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Abstract—A classical linear programming approach to optimization of
flow or transportation in a discrete graph is extended to hybrid systems.
The problem is finite dimensional if the state space is discrete and finite,
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It should be noted that there is a close connection between optimalt) € ., C R™?. The usage of the system description (1),
control and reachability. A control system can be extended with an extrawever, will simplify notation.
state that integrates a cost along the trajectories. Hence, a certain comdso, the possibility oktate jumpg4], [7] has been omitted to keep
trol cost is achievable if and only if the corresponding state in the ethe notational complexity at a reasonable level.
tended system is reachable. Conversely, reachability of a certain state
can be investigated by solving the optimal control problem to get there . HYBRID DYNAMIC PROGRAMMING

in minimum time. Verification (reachability analysis) of discrete-event
( y ysis) eProposmon 1: Let X = UL, X whereX,,..., Xy are closed

systems and timed automata is an extensively studied topic in comput
science [1], [3], [11]. fyhedra with disjoint interior, witld), €2., €2,., f,, andv defined as

Lately, various efforts have been made to extend the classical opti Pefmmon Llets : X xQx@Q (0, OQ] and forg € @ let
control methods to hybrid systems. Hybrid versions of the maximu t X X Qu = [0,oc]. Suppose thati € C'(Xx x Q,R) with
principle have been presented in [13], [16], and [17]. Dynamic pro/ (” 9) = Vi(r,q)fore € Xe NXj, ¢ € Q. LetyYy CV C
gramming for hybrid systems is discussed in [4] and [7]. In this not?~| x Q and‘f .q) = Vi(z,q) for z € Xy, ¢ € Q. If for aimost all
it is shown how strict lower bounds on the optimal-loss function ca q) € Y\Yu
be computed by gridding the continuous state space and restricting the
linear program (LP) to a finite-dimensional subspace. Upper bounds 0<
can be obtained by evaluation of the corresponding control laws. Com- 0 <3 ) VoV ’ ) )
putational examples are given with up to three dimensions in the con- <V v g, ) (2.q) + s(x.q. v(x, q. 1)),
tinuous state space. B EQ, (5)
In the following, the set of all integers will be denot&d The set of 0>V (xnr, quvr) Y (i, qu) € Yar (6)
strictly positive real numbers will be denot®&i".

-

v (2, q) fo(w,u) +1,(2,u), u € Qy 4)

then
Il. PROBLEM FORMULATION

Definition 1: Let Q and{2, be finite sets, whileX C R” and 'tM, B w4 dt X (1 ;
Q. CR™ Letr : X x Q x 2, — Q and for everyg € Q let J,, o (@), u(H)dt + Zs(ﬂ/(/k)’q( k)s
fq: X x Q, — R". A solution (trajectory)of the hybrid system v(e(tr)s q(ter)op(te)) > V(e(to), alto))

{ ( ) = falw,u) (1) for every solution to (1) that is containediAwith (z, ¢)(tix) € Yas.
(1) = v(a(t), q(t7), u(t)) O
Proof: Letd(-) andji(-) be control signals that drive the system
from the initial state(zo, q0) € Y at timeto to (zas, qns) € Y at
timety . Leta, = ‘L(tk) anqu. = q(f),tk <t < tpgi- Then

will be defined, givenu : [to, tu] — 2., a finite sequence of real
numbersto < t1 < t2 < --- < tar, @andy : [to, tar] — £, constant
in each intervalt, t5+1).

The pair(x, ¢), wherex : [to, tam] — X is absolutely continuous

andq : [to,tnm] — @ is constant in each interv@y,tiy1), k = J (2o, qo, 0(-). ii(-), tar, M)
0,1,...,M — 1, is called a trajectory of the hybrid system (1) if Ml fk+1
Z/ g, (®,0)dt
B(t) = fon(w(t), ult)), for almost allt € [to, tar]
q(t) = v(x(t), q(t), u(t)) = q(tr), t € (thytrg1) N
« , + s(@py qr—1, (T, g1, it
q(tit1) = v(z(terr) q(te), u(te)), k=0.1,...,.M—1 ,;S(lk/qk vl g f0))
@ WS oy
holds. _ o - >N / = S (@) foy (2, @)t
Note that the second equation of (1) gives riseatdonomous = )i, Ox
switching in pointg«x, ¢) wherev(x,q, ) # ¢,V 1 € Q.. The time M
argument_will often be omitted_in the §§qgel. . + Z (V(eh qimt) — V(ew ai)}
The optimal control problem is to minimize the cost function 1
M—1
~tar — 7 e — V. )
T (20, go, u(-), u(+) s tar, M) :/ Ly (2 (t), u(t))dt = ; {V(er, qx) = V(e q)}
M fo M
+ S se(te).alte ). v(a(te). gt ). u(t) ) 2 (Ve ae) = Vireae)}
1 k=1

= V(xo,q0) — V(xs, qar) = V(xo, o).
with respecttoi(-), 1(+),tar, andM subjectto (2) given an initial state

(0, qo) attimety, and a fixed set of possible final statés, ¢)(tir) € O
Yu C X x Q. For the purely discrete case, the value function

The functions(z, ¢, ) > ¢ > 0 is a cost for switching from discrete
stateq to r, the continuous part being just before the switch. Note V*(z.¢)=  min J(xo, qo.u(-), p(-), tar. M)
thats(-) > = > 0 limits the number of jumps in solutions close to u()on () tar M
optimality.

The framework developed in this note would also allow theatisfies the linear constraints (5)—(6), iip V' = V. Continuous
number of continuous states to vary with the discrete mode accordiignamics adds difficulty, however, and the aforementioned bound may
0 &,(t) = fyuy(aq(t),ug(t)), wherex,(t) € X, C R, ingeneral notbe tight, i.esnp V(z,q) < V*(x,q).
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For purely continuous systems, conditions for tightness have bemdstvjk € Rfor (j,k,q) € I(Y) andAgk € R? for (j,k,q) €
derived in [19]. The theory needed, however, is quite advanced andidii"\ Y, ) that satisfy (16)—(20) then
extension to the hybrid case falls outside the scope of this note.

fas M
l (t), u(t))dt (), q(tr—
IV. DISCRETIZATION /fo (@), ult))dt + ,;S(l( ehalti)
Utilizing a computer to solve (4)—(6) for a specific control problem, v(z(te), q(tk—1), p(tr))) > V(x(to), q(t0))

a straight forward approach is to grid the state space and require the ) ) ) o )
inequalities to be met at a set of uniformly distributed pointg’in for every solution to (1) that is contained¥awith (, ¢)(far) € Yar.

This approximation will, however, not guarantee a lower bound on the o
optimal cost, unless the nature f andV betweerthe grid pointsis ~ Remark 1: Any function that meets the constraints, even the trivial
taken into consideration. choiceV(x, q) = 0, is a lower bound on the true cost. Thus, to yield
For uniform gridding ofR?, let useful bounds} (x, ¢) needs to be maximized subject to (16)—(20).
The maximization could be carried out in either several point¥ in
xjr = jher + khes, . keZ;, heR" (7) simultaneously (by maximizing the sum of the value function in several

points(x;k,q) € Y) or in one pointxo, g0) € Y.
wheree, ande; are unit vectors along the coordinate axes, /amlthe  For the discretized problem, different choices of maximization cri-
grid size. Also, let teria may lead to different results, and it would be interesting to con-
struct an example where this difference is significant. Experience from

X8 ={aj + frher + O2hes s —1 < 6 < 1) (8)  examples shows, however, that the difference between the results of a
(f"'") =  min  (fy(x,u)), (9) single-point and a multipoint maximization is often small, making it
T eeXIhuen, possible to compute the value function in a large subsét eblving
(7(]:{) = max (fq(x,u)), (10) onelLP.
i wexTRuen, Remark 2: The restriction(z, ¢)() € Y in the optimal control
pr = min_ 1, (w,u) (11)  problem is essential. It may happen that for some initial statekere
L eme exist no admissible solutions insid& The maximization o (o, g0 )
Vi" =Vixik, a) (12)  can then lead to arbitrarily large values.
AVt _Viwjr + heisq) = V(xjr. q) (13) _ Remark 3:The theorem is easily extended ®". Define
! h j = (1.2, -..,jn) and exchanggk for the new multi-indey in the
ATt _Vi@ir,a) = V(wjr = hei,q) (14) Previous inequalities. The limits of all summations and enumerations

h should also be adjusted. Section VI shows an examp’in

. -7k : / rik _
where(-); denotes thé:th vector component of ). P,'E?ﬂ')kASS””?i thatr € ,7(%+]1)' NOtl_ng that. _Aﬂq] =
Ford ¢ R? x @, define the index set AV T AoV = Aaly , the inequalities (16)—(18)
taken at grid pointgk, j(k + 1), (j + 1)k, and(j + 1)(k + 1) give
I(A) ={U. k. li k €Z, ¢ € Q, (xjr,q) € A} (15) " .
0 <far(, )ALV + foa(z, w)AV)" + 1 (z,u) (22)

One possible finite approximation of (4)—(6) is then given by 0 < for (2, w) A Yk
<far(z,u f
0< (), + (M), +i + hiz(r 8V 1y (o) @)
(k) €T0N\V) (16) 0 <fnlm )2y
() <(F9) A + Fial ) 82 VI 41, ) 24)
TN S o 0 < for (z,u)Aq V4D
i €{-2,-1,1,2}, (j,k,q) € I(Y\Yum) (17) + fpol 'U)AvV(jJrl)k +1,(x,u) (25)
. g N . q hadh) <z q 9 .
() <(7h), A '
Il I . s The gradient of is given by
i€{-2,-1,1,2}, (j,k.q) € I(Y\Yu) (18) _
0 SVI/](lz‘jk,w) - Vq]k + s(zjn, g, v(zjn, g, 1)) ov,  [@a- 92)A1quk + b’zAﬂ/rq](kJr)l) d
.. — y 1k A(F+DE
(okog) EXV\Yu), € (19) O~ (1= 1) 22V + 6182V,
0>V/* (k) € I(Yur) (20) ' and, thus, adding (22)—(25) weighted with—6, )(1—f5), (1— 81 )62,

61(1 — 62), andf+ 62, respectively, proves that (4) is met fer The
inequality (5) holds sincé” is a convex combination of grid points
%hat all meet (19), and (6) is the same condition as (20). O
Note that the minimization/maximization in (9)—(11) is in general
not convex. However, Theorem 1 can be applied with any upper and
lower bounds ory, and!, and such bounds are often easy to obtain.
Also, note a special case in which the burden of the local optimiza-
tions in Theorem 1 is lightened: if,(x,u) = hq(x) + g4(2)u and
Vi g) = (1— 1) (1 — 62)V7* + 6, (1 - 92)‘,,;(1+1)k lf,(x,'u)-:. 0q(z) + mq(x)u while ,, = [fl,’i],t_r}%nu caqkbe en-
(1 91)92W(k+1) o6, VUG, 21) tirely ellmlnated from (16)—(18) by replacmg; , [, v andZ® with
! ! JEAE AN Eff + 7", ando!" & mJ*, respectively. This will double
Theorem 1 (Discretization iR? ): Define®@, ., Qu, fq,v,Y,and the set (q)f equations (16)—(18), but the functiégsg,, o4, andm, are
Y as in Proposition 1. With definitions (7)—(15), and (21), if ther@ptimized overX’* solely.

whereX)* € R” for (5. k,q) € I(Y\Yu).

The constraints (16)—(18) form a combination of backward and f
ward difference approximations of (4) where the variahg%, whose
i:th component is an approximation @V;/* /9. f,, is used to pre-
serve the lower bound property of the continuous inequality.

Forxz = xj, + #1her + O2he2, whereO0 < §; < 1, define the
interpolating function

q !
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Fig. 1. Gear profiles for the truck.

V. COMPUTING THE CONTROL LAW

Provided that the lower bourd is a good enough approximation of “

the optimal cast, the aptimal feedback control law can be Ca'CU'atedﬁS. 2. Phase portrait of; andz, under simulation. The solid line shows

— oromin {2V (o - where gear number one has been used and the dashed line shows the second
w9 = aéz?%jn {5 (o) fy(xoa) +1g(2,0)} 5 gear. The initial point is marked with a square.
wlz,q) = argmin {V(z,v)+ s(z,q,v)} (26)
REQ, |TE€S, 1.5 T T | T T T

wherev = v(x,q, it). Note that the discrete input is chosen such !

that switching occur whenever there exist a discrete mode for whic
the value function has a lower value than the cost of the value functic™
for the current mode minus the cost for switching there.

Consider the true optimal value functidn*. For those(x, ¢,r)
where the optimal trajectory requires mode switching, (4) will turn tc
equality, i.e.,V*(z,q) = V*(a,r) + s(x,q,r). A consequence of
this is that for (26) to describe correct switching between the mode
s(x, q,¢) has to be defined agz, ¢, q) = £ > 0 (rather than the nat-
ural choices(x, ¢, ¢) = 0). ForV'™, the proper control law is achieved
asz approaches 0. A small value ofuffices, however, for numerical
computations.

In practice, it is suitable to discretize v« into
O = {ui,ua2,...,u.} C Q.. Then, for each grid point’*, the
problem is to findu2® € €, andp’* € €, offline that minimize
(26). Online, during controlu(x,q) and u(x,¢) are obtained by
multilinear interpolation analogously to (21).

The choice of2, may be crucial and is often a trade off betweeffrig. 3. Plot of spring tensiofw;) and the continuous valued control signal
speed of computations and how close to optimal the result will be. FHp-
time optimal control problems where enters affinely, however, the
control signal only assumes its extremal values.

12 T T T T T T

0.8
0.6
u

t

The objective is to bring (27) t&; = {(0,0)} in minimum time.
Torque losses when using the clutch call for an additional penalty for
gear changes. Thus, the terms of (3) have been choskiuas) =
L(z,u) =1, s(x,1,2) = s(x,2,1) = 0.8.

Since it is difficult to visualize the three-dimensional value func-

The applicability of the theory is here illustrated by an example ity it is not shown here. A feedback control law is derived from the
three continuous states (see [10] for additional examples). Considerjif,e function, however, and results from simulations using this law

VI. NUMERICAL EXAMPLE—A TRUCK WITH A
FLEXIBLE TRANSMISSION

system are shown in Fig. 2.
i = 2o With the current cost function, it is obvious that whenever a gear
iy = '%(_c_rz + kas) 27) switch is required, it is optimal to switch at the speed of equal effi-

ciency between the geafs. = 0.7). This action can be noted in the
figure when switching from the first gear to the second. The switch
The three continuous states of the system could be seen as positiack to the first gear during the deceleration phase, however, occurs in
(1) and velocity(z:2 ) of a truck, and the rotational displacement of itshe simulation at a much higher (nonoptimal) speed. This is a reason-
transmission shaftrs). There are two discrete modes correspondingble approximation error though, since the deceleration power is small

iy = —wo 4 22422)y ¢=12-01<u<ll.

to different gears of the truck; the input throttles weighted byy, ()
which represents the efficiency of gear numéperhe weighting func-
tions are plotted in Fig. 1.

All the constants (the mass of the car, the frictional damping:,
and the spring constant of the transmission shpére set to one.

(u = —0.1). The difference in cost depending on how early the gear
switch is made, is low compared to the total cost.

Fig. 3 shows how the rotational displacement of the transmission
shaft varies with:. The spring tension builds up during the acceleration
phase (approximately < ¢+ < 4.3) and is then released.
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An upper bound is obtained by integrating the cost along the simufl4] S. Rachev and L. RuschendoMass Transporation Problems New
lated trajectory, starting in; = (-5, 0, O)T, ¢; = 1,is 8.5. The lower York: Springer-Verlag, 1998, vol. |, Theory. Probability, and its Appli-

; o cations.
bound given by the value funcion is 7.9. [15] A. Rantzer and M. Johansson, “Piecewise linear quadratic optimal con-

trol,” IEEE Trans. Automat. Contipp. 629-637, Apr. 2000.
[16] P. Riedinger and C. Jung, “Optimal control for hybrid systems: An hys-
VIl. CONCLUSION teresis example,” ifProc. IEEE Int. Conf. Systems, Man, and Cyber-

. . . netics vol. 1, 1999, pp. 188-193.
This note presented an extended version of the Hamilton—J 7] H. J. Sussmann, “A maximum principle for hybrid optimal control

cobi-Bellman (HJB) inequality to be used for optimal control of problems,” inProc. 38th IEEE Conf. Decision and Contydi999, pp.
hybrid systems. The extended version constitutes a successful mar-  425-430. _ _ -
riage between computer science and control theory, containing pufé8] V- I. Utkin, “Variable structure systems with sliding modesfEEE

. ) . . . ) . Trans. Automat. Contrvol. AC-22, pp. 212-222, Apr. 1977.
discrete-dynamic programming as well as pure continuous dynamlﬁg] R. Vinter, “Convex duality and nonlinear optimal contrdblAM J. Con-

programming as special cases. trol Optim, vol. 31, no. 2, pp. 518-538, Mar. 1993.
The extended HJB inequality, which gives a lower bound on the

value function, was discretized to a finite, computer-solvable LP that
preserves the lower bound property. Based on the value function, an
approximation of the optimal control feedback law was derived.

A problem with DP is the “curse of dimensionality,” an expression

coined by Bellman, the inventor of this method. Since the cost for @utput Violation Compensation for Systems With Output

family of trajectories is computed (rather than a single trajectory as in Constraints
the Pontryagin maximum principle), the problem grows exponentially
in the number of states. Matthew C. Turner and lan Postlethwaite

The advantage with this method, however, is its applicability and
ease of use for low-dimension systems. The discretization method pre-

sented in this note allows problems with up to three continuous statesAbstract—The problem of output constraints in linear systems is
on a 336-MHz Ultra Sparc II con5|d(_ere_d, gnd a new methodology which helps _the clos_ed loop respect
) . these limits is described. The new methodology invokes ideas from the
A set of MATLAB commands has been compiled by the authors ttiwindup literature in order to address the problem from a practical
make it easy to test the aforementioned methods and implement it of view. This leads to a design procedure very much like that found
examples. The LP solver that is used is “PCx,” developed by the Qpantiwindup design. First, a linear controller ignoring output constraints

timization Technology Center, lllinois. The MATLAB commands ands designed. Then, an additional compensation network which ensures
at the output limits are, as far as possible, respected is added. As the

i %
a manual of usage are available free of charge upon request from Kstraints occur at the output, global results can be obtained for both

authors. stable and unstable plants.
Index Terms—Linear systems, output constraints, saturation.
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