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A Spectral Factorization Algorithm

by

K,J. Astrdm

Bbsteact

Let B be a polynomial with zeros ingide and outside the unit cire
let p"  denote the reciprocial po! ynomial. The spectral factoriza
problen is to find a polynomial C with zeros inside the unit circ
such that BB* = CC’%. Some. numerical alforithms +o solve this prot

are discussed.




Contents

i
:._%,
i
4
4
2
i
E
s

e

1.  INTRODUCTION

2.  PRELIMINARTES

AR

3. UHE ALGORIYHM

i,  INTERPRETATION

5.  TMPLEMENTATION

6.  TEST EXAMPLES

e



1. INTROCDUCTION

let B be a polynomial

B(z) = 2 + bTan1 too.t b
: n

&
and B its reciprocial i.e.

i

*
B (z) = bnzn + bnm,izr Fowad T

S R T e R AR

The problem ig to find a polynomial C with all its zeros inside the
urdlt cirele such that '

C(Z)C*(Z) = B(Z)B$(Z)




i
g 2. PRELIMINARTES
i
i
% Consider the stochastic system
;E; 0 1 0 L ) O b 1
- 0 1....0 b
% Y
| a(t+1) = |, n(t) + | . (1)
, 0 0] 5,
y() = z,(t) + e(t) (

vhere {e(t), t=0, +1, +2,...} is discrete time white noise with ©
Eezit) = 1. The output {y(t), =0, +1, +24...} has the spectral dens

g *e
¢y = g B(z)B (2} ‘ (

Tt follows from optimal filtering theory that the process {y{(t)} air
can be represented as

nO U . & 3 ] hc.] i
0 . 0 1 s 5 C:Z
z(t+1) = 1. z(t) + |. e(t)
1} g .. 41 n=1
0 0 g...0 C
L g n
y(rd = 2, (1) + () _ : K
whers
| T T -
c = [9P8” + bi[ePs” + 1] {

T



The output y of (6) alno can be written as
y(£) = 80t} + e 8(t~1) + oo 4 cnﬁ(“c-n)

The spectral density of the process is thus

6 = A C(2IC (2) ek | | ¢
y o 2w B
whera

L2, 2 L2y 2 VA {
K(1+ qreyte et cn) =1 4 Div.ot b= T Py

The equation (8) has obviously the zolution Ps0 which corresponds tc
o'=b. If the polynomial B has all its zero inside the unit cirecle thi
is also the only non-negative solution. However, if B has zeros auts
the unit cirlce there are also other solutions. In particulaf the p

tive definite solution corresponds to a. stable C.



3. THE ALGORITHM

The algorithm is a staight-forward itevation of the Riceati equatic
(8) where the initial condition is chosen in such a way that P is
sitive definite, say PLO) = I (identity matrix).

Since @ and & have very special forms several simplifications can I
made in the algorithm. Introduce

Pr1 Prp c Py 001 0. ..0
Doy Pgge « + Poy a0 1...0
Px 1, , & = |
I S G D - [ * ‘1
Pog Pppe v pnn Me 0 qﬂ
e=101 0. .. 0]
Then
GFGT + 1 =1 -Pp,H
Pyq
P3q
@PBT‘ = {.
pn1
_-.G ]
- F
Pap  Ppgr + + Py O
Pgp  Pagz+ + - Py
@P@T = .
P Ppzt * * Py ’
0 0 0




Hemnoe

(pl 4 (E24b, )(p “, 1(t)+b 3

Pijr(t‘{‘q) = p‘i-}-‘t }j‘{"q(t} + b b ?‘[“P"l?
where
pij(’r:}:[] if i»>n or §>n vVt
and
Poq * By
Pyq * by ,
C : Ml e s .
TP
Pm * bn-’i
b
n

Tt is clear from the construction of the algorithm that its corver
will depend strongly on the properties of the polynomial B. The al
will c:onverge exponentially vhere the exponent is determined by tl
of BB within the unit civele. The convergence dthus wiil be very
if B has zeros clese to the unit ag,;rcle*




L, INTERPRETATTON

Tt is of interest to investigate the algorithm in some more detail

First observe that (1) can be witten as
T T
P{te1) = oP(E2® + bbb - (1+p11(t))c(t)c (t}

Since ¢ = 0, we get

=t
P{tin) = £

tbl{bbr - {1 Py (tin-i-1)}C(t+n-i-1 )CT(t+n-=i-1 3] (d)T)l
i=0 .

Furthermone
b? ' bB bn
bg bl&' | 0
¢b = | ,,@213: : ,gs.ﬁeﬁn“?b: :
bn_ }}n 0
b 0 0
(0| 0 i 0

Similar equations also hold for 57, Hence

G,

T A<

[Bio

(«ivlc)k =
0 ’ if itk > n

Weiting the matrix equation (17) componentwise we get

=t n=1 5
Byq (i) = iEO by g - i{g {1+p11(t+n~1~1)}ai+1(t+n“1~1) =




=2 =2

P, (t4n) = _f by, by - }% Iiapqi(tvn -i-131 oy (L+n~1~1)cl {1
120 i=0
n-1 B s ) ] :
= I bb. - 2 [}+p11kt+n“lj ¢, (tin-iYe, o (tin-1)
=1 =1
Py {(t4n) = b,ibn - ﬁ+pﬁ(tm-’i }«}cn(-tmwﬂ%ﬁtmﬂ’i)
Hence
2 2., .
p11(T+n) = Y {b - g (t+n~1)ci(t+nn1)}
i=1
n-1 5
Poq (T4n) = ii? {bibi+1 - G (ténmi)cift+n-l)ci+1(t+n—1)}
. Y S - -
Phq(tm) = bb - o (t4n-1)c, (tin e, (tin=1)
where

2 n
o (1) = I1+p1¢ }]
Furthermore introduce

Py gDy Py (D)eby

T4p,, (1) - o2 ()

ci(t) =




The above equations then can be witten as

5 n
o (t-m}_: 1+ 5

{bg - o (ein-1)e 2 (e )] =
Y] 1

It ne
= ¥ Bl ¥ 62{t+nwi)c§(t+ i)
=0 T i= -
where
b =1
O
Furthermore

o oamy = Pi+1(t+nj+bi i Piﬂ(-‘c-m)-kbcbi

+ o (t+n) Uz(t%n)
n-1 : n~i 5 9
={ ¥ bﬁbj+i'“ ¥ o (t+nhj)cj(t+n=j}éﬁ+i(t+nnj)1/c (t+n)
=0 =1 ’ -

The algorithm thus can be written as follows

n n
o Com) = 5 bl - 3 o’ (tan=i)el (tn-1)
10 i=1 '

n-1

I

M 2 » » - 2 »
cq(t+nj [ 4§n bibi+1 - :Zd o (t+n-3}ci(t+nm3)ci+1(t+n~j)3/U (t+n



¢ q{tm) = {bb b, bnnsz(w':mw“i Je, (tin=T)e (t+n=1)] /0% ()
o (tn) = b b /0 (tin)
n on

The algorithm discussed thus can be interpreted as a modified subs

algaritlm for solving the algebraic equation

2,2 . 2 2 .2 2 .3
8} {1+C1 + C2+nus| Cn) - DO 5+ b,?'l"sen‘f bﬂ

2
a {c1 I ST N U

1% =17 F b b, b‘ibz“b“‘fbnbndi
o’tc_ . +cc)=bb . 4bb
n-1 T o n-1 1T
{52 s o =bb

Notice, however, that the special algorithm implies that the solut
will converge to a solution where all the zeros of the C-polynomia
are inside the unit circle. An alternative thus would be the follo

algordithi

n ‘ n
JH(t41) = X bl - ¥ o8l

=0 . i=1 i .=

e 11 9 5
01(r+1) = [.E bibi+1_ i§1 G (t)ei(t)ci+1]/0 (#+ﬂ)

i=0




This algorithm does not require as mich storage as (12). However, i
is not immediate clear that it will always converge to the correct
solution. '

An Alternative

Another possibility to do the spectral factorization would be to

solve the nonlinesr equations by a Newton-Raphson algorithm. This
gives

el = ety - [E et T e te))

where . .
. ‘Ef t __1
02+c2+ 4 02 | c I
o 1T Th RT R o
© C, +eaot D o
o1 “n-1%n 0 S et 1
f(C) = . = N
c ces C c
on 0 0 € L‘ n
-y i L‘ - —:
. 2 -
c C 488 LI 33 & ".-‘-l! C
0 T s C ces T
» ST c,
frie) =1 . B
{c) . ol o
- * ;(
6 0 e 6 0. O 30
i o 1 |n oo

" . ki
¥y - kL

This algorithm most iikelyadid converge faster than the other
algorithms. However, it is again not cbvicus that it will converge
to the correct result.




5. IMPLIMENTATION

The algorithm has been implemented in FORTRAN on PDP 15/35 as a

program called SPFZN (Spectral FactoriZatioll), A test program

TSPEZN and an interactive users program USPFZN also are available.

These programs are listed below. A printout of the test routine

also is provided.

PRINTOUT FROM TEST PROGRAM TSPFZN

TELT

UF SPFZN

THE ORIGINAL PDLYROHIAL
1.040000600 ~2.50000000 -1.06040004
TrE FACTORED POLYNOH{AL
Z2,20061264 -2, 19692346 ~5. 43050772

(B}

[

y4LUF DF FACTORED POLYHOMIAL

146
B+0 SFC

~6.54921961
2.76506734
13.20107508
~5:94561267
“&.57609689
3.15991338

t:0N075185
~0.,00119378
~G.00003147

THE EXAC)

2.10998999 -2,1G099909y -3, 430600001
NUMHER OF 1TERATIOKNS =
GUMSUT LHE THHE
E-MATRIX

JI.BAZ696VL -2.34117979
~2.34117979  2,.43286928
6. 54971949 2,70506752

$5.75742924 -7.Ba412722

2.78173364 -0.5382397
~1.48%33177 0.553512569
R=-MATRIX :
~9:.001025%02 0.08091%04

0.080%1869 -0,08030309%

6.08675197 -0.001i%364
~0,00083494 0.00042305

0.00033208
0.0B8023357

6,.0003382¢8
~0. 03053497

G.0D093R53
-0, 0555254
¢.90009674

5.00000000

$.6879%541 066
1S
3. ¢aunpot?

5,75742024
~2.BO412722
~5.94563279

4,0370155%6

2. 80756092
=1, 36199445

=0, 0NEE3500
g, poa42093
B,0D373842

“§.00047457

~4, 00017693
0.,00009057

~1.00999999
0.E0510892

0.80%00001

2.768173304
053823070
~6,57609677

2-30?9609_’2

3.66526520
~1.64079985

0. 000813208
6.oftp33826
~0.40055242
~0. 00617693
0.G00EBIO2
-0,00010298

-2.4754600402
-1 79%L4044

~1.,80000001

=1 48533477
0.55312569
315991336

~1.36199445

1. 5407998%
0.77775559

0.008002334
~84.06013497
0.00809688
. 0009%057
~0. 00010294
0.00002444

D, 98999999
§.44967568

¢.45000000



LISTING OF SUBRCUTINE SPTZN

0803
no2
0o3
064
ags
0bé
007
noa
009
010
11
g12
613
014
015
016
017
018
519
o2t
621
gaz
823
nz4
0zs
026
n27
ne8
a29
030
031
032
633
034

03%

034
037
138
G439
048
D41
fiaz
243

HETH

045
046
047
048
04¢
059
051
[11:3°4
053
054
055
056
BS¥
G658
1331
[H1-11]
[11: 33
115+
5&3
-89
n&s

066,

‘67
110
0&9
070
071
072
673
074

oo

OO OO OOOCOOOaaOsm G on

1t

AFCT CT 8

Z1

24

23
24

29

30

SUBROUTINE SPFIN(B,CsCON,EFS, IND) 7 |

THIS SURBRAOUTINE DETEREINES A POLYROMIAL .
CERY= GORLZre+OC1)adeniN-i)e, . +C(NT)

WiTH ZERGES INSIDE THE URIT CIRCLE SUCH THAT
CLRIEC{ZY=sB(Zr8mR{2) :

- HHERE

BlZisEeaNeBliiniesil-1}e, ., ¢8(N)
AND B" DENOTES THE RECIPROCIAL POLYNOHT AL
REFERENCE £.J., AGTROHM 4 SPECTRAL FACTORIZATION LLGOR!ITHHD
AUTHOR K. d, ASTROM 1971i-12-29

B~ YECTOR CONTAINING COBFF{GCIENTS OF POLYNDMIAL
TO BE FACTORED, 17 |5 ASSUMED THAT LEADIKG
COEFFICIENT OF 8 48 1.

C - VECTOR CONTAINIHNG COEFFIGIENTS OF THE FACTORED
POLYNOMIAL AS GIVEN ABOVE. NOTICE THAY
THE COEFFICIENTS ARE HORHALIZED RY CO

C0 - COEFFICIENT OF LEADING TERM OF POLYNODMIAL ©

N~ DEGREE OF PDLYNDMIALS B AND C {HAX 45}

EPS~ TEST QUANTITY TO STOP ITERATION OF RIGCAT! EQUATION

TND~ (NUICATOR RETURNED AS 1 IF FHE ITERATION,

DOES NOT COMVERGE RETURNED &S «RLOOP OTHERWISE

SUBROUTINES REQUIRED ) ’
HORH

DIMENSION B{iy.Cl1)
COMMON/SLASKAPL{18,16Y R 146516}

bS=16
NLOP=1000
MPisH+1

Do L0 b=1,NP2
DO 18 J=1,nPi
R{l,di=0.6
POl Y=t i

BO 11 1=1.N

Pilafr=1.

HLBOP=D .
KA LOCP COMPUTE SOLUYION OF RICCAT! BDUATIDN

Riel, /{1 .+P11.13)
NLOOP=NLOOP+1

DO 24 i=1.8

Do 21 J=i,N
RUE,J)=PChyg)

00 22 i=i.H

N0 22 Jzi.H
PO dIRBUII#BOIIAROEE1 23~ (RUT25, 3B RIe1: 13 +BLIII2R]

Do 2% 1=1,R
BD 25 J4=i,N
R4, Pl D=R{. D)

TEST FOR STEADY STATE

CALL HORK{B.N,!5,RROBH)

CALL NORMUP.N,IS,PHORM

IF (REORM~EPS=PNORK} 24,824,583
iRDa=HLO0R

GO 10 29 ’
FENLODOP-NLDPY 20.20,28
{Np=g

COMPUTE ©

Te1.+P€1:1)
Riz1.r/7
00 30 izf,N

COlrY2(PCI+1,1)+BC1 ) )R
Ch=YARTiTs

—t



LISTING OF TESTPROGRAM TSPIZN

tol c THIS 1S & TEST PROGRAH fOR SPFZN
892 BINENSION B{16),0(16) D116}
63 GCOMBDN/SLABK/P (164461 :R(16:16)
s i
890% URTIE {64000
age i FORKAT {144 TEST OF SPFLM)
no7 Neh
nes - NP okl
FH 1Y HG=1. K
Bbia Rti)==2.5%
011 Bi{ZI=+1.
012 Bi3)y=5.
13 . Riay=-3.8%
aig BiB5)=-2.47%
aib B{6}=.99
HENT [
917 neyLy=z.2
a1y feaye-~2.2
819 Pt3)==3, 43
DZ Nid4y=3.98
nzi {51=6.405
agz Ri6)=-1.8
024 HU7350.4%
824 ¢
@25 : EPS21 E-3
026 Y S50 F=i.3
027 EPS=EPS/L0.
ozy 1Of =G
nze CALL TILHELQCIH, 181810, 10F)
a6 CALL SPEER (B, CiCOHaEPS, InD)
031 toF=1
032 [51=60% 1115
. 633 T[H:ELDAT(l51}+u.1hFLUATt|31B)
: 034 : HRITE (6,503) .
! 035 104 FORMAT (27H THE ORIGIRAL PULYNOMIAL IS}
; o3o HRETE (46,1043 wi, (B4, 1518}
i 037 104 T FORMAE (10F12.B}
: G3h WIETE (62105}
LR 105  FORMAT {27H THE FACTDHFB PULYROKIAL 1S}
840 Do 20 1=14M
841 20 ctir=giiysCo
642 WRIFE (6,104 CO, (001, 051,4)
843 NLOP=- | ND
044 io6 FORMAT (234 NUMUEH OF ITFRATIONS =2,15)
645 WEETE (6:+108)
045 URITE (6,1043 (0013, 153,001}
o047 WRITE {6,iGé) NLO¥
048 URI1TE f6.1025 TIH
; 49 102 - FORRAT (15t COMPUIING TIME.Fi2,1.4H SEC)
; 450 i0R FOHMAT €42H THE EXACT VALUE OF FACTORED PDLYHOHIAL 15)
f 51 HRLTE {6,109) ,
| 152 1G9 FOSMAT (9H P-HATRIX}
; 853 B0 30 KEEN -
; b4 30 T URITE €6:1043 (PL1,4), 21,8}
! 0%% WRYTE (6:210) :
! 856 110 FHRHAT [9H R-MATRIX)
: 057 Do 32 t=1,H
; 658 32 HRITE {6-184) (RUL,J).d24,8)

HE9 0 CONT fHUE S
040 END :




LEISTING OF TNTERACTIVE USER PROGRAM USPEZN

11i 51
13134
ga3
no4
11383
ags
131
tos
ai9
D1G
611
012
013
(414
015
9146
017
iy

viy

20
021
B¥e
023
B4
0z2h
fize
G£7
nea
nze
(30
N3t
32
033
044
ni3b
D3a
437
a3y
n39
04g
D41
04z
243
HEX
4%

046

647
a48
649
050
G451
052
B5%
854
e85
086
BS7

[l N

ige

ipl

18

iwz?

103
104
105

20

106
120
107

110

T

108
io%

54

THIS 15 A PROGRAM FOR USE OF SPFIN

Tk PROGHAM REGUESTS THE POLYNOMIAL R FROM THE TTY
IT THEN CALLS BPFZN AND COMPUTES THE FACTORED POLYNOMIAL
DIMENSION BL16):0(16)

COMMON FSLASK/P(16,16),0(16,16%

DaTa ASLHY/

Rost. '

WRITE 19,180}

FORMAT {(12HOTYPE DEGREF)

TONTR =1

N=BTTFF{ICONTRL)

HRITE {9,1013

FORKAT {16H TYHFE CDEFF QF B3

|CNTRL=1

DO 10 i=1.W

BOL)2RTEFFLICNTRL)

ICNTRL=1

WRITE {9,102} : -
FGRHAT (98 1YPE EPS)

1CNIRL =3

EPS=RITFF{ICNTRL)

JOF=D

CALL THMELQ0IM,1S, 1510, 10F)

CALL SPFAN (B,C, 00, NEPS, bnuD)

10F=1

151=60= M+ 15
TtMsPLOATCIST )40, 1FLOATLIS10)

WRITE (9,105} )

FORFAL (27H THE ORIGINAL POLYNOMIAL 1S)
WRETF (9,104) ROEH(IY, (21,8}

FORMAT (9F8.4)

WRITE {9,10%)

FORHAT (27H THE FACTORED POLYNOMIAL 1S}
BO 20 fz1,N

ClIY =G} eCn

HRITE (9:1043 COLC001 3, 1=1,NY

NLOP=- I ND

HRITE (9,106) NLOP

FORMAT €23H MUMBER OF ITERATIONS =,15)
WHITE €9,120) TIM )
FORMAT (15H COMPUTING TIME,F12,.1:4H SEM)
MRITE (9,107 .

FORMAT (44H DD YOU WANT COVARIANCE MATRIX Y(ES) OR N(D))}

READ (8:110)  -AKS

FORMAT (A5}

IF{ARS . RELAY 60 To 1

pO 32 i=1.N A
HRITE (9,008) {PLI,JY,J%1, )
FORMAT {6E412.4}

HR{TE (9,109}

FORMAT (354 DO YOU HANT R-HATRIX Y(ES) ON N(O))
READ (B,110) ANS

¥ (ANSLHE.AY B0 18 1

D0 34 I=1.H

HREITE (9:108) tR(!eJ}nJ=1;N)
60 TO %.

END



6. TEST EXAMPLES
To construct test examples it is observed that if
Bz} = H(ZNai)ﬁ(z”Bi}

where o, are the zeros inside the unit circle and Bi the zeros outs

the unit circle. Then

B (z) = I( 1y ( 1)
{z) = ® aiz - w Biz

and we find

Clz) = Iz - &i)ﬂ(BiZ ~ 1)

In particular we find that if the polynomial B has all its zerocs
outside the unit civele then
n =1

" i
Bz} & boz - qu + oeea 4 bn

implies that

_ n 1~
Clz) = bhz b b1Z Foaas * bo
The first set of examples s designed to check the accuraéy of the

algorithm. The following examples were selected.

EXEJEEE]_ET

I

B(z} {z~2)(z-0.5) = zz - 2.8z + 1

1t

Clz) = (2-0.5)(2z-1) = 222 = 22 + 0.5

B 1

Example 2



- 9.1 12 199 a
Clz) = (2 ?ﬁ)<10 7z~ 1) = 5 2 <965 2 AT
Examgle 3

_ .99 Aoty L2 el
B(z) = (= 100)(3 100} = 7 29 ¢+ 11,9899

Cz) = (2~ BT 5~ 1) = 107 - 23 0
Example H

B(z) = (z + 7)2 = 2% 4 25 4 1

Clay = o+ D2 =% % 25 + 1
Example &

B(z) = (z - 1?2 = 2% - 22 + 1

Clz) = (= = 1)2 = 32 - 2z + 1
Eﬁg@gle B

B(z) = (z + 1)° = 5% 4 3z2.+ 3z + 1
Clz) = (z+ 1) = 25+ 327 4 3z 4+ 1
Example 7

sz) = 2" ¢ 1.0t

Clz) =

1,0121% & 1



Eocamgle .8
i
B{z) = (zS+1.01)<25+0.99) = z10 + 227 40,9999

S, n b 10 5
Clzd = (z"+0.99)(1.01z7+1) = 1.01z" " + 1.88992" + 0.99

Example 3
B(z) = (zs+2}(za+0.5) = zﬁ ¥ é*533 4+ 1

Clz) = (22°413(2540.5) = 22° 4 2.82° + 0.5

Example 10

B(z) = (22-0.9)(2%1.1)(2+0.5) (z~2)

3 2

= 25-2.525—%%52 = 1.012"° - 2.41bz + 0.99

Clz) = (22 ~ 0.9)(1.122 = 1)(z - 0.5)(2z - 1)

2

= 2,22° - 2,22° ~ 3.432" + 3.982° - 0.8052° ~ 1.8z + 0.45

The exanmples wers calcoulated using the program USPTZN. The fesult:
-are given below. ) |




TYPE DEGREE
# N
2 EXAMPLE 1

TYPE COREFF OF B

#"“2g5 lk

TYPE EPS

#L,E-4

THE ORIGINAL POLYROWMIAL IS
lfgﬁﬁg "'2955‘3@@ Ia@ﬁﬁﬁ

THE FACTORED POLYHNOMIAL 15
2.800¢8 ~2.,2098 8.50009

HUMBER OF ITERATIONS = 1
COMPUTIHG TIME .l SEC

DO YOU WABT COVARIARNCE MATRIX Y(ES) OR N0 -
\r"
9. 30B0E+B1 =8, BEREAECL
~B580E+Al §,7588E+00
DO YOU WANT R-MATRIX Y(ESY OR H(OD
Y .
“B.1245E~63 #.5833E~64
G.5633~84 -8 .,2554E~04

TYPE DEGREE
#
£ EXAKPLE 2
TYPE COEFF OF B
#rz. 539
TYPE EPS
#Ll, 54
THE ORIGINAL POLYNOWIAL IS
l.a@en -2,0066 35,9598
- THE FACTORED POLYBOMIAL IS
P 1@% ~1,99288 6,5808
NUMBER OF ITERATIONS =z &l
COMPUTING TIME 2.6 SEC
DO YOU WANT COVAWIAﬂCF MATRIX Y(ES) OR N(O)

Ry

TYPE DEGREE
#
2 EXAMPLE 3
TYPE COEFF OF B
#“‘2i 319999
TYPD EPS
#1.6~4
THE GFIGINQL POLYNOMIAL IS.
| 60608 -2.0006 ©.999%9
THE FACTORED POLYNOMIAL IS
1.,8185 ~1,2999 @B.,9895
NUMEBER OF ITERATIONS = 397
CORPUTING TIME 3.9 SEC T
DO YOU WANT COVARIANCE NQTRIX Y(ES} OR H{O)
&




TYPE DEGRYE
i
o EYXANPLE & WITH SKALLER EPS=1.E~8
TYPE COEFF OF B
#-2 % i§9§9
TYPE EPS
#i FE“‘?
THE ORIGINAL POLYNOBIAL IS
| LZQRA -2 38048 ©.9595
TRE FACTORED POLYHWOKIAL 15
PL2118 ~1.9859% #9836
NUMBER OF ITERATIONS = -1
COMPUTING TIRE - 9.8 SEC
NO YOU WANT COVARIANCE MATRIX Y(ES) OR N(D
Y
B.2216E~-81 -G,21016~E1
~F2191E-81. B.2167E~$1
DO YOU WART R-MATRIX Y(ES) OR R(D)
\13 .
7 L.EOB4E~BD -6, BEBIE~GD
-0 .87T3lE~85 @€,85B7E-85

TYPE DEGREE
#
2 EXAMPLE 4
TYPE COEFF OF B
#Ze Lo
TYPE EPS
#1.E~4
THE CRIGIMNAL POLYHOMIAL IS
{ L, 2G8E 2.G000 1.G06%
THE FACTORED POLYROMIAL IS
1 .2958 2,0008 (,5943
HUMBER OF ITERATIONS = 463
COMPUTIHG TIME 4,5 SEC
N0 YOU WANT COVARIANCE MATRIX Y(ES) OR N(OJ
H

TYPE DEGREE

#
o EXANPLE 4 WITH SMALLER EPS=1,E-7
TYPE COZFF OF B

ﬁgﬁ 1! -

TYPE EPS

#1  E=T
THE ORIGINAL POLYNOMIAL IS

| G466 2,80008 1.008C
THE FACTORED POLYHOMIAL I8

1.0064 2,0288  ©,9937

HUMBER OF ITERATIONS = =l
CGFPUTI&G TIME §.9 SEC

N0 YOU WANT COVARIANCE MATRIX Y(ES) OR N(O



TYPE BEGREE

#

2 EXAMPLE 3

TYPE COEFF DF B

#=2. 1.

IYPE EPS

#1.E~4

THE ORIGIHBAL POLYHOKIAL I8
} .OUBE -2 ,80%68 1,002
THE FACTORED POLYHOMIAL IS
P LEBSE -2 COA%  2,9943

HUMBER OF ITERATIONS = 469
COFPUTI RG TIPME 4,% BEC
BOOoyDU WART COVARIANCE PATRIX Y(ES) OR OO

i

TYPE BDEGREE
b
& EXAWPLE &
TYPE COEFF OF P
#3. 3. L.
TYFE EZPS
d1,.0=4
THE ORIGINAL FOLYRONIAL IS
| .agan  3.062% 33,2068 1 .0008
THE FaCTORZD POLYNCOHIAL IS5
1.8536 L5.858% 2.9484 £.9491
Hﬂméi? OF ITERATIONS = 724

COMPUTING TIHE 15.2 SEC
Y YOb WANT COVARIANCE EéEPiY Y(ES) OR ¥(O)
B

TYPE DEGREE

p

15 EXAKPLE 7

TYPE COEFF OF B

i 523G 000 6GEGES 00 E1.0108000000

TYPE EPS

#1.E-4

O oy boubos ~8.0000 8.009¢ ©.0000 0.0200 B .4900
¢.p008 §,0006 ©,28089 O.9¢0¢ 0.0008 0,0000 1.0187

THE FACTORED POLYNOMIAL 18

1.6136 0,4000 ©0,8009 0.0608 0,920¢ 0.8006 0.0000 0.C000
B.ORIR €,0209 9.0000 0.0000 0.7088 B.0¢8% 8.9965

MUMBER OF ITSRATIONS = =1

COMPUTING TIME 511,1 SEC |

DO YOU WANT COVARIANCE MATRIX Y(ES) OR N(OD

N



TYPE DEGREE

# .

15 EXAMPLE 8

TYPE COEFF OF B

JE 8 B 82, @0 %0 95,5999

TYPE EPS

41,E-4

THE ORIGINAL POLYROMIAL IS
| .@Ea0  C.0907 6.0800 3.60P8 $.0038 2.0000
7., BEFG  €.5999

THE FACTORED POLYHOWIAL 1S
1.G128  R.000¢  §.0000  2,.3008
B.eEE8  2.,987)

NUMBEZR OF ITERATIONS = ~1

&
L3

T2
o)
&
o]

1,999

coFpPUTING TIKE 227 .4 SEC
DO YOU WANT COVARIANCE MATRIX Y(ES) OR NC O
i

TYPE DEGREE
4
& EXAMPLE 9
TYPE COEFF OF B
40 3 2.5 % B L.
TYPE EPS
L #1 B4

" THE ORIGINAL POLYMOMIAL IS

| LaO¢E B.ARG7  (.AB80 2,5000 ©.0000 3.2000
THE FACTORED POLYNOWIAL I8

o apR%  0.098% B.0630 2.5000 0.0068 B.0082
NUMBER OF ITERATIONS = 31
COMPUTING TIME 2.5 SEC
PO YOU WANT COVARIANCE MATRIX Y(ES) OR MO

N
TYPE DEGREE

#
§ EAAMPLE 19
TYPE COEFF OF 8 :
a5 w1, 5, =1,B1 =2.4%5 ©.93
TYPE EPS ,
#Z&E-é
THE ORIGINAL POLYHONMIAL IS
|, G067 -2.5006 ~1.0980 5.0000 -1 .8106 -2.475%
THE FACTORED POLYHOMIAL IS ,
> 2006 -2,2088 ~3,4385 J3.9796 6,.8850 ~1.7997
NUMBER OF ITERATIONS = 1#@
COMPUTING TIME 8.8 SEC
§Q YoU WANT COVARIANCE MATRIX Y(ESY OR HCOD

7 ,0006

Ay

{ . BB20
2.5086

#.952@
#,4458

8,000

4. onng




The next set of examples were selected in order to deronstrate how
the computing time is influenced by the location of the zeros of
the B-polynomial., Second order polynomials of the form

B(z) = z2 + ag a > 1

were selected. The following values of & were used a = 2 (Example 11
a = 1,5 (Example 12), a’'s 1.7 (Fxample 13}, a = 1.01 (Example 4).

The results are given in Table . Summarizing the number of iteratic

required and the computing time we get

Table 1. Tllustrates the dependence of the convergence

rate on the location of the zZeros of the B -

polynomial
a Mumber of iterations Comprrting time
2 k! < 0.1 s
1.5 b < 0.1 s
1.1 44 0.4 s

1,01 989 - - 3.0



TYPE DEGREE
#
2 EXAMPLE 11
TYPE COEFF OF B
#3 4
TYPE ZP5
#1 GE“"{}
THE ORIGIRAL POLYRNOMIAL I3
P JHGRE  2,0808 4.68300
THE FACTORED POLYNOKIAL I8
&, 098¢ 03330 | ,4R02
HUFEER OF I TERATIOHS = HE
COWMPUTING TIFE Bl BEC
D0 YOLU WART COVARIANCE MATRIX Y(Z8)Y 03 B
Id

IYPE DEGREE
2 EXAWPLE 12
TYPE COEFF OF
#O 2,25

TYPE £P5S
#l,.=-

T

HE ORIGIR&L POLYDNOMIAL IS

1 .3828 06,8880 2.2588
THZ FACTOREDR POLYHOPMIAL IS

2.2528  D,83R% ) .9¢2%

MUMEBYR OF ITERATIONS = 15

CoMPUTING TIKE %s1 BEC

B0 YOU wANT COVARIANCT MATRIX Y(ES)Y OR HB(O

M

TYPE DEGREE
#
o OEXAMFLE 13
TYPE COEFF 27 &
A0 1,21
TYPE EPS
#i 8 E"’"é]
THE ORIGINAL POLYMOKIAL IS
1 .08r2 2,992 |.2180
THE FACTORED POLYNOMIAL IS
1,210 @.0008 | .G600
HUMBER OF ITERATIONS = 4f
COMPUTING TIME %.4 SEC
O YOU WANT COUARIA&CE MATRIX Y(ES) OB R(OD
I

TYPE DEGREE

#

2 EXAMPLE 14

TYPE COEFF OF B

#6 1,.,0281

TYPE EPS

#1 all-"'zi

THE ORIGINQL POLYROMIAL IS
1,823 2,020 1.8281



The next set of examples (Example 15 - Example 18) are designed in
order +o show how the computing time deperds on the size of the
problem. The Following polynomials were used

B(z) = 2 - 2

The results are tabulated:below:

Table 2. Tllustrates how the computing time depends

on the order of the B - polynanial.

Order of polyncomial Computing time Example
4 0.4 s 16
5 0.9 s 47
6 1.5 s 18

T



L TRAFPLE I3

*V““ Cfuvf o%r B

pe 4 B

TYPL PSS

#ltu 4

THE I“T‘ L OPOLYNOPTAL IS
2&27*3 LEaa PLARET . PEAY
THE FAGT “x'? PG**PP*Zﬁ IG

o pAnn 3,RCRI D, “ﬁv? 1¢g -4
HUFEER OF ?Ehﬁrliﬁt p 15
LGh“LLlﬂb TIEE #.2 SEC

6 Y0 WART COVARIANCE MATRIY Y(ES) OR HCO)

B
IH’PE} KJBGEQLLJ
4 EXAVPLE 16

{YPE COEFF OF B
#0868 18

TYPE TP
E-4

it ORIGINAL POLYNORIAL IS

| p60E  B.A0RS 9,0008 0,3€20 16,917
THE FACTORED POLYNOMIAL IS

{5 609y  9,G0BG 0,008 ©.0907 100907
WUNBER OF 1TERATIONS = 13

COMPUTING TINE ° 3.4 SEC

b0 YoU WANT COVARIANCE MATRIX Y(ES) OR H(D)
H

TYPE DEGREL
#
5 EXAMPLE 17
TYPE COEFY QF B
42 B B ¥ 32
TYPE EPS
#i a:'l:"'&
THE ORIGIWAL POL?HGFIAL IS
1.00%% 2.5080 0.8078 B.2%006 ©,0%02 3% BE3D
THE F&CTORED POLYNOKIAL IS

32,5083 LERUE  8.0REE A,J9E9 9,070 1 GOBE
HUMBER OF ITVRNFIOR“ = 16
computIug TINE &9 SEC

DO YOU WART CGV&REHh CE ?&THTX YeESy OR HOO)
i

TYPE DEGREE

#

& ERANMPLE 18

TYPE COEFF OF B

40 B 2 6 8 G4

TIYFE EFS

#1 E-4

TUE DRIGINAL PDMYNGVIQL IS

o e e - PR EELR M (AR

chA CGRGA



The examples 19 - 23 also arve constructed in'ordef +o show how
computing tims depends on the order of the system, The following
polynomials are used '

Bz = 2 - 2"

The results are tabulated below

Table 3. Illustrates how the computing time depends

on the order of the polynomial.

Order of polyndmial Compurting time Example
2 0.1 19
i 6.7 20
-6 2.4 21 .
8 3.6 T2z
10 7.0 23




-IYPE DEGREE

£ EXAWMPLE 12
: TYPE COEFF OF B
" iB 2,
4 IYPE EFS
#i aE"4
THE ORIGIHAL POLYHOMIAL I8
1. 89086 2.08068 2.5608
THE FACTORED POLYNOFIAL I8
g 1,9999 2,0606 1.202%
! HUMBER OF TTERATIGHNS = 15

5 COMPUTING TIME 3.1 SEC
DO YOU WANT COVARIANCE MATRIX YCES) OR H(O
i

TYPE DEGREIE
#
4 EXAMPLE 29
TYPE COEFF QF F
#E 2 9 4.

. TYPE EFS

#l.e-4 ) :
THE ORIGINAL POLYHORIAL I
}.@86Ee  2.22%¢ @ ”?Jﬁ LAAEE 4, 3090

THE FQCTG\Eﬁ FOLYNORIAL
4&&2)?;’? .r:jgr«‘vi)l-g Je..ﬁf’l'?
BUFBER OF ITERATIONS =

ot
»—-;-qNS_&m”:‘JLn
"3’

CORPUTING TIFE N SE&
D0 YOU WAHNT COVARIANCE MATRIX Y(I%) DR ECC
I

TYPEZ LDEGREE
& EXAMPLE 21
1YPE COEFF OF B
B R 2 8 8
TYPE EPS
#lsE“-@
THE ORIGINAL POLYHOMIAL IS
1,600 €.9838 5.0060 9.3000 €.008% ©.0040 8. 8003
THE FACTORED POLYNOMIAL IS '
E.0000 ¢.0000 @.2€3¢ @.05089 ¢.8000 O.2C€B0 1.,20822
NUMBER OF ITERATIONS = 25
COMPUTING. TIRE 2.1 BEC
DO YOU WANT COVARIANCE MATRIX Y(ESY OR H(OD)
[ .




DEGHEX

<

-
¥

Y

T

it

€ EXAMPLE 22

TYPE CQEFF GF b

#EE € 2 3 4 arN 16,
‘_{ &

it
T

HE OSIG IRAL POLYHOIMTAL IS
{089 G,E8223  §5,.08%9  2.000%  B,BE2E 5,0805

THE FACTORED PDi’“UVI@L IS

135§?39 C.E0TE H.A%FT G,90%8% 3,2905  #,AZR%
HUMBER OF TTERATIONS = &%
COMPUTIRG TIHZ 3.6 SEC
%G YOG WARET LbXH?}&HCE RATRIX Y

EXAUPLE 23
. COEFF OF B
-3

2 4 8 8 32,

THE ORIGIMAL POLYHOMIAL IS
| .0g88 ¢.3693 2.09%8 C€.009% ©,3078
G.5008 32,8238

THE FACTORED POLYNOMIAL IS

S2,0038  2.0890 3.,7080 $.7702 30878 §.4084
2,600 | .0088

HUNMBER OF ITERATIOQNS = 51 :

COMPUTING TIRE 7.8 SEC

DO YOU WANT COVARIAMCE MA&TRIX Y(ES) OR N(O)

H :

&
&
L]
el
faonl
]
s

P
b4
)
=
)

-

o)
&

s
<

*

G.0088 4



