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Suppose that a given domain of objects is weakly ordered by the relation of being at-least-as-good-as. In other words, that relation is both transitive and complete in the domain under consideration. Assume that the domain is closed under concatenation – the operation of forming ‘conjunctive’ wholes out of any finite set of objects. In particular, we take it that any object e in the domain is subject to what we might call ‘self-concatenation’: For any number m, the domain contains a whole composed of m ‘e-objects’, i.e., a whole composed of m objects of the same type as e. We take object types to be understood in such a way that any two representatives of the same type are equally good and interchangeable in any whole without influencing the value of the whole in question. Intuitively, we can think of objects of the same type as being identical in all value-relevant respects. It will also help if we suppose that all the objects in the domain are positively valuable,
 but we allow that their value may otherwise vary, quite dramatically sometimes.
   In particular, we allow various discontinuities in value between the objects in the domain. Two kinds of such discontinuities will be of special interest in this note: ‘Mill superiority’ and ‘weak Mill-superiority’.
An object e is Mill-superior to an object e’ iff e is better than any number of e’-objects.

An object e is weakly Mill-superior to an object e’ iff for some number m, m e-objects are better than any number of e’-objects.

In other words, e is Mill-superior to e’ if a single e is better that any whole composed of e’-objects, however large.
 e is weakly Mill-superior if a whole composed of a sufficiently large number of e-objects is better that any whole composed of e’-objects, however large.
 Both Mill superiority and weak Mill superiority involve a violation of the so-called Archimedean axiom for betterness orderings. Roughly, the axiom states that for any valuable objects x and y, there is some number k such that a whole composed of k y-objects is better than x.

   In Rabinowicz (2003), it is pointed out that there could exist a descending sequence e1, …, en (i.e., a sequence such that e1 is better than e2, which is better than e3, …, which is better than en) in which the first element is Mill-superior to the last one, but in which no element is Mill-superior to the one that immediately follows. In Ryberg (2002), which Rabinowicz (2003) is a comment on, Jesper Ryberg denies this possibility. Following an influential tradition, Ryberg assumes that e1 can be Mill-superior to en only if e1 is infinitely better than en.
 But if the latter is the case, then a descending sequence that starts with e1 and ends with en must at some point involve an infinite drop in value. I.e., it must at some point reach an ei such that ei is infinitely better than ei+1. Which implies that ei must be Mill-superior to ei+1. As Ryberg puts it, “[i]f there is a discontinuity between the values … at each end of the continuum, then at some point discontinuity must set in.” (Ryberg 2002, p. 418) This claim is incorrect. The view that Mill superiority requires infinite superiority presupposes that value is additive. Otherwise, we can easily have a Millian discontinuity between the extrema of a descending sequence without a comparable discontinuity at any point in the sequence, if we allow that that the aggregated value of several objects of the same type need not be the sum of the values they have on their own. That the value of a whole need not be the sum of the values of its parts is of course an idea that should be familiar to the post-Moorean value theorists.
,
 

   More precisely, if we want to have a sequence in which the first element is Mill superior to the last one, without it being the case that any element in the sequence is Mill superior to the one that immediately follows, we must give up the independence axiom for the betterness ordering:

Independence: If an object e is at least as good as e’, then replacing e’ by e in any whole results in a whole that is at least as good.

With this principle, we couldn’t have had Mill discontinuity between the first and the last element of the sequence without that discontinuity setting in at some point along the way. 
ObseRvation 1: Suppose that the first element in a sequence e1, …, en is Mill superior to the last one. Then, provided that at-least-as-good-as is a complete and transitive relation, Independence implies that some element in the sequence is Mill superior to its immediate follower.

For the proof, see Appendix 1. As is easily seen, the independence axiom expresses the idea that each part of a whole makes a context-independent contribution to the value of the whole. In other words, its contribution is independent of the other parts the whole in question is composed of. Clearly, value additivity would entail such independence in value contributions.
   What happens if we give up Independence? Then the following becomes possible: Suppose that when we start adding more and more valuable objects of the same type, the value contribution of each extra object sooner or later starts to decrease. If the decrease in value contribution is sufficiently steep, then adding extra objects of the same type will never get us above a finite value limit: For any object e of a finite value, there will exist some finite level of value ve such that the aggregated value of any number of e-objects is always worth less than ve. But then nothing hinders that a single object e may be more valuable than any number of e’-objects: This will be the case if the value of e either equals or exceeds ve’. The manoeuvre of letting the marginal value contribution of extra units of a given kind of good converge to zero is, of course, quite standard. To give just one well-known example, Derek Parfit uses this solution in the area of population ethics, in order to avoid the “repugnant conclusion”. It would be repugnant to accept that a world with any number of people who all lead excellent lives must be worse than a world with a sufficiently larger number people all of whom lead lives that are barely worth living. To avoid this conclusion, all we need is to assume is that adding extra lives of positive but low quality will never increase the value of a world beyond a certain fixed limit.
 
   Given this convergence of value to finite limits, it is easy to account for the possibility of a descending sequence e1, …, en, in which (i) the first element is Mill-superior to the last element, even though (ii) no element is Mill-superior to the one that comes next. As a simplest possible example, which for that reason is maximally artificial, assume that the sequence consists of three elements, e1, e2, e3, with their values being, respectively, 5, 3, and 2, as measured on a ratio scale. Suppose now, unrealistically, that the value contribution of extra objects of the same type rapidly decreases from the very beginning, with each new contribution being half as large as the preceding one. Thus, for example, the value of one e3-object equals 2, the value of two such objects equals 2 + 1, of three such objects equals 2 + 1 + ½, etc. It is easy to see that there is a value limit that cannot be exceeded by a whole that consists of the objects of the same type. In the example, these limits have been chosen in such a way as to guarantee that the sequence satisfies the required conditions (i) and (ii). The value of the first element (5) is higher than the value limit for the last element (4). Consequently, the first element is Mill-superior to the last one. But for each element in the sequence, its value is lower than the limit for the next object in the sequence. I.e., no element in the sequence is Mill-superior to the one that comes next. This is reassuring since many cases of Mill superiority are such that, intuitively, we take it to be possible to descend from the Mill-superior e1 to the Mill-inferior en by a gradually descending sequence in which Millian discontinuity does not set in at any point.
   However, it can be shown that any sequence in which the first element is Mill-superior to the last element must contain an element that is weakly Mill superior to the element that immediately follows. In other words, in a sequence in which no element is even weakly Mill-superior to its immediate follower, the first element cannot be Mill-superior to the last element. 
   This result can be strengthened. In such a sequence, in which no element is weakly Mill-superior to its immediate follower, the first element cannot even be weakly Mill-superior to the last element. More exactly, we can prove that the following holds: 
OBSERVATION 2: Suppose that the betterness ordering is transitive and complete. Then, for any sequence e1, …, en, in which the first element is weakly Mill-superior to the last element, there exists at least one ei, 1 ( i < n, such that ei is weakly Mill-superior to ei+1.
Proof: Suppose that e1 is weakly superior to en. Then there must exist some ei that is the first element in the sequence such that e1 is weakly Mill-superior to ei+1. In other words, ei is the first element in the sequence such that for some m
(i) m e1-objects are better than any number of ei+1-objects. 
Since ei is the first element like this, e1 is not weakly Mill-superior to ei. Consequently, 
(ii) for some number k, m e1-objects are not better than k ei-objects. 
But then, given that the betterness ordering is complete, 
(iii) for some number k, k ei-objects are at least as good as m e1-objects. 
But then, by the transitivity of the betterness ordering, (iii) and (i) imply that 
(iv) for some number k, k ei-objects are better than any number of ei+1-type experiences. 
Which means that ei is weakly Mill-superior to ei+1. Q.E.D.

In this sense, then, discontinuity must set in at some point in the sequence if it obtains between its extremal elements.

   Now, if the elements in a descending finite sequence are chosen in such a way that each consecutive element is only marginally worse than the immediately preceding one, then it might seem that no element will be weakly Mill-superior to the element that comes next.
 But then, as we just have shown, the first element will not even be weakly Mill-superior to the last element in the sequence, however long such a sequence may be. This is surprising, since one would intuitively expect that a sufficiently long series of small worsenings can sooner or later result in an element that is radically worse than the point of departure.
      One interpretation of our result is that we should give up this intuition. We might have to conclude that several small worsenings cannot ever yield an element that is radically worse than the original element. Another option is to hold on to the intuition and instead revise our conception of a small worsening. On that interpretation, there is an important difference between Mill-superiority and weak Mill-superiority. The former is a rather dramatic form of discontinuity in value, but the latter is not. If an object e is only slightly better than another object e’, then it cannot be Mill-superior to e’. But, contrary to appearances, it might still be weakly Mill-superior, even though the value difference between the two objects is small. A sufficient number of objects of the first type might, if conjoined, make up a whole that is better than any whole, however large, that is composed of the objects of the second type. 

Appendix 1

Independence: If an object e is at least as good as e’, then replacing e’ by e in any whole results in a whole that is at least as good.

Observation 1: Suppose that the first element in a sequence e1, …, en is Mill superior to the last one. Then, provided that at-least-as-good-as is a complete and transitive relation, Independence implies that some element in the sequence is Mill superior to its immediate follower.
Proof: Assume, for reductio, that none of the elements ei in the sequence (i < n) is Mill superior to the one that immediately follows. By completeness, this means that for every such ei there is some number mi such that the whole composed of mi ei+1-objects is at least as good as ei. Now, start with e1 and replace it by a whole w2 composed by m1 e2-objects. By assumption, w2 is at least as good as e1. If we now replace any e2 in w2 by m2 e3-objects, Independence implies that the resulting whole is at least as good as w2. We can in this way replace every e2-object in w2, one after another, by m2 e3-objects, until we reach a whole, w3, that is composed of (m1 ( m2) e3-objects. By Independence and transitivity, w3 is at least as good as w2, and thus at least as good as e1. Continuing, in this way, we finally reach a whole wn that is composed of (m1 ( m2 ( … ( mn-1) en-objects. By Independence and transitivity, wn is at least as good as e1, which implies that e1 is not Mill superior to en. (
Appendix 2
Definition: e is minimally Mill-superior to e’ iff for some number m, there is no such number k that k e’-objects are better than m e-objects. 
Observation 3: Suppose that the betterness ordering is transitive. If the first element in a sequence e1, …, en is minimally Mill-superior to the last one, there must exist some ei in that sequence that is minimally Mill-superior to ei+1.

Proof: Assume, for reductio, that (i) for no ei, 1 ( i < n, ei is minimally Mill-superior to ei+1, but (ii) e1 is minimally Mill-superior to en. Given (ii), the definition of minimal Mill-superiority implies that there must exist a number m1 such that (iii) for no k, k en-objects are better than m1 e1-objects. However, given (i), the definition of minimal Mill-superiority implies that there must exist numbers m2,m3,…, mn such that (iv) m2 e2-objects are better than m1 e1-objects, m3 e3-objects are better than m3 e3-objects, …, and mn en-objects are better than mn-1 en-1-objects. Since betterness is transitive, (iv) implies that (v) mn en-objects are better than m1 e1-objects. But this contradicts (iii). (
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� In the contexts we are going to consider, it is also reasonable to suppose that for all e and all numbers m and k, if k < m, then m e-objects are better than, or in any case at least as good as, k e-objects. In other words, concatenating objects of the same type is value-increasing, at least weakly so.


� Mill’s own label for this kind of superiority is “superiority in quality”. According to his famous preference test of superiority, what decides the superiority issue among pleasures is that persons who are “competently acquainted” with both kind of pleasures would prefer a single pleasure of one kind to “any quantity of the other pleasure which their nature is capable of.” (Mill 1991[1863], p. 138)


� In his (1996), p. 85, James Griffin seems to have something like weak Mill superiority in mind when he considers a form of discontinuity in which “enough of A outranks any amount of B”. On the other hand, Mill superiority is similar to what Griffin (p. 83) calls “Trumping”, which “takes the form: any amount of A, no matter how small, is more valuable than any amount of B, no matter how large.”


� That Mill superiority of e over e’ violates the Archimedean axiom should be obvious: To see this, just substitute e for x and e’ for y in the statement of the axiom. To see that weak Mill superiority of e over e’ also violates that axiom, substitute e’ for y and let x be a whole composed of a sufficient number of e-objects.


� Cf. Crisp (1992), Riley (1993, 1999). Cf. also Parfit (1986). It is arguable that infinite superiority also figures in the section on “Discontinuity” in Griffin’s book on Well-Being. There, we are invited to consider cases in which “we have positive value that, no matter how often a certain amount is added to itself, cannot become greater than another positive value, and cannot, not because with piling up we get diminishing value or even disvalue (though there are such cases), but because they are the sort of value that, even remaining constant, cannot add up to some other value.” (Griffin 1986, p. 85, our italics) This can be read as a suggestion that, in those cases, one positive value is infinitely greater than another. As for Mill’s own views on the matter, we leave this issue to the experts.


� Cf. Moore (1993) [1903], sections 18-21, et passim. To be more precise, Moore does assume a form of additivity when he suggests that “the value on the whole” is the sum of (i) the values of the parts plus (ii) “the value of the whole, as a whole”. (The latter may be either positive or negative.) But it may be argued that this form of additivity is a purely arithmetical construct. His “value of the whole, as a whole” could simply be interpreted as the arithmetical difference between the value exhibited by a given whole and the sum of the values exhibited by each its parts, independently considered. Moore himself points out that the value in question may be “expressed” as such a difference (ibid., section 129), but he seems to ascribe to it some independent content. 


� That the value of a whole need not be the sum of the values of its parts is what economists refer to as complementarity. But the standard examples of complementarity, which are so familiar to economists, involve instrumental values rather than intrinsic ones. Thus, to illustrate, a fork may be roughly as valuable, instrumentally, as a spoon, but once you’ve got a fork getting another one is much less valuable than getting a spoon instead. Moore’s insight was that the same phenomenon of non-additivity can arise even within the realm of intrinsic value. 


� Qualification: If w is a whole in which e’ is replaced by e, the restriction on the replacement is that e and w-minus-e’ are disjoint: no part of the former is a part of the latter.


� Cf. Parfit (1984), section 137. His application of this idea to the value of populations comes from Hurka (1983). For a discussion, see Arrhenius (2000), ch. 4.


� The proof above assumes the relation ‘at least as good as’ is complete, which is a rather exacting requirement. What if completeness is not assumed? Well, even in the absence of completeness, we can prove a variant of our Observation above.


DEFINITION: An objects e is minimally Mill-superior to an object e’ iff for some number m, no whole composed of e’-objects, however large, is better than m e-objects. 


Clearly, weak Mill-superiority entails minimal Mill-superiority, but not vice versa. In fact, while Mill-superiority and weak Mill-superiority are both asymmetric and transitive, minimal Mill superiority is neither. Still, just as it is the case with these stronger relations, minimal Mill-superiority is incompatible with the Archimedean axiom.�Now, we can prove the following: 


OBSERVATION 3: If the first element in a finite sequence is minimally Mill-superior to the last element, then there must exist some element in that sequence that is minimally Mill-superior to the element that immediately follows.


For the proof, see Appendix 2. For a similar proof in the context of population axiology, see Arrhenius (2000), section 3.2 and 10.3-4.


� Cf. the Quantity Condition discussed in Arrhenius (2000), pp. 54-6, which captures this intuition in a population context. It is shown that this condition, together with some other weak conditions, implies the Repugnant Conclusion.





