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relationships with other related results appeared in [17] and [8].As a dual result, we can generate unobservable augmented realiza-
A novel proof based on convexity properties and linear algebtimns of Z(s) as established in the following corollary.

appeared recently in [14]. Based on this classical result, the followingCorollary 3: LetX;(A4;, B;, C;, D;) fori = 1, 2 be two minimal
question with respect to minimality arises: is the KYP lemma valitcalizations o (s),i.e.,Z(s) = C;(sI— A;) ' B;+ D, fori = 1, 2.

for nonminimal realizations? This note addresses this question axdw, define the augmented systems

gives a positive answer, i.e., the KYP lemma is valid for realizations . 4,0 - B,
which are stabilizable and observable. This extension has important i = { 0 A } B = {B' }
applications in control systems theory and in the stability analysis . a0 . 0
of adaptive output feedback systems [6]. Some comments have Ci=[C:; 0] D;,=[D]

appeared in the literature with respect to this relaxation. MeyWhere the dimensions ofy; and Ao, are the same, moreover, there
[11] made early comments on the minimality issue. A method fa xist a nonsingular matri%, such théfAm _ TUAOﬂl_l andBOI’ _
construction of Lyapunov functions for a positive real nonminim " Bos. ThenS:(4;, By, Cs, Di) fori = 1, 2 are [;woequivalent
systems was proposed in [6]. In a recent survey paper, the amhl%rglizations OfZ(s).7 o ’ -
stated that the KYP lemma is valid for stabilizable realizations. Remark 1: Note also that if the eigenvalues of; and Ao; are
However, they did not provide details of the proof. The objective C%Iifferent then the pairC;, 4;) is observable if a;nd onlylif the
this not.e. Is to clarify and establish ‘hf?“ the KYP lemma holds ad?)oair (Cos, Agi) is observaiz)le; and under the same conditions, the
for stabilizable and observable realizations. pair (A;, B;) is controllable if and only if the pait Ao;, Boi) is
controllable. The proof can be obtained by using the Popov-Bele-
Il. PRELIMINARIES vitch—Hautus test [15].

Let us consider a linear time-invariamt-inputsm-outputs transfer
matrix Z(s) with a minimal realization given by Ill. RELAXED KYP LEMMA

©)

Following the nomenclature of Khalil [8], we may postulate our main
result as follows.
y =Cux+ Du (@)} Theorem 4: Let Z(s) = C(sI — A)""B + D be am x m transfer
matrix is such thatZ(s) + Z% (—s) has normal rankn, whereA is
wherez € R";u, y € R™, m < n,and4, B, C, D are matrices Hurwitz, (4, B) is stabilizable, andC, 4) is observable. Assume
of the corresponding dimensions. Let us denote the realizatigiiOf that if there are multiple eigenvalues, then all of them are controllable

given in (1) by modes or all of them are uncontrollable modes. TH&fs,) is SPR if
and only if there exist a positive definite symmetric matfixmatrices
Yz =(A, B, C, D) W andL, and a positive constaatsuch that
or | B PA+A"P = —L"L-epP
Sy = - PB = T -1™w (4)
] w'w = D+D.
In order to avoid trivialities, let us make the following assumption. . "

General AssumptionThe transfer matrixZ(s) = C(sI — Remark 2: The assumption thaf(s) + Z* (—s) has normal rank
A)~'B + Dissuch thaZ(s) + Z* (- s) has normal ranks, i.e., its ™ is in order to avoid redundances in inputs and/or outputs. The as-
rank ism almost everywhere in the complex plane. T sumption that the intersection of the set of controllable modes with the

The following are standard definitions of positive-real (PR) ang€t of uncontrollable modes is empty, is used only imibeessarpart
strictly positive-real (SPR) systems, see [3] and [12]. of the pr0(.)f given below.

Definition 1: The transfer matrixZ(s) is said to be PR if: i) All Proof:  Sufficiency

elements ofZ(s) are analytical in Rg] > 0;andii)Z(s)+ 2" (—s) > Letp € (0, ¢/2) then from (4)
(g)fgr(z)ill Res] > 0; Z(s) is said to be SPRif (s — ) is PR for some PA+pul)+ @A+ u)TP=—LTL — (c - 21)P )
The following lemma give us a general procedure to generate phich implies that A + ».I) is Hurwitz and, thusZ (s — 1) is analytic
controllableequivalentealizations from two minimal realizations of ajn Re[s] > 0. Define now for simplicity
given transfer matriXZ (s). The uncontrollable modes should be sim- B _ B
ilar and the augmented matrices should be related by a change of coor- B(s) = (sI — A)7".
dinates as explained next.
Lemma 2: Let ¥,(A4,, B;, C;, D;) fori = 1, 2 be two minimal Therefore
izati Nie. Z(s) = Ci(sI—AV" B+ D. fori = ]
realizations o/ (s),i.e.,Z(s) = C;(sI—A;)" " B;+D;fori =1, 2 Z(s—p) + 2" (=5 — )

Now, define the augmented systems
=D+D' +C®(s —)B+ B & (—s — )"

T = 4 0 B = B; , _ 1= _
T lo Aw) T o @) =W'W+[B"P+ W' L] &(s - )B
Ciz= € Co] Di=[Di] + BT (=5 — p) [PE+ LTW]
where the dimensions ofy; and Aq» are the same, moreover, there e P - —y— o
exist a nonsingular matriX, such thatdor = 7o Ao2 T, ' andCor = =W W+W Le(s—p)B+B & (=s—p)L° W
C’oz_Tgl_. Then,X; (4, B;, C;, D;) for: = 1, 2 are twoequivalent + B PB(s — y)B+ B &' (s — ))PB
realizations ofZ(s). ’
Proof: Simple algebraic manipulations. [ =W'W+W'Le(s—p)B+B & (—s— p)L™W
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+B"3" (=5 —p) [i_T(—s — WP +P3 (s ;1,)] S.(4., B, C, D) an observable and stabilizable realizatior/af).
Therefore

U(s)=C(sI—A) 'B+D=C(sI-A,) 'B+D. (8)
Note that the controllability of the paird., B) follows from the

- D(s— pu)B
=W'W4+W'LE(s—)B+B' & (—s —p)L'W

+ B3 (=5 - p) controllability of (4, B).Sinced,. is Hurwitz, it follows that{ A., B)
is stabilizable.
. {[—(3 + )T — IT] P+ P [(s —w)I - Z]} From the spectral factorization lemma for SPR transfer matrices
_ . [19], [8, Lemma A.11, p. 691], or [2], there exists an x m stable
~Q(s—u)B transfer matrixt’(s) such that
=W'W4+W'LE(s—)B+B' & (—s—p)L'W U(s) + U (=s) = VI (=5)V(s). 9)
+BTE (=5 — p) {—QH‘P _Ap_— PK} (s —p)B Remark 3: Here, the assumption that(s) + Z7 (—s) has normal
rankm is used implicitly, otherwise the matri (s) would be of di-
=W!'W+W'LS(s - ) B+ B &' (=s — p) L' W mensiongr x m), wherer is the normal rank o (s) + Z* (—s).
Let ¥v(F, G, H, J) be a minimal realization ofV'(s), F is
+B 3" (=5 —p) {LTL + (e — 2//,)P} S(s—u)B Hurwitz becausé/(s) is stable; a minimal realization df ’ (—s)
is T, T( Fr,mg*, —-G*, J"). Now, the series connection
=WIW + WTLE(s — ) B+ B & (—s — ) L' W VT (—s)V(s) has realization (see [9, p. 15] for the formula of a

F BT (s — )L LF(s — 1B + (e — 20 BT E" cascade interconnection)
)

_ _ —~yT(_a\V(s

(=5 —p)Po(s—pn)B v

- [WT + B8 (=5 — )L ] [W+Lq>(e—,/)3] : QI;H _;r}a {H(;J} J[JTH -GN, [JTJ])- (10)

Although we will not require the minimality oy, r_ ()
in the sequel, it can be proved to follow from the minimality of
Sv(F, G, H, .J), see [8] or [1].

Let us now define a nonminimal realization 6f s) obtained from
Yv(F, G, H, J) as follows:

+ (e—2u)BT® (=5 — ) PB(s — 1) B.

From the above, it follows thaf (jw — p) + Z7 (—jw—p) > 0Vw
andZ(s) is SPR.

Necessity:

AssumethaZ(s) € SPR.LefS(4, B, C, D) be astabilizableand 7 _ {F 0 } . T= {G} L T=[H H]: T=J 1)
observable realization &(s) andx (A4, B, C, D) aminimal realiza- 0 F 0]’ ’
tion of Z(s). Given that the controllable and uncontrollable modes akhd such thaFy is similar toA,. and the paif Ho, Fy) is observable,
different we can consider that the matrbis block diagonal and, there- j ¢ 3 7, nonsingular such that
fore, Z(s) can be written as

Fo = ToAo Ty . 12)
] — A —1 . . . e . _
Z()=(C o] sI— A 0 | } {B} + D ® This constraint will be clarified later on. Sinee F,) N o (F) = 0,
0 sl — Ao 0] ~~ then the pair
a ~ ~ P F 0
[sI—A] B (H,F)=([H Ho], (13)
) O F()

where the eigenvalues of, correspond to the uncontrollable modes.
As stated in the preliminaries, the conditief4) N a(Ay) = @
[where ¢(T") means the spectrum of the square maffik means
that the pairs(C, A) and (Co, Ag) are observable if and only if —
(C,4) = ([C Col. [ & ]) is observable.

We have to prove thﬂ‘( A, B, C, D) satisfies the KYP equatlons SyT(—o)v(s)

|s observable. Thus, the nonminimal realizaton(F, G, H, .J) of
/() is observable and stabilizable.
Now, a nonminimal realization of "(—s)V(s) based on
Sv(F, G, H,J)

4. — _
Note that A, A, are both Hurwitz. Indeed4 is stable because F 0 d [jrﬁ _éTL [7T7] (14)
(A, B, C, D) is a minimal realization of (s) which is SPRA, is H'H -FT HTT| '
stable because the system is stabilizable. Bfus- 0: Z(s — 6) €
L is (see [9, p. 15
PR andZ(s — i) € PRY . € [0, 6]. Choose nowe sufficiently small ( [_ p- 15)
such that/ (s): = Z(s — (¢/2)) € SPR, then the following matrices Byr(_s)vis)
are Hurwitz: F 0 0 0 a
A = A+ %I € R(ntno)x(ntno) 0 Fy 0 0 0
_ |EH"H H"H, -F" H".
A = A+ SIeR™ ) =17 e ° 7
2 H'H H'H, o -F' | HYJ
Age = Ag+ =T eR"OX"0, ,
0 ot J'H J"H, -GT 0 JTT

Note that A. is also block diagonal having block elements (15)
A. and Ao and the eigenvalues ofi, and A,. are different. From the diagonal structure of the above realization, it could be con-
Let ¥.(A., B, C, D) be a minimal realization ofU(s) and cluded that the eigenvalues B§ correspond to uncontrollable modes
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and the eigenvalues of-(F, ) correspond to a unobservable modeswhere we have used the definitiofs:= RT K R; L := HR. Intro-

A constructive proof is given below.

ducing (7), we get the first equation of (4).

Since the pai{ H, F) is observable and is stable, there exists a From the second equation of (20), we h&¥e= RB. From the third

positive—definite matrix
K r

T _ 17 _
K=K = |:'rT Ifo:| >0 (16)
solution of the Lyapunov equation
KF+F'K=-0"H. (17)

equation in (20) and using” = .J, we get

JOE+G'K = CR™!

JTHR+GTR""TRTKR = C
, — _ (22)

wTL+BTP = C

PB = CT'-1"w

This explains why we imposed the constraint thélb, Fo) should which is the second equation of (4).
be observable. Otherwise, there will not exist a positive definite solu-Finally, from the last equation of (20), we get the last equation of (4)

tion for (17).
Define

_ I 0 1 I 0
T:=|__ ; T = o
K T -K I

sincelV = .J. |

IV. EXAMPLES

Next, we will consider two examples to illustrate the result.

and use it as a change of coordinates for the nonminimal realization!) Let a nonminimal realization o (s) = (1/(s +1)) + (s +

Yy 7 (_s)v(s) above to obtain

2)/(s + 2)) be

1
E L[] _1 0 -
“VT(=s)V(s) r= 4+ |lalu a#0
0 0 0 G b3 { 0 —2} 7 (23)
8 FOU ;T 8 0 y=[a Ble+[llu B8 #0.
= 0 _0 P (JH+GTE)T Note that the system realization is stabilizable and observable
o for all 3 # 0. The KYP equations (4) for = 0.2 give us
JH+G'E  -G¥ o ] e A"P+PA=-L"L-02P (24)
(18) .
give us
| tl)\llow, |td|s cleag tEat the elgelnvallj.fe;g@ correspon((jjto unc%ntrol- —18P, —28P, _ 21, (25)
able modes and the eigenvalues(efF;, ' ) correspond to unobserv- 298P, —3.8D Lis I2
able modes.
From (8), a nonminimal realization of/(s) is Z.(A., B, =T T = 1 P P
S = B ' P+W' L=C=|=
C,i)). 7Thus,7a ﬂonminimal realization fOI’UT(—s) is Y. + [a 0] P, P
(-4, C", -B".D"). Using the results in the preliminaries, +V2[l L] =]a B3]
a nonminimal realization of (s) + U7 (—s) is ) )
with solutionsL ~ [0.5765« 0.617243] and
V(40T (=) _[0.18474% 0.127108 0
A0 B i = = ~ 10.1271a8  0.100337
No —ar| || [C -B ] [D+D ] - (19 for all «, 7 different from zero.
. _2) Let the nonminimal realization of
Using (9) we cqnclude that the stable (unstable) parts of the realiza-
tions of U(s) + U* (—s) andV* (—s)V(s) are identical. Therefore, Z(s) = _ (st+a)
in view of the block diagonal structure of the system and considering (s +a)(s+b)
only the stable part, we have for somea > 0, b > 0 andb # a be
— [P 07  — 1 JA 07 . T[—a 0 0
F—|:0 F0:|_RAEB —R|:0 A05:|R . m:|:0 _b:|,r—|— l w a#£0 (26)
G = ¢ —RB=R B y=[08 «alz+][0u " B#0
0 0 (20) N ) '
— it is easy to verify that for alt < min(a, b)
JE+G'K=CR'=[C Co]R™' 2 .2
) ) (at+b—ep" .
J'1=D+D". P=|@—e(2a—¢) | s
The above relationships imposes that the uncontrollable parts of the af o?

realizations of/ (s) andV (s) should be similar. This is why we im-
posed thafy is similar to Ay, in the construction of the nonminimal
realization ofV ().

From the Lyapunov equation (17), and usifig= RA. R~ in (20),
we get

KF+FTK = -HTH
KRAR'4+ R TAIR'K = -H'H

R"KRA.+A'TR"KR = —-R"HTHR (1)
PA + AP = —L'L

foralla >0,6>0,a#0,3#0

satisfy the equations of the KYP Lemma.

V. CONCLUSION

We have removed the minimality assumption in the

Kalman—Yakubovich—Popov lemma, and proven that the lemma is
still valid for stabilizable and observable realizations provided that the
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set of controllable modes and the set of uncontrollable modes do noAsymptotic Behavior of Nonlinear Networked Control
intersect. Some examples illustrate the resuilt. Systems
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