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DESIGN OF LOW ORDER APPROXIMATELY LINEAR PHASE IIR FILTERS

B.K. Lau and V. Sreeram

Department of Electrical
and Electronic Engineering
University of Western Australia
Nedlands, WA 6907, Australia.
e-mail: sreeram@ee.uwa.edu.au

ABSTRACT

In this paper, a new method for the design of ap-
proximately linear phase IIR filters is proposed. This
method is based on first designing an asymmetrical FIR
filter which is approximately linear phase and then de-
riving a low order approximately linear phase IIR filter
by model reduction technigues.

1. INTRODUCTION

Linear phase digital filters are important in the distor-
tion free transmission of signals. This means that all
signal components in the frequency domain are delayed
by the same amount by the filtering system. This re-
quirement can be easily satisfied by FIR filters whereas
IIR filters can at best achieve approximately linear
phase response. Although FIR filters are superior to
IIR filters in this respect, FIR filters tend to be of much
higher order than IIR filters satisfying the same mag-
nitude characteristics, especially for the case of highly
frequency selective filters. Highly selective filters are
characterised by narrow transition regions or equiva-
lently, sharp rolloffs between passband and stopband
regions. In order to take advantage of this characteris-
tic of IIR filters, many approaches have been proposed
to design low order IIR filters with approximately lin-
ear phase in the passband.

One earlier approach is known as the equalization
technique. This involves first designing an IIR filter
that meets the magnitude specifications. Optimization
techniques are then applied to design allpass equalizer
stages connected in cascade with the IIR filter in or-
der to correct the phase response [3, 2]. Another ap-
proach is to design IIR filters directly using optimiza-
tion methods to meet both the magnitude and phase
specifications simultaneously [4]. More recent approach
makes use of model] reduction techniques from control
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theory to design such filters [9, 6]. In this approach,
a linear phase FIR filter which satisfies the magnitude
specifications is first designed. This filter is then re-
duced using model reduction techniques to obtain a
low order IIR filter which meets the original magni-
tude response specifications while maintaining an ap-
proximately linear phase characteristicin the passband.
This technique gives better results than the equaliza-
tion approach in terms of the filter order. The or-
der reduction can improved slightly further by using
frequency weighted model reduction techniques [8] as
shown in [6]. Signficant order reduction is very to diffi-
cult to achieve for original FIR filters with symmetrical
impulse response characteristics. This is because the
energy in the impulse response of such filters is con-
centrated away from the discrete time instant & = 0.
Model reduction techniques works well when the en-
ergy of the impulse response of the original system is
close to k = 0. This is the case for systems we come
across in control systems. Significant order reduction
can be achieved if the original FIR filter has asym-
metrical filter coefficients with most of its energy con-
centrated near the time instant & = 0. In this paper
we propose a method for designing such filters and we
then use model reduction techniques to obtain low or-
der IIR filters which satisfy the magnitude specifica~
tions while maintaining approximately linear phase in
the passband.

2. PRELIMINARIES

Consider a stable single-input, single-output (SISO)
discrete system having the following minimal realiza-
tion

z(k + 1)
y(k)
where z(k) € R™.

Az(k) 4 bu(k)
cz(k) + dulk)

1l



An FIR filter with the following transfer function
N
H(z) = Z: hizt
i=0

can be represented by the following state-space model
(known as controllability canonical form [7]):
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Definition 1: The impulse-response Gramian for a sta-
ble discrete SISO system is given [9] by
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is the impulse response of the system. This Gramian
can be computed easily by solving the following Lya-
punov equation:
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where {A,b,¢é} is in controllability canonical form [7]
given by
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and T is the controllability matrix given by
T = [bAb...A" '}
Given the original system {A4,b,c,d} the reduced

order model {A4,,b,,c,,dr} can be obtained using the
following steps:

Step 1: Compute the impulse-response Gramian, P, for
the system {A4,b,c,d}

Step 2: Compute the orthogonal matrix L which diag-

onalizes P.
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where
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are the eigenvalues of P.

Step 3: Transform and partition the state matrices
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to obtain the reduced-order model, { A;, b, ¢, d-}
with

-AT = Alls bf=b11 and Cr =C1, dr"_-d

3. THE MAIN RESULTS

In this section, we propose a technique for designing
asymmetrical FIR filters which satisfies the magnitude
specification while maintaining approximately linear phase
in the passband. As explained in the Introduction, the
motivation for designing an asymmetrical FIR filter is
to obtain significant order reduction in the model re-
duction process. Once the asymmetrical filter is de-
signed, a low order IIR filter with approximately linear
phase in the passband is obtained using the model re-
duction technique [9] given in Section 2.

3.1. Asymmetrical FIR filter Design

The design of an asymmetrical FIR filter begins with
the design of a symmetrical FIR filter satisfying the
given specifications. Many design techniques such as
window techniques, optimization techniques are avail-
able for the design of symmetrical FIR filter.



Using the symmetrical filter, the asymmetrical fil-
ter is obtained with the shift, truncate, and zero pad
technique. The shifting process involves shifting the
impulse response coefficients of the filter to the left so
that the filter becomes anticausal. The truncation pro-
cess involves truncating the anticausal part of the filter.
The zero pad process involves padding the filter to the
right by zeros so that the order of the filter is restored
to the original order. To explain the above procedure
let us suppose the original filter of order N + 1 is de-
scribed by

H(z) = [hu h] hN]

Shifting by k places yields the following anticausal filter

Hoz) = [ho by ... Bn]| 1

z—N+k

The truncation process yields the following causal filter
of order N — k:

1
1
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Finally, after the zero pad, the order of the filter is
restored to N + 1 and the filter is now given by

Hyzp(z) = [ & hny 0 ... 0]

-N

It can be easily shown that the asymmetrical filter,
Hgt.p(z) obtained by the above process has approx-
imately linear phase characteristics in the passband
if the coefficients corresponding to the first two main
lobes of the sinc function are retained. This asym-
metrical filter generally does not satisfy the magnitude
specifications of the original FIR filter. Using this fil-
ter as the initial guess of an optimization procedure,
the final asymmetrical filter which satisfies the mag-
nitude constraints and has approximately linear phase
characteristics in the passband can be obtained.

The objective of the optimization procedure is to
find the asymmetrical filter coefficients h by minimizing
the performance criteria given by
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where 2, and Q, are the passband and stopband re-
gions respectively, g.(.) is a smoothing function:
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and M(h,w) is the magnitude response of the filter
given by:
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The constants §; and & are g‘ivén by
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where A, and A, are the maximum passband ripple
and minimum stopband attenuation respectively. The
algorithm proposed in [5] is used here for the minimiza-
tion. At each iteration J(h) is checked against the sat-
isfaction of the following magnitude constraints (over
a fine grid of the regions of interest):

[M(h,w)] — (1+6) <0, weQ,
(1-6) = [M(h,w)] <0, we,
[M(h,w)] -6 <0, weQ,

There are cases where this optimization procedure
finds local solutions which do not satisfy the magnitude
constraints. In all such cases, the violations are near
or at the stopband edges. In such situations, different
local solutions which satisfy the constraints must be
sought. Techniques that are used to to do this are: (i)
include extra terms together with appropriate weight-
ings at the stopband edges or peak of side lobes to
force the satisfaction of constraints, (ii) include extra
integration terms together with appropriate weightings
where violations occur, (iii) random perturbation of the
solution by adding on to the existing solution a vector
of generated random numbers (scaled appropriately)



and optimize again with this as the new starting guess
in order to find another local solution which hopefully
would satisfy the constraints, and (iv) additional zeros
may be added to the right of the existing filter coeffi-
cients and the optimization procedure is repeated. The
addition of zeros will allow the magnitude constraints
to be satisfied more easily since there are now more
coefficients to achieve the same purpose.

4. EXAMPLE

Specifications for a lowpass filter are given in the fol-
lowing Table:

A, dB) |01
A, (dB) | 40

wp (rad/s) | 0.3
w, (rad/s) | 0.4

In the table the frequencies have been normalized
with respect to sampling frequency, i.e., Orad/s <w <
1rad/s and sampling frequency is taken to be 2.0 rad/s.
In the first step a 54th order linear-phase FIR filter was
designed to meet these specifications using the Kaiser
window technique [1]. This symmetrical filter was re-
duced directly using the model reduction technique of
Section 2. The lowest order IIR filter to satisfy the fil-
ter magnitude specifications, we could obtain was 16.
However, using a 54th order asymmetrical filter de-
signed using the proposed technique, we were able to
obtain a 10th order IIR filter which satisfied the filter
magnitude specifications. Therefore the order reduc-
tion obtained using asymmetrical FIR filters is consid-
erably higher than the order reduction obtained using
symmetrical FIR filters.

5. CONCLUSION

In this paper, a technique for designing low order ap-
proximately linear phase IIR filters is proposed. This
technique is based on first designing an approximately
linear phase asymmetrical FIR filter which satisfies the
magnitude specifications and then obtaining the low
order IIR filter using model reduction techniques. Nu-
merical studies indicate that the order of the IIR filters
obtained using asymmetrical FIR filters (as proposed
in the paper) is considerably lower than those obtained
using symmetrical FIR filters.
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