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Abstract

The convergence with probability one of a recently suggested
recursive identification method by Landau is investigated.
The positive realness of a certain transfer function is
shown to play a crucial role, both for the proof of
convergence and for convergence itself. A completely
analogous analysis can be performed also for the Extended
Least squares method and for the Self-tuning regulator of
Astrém and Wittenmark. Explicit conditions for convergence

of all these schemes are given.




1., INTRODUCTION

In a recent paper by Landau [1], a recursive algorithm for
the identification of dynamical systems is suggested. The
literature on various such schemes is already quite
extensive, but Landau's scheme and analysis exhibit some
particularly interesting features. From a theoretical
viewpoint, the use and importance of positive real transfer
functions for the convergence analysis in [1] is interesting,
since no such properties seem to have been used previously
in the literature on recursive ldentification {except in

Landau's own previous work}.

In [1] convergence of the algorithm is proved for the
noiseless—case utilizing hyper-stability theory. It is also
shown that in the case when noise affects the system, the
obtained estimates are asymptotically unbiased. Here a
stronger result will be shown, namely convergence w.p. 1

of the estimates to the true values. For this proof the
method of analysis of stochastic, recursive algorithms
discugsed in [2] will be used. An interesting feature of

the proof is that the positive realness property here enters
in a completely different way compared to the analysis in

[11.

A perhaps more important property is that other recursive
schemes like the extended least squares method (ELS), and
the self=-tuning regulator exhibit a very similar structure,
and hence also the convergence of these schemes depend on
the positive realness of certain transfer functions. The
FLS method (also known as "Panuska's methed", "the approximate
maximum likelihood method", or "the extended matrix method")
has been widely discussed, e.g. in [3], [41, [51, [6].

In [7] it was shown that ELS does not converge for certain
systems, but with the results of the present paper and of
[13] a more complete picture of its convergence properties

will be obtained. The self-tuning regulatoxr was suggested




in [8]1 and its convergence properties were discussed in
[9], [10], but the present results imply a considerable
extension of the set of systems for which this adaptive

regulator is known to converde to the optimal one.

The paper is organized as follows. First, in Section 2, the
three algorithms are described. Section 3 contains a brief
summary of the results of [2], and shows how this analysis
method can be applied to the algorithms under discussion.
The role that the positive real-property plays in this
context is illustrated in Section 4, while possible conver-
gence points of the algorithms are determined in Section 5.
The global convergence of the algorithms is analysed in
Section 6, where also explicit conditions for convergence

are given.

All of this development is made in parallel for the three
algorithms. Most of the notation, like o(t), @(t), @({t,0),
G(o) etc, to be used below will be common to the different
algorithms and the current interpretation of the symbols
will depend on the context. This should however not lead to

any ambiguities.

Finally, in Section 7 the results are summarized and

digscussed.




2. THE ALGORITHMS

Landau's Scheme

First the scheme of [1] will be described briefly. For all
details it is referred to {1]. The notation will differ
from [1], in order to make it consistent with that of [2]
and [7] and Table 1 gives a cross-reference between the
notation of [1] and the present one.

The true system is assumed to be given by

Alg"hyt) = Blg Hult) + wit)

where q—l

is the delay operator
-1
g = yl(t) = y(t-1)

and

It

A(q“l) 1 + alq_l + ..o+ aq

1 -1 =m

B(gq ~) = by + bjg ~ + ... +b g

The term w{t) represents some {(unmeasurable) disturbance

acting on the system., With

T
GO = (al reeer Apy b0 Fes s bm)
and
wo(t) = (-y(t—l),..., -y{t-n), u(t),..., u(t—m))T
(1) can be written
(t) = 0% o, (t) + w(t)
Y 0o %o

In addition, a model based on current estimates of the

parameters éi(t), Bi(t) is used:

(1)

(2)




yy(t) + ap(t) yy(t=1) + ...+ a_ (t) y, (t-n) =
= Bo(t) ult) + ...+ Bm(t) u (t-m) (3)

which can be written

yy () = 6617 o(t) (4)
with
8(8) = (Ay(E) senns agle), Bole),.e., Bp(e))?

O(t) = (myy(t=1),.eu,myy (Em), u(E), ooy ult-m)) "

The sequence of estimates {6(t)} will be defined recursively
by (7) below. Introduce

eg(t) = y(t) - yM(t) (5)
and

e(t) =y(t) - 8(t-1)To(t) +d; ey (t=1) + ... +d e, (£-n) (6)

where di are some suitably chosen numbers, discussed below.
Then the estimates 6(t) are recursively defined by:

G(t) = @(t=1) + T = }l R L (t-1)-
: l-FE-[@(t) R " (t=-Le(t) - 11
- o(t) e(t) (7a)
R(t) = R(t-1) + ¢ (o(t)o(t)" -~ R(£~1)) (7b)
(In [1] the updating formula {7b)} is given for Ft_i=%iR_1(t—l)

directly.)

We can also define a Stochastic approximation variant of (7)

by replacing the matrix R(t) by the scalar xa(t) = £« R(t):




o (t)

n(t)

Table 1

Present

= é(t-l) + % (ZT%:TT - p(t) e(t))
= n(t-1) + % (m(t)T w(t)-&(tnl))

Notation Compared to that of [1].

Here In [1]
t k

Y @p

u p

Yo P
0(t) p(t)
©g (8 Xe-1
YM Og

€ vo
p(t) Yt"l
ao(t) £¢
R(t) (t-Fy)~1
ai °—ai

(8a)

(8b)




Extended Least Squares

Let us now proceed by describing the ELS-method. For more

details, see e.g. [7].
The true system is supposed to be
-1 _ -1 -1
A(g T)y(t) = B(g Tult) + Clg Te(t) (9)
where A and B are as before and
gt =1+ cgt+ +c (10)
q l +*+ 88 nq.

With

mo(t) = (~y(t~l),.“,—y(t—nb u(tL...,u(t—mhe(t-l)“..,e(t—n)jr

80 = ( a1 rever @y bO ""’bm’ cq ,...,cn)T
(9) can be written
T
y(t) = 9, mo(t) + e(t) (11)

The disturbance {e(t)} is supposed to be white noise. Now
{e(t}} is not measurable s0O wo(t) is not available, but we

may recursively define ¢ (t) and @(t) from

(D(t) = (_Y(t_l) I---I'Y(t"'n)f U.(t) resey u(t_m)r E(t"'l) Fessey a(t_n))T
(12a)
e(£) = y(t) - 8T (t-1) @(t) (12b)

where 0(t) is the current estimate of 0, defined by (7) { oxr (8)
for a stochastic approximation variant) with the new interpre-
tations of e(t}, @{t) given by (12).




Self~tuning Regulator

The true system is supposed to be (9) with the additional
assumption that b0 =0 (i.e. there is a time delay in the

system) and that b; is known.

The model then is

y(t) = bju(t-1) + 6 0(t) + w(t) (13)
where
6 = (al,...,an, ngno-pgm)T
and
T .
p(t) = (—y(t—l),...,—y(twn), u(t-2),...,u(t—m)) (l4a)

The current estimate of ©, 8(t) is given by (7) (oxr (8) for
a stochastic approximation variant) with ¢(t) as in (14a) and

e(t) given by

e(t) = y(t) - bpult-1) = 8(t-1)" w(t) (14D)

The input to the process u(t) is chosen, based on the

estimate 6(t) as

8(t) T @(t+1) | (15)

O‘ii——'

ul(t) = =
1

The rationale for this choice of regulator is explained in
[8]. Basically, the reason is that if 0(t) were equal to 0,
and w(t) was white noise; (i.e. C(z) = 1) then this control
would be the minimum variance control, [11]. It is interesting
to note, that even if C(z) is different from unity, minimum

variance control can still be obtained using (15) with

T

MV wlt+1) (16)

u{t) = - %ﬂ 2]
1

where




GMV = (al"'cl'-.-'an_cn, bzyauupbm)T (1-7)

see [8]. The most important feature of the self-tuning
regulator [8] is that experience both in simulations and
industrial applications shows that indeed 8(t) tends to oMy
"usually", even though it has reen proved, [12], that such
convergence does not take place for all systems (9).
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3. METHOD OF ANALYSIS

The idea of the convergence analysis is to associate (7)

{or (8)) with a differential equation that contains all
necessary information about the asymptotic behaviour. This
approach is explained in detail in [2]. To define the
differential equation associated with (7) [or (8)] stationary
processes {e(t,0)} and {¢(t,0)} will be introduced. Precise
definitions are given below, and let it suffice here to

say that these processes would be obtained as {e(t)} and
{w(t)} respectively if the estimate sequence was fixed to a

constant value 06 in the relations defining ¢ and o.

Then define

(t,0) e(t,0) (18)
T

Sl

f(o) E

E ©(t,0) @(t,0) (19)

G(o)

It

gle) = E o(t,0) T ¢(t,0) | (20)

where the expectation is over the stochastic processes
involved in the respective problem ( {w(t)} and {u(t)} for
Landau's scheme; {e{t)} and {u(t)} for ELS and {e(t})} for
the self-tuning regulator).

The differential equation associated with (7) then is,

according to [2],

= o(1) = R T(0) £lo(n) (21a)

It

R(t) = G(e (7))~ R(x) (21b)

e

and the stochastic approximation variant (8) is associated

£ o(0) = z=y £(0(0) (22a)

n(t) = g{e(t)) - a(r) | (22b)
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Essentially, global stability of (21) [or (22)] implies
convergence w.p.1 of (7) ((8)), and furthermore, the
possible convergence points of the algorithms are only the
stable stationary points of the corresponding differential
equation. More details of this will be given in sections 5
and 6. The results are valid under certain regularity
conditions of the algorithm and of the stochastic processes.
That (7) {and (8)) satisfies these regularity conditions

is verified in [2], example 3. Further conditions on the

stochastic processes will be given below.

The remainder of this section will deal with more specific
assumptions upon the respective algorithms, the precise
definitions of € and v and with the structure of the function
£(0) defined by (18). This analysis will be given separately
for the ﬁhree schemes, but with the notation in common as

before.,

Landau's Scheme

Assume that {w(t)} and {u(t)} are stationary stochastic
processes with rational spectral densities such that all
moments exist. Assume also that the system operates in open
loop (i.e. that {u(t)} and {w(t)} are independent) and that

it is stable.

Let §m(t’9) and @(t,0) be the stationary processes defined
by, cf (4),

v, (t,0 = 0" $(t,0) (23a)

P(t,0) = (—§m(t-1,e),...,—?m(tnn,e),u(t),...,u(t—m))T (23b)

Let Eo(t,e) and £{t,®) be defined by, cf (5}, (6),




12

€y (t,0) = y(t) -y (t,0) | (24a)

T(,0) = D(g™) Ty(t,0) (24b)
where

Dig™h) =1+ aqt+ ... +aq™ (25)

Notice that these variables are defined only for such @ for
which the corresponding ﬁ—part is stable, i.e. for @, such
that the recursion (23) is stable so that a stationary
process really can be defined, We shall denote this area

by DS:

D, = { 0106 = (ays.v.sa, BO,...,BmY-’;

(26)

z" + élzn“l oo+ 8 =0 = [z] <1 }

Let us now proceed to analyse the quantities e (t,e) and

¢{t,0) in order to obtain a more explicit expression for f£(0).

We have from (2)

y(£) = 05 0, (t) + w(t);

and using (23) and (24)

€o(£,0) = 67 0y (t) = 07 B(t,0) + w(t) =
= 0o ()T 0y - B(t,0)Toy +B(t,0) 0, ~F(t,0)T0 +w(t)
= (0o () -5(t,0)) 0y + G(t,0)T(0,-0) + w(t)
But

(0 () - B(t,0))7 =

(Y (t-1,0)=y(t-1) ,..., ¥, (t-n,0)-y(t-n), 0,...,0) =

(‘Eo(t"l,e),...,“-Eo(t-n,@), 0,.1-;0)




and

(0 (8) - G(t,0))T oy = (1-Ala™H)) T,(t,0)

Hence
-1, = - T
Alg ™) eo(t.e) = p(t,0) (@0-9) + wi(t)
and
- D(g"h) - T ' D(g’h
e(t,0) = =d—L 0(t,0)" (0,-0) + —d=zt w(t)
a(g™h A{g )

Introduce @(t,0) as the stationary process

$(t,0) = H(GC D) F(t,0)
where
-1, _ p(g h
H(ig 7) = -—E:I“
Alg )
Then

£(0) = E §(t,0) (t,0) = E (t,0) §(t,0)" (0,-0)

since w(t) is independent of {u(t)} and {§m(t,e)}.

Introduce the notation
~ w— e T
G(0) = E w(t,0) @{t,6)
% = 0
Then

£(0) = G(0) (0*-0)

Remark. Notice that the assumption of open loop operation

is vital in these calculations!

13

(27)

(28)

(29)

(30)

(31)
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The BELS Scheme

Assume that {e(t)} is a stationary sequence of independent
random variables and that {u(t)} is a stationary stochastic
process with rational spectral density. Assume further that
all moments of e(t) and u(t) exist. The input may partly be
determined as linear output feedback. Assume that the

(closed loop) system is stable.

Let z(t,®) and ¢(t,0) be the stationary process defined by,
ct (12),

- T .
e(t,0) = y(t) - 0" §(t,0)
(32)
- - — T
(p(t,@) =("‘Y(t"l),...,"‘y(t"l’l);ll(t),...,u(t"m),8(t"'l,9),...,8(t"h,@)>
Notice that these processes are defined only if the recursion

in (32) is stable, i.e. for 0 such that the corresponding
8-polynomial is stable. Let this set be denoted by Dg:

~ A - ~ - ~ T
DS = { 0|0= (al,---'an; bo’-co'bm' Cl"oo" Cn);
n A n=-1 ~
z' + ¢y z tooot e =0=|z] <1 (33)

It is an important observation, that f£(e) also in this case
can be written analogously to (31l). To show this, we have
from (32),

T(t,0) = y(8) - 0" B(t,0) = 05 0g(t) —0” B(t,0) +e(t) =
(0g (£) =B(t,0))T 0, +B(t,07 (9,-0) + e(t)
Here

(00 (£) =3 (£,0)F = (0,000,0,100,0,00,0,0(t=1) = (£-1,0),...

«..,e(t=-n) - & (t-n,0))
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and
(0g(8) =5(,0)7T 0y = (Cla™H)-1) (e(t) =T (t,0))
Hence

clg HE(E,0) = cla He(t) +3(t,0) " (0,-0)

and
T(£,0) = —=— B(t,0)" (0,-0) +e(t)
Clg )
Introduce
$(t,0 = H(g D) B(t,0) (34)
where
H(q-l) = El (35)
Clg )

Then, since e(t) is independent of y(s), u(s), e(s,8) for

s <t {also for closed loop operation), we have

£(0) = E @(t,0) t(t,0) = G(0) (o*-0) (36)
where

&(0) = E 9(t,0) &(t,0)" (37)

0¥ = 0 (38)
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The Self-tuning Regulator

Agsume that {e(t)} 1is a stationary sequence of independent
random variables, such that all moments exist. Assume

further that the system (9) is minimum phase,

Both y{(t) and u(t) are influenced by the sequence of
estimates {08(t)} through the control law {15). Define
y(t,0), ul{t,0), ©{t,0), €(t,0) as the stationary process
which would be obtained with a constant control law

corresponding to ©.

Alg™h F(t,0) = B(g"l) Tit,0) + C(q 1) e(t) (39a)
G(t,0) = (=Y (t=1,8),...,~7 (t-1,0), T(t-2,06),..., 0 (t-m,0) )T (39b)
u(t,9) = - %’—I 0T G (t+l,0) (39¢)
T(t,0) = F(t,0) ~b, W(t-1,0) -0" F(t,0) = y(£,0) (394d)

These processes are defined only for those 6 that give a

stable closed loop system. Let this set be denoted by Dg:

D, = { 010 =(ay,+v0say, byseen,b)s
(blzm+622m“l ta..+B) (Zn+alzn—1+ ceetal) -
- (blzm+bzzm"l+...+bm) (élzn_l+...+3n) =0
= | z]| <1 } ] (40)

Furthermore, we have

T(t,0) = y(t,0) = 0g B(t,0) +byT(t=1,0) +Clq 1) e(t) =

(0g-0)T B(t,0) + c(g™h) e(t) =

= (85-0,5) " @(t,0) +F(t,0)T (6, ~0) +Clg 1) el(t)

where O is given by (17).

v
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Hence
(0g=0y) " B(E,0) = (1-cla™H)F(t,0) = (1-c(q~H)E (t,0)
and
cla™h Tit,0 = 5(t,07 (0,,-0) + ClaTH) elt)
and
T(t,0) = $(£,0)7 (0,,-0) + e(t)
where
b(t,0) = H(g 1) B(t,e) (41)
Hig ) = —= (42)
Clg ™)
Introduce
G(0) = E $(t,0) ¢ (t,0) (43)
and
0* = 0, (44)
Then, since e(t) is independent of y{s), u(s); s<t, we have
£(0) = E 9(t,0) &(t,0) = & (0) (0%-0) (45)

as bhefore.

In summary then, we f£ind that the algorithm (7) is associated

with the differential equation

a
drt
4
dr

which

o(r) = R 1() &(e(n)) (e*-0(1)) (46a)

R(t) = G{o(1)) - R(x) (46b)

is defined for o(rt) € Dg R{(z) > 0.
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In (46)
G(e) = E p(t,0) DL(t,0) (47) |
G(e) = E 9(t,0) & (t,0) (48)
where
$(t,0 = H(g™h) F(t,0). (49)

This description is common to all three considered schemes,
but the interpretations of o¥%, DS, e({t,0) and H(q"l) depend

on the actual scheme as specified above.

Similarly, the stochastic approximation variant (8) is

associated with

d .
T= 00 = 5oy @(e(n) (e*-e(n)) (50a)
£ 20 = glo(n) - 2o (50b)

where

g(e) = E @ (t,0) $(t,0). (51)
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4., THE IMPORTANCE OF POSITIVE REALNESS

In Landau's analysis [l], an assumption that the transfer

function

D{z)
A(z)

is positive real plays a key role. The reason is that
hyperstability theory is applied to the system. It is
however not guite clear from the analysis if this condition

is necessary for convergence.,

In this section we shall show the implications of positive
realness of the transfer function upon the differential

equations discussed in the previous section.

In all the schemes the matrix G(e) is given by (48), (49).
In (49) H(q"l) is a linear filter, which for Landau's method
equals D(q_l)/A(q’l) and for ELS and the self-tuning
regulator equals l/C(q_l).

We shall now show that the matrix G(e) + &' (0) is positive
semidefinite if H(q'l) is positive real; i.e. if it is stable

and

Re H(eiw) > 0 ~M < W < W {(52)

To do this consider for a column vector L

LT(G(e) +&(0)T)L = 2 LT &(e)n = 2 B (t,0) 2(t,0)
where

Z(t,0) = LT B(t,0)
and

2(t,0) = H(qg ) Z(t,0)

are scalars. Now the covariance between z(t,90) and z(t,0)
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can be given by integration over the unit circle, see
Astrém [111,

kL
B Z(t,0) z(t,0) = ~2—l“- I H(el?) o (0) du - (53)

-n

where &E(w) is the spectral density of the stationary

process Z{t,0).

Since ®,(w) and E z(t,0) z(t,0) are real we have

n
E z(t,0) z(t,0) = 5%-‘ J Re(H(e1?)) @_(0) dwz 0 (54)

-m

Z

if (52) holds. Notice that equality in (54) holds only if
o_(w) =0, i.e. if z(t,0) =0.
Therefore the matrix G(0) + G (
if H(g"!) is positive real.

©) is positive semidefinite

In the same way it follows that the matrix

= -

G(e) + G (0) - G(e) (55)
is positive semidefinite if the transfer function

1

Hig ) - 3 (56)

is positive real.

This is seen as follows:

LT (G(e) +GT(0) - G(0))L = 2B Z(t,0) (2(t,0) -2 Z(t,0)) =

T[ 1
g J o (o) (H(e) -3) av
-

In Section 5 the eigenvalues of matrices of the type

S G(o)




will be considered. Then the following result is useful

o If 8 is positive definite symmetric and
G+8&T is positive semidefinite, then SG has
all eigenvalues in the right half plane

(including the imaginary axis).

A simple way to realize this is to consider the linear

differential equation X =-SGX. Since for P = Sml

P(-S8) + (~8&) P = —(§+3&T) < 0

it follows from the well known stability criterion for
linear systems that it is stable, which implies that sG
has all its eigenvalues in the right half plane.

In this context it may be of interest to characterize
1
)

positive real, stable polynomials C{q 7). It is easy to

show by straightforward calculations that

o For all stable first order polynomials
C(q"l) = 1+cq-l, el <1

it is true that

1 1 1
e and ——:'l— - _,.'3.,—
ciglh T clg™h

are positive real.

o For stable second order polynomials

c(gl) = 14cyg7l ey
S is positive real for c¢,, ¢, &ds shown in
cig™h 1r e
, L 1 . .
Figure 1 and C(q“l) 5 is positive real for Cy1s Cy

as shown in Figure 2.

21

(57)

This means that for low order systems, the assumption of posi-

tive realness is not as restrictive as it may seem.
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Figure 1., Triangle: stability region for second order

i
cig b

filters C(q_l). Shaded area:lRegion such that is

positive real.

Figure 2. As Figure 1, but shaded area is region such

that ——£:T_ - % is positive real.
q )
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5. STATIONARY POINTS AND LOCAL CONVERGENCE

From Theorem 2 of [2] it follows that under certain
regularity conditions, only stable, stétionary pointsg of
the differential equation (46) [((50)) are possible
convergence points of the algorithm (7) ((8)).

Let us first consider the stationary points of (46} and

{50) . They are given by

a%e=R"lf(e) = 0

£ R=6G(0) -R =0
i.e.

£(0) = G(0) (9%-0) = 0 (58)
and

R = G(9) (59)

where G{(8) and 0* are defined as before. The stationary
points of R (r) therefore follow trivially from those of ©

and we may consequently concentrate on eqg. (58}.

Clearly © = 0% is always a solution, "the desired convergence
point". Assume now that the filter H(th) in (49) is positive
real, i.e. (52) holds. In the previous section it was shown
that

~

G(e)L = 0

implies that

Z(t,0) = LT ©(t,0) = 0

Therefore the stationary points @ of (58) are characterized
by

T

o*T §(t,9) = 6T B(t,9) (60)




24

We shall now show that (60) implies that all stationary
points corresponds to "good" estimates; i.e. parameters
that give a correct input-output description of the system
in the Landau and ELS cases and a minimum variance
contreoller in the self-tuning regulator case,

Landau's Scheme

©(t,0)

a
o
@
f
@
=
5
o+
@|
]
®

Now, with

— _A_ _— —_ o=
we have

oy = oy — (2 _ T _ T

©(t,8) ~w(t,04) = oy, (€=1) ..., -4y, (t-n) 0reess0)
and

57 (£) = 0L (®(t,B) -3 (t,0,) = (L-A(q™ D)) A7 (&)

YM‘ 0 ' ' 0) e | YM,
or

alg ) A (8) =0

M

Since A(*) is a stable filter this implies that

5{€0) = y(t,04) (61)

i.e. the estimate © gives a description of the system that
is equivalent to true system from an input-output point of
view. Moreover, if the order of the model does not exceed

that of the true system, (61) implies that
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since the input is persistently exciting.

Remark. We have in our notation implicitly assumed the
same "order", i.e. the same number of parameters in the
true system and in the model, With this convention, the
requirement on the system is that it be observable and
controllable, i.e. that the A- and B-polynomials do not
have common factors.

Therefore, in this case the true parameter value eo is the
only stationary point of {46} or (50).

The ELS-Scheme

We have from (32) and (60)
T(,3) = y(t) -3 0(t,8) = y(t) -o) §(t,0)
's'(t,eo) = e(t) = y(t) - eg "(5(1-__,90) = y(t) - eg ®q (t)
and analogously to the previous analysis
£(£,8) ~e(t) = (1-Clqg 1)) (e(t,8) -e(t))
or
cig ) (e(t,0) ~e(t)) =0
and
e{t,0) s e(t) (62)

This implies that the model corresponding to @ has
equivalent input-output behaviour to the true system.
Moreover, if the order of the model does not exceed that
of the true system, i.e. there is no factor common to

A(z), B(z) and C(z) in (9), then (62) implies that
9'—‘60

as above.
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The Self-tuning Regulator

We have from (39) and (60)

T
0

T

J(t,8) =-8T 9(t,8) +or 9(t,8) +Clq L) e(t) =

il

(-ox+0y) T G(£,8) + clq™) elt)
and, since

(0,-0%) T = (Cysevnscys O4urss0)

n'
we have

c@h ¥(£,8 = c@h et
or

y(t,0) = e(t) (63)

so that @ gives minimum variance control of the process.
Again, if the model order is not overestimated, (63)
implies

0 = o%*
s0 a unique stationary point is obtained. This latter
result is true regardless of the properties of C(q_l), see
[8].

Logal convergence
We shall now proceed to investigate the stability properties

of the linearized equation around 0%, Let us assume that
the respective filter H(q_l) obeys (52) and that the model
orders are not overestimated so that 0* is a unique
stationary point. This implies in particular that G(o*} is

invertible and strictly positive definite.

It is immediate to linearize (46) around 0 =0%, R=G(0%):

é% (0-0%) = - G(o%) L &(a%) (9-0%) (64a)
4 (R-G(0%)]} = 4 g(e) (6-0*) - (R-G(0*)) (64b)
dr do

0=0%
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Clearly (64) is stable if the eigenvalues of

1

G(o*) — G(o*)

are in the right half plane, This is however the case if
{52) holds, due to (57). Similarly, linearizing (50)

gives
gd; (0-0%) = - g(le*) G(0%) (0-0%) (65a)
d * _d * *
57 (-g(e%)) = 35 g(o) (0-0%) - (a-g(e*)) (65Db)
0:9*

which also is stable under the assumption (52).

However, if H(q_l) is not positive real, that is Re H(eiw0)<
< 0 for some Qqr then certain choices of system and input
signal characteristics can always make the signal

z(t,0*%) have a sharp resonance at the frequency @q - Then
tr G(0*) can be made negative and (65) becomes unstable.
Consequently the estimates will then not, w.p.l, converge
to the desired limit. This method was demonstrated in [7]
for the ELS-case, where the A-polynomial is given a
resonance at Wy and in [12] for the self-tuning regulator,
where the B-polynomial is given a resonance at Wg e For
Landau's scheme, e.g. the input can be chosen so that it
has a freguence peak at ®q to yield nonconvergence of the
scheme,

1 G(o*) is given by

A more thourough analysis of G(0*)
Holst [13], where explicit expression for its eigenvalues
are given. In particular, systems and choices of D(q“l) for
which Landau's scheme does not converge can easily be

generated in that way.
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6. GLOBAL CONVERGENCE

From Theorem 1 of [2] it follows that, under certain

regularity conditions, if

l) o(t) belongs to a compact subset of D, infinitely
often w.p.1 and |o(t)| for those t is bounded

2) and the differential equation (46) {(50)) has a
stationary point (0%,R*), ((e*,r*)) with global

domain of attraction

then for o(t) defined by (7) ((8)) o(t) »o* w.p.l (and
R(t) » R*¥ w,p.l) as t oo,

Moreover, if the trajectories of (46) tend into a set D,
then it follows that the estimates of the corresponding

algorithm converge w.p.l into D.

The regularity conditions in question are verified for
the algorithm-structure (7) in Example 3 of [2].

Let us first comment somewhat on condition 1l). As remarked
before, when 0(t) does not belong to Ds the filter that
defines @(t) is unstable. Therefore some mechanizm is
required that keeps 6(t) inside Dg. For Landau's scheme and
ELS this is easy to do since D is a known area, and it

can be checked that the estimated A-polynomial (C-polynomial)
is stable, using, e.g., a Routh's scheme. If not, the
stepsize in the algorithm is reduced until a stable poly-
nomial is obtained. Such a modification is usually
introduced in the algorithm also in practice to avoid
"explosion". Therefore (see also Thm 4 of [2]) o(t) is
assured to belong to D . However it could happen that this
procedure introduces a cluster point of {6(t)} on the
boundary of Dy« This is the case if the trajectories of

(46) ((50)) point out of D, at the boundary of D,. However,
a cluster point on the boundary of Dy is easy to detect

and undesirable, and we shall assume that some measure ig

taken in the algorithm to avoid such an effect.
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For the self-tuning regulator the area DS is not known to
the user, and the described projection procedure cannot

be used. However, it follows from [1l4] that the regulator
possesses a stabilizing feature which assures that 1)
holds. Also in this case we shall assume that the trajecto-
ries of (46) ((50)) do not point out of D, at the boundary.

It could be remarked that a similar stabilizing feature
has been shown also for the ELS-scheme [16]. This means
that the estimated C-polynomial will be forced back into
Dg. It also, as for the self-tuning regulator, gives a
strong indication that indeed the trajectories at the
boundary of Dy point into D .

Consider first the differential equation (50}:

a 1
g o) = e G(o(t)) (e*=0 (1))

(66)
£ a(n) = glo(n) - alx)

where the definition of 0* and & are given in Section 3 for
the different methods.

We shall prove stability of (66) using the Lyapunov function

V(o,r) = Ie-—o*l2
We have
£ vio,a(0) = - 1y (em-0x)"((0(x)) +&(0(0) ) -
. (e(r)~0%) < 0 (67)

if H(q“l) is positive real, according to Section 4.

Equality in (67) holds only for ¢ such that f£(@) =0, which
proves that all solutions to (66) converge into this set.

If the order of the model is such that only 6* is a sclution
of £(0) =0, then consequently 0* is a globally asymptotically
stable solution of {(66).
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This implies that the Stochastic Approximation variant of
Landau's scheme, the ELS-method and the self-tuning
regulator converge w.p.l to desired limits if D{(z)/A(z),
C{z) and C(z) respectively are positive real transfer
functions. If the model order does not exceed that of the
true system, then strong convergence to chY; 99 and ©

My’
respectively, follows.

Let us now turn to the variant (7). The corresponding
differential equation is

1

i

e(t) = R(t) ~ G(o(1)) (o*~-0(x))

g
dt

(68)
4

G(e(t)) - R(1)

dr R(?)

For this differential equation we try the Lyapunov function
T
V(e,R) = (0-0%)" R(o-0%)

and we have

(—% v(e(t),R(7)) =~ (o(1)-0%)F (é(e(T) +&T (e (1)) - cle(t)): )
(0 (1) -0%)

This expression is non-positive if the transfer function

1

H{g ™) -—%

is positive real as shown in Section 4.

This is a slightly stronger condition than for the stochastic
approximation variant. However, there are several reasons to
believe that by a more clever choice of Lyapunov function

it will be possible to reduce this condition to the condition
(52) . For example, if R(t) in (7a) is replaced by any
positive definite constant matrix it would be sufficient

to require (52). Moreover, if the stepsize is increased so
that R(t) is replaced by aR(t) in (7a) then it is sufficient

that H(q_l)—QL be positive real.

20




In summary then we have shown convergence w.p.l of the
schemes under discussion, variant (7), to the desired
limit if

D(z)/A{z) - 1/2 (Landau)

1/c(z) -1/2 (ELS and self-tuning regulator)

are positive real.

.31
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7. SUMMARY AND CONCLUDING REMARKS

Let us first summarize the convergence results obtained

in Sections 5 and 6.

Landau's schenme

Consider the system given by (1}.

Assume that

(1)

(ii)

(111)

(iv)

(v)

Then,

(a)

(b)

(c)

{u(t) ! and {w(t)} are stationary stochastic processes
with rational spectral densities and such that all

moments exist.

The system operates in open loop, i.e. that {u(t)}

and {w(t)} are independent.

The identification scheme defined by (3)-(7) (or the
stochastic approximation variant (8)} is used together
with a projection feature to keep o(t) in a compact
subset of Dy, such that {6(t)} does not have a cluster-
point on the boundary of this subset. (Such a feature

is usually included in practical implementations.)
The filter A(q L) is stable.

The filter D(q_l) is chosen so that the transfer
function D(qnl)/A(q'l) is positive real.

The stochastic approximation variant (8) gives
estimates that converge w.p.l to a true input-output

description of the system (1).

If the model order is not overestimated, i.e. the
polynomials A(z) and B(z) do not have commcn factors,
then it follows that é(t)—*eo w.p.l as t oo,

The convergence results a} and b) have been proven alsoc
for the wvariant (7) under the strengthend condition
that D(g~1)/A(q"}) - 1/2 be positive real.
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The true value 04 is always a possible convergence
point of the algorithm (both (7) and (8)) in the
sense that the corresponding linearized differential
equation is stable.

If (v) does not hold there exists an input process
{u(t)}, such that the procedure (8) (and (7))} will

not, w.p.l converge to eo, nor to any other value.

The Extended Least Squares Scheme

Consider the system given by (9).

Assume that

(1)

(i)

(1ii)

{(iv)
(v)

Then,

{e(t)} is stationary sequence of independent random
variables and {u(t}} is a stationary stochastic
process with rational spectral density. All moments

of e(t) and u(t) are assumed to exist.

u(t) is independent of e(s); s> t, but may be (partly)
obtained as linear output feedback by a regulator,
independent of the parameter estimates (no adaptive

control) .

The identification scheme defined by (12}, (7)(or (8)]
is used together with a feature to keep the estimated

C-polynomial stable as explained under (iii) above.
The closed loop system is stable.

The filter C(q"l) is positive real.

the conclusions (a) (b) {c) (d) and (e) hold exactly as

for Landau's scheme. The requirement under (b) is that there

is no
C(z).

factor common to all the polynomials A(z), B{z) and
The strengthening under (c) is that 1/C(q”1) - 1/2 be

positive real, and the non-convergence described under (e)

can also be obtained for suitable chosen A-polynomials even

for the case with no input, see [7].
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The Self-tuning Regulator

Consider the system given by (9) controlled by the adaptive
regulator defined by (14), (15) and (7) (or (8)).
Assume that '

(i) {e(t)} is a stationary sequence of independent random

variables.
(ii) The system is minimum phase, i.e. B(z) =0=|z| > 1.

(iii) The trajectories of the associated differential

equation do not leave the area D, given by (40}.

(iv) The filter C(g™l) is positive real.

Then,

(a) The stochastic approximation variant (8) gives a
controller that converges w.p.l to the minimum
variance control law.

(b) If the model order is not overestimated, i.e. if
there is no factor common to A(z),B(z) and C(z), then
é(t)-+@MV Ww.p.l as t s,

(c) The convergence results (a) and (b) hold also for the
variant (7) if the transfer function l/C(th)-l/2
is positive real.

{d) The value(%ﬁ]corresponding to minimum variance control
is always a possible convergence point (both for (8)
and (7)).

{e) If (iv) does not hold, then there exists A~ and B-

-polynomials such that 0 (t) produced by (7) or (8)
cannot, w.p.l, converge to GMV nor to any other value,

All these convergence results are new, and they give, together
with the analysis in [13), a fairly complete picture of the

convergence problems.

In addition, there should be some interest in the manner in
which the property of positive realness enters here compared

to Landau's analysis,
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It is interesting to note that this property is not only
a formal trick to make the proof go through. While
convergence certainly may take place even if the corre-
sponding filter is not positive real, it has been

demonstrated under point (e) above, that as a condition

on D/A or C alone it is necessary for convergence.

Therefore the positive-real property is something inherently
tied to the convergence behaviour of the algorithms. This is
an important conclusion drawn from the analysis here, but

the observation of this (maybe surprising) fact is of course

due to Landau.

Another point worthy of attention is that hyperstability
theory and hence positive realness has been widely used in
connection with model reference adaptive systems, as a
complement to Lyapunov design, see e.g. [151. A perhaps
unexpected connection has thus here been established between
model-reference adaptive regulators and the self-tuning
regulator, which has been designed from a completely

different viewpoint.

The analysis gives a fairly good understanding of the
convergence "mechanism". It was demonstrated in [7] how
the analysis gave direct ideas to a scheme related to ELS
with improved convergence. Here we may note that Landau's
scheme can be changed so that in (6), the d~-parameters are
taken as the current a-estimates: d; = éi(twl). Then the
H(q“l)"filter in (28) will of course depend on 0: H(q"l,e),
and H(q"l,eo) = 1, This in turn implies that é(@o)==G(GO)
and that 0, is a stable stationary point both to (46) and
{50) . Therefore this variant of Landau's scheme always
vields local convergence without any a priori knowledge

necegsary to allow for a good choice of D,

We may finally remark that, according to [2], all what has
been said here also holds for algorithms like (7) and (8)
where 1/t is replaced by more general sequences {y(t)]}.
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