 UIF



���

BQQSPQSJBUF γ OFFET UP CF EFUFSNJOFE� 'SPN 	��C

 XF IBWF ∀j ∈ {2, . . . , J − 2}

K′
j(λ) = K′

j+1(λ+∆) ∀λ ∈]λ*,λ** +∆]. 	��


#Z DPOTJEFSJOH BO JOWFSTF MJOFBS NBQQJOH PG UIF TQFDUSBM TVQQPSU XIFSF K′
1(λ) ̸=

0
 J�F� [0, γa]
 UP UIF TQFDUSBM TVQQPSU XIFSF K′
J(λ) ̸= 0
 J�F� [λNBY − γa,λNBY]
 XF

IBWF
K′

1(λ) = K′
J(−λ+ 2a+ J∆) ∀λ ∈ [0, γa]. 	��


ɨVT
 GSPN 	��
 BOE 	��
 XF IBWF

∫ λNBY

0
K′

j(λ) Eλ = C2, j = 2, . . . , J − 1 	��B

∫ λNBY

0
K′

1(λ) Eλ =

∫ λNBY

0
K′

J(λ) Eλ = C1, 	��C


SFTQFDUJWFMZ
 XIFSF C1, C2 ∈ R+� ɨVT
 JO PSEFS UP TBUJTGZ 	��

 γ TIPVME CF DIPTFO
TVDI UIBU

C1 = C2

�
∫ λNBY

0
K′

1(λ) Eλ =

∫ λNBY

0
K′

2(λ) Eλ

a+

∫ γa

a
K′

1(λ) Eλ =

∫ γa

a
TJO(

π

2
ν(

1

γ − 1
(
λ

a
− 1))) Eλ

+

∫ γa+∆

γa
K′

2(λ) Eλ

a
(51)
=

∫ γa

a
TJO(

π

2
ν(

1

γ − 1
(
λ

a
− 1))) Eλ. 	��


ɨF PQUJNBM γ UIBU TBUJTmFT 	��
 XBT PCUBJOFE OVNFSJDBMMZ CZ EFmOJOH

Q(γ) =

∫ γa

a
TJO(

π

2
ν(

1

γ − 1
(
λ

a
− 1))) Eλ− a, 	��


BOE EJTDSFUJ[JOH Q(γ) XJUIJO UIF SBOHF (a, γa]
 XJUI B TBNQMJOH GBDUPS PG 1× 10−4�
5FTUJOH GPS γ ≥ 1
 XJUI B TUFQ TJ[F PG 1× 10−2
 UIF PQUJNBM WBMVF
 XIJDI JT JOEFQFO�
EFOU PG λNBY BOE J 
 XBT GPVOE UP CF γ = 2.73�
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'JHVSF ��� %FTJHO PG B VOJGPSN TZTUFN PG TQFDUSBM LFSOFMT TBUJTGZJOH 	��
 BOE 	��
�
ɨF EJTQMBZFE GVODUJPO h(λ) BOE g(λ) DPSSFTQPOE UP UIF POFT VTFE JO UIF 6.5
EFTJHO� )PXFWFS
 BOZ UXP GVODUJPOT QBTTJOH UISPVHI (α +∆1/2, C3) BOE TBUJT�
GZJOH 	��
 BOE 	��
 DBO CF VTFE UP EFTJHO B EFTJSFE QSPUPUZQF TZTUFN PG VOJGPSN
TQFDUSBM LFSOFMT�

� 6OJGPSN 4ZTUFN PG ,FSOFMT �� (FOFSBM $BTF

ɨF 6.5 TZTUFN PG TQFDUSBM LFSOFMT 	DG� 1SPQPTJUJPO �
 JT POF QSPUPUZQF EFTJHO UIBU
DBO CF VTFE BT UIF CBTJT GPS UIF QSPQPTFE GSBNF EFTJHO BQQSPBDI� 'PS UIF HFOFSBM
DBTF
 PUIFS QSPUPUZQF TZTUFN PG LFSOFMT DBO CF EFTJHOFE
 XJUI UIFJS EFTJHO FTTFOUJBMMZ
CSFBLJOH EPXO UP 	TFF 'JH� �� GPS OPUBUJPOT
�

	J
 UIF QSPQFS EFTJHO PG UIF QBJS PG GVODUJPOT h(λ) BOE g(λ) TVDI UIBU UIFZ MFBE UP
TNPPUI RVBESBUVSF NJSSPS TUZMF mMUFST UIBU TBUJTGZ

|h(λ)|2 + |g(λ)|2 = C1 ∈ R+, ∀λ ∈ [α,α+∆1], 	��


XIFSF α,∆1 ∈]0,λNBY[
 C2 =
√
C1
 C3 =

√
C1/2


	JJ
 EFUFSNJOBUJPO PG α
 ∆1 BOE ∆2 TVDI UIBU

αC2 = ∆2C2 +

∫ α+∆1

α
h(λ) Eλ. 	��


0CTFSWF UIBU α
 ∆1
 ∆2
 h(λ) BOE g(λ) BMM EFQFOE PO J BOE λNBY� 'JH� ��
TIPXT BO JMMVTUSBUJPO PG UIF OPO�[FSP TFHNFOUT PG UIF SFTVMUJOH K′

1(λ) BOE K′
2(λ)�

{K′
j(λ)}

J−1
j=3 DBO CF PCUBJOFE CZ USBOTMBUJOH UIF OPO�[FSP TFHNFOUT PG K′

2(λ) CZ (j−
2)∆3
 BOE K′

J(λ) CZ NJSSPSJOH UIF OPO�[FSP TFHNFOU PG K′
1(λ) BOE USBOTMBUJOH JU

TVDI UIBU JU TQBOT UIF VQQFS FOE PG UIF TQFDUSVN�

3FGFSFODFT

<�> %� *� 4IVNBO
 4� ,� /BSBOH
 1� 'SPTTBSE
 "� 0SUFHB
 BOE 1� 7BOEFSHIFZOTU
 iɨF
FNFSHJOH mFME PG TJHOBM QSPDFTTJOH PO HSBQIT� &YUFOEJOH IJHI�EJNFOTJPOBM EBUB



���

BOBMZTJT UP OFUXPSLT BOE PUIFS JSSFHVMBS EPNBJOT
w *&&& 4JHOBM 1SPDFTT� .BH�

WPM� ��
 OP� �
 QQ� ��o��
 �����

<�> "� 4BOESZIBJMB BOE +� .PVSB
 i%JTDSFUF TJHOBM QSPDFTTJOH PO HSBQIT�
w *&&&
5SBOT� 4JHOBM 1SPDFTT�
 WPM� ��
 QQ� ����o����
 �����

<�> 4� $IFO
 3� 7BSNB
 "� 4BOESZIBJMB
 BOE +� ,PWBƦFWJƥ
 i%JTDSFUF TJHOBM QSPDFTT�
JOH PO HSBQIT� TBNQMJOH UIFPSZ
w *&&& 5SBOT� 4JHOBM 1SPDFTT�
 WPM� ��
 OP� ��

QQ� ����o����
 �����

<�> .� +BOTFO
 (� 1� /BTPO
 BOE #� 8� 4JMWFSNBO
 i.VMUJTDBMF NFUIPET GPS EBUB PO
HSBQIT BOE JSSFHVMBS NVMUJEJNFOTJPOBM TJUVBUJPOT
w +� 3PZ� 4UBUJTUJDBM 4PD�� 4FSJFT
# 	4UBUJTUJDBM .FUIPEPMPHZ

 WPM� ��
 OP� �
 QQ� ��o���
 �����

<�> 4� ,� /BSBOH BOE "� 0SUFHB
 i-JGUJOH CBTFE XBWFMFU USBOTGPSNT PO HSBQIT
w JO
1SPD� "14*1" "4$
 QQ� QQ� ���o���
 �����

<�> 3� 3VTUBNPW BOE -� (VJCBT
 i8BWFMFUT PO HSBQIT WJB EFFQ MFBSOJOH
w JO 1SPD�
"EW� /FVSBM *OGP� 1SPDFT� 4ZTU�
 QQ� ���o����
 �����

<�> *� 3BN
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*OUFSQPMBUJPO JO UIF 1SFTFODF PG %PNBJO
*OIPNPHFOFJUZ

"CTUSBDU

4UBOEBSE JOUFSQPMBUJPO UFDIOJRVFT BSF JNQMJDJUMZ CBTFE PO UIF BTTVNQUJPO UIBU UIF TJHOBM MJFT
PO B IPNPHFOFPVT EPNBJO� *O UIJT BSUJDMF
 UIF QSPQPTFE JOUFSQPMBUJPO NFUIPE JOTUFBE FY�
QMPJUT QSJPS JOGPSNBUJPO BCPVU EPNBJO JOIPNPHFOFJUZ
 DIBSBDUFSJ[FE CZ EJĊFSFOU
 QPUFOUJBMMZ
PWFSMBQQJOH
 TVCEPNBJOT� #Z JOUSPEVDJOH B EPNBJO�TJNJMBSJUZ NFUSJD GPS FBDI TBNQMF
 UIF JO�
UFSQPMBUJPO QSPDFTT JT UIFO CBTFE PO B EPNBJO�JOGPSNFE DPOTJTUFODZ QSJODJQMF� 8F JMMVTUSBUF
BOE EFNPOTUSBUF UIF GFBTJCJMJUZ PG EPNBJO�JOGPSNFE MJOFBS JOUFSQPMBUJPO JO �%
 BOE BMTP
 PO
B SFBM G.3* JNBHF JO ��%� ɨF SFTVMUT TIPX UIF CFOFmU PG JODPSQPSBUJOH EPNBJO LOPXMFEHF
TP UIBU
 GPS FYBNQMF
 TIBSQ EPNBJO CPVOEBSJFT DBO CF SFDPWFSFE CZ UIF JOUFSQPMBUJPO
 JG TVDI
JOGPSNBUJPO JT BWBJMBCMF�

#BTFE PO�
)BNJE #FIKBU
 ;BGFS %PƭBO
 %JNJUSJ 7BO %F 7JMMF
 -FJG 4ÚSONP

i*OUFSQPMBUJPO JO UIF 1SFTFODF PG %PNBJO *OIPNPHFOFJUZ
w
NBOVTDSJQU�





���

� *OUSPEVDUJPO

*OUFSQPMBUJPO IBT CFFO TUVEJFE FYUFOTJWFMZ JO WBSJPVT TFUUJOHT� ɨF NBJO GSBNFXPSLT
BSF CBTFE PO DPODFQUT TVDI BT TNPPUIOFTT GPS TQMJOF�HFOFSBUJOH TQBDFT <�>
 VOEFSMZJOH
(BVTTJBO EJTUSJCVUJPOT GPS iLSJHJOHw <�>
 BOE TQBUJBM SFMBUJPOTIJQ GPS JOWFSTF�EJTUBODF�
XFJHIUFE JOUFSQPMBUJPO <�>� :FU
 XIJMF BEWBODFE DPODFQUT IBWF CFFO EFWFMPQFE GPS
EFTDSJCJOH UIFTF TJHOBM TQBDFT
 UIF VOEFSMZJOH EPNBJO JT BMXBZT BTTVNFE UP CF IPNP�
HFOFPVT� *O B TVC�DBUFHPSZ PG TVQFS�SFTPMVUJPO JNBHF QSPDFTTJOH UFDIOJRVFT <�>
 TVDI
BT JO <�
 �
 �
 �
 �
 ��
 ��
 ��>
 UIF JOUFSQPMBUJPO QIBTF JT BEBQUFE CBTFE PO UIF DPOUFYU
PG UIF TJHOBM� TVDI BEBQUBUJPO TDIFNFT BSF CBTFE PO UIF DIBSBDUFSJTUJDT PG FJUIFS UIF
JNBHF JUTFMG <�
 �
 �> PS BOPUIFS IJHI SFTPMVUJPO JNBHF UIBU JT PG UIF TBNF OBUVSF BT
UIBU PG UIF MPX SFTPMVUJPO JNBHF UP CF JOUFSQPMBUFE <�
 �
 ��
 ��
 ��>� )FSF
 XF DPO�
TJEFS B EJĊFSFOU TDFOBSJP JO XIJDI TJHOBMT BSF TBNQMFE PWFS B LOPXO JOIPNPHFOFPVT
EPNBJO� J�F�
 B EPNBJO DIBSBDUFSJ[FE CZ B TFU PG TVCEPNBJOT
 UIBU DBO CF PWFSMBQQJOH

BWBJMBCMF BT TVQQMFNFOUBSZ EBUB� ɨJT TVQQMFNFOUBSZ JOGPSNBUJPO JT PG B DPNQMFUFMZ
EJĊFSFOU OBUVSF UIBO UIBU PG UIF TBNQMFT UP CF JOUFSQPMBUFE� JU EFTDSJCFT UIF TJHOBM
EPNBJO
 SBUIFS UIBO UIF TJHOBM JUTFMG�

��� 1SPCMFN 'PSNVMBUJPO

"TTVNF UIBU UIF GPMMPXJOH TFU PG JOGPSNBUJPO JT HJWFO�

�� " TFRVFODF PG TBNQMFT s[k] PCUBJOFE BT

s[k] = ⟨s(x), δ(x− k)⟩ , GPS BMM k ∈ Z, 	�


XIFSF s(·) ∈ L2 	EFOPUJOH UIF )JMCFSU TQBDF PG BMM DPOUJOVPVT
 SFBM�WBMVFE
GVODUJPOT UIBU BSF TRVBSF JOUFHSBCMF JO -FCFTHVF TFOTF
 BOE s[·] ∈ ℓ2 	EFOPUJOH
UIF )JMCFSU TQBDF PG BMM EJTDSFUF TJHOBMT UIBU BSF TRVBSF TVNNBCMF
�

�� %PNBJO LOPXMFEHF� EFTDSJCFE CZ + EJĊFSFOU TVCEPNBJO JOEJDBUPS GVODUJPOT
d̃j(x)
 j = 1, . . . , J 
 QSFTFOUFE JO OPSNBMJ[FE GPSN BT

dj(x) =
d̃j(x)∑J
l=1 d̃l(x)

, TVDI UIBU
J∑

j=1

dj(x) = 1. 	�


�8F BTTVNF UIBU FWFSZ QPJOU CFMPOHT UP BU MFBTU POF TVCEPNBJO
 BOE UIBU UIF EPNBJO JOGPSNBUJPO
DBO CF TQFDJmFE CZ B DPOUJOVPVT GVODUJPO�
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6TJOH d̃j(x)
 j = 1, . . . , J 
 TQBDF�EFQFOEFOU JOEFY TFUT PG NBYJNBM BOE NJOJ�
NBM BTTPDJBUJPO UP UIF VOEFSMZJOH TVCEPNBJOT DBO CF EFSJWFE BT

Hx = {i|di(x) = NBY
j

dj(x)}, GPS BMM x ∈ R, 	�


Lx = {i|di(x) = NJO
j

dj(x)}, GPS BMM x ∈ R. 	�


(JWFO QSJPS LOPXMFEHF PO EPNBJO JOIPNPHFOFJUZ VOEFS UIF GPSN 	�
o	�

 UIF
PCKFDUJWF JT UP BEBQU DPOWFOUJPOBM JOUFSQPMBUJPO NFUIPET TVDI UIBU UIFZ BDDPNNPEBUF
UIJT JOGPSNBUJPO� 5P SFBDI UIJT PCKFDUJWF
 XF TUBSU GSPN TIJGU�JOWBSJBOU HFOFSBUJOH
LFSOFMT TVDI BT TQMJOFT <��
 �
 ��>
 BOE UIFO USBOTGPSN UIFN JOUP TIJGU�WBSJBOU LFSOFMT
CBTFE PO UIF EPNBJO LOPXMFEHF�

ɨF SFNBJOEFS PG UIJT MFUUFS JT PSHBOJ[FE BT GPMMPXT� *O 4FDUJPO **
 UIF CBTJT GPS
PCUBJOJOH B EPNBJO�JOGPSNFE JOUFSQPMBUFE TJHOBM JT GPSNVMBUFE� *O 4FDUJPO ***
 BT B
QSPPG�PG�DPODFQU
 TUBOEBSE MJOFBS JOUFSQPMBUJPO JT FYUFOEFE UP UIF QSPQPTFE EPNBJO�
JOGPSNFE TFUUJOH
 BOE BO JMMVTUSBUJWF FYBNQMF JT QSFTFOUFE� *O 4FDUJPO *7
 UIF QSPQPTFE
JOUFSQPMBUJPO TDIFNF JT BQQMJFE UP B SFBM G.3* JNBHF�

� 5IFPSZ GPS %PNBJO�*OGPSNFE *OUFSQPMBUJPO

ɨF QSPQPTFE EPNBJO�JOGPSNFE JOUFSQPMBUJPO TDIFNF JT CBTFE PO UXP GVOEBNFOUBM
DPODFQUT� 	J
 EFSJWJOH B EPNBJO�JOGPSNFE TIJGU�WBSJBOU CBTJT
 CBTFE PO B TIJGU�JOWBSJBOU
CBTJT PG UIF JOUFHFS TIJGUT PG B HFOFSBUJOH GVODUJPO ϕ� 	JJ
 GVMmMMJOH UIF iEPNBJO�
JOGPSNFE DPOTJTUFODZ QSJODJQMFw�B QSJODJQMF UIBU XF EFmOF BT BO FYUFOTJPO PG UIF
DPOTJTUFODZ QSJODJQMF <��>�

��� %PNBJO�*OGPSNFE 4IJGU�7BSJBOU #BTJT

$POTJEFS B DPNQBDUMZ�TVQQPSUFE HFOFSBUPS ϕ(x) 	J�F�
 ϕ(x) = 0
 ∀|x| ≥ ∆(ϕ) ∈
R+
 PG B TIJGU�JOWBSJBOU TQBDF

V(ϕ) =
{
ŝ(x) =

∑

k∈Z
c[k] · ϕ(x− k) : c[·] ∈ ℓ2

}
, 	�


XIFSF c[·] BSF UIF XFJHIUT PG UIF JOUFHFS�TIJGUFE CBTJT GVODUJPOT� ɨF HFOFSBUJOH GVOD�
UJPO ϕ(x) DBO CF BOZ PG DPNQBDU�TVQQPSU LFSOFMT VTFE JO TUBOEBSE JOUFSQPMBUJPO�
*O UIF QSFTFODF PG EPNBJO JOIPNPHFOFJUZ
 UIF JEFB JT UP USBOTGPSN ϕ(· − k) JOUP
ϕξk(· − k)� B NPEVMBUFE WFSTJPO PG ϕ(· − k) UIBU JT EFmOFE CBTFE PO B EPNBJO



���

TJNJMBSJUZ NFUSJD ξk UIBU EFTDSJCFT UIF EPNBJO JO UIF BEKBDFODZ PG k� 8JUI UIJT DPO�
TUSVDUJPO
 B TIJGU�WBSJBOU TQBDF

Vξ(ϕ) =
{
ŝ(x) =

∑

k∈Z
c[k] · ϕξk(x− k) : c[·] ∈ ℓ2

}
, 	�


JT PCUBJOFE� 8F QSPQPTF UIF GPMMPXJOH EFmOJUJPO PG ξk
 XIJDI XJMM TVCTFRVFOUMZ HVJEF
UIF EFTJHO PG ϕξk �

%FmOJUJPO 	%PNBJO 4JNJMBSJUZ .FUSJD

(JWFO B EFTDSJQUJPO PG BO JOIPNPHFOFPVT EPNBJO VOEFS UIF GPSN 	�
o	�

 B EPNBJO
TJNJMBSJUZ NFUSJD ξk(x) ∈ [0, 1] DBO CF EFmOFE JO UIF∆ OFJHICPVSIPPE PG FBDI k ∈ Z
BT

ξk(x) =

⎧
⎪⎨

⎪⎩

Wk,x S (dhk
(k + x)− 0.5) , |x| < ∆, |Hk| = 1,

Wk,x S
(
dlk+x

(k + x)− 0.5
)
, |x| < ∆, |Hk| > 1,

0, |x| ≥ ∆,

	�


XIFSF |H.| EFOPUFT UIF DBSEJOBMJUZ PG TFUH.
 S(·) EFOPUFT UIF MPHJTUJD GVODUJPO
 S(n) =
(1 + e−γ n)−1 ∈ [0, 1] XJUI γ > 0
 h. ∈ H·
 l. ∈ L·
 BOE Wk,x EFOPUFT B XFJHIU
GBDUPS

Wk,x = 1− 1

J

J∑

j=1

|dj(k + x)− dj(k)| , 	�


XIJDI JODSFBTFT UIF BEBQUBUJPO UP EPNBJO LOPXMFEHF� 'PS NJOJNBM BEBQUBUJPO
 Wk,x

DBO CF TFU UP ��
*O 	�

 JG k ∈ Z BOE (k + x) ∈ R BSF 	J
 NBYJNBMMZ BTTPDJBUFE UP UIF TBNF

TVCEPNBJO
 BOE 	JJ
 UIF NBYJNBM BTTPDJBUJPO PG (k+x) ∈ R IBT B QSPCBCJMJUZ HSFBUFS
UIBO ���
 ξk(x) → 1
 PUIFSXJTF
 ξk(x) → 0� ɨF QBSBNFUFS γ PG S(·) UVOFT CPUI UIF
TNPPUIOFTT BOE TUSFOHUI PG UIJT BEBQUBUJPO� B HSFBUFS γ
 VQ UP B TVJUBCMF EFHSFF
 MFBET
UP B TUSPOHFS BT XFMM BT TNPPUIFS BEBQUJPO UP DIBOHFT JO EPNBJO JOIPNPHFOFJUZ�

ɨF NFUSJDT {ξk(x)}k∈Z BSF EFmOFE BT MPDBM GVODUJPOT JO UIF OFJHICPVSIPPE PG
FBDI k ∈ Z� 0O UIF HMPCBM EPNBJO TVQQPSU
 B EPNBJO TJNJMBSJUZ GVODUJPO
 EFOPUFE

ρ(x, k) : x ∈ R \ Z, k ∈ K(∆)
x : {k ∈ Z | |x− k| < ∆} → [0, 1],

DBO CF EFmOFE BT
ρ(x, k) =

ξk(x− k)∑
k′∈K(∆)

x
ξk′(x− k′)

, 	�


XIJDI TBUJTmFT UIF GPMMPXJOH UISFF QSPQFSUJFT�
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�� ρ(x, i) = ρ(x, j) JNQMJFT QFSGFDU TJNJMBSJUZ PG UIF EPNBJOT BU x
 i BOE j�

�� ρ(x, i) > ρ(x, j) JNQMJFT HSFBUFS TJNJMBSJUZ PG UIF EPNBJOT BU x BOE i UIBO UIF
TJNJMBSJUZ PG UIF EPNBJOT BU x BOE j
 BOE WJDF WFSTB�

�� GPS x ∈ R \ Z
 XF IBWF
∑

k∈Z ρ(x, k) = 1
 TJODF

∑

k∈Z
ρ(x, k)

(7)
= · · ·+ 0 +

∑
i∈K(∆)

x
ξi(x− i)

∑
k′∈K(∆)

x
ξk′(x− k′)

+ 0 + · · · = 1. 	��


��� %*$1� %PNBJO�*OGPSNFE $POTJTUFODZ 1SJODJQMF

ɨFSF BSF EJĊFSFOU XBZT UP EFmOF ϕξk � *O UIJT MFUUFS
 XF DPOTJEFS UIF DPOTUSVDUJPO PG
B QBSUJDVMBS DMBTT PG EPNBJO�JOGPSNFE
 TIJGU�WBSJBOU CBTJT UIBU MFBET UP JOUFSQPMBUJPO
TBUJTGZJOH UIF GPMMPXJOH QSJODJQMF�

%FmOJUJPO 	%PNBJO�*OGPSNFE $POTJTUFODZ 1SJODJQMF

(JWFO B TFRVFODF PG TBNQMFT
 BT JO 	�

 BOE B QSPQFSMZ EFmOFE EPNBJO TJNJMBSJUZ
GVODUJPO
 BT JO 	�

 UIF JOUFSQPMBUFE TJHOBM ŝ(·) NVTU TBUJTGZ UIF GPMMPXJOH DPOEJUJPOT�

	J
 QFSGFDU mU BU JOUFHFST� J�F�

ŝ(k) = s[k], GPS BMM k ∈ Z. 	��


	JJ
 GPS BOZ x ∈ {R \ Z} BOE UIF TFU K(∆)
x = {k ∈ Z | |x − k| < ∆}
 JG GPS BMM

i, j ∈ K(∆)
x XF IBWF ρ(x, i) ̸= ρ(x, j)


BSH NBY
k∈K(∆)

x

{
ρ(x, k)

}
= BSH NJO

k∈K(∆)
x

{∣∣̂s(x)− s[k]
∣∣
}
. 	��


$SJUFSJPO 	J
 JT UIF DPOTJTUFODZ QSJODJQMF <��>� $SJUFSJPO 	JJ
 JT CBTFE PO UIF BT�
TVNQUJPO UIBU UIF VOEFSMZJOH TJHOBM s(x)
 BU BOZ QPTJUJPO x ∈ R \ Z
 JT NPSF MJLFMZ
UP CF TJNJMBS UP UIPTF TBNQMF JO JUT ∆ OFJHICPVSIPPE UIBU IBWF B iTJNJMBS EPNBJOw
BT x� "T TVDI
 UIF %*$1 FOTVSFT UIBU UIF JOUFSQPMBUFE TJHOBM JT DPOTJTUFOU OPU POMZ BU
UIF HJWFO TBNQMF QPJOUT
 CVU BMTP BU JOUFSNFEJBUF QPJOUT CFUXFFO TBNQMFT�



���

� %*-*� %PNBJO�*OGPSNFE -JOFBS *OUFSQPMBUJPO

8F QSPQPTF B TQFDJmD TDIFNF UP BEBQU TUBOEBSE MJOFBS JOUFSQPMBUJPO 	4-*
 UP JODPSQP�
SBUF EPNBJO LOPXMFEHF� " EFmOJUJPO PG B TIJGU�WBSJBOU CBTJT GPS UIJT QBSUJDVMBS TFUUJOH
JT QSFTFOUFE
 TVDI UIBU UIF JOUFSQPMBUFE TJHOBM JT FOTVSFE UP TBUJTGZ UIF %*$1� *O QBSUJD�
VMBS
 UIF CBTJT JT B EPNBJO�JOGPSNFE WFSTJPO PG UIF MJOFBS #�TQMJOF CBTJT GVODUJPO <�>

UIF iIBUw GVODUJPO XJUI TVQQPSU 2 	∆ = 1
 EFmOFE BT

Λ(x) =

{
1− |x|, |x| < 1

0, |x| ≥ 1.
	��


1SPQPTJUJPO �� 	%PNBJO�*OGPSNFE -JOFBS *OUFSQPMBUJPO
 'PS B HJWFO TFU PG TBNQMFT 	�

BOE DPOTUSBJOUT 	�

 UIF EPNBJO�JOGPSNFE MJOFBS JOUFSQPMBUFE TJHOBM TBUJTGZJOH UIF %*$1
JT HJWFO CZ

∀x ∈ R, ŝ(x) =
∑

k∈Z
s[k]ϕξk(x− k), 	��


XIFSF

ϕξk(x) =

⎧
⎪⎨

⎪⎩

0 |x| ≥ 1

Λ(x) |x| < 1, D(xk) = 0, xk /∈ D
ξ̃k(x) PUIFSXJTF,

	��


XIFSF xk = (k + x) ∈ R
 BOE

ξ̃k(x) =
ξk(x)

ξ⌊xk⌋(x) + ξ⌈xk⌉(x)
, GPS |x| < 1, 	��


D(x) = ξ̃⌊x⌋(x− ⌊x⌋)− ξ̃⌈x⌉(x− ⌈x⌉), GPS x ∈ R,

D =
{
x ∈ R

∣∣D(x) = 0, MJN
ε→0

∫ x+ε

x−ε
D(x)dx = 0

}
,

1SPPG� 4FF "QQFOEJY **�

%*-* IBT UIF QSPQFSUZ UIBU JO BOZ EPNBJO JOUFSWBM [α,β]
 α,β ∈ R
 UIBU JT FJUIFS
IPNPHFOFPVT
 J�F�


∀x ∈ [α,β] : dl(x) = 1, dj(x) = 0, j ∈ {{1, . . . , J}− l},

PS VOJGPSNMZ JOIPNPHFOFPVT
 J�F�


∀x ∈ [α,β] : d1(x) = d2(x) = · · · = dJ(x),
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s[k]

signal

* * * * * * * * *

standard linear interp.

DILI

½(x,     )x
½(x,     )x

d
2
(x)

d
1
(x)

10 1210 2 3 5 7 9 114 6 8 1413 15

10 1210 2 3 5 7 9 114 6 8 1413 15

10 1210 2 3 5 7 9 114 6 8 1413 15

10 1210 2 3 5 7 9 114 6 8 1413 15

10 1210 2 3 5 7 9 114 6 8 1413 15

10 1210 2 3 5 7 9 114 6 8 1413 15

(c)

(e)

(d)

0

1

(a)

(b)

(f)

0

1

0

1

0

1

0

1

0

1

'JHVSF �� %*-*� 	B
 4JHOBM EPNBJO� 	C
 4JHOBM TBNQMFT� 	D
 {ξk(x)}k=1,...14
 GPS
|x| <= 1� 	E
 {ρ(x, k)}k∈{⌊x⌋,⌈x⌉}
 GPS ∆ = 1� 	F
 {ϕξk(x)}k=1,...,14� *O 	B


	E
�	F

 UIF CMBDL EPUUFE MJOFT TIPX QBSUJUJPO PG VOJUZ DPOTUSBJOUT� 	G 
 %*-* WT�
4-*�

JU FYQMPJUT CBTJT GVODUJPOT UIBU BSF JEFOUJDBM UP UIPTF VTFE JO 4-*
 J�F�
 ∀x ∈ [α,β], k ∈
Z : ϕk(x) = Λ(x−k)� UIVT
 UIF %*-* BOE 4-* TJHOBMT BSF JEFOUJDBM XJUIJO UIF JOUFSWBM
[α,β]�

"O FYBNQMF TFUUJOH GPS DPOTUSVDUJOH %*-* JT QSFTFOUFE JO 'JH� �� ɨF TJHOBM EP�
NBJO DPOTJTUT PG UXP TVCEPNBJOT
 TFF 'JH� �	B

 UIBU TBUJTGZ 	�
� ɨF EPNBJO IBT
TFWFSBM IPNPHFOFPVT JOUFSWBMT
 TVDI BT [0, 2.5] PS [8, 11]
 BT XFMM BT JOIPNPHFOFPVT
JOUFSWBMT� *O QBSUJDVMBS
 UISFF UZQFT PG JOIPNPHFOFPVT EPNBJO JOUFSWBMT BSF PCTFSWFE
BU UIF USBOTJUJPO CFUXFFO UIF UXP TVCEPNBJOT� B GBTU USBOTJUJPO UIBU GBMMT CFUXFFO UXP
TBNQMFT
 J�F�
 JOUFSWBM [2, 3]
 B TMPX USBOTJUJPO
 J�F� JOUFSWBM [5, 8]
 BOE B USBOTJUJPO UIBU
PDDVST TZNNFUSJDBMMZ BSPVOE B TBNQMF QPJOU
 k = 12� ɨF TJHOBM TBNQMFT BOE UIF
VOEFSMZJOH DPOUJOVPVT TJHOBM BSF EJTQMBZFE JO 'JH� �	C
�

'JH� �	D
 JMMVTUSBUFT UIF TFU PG EPNBJO TJNJMBSJUZ NFUSJDT {ξk(x)}k∈Z
 JO ∆ = 1
OFJHICPVSIPPE PG FBDI k ∈ Z� 'JH� �	E
 JMMVTUSBUFT UIF DPSSFTQPOEJOH EPNBJO TJNJ�
MBSJUZ GVODUJPO {ρ(x, k)}

k∈K(1)
x


 EFmOFE PWFS UIF HMPCBM TVQQPSU� UIF GVODUJPO JT EJT�
QMBZFE JO UXP QBSUT
 EFmOJOH UIF MFGU�IBOE BOE SJHIU�IBOE MPDBM OFJHICPVSIPPE PG



���
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'JHVSF �� %*-* VTJOH B SBOHF PG EJĊFSFOU γ� ɨF EBTIFE MJOF DPSSFTQPOET UP 4-*
BT TIPXO JO 'JHVSF �	G 
�

FBDI k ∈ Z� 'JH� �	F
 JMMVTUSBUFT UIF SFTVMUJOH TFU PG EPNBJO�JOGPSNFE TQMJOFT
 DG�
	��
� POMZ UIPTF UIBU SFTJEF JO UIF BEKBDFODZ PG UIF EPNBJO USBOTJUJPO CPVOEBSJFT

NBSLFE XJUI BTUFSJTLT
 EFWJBUF GSPN Λ(x)� " HSFBUFS OVNCFS EFWJBUF GSPN UIFJS TUBO�
EBSE DPVOUFSQBSU BU UIF TMPXFS TVCEPNBJO USBOTJUJPO JOUFSWBM� "T TBNQMF s[12] MJFT BU
UIF FYBDU JOUFSTFDUJPO PG UIF UXP TVCEPNBJOT
 ξ12(x) BT XFMM BT ϕk(x) BSF TUSPOHMZ
TVQQSFTTFE� J�F�
 s[12] XJMM IBWF NJOJNBM FĊFDU JO UIF JOUFSQPMBUFE WBMVFT JO JUT OFJHI�
CPVSIPPE�

ɨF SFTVMUJOH 4-* BOE %*-* BSF TIPXO JO 'JH� �	G 
� 4-* BOE %*-* BSF JEFOUJDBM
JO SFHJPOT BTTPDJBUFE UP POMZ B TJOHMF TVCEPNBJO� )PXFWFS
 %*-* CFUUFS NBUDIFT UIF
VOEFSMZJOH TJHOBM JO UIF TVCEPNBJO USBOTJUJPO CBOET
 TBUJTGZJOH UIF %*$1� *O 'JH� �	D
�
	G 

 UIF MPHJTUJD GVODUJPO S(·) JO 	�
 XBT VTFE XJUI QBSBNFUFS γ = 20� 'JH� � JMMVTUSBUFT
UIF FĊFDU PG WBSZJOH γ� UIF %*-* TJHOBMT BSF JMMVTUSBUFE POMZ JO UIF BEKBDFODZ PG UIF
UISFF TVCEPNBJO USBOTJUJPO SFHJPOT
 TJODF UIFZ BSF
 FMTFXIFSF
 JEFOUJDBM UP 4-*� *O
FTTFODF
 γ EFUFSNJOFT UIF TUSFOHUI PG BTTPDJBUJOH UIF QPJOU UP CF JOUFSQPMBUFE
 UP UIF
TJNJMBSJUZ PG JUT EPNBJO BOE UIBU PG OFBSCZ TBNQMFT� B HSFBUFS γ SFTVMUT JO B HSFBUFS
TUSFOHUI PG UIJT SFMBUJPOTIJQ�

� &YQFSJNFOUBM 3FTVMUT

6TJOH UFOTPS QSPEVDUT
 B EJSFDU
 TFQBSBCMF FYUFOTJPO PG %*-* UP &VDMJEFBO N�% TQBDF
DBO CF GPSNVMBUFE� *O QBSUJDVMBS
 UIF ��% FYUFOTJPO
 EFOPUFE EPNBJO�JOGPSNFE CJ�
MJOFBS JOUFSQPMBUJPO 	%*#-*

 JT PCUBJOFE BT

∀x, y ∈ R, ŝ(x, y) =
I∑

i=1

J∑

j=1

s[i, j]ϕ(1)
ξi,j

(x− i)ϕ(2)
ξi,j

(y − j),

XIFSF s[i, j] EFOPUFT UIF TBNQMF BU QPTJUJPO (i, j) JO UIF I×J ��% TQBDF BOE ϕ(k)
ξi,j

(·)
EFOPUFT UIF EPNBJO�JOGPSNFE LFSOFM BU (i, j) BMPOH UIF k�UI EJNFOTJPO� ɨF QSPQFS�
UJFT PG %*-* EJSFDUMZ FYUFOE UP UIF ��% TFUUJOH�

5P TIPX UIF QSBDUJDBMJUZ PG UIF QSPQPTFE BQQSPBDI JO BO BQQMJDBUJPO
 XF QSFTFOU
JOUFSQPMBUJPO SFTVMUT VTJOH UIF QSPQPTFE TDIFNF PO BO G.3* EBUBTFU� *O CSBJO TUVEJFT
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VTJOH G.3*
 B TFRVFODF PG XIPMF�CSBJO GVODUJPOBM EBUB JT BDRVJSFE� 5P USBDL CSBJO
BDUJWJUZ BU IJHI UFNQPSBM SFTPMVUJPO
 G.3* EBUB BSF SFDPSEFE BU B SFMBUJWFMZ MPX TQBUJBM
SFTPMVUJPO� ɨF G.3* EBUB JT DPNNPOMZ BDDPNQBOJFE XJUI B UISFF UP GPVS GPME IJHIFS
SFTPMVUJPO BOBUPNJDBM .3* TDBO
 XIJDI QSPWJEFT JOGPSNBUJPO BCPVU UIF DPOWPMVUFE
CSBJO UJTTVF EFMJOFBUJOH HSBZ NBUUFS 	(.
 BOE XIJUF NBUUFS 	8.

 FBDI PG XIJDI
IBWF EJĊFSFOU GVODUJPOBM QSPQFSUJFT <��>
 BOE DFSFCSPTQJOBM nVJE 	$4'
� UIF UPQPM�
PHZ BMTP WBSJFT BDSPTT TVCKFDUT <��
 ��>� )FODF
 UIF HPBM JT UP FYQMPJU UIF SJDIOFTT PG
BOBUPNJDBM EBUB UP JNQSPWF UIF RVBMJUZ PG JOUFSQPMBUJPO BOE SFTBNQMJOH PG G.3* EBUB

JO UIF TBNF TQJSJU BT BQQSPBDIFT UIBU BJN UP FOIBODF EFOPJTJOH PG TVDI EBUB <��>�

'JH� � JMMVTUSBUFT UIF TFUUJOH GPS BQQMZJOH %*#-* PO B ��% TMJDF PG BO G.3* WPM�
VNF
 TFF 'JH� �	B

 UIBU BDDPNQBOJFT B ��GPME IJHIFS SFTPMVUJPO TUSVDUVSBM .3* TDBO

TFF 'JH� �	C
� 4FHNFOUJOH UIF TUSVDUVSBM TDBO
 POF PCUBJOT (.
 8.
 BOE $4' QSPCB�
CJMJUZ NBQT
 TFF 'JHT� �	E
�	G 
� ɨFTF NBQT BSF USFBUFE BT OPSNBMJ[FE TVCEPNBJO GVOD�
UJPOT UIBU TBUJTGZ 	�
 BDSPTT BOZ DPMVNO�SPX JO UIF QMBOF
 TFF 'JHT� �	I
�	J
� 'JHT� �	K

BOE 	L
 TIPX TUBOEBSE CJMJOFBS JOUFSQPMBUJPO 	4#-*
 BOE %*#-* PG UIF GVODUJPOBM QJY�
FMT TIPXO JO 'JH� �	H

 SFTQFDUJWFMZ� ɨF 4#-* BOE %*#-* JNBHFT BSF JEFOUJDBM BU
IPNPHFOFPVT QBSUT PG UIF EPNBJO 	TFF CMBDL BSSPXT

 XIFSFBT BU UIF JOIPNPHFOFPVT
QBSUT 	TFF XIJUF BSSPXT

 %*#-* QSFTFOUT mOFS EFUBJMT� 4IBSQ TJHOBM CPVOEBSJFT BU UIF
JOUFSTFDUJPO PG TVCEPNBJOT DBO CF SFDPWFSFE CZ %*#-*� ɨF BDDVSBDZ PG UIJT SFQSFTFO�
UBUJPO JT MJNJUFE CZ UIF MFWFM PG EJTDSFQBODZ PCTFSWFE JO UIF EPNBJO EFTDSJQUJPO� 'PS
FYBNQMF
 TFF UIF DJSDMFE SFHJPO JO 'JH� �	L
 BOE UIF DPSSFTQPOEJOH EPNBJO EFTDSJQUJPO
JO 'JHT� �	E
�	G 
� *O UIF SFE DJSDMFE SFHJPO
 UIF VOEFSMZJOH EPNBJO JT WFSZ DPOWPMVUFE

XIFSFBT JO UIF HSFFO DJSDMFE SFHJPO
 B MBSHF BNPVOU PG VODFSUBJOUZ JT PCTFSWFE JO UIF
EFTDSJQUJPO PG UIF TVCEPNBJOT� *U TIPVME BMTP CF OPUFE UIBU UIF CSBJO EPNBJO JT JO�
USJOTJDBMMZ B ��% SFQSFTFOUBUJPO
 BOE UIBU UIF GVODUJPOBM EBUB BSF SFDPSEFE JO ��%�
ɨFSFGPSF
 FYUFOEJOH UIF JOUFSQPMBUJPO UP ��% BOE JODPSQPSBUJOH UIF BTTPDJBUJPO PG
UIF TBNQMFT UP UIF ��% TVCEPNBJO EFTDSJQUJPO DBO GVSUIFS FOIBODF UIF SFTVMUT� "T
BO BMUFSOBUJWF
 UIF MFWFM PG BEBQUBUJPO UP EPNBJO LOPXMFEHF DBO CF SFEVDFE CZ TFU�
UJOH UIF XFJHIU GBDUPS PG UIF EPNBJO TJNJMBSJUZ NFUSJD UP �� DG� Wk,x JO 	�
� ɨF
SFTVMUJOH %*#-* JOUFSQPMBUJPO JT TIPXO JO 'JH� �	M

 XIJDI NBZ TFFN NPSF WJTVBMMZ
BQQFBMJOH UIBO 'JH� �	L

 BOE ZFU
 JU QSFTFOUT TJHOJmDBOU TVCUMF EFUBJMT UIBU BSF NJTTJOH
JO 'JH� �	K
� ɨJT TVHHFTUT UIF CFOFmU PG UVOJOH UIF BEBQUBUJPO FYUFOU PG UIF EPNBJO
TJNJMBSJUZ NFUSJD SFMBUJWF UP UIF RVBMJUZ BOE TNPPUIOFTT PG BWBJMBCMF EPNBJO EBUB�



���
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(i)
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'JHVSF �� %*#-*� 	B
 " ��% TMJDF PG BO G.3* WPMVNF
 	C
 ɨF TUSVDUVSBM TDBO� 	D

$MPTF�VQ PG BO 30*� 	E
 (.
 	F
 8.
 BOE 	G 
 $4' PG UIF 30*� 	H
 G.3* EBUB JO
UIF 30*� 	I
�	J
 $PMVNO BOE SPX EPNBJO EBUB GPS UIF NBSLFE QPTJUJPO JO 	D
� 	K

4#-*� 	L
 %*#-* XJUI Wk,x BT JO 	�
� 	M
 %*#-* XJUI Wk,x = 1�
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� $PODMVTJPO BOE 0VUMPPL

8F IBWF QSPQPTFE BO JOUFSQPMBUJPO TDIFNF UIBU JODPSQPSBUFT B�QSJPSJ LOPXMFEHF PG
UIF TJHOBM EPNBJO
 TVDI UIBU UIF JOUFSQPMBUFE TJHOBM JT DPOTJTUFOU OPU POMZ BU TBN�
QMF QPJOUT
 XJUI SFTQFDU UP UIF HJWFO TBNQMFT
 CVU BMTP BU JOUFSNFEJBUF QPJOUT CFUXFFO
TBNQMFT
 XJUI SFTQFDU UP UIF HJWFO EPNBJO LOPXMFEHF� "T B QSPPG�PG�DPODFQU
 EPNBJO�
JOGPSNFE MJOFBS JOUFSQPMBUJPO IBT CFFO QSFTFOUFE BT BO FYUFOTJPO PG TUBOEBSE MJOFBS
JOUFSQPMBUJPO� *OUFSQPMBUJPO BQQSPBDIFT UIBU VTF IJHIFS PSEFS #�TQMJOFT NBZ BMTP CF
FYUFOEFE CBTFE PO UIF QSPQPTFE EPNBJO�JOGPSNFE DPOTJTUFODZ QSJODJQMF
 CZ EFmO�
JOH TVJUBCMF EPNBJO TJNJMBSJUZ NFUSJDT NBUDIJOH UIF TVQQPSU PG UIF HFOFSBUJOH LFSOFM�
3FTVMUT GSPN BQQMZJOH UIF QSPQPTFE BQQSPBDI PO G.3* EBUB EFNPOTUSBUFE JUT QPUFO�
UJBM UP SFWFBM TVCUMF EFUBJMT� 0VS GVUVSF SFTFBSDI XJMM GPDVT PO GVSUIFS FWBMVBUJOH UIF
QSPQFSUJFT PG EPNBJO�JOGPSNFE JOUFSQPMBUJPO BOE JUT FYUFOTJPO UP JODPSQPSBUF IJHIFS
PSEFS #�TQMJOF HFOFSBUJOH GVODUJPOT�

"QQFOEJY

1SPPG� 	1SPQPTJUJPO �
 8F QSPWF UIBU UIF QSPQPTFE JOUFSQPMBUJPO TBUJTmFT CPUI DPOEJ�
UJPOT PG UIF %*$1
 DG� %FmOJUJPO ��

$POEJUJPO 	J

1FSGFDU mU BU JOUFHFST JT TBUJTmFE TJODF

∀k ∈ Z, ŝ(k) = ⟨ŝ(x), δ(x− k)⟩
(14)
=
∑

n∈Z
s[k] ⟨ϕξ,n(x− n), δ(x− k)⟩

︸ ︷︷ ︸
ϕξ,n(k−n)

= s[k]ϕξ,k(0)︸ ︷︷ ︸
(15),(7)

= 1

= s[k]. 	��


$POEJUJPO 	JJ

%FmOF ∀x ∈ {R \ Z}
 f⌊x⌋(x) = |ŝ(x) − s[⌊x⌋]| BOE f⌈x⌉(x) = |ŝ(x) − s[⌈x⌉]|�
ɨF TFDPOE DPOEJUJPO PG UIF QSJODJQMF
 DG� 	��

 JT TBUJTmFE JG JU DBO CF TIPXO UIBU�

ρ(x, ⌊x⌋) > ρ(x, ⌈x⌉) → f⌊x⌋(x) < f⌈x⌉(x), 	��

ρ(x, ⌊x⌋) < ρ(x, ⌈x⌉) → f⌊x⌋(x) > f⌈x⌉(x). 	��




���

%FmOF ∀x ∈ R, x+ = x − ⌊x⌋ BOE x− = x − ⌈x⌉� *OUFHFS�TIJGUFE Λ(x) GPSN B
QBSUJUJPO PG VOJUZ
 ∀x ∈ R
 BT

∑

k∈Z
Λ(x− k) = Λ(x+) + Λ(x−) = 1, 	��


BOE TP EP JOUFHFS�TIJGUFE {ξ̃k(x)}k∈Z
 DG� 	��

 BT

∑

k∈Z
ξ̃k(x− k)

(10)
= ξ̃⌊x⌋(x

+) + ξ̃⌈x⌉(x
−) = 1. 	��


ɨVT
 JOUFHFS�TIJGUFE
 EPNBJO�JOGPSNFE mSTU EFHSFF TQMJOF CBTJT GPSN B QBSUJUJPO PG
VOJUZ
 TJODF ∀x ∈ R

∑

k∈Z
ϕξ,k(x− k)

(15)
= ϕξ,⌊x⌋(x

+) + ϕξ,⌈x⌉(x
−)

(21),(20)
= 1. 	��


ɨF GVODUJPO f⌊x⌋(x) JO 	��
 DBO CF FYQBOEFE BT

f⌊x⌋(x)
(14)
=

∣∣∣∣
⌈x⌉∑

k=⌊x⌋

s[k]ϕξ,k(x− k)− s[⌊x⌋]
∣∣∣∣

=
∣∣s[⌊x⌋]

(
ϕξ,⌊x⌋(x

+)− 1
)

︸ ︷︷ ︸
(22)
= −ϕξ,⌈x⌉(x−)

+s[⌈x⌉]ϕξ,⌈x⌉(x−)
∣∣

=
∣∣(s[⌈x⌉]− s[⌊x⌋]) ϕξ,⌈x⌉(x

−)
︸ ︷︷ ︸

(15),(7)−→ ≥0

∣∣

=
∣∣s[⌈x⌉]− s[⌊x⌋]

∣∣· ϕξ,⌈x⌉(x−). 	��


4JNJMBSMZ
 f⌈x⌉(x) JO 	��
 DBO CF XSJUUFO BT

f⌈x⌉(x) = s[⌊x⌋]− s[⌈x⌉]
∣∣· ϕξ,⌊x⌋(x+). 	��


'SPN UIF MFGU IBOE SFMBUJPO JO 	��
 XF IBWF

ρ(x, ⌊x⌋) > ρ(x, ⌈x⌉) (9),(15)−→ ϕξ,⌊x⌋(x
+) > ϕξ,⌈x⌉(x

−)
(23),(24)−→ f⌈x⌉(x) > f⌊x⌋(x).

	��
 DBO CF QSPWFE JO UIF TBNF XBZ BT EPOF GPS 	��
�
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%PNBJO�*OGPSNFE 4QMJOF *OUFSQPMBUJPO

"CTUSBDU

4UBOEBSE JOUFSQPMBUJPO UFDIOJRVFT BSF JNQMJDJUMZ CBTFE PO UIF BTTVNQUJPO UIBU UIF TJHOBM MJFT
PO B TJOHMF IPNPHFOFPVT EPNBJO� *O DPOUSBTU
 NBOZ OBUVSBMMZ PDDVSSJOH TJHOBMT MJF PO B
NJYFE 	JOIPNPHFOFPVT
 EPNBJO
 TVDI BT CSBJO BDUJWJUZ BTTPDJBUFE UP EJĊFSFOU CSBJO UJTTVF�
8F QSPQPTF BO JOUFSQPMBUJPO NFUIPE UIBU JOTUFBE FYQMPJUT QSJPS JOGPSNBUJPO BCPVU EPNBJO
JOIPNPHFOFJUZ
 DIBSBDUFSJ[FE CZ EJĊFSFOU
 QPUFOUJBMMZ PWFSMBQQJOH
 TVCEPNBJOT� "T QSPPG PG
DPODFQU
 UIF GPDVT JT QVU PO FYUFOEJOH DPOWFOUJPOBM TIJGU�JOWBSJBOU #�TQMJOF JOUFSQPMBUJPO�
(JWFO B LOPXO JOIPNPHFOFPVT EPNBJO
 #�TQMJOF JOUFSQPMBUJPO PG B HJWFO PSEFS JT FYUFOEFE
UP B EPNBJO�JOGPSNFE
 TIJGU�WBSJBOU JOUFSQPMBUJPO� ɨJT JT EPOF CZ DPOTUSVDUJOH B EPNBJO�
JOGPSNFE HFOFSBUJOH CBTJT UIBU TBUJTmFT TUBCJMJUZ QSPQFSUJFT� 8F JMMVTUSBUF FYBNQMF DPOTUSVD�
UJPOT PG EPNBJO�JOGPSNFE HFOFSBUJOH CBTJT
 BOE TIPX UIFJS QSPQFSUZ JO JODSFBTJOH UIF DPIFS�
FODF CFUXFFO UIF HFOFSBUJOH CBTJT BOE UIF HJWFO JOIPNPHFOFPVT EPNBJO� #Z BEWBOUBHFPVTMZ
FYQMPJUJOH EPNBJO LOPXMFEHF
 XF EFNPOTUSBUF UIF CFOFmU PG EPNBJO�JOGPSNFE JOUFSQPMB�
UJPO PWFS TUBOEBSE #�TQMJOF JOUFSQPMBUJPO UISPVHI .POUF $BSMP TJNVMBUJPOT BDSPTT B SBOHF
PG #�TQMJOF PSEFST� 8F BMTP EFNPOTUSBUF UIF GFBTJCJMJUZ PG EPNBJO�JOGPSNFE JOUFSQPMBUJPO JO
B OFVSPJNBHJOH BQQMJDBUJPO XIFSF UIF EPNBJO JOGPSNBUJPO JT BWBJMBCMF CZ B DPNQMFNFOUBSZ
JNBHF DPOUSBTU� ɨF SFTVMUT EFNPOTUSBUF UIF CFOFmU PG JODPSQPSBUJOH EPNBJO LOPXMFEHF TP
UIBU BO JOUFSQPMBOU DPOTJTUFOU UP UIF BOBUPNZ PG UIF CSBJO DBO CF SFDPWFSFE CZ UIF QSPQPTFE
JOUFSQPMBUJPO�

#BTFE PO�
)BNJE #FIKBU
 ;BGFS %PƭBO
 %JNJUSJ 7BO %F 7JMMF
 -FJG 4ÚSONP

i%PNBJO�*OGPSNFE 4QMJOF *OUFSQPMBUJPO
w
4VCNJUUFE GPS QVCMJDBUJPO�





���

*OUFSQPMBUJPO IBT CFFO FYUFOTJWFMZ TUVEJFE JO WBSJPVT TFUUJOHT� ɨF NBJO GSBNF�
XPSLT BSF CBTFE PO DPODFQUT TVDI BT TNPPUIOFTT GPS TQMJOF�HFOFSBUJOH TQBDFT <�>
 VO�
EFSMZJOH (BVTTJBO EJTUSJCVUJPOT GPS iLSJHJOHw <�>
 BOE TQBUJBM SFMBUJPOTIJQ GPS JOWFSTF�
EJTUBODF�XFJHIUFE JOUFSQPMBUJPO <�>� :FU
 XIJMF BEWBODFE DPODFQUT IBWF CFFO EFWFM�
PQFE GPS EFTDSJCJOH UIFTF TJHOBM TQBDFT
 UIF VOEFSMZJOH EPNBJO JT BMXBZT BTTVNFE UP
CF IPNPHFOFPVT� )FSF
 XF DPOTJEFS B EJĊFSFOU TDFOBSJP JO XIJDI TJHOBMT BSF TBN�
QMFE PWFS B LOPXO iJOIPNPHFOFPVTw EPNBJO� J�F�
 B EPNBJO DIBSBDUFSJ[FE CZ B TFU PG
TVCEPNBJOT XJUI UIFJS EFTDSJQUJPO BWBJMBCMF BT TVQQMFNFOUBSZ EBUB� *O B TVC�DBUBHPSZ
PG TVQFS�SFTPMVUJPO JNBHF QSPDFTTJOH UFDIOJRVFT
 UIF JOUFSQPMBUJPO QIBTF JT BEBQUFE
TVDI UIBU UIF TDIFNF CFDPNFT DMPTF
 JO TQJSJU
 UP UIF JOUFSQPMBUJPO TDFOBSJP UIBU XF
DPOTJEFS IFSF� *O QBSUJDVMBS
 UIFZ BEBQU UIF JOUFSQPMBUJPO TVDI UIBU JOGPSNBUJPO GSPN
B IJHI SFTPMVUJPO TJHOBM JT FYQMPJUFE UP FOIBODF JOUFSQPMBUJPO PO B TFU PG TBNQMFT BD�
RVJSFE BU MPX SFTPMVUJPO� 'PS FYBNQMF
 BO JUFSBUJWF
 QBUDI�CBTFE OPO�MPDBM SFDPOTUSVD�
UJPO TDIFNF XBT JOUSPEVDFE JO <�>� UIF VTF PG JOUFS�NPEBMJUZ QSJPST UP SFHVMBSJ[F UIF
TJNJMBSJUZ CFUXFFO UIF VQ�TBNQMFE JNBHF BOE B TFDPOEBSZ IJHI SFTPMVUJPO JNBHF XBT
QSPQPTFE JO <�>� B OPO�MPDBM NFBOT GFBUVSF�CBTFE UFDIOJRVF UIBU VTFT TUSVDUVSBM JO�
GPSNBUJPO PG B IJHI SFTPMVUJPO JNBHF XJUI B EJĊFSFOU DPOUSBTU XBT QSFTFOUFE JO <�>�
TQBSTJUZ QSPNPUJOH QSJPST VTJOH PWFSDPNQMFUF EJDUJPOBSJFT MFBSOFE GSPN UIF EBUB XFSF
FYQMPJUFE JO <�>� :FU
 TVDI TDIFNFT EP OPU GBMM XJUIJO UIF QSPCMFN UIBU XF GPSNVMBUF
JO UIJT QBQFS� ɨF MPX SFTPMVUJPO EBUB TBNQMFT BOE UIF TVQQMFNFOUBSZ IJHI SFTPMVUJPO
JOGPSNBUJPO DPOTJEFSFE JO UIFTF QSPQPTBMT BSF CPUI PG UIF TBNF OBUVSF BOE
 JO FTTFODF

CPUI EFTDSJCF UIF TJHOBM� *O UIF TDIFNF QSPQPTFE JO UIJT BSUJDMF
 UIF TVQQMFNFOUBSZ
IJHI SFTPMVUJPO JOGPSNBUJPO JOTUFBE EFTDSJCFT UIF EPNBJO PG UIF TJHOBM
 XIJDI IBT B
DPNQMFUFMZ EJĊFSFOU UFNQPSBM�TQBUJBM DIBSBDUFSJTUJD UIBO UIBU PG UIF TJHOBM 	TBNQMFT

EFmOFE PO UIF EPNBJO� .PSFPWFS
 SBUIFS UIBO CFJOH B MFBSOJOH TDIFNF
 PVS QSPQPTBM
JT GPSNVMBUFE BT B TIJGU�WBSJBOU FYUFOTJPO PG DPOWFOUJPOBM TIJGU�JOWBSJBOU JOUFSQPMBUJPO
TDIFNFT <�
 �>
 TVDI BT MJOFBS
 DVCJD PS IJHIFS PSEFS #�TQMJOF JOUFSQPMBUJPOT�

1SPCMFN 'PSNVMBUJPO
"TTVNF UIBU UIF GPMMPXJOH TFU PG JOGPSNBUJPO JT HJWFO�

�� %PNBJO LOPXMFEHF EFTDSJCFE CZ B TFU PG OPO�OFHBUJWF TVCEPNBJO GVODUJPOT

D :

{
dj ∈ -2, j ∈ J : {1, . . . , J}

}
, 	�


XIJDI GPSN B QBSUJUJPO PG VOJUZ BT

J∑

j=1

dj(x) = 1, ∀x ∈ R. 	�




��� 1BQFS *7

3FNBSL� 8F EFOPUF B TFHNFOU [a, b], a, b ∈ R
 PG UIF EPNBJO BT IPNPHFOFPVT
JG UIFSF FYJTUT BO l ∈ J TVDI UIBU

dl(x) = 1, ∀x ∈ [a, b], 	�


BOE JOIPNPHFOFPVT JG 	�
 EPFT OPU IPME GPS BOZ l ∈ J �

�� " VOJGPSN TFRVFODF PG TBNQMFT s[k] UBLFO GSPN B DPOUJOVPVT GVODUJPO s(x) BT

s[k] = ⟨s(x), δ(x− kT )⟩ , 	�


XIFSF T ∈ R+ EFOPUFT UIF TBNQMJOH TUFQ�

ɨF PCKFDUJWF JT UP SFDPWFS s(x) VTJOH UIF HJWFO TFU PG TBNQMFT s[k]� ɨF BQQSPBDI JT
UP FYUFOE BOZ DPOWFOUJPOBM JOUFSQPMBUJPO NFUIPE UIBU FNQMPZT B TIJGU�JOWBSJBOU CBTJT
UP BO JOUFSQPMBUJPO UIBU FNQMPZT B TIJGU�WBSJBOU CBTJT
 TVDI UIBU QSJPS JOGPSNBUJPO PO
UIF EPNBJO JOIPNPHFOVJUZ JT BDDPNNPEBUFE� *O QBSUJDVMBS
 DPOTJEFS B DPNQBDUMZ�
TVQQPSUFE HFOFSBUPS ϕ(x) 	J�F�
 ϕ(x) = 0
 ∀|x| ≥ ∆(ϕ) ∈ R+
 PG B TIJGU�JOWBSJBOU
TQBDF

Vϕ =

{
s̃T (x) =

∑

k∈Z
c[k] · ϕ

( x
T

− k
)
: c ∈ ℓ2

}
. 	�


ɨF HFOFSBUJOH GVODUJPOϕ(x) DBO CF BOZ PG DPNQBDU�TVQQPSU LFSOFMT VTFE JO TUBOEBSE
JOUFSQPMBUJPO� *O UIF QSFTFODF PG EPNBJO JOIPNPHFOFJUZ
 UIF JEFB JT UP USBOTGPSN
ϕ(·− k) JOUP ϕk(·− k)� B UBJMPSFE WFSTJPO PG ϕ(·− k) XIPTF EFmOJUJPO JT CBTFE PO
UIF EPNBJO TUSVDUVSF JO UIF BEKBDFODZ PG k� 8JUI UIJT DPOTUSVDUJPO
 B TIJGU�WBSJBOU

EPNBJO�JOGPSNFE TQBDF

V(D)
ϕ =

{
s̃T (x) =

∑

k∈Z
c[k] · ϕk

( x
T

− k
)
: c ∈ ℓ2

}
, 	�


JT PCUBJOFE�

*O UIJT BSUJDMF
 XF GPDVT PO GPSNVMBUJOH UIF EPNBJO�JOGPSNFE JOUFSQPMBUJPO UIFPSZ GPS
#�TQMJOF HFOFSBUJOH GVODUJPOT <�>�

%JĊFSFOU BQQMJDBUJPO BSFBT DBO CF FOWJTJPOFE GPS EPNBJO�JOGPSNFE JOUFSQPMB�
UJPO� &BSUI TDJFODFT JT POF BQQMJDBUJPO BSFB
 XIFSF B TQBUJBMMZ DPOUJOVPVT SFQSFTFO�
UBUJPO PG FBSUI TVSGBDF QBSBNFUFST
 TVDI BT QSFDJQJUBUJPO
 MBOE WFHFUBUJPO BOE BUNP�
TQIFSJD NFUIBOF JT EFTJSFE UP CF DPNQVUFE GSPN B EJTDSFUF TFU PG SBJO HBVHF NFBTVSF�
NFOUT <��
 �>
 GPTTJM QPMMFO NFBTVSFNFOUT <��
 ��> BOE TBUFMMJUF FTUJNBUFT PG NFUIBOF



���

<��
 ��>
 SFTQFDUJWFMZ� *O UIFTF TDFOBSJPT
 UIF XFMM�EFmOFE HFPHSBQIJDBM TUSVDUVSF PG
UIF FBSUI
 BOUISPQPHFOJD MBOE�DPWFS NPEFMT <��> BOE HFPQIZTJDBM NPEFMT PG UIF FBSUI�T
TVSSPVOEJOH BUNPTQIFSF NBZ CF FYQMPJUFE BT EFTDSJQUPST PG UIF JOIPNPHFOFPVT EP�
NBJO UP JNQSPWF UIF TUBOEBSE BQQSPBDI UP JOUFSQPMBUJPO�

/FVSPJNBHJOH JT BOPUIFS BSFB XIFSF EPNBJO�JOGPSNFE JOUFSQPMBUJPO DBO CF CFO�
FmDJBM� *O CSBJO TUVEJFT VTJOH GVODUJPOBM NBHOFUJD SFTPOBODF JNBHJOH 	G.3*

 B TF�
RVFODF PG XIPMF�CSBJO CSBJO GVODUJPOBM EBUB JT BDRVJSFE BU SFMBUJWFMZ MPX TQBUJBM SFTP�
MVUJPO UP FOBCMF USBDLJOH CSBJO GVODUJPO BU IJHI UFNQPSBM SFTPMVUJPO� "O BOBUPNJDBM
.3* TDBO JT BMTP DPNNPOMZ BDRVJSFE
 QSPWJEJOH JOGPSNBUJPO BCPVU UIF DPOWPMVUFE
CSBJO UJTTVF EFMJOFBUJOH HSBZ BOE XIJUF NBUUFS
 FBDI PG XIJDI IBWF EJĊFSFOU GVOD�
UJPOBM QSPQFSUJFT <��>� 6OMJLF GVODUJPOBM EBUB
 BOBUPNJDBM EBUB DBO CF SFDPSEFE BU
IJHI TQBUJBM SFTPMVUJPO
 XJUI SFTPMVUJPOT UISFF� UP GPVSGPME IJHIFS UIBO UIF GVODUJPOBM
EBUB� )FODF
 UIF HPBM XPVME CF UP FYQMPJU UIF SJDIOFTT PG BOBUPNJDBM EBUB UP EFmOF
UIF EPNBJO PG UIF BDRVJSFE GVODUJPOBM EBUB BOE
 JO UVSO
 UP JNQSPWF UIF RVBMJUZ PG
JOUFSQPMBUJPO�SFTBNQMJOH PG UIF EBUB<��
 ��
 ��>� *O UIJT BSUJDMF
 XF XJMM EFNPOTUSBUF
UIF GFBTJCJMJUZ PG EPNBJO�JOGPSNFE JOUFSQPMBUJPO JO QSPWJEJOH B IJHI SFTPMVUJPO SFQSF�
TFOUBUJPO PG CSBJO GVODUJPOBM EBUB TVDI UIBU UIF SFQSFTFOUBUJPO JT DPOTJTUFOU XJUI UIF
VOEFSMZJOH CSBJO BOBUPNZ�

ɨF BSUJDMF JT PSHBOJ[FE BT GPMMPXT� 4FDUJPO **
 EFmOFT UIF QSPQFSUJFT PG EPNBJO�
JOGPSNFE HFOFSBUJOH CBTJT� 4FDUJPO ***
 JOUSPEVDFT UIF TDIFNF GPS EFTJHOJOH B EPNBJO�
JOGPSNFE #�TQMJOF HFOFSBUJOH CBTJT
 BOE QSFTFOUT BO JMMVTUSBUJWF FYBNQMF DPOTUSVDUJPO
PG TVDI B CBTJT� 4FDUJPO *7
 QSFTFOUT EPNBJO�JOGPSNFE #�TQMJOF JOUFSQPMBUJPO� *O 4FD�
UJPO 7
 XF TIPX UIF CFOFmU PG EPNBJO�JOGPSNFE JOUFSQPMBUJPO PWFS TUBOEBSE #�TQMJOF
JOUFSQPMBUJPO UISPVHI .POUF $BSMP TJNVMBUJPOT BDSPTT B SBOHF PG #�TQMJOF PSEFST� *O
4FDUJPO 7*
 XF DPODMVEF CZ EFNPOTUSBUJOH UIF GFBTJCJMJUZ PG EPNBJO�JOGPSNFE JOUFS�
QPMBUJPO JO B OFVSPJNBHJOH BQQMJDBUJPO�

� %PNBJO�*OGPSNFE (FOFSBUJOH #BTJT

-FU -2 EFOPUF UIF )JMCFSU TQBDF PG BMM DPOUJOVPVT
 SFBM�WBMVFE GVODUJPOT UIBU BSF TRVBSF
JOUFHSBCMF JO -FCFTHVF�T TFOTF
 XJUI UIF -2 JOOFS�QSPEVDU EFmOFE BT

∀f, g ∈ -2, ⟨f, g⟩-2
=

∫ +∞

−∞
f(x)g(x) Ex < ∞, 	�


BOE -2�OPSN JT EFmOFE GPS BMM f ∈ -2 BT ∥f∥2-2
= ⟨f, f⟩-2

� -FU ℓ2 EFOPUF UIF )JMCFSU
TQBDF PG BMM EJTDSFUF TJHOBMT UIBU BSF TRVBSF TVNNBCMF
 XJUI UIF ℓ2 JOOFS QSPEVDU EF�
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mOFE BT
∀p, q ∈ ℓ2, ⟨p, q⟩ℓ2 =

∑

k∈Z
p[k]q[k] < ∞, 	�


BOE UIF ℓ2�OPSN JT EFmOFE GPS BMM p ∈ ℓ2 BT ∥p∥2ℓ2 = ⟨p, p⟩ℓ2 � *O UIF GPMMPXJOH
 XF
VTF UIF DPOWFOUJPO ⟨·, ·⟩ = ⟨·, ·⟩ℓ2 BOE ∥ · ∥ = ∥ · ∥ℓ2 UP TJNQMJGZ UIF OPUBUJPO�

'PS B HJWFO DPNQBDUMZ�TVQQPSUFE HFOFSBUPS ϕ(x)
 MFU Φ∗ = {ϕ(x/T − k)}k∈Z
EFOPUF UIF TUBOEBSE TIJGU�JOWBSJBOU CBTJT PGϕ(x) BOEΦ = {ϕk(x/T−k)}k∈Z EFOPUF
B TIJGU�WBSJBOU CBTJT PG ϕ(x)� J�F�
 GPS BMM k ∈ Z
 ϕk(· − k) EFOPUFT B UBJMPSFE WFSTJPO
PG ϕ(·− k)
 XIJDI NBZ QPUFOUJBMMZ CF JEFOUJDBM UP ϕ(·− k) GPS B TVCTFU PG k ∈ Z�

%FmOJUJPO 	%PNBJO�*OGPSNFE (FOFSBUJOH #BTJT

'PS B HJWFO EPNBJO EFmOJUJPO BT JO 	�

 B CBTJTΦ GPSNT B EPNBJO�JOGPSNFE HFOFSBUJOH
CBTJT JG BOE POMZ JG UIF GPMMPXJOH UISFF DPOEJUJPOT BSF NFU�

�� Φ GPSNT B 3JFT[ CBTJT
 XIJDI JT FOTVSFE JG UIFSF FYJTUT DPOTUBOUT 0 < A < B <
∞ TVDI UIBU <��>

∀c ∈ ℓ2, 0 ≤ A∥c∥2ℓ2 ≤
∥∥∥∥
∑

k∈Z
c[k]ϕk(

x

T
− k)

∥∥∥∥
2

L2

≤ B∥c∥2ℓ2 ≤ ∞. 	�


ɨJT DPOEJUJPO JO OFDFTTBSZ JO PSEFS GPS 	�
 UP CF B TUBCMF
 VOBNCJHVPVT SFQSF�
TFOUBUJPO NPEFM�

�� Φ GPSNT B QBSUJUJPO PG VOJUZ
 J�F�


∀x ∈ R,
∑

k∈Z
ϕk(

x

T
− k) = 1. 	��


ɨJT DPOEJUJPO JT OFDFTTBSZ JO PSEFS UP IBWF UIF BQQSPYJNBUJPO FSSPS WBOJTI
 TFF
<�
 "QQFOEJY #> GPS QSPPG�

�� "OZ FMFNFOU PG Φ XIPTF DPNQBDU TVQQPSU MJFT FOUJSFMZ XJUIJO B IPNPHFOFPVT
TFHNFOU PG UIF EPNBJO CFDPNFT JEFOUJDBM UP JUT DPSSFTQPOEJOH FMFNFOU JO Φ∗�
J�F�
 ϕk(x/T − k) = ϕ(x/T − k) JG UIF EPNBJO JT IPNPHFOFPVT BU JOUFSWBM
[(k −∆(ϕ))T, (k +∆(ϕ))T ]�

8F EFOPUF B CBTJT TBUJTGZJOH POMZ UIF mSTU UXP DPOEJUJPOT BT B HFOFSBUJOH CBTJT�



���

� %PNBJO�*OGPSNFE #�TQMJOF (FOFSBUJOH #BTJT

ɨJT TFDUJPO QSFTFOUT UIF TDIFNF UP DPOTUSVDU EPNBJO�JOGPSNFE HFOFSBUJOH CBTJT CBTFE
PO B #�TQMJOF HFOFSBUPS GVODUJPO β(n)(x) PG B EFTJSFE PSEFS n� %PNBJO�JOGPSNFE
HFOFSBUJOH CBTJT VTJOH HFOFSBUJOH GVODUJPOT PUIFS UIBO #�TQMJOFT NBZ BMTP CF EFTJHOFE
CBTFE PO UIF TBNF TDIFNF�

��� #�TQMJOF (FOFSBUJOH #BTJT

ɨF DFOUSBM #�TQMJOF β(n)(x) JT PCUBJOFE SFDVSTJWFMZ BT

β(n)(x) = (β(0) ∗ β(n−1))(x), 	��


XIFSF (· ∗ ·)(x) EFOPUFT DPOUJOVPVT�EPNBJO DPOWPMVUJPO BOE

β(0)(x) =

⎧
⎪⎨

⎪⎩

1, −1
2 < x < 1

2
1
2 , |x| = 1

2

0, PUIFSXJTF.
	��


β(n)(x) JT TVQQPSUFE JO UIF JOUFSWBM [−∆(n),∆(n)]
 XIFSF ∆(n) = (n + 1)/2� 8F
EFmOF ∆(n)�OFJHICPVSIPPE TFUT JO UIF WJDJOJUZ PG FBDI QPJOU x
 EFOPUFE ∆(n)

x 
 BT

∆(n)
x :

{
k ∈ Z

∣∣∣
∣∣∣
x

T
− k
∣∣∣< ∆(n)

}
; 	��


UIF TFU TQFDJmFT UIF JOEJDFT PG TBNQMF QPJOUT UIBU GBMM XJUIJO UIF ∆(n)�OFJHICPVSIPPE
PG B HJWFO QPJOU x� ɨF TDBMFE
 JOUFHFS�TIJGUFE TFU {β(n)(x/T − k)}k∈Z GPSNT B #�
TQMJOF HFOFSBUJOH CBTJT TQBOOJOH UIF TQBDF PG QJFDFXJTF QPMZOPNJBM GVODUJPOT PG PSEFS
n− 1�

��� %PNBJO�*OGPSNFE #�TQMJOF (FOFSBUJOH #BTJT

8F DPOTUSVDU B EPNBJO�JOGPSNFE #�TQMJOF BTTPDJBUFE UP FBDI TBNQMF QPJOU BT UIF TV�
QFSQPTJUJPO PG UXP #�TQMJOF CBTFE LFSOFMT BT HJWFO JO UIF GPMMPXJOH EFmOJUJPO�

%FmOJUJPO 	%PNBJO�*OGPSNFE #�TQMJOFT

'PS B HJWFO TFU PG TVCEPNBJO GVODUJPOT 	�

 B TFU PG TBNQMFT s[k], k ∈ Z BOE B #�TQMJOF
HFOFSBUJOH GVODUJPO β(n)(x)
 B EPNBJO�JOGPSNFE #�TQMJOF BTTPDJBUFE UP FBDI TBNQMF
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QPJOU k ∈ Z DBO CF EFmOFE BT

β(n)k (x) =

{
β̇(n)k (x) + β̈(n)k (x), |x| ≤ ∆(n)

0, PUIFSXJTF,
	��


XIFSF β̇(n)k (x) EFOPUFT B EPNJOBOU LFSOFM UIBU DIBSBDUFSJTFT UIF PWFSBMM TIBQF BOE
β̈(n)k (x) B SFTJEVBM LFSOFM UIBU UVOFT UIF TIBQF UP UIF HJWFO EPNBJO LOPXMFEHF JO UIF
BEKBDFODZ PG TBNQMF QPJOU k�

*O UIF GPMMPXJOH
 XF GPSNVMBUF UIF DPOTUSVDUJPO PG β̇(n)k (x) BOE β̈(n)k (x)� 'JSTUMZ
 VTJOH
UIF TVCEPNBJO GVODUJPOT
 B TFU PG TVCEPNBJO�JOGPSNFE #�TQMJOFT BTTPDJBUFE UP FBDI
k ∈ Z BOE j ∈ J BSF PCUBJOFE BT

β(n)k,j (x) =

{
dj((x+ k)T )β(n)(x), |x| ≤ ∆(n)

0, PUIFSXJTF.
	��


*U JT TUSBJHIU GPSXBSE UP WFSJGZ UIBU TVCEPNBJO�JOGPSNFE #�TQMJOFT TBUJTGZ
∑

k∈Z
β(n)k,j (

x

T
− k) = dj(x), ∀x ∈ R, 	��


BOE ∑

j∈J
β(n)k,j (x) = β(n)(x), ∀k ∈ Z. 	��


-FU Ik EFOPUF UIF TFU PG JOEJDFT PG UIF TVCEPNBJOT NBYJNBMMZ BTTPDJBUFE UP TBNQMF k

J�F�


Ik :

{
i ∈ J

∣∣∣i = BSH NBY
j∈J

{dj(kT )}
}
, 	��


BOE Rk EFOPUF UIF TFU PG UIF SFNBJOJOH TVCEPNBJO JOEJDFT
 J�F�


Rk = J \ Ik, 	��


XIFSF \ EFOPUFT TFU EJĊFSFODF� |Ik| > 1 JOGFST UIBU NPSF UIBO POF TVCEPNBJO JT
NBYJNBMMZ BTTPDJBUFE XJUI TBNQMF QPJOU k� ɨF EPNJOBOU LFSOFM β̇(n)k (x) JT EFmOFE
BT

β̇(n)k (x) =
∑

i∈Ik

β(n)k,i (x). 	��




���

#Z DVNVMBUJOH UIF OPO�EPNJOBOU TVCEPNBJO�JOGPSNFE #�TQMJOFT
 B SFTJEVBM GVODUJPO
Ω(x) : x ∈ R → [0, 1] DBO CF EFmOFE BT

Ω(x) =
∑

l∈∆(n)
x

∑

j∈Rl

β(n)l,j (
x

T
− l) 	��


= 1−
∑

l∈∆(n)
x

β̇(n)l (
x

T
− l). 	��


*O QBSUJDVMBS
 Ω(x) = 0 BU BOZ IPNPHFOFPVT QBSU PG UIF EPNBJO� 6TJOH Ω(x)
 UIF
SFTJEVBM LFSOFM β̈(n)k (x) JT EFmOFE BT

β̈(n)k (x) =

{
θk(x) · Ω((x+ k)T ), |x| ≤ ∆(n)

0, PUIFSXJTF,
	��


XIFSF θk(x)
 JO JUT TJNQMFTU GPSN
 FRVBMT B XFJHIUJOH GVODUJPO wk(x) EFmOFE BT

wk(x) =

⎧
⎪⎪⎨

⎪⎪⎩

β̇(n)k (x)
∑

l∈∆(n)
xkT

β̇(n)l (xk − l)
, |x| ≤ ∆(n)

0, PUIFSXJTF

	��


XIFSF xk = x+ k� ɨF WBMVFT PG {dj(x)}j∈J BSF JODPSQPSBUFE JO β̇(n)k (x) BOE UIVT
JNQMJDJUMZ SFnFDUFE JO wk(x)� 5P DPOUSPM DIBOHFT JO β̈(n)k (x) SFMBUJWF UP DIBOHFT JO
UIF TVCEPNBJOT
 θk(x) DBO CF BEBQUJWFMZ EFmOFE BT

θk(x) :=
Θ (wk(x))∑

l∈∆(n)
xkT

Θ (wl(xk − l))
∈ [0, 1], 	��


XIFSF Θ(·) : [0, 1] → [0, 1] EFOPUFT B EFTJSFE TNPPUI
 NPOPUPOJDBMMZ JODSFBTJOH
GVODUJPO TBUJTGZJOH Θ(x) = x GPS x ∈ {0, 0.5, 1}
 Θ(x) ≤ x GPS x < 0.5 BOE
Θ(x) ≥ x GPS x > 0.5� /PUF UIBU CZ TFUUJOH Θ(x) = x
 XF IBWF θk(x) = wk(x)
TJODF

∑
l∈∆(n)

xkT
wl(xk − l) = 1�

1SPQPTJUJPO �� 	%PNBJO�*OGPSNFE #�TQMJOF (FOFSBUJOH #BTJT
 'PS B HJWFO TFRVFODF PG
TBNQMFT {s[k]}k∈Z BT JO 	�

 B HJWFO TFU PG TVCEPNBJO GVODUJPOT BT JO 	�
 BOE B HJWFO
#�TQMJOF HFOFSBUJOH GVODUJPO β(n)(x)
 UIF TFU PG GVODUJPOT {β(n)k (x/T − k)}k∈Z GPSN
B EPNBJO�JOGPSNFE HFOFSBUJOH CBTJT
 TBUJTGZJOH UIF UISFF QSPQFSUJFT PG B EPNBJO�JOGPSNFE
HFOFSBUJOH CBTJT�

1SPPG� 4FF "QQFOEJY **�
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��� *MMVTUSBUJWF &YBNQMF 3FBMJ[BUJPO PG %PNBJO�JOGPSNFE #�TQMJOF

(FOFSBUJOH #BTFT

8F QSFTFOU UXP FYBNQMF SFBMJ[BUJPOT PG EPNBJO�JOGPSNFE #�TQMJOF HFOFSBUJOH CBTFT
UP JMMVTUSBUF UIF DPOTUSVDUJPO TDIFNF� #FGPSF QSFTFOUJOH UIF DPOTUSVDUJPOT
 XF GPS�
NVMBUF B TDIFNF UP SBOEPNMZ SFBMJ[F JOIPNPHFOFPVT EPNBJOT XJUI B EFTJSFE OVNCFS
PG TVCCBOET
 WBSZJOH QBUUFSOT PG USBOTJUJPO CFUXFFO TVCCBOET BOE TBUJTGZJOH 	�
� 5P
FOBCMF WBSZJOH UIF FYUFOU PG BEBQUBUJPO PG UIF CBTFT UP UIF EPNBJO LOPXMFEHF
 XF BMTP
EFmOF B UVOBCMF Θ(x)
 DG� 	��
�

��� 3FBMJ[BUJPO PG JOIPNPHFOFPVT EPNBJOT

"O JOIPNPHFOFPVT EPNBJO DPOTJTUJOH PG J TVCEPNBJOT DBO CF SFBMJ[FE UISPVHI UIF
GPMMPXJOH TDIFNF� -FU L ∈ R+ BOE U ∈ R+ EFOPUF UIF EPNBJO�T MPXFS BOE VQ�
QFS SBOHF
 SFTQFDUJWFMZ� " TZTUFN PG K ∈ Z+ .FZFS�UZQF LFSOFMT {mk(x), ∀x ∈
[L,U ]}k=1,...,K JT DPOTUSVDUFE
 TFF 'JHVSF �	B
� ɨF EFUBJMT PG UIF DPOTUSVDUJPO JT HJWFO
JO "QQFOEJY **� ɨF CFOFmU PG VTJOH B .FZFS�UZQF TZTUFN PG LFSOFMT JT UIBU UIFZ QSP�
WJEF TNPPUI
 DPNQBDUMZ�TVQQPSUFE LFSOFMT XJUI NJOJNBM PWFSMBQ POMZ CFUXFFO BEKB�
DFOU LFSOFMT� " SBOEPN
 NPOPUPOJDBMMZ JODSFBTJOH GVODUJPO
 w(x) : [L,U ] → [L,U ]
JT UIFO DPOTUSVDUFE� #Z JODPSQPSBUJOH w(x) JO {mk(x)}k=1,...,K 
 B XBSQFE WFSTJPO
PG UIF .FZFS�UZQF TZTUFN JT PCUBJOFE BT� {m′

k(x) = mk(w(x))}k=1,...,K 
 TFF 'JH�
VSF �	C
� ɨF XBSQFE LFSOFMT FYIJCJU WBSZJOH QBUUFSOT PG USBOTJUJPO CFUXFFO BEKBDFOU
LFSOFMT
 XJUI EJĊFSFOU PSEFST PG TNPPUIOFTT�

" TFU PG J TVCEPNBJO GVODUJPOT TBUJTGZJOH 	�
 BSF UIFO SFBMJ[FE BT

∀x ∈ [L,U ], dj(x) =
∑

k∈Kj

mk(x), j = 1, . . . , J,

0

1

0

1

1551 10 20 25 30

1551 10 20 25 30

(a)

(b)

'JHVSF �� 	B
 " .FZFS�UZQF TZTUFN PG LFSOFMT� K = 9, L = 1 BOE U = 30� 	C
 "
XBSQFE WFSTJPO PG UIF TZTUFN PG LFSOFMT JO 	B
�



���

XIFSF Kj ⊂ {1, · · · ,K} TVDI UIBU ∪J
j=1Kj = {1, · · · ,K} BOE ∩J

j=1Kj = ∅� 'JH�
VSF �	B
 TIPXT BO FYBNQMF JOIPNPHFOFPVT EPNBJO
 DPOTJTUJOH PG UXP TVCEPNBJOT

DPOTUSVDUFE VTJOH UIJT TDIFNF� ɨF EPNBJO IBT TFWFSBM IPNPHFOFPVT JOUFSWBMT
 TVDI
BT [1, 6] BOE [19, 21]
 BT XFMM BT WBSZJOH JOIPNPHFOFPVT JOUFSWBMT QSFTFOU BU UIF USBO�
TJUJPO SFHJPOT CFUXFFO UIF UXP TVCEPNBJOT�

��� %FmOJOH B UVOBCMF Θ(·) GVODUJPO
#Z JODPSQPSBUJOH B TVJUBCMFΘ(·) JO 	��

 UIF FYUFOU PG BEBQUBUJPO UP WBSJBUJPO JO QSPY�
JNJUZ PG TVCEPNBJO USBOTJUJPOT DBO CF JODSFBTFE JO UIF EFTJHO PG EPNBJO�JOGPSNFE
#�TQMJOFT� *O QBSUJDVMBS
 XF FYQMPJU UIF MPHJTUJD GVODUJPO UP EFmOF Θ(·) BT

Θ(x) = (1 + e−γ/2)/(1 + e−γ(x−1/2)), 	��


XIFSF γ ≥ 1 JT B GSFF QBSBNFUFS�

��� 3FBMJ[BUJPOT PG #�TQMJOF (FOFSBUJOH #BTFT
'JHVSFT � BOE � TIPX BO FYBNQMF DPOTUSVDUJPO PG EPNBJO�JOGPSNFE #�TQMJOF HFOFSBU�
JOH CBTJT VTJOH mSTU BOE UIJSE PSEFS #�TQMJOF LFSOFMT
 SFTQFDUJWFMZ� %PNBJO�JOGPSNFE
#�TQMJOFT XIPTF TVQQPSU MJF BU B IPNPHFOFPVT QBSU PG UIF EPNBJO BSF JEFOUJDBM UP UIFJS
TUBOEBSE DPVOUFSQBSU� GPS FYBNQMF
 TFF EPNBJO�JOGPSNFE #�TQMJOFT DFOUFSFE BU TBNQMF
QPJOUT �
 �� BOE �� JO 'JHVSFT �	F
 BOE �	F
� 0O UIF PUIFS IBOE
 EPNBJO�JOGPSNFE
#�TQMJOFT UIBU SFTJEF JO UIF BEKBDFODZ PG EPNBJO USBOTJUJPO CPVOEBSJFT EFWJBUF GSPN
UIFJS TUBOEBSE DPVOUFSQBSU� %PNBJO�JOGPSNFE #�TQMJOFT IBWF UIFJS QFBL BNQMJUVEF
DMPTF UP UIF TBNQMF QPJOU XIFSF UIFZ BSF MPDBMJ[FE BOE IBWF EFDMJOJOH UBJMT BT JO TUBO�
EBSE #�TQMJOFT� ɨJT QSPQFSUZ JT EVF UP UIF FNQMPZFE DPOTUSVDUJPO TDIFNF UIBU FOBCMFT
BEBQUJOH UP EPNBJO JOIPNPHFOFJUJFT SFMBUJWF UP UIF BNQMJUVEF PG UIF HFOFSBUJOH GVOD�
UJPO BMPOH JUT TVQQPSU� J�F�
 UIF DFOUSBM QBSUT PG UIF LFSOFMT BSF NPSF BĊFDUFE CZ EPNBJO
JOIPNPHFOFJUJFT UIBO UIFJS UBJMT�
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��� %PNBJO�#BTJT $PIFSFODF

*U JT JOTJHIUGVM UP RVBOUJGZ UIF DPIFSFODF CFUXFFO B HJWFO JOIPNPHFOFPVT EPNBJO BOE
B CBTJT EFmOFE PO UIF EPNBJO� 5P UIJT BJN
 XF mSTU EFmOF B EPNBJO TJNJMBSJUZ NFUSJD�

%FmOJUJPO 	%PNBJO 4JNJMBSJUZ .FUSJD

(JWFO B EFTDSJQUJPO PG BO JOIPNPHFOFPVT EPNBJO BT JO 	�

 B EPNBJO TJNJMBSJUZ NFUSJD
DBO CF EFmOFE JO UIF ∆�OFJHICPSIPPE PG FBDI k ∈ Z BT

ξk(x) =

⎧
⎪⎪⎨

⎪⎪⎩

Θ

⎛

⎝1− 1

J

J∑

j=1

|dj(xkT )− dj(kT )|

⎞

⎠ , |x| < ∆

0, |x| ≥ ∆,

	��


XIFSF xk = x+ k
 Θ(·) JT EFmOFE BT JO 	��
� ξk(x) ∈ [0, 1]�

ɨF EPNBJO TJNJMBSJUZ NFUSJD DBO CF VTFE UP RVBOUJGZ UIF SFMBUJWF EJĊFSFODF JO
DPIFSFODF CFUXFFO B EPNBJO BOE B EPNBJO�JOGPSNFE HFOFSBUJOH CBTJT SFMBUJWF UP UIBU
CFUXFFO UIF EPNBJO BOE UIF DPSSFTQPOEJOH TIJGU�JOWBSJBOU
 HFOFSBUJOH CBTJT�

%FmOJUJPO 	%PNBJO�#BTJT $PIFSFODF 'BDUPS

(JWFO B EFTDSJQUJPO PG BO JOIPNPHFOFPVT EPNBJO BT JO 	�

 B EPNBJO�CBTJT DPIFSFODF
GBDUPS BTTPDJBUFE UP EPNBJO�JOGPSNFE CBTJT Φ DBO CF EFmOFE BT

RΦ =

∑
k∈Z⟨ξk(x),ϕk(x)⟩-2∑
k∈Z⟨ξk(x),ϕ(x)⟩-2

. 	��


*O 'JHVSF �
 UIF EBTIFE DVSWFT TIPX UIF DIBOHF JO RΦ GPS UIF EPNBJO TIPXO JO
'JHVSF �	B
 BT B GVODUJPO PG UIF GSFF QBSBNFUFS γ JO DPOTUSVDUJOH EPNBJO�JOGPSNFE #�
TQMJOF CBTJT� UIF UXP NBSLFE QPTJUJPOT PO UIF EBTIFE DVSWFT TIPXRΦ BTTPDJBUFE UP UIF
EPNBJO�JOGPSNFE #�TQMJOF CBTJT TIPXO JO 'JHVSFT �	F
 BOE �	F
� RΦ JT HSFBUFS UIBO
POF BDSPTT γ
 SBOHJOH GSPN � UP �� XJUI TUFQT PG �
 SFnFDUJOH B HSFBUFS EPNBJO�CBTJT
DPIFSFODF PG UIF EPNBJO�JOGPSNFE #�TQMJOF CBTJT SFMBUJWF UP UIF TUBOEBSE #�TQMJOF
CBTJT� ɨF DPIFSFODF GBDUPS JT HSFBUFS GPS UIF UIJSE PSEFS EPNBJO�JOGPSNFE #�TQMJOF
CBTJT UIBO UIBU PG mSTU PSEFS EPNBJO�JOGPSNFE #�TQMJOF CBTJT� .PSFPWFS
 RΦ JODSFBTFT
XJUI UIF JODSFBTF JO γ
 VQ UP B QPJOU UIBU JU BMNPTU TBUVSBUFT� ɨVT
 UIF QBSBNFUFS γ
DBO CF VTFE UP UVOF UIF MFWFM PG BEBQUBUJPO PG UIF EFTJHO UP UIF EPNBJO JOGP SFMBUJWF UP
UIF FYUFOU PG DFSUBJOUZ XF BTTVNF PO UIF EPNBJO EBUB� ɨF MPXFS UIF BEPQUFE WBMVF
PG γ
 UIF MPXFS JT UIF EPNBJO BEBQUBUJPO�
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'JHVSF �� %PNBJO�CBTJT DPIFSFODF GBDUPS
 GPS EPNBJO�JOGPSNFE #�TQMJOFT PG PS�
EFST ���� ɨF TPMJE MJOFT TIPX FOTFNCMF WBMVFT PWFS ���� JOIPNPHFOFPVT EPNBJO
SFBMJ[BUJPOT� ɨF EBTIFE MJOFT TIPX UIF EPNBJO�CBTJT DPIFSFODF GBDUPS BTTPDJBUFE
UP UIF EPNBJO TIPXO JO 'JHVSF �	B
� UIF UXP NBSLFE QPJOUT TIPX UIF EPNBJO�CBTJT
DPIFSFODF GBDUPS GPS UIF QBSUJDVMBS %*#4* CBTJT TIPXO JO 'JHVSFT �	F
 BOE �	F

 J�F�

VTJOH γ = 10�

5P QSPWJEF B NPSF HFOFSBM QJDUVSF PG UIF DPIFSFODF CFIBWJPS
 XF HFOFSBUFE ����
SFBMJ[BUJPOT PG JOIPNPHFOFPVT EPNBJOT VTJOH UIF TBNF TDIFNF BT UIBU VTFE UP DPO�
TUSVDU UIF EPNBJO TIPXO JO 'JHVSF �	B
� %PNBJO�JOGPSNFE #�TQMJOF CBTJT PG PSEFST
GSPN � UP � XFSF DPOTUSVDUFE GPS FBDI SFBMJ[BUJPO PG JOIPNPHFOFPVT EPNBJO
 PWFS
UIF SBOHF PG γ� 'JHVSF � TIPXT UIF SFTVMUJOH FOTFNCMF RΦ
 J�F�
 FBDI QPJOU CFJOH
UIF BWFSBHF PG ���� RΦ WBMVFT
 POF BTTPDJBUFE UP FBDI EPNBJO SFBMJ[BUJPO� 'PS FBDI
EPNBJO�JOGPSNFE #�TQMJOF CBTJT PSEFSn
 UIF FOTFNCMF DPIFSFODF GBDUPS JODSFBTFT XJUI
UIF JODSFBTF JO γ
 BOE HSBEVBMMZ TBUVSBUFT� .PSFPWFS
 GPS B HJWFO γ
 UIF FOTFNCMF DP�
IFSFODF GBDUPS BTTPDJBUFE UP B IJHIFS PSEFS CBTJT JT HSFBUFS UIBO UIBU BTTPDJBUFE UP B
MPXFS PSEFS CBTJT�

� %PNBJO�*OGPSNFE #�TQMJOF *OUFSQPMBUJPO

8F QSPQPTF EPNBJO�JOGPSNFE #�TQMJOF JOUFSQPMBUJPO 	%*#4*
 XJUI UIF GPMMPXJOH BT�
TVNQUJPO BCPVU UIF VOEFSMZJOH TJHOBM� BU JOIPNPHFOFPVT JOUFSWBMT PG UIF EPNBJO

UIF TJHOBM JT FYQFDUFE UP CF DPOTJTUFOU XJUI UIF HJWFO EPNBJO EFTDSJQUJPO
 XIFSFBT
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BU IPNPHFOFPVT JOUFSWBMT PG UIF EPNBJO
 UIF TJHOBM JT FYQFDUFE UP IBWF TNPPUIOFTT
DIBSBDUFSJTUJDT QSPWJEFE CZ UIF DIPTFO TQMJOF PSEFS n�

1SPQPTJUJPO �� 	%PNBJO�*OGPSNFE #�TQMJOF *OUFSQPMBUJPO
 'PS B HJWFO EPNBJO EFTDSJQ�
UJPO BT JO 	�
o	�

 B TFRVFODF PG TBNQMFT {s[k]}k∈Z BT JO 	�
 BOE B #�TQMJOF HFOFSBUJOH
GVODUJPO β(n)(x)
 UIF n�UI PSEFS EPNBJO�JOGPSNFE #�TQMJOF JOUFSQPMBOU PG UIF TFU PG TBN�
QMFT JT PCUBJOFE BT

∀x ∈ R, s̃(x) =
∑

k∈Z
c[k]β(n)k (

x

T
− k), 	��


XIFSF β(n)k (·) JT HJWFO BT JO 	��
 BOE UIF DPFĆDJFOUT c[k] BSF PCUBJOFE UISPVHI TPMWJOH UIF
TFU PG FRVBUJPOT

∀k ∈ Z,
k+⌊n/2⌋∑

l=k−⌊n/2⌋

c[l]β(n)l (k − l) = s[k]. 	��


ǲF SFTVMUJOH JOUFSQPMBOU s̃(x) IBT UIF GPMMPXJOH QSPQFSUJFT�

�� s̃(x) TBUJTmFT UIF DPOTJTUFODZ QSJODJQMF <��>

s̃T (kT ) = s[k], ∀k ∈ Z. 	��


�� "U IPNPHFOFPVT QBSUT PG UIF EPNBJO
 s̃(x) JT FRVBM UP UIF n�UI PSEFS TQMJOF JOUFS�
QPMBOU PCUBJOFE VTJOH TUBOEBSE TQMJOF JOUFSQPMBUJPO
 J�F�
 B QJFDFXJTF QPMZOPNJBM PG
PSEFS n− 1�

1SPPG� 	1SPQFSUZ �
 %PNBJO�JOGPSNFE #�TQMJOF JOUFSQPMBUJPO MFBET UP QFSGFDU mU BU
TBNQMF QPJOUT k ∈ Z TJODF

s̃(k) = ⟨s̃(x), δ(x− kT )⟩
(29)
=
∑

l∈K
c[k]

〈
β(n)l (

x

T
− l), δ(x− kT )

〉

︸ ︷︷ ︸
β
(n)
l (k−l)

(14)
=

k+⌊n/2⌋∑

l=k−⌊n/2⌋

c[k]β(n)l (k − l)

(30)
= s[k]. 	��




���

	1SPQFSUZ �
 *O BOZ IPNPHFOFPVT EPNBJO JOUFSWBM [a, b]
 EPNBJO�JOGPSNFE #�
TQMJOF CBTJT GVODUJPOT BSF JEFOUJDBM UP UIFJS TUBOEBSE #�TQMJOF CBTJT GVODUJPO 	QSPQFSUZ
� PG EPNBJO�JOGPSNFE #�TQMJOF HFOFSBUJOH CBTJT
� ɨFSFGPSF
 UIF EPNBJO�JOGPSNFE
BOE TUBOEBSE #�TQMJOF JOUFSQPMBOUT CFDPNF JEFOUJDBM XJUIJO UIF JOUFSWBM [a, b]�

3FNBSL� 'PS EPNBJO�JOGPSNFE #�TQMJOFT PG PSEFS n = 0 BOE 1
 UIF DPFċDJFOUT
c[k] BSF JEFOUJDBM UP UIF TJHOBM TBNQMFT
 J�F� ∀k ∈ K, c[k] = s[k]� 'PS IJHIFS
PSEFS EPNBJO�JOGPSNFE #�TQMJOFT
 VTJOH NBUSJY GPSNVMBUJPO
 UIF TPMVUJPO UP 	��
 JT
PCUBJOFE CZ TPMWJOH B 2⌊n/2⌋+1 CBOE�EJBHPOBM NBUSJY PG MJOFBS FRVBUJPOT� GPS DVCJD
#�TQMJOFT
 J�F�
 n = 3
 UIF GPSNVMBUJPO MFBET UP TPMWJOH B USJEJBHPOBM NBUSJY FRVBUJPO�

� %*#4* WT #4* PO TJNVMBUFE EBUB

5P FOBCMF WBMJEBUJPO PG UIF QSPQPTFE JOUFSQPMBUJPO TDIFNF
 B TFU PG TZOUIFUJD SBOEPN
TJHOBMT BSF SFRVJSFE� %VF UP UIF BTTVNQUJPO PG JOIPNPHFOFJUZ PG UIF TJHOBM EPNBJO

SFBMJ[JOH TVDI TJHOBMT JT OPU TUSBJHIU GPSXBSE� 8F QSFTFOU B TDIFNF GPS SFBMJ[JOH SBO�
EPN TJHOBMT PG B EFTJSFE QJFDFXJTF TNPPUIOFTT DIBSBDUFSJTUJD PO BO JOIPNPHFOFPVT
EPNBJO
 TVDI UIBU UIF TJHOBMT SFTQFDU UIF JOIPNPHFOFJUZ PG UIF EPNBJO� "TTVNF HJWFO
BO JOIPNPHFOFPVT EPNBJO BT JO 	�

 DPOTJTUJOH PG J TVCEPNBJOT� 'JSTU
 B TFU PG J
TJHOBMT PG B EFTJSFE TNPPUIOFTT DIBSBDUFSJTUJD BSF SFBMJ[FE� JO QBSUJDVMBS
 FBDI PG UIF
J TJHOBMT BSF DPOTUSVDUFE CZ SFBMJ[JOH 	J
 B SBOEPNMZ KJUUFSFE
 VOJGPSN LOPU TFRVFODF
[k + ϵk] XIFSF k ∈ Z
 ϵk ∈ [−α,α] BOE α ∈ [0, 0.5)
 BOE 	JJ
 J SBOEPN TFRVFODFT
PG DPOUSPM WBMVFT {vj [k] ∈ [0, 1]}Jj=1� 6TJOH 	J
 BOE 	JJ

 J SBOEPN TQMJOF TJHOBMT PG
PSEFS n
 EFOPUFE ft,vj (x)
 BSF DPOTUSVDUFE TVDI UIBU <��>

∀k ∈ Z, ft,vj (t[k]) = vj [k], j = 1, . . . , J.

4JHOBMT {ft,vj (x)}Jj=1 BSF UIFO USBOTGPSNFE UP TJHOBMT BTTPDJBUFE UP FBDI TVCEPNBJO
BT

sj(x) = H

(
dj(x)−

1

J

)
ft,vj (x), j = 1, . . . , J,

XIFSFH(·) EFOPUFT UIF )FBWJTJEF TUFQ GVODUJPO� 8JUI UIJT NPEFM
 XF NBLF B NJOJNBM
BTTVNQUJPO PO UIF OBUVSF PG UIF TJHOBMT BU UIF USBOTJUJPO CFUXFFO TVCEPNBJOT� #Z
TVQFSJNQPTJOH UIF TVCEPNBJO TJHOBMT
 B TJHOBM EFmOFE PO UIF HJWFO JOIPNPHFOFPVT
EPNBJO JT PCUBJOFE BT

s(x) =
∑

j∈J
sj(x). 	��


6TJOH UIJT TJHOBM DPOTUSVDUJPO TDIFNF BOE UIF EPNBJO DPOTUSVDUJPO TDIFNF QSF�
TFOUFE JO 4FDUJPO ���
 B TFU PG D EPNBJOT
 BOE PO FBDI EPNBJO B TFU PG S TJHOBMT XFSF
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SBOEPNMZ SFBMJ[FE� #�TQMJOF JOUFSQPMBUJPO 	#4*
 BOE %*#4* XBT UIFO JNQMFNFOUFE
PO TBNQMFT EFSJWFE GSPN FBDI TJHOBM BDSPTT B SBOHF PG TBNQMJOH TUFQT T ∈ [0.1, 1]
	TUFQ TJ[F � ���
 BOE #�TQMJOF PSEFST n = 1, · · · , 6� 'PS s̃T (x) UP CF B HPPE BQQSPY�
JNBUJPO PG s(x)
 UIF RVBMJUZ PG JOUFSQPMBUJPO OFFET UP JNQSPWF QSPQPSUJPOBMMZ UP UIF
EFDSFBTF JO T � ɨF JOUFSQPMBUJPO FSSPS DBO CF RVBOUJmFE VTJOH UIF EJTUBODF NFUSJD
∥s̃T (x) − s(x)∥-� � ɨF FOTFNCMF JOUFSQPMBUJPO FSSPS BTTPDJBUFE XJUI %*#4* DBO CF
RVBOUJmFE BT

εV(D)
ϕ

(T ) =
1

DS

D∑

i=1

S∑

j=1

∥s̃(i,j)T (x)− s(i,j)(x)∥-�

∥s(i,j)(x)∥-�

, 	��


XIFSF s(i,j)(x) EFOPUFT UIF j�UI SFBMJ[FE TJHOBM PO UIF i�UI SFBMJ[FE EPNBJO BOE s̃(i,j)T (x)

∈ V(D)
ϕ EFOPUFT UIF EPNBJO�JOGPSNFE #�TQMJOF JOUFSQPMBOU PCUBJOFE CBTFE PO TBN�

QMFT FYUSBDUFE GSPN s(i,j)(x) BU B TBNQMJOH TUFQ T � 'PS #4* XIFSF s̃(i,j)T (x) ∈ Vϕ
 UIF
FOTFNCMF JOUFSQPMBUJPO FSSPS
 EFOPUFE εVϕ(T )
 DBO CF RVBOUJmFE JO UIF TBNF XBZ BT
JO 	��
�

'JHVSF � TIPXT FOTFNCMF JOUFSQPMBUJPO FSSPST εVϕ(T ) BOE εVD
ϕ
(T ) PO B SBOEPNMZ

SFBMJ[FE TFU PG ��
��� TJHOBMT 	D = 100 BOE S = 100
 GPS ϕ = {β(n)(x)}n=1,··· ,6�
%*#4* PVUQFSGPSNT #4* BDSPTT UIF SBOHF PG #�TQMJOF PSEFST� 'PS FBDI #�TQMJOF PSEFS

CPUI εVϕ(T ) BOE εVD

ϕ
(T ) EFDSFBTF QSPQPSUJPOBM UP UIF EFDSFBTF JO T � ɨF EJĊFSFODF

CFUXFFO εVϕ(T ) BOE εVD
ϕ
(T ) JODSFBTFT XJUI UIF JODSFBTF JO UIF PSEFS PG UIF #�TQMJOFT�

"TJEF GSPN UIF DPNQBSJTPOT TIPXJOH UIF FOIBODFE QFSGPSNBODF PG %*#4* PWFS
#4* BDSPTT UIF SBOHF PG #�TQMJOF PSEFST
 JU JT JOTJHIUGVM UP DPNQBSF UIF QFSGPSNBODF PG
%*#4* JUTFMG BDSPTT EJĊFSFOU #�TQMJOF PSEFST UP UIBU PG #4*� 'JHVSFT �	C
 BOE 	D
 TIPX
UIF BQQSPYJNBUJPO FSSPST PG #4* BOE %*#4*
 SFTQFDUJWFMZ� UIF TJHOBM TFU VTFE JT UIF
TBNF BT UIF POF VTFE GPS 'JHVSF �
 BOE UIVT
 UIF QMPUT BSF FTTFOUJBMMZ B SFBSSBOHFNFOU
PG UIPTF TIPXO JO 'JHVSF �� #4* VTJOH IJHIFS PSEFS #�TQMJOFT EPFT OPU DPOTJTUFOUMZ
MFBE UP HSFBUFS SFEVDUJPO JO UIF JOUFSQPMBUJPO FSSPS
 TFF 'JHVSF �	B

 XIFSFBT %*#4*
TIPXT CFUUFS DPOTJTUFODZ
 TFF 'JHVSF �	C
�



���

0.2 0.4 0.6 0.8 1

T

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

e
n

se
m

b
le

 in
te

rp
. 
e

rr
o

r

BSI

DIBSI

0.2 0.4 0.6 0.8 1

T

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

e
n

se
m

b
le

 in
te

rp
. 
e

rr
o

r

BSI

DIBSI

0.2 0.4 0.6 0.8 1

T

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

e
n

se
m

b
le

 in
te

rp
. 
e

rr
o

r

BSI

DIBSI

0.2 0.4 0.6 0.8 1

T

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

e
n

se
m

b
le

 in
te

rp
. 
e

rr
o

r

BSI

DIBSI

0.2 0.4 0.6 0.8 1

T

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

e
n

se
m

b
le

 in
te

rp
. 
e

rr
o

r

BSI

DIBSI

0.2 0.4 0.6 0.8 1

T

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

e
n

se
m

b
le

 in
te

rp
. 
e

rr
o

r

BSI

DIBSI

(a) (b)

(c)

(e)

(d)

(f )(f )(f )

'JHVSF �� 	B
�	G 
 &OTFNCMF JOUFSQPMBUJPO FSSPST PG #4* BOE %*#4*
 XJUI HFOFSBUJOH
CBTJT DPOTUSVDUFE VTJOH β(n)(x) GPS n = 1, . . . , 6
 SFTQFDUJWFMZ�
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β
(n)
k

(x)β
(n)(x)

'JHVSF �� &OTFNCMF JOUFSQPMBUJPO FSSPST PWFS TJHOBMT SFBMJ[FE PO JOIPNPHFOFPVT
EPNBJOT (D = 100, S = 100) VTJOH 	B
 #4* BOE 	C
 %*#4*�

� %*#4* WT #4* PO OFVSPJNBHJOH EBUB

5P TIPX UIF QSBDUJDBMJUZ PG UIF QSPQPTFE BQQSPBDI
 XF QSFTFOU JOUFSQPMBUJPO SFTVMUT VT�
JOH UIF QSPQPTFE TDIFNF PO BO G.3* EBUBTFU� *O CSBJO TUVEJFT VTJOH G.3*
 B TFRVFODF
PG XIPMF�CSBJO GVODUJPOBM EBUB JT BDRVJSFE� 5P USBDL CSBJO BDUJWJUZ BU IJHI UFNQPSBM
SFTPMVUJPO
 G.3* EBUB BSF SFDPSEFE BU B SFMBUJWFMZ MPX TQBUJBM SFTPMVUJPO� ɨF EBUB JT
DPNNPOMZ BDDPNQBOJFE XJUI B UISFF� UP GPVSGPME IJHIFS SFTPMVUJPO BOBUPNJDBM .3*
TDBO
 XIJDI QSPWJEFT JOGPSNBUJPO BCPVU UIF DPOWPMVUFE CSBJO UJTTVF EFMJOFBUJOH HSBZ
NBUUFS 	(.
 BOE XIJUF NBUUFS 	8.

 FBDI PG XIJDI IBWF EJĊFSFOU GVODUJPOBM QSPQ�
FSUJFT <��>
 BOE DFSFCSPTQJOBM nVJE 	$4'
� UIF UPQPMPHZ BMTP WBSJFT BDSPTT TVCKFDUT <��>�
)FODF
 UIF HPBM JT UP FYQMPJU UIF SJDIOFTT PG TVCKFDU�TQFDJmD BOBUPNJDBM EBUB
 XIJDI
EFmOF UIF EPNBJO PG UIF BDRVJSFE G.3* EBUB
 UP JNQSPWF UIF RVBMJUZ PG JOUFSQPMBUJPO
BOE SFTBNQMJOH PG G.3* EBUB� 4VDI BO JOUFSQPMBUJPO TDIFNF GVODUJPOT JO UIF TBNF
TQJSJU BT TJHOBM QSPDFTTJOH UFDIOJRVFT UIBU BJN UP FOIBODF MJOFBS <��> BOE OPO�MJOFBS
<��
 ��> EFOPJTJOH
 EFDPOWPMVUJPO <��> BOE NVMUJ�TDBMF EFDPNQPTJUJPO <��> PG G.3*
EBUB UISPVHI FYQMPJUJOH BOBUPNJDBM DPOTUSBJOUT� *OUFSQPMBUJPO BQQSPBDIFT UIBU BJN UP
NBQ WPMVNFUSJD G.3* EBUB PO UP UIF DPSUJDBM TVSGBDF <��
 ��> BSF BMTP SFMBUFE JO UIF
TFOTF UIBU UIFZ BJN UP FOIBODF TVSGBDF JOUFSQPMBUJPO CZ BDDPVOUJOH GPS UIF JSSFHVMBS�
JUZ PG UIF EPNBJO� :FU
 TVDI JOUFSQPMBUJPO TDIFNFT BSF EJĊFSFOU GSPN UIBU XF QSPQPTF
IFSF TJODF UIFZ BEBQU UP UIF JSSFHVMBSJUZ PG UIF EPNBJO SBUIFS UIBO UP JUT JOIPNPHFOF�
JUZ� J�F�
 UIFZ PCUBJO BO JOUFSQPMBOU PO B IPNPHFOPVT
 JSSFHVMBS EPNBJO SBUIFS UIBO
POF PO BO JOIPNPHFOFPVT EPNBJO�

'JHVSF � JMMVTUSBUFT UIF TFUUJOH GPS BQQMZJOH EPNBJO�JOGPSNFE #�TQMJOF JOUFSQPMB�
UJPO PO BO G.3* EBUBTFU� 8F VTF EBUB PG B TVCKFDU GSPN UIF )VNBO $POOFDUPNF



���

1SPKFDU <��>� 'JHVSF �	B
 TIPXT B ��% TMJDF PG G.3* EBUB
 FYUSBDUFE GSPN B ��% G.3*
WPMVNF PG UIF TVCKFDU� ɨF SFTPMVUJPO PG UIF JNBHF JT 2× 2 NN2� 'JHVSF �	C
 TIPXT
UIF TUSVDUVSBM TDBO PG UIF CSBJO PG UIF TBNF TVCKFDU
 XIJDI IBT BO BMNPTU � GPME IJHIFS
SFTPMVUJPO
 0.7× 0.7 NN2� #PUI TMJDFT BSF FYUSBDUFE TVDI UIBU UIFZ BSF BMJHOFE UP UIF
TBNF OFVSPMPHJDBM DPPSEJOBUF� #Z TFHNFOUJOH UIF BOBUPNJDBM TDBO
 HSBZ NBUUFS
 XIJUF
NBUUFS BOE DFSFCSPTQJOBM nVJE QSPCBCJMJUZ NBQT
 XIJDI EFUFSNJOF UIF QSPCBCJMJUZ PG
FBDI WPYFM CFJOH PG FJUIFS UJTTVF
 BSF PCUBJOFE� 'JHVSFT �	C
�	E
 TIPX UIFTF QSPCBCJMJUZ
NBQT
 VQTBNQMFE UP B SFTPMVUJPO PG 0.2× 0.2 NN2� 8F USFBU UIF SFHJPO PVUTJEF UIF
CSBJO NBTL BMTP BT QBSU PG UIF DFSFCSPTQJOBM nVJE NBQ� #JMJOFBS JOUFSQPMBUJPO PG UIFTF
NBQT BSF VTFE UP EFmOF OPSNBMJ[FE TVCEPNBJO GVODUJPOT UIBU TBUJTGZ 	�
 BMPOH BOZ
DPMVNO�SPX JO UIF QMBOF� 'JHVSF �	G 
 TIPXT UIF TVCEPNBJO GVODUJPO TFU BMPOH UIF
NBSLFE MJOF TIPXO JO 'JHVSFT �	C
�	F
� ɨF EPNBJO JT WFSZ JOIPNPHFOFPVT
 CVJME PG
B DPOWPMVUFE NJY PG UIF UXP UJTTVF UZQFT BOE $4'�

'JHVSF �	H
 TIPXT %*#4* CBTJT PG PSEFS UISFF DPOTUSVDUFE GPS UIF JOIPNPHFOFPVT
EPNBJO HJWFO JO 'JHVSF �	G 
� ɨF CBTJT JT BEBQUFE UP UIF DPOWPMVUFE EFTDSJQUJPO PG
UIF EPNBJO
 BOE TIPXT UP CF SPCVTU UP DPNQMFY EFMJOFBUJPO QBUUFSOT CFUXFFO TVCEP�
NBJOT
 GPS JOTUBODF TFF JOUFSWBM [14, 17]� 'JHVSF �	I
 TIPXT UIF G.3* TBNQMFT BMPOH
UIF NBSLFE MJOF TIPXO JO 'JHVSFT �	B

 BT XFMM BT UIF SFTVMUJOH #4* BOE %*#4* JOUFS�
QPMBOUT� "U BOZ IPNPHFOFPVT QBSUT PG UIF EPNBJO %*#4* SFTVMUT JO BO JOUFSQPMBOU
UIBU JT JEFOUJDBM UP #4*� GPS JOTUBODF TFF UIF %*#4* BOE #4* JOUFSQPMBOUT XJUIJO UIF
JOUFSWBM <��
 ��> JO 'JHVSF �	H
� "U UIF JOIPNPHFOFPVT QBSUT PG UIF EPNBJO
 %*#4*
QSFTFOUT mOFS EFUBJMT UIBO UIF 4#-* JNBHF� 'PS JOTUBODF
 TFF UIF EPNBJO EFTDSJQUJPO
XJUIJO UIF JOUFSWBM <�
 ��>
 DG� 'JHVSF �	G 
� 8JUIJO UIJT JOUFSWBM TBNQMFT GSPN HSBZ
NBUUFS 	TBNQMFT � BOE ��

 XIJUF NBUUFS 	TBNQMFT � BOE ��
 BOE DFSFCSPTQJOBM nVJE
	TBNQMF �
 BSF HJWFO
 DG� 'JHVSF �	I
� 0O POF IBOE
 CPUI #4* BOE %*#4* TBUJTGZ
UIF DPOTJTUFODZ QSJODJQMF BU UIF TBNQMF QPJOUT� 0O UIF PUIFS IBOE
 JO CFUXFFO UIF
TBNQMFT
 #4* NBJOUBJOT UIF TNPPUIOFTT DIBSBDUFSJTUJD FOGPSDFE CZ VTJOH UIJSE PSEFS
#�TQMJOFT XIFSFBT %*#4* MFBET UP B TJHOBM UIBU JT DPOTJTUFOU XJUI UIF EFTDSJQUJPO PG
UIF EPNBJO� 'PS FYBNQMF
 DPOTJEFS TBNQMF QPJOU � UIBU JT QVSFMZ BTTPDJBUFE UP $4'�
*UT BEKBDFOU TBNQMFT
 J�F�
 TBNQMF QPJOUT � BOE �
 BSF CPUI BTTPDJBUFE UP HSBZ NBUUFS�
*O TVDI DBTFT
 UIF EPNBJO�JOGPSNFE #�TQMJOFT SFBMJ[FE BU UIF TBNQMF QPJOU FYUFOTJWFMZ
BEBQU UP UIF BTTPDJBUFE EPNBJO
 BOE BT TVDI
 NJOJNJ[F UIF NJYJOH PG TBNQMF QPJOUT
BTTPDJBUFE UP EJĊFSFOU TVCEPNBJOT� *O PUIFS XPSET
 UIF CFTU TBNQMF UP VTF UP PCUBJO
UIF JOUFSQPMBOU XJUIJO UIF SBOHF <���
�> JT TBNQMF QPJOU �
 BOE UIFSFGPSF
 UIF DPOUSJCV�
UJPO PG β(3)2 (x−2) BOE β(3)4 (x−4) JT NJOJNJ[FE XJUIJO UIJT SBOHF� 4JNJMBS TDFOBSJPT
BSF PCTFSWFE BU TBNQMF QPJOUT � BOE ��� "T BOPUIFS FYBNQMF
 DPOTJEFS TBNQMFT � BOE
� UIBU BSF CPUI QVSFMZ BTTPDJBUFE UP XIJUF NBUUFS� ɨFJS BEKBDFOU TBNQMFT
 J�F�
 TBN�
QMFT � BOE �
 MJF XJUIJO HSBZ NBUUFS� *O TVDI B TDFOBSJP
 EPNBJO�JOGPSNFE #�TQMJOFT
FYIJCJU B ADSPTTJOH� CFIBWJPS� "MUIPVHI CPUI β(3)6 (x− 6) BOE β(3)8 (x− 8) IBWF QBSU
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PG UIFJS TVQQPSU XJUIJO UIF JOUFSWBM [5.5, 7.5]
 UIFJS BNQMJUVEF XJUIJO UIJT JOUFSWBM JT
TJHOJmDBOUMZ TVQQSFTTFE UP QSFWFOU NJYJOH PG HSBZ NBUUFS TBNQMFT XJUI XIJUF NBUUFS
TBNQMFT JO PCUBJOJOH BO JOUFSQPMBOU XJUIJO XIJUF NBUUFS� 4JNJMBS TDFOBSJPT DBO CF
PCTFSWFE BMPOH UIF EPNBJO�

*U TIPVME CF OPUFE UIBU UIF CSBJO EPNBJO JT JOUSJOTJDBMMZ B ��% SFQSFTFOUBUJPO

BOE UIBU UIF GVODUJPOBM EBUB BSF BDRVJSFE JO ��%� ɨFSFGPSF
 FYUFOEJOH UIF JOUFSQPMB�
UJPO UP ��% BOE JODPSQPSBUJOH UIF BTTPDJBUJPO PG UIF TBNQMFT UP UIF ��% TVCEPNBJO
EFTDSJQUJPO DBO GVSUIFS FOIBODF UIF SFTVMUT� " TFQBSBCMF FYUFOTJPO PG UIF QSPQPTFE
BQQSPBDI UP ��% BOE ��% VTJOH UFOTPS QSPEVDUT JT TUSBJHIUGPSXBSE� )PXFWFS
 TVDI
BO FYUFOTJPO DBO POMZ JODPSQPSBUF EPNBJO LOPXMFEHF BMPOH UIF &VDMJEFBO BYJT� "T
TVDI
 JODPOTJTUFOU JOUFSQPMBUJPO QBUUFSOT NBZ CF PCUBJOFE JG UIF EPNBJO EFTDSJQUJPO
JT DPOWPMVUFE� .PSFPWFS
 UIF SFTVMUT NBZ WBSZ EFQFOEJOH PO UIF BYJT UIBU JT DIPTFO GPS
JOJUJBM JOUFSQPMBUJPO� " OPO�TFQBSBCMF IJHIFS EJNFOTJPOBM FYUFOTJPO JT MJLFMZ OFDFTTBSZ
UP FċDJFOUMZ FODPEF B DPOWPMVUFE EPNBJO EFTDSJQUJPO TVDI BT UIBU QSFTFOUFE IFSF GPS
UIF G.3* TFUUJOH�

� $PODMVTJPO

8F IBWF QSPQPTFE BO JOUFSQPMBUJPO TDIFNF UIBU JODPSQPSBUFT B QSJPSJ LOPXMFEHF PG
UIF TJHOBM EPNBJO
 TVDI UIBU UIF JOUFSQPMBOU JT DPOTJTUFOU OPU POMZ BU TBNQMF QPJOUT

XJUI SFTQFDU UP UIF HJWFO TBNQMFT
 CVU BMTP BU JOUFSNFEJBUF QPJOUT CFUXFFO TBNQMFT

XJUI SFTQFDU UP UIF HJWFO EPNBJO LOPXMFEHF� ɨF JOUFSQPMBUJPO XBT GPSNVMBUFE BT BO
FYUFOTJPO PG #�TQMJOF JOUFSQPMBUJPO� 4IJGU JOWBSJBOU JOUFSQPMBUJPO BQQSPBDIFT UIBU VTF
HFOFSBUJOH GVODUJPOT PUIFS UIBO #�TQMJOFT NBZ BMTP CF FYUFOEFE CBTFE PO UIF TBNF
TDIFNF QSFTFOUFE IFSF� 7BMJEBUJPO PO TJNVMBUFE EBUB TIPXFE SFEVDFE JOUFSQPMBUJPO
FSSPST PO B SBOHF PG #�TQMJOF PSEFST BOE TBNQMJOH TUFQT� 3FTVMUT GSPN BQQMZJOH UIF
QSPQPTFE BQQSPBDI PO G.3* EBUB EFNPOTUSBUFE UIF QPUFOUJBM PG EPNBJO�JOGPSNFE
JOUFSQPMBUJPO JO VQ�TBNQMJOH MPX SFTPMVUJPO GVODUJPOBM CSBJO EBUB UP PCUBJO TVCUMF
BDUJWBUJPO QBUUFSOT DPOTJTUFOU UP UIF BOBUPNZ PG UIF CSBJO�

"QQFOEJY *

*O UIF GPMMPXJOH
 XF QSPWF UIBU UIF QSPQPTFE EPNBJO�JOGPSNFE #�TQMJOF CBTJT TBUJTmFT
UIF UISFF QSPQFSUJFT PG B EPNBJO�JOGPSNFE HFOFSBUJOH CBTJT�
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1SPPG PG QSPQFSUZ �
-FU ĉ(ejΩ) EFOPUF UIF EJTDSFUF�EPNBJO 'PVSJFS USBOTGPSN PG c ∈ ℓ2
 J�F�
 ĉ(ejΩ) =∑

k∈Z c[k]e
−jΩk XJUI JUT JOWFSTF HJWFO BT

c[k] =
1

2π

∫ 2π

0
ĉ(ejΩ)ejΩkdΩ. 	��


-FU ϕk(x) = β(n)k (x)
 Φ = {ϕk(x)}k∈Z BOE s(x) EFOPUF UIF DFOUSBM UFSN JO 	�


J�F�


s(x) =
∑

k∈Z
c[k]ϕk(x− k). 	��


XIJDI DBO CF GPSNVMBUFE JO UIF 'PVSJFS EPNBJO BT

ŝ(ω)
(36)
=

∫ +∞

−∞

∑

k∈Z
c[k]ϕk(x− k)e−jωxdx

(35)
=
∑

k∈Z

∫ 2π

0
ĉ(ejΩ)ejΩk dΩ

2π

∫ ∞

−∞
ϕk(x− k)e−jωxdx

=

∫ 2π

0
ĉ(ejΩ)

∑

k∈Z

(∫ ∞

−∞
ϕk(x− k)e−jωxdx

)
ejΩk dΩ

2π
. 	��


*ODPSQPSBUJOH UIF DIBOHF PG WBSJBCMF l = x − k BOE dl = dx
 	��
 DBO CF SFXSJUUFO
BT

ŝ(ω) =

∫ 2π

0
ĉ(ejΩ)

∑

k∈Z

(∫ ∞

−∞
ϕk(l)e

−jωldl

)
e−j(ω−Ω)k dΩ

2π

=

∫ 2π

0
ĉ(ejΩ)Φ̂(ω, ej(ω−Ω))

dΩ

2π
, 	��


XIFSF

Φ̂(ω, ejΩ) :=
∑

v∈Z

(∫ ∞

−∞
ϕv(u)e

−jωu du

)
e−jΩv

=
∑

v∈Z
ϕ̂v(ω) e

−jΩv. 	��




���

#Z JOWPLJOH UIF -� TQBDF 1BSTFWBM JEFOUJUZ ∥s∥2-2
= 1

2π

∫∞
−∞ |ŝ(ω)|2dω, XF IBWF

∥s∥2L2

(38)
=

1

(2π)3

∫ ∞

−∞

∣∣∣∣
∫ 2π

0
ĉ(ejΩ)Φ̂(ω, ej(ω−Ω))dΩ

∣∣∣∣
2

Eω

=
1

(2π)3

∑

n∈Z

∫ 2π

0

∣∣∣∣∣

∫ 2π

0
ĉ(ejΩ)Γ(n,ω,Ω)dΩ

∣∣∣∣∣

2

Eω, 	��


XIFSF Γ(·, ·, ·) JT EFmOFE BT

Γ(n,ω,Ω) := Φ̂(ω + 2πn, ej(ω+2πn−Ω)). 	��


6TJOH UIF NFBO WBMVF UIFPSFN
 UIF JOOFS JOUFHSBM JO 	��
 DBO CF CPVOEFE BT

1

2π

∫ 2π

0
ĉ(ejΩ) EΩ JOG

Ω∈[0,2π]
Γ(n,ω,Ω)

≤
∫ 2π

0
ĉ(ejΩ)Γ(n,ω,Ω) EΩ

≤ 1

2π

∫ 2π

0
ĉ(ejΩ) EΩ TVQ

Ω∈[0,2π]
Γ(n,ω,Ω). 	��


4FRVFOUJBMMZ FYUFOEJOH JOFRVBMJUZ 	��
 CZ J
 JODPSQPSBUJOH UIF TFDPOE QPXFS JO 	��


JJ
 JOWPLJOH UIF ℓ2 TQBDF 1BSTFWBM JEFOUJUZ ∥c∥2ℓ2 = 1

2π

∫ 2π
0 |ĉ(ej(Ω))|2dΩ, BOE JJJ


JODPSQPSBUJOH UIF PVUFS JOUFHSBUJPO BOE UIF PVUFS TVNNBUJPO PG 	��

 MPXFS BOE VQQFS
CPVOET PO ∥s∥2L2

BSF PCUBJOFE BT

A︷ ︸︸ ︷
1

(2π)2

∑

n∈Z

∫ 2π

0
JOG

Ω∈[0,2π]
Γ(n,ω,Ω) Eω ·∥c∥2ℓ2

≤ ∥s∥2L2

≤ 1

(2π)2

∑

n∈Z

∫ 2π

0
TVQ

Ω∈[0,2π]
Γ(n,ω,Ω) Eω

︸ ︷︷ ︸
B

·∥c∥2ℓ2 , 	��


XIFSFA BOEB EFOPUF UIF SFRVJSFE DPOTUBOUT GPS EFDMBSJOH UIBUΦ GPSNT B 3JFT[ CBTJT

DG� 	�
�
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1SPPG PG QSPQFSUZ �

8F IBWF
 GPS BMM x ∈ R

∑

k∈Z
β(n)k (x− k)

(14),(23)
=

∑

k∈∆(n)
x

β̇(n)k (x− k) +
∑

k∈∆(n)
x

θk(x− k)Ω(x)

(21)
=

∑

k∈∆(n)
x

∑

i∈Ik

β(n)k,i (x− k)

+
∑

k∈∆(n)
x

θk(x− k)
∑

l∈∆(n)
x

∑

i∈Rk

β(n)l,i (x− l)

=
∑

k∈∆(n)
x

∑

i∈Ik

β(n)k,i (x− k)

+
∑

k∈∆(n)
x

∑

i∈Rk

β(n)k,i (x− k)
∑

k∈∆(n)
x

θk(x− k)

︸ ︷︷ ︸
=1

, 	��


=
∑

k∈∆(n)
x

∑

i∈J
β(n)k,i (x− k)

(16),(17)
= 1 	��


XIFSF UIF QBSUJUJPO PG VOJUZ JO 	��
 GPMMPXT GSPN

∑

k∈∆(n)
x

θk(x− k) =
∑

k∈∆(n)
x

Θ (wk(x− k))∑
l∈∆(n)

k+x−k
Θ (wl(k + x− k − l))

= 1.

1SPPG PG QSPQFSUZ �

'PS BOZ k ∈ Z
 JG UIF EPNBJO JT IPNPHFOFPVT XJUIJO UIF TVQQPSU [k−∆(n), k+∆(n)]

J�F�
 UIFSF FYJTUT BO l ∈ J TVDI UIBU GPS BMM |x − k| ≤ ∆(n) XF IBWF dl(x) = 1 BOE



���

{dj(x) = 0}j∈J\l
 UIFO

β(n)k (x) = β̇(n)k (x) + β̈(n)k (x)

=

=1︷ ︸︸ ︷
dl((x+ k)T ) ·β(n)(x) + θk(x) · Ω(

:=xk︷ ︸︸ ︷
(x+ k)T ),

(22)
= β(n)(x) + θk(x)

⎛

⎜⎝1−
∑

i∈∆(n)
xkT

β̇(n)i (xk − i)

⎞

⎟⎠

= β(n)(x) + θk(x)

⎛

⎜⎝1−

=1︷ ︸︸ ︷∑

i∈∆(n)
xkT

β(n)(xk − i)

⎞

⎟⎠

= β(n)(x)

	��


� "QQFOEJY **

8F EFmOF B .FZFS�UZQF TZTUFN PG K ∈ Z+ LFSOFMT

m
′
k(x) : [L,U ] → [0, 1], k = 1, . . . ,K,

XIFSF L,U ∈ R+ BOE L < U/(2K)
 JO B XBZ TJNJMBS UP UIBU HJWFO JO <��>
 XJUI UIF
EJĊFSFODF UIBU J
 XF FOGPSDF UIF LFSOFMT UP GPSN B QBSUJUJPO PG VOJUZ BT

K∑

k=1

|m′
k(x)| = 1, ∀x ∈ [L,U ], 	��


BT PQQPTFE UP PWFS UIFJS TFDPOE QPXFS BT JO <��>
 BOE JJ
 XF TLJQ FOGPSDJOH UIF mSTU
BOE MBTU LFSOFMT IBWJOH -2 OPSNT FRVBM UP UIBU PG {m′

k(x)}
K−1
k=2 �

6TJOH UIF BVYJMJBSZ GVODUJPO PG UIF .FZFS XBWFMFU <��>

ν(x) = x4(35− 84x+ 70x2 − 20x3),



��� 1BQFS *7

x

¢

0
0

1

U

¢¢ ¢

. . . 
m
j
(x

)
‘

¢/2 ¢/2

'JHVSF �� .FZFS�UZQF TZTUFN PG TQFDUSBM LFSOFMT�

B TZTUFN K ≥ 2 LFSOFMT {m′
k(x)}Kk=1 UIBU TQBO UIF SBOHF [0, U ] DBO CF EFmOFE BT

m
′
1(x) =

⎧
⎪⎨

⎪⎩

1 ∀x ∈ [L,∆/2]

DPT2(π2 ν(
x
∆ − 1

2))) ∀x ∈ (∆/2, 3∆/2]

0 FMTFXIFSF
	��B


m
′
k(x) =

⎧
⎪⎨

⎪⎩

TJO2(π2 ν(
x
∆ − k + 3

2)) ∀x ∈ (α,α+∆]

DPT2(π2 ν(
x
∆ − k + 1

2)) ∀x ∈ (α+∆,α+ 2∆]

0 FMTFXIFSF
	��C


m
′
K(x) =

⎧
⎪⎨

⎪⎩

TJO2(π2 ν(
x
∆ −K + 3

2)) ∀x ∈ (κ,κ+∆]

1 ∀x ∈ (κ+∆, U ]

0 FMTFXIFSF
	��D


XIFSF∆ = U/K 	TFF 'JHVSF � GPS OPUBUJPO

α = (k−3/2)∆ BOE κ = (K−3/2)∆�
ɨF TFU PG LFSOFMT 	��
 TBUJTGZ 	��
 TJODF

K∑

k=1

|m′
k(λ)| =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

m
′
1(x)

(48a)
= 1 ∀x ∈ [L,∆/2]

m
′
1(x) +m

′
2(x) ∀x ∈ (∆/2, 3∆/2]

m
′
2(x) +m

′
3(x) ∀x ∈ (3∆/2, 5∆/2]

���
���

m
′
J(x)

(48c)
= 1 ∀x ∈ (U −∆/2, U ]

(48b)
=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1 ∀x ∈ [L,∆/2]

DPT2(x*) + TJO2(x*) ∀x ∈ (∆/2, 3∆/2]

DPT2(x**) + TJO2(x**) ∀x ∈ (3∆/2, 5∆/2]
���

���
1 ∀x ∈ (U −∆/2, U ]

= 1 ∀x ∈ [0, U ]



���

XIFSF x* =
π
2 ν(

x
∆ − 1/2) BOE x** =

π
2 ν(

x
∆ − 3/2)� JO UIF mSTU FRVBMJUZ XF VTF UIF

QSPQFSUZ UIBU GPS BMM k ∈ {2, . . . ,K−1} UIF TVQQPSUT PG m′
k−1(x) BOE m

′
k+1(x) BSF

EJTKPJOU�

3FGFSFODFT
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 OP� �
 QQ� ��o��
 �����

<�> .� 0MJWFS BOE 3� 8FCTUFS
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