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PARAMETRIC IDENTIFICATION OF MULTIPLE INPUT, SINGLE OUTPUT
LINEAR DYNAMIC SYSTEMS &

I. Gustavsson

ABSTRACT

In this report a program package for identification by the
maximum likelihood method is prééented. The program can be
used to compute mathematical models of variocus industrial
processes. The application is limited to linear, single-

output, time-invariant dynamic systems with normal distur-

bances having rational spectra.
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1. INTRODUCTION

In this work a program package for identification of an in-
dustrial process by the maximum likelihood method is described.
The program produces a mathematical model of the process and
its disturbances from given input/output samples. Application
ig limited to processes that can be described by a linear,
single-output, time-invariant dynamic model with normal dis-
turbances having rational spectra. Five input signals can be
handled by the program. The program is written in FORTRAN for
a CDh 3608 ccomputer. Core storage requirement for this version
is 17.5 k words. The program package has been tested both for
artificially generated data and for data from industrial pro-
cesses and has produced reasonable models. In this work only

a few test examples are presented.

Tn section 2 a review of the maximum likelihood identificaticn
method is given. Computational aspects on the calculation of
the gradient and the second partial derivatives of the loss
function are given in section 3. Section Y4 contains descrip-
tion of the different subroutines in the program package and
the use of the programs. Two test examples are given in sec-
tion 5. Some improvements of the programs are proposed in sec-

tion 6.




2. STATEMENT OF THE PROBLEM AND ITS SOLUTION, A SUMMARY

The identification procblem is:

Given the input/output samples {ui(t),i = 1,2, .,m,y(t)st =
1,2,...,N}, where ui(t), i=1,2,...,m are the m input signals
and y(t) is the output signal, find an estimate of the parame-
ters of the system model

-1 o -1 -1 -
A(z Dy{t) = & B.{z Tu.{t)y + » Clz ) e(t) (1)
i=1 * *
e{t) is a sequence of independent normal (0,l) random variables.

z denotes the shift operator

z x(t) = x(t+l} . (2)
Alz), Bi(z), i=1,2,...,m, and C{(z) are polynomials
ACz) = 1 + a;z + ...t oa z"
n
- n - -
Bi(z) = biO thigz t o binz i=1,2,,4.,m (3)
C(z) =1 + ¢z + ,.. + ¢z
- 1 n

We assume that the functions A(Z_l) and C(z_l) have all their
zercs insides the unit circle and that there are no factors

1

common to all the polynomials A(Z—l), Bi(z_ ), 1 = 1,2,...,m

and C(z_l).

A more detailed discussion of this model is to be found in re-
ferences {10} and {11} where the single input/single output

case 1s considered,

The problem is thus the identification problem of a general,
multiple input (m inputs), single output, linear discrete time
dynamical system with normal disturbances having rational spec-

tra. This is obvious if we consider the model

X1
m B.(z ) ®o0-1
g = 3 e u () b B et (1)
i=1 Ai(z ) D (z )
where AE(Z), B;(z), i =1,2,...,m, C°(z) and D (z) are polyno-

mials. The spectrum of the disturbances of the cutput is

2 C (2) c iz

b % LT (z = eim) (5>
D (z) D {z )

where




C"(z_l) and D"(z_l) have no common factors , and the discrete

time transfer function from input i1 to the output is

3G
A;(Z—l)
%1, . %1 )
Ai(Z ), i =1,2,...,m, and D (z ) may have different orders.
A;(z_l) and B;(Z—l), i=1,2,...,m respectively, have no common

factors. Writing (4) on common denominators we get a model of
the type (1). For the identification we can either choose model
(1) or model (4). Model (4) will result in a less number of
parameters to estimate. On the other hand this model will result
in a more complex algorithm. For ‘the program described in this
work the model (1) is used. Descriptions of programs using the

other model can be found in ref {2 7.

The problem is a nonlinear estimation problem. An efficient me-
thod of obtaining the maximum likelihood estimate - has been de-
scribed in ref {10}. In this work all formulas necessary for the
programming of the algorithm are given but the theoretical - part
of the sclution is only briefly described here. More detaills can
be found in ref {10} and {11}.

It follows from (1) that the residuals {e(t), t = 1,2,...,N} de-
fined by
-1 -1 m -1
Clz 7)Y e{t) = Az 7)) y(t) - Bi(Z ) ui(t) (6)
i=1

aré independent and normal (0,x). The logarithm of the likeli-
hood function becomes

1 N
L=-—5 r e (t) - N log » + constant (73

22X t=1

Maximizing this function 1s equivalent to minimizing the loss

function
N
vie) = £ & e2(t) (8)
2  t=1
where 8 1s the oolumnﬂvector (al""jan’le""’bln’bQU"'"
bmn,cl,...,cn). When &, such that V(&)#is minimal, has been

found, the maximum likelihood estimate of i will be



RO (9)
N
The maximum likelihood estimate is consistent, asymptotically

normal and efficient under mild conditions given in ref {11},

In order to minimize the loss function an iterative combined
Gauss-Newton and Newton-Raphson algorithm is used

Bk+l k 1

_ Ky g = Kk
= 8 - u[Vee(e )] Ve(e ) - (10)

whewe
V, = the gradient vector of=V(8)

Vgg = the matrixz of second partial derivatives of V(g)

o = scaling factor

bifferentiating (8) gives

N
oV . ¥ e (t) oe () (11)
a8 . t=1 90 .
1
2 N N 2
oV .y 3elt) de(®) . e () —delt) (12)
80, 2a6. t=1 90 . 90. t=1 96. 388.
1 1 1 J 1 ]

If only the first term of (12) is used in the iterative minimi-
zing algorithm we have a Gauss-Newton algorithm. It is used du~
ring the first iterations to secure convergence to a minimum.
This is not always true {1 }, but in most practical cases con-
vergence occur, Near the minimum a Newton-Raphson procedure is
used. This means that we use the whole expression (12) when we
compute the second partial derivatives. A rapid convergence near
- the minimum is thus achieved. The Newton-Raphson algorithm can
not be used far from the minimum because it may not converge from
a poor approximation. We denote the first term of (12) by the
expression "the approximative second derivatives" and analogous

the whole expression (12) is called "the exact second derivatives".

Differentiation of (6) gives the formulas necessary for the com-
putation of the first and second order partial derivatives of
e(t) with respect to the parameters.: The formulas are given in

rer {10} and will be given in the next section.




The minimizing algorithm becomes:

k O

1. Put 0 = 6 (starting value of ¢)
Evaluate Ve(ek) and Vae(ek)
Cic+
3. Calculate ek 1 and repeat from 2.
Putting c; = 6, 1 = 1,2,...,n we obtain in one step the least

sguares (or Kalman) estimate of ai,bki,k = 1,2,00e,my 1= 0,1,...
n. This estimate is then taken as initial value 6° of the mini-
mizing algorithm. By taking different starting values of Cso
i=1,2,...,n we investigate whether V(8) has several local mi-

nima.

For simplification of the program -the constant terms, b.

i=1,2,s40.,m, of the B-polynomials are put equal zero. This

b}

will cause no loss of generality, because we can handle this by
shifting input and output data one step. Shifting input and out-
put data also handles the case of time lags, that is when the
real model should be
-1 o -1 -1

Az DDy(t) = £ B.(z Hult-k.) + » C(z e(t) (133

. i i i

1=1
However, the time lag has to be a multiple of the sampling inter-
val. |

The parameter accuracy is also given because the information

matrix, 272 Veg» is estimated. We obtain
2 %2 ~y1-1
where o . is the standard deviation of the parameter 6. and

1~ - .
where {Vee(ﬂ)} ii denotes the element in the 1-th row and the
i-th column of the inverse of the matrix of the seccnd partial
derivatives. The standard deviation of the loss function is

~

AQ N/?2 and that of the parameter ) ig approximately i/ U2N.

The maximum likelihood methed provides a possibility to test the
order of the model. The identification i1s repeated with increa-
sing order. Let vV denote. the minimal value of the loss func-
tion for the n-th order model, It follows from {11} that the
parametexr es;imatei for a large number of data are asymptotically

normal (SO,A Vee ), where eo stands for the correct value of 8.




Assuming that asymptotic theory may be applied, we test the
hypothesis that the system is of order n, that is the null
hypothesis is

(eio stands for the correct value of Gi).

Then

-
F _ D ntk N (m+2) {(n+k) (15)

n+k,n (m+2)k

has an F((m+2)k, N -~ (m+2)(n+k)) distribution under null hypo-
thesis., When N is large (mt2)k - Fn+k,n ﬁends to a qudistri_
bution with (m+2)k degrees of freedom. For instance if we test
the model of order (n+l) with one input against the model of
order n at a risk level of 5%, the loss function has been signi-
ficantly reduced, if the test quantity becomes greater than 2.6.
Then the order of the model is at least (n+l). The test some-
times seems to give a too high order for the model of a real
process than is necessary, ref (4 }, { 5}. Other possibilities

to test the order of the model should also be used.




3. COMPUTATICNAL ASPECTS ON THE CALCULATTIONS OF THE GRADIENT
AND THE SECOND PARTIAL DERIVATIVES OF THE LOSS FUNCTION

From the equations (6), (11) and (12) it is obvious that we

must calculate the residuals, £(t), the gradient of the resi-

duals, E%éil , 1 =1,2,...,n{m*+2), and the second partial de-
1 ?
rivatives of the residuals, 9_e(t) i,y = 1,2,...,n(m+2). This

can be done very economically by choosing appropriate state
variables for the computation, and by performing the computa-
tions recursively, ref {10}. For large N the computations only

increase linearly with the order of the model,

Differentiating (6) gives

c(zty 2288 - -0 o
aa.
J
ez elt) - -3 u, (£) k= 1,2,...,m (18)
ab, .
X3
ety 2888 - 7
Bcj

The last equation of (16) can be differentiated once more:

2 - .
C(zmty —2elt) o -1-341 3e(t)
Bai acj aal
2 .
C(z_l) _87elt) _yi-3t1 selt) k = 1,2,...,m (17)
abki Bcj abkl
2 -
\F(ZMI) 8 e(t) | o -i-3tl 2e(h)
- aoi 3 Cj Bcl
where the relation
ae(t) _ -i+41 3e(t) _ 3e(t-i+l) i g t+1 (18)
Bai : aal aal

and similar formulas for the derivatives with respect to the
b- and c-parameters are used. The relation (18) is easily de-
rived from equatiocn (16). Notice that the second partial deri-
vatives of the residuals are zero if no differentiating is made

with respect to a c-parameter.




The first problem is the computation of the residuals from
equation (6). To carry out these computations we introduce

the following state variable representation of equation (6)

—cl 10 0 al bll
~C, ¢ 1 0 s b12
x(t+l) = X . . s ®(t)+ . y{t)- . ul(t) -
—cn_1 0o 0 . 1 a1 bl,n—l
—cn 0 0 O an bln
. 1
bm2 0
- v - . um(t) + . y{t+1) (19)
m,n-:l 0
0
m. n
and
e(t) = (1L,0,...,0,0) x(t)

Now it is very easy to perform the necessary computations. We
only need to save the vector x(t) and the last values of u,(t),
1=1,2,...,m and of y(t) in the memory. If we furthermore let
the vector x(t) have (n+l) components and put X 4q = 0 we can -
easily write the computation of the residual at time (t+1) as

a simple algorithm. In FORTRAN we get

X(N+1) = 0.
DO 1 I =1, N

X(1) = X(1) + Y
E = X(1)

where Y1, Ul, ..., UM denote the values of y(t), ul(t), Ceey
um(t) and Y the value of y(t+l). The other notations follow
straightforward from (19).




The problem of computing the derivatives remains. We now
introduce the following state variable representation of the

first equation of (16)

—c::L —02 - -t q —cl 1
1 0 +. O 0 0
x(t+l)= . . . . x(t)+ | . yv{(t) (20)
0 0 1 0 0
L _| |
and we get
ae(t) _ Xl(t)
da
1
2elt) = Xl(t—l) = Xz(t) ete
Jda
2
Put
—Cy -Cy .. “Cho1 "%
1 0 0 0
c : L] L] +
0 0 o 1 0

All the equations of (16) can be represented by state variables

in the following way.

C yv(t)

x{(t+1l)= . x(t)+

(21)




C denotes the matrix defined above. All other elements in the

matrix of (21) are zeros.

We have
9e ()

x.(t) =
1 98,
1

i=1,2,...,n(m*2)

Notice that -this last recursive equation can be iterated by

shifts and computation of

n
xl(t+1) = - .f c; Xi(t) + vyt
1=1
n
xk-n+1(t+l) = - iil cy Xk-n+i(t) - uk(t) k = 1,2, il
n
X(m+l)n+1(t+l) = - iil cy X(m+1)n+i(t) - e(t) (22>
because
xz(t) = xl(t—l) etc,

Now we have all formulas we need for the computation of the loss
function, the gradient and the approximate second derivatives of
the loss function. For the computation of the exact second par-
tial derivatives of the loss function we also need the second

partial derivatives of the residuals, that is

Bze(t)
968.88.
7.

i,y = 1,2,...,n(m+2)

From the first equation of (17) we get

32e (1) _ B e(t-i-i+2) (23)

aaiacj Balacl

and similar formulas also hold for the other equations of (17).

Then this term is identically the same for elements<of .which the
sum of indices is the same. Then it is possible to compute the
differences between the elements of the matrix of the approxi-
mate second derivatives and those of the matrix of exact second
derivatives by computing only (2n-1){(m+2) terms. (The sum of
the indices is going from 2 to 2n, that is (2n-1) different

values).




The computations of these terms follow  the scheme that was
given for the gradient of the residuals, because equations

(16) and (17) are of the same type.

One problem remains, because we want to compute V(8), Ve(e)
and Vae(e) in a way that is as fast as possible, To do this
we sum up V, Ve and Vea recursively for t = 1,2,...,N accor-
ding to equations (B8), (11) and (12), Notice that N is gene--
rally much greater than n and then we can simplify the compu-
tation in the following way. V and V, are computed directly
from (6) and (11), but the computation of V,, can be simpli-
fied.

We have

3e(t) de(t)
1 a6 . 00.
1 J

(21)

N
[T

aeiaej appr s

that is the first term of equation (12).

Now for instance consider the upper left hand part of the

symmetric matrix Vee.




We have

82V

aalaal

¥ ae(t) 3e(1)
t=1 aal aal

N-n+3

N-n+2

32y 32y
Balaan_l .aalaan
2
3~V 32V
94 ~23a °0a 24a
n-~-2""n -
2
3"V aZV
aan—laa aa aa
-1
32y
aa_a3a
n n
N N
5 de {(t) de{t-n+2) 5 de{t) de(t-n+tl)
=1 aal 1 t=1 aal Bal
—n+
29 per) pe(e-1) Y () pe(i-2)
=1 Bal 1 t=1 Bal aal
-n+
12 e () 2e(t) N2 e () ae(t-1)
=1 aal t=1 aal Bal
N‘§+1 e (t) e (t)
t=1 sa 3a

1 1

From this we can see that if we sum up the n-th column of the

matrix from t

N-n+1l, we can easily get the other

elements of the matrix. For instance we get the element

32y

Ban_laan_1

2

A~V

2a_2da
n n

by adding one more term etc.

Similar simplifications can be made for the computation of the

other parts of the matrix. Furthermore the matrix is symmetric.

In appendix C schemes of the computations are given together

with an example for a third order model with one input.




4. PROGRAM PACKAGE

The program package has been designed to identify industrial
processes. A mathematical model according to (1) is construc-
ted. The program is written in FORTRAN for a CD 3600 computer.
The main subroutine in the package is called PROIDE (PROCESS
IDENTIFICATION). This subroutine needs the subroutines VV1V2
and GJRV and the integer function NSTABLE. The user has *to
write a main program containing input of data; data trans-
formations and a sequence of calls of PROIDE. However, in or-
der to simplify the use of the program package, two more sub-
routines, MISOID and RESTART, have been written. Using these
subroutines together with the rest of the package, the user
only has to write a main program containing input of data and
eventually shifts of input and output sequences. Below we
first describe the use of the program package when MTISOID and
RESTART are not used, and then the use of these subroutines

are discussed.

The program accepts data in the form of one dependent variable
(the output) and maximum five independent variables (the in-
puts). It produces the estimates of the parameters of the mo-
del (1) together with estimates of their uncertainties. Maxi-
mum order of the model is ten. The program accepts sequences
cof length N, as long as the product N{(m+l) is less than 6000,

where m is the number of inputs.

In the main program transformations of raw data have to be done.
The data for which the identification shall be performed must
have zero mean. This is arranged automatically when using MISOID
or RESTART but otherwise this transformation of data has to be
done. Sometimes there is a drift in the data and this has to be
removed by identifying the differences instead. Shift in data

is necesgsgary if there is an‘immédia%e‘responée to the input:i

(b; % 0) or if there are time lags in the process.




Use of program package without MISOILE or RESTART

Main program:

This program must contain
1. Program identifier,
2. The same COMMON block as in subroutine PROIDE.
3. Input data in the array DAT in order
ul(l), uz(l),..., um(l), y{1l), ul(Z), u2(2}, cees um(2),

v(2),. .0, ul(NP), uQ(NP), Cees um(NP), v (NP)

Before control is passed over to subroutine PROIDE, the data
must be transformed as to have zero mean for each signal.

Other necessary transformations of data must also be done

here,

L, Possibly’ v starting values for some of the parameters (in
the array C). Only necessary if the standard starting point
0% = (0, ..., 0) is not desired.

5. A call sequence

CALL PROIDE (-xol'g-..-- )

.

See next section.

6. FORMAT specifications for input data and requested extra
output (information about data etc.)

7. :CALL EXIT

8. END

SUBROUTINE PROIDE (NO,NI,NP,L1,L2,IT,ACC,ACCL,IPRINT,IERR):

This subroutine controls the iteration procedure. When called

it executes a number of iterations according to (10). Tests. of
convergence are included, Via the ¢all we can choose between
different estimates and different sizes of convergence para-
meters., The number of iterations, the starting value for the
iteration and the amount of printout from the program are also
determined by the parameters of the call. Furthermcre there is a

parameter controlling the convergence of the procedure.




The parameters of the call are defined as follows:

NO
NI -
NP .

L1

L2

IT

L2=0

IT=0
IT=1

. Order of system model (1} (=n)

Number of inputs (=m)

Number of data values (=N)

Parameter determining which starting value

8 shall have for the iteration.

An estimation of 6 is made starting from a
value of ¢ given in the main program (used
when restarting the identification, e.g. if
convergence did not occur).

An estimation of 0 is made starting from the
value of 8 which was obtained in the preceding
iteration.

A least squares estimation of a,,a

bll""
A least squares estimation of 2q,a

bll""bmn
O,cl,...,cn). The values of the c-coefficients

gareesd s
bmnis made starting from o = (0,0,...,0)
e eadrs

is made starting from 6 = (0,0,...,

shall be given in the main program.

Parameter determining the number of iterations
The iteration procedure continues until the
maximum correction of the elements of & is
smaller than a value given by ACC or if the
approximate second derivatives are used until
this maximum correction is smaller than a value
given by ACCl.

N iterations shall be made, but if the maximum
correction is smaller than ACCl and approxima-:
tive second derivatives are used-the control'is

given back to the main program.

Parameter determining whether exact or appro-
ximate second derivatives will be used (see
(123).

Approximate second derivatives are used,

Exact second derivatives are used.




"IPRINT

IPRINT=0
ITPRINT=1

IPRINT=2
IPREINT=3
IPRINT=Y4
ACC
ACCL.
IERR

TERR=1

IERR=2

IERR=3

IERR=0

Parameter determining the amount of output

from the program.
V and 6 are printed.
V, 8 and V, are printed,

V, 6, Ve, A and the standard deviations of the

parameters are printed (as well as NS and NH,

see below).,
As IPRINT=2 but (Vbe)_l is also printed.

As TPRINT=3 but Vee and the condition number

(see below) of this matrix are also printed out.

Parameter for convergence test. (See the ex-
planation of L2=N and L2=0).

Parameter for convergence test (see the expla=
naticn of L2=0).

Parameter determining the convergence of the

procedure,

The step length has been halved because no
smaller loss function was found. The step length
was halved when IT=1 until maximum correction

was smaller than ACC.

The maximum correction was smaller +than ACCL
when IT=0.

The C-polynomial was not stable in spite of
halving the step length so that maximum correc-

tion was equal to ACC.

If none of the above conditions are satisfied

IERR is zero.

A normal call seguence in the main program is:

CALL PROIDE
CALL PROIDE
CALL PROIDE
CALL PROIDE

(NO,NI,NP,1,1,0,ACL,AC2,2,IERR)
(NO,NI,NP,0,N,0,ACL,AC2,0,IERR)
(NO,NI,NP,0,0,1,ACL,AC2,1,TERR)
(NO,NT,NP,0,1,1,ACL,AC2,3,TERR)




where NO,NI,NP,N have given values. ACl and AC2 have to be
chosen appropriately, e.g. 0,000061 and 0,01 respectively. If
IERR is printed out after the last iteration one can determine

if the procedure has converged normally.

This call sequence first gives a least squares estimation of the
a- and b-parameters with the c-parameters equal zero. Then N
iterations using approximate second derivatives starting from
this point are performed if the maximum correction of the para-
meters has  not become smaller than AC2?. After that the proce-
dure will continue until maximum correction of the parameters

is smaller than ACl and these last iterations use the exact se-
cond derivatives. The last call will cause one more iteration
with exact second derivatives and will give a printout of the

inverse of the matrix of the second derivatives, Vee.

N is chosen as to secure convergence to the minimum point. As a

spruleN. canbe chosen a little less than the number of the unknown

parameters if data are not too bad. In certain cases N must be
30 or more to secure convergence. This depends on the data, on
the order of the system and on the cheoice of starting value.

It may Ee preferable to use the minimum point for the model of
order n as a starting value for the identification of the model
of order n+l. If N is chosen too small the exact second deriva-
tives are used before we have reached a point from which con-
vergence to the minimum point will occur. In this case we can
get convergence to a maximum point if there exists such a point
or extremely slow convergence. In such cases the identification
has to be repeated with the obtained parameter values as star-
ting values and using the approximate second derivatives for a

few more steps.

The subroutine PRO puts o« = 1 in the damped Newton-Raphson
algorithm

k+1 _ k ky,-1 k
8 = 8 - u[Vea(e )] Ve(e by

. . . o + .
If the loss function calculated in the new po:mt,‘_,’V(ek 1), is

. . +
larger than V(Sk), then the step length ¢ 1s halved until v(eite

)
is smaller ‘than V(ek) or until the maximum correction of the

coefficients 1s smaller than ACC. If this last condition is sa-




tisfied the iteration is stopped and "NO SMALLER LOSS FUNCTION
FOUND EVEN 1F STEP EQUAL ACC" is printed. The number of divi-
dings of step length by two is counted (=NH).

The step length is also halved and tested against ACC, if the

local gquadratic approximation of the loss function is bad. This

k+1

means that the new value of the loss function, V(9 ), is pre-

dicted from

k+1 L

V(e y = vee) + v, T a0 + L agTiv, (e a0
9 o 99
where T stands for transpose and where
+
ek 1k

AB = 0

Using (10) we get

k+1 1

) = V(ek) + =V T(ek)Ae
7 5]

Vpredicted(B
ktl, . . .

Then the value V(9 ) is computed and this value is tested

against the predicted value. If

ek+l

V( )

k+1
Vpredicted(e )
- the step length is halved and the same procedure is run through
again. The value 0.5 is chosen rather arbitrary. It must lie
between 0 and 1 and out of experience 0.5 seems to be a good
choice.

When ek+l

has been computed there is a test of the direction
of the change of the parameters. The direction is downhill
if and only if the quantity VBT(GK)AB is negative. If this is

not so, the direction is simply reversed.




Another test of the stability is also inciuded. Directly after
the corrections of the coefficients are computed, that is when

ky,-1 k
[V gCe)] V(o)
is computed, a stability test of the C-polynomial

n n-1
- + + ...+
Cl{z) = z CEZ C

if performed. The integer function NSTABLE will be zero if all
roots of C(z) = 0 lie inside the unit circle. If there is one

or more roots outside the unit circle NSTABLE is put equal -1.
If the Cspolynomial is not stable, the step length is halved
until the C-polynomial is stable or until the maximum correction
of the coefficients is smaller than ACC. The number of dividings
of step length is counted (=N38). If the last conditicn is satis-
fied the iteration is stopped and "NO STABILITY OF C-POLYNOMIAL
EVEN IF. STEP EQUAL ACC"™ is printed.

If exact second derivatives are used, and L2=0 and maximum ab-
solute value of the elements of

kKy-1 k
[V, (o] Ve (6
is smaller than or equal ACC, the iteration is stépped and "MAX
COEFFr CCORRECTION IS LESS THAN ... " is printed. This is the

normal output when the procedure has converged,.

In the program a so called condition number, M, is computed for

the matrix Vgg- It is defined from

M=2n max |a., | max |b.,|
i R gk Kk

1

where Ve8 = (aik) and Vee = (bik) and n = the order of the.

matrix V Large condition number is most often an indication

of that Eimerical difficulties may occur when the matrix is

used in the calculations, It is a measure of the singularity of
the matrix. It can be used as a test of the order of the model,
because a too high order model will give an ill-conditioned se-

cond derivative matrix. PROIDE needs the subroutines VV1VZ2 and




GJRV, which are automatically called from PROIDE. Thus the iden-
tification can be performed without any further knowledge of
VV1V2 and GJRV.

SUBROUTINL VV1V2 (NO,NI,NP,IT):

This subroutine calculates the loss function, V the gradient,

e 3

ve(e) and the second partial derivative matrix, V according

ae’
to formulas given in the preceding sections.

The parameters NO, NI and NP are the same as in subroutine PROIDE.
IT is a parameter determining whether exact or approximative se-
cond derivatives are computed. These parameters are automatically
transferred from the call of PROIDE.

SUBROUTINE GJRV (A,N,EPS,IERR,IA):

This subroutine inverts asymmetric matrices by the method of
Gauss-Jordan as proposed by H. Rutishauser (ZAMP 10 (1959), 281-
291), It is used for the inversion of the matrix of the second

partial derivatives.
The parameters of the call are:

A the matrix which shall be inverted. After the inversion

the inverse is in A, that is the original matrix is des-

troyed
N the order of the matrix
EPS tolerance parameter used for the test of singularity

TERR parameter indicating if the matrix is considered singular

or not

IA dimension parameter

FUNCTION NSTABLE (A,N):

This function tests the polyncmial

A(z) = z" + alznﬂl tooestoag

for stability. NSTABLE = -1 if there is one or more roots to

A(z) = 0 outside or on the uni%t tircle. NSTABLE=0 if allrpocts lie
ingide the unit circle. N is the order of the polynomial. The
stability of the polynomial is tested using Ruzicka's algorithm

{9 1.



Use of program package together with MISOID or RESTART

Main program

This program must contain

1. Program identifier.

2. The same COMMON block as in subroutine PROIDE,

3. Input data in the array DAT in crder
ul(l),uz(l),...,um(l),y(l),u1(2),u2(2),..:,um(2),

v(2) 5.0

,ul(NP),uz(NP),...,um(NP),y(NP).

The only transformation necessary is possibly shift of data.
b, A call of MISOID or RESTART:

CALL MISOID (NO,NI,NP,IER)

or

CALL RESTART (NOC,NI,NP,M, KIND,TER).

5. TFORMAT specifications for input data and requested extra

cutput (information about data etc.)

6. ‘CALL EXTT

7. END

If RESTART is used with KIND = 0, the starting values of the

parameters must be given as data cards. They are read in by
RESTART in FORMAT E20.10. This means one value on each card.

These data cards must be the last in the data card package.

Examples of main programs-are:giveniin-appendices~A~and B.

SUBROUTINE MISOID (NO,NI,NP,IER):

The parameters are defined:

NO

NI

NP

IER TER=0
IER=1

Order of system model

Number of inputs

Number of data values

The procedure has converged normally

The procedure is stopped, either because no smaller
loss funection is found or because C-polynomial is
not stable, until the maximum correction of the
parameters is less than 10_6 (that is when IERR=1
or 3 in PROIDE).

6

In this subroutine we use ACC = 10 =~ and ACCl = 0.01. Transfor-

mation of data is performed so that they have zero mean. Then

a least squares estimation of a- and b-parameters is performed.




After this a number of iterations with approximative second
derivatives are done. The number of iteraticns is chosen as the
number of parameters. However, iterations are only performed

as long as maximum correction is larger than 0.01. Then two
iteratiocns with exact second derivatives are done. Now if the
procedure does not converge, 4 more iterations with approxi-
mative second derivatives are dene, and then we try to use
exact second derivatives again. This step is fepeated at most
three times, and then, or if the procedure converges earlier,
iterations with exact second derivatives are performed until

5. For the different steps

maximum correction is less than 10
the choice of IPRINT has been made, in order to give enough
information for the user. Examples of print out from the pro-
gram are given in appendices A and B.

SUBROUTINE RESTART (NO,NI,NP,M,XIND,IER):
The parameters NO, NT, NP and IFR are the same as in MISOTD.

M The number of iterations with approximative second
derivatives requested. If the maximum correction
is less than 0.001 before M iterations are per-
formed, the procedure directly continues with

iterations with exact second derivatives.

KIND
KIND=0 1is used when starting the procedure from a certain
value of the parameters. The data is transformed as
to have zero mean. The parameter values:are read '
with FORMAT ‘E20.10.

KIND=1 is used when starting the procedure from a value of
the parameters obtained in the same program, that is
when MISOID has been used but IER=1. In this case
the starting values are available directly in the

program.

In the subroutine RESTART we use ACC = 10_8 and ACCI = 0.001.

The value are chosen smaller than in MISOID because RESTART
shall be used when convergence are not good. The subroutine
follows the same scheme as MISOID except that the first step is

not a least squares estimation but an ordinary iteration from




the given starting value of 6. Furthermore 6 iterations with
approximative second derivatives are done instead of U4, if
convergence to a minimum does not cccur when we try to use

exact second derivatives,




Storage and time requirements

The lengths of the subroutines in the program package are given
in Table 1.

Subroutine Length
PRCIDE 846
VV1V?2 716
GJRV 729
NSTABLE 103
MISOID 354
RESTART 353
Table 1 - Subroutine lengths

Arrays and variables concerning more than one subroutine are
declared in a numbered common block. It requires 11408 words

for this version of the program. Furthermore abcut 3000 words
are needed for routines required from the CD subroutine library.
in this the routines handling the input/output of fhe computer
are included. Totally we need about 17500 words, the main pro-

gram excluded.

In Table 2 below we show the time that is required to perform

one iteration:with approximative second derivatives. The compu-
tations are performed on a CD 3600 computer. From the table we
can see that the time is approximatively linear in both n and N,
that is proportional_to the product nN. If the step length has to
be halved to secure stability or convergence, the time per ite-

ration is prolonged.

N
n 500 1000
1 1458 28u5
2122 4338
3 2810 549
Table 2 - Time in milliseconds for one iteration with approxi-

mative second derivatives for different sequence
length N and different order of the system n (one
input)




Comments on the use of the program package

The program package has been used for identification both of
artificial input/ocutput seguences and of measurements from in-
dustrial processes. In this section some experiences from these
applications are summed up together with general advices for

identification.

One problem that is of great importance is the choice of input
signal. In general we can say that the input signal has to be
such that all modes of the process are excited. This means that
the input signal shall contain all frequencies in the frequency
bands that are of interest for that particular system. Cne such
appropriate signal, that is oftenfused, is the pseudo random
binary signal (PRBS). A rule of thumb is that identification

is useless if you cannot see any response of the input signal
in the output signal, However, the maximum likelihood method
seems to give reasonable estimates even if the noise-signal

ratio is rather high,

Another problem is to examine the data for time invariance.
This can be tested by dividing the measurement into parts and
then identify. each part. If the parameters for two different
parts differ more than can be expected with regard to the un-
certainties of the estimates, the process can be considered

not stationary.

Identification of a process by this program package ought *o

be fcllowed by different tests. One of them is to examine the
residuals. An assumption was that they were normal and indepen-
dent and these two things can easily be tested. Single large
values of the residuals may indicate errors in the measurements.
Another recommendable step is to plot the deterministic part

of the output signal from the moflel, that is

B(Zul)
)

ult)
A(z_l

Yty =
and the difference between the real output y(t) and yd(t). This
difference can be called the error of the deterministic modél.From
these plots it is possible to see if the error is great com-

pared with yd(t). In such cases the model does not seem to be




good. It is also possible to see if there is a drift or large
deviations in the error or if there perhaps is another input
signal that we must take into account in order to get a good
model of the process. Notice that in this error everything is
included that is not caused by manipulations of the input sig-
nal, e.g. error in the measurements, variations of the process,
disturbances from the surroundings, errors in the estimated mo-

del (too low order, unlinearities), other inputs and so on.

We end this section with a recommendation to carefully investi-
gate the model obtained from the program and to try to deter-
mine if it is a reasonable model of the process. If not a new

measurement probably has to be done.

Tn ref {2} more aspects on the use of a maximum likelihood

identification program package like this one are given.




5. TEST EXAMPLES

Both artificially generated series of data and data from in-
dustrial processes have been identified, Below a few examples
of identification of artificecial input/output sequences are
given. For other examples we refer to ref {5},{6},{7} and {8}.
In ref {5} the maximum likelihood identification is compared
with spectral analysis when identifying a nuclear reactor pro-
cess. In ref {8} a chemical process, evaporation, is investi-
gated. A distillation column is identified in ref {6}. Ref {7}
treats among other things a multivariable process from the
paper industry. Identification of further industrial processes

will appear in a near future.

Test example 1

- The first example is an artificially input/output sequence
generated by a second order system with one input. The system

WA S
y(t)-1.5y(t-13+0.7y(t-2)=ul{t-1)+ult-2)+e(t)-e(t-1)+0.2e(t-2)

{u(t)} was a PRBS signal with a period of 263 and is a so called
quadratic residue code, ref {3 }. The amplitude of the input is
1. {e(t)} is a sequence of random numbers, obtained from a
subroutine RANSS. This subroutine generates random floating
point numbers distributed according to normal distribution with
a mean of zero and a variance of one. The length of the series
was 1000. The first part of the sequences {y(t)} and {u(t)} are
plotted in Fig. 1. Both sequences are also listed in appendix
A. Tt contains also the main program for test example 1 and

the output from the identification program package. Some of

the results are furthermore given in the Tables 3 and U4 below.

Notations: Vn lossfunction for n:th ordef model

ex exact second derivatives are used




second order model

Step ay b e vy
0 0 0 0 17215
1 -0.88 0,96 0 3381
2 -0.77 0.93 0.58 2903
3 ~-0.85 0.31 0.45 2516
U -0.81 0.35 0.60 2515
5 ex ~0.826 0.26% 0.551 2483
6 ex -0.82684 | 0.26102 | 0.54119 2482.106
7 ex -0.82686 | 0.26107{ 0.54098 2482,106
8 ex ~0.82686 | 0.26107| 0.540098
Ch 7 0.018 0.064 §.024
A 2.228
Tﬁble 3 - Successive estimates of the parameters for the
first order model
Step a, a, bl b2 cy 02 V2
0 0 0 0 0 4 a 17215
1 ~1.35 0.57 0.95 1.18 0 0 897
2 -1.4% 0.66 0.97 1.09 -0.u2 -0.18 642
3 -1.498 |0.696 [0.959 [1.035 [-0.895 |-0.149 54y
4 ~1.490 |0.694 [0.962 |1.065 |-0.920 0.129 488
5 ~1.497 |0.781 {0.955 [1.064 |-0,992 6.20¢ 48h .91
6 -1.4963|0.7005{0.954031.0674(-0,998% | 0.2072 484,868
7 ex|-1.4963{0.7005{0.95391.0675|-0.9%98 | 0.2080 484,867
8 ex|-1.4963(0.7005]0,9539(1.0675|-0.9998 | 0.2080 484 .867
9 ex|-1.4963/0.7005/0.9539|1.0675|-0.9998 | 0.2080
oy 0.0068 0.0059 0.0310 0.0392 §£.0333 0.0330
X 0.9848
Table 4 - Successive estimates of the parameters for the




1f we test the order of the model we get

1
11

13656

e
|

1.2

with the notations used before. This means that we can accept
the second order model, if the test is done on the 5% level.

The results of the identification are given in Table 5.

Parameter Estimated True
a, -1.496 + 0.007 -1.5
a, 0.700 = 0.006 0.7
bl 0.954 + 0.031 1.0
b, 1.068 + 0,039 . 1.0
cq -1.000 £ 6.033 -1.0
<, 0.208 + 0.033 G.2
A 0.985 £ 0.022 1.0
L 48n.9 + 21.7
Table 5 - Estimated and true parameter values and the accu-

racies ¢f the-estimated:parameters

Notice that the first step of the identification'procedure gives
the least squares estimate of the parameters, and the signifi-
cant difference between this estimate and the obtained maximum
likelihood estimate. The difference depends on the fact that

the least squares estimate is biased when the noise is correla-
ted, ref (12}.

In fig 1 we show the input and output sequences but also the
residuals, {e(t)}, the deterministic output {yd(t)} defined by
B(z™1)

vy, (t) = ———=
T aE™

ult)

where B(Z—l)/A(Z—l) is the resulting second order model, and

the error of the deterministic model, {ed(t)}_defined by

ed(t) = y(t) - Vg lt)




Only the first part of the series is shown. Notice the dif-
ferent scales. Another step that may be taken to test the good-
ness of the model is to test the residuals for independence

and normality. The results of these tests are shown in fig., 2
and fig. 3. In this example the model is a good approximation

of the generating system. All the tests also perform very well.
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Fig., 1 - TInput, output and results from the second order

model for test example 1. Only the first part of the sequences

iz shown. Notice the different scales.
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Fig. 2 - Sample covariance function, r(t), for the residuals

of the second order model for test example 1. The dashed line
gives the one sigma limit for r(t), t % 0. According to the

assumptions r(7) should equal zero, T # 0.




99

90

50

ol

Fig, 3 - Test of normality of the residuals for the model

of order 2 for test example 1. The residuals have been divided
into class intervals, and in this diagram the cumulative fre-

quencies are plotted with a vertical scale corresponding to

a normal distribution, that is a perfect normally distributed

variable gives a straight line.




Test example 2

- 34 _

The second example presented in this report is also an arti-

ficially generated input/output sequences from a second order

system but with two input signals. The system was

y(t) - 1.5y (t-1) + 0.7y(t~2) = ul(t—l) + O.Sul(t—Q) +

+ O.7u2(t—l) - O.Suz(t—Q) + 1.5(e(t)-

- 1.0e(t-1) + 0.2e(t-2))

Tn this example all the series {u(t)l}, {uz(t)} and {e(t)} are

sequences of random normal distributed numbers generated by

the subroutine RANSS. The length of the investigated sequence

was 500. The input and output signals are plotted in fig. &.

The results from the identification program package are given

in' Appendix B together with the main program and a table of
the input and output data. Testssdindicate that the order of the

model should be two, and the resulting second order model is

given in Table 6.

Parameter Estimated True
aq -1.517 £ 0.819 -1.5
a, 0.713 + 0.015 .7
b4 0.939 £ 0.068 1.0
b, 0.465 £ 0.887 0.5
bsq 0.725 + 0.069 0.7
by, -0.336 + 0.072 -0.3
ey -1.043 * 0.053 ~1.0
¢, 0.262 + 0.051 0.2
A 1.419 + 0.0u45 1.5
V 503.4 £ 31.8

Table 6 - Estimated and true parameter values and the accu-

racies of

As for test ewample 1

the estimated parameters

the residuals, the deterministic output

of the model and the errors of the deterministic model are

shown (fig. 5). The remarks about test example 1 also hold

for this example.
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6. EXTENSIONS

This program package has been develeoped in order to get a
working maximum likelihood identification program for analy-
sis of industrial processes. The purpose has been to simplify
the use of the program package as much as possible. Therefore
many possible improvements are omitted. In this section some

extensions are listed (see also ref {21}).

First the model (4) may be preferable because the use of model
(1) may give common factors for some of the polynomials. In

practice 1t is difficult to decide whether factors differ sig-
nificantly from each others or not. Furthermore model (4) gives

a less number of parameters.

Another improvement is to determine the order and the delays
automatically. This could be done (ref {2}1), but it will cause
longer computation time. Often the delays can be estimated
rather well directly from the data. Scmewhere there must be

a man "in the loop" to decide whether the model is reasonable
or not and the question is where to place him. The same pro-
blem arises if there are parameters in the model that do not
differ significantly from zero. This can be tested automatical-

ly, but it is not done in this version.

Changeé in the structure of the model is another valuable pos-
sibility to include in the program. A variant of the described
program package makes it possible to fix certain parameter va-
lues in the model (1},

Other tests that could be done automatically that are not in-
cluded are for instance test of normality and independence of

the residuals and test of time invariance of the process.

There are many strategies to use the exact and approximative
second derivatives in the hill-c¢limbing algorithm and the way
they are chosen here is not optimal in any sense. Another
simple method is to use the exact second derivatives all the
time and just reverse the direction if it is not downhill. In
this program package there is no possibility to use the pseudo-
inverse of V instead of the inverse if Vg is ill-conditioned.

80 G
Such a possibility would be an improvement.




The hill-climbing rcoutine itself could perhaps be improved

by choosing step length in a more "optimal" way or by using
ancther hilli-climbing routine, e.g. the algorithm of Fletcher-
Powell. However, this is not of essential importance because

Voo is computed rather easily.

We will aliso emphasize that the available second derivative
matrix makes it possible to test the quadratic approximation

of the loss function and perhaps to calculate new parameter
values for small changes in one parameter without doing all the

calculations again.

At last we notice that in the program package many other pro-
grams must be included in order to check the obtained model,
e.g. programs computing step and impulse responses, Bode dia-
grams, power density spectrum of the disturbances, minimum
variance strategies and test of normality of the residuals.
Such programs are available but are not described in this re-

port.
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APPENDIX A1

PROGRAM TESTEXY

TEST OF IDENTIFICATION PROGRAM PACKAGE USiNg DATA FROM TEST EXAMPLE 1
REFERENCE GUSTAVSSON 1, PARAMETRIC TDENTIFICATIQN gF MULTIPLE INPUT
SINGLE GUTPUT DYNAMIC SySTEMS

AUTHOR, IVAR GUSTAVSSON 2¢0/2 1969

SUBROUTINE REQUIRED
MISOLID
PROIDE
vviva
GJRY
NSTABLE

C
Cc
C
c
C
C
C
C
c
c
M
c
C

COMMON EE,V Y U(S)E(10YCO70Y-ECCT70)V1(70)-VCCE140),ECC(140)
FV2¢70,70)-DAT(6000) '
DIMENSION UAC1000),YACLIO000)

READ 180,NI-NP
100 FORMAT(215)
NT=NPa{NT+1)
READ 101-(DATC(III=1-NT)
101 FORMAT(40FA.3)
PRINT 402
102 FORMAT(/SXaTEST QF IDENTIFICATION PROGRAM PACKAGE USING DATA FROM
FTEST EXAMPLE 12/
DO 1 I=41.NP
[1=2s]-1
12=22]
VACTI)=DAT(I L)
1 YACL)=DAT(i2)
PRINT 103
103 FORMAT(/S5X=INPUTa/)
PRINT 307,(UA(I)sI=1NP)}
PRINT 1484
104 FORMAT(/SX=0QUTRPUTa/)
PRINT 107,(YA(] 3, 1=4,NP)}
107 FORMAT(410F10,3)

Do 2 13113
CALL MISOIDCISNIsNPsIER)
PRINT 105,1ER
105 FORMAT(//SXs1ER=¢15)
IF(IER=1) 65456
4 CALL RESTART(I,NI.NP,10,1,1ER)
6 IF(I=1) 3,5,3
c TEST QUANTITY COMPUTED (F-TEST)
3 TA=(VOLD-V)Ia(NP=(NI+2)21)/(Va(NI+2})
PRINT 106,TO
106 FORMAT( //SXsTEST QUANTITY=2,F12,5)
5 VOLD=V
2 CONTINUE

CALL EX1T
END
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IDENFIFICATION WITH MODEL OF ORDER 1

LEAST SQUARES ESTIMATION
LOSS FUNCTION 1.7214598234+004
LAMBDA= 5.86763984000

GRADIENT OF v
3003168544004 =9,1968473+002 0.00000004000

NEW ESTIMATION OF THE COEFFICIENTS
~8.8352715-001 9,5773349-001 0.0000000+000

STANDARD DEVIATIONS OF THE COEFFICIENTS
3.1656119-002 148568950-001 586763984000

ITERATION NUMBER 1

LOSS FUNCTION 3.3813078636+003

LAMBDA®  2,6005030+000

GRADIENT OF v
~1.4463440-006 5.9098238-907 =34596729+003

NEW ESTIMATION OF THE COEFFICIENTS
=7.6801235-001 943321237-001 5,8430925-00%

STANDARD DEVIATIONS OF THE COEFFICIENTS
1.5675217-002 8,.,2309867~002 3.5363698-002
ITERAJION NUMBER 2
LO3S FUNCTION 2.9026656934+4003
NEW ESTIMATION OF THE COEFFICIENTS
~8.5476443-001 3.1120537-001 445043800~001
ITERATION NUMBER 3
LOSS FUNCTION 2+5164756983+003

NEW ESTIMATION OF THE COEFFICIENTS
~841485299~001 3.4767152-001 6,0123488-001

APPENDIX A:8

TRIAL TO USE EXACT SECOND DERIVATIVES-ITERATION NUMBER 4

LOSS FUNCTION . 2,5153801061+003

NEW ESTIMATION OF THE COEFFICIENTS
~8,2612978-001 2,6399488-001 5.5084899-001




APPENDIX A:9

ITERATION NUMBER 5

LOSS FUNCTION 2.4826559687 4003

NEW ESTIMATION OF THE COEFFICIENTS

~8.2684398-001 2.6101568-001 5.4119211-001

EXaACT SECOND DERIVATIVES ARE USED UNTIL MpX COEFF CORR IS LESS THAN ACC
LOSS FUNCTION  2.4821063987+003

LAMBDA= 2,22805134000 |

GRADIENT OF Vv
~3.8019317~001 2.0590625-001 2.1006605+000

INVERSE OF SECOND DERIVATIVE MATRIX.
6:8743602~-005.-340296526-005 2+4524584~905
~3.0296526~005 8.1246981-004 -1.1286519-004.
2,4524534~005 -1s1286519-004 1.1503850~004

NEW ESTIMATION OF THE COEFFICIENTS
-8,2086313~0081 2.06107396-001 5.4098092~-001

- STANDARD DEVIATIONS OF THE COLFFICIENTS
1.8473166-002 6+,3508055-002 2.4000829~-002

LOSS FUNCTION  2,48240613664003
LAMBDA= 2,2280513+000

GRADIENT OF V
-1,8432969-004 3,6083045-005 8,6209225~004

INVERSE OF SECOND DERIVATIVE MATREIX
6.8725723=-005 =3+40301985-005 2.4528904-p05
-3.0301985-005 841278370-004 ~1+1295639-004
2,4528904-005 ~161295639-004 1.1643533-004

NEW ESTIMATION OF THE COEFFICIENTS
-8,2686313=-001 2,6107402-001 5,4098082-001

STANDARD DEVIATIONS OF THE COEFFICIENTS
1.8470¢763~002 6.3520319-002 2.401084¢-002

MAX COEFF CORRECTION IS LESS THAN 1.00000000~006

IER= 0
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APPENDIX B:1

PROGRAM TESTEX2

o _ . ‘ | S
c TEST OF IDENTIFICATION PROGRAM PACKAGE USING DATA FROM TEST EXAMPLE 2
c REFERENCE GUSTAVSSON I, PARAMETRIC IDENTKFICA‘ION OF MULTIPLE INPUT.
C SINGLE OGUTPUT DYNAMIC SYSTEMS
C AUTHORs 1VAR GUSTAVSSON 2072 1969
C
C SUBROUTINE REQUIRED
c MISOID
C PROIDE.
v YVivV?2
c GJRY
C NSTABLE
c
COMMON EE»V:Y-U(5)»E(10)90(70)pEC(?O):Vi(?ﬁ):VCC(140);ECC(140),
FV2(70,70)-,DAT(600G0)
DIMENSION UA1(10003,UA2¢(10007Y,YAC1000)
¢

READ 100sNIsNP
100 FORMAT(215)
NT=NPo{NI+1)
READ 101,(DAT{(1),1=4,NT)
101 FORMAT(40F8,3)
PRINT 402 '
1402 FORMAT(/SXaTEST OF IDENTIFICATION PRUGRAM PACKAGE U3SING DATA FROM
FTEST EXAMPLE 22/)
DO 1 I=1,NP '
14=38]=2
12=3e¢)-1
[32301
UALCT »=DATCI1)
UA2¢I)=DAT(I2)
1 YACLTI»=DAT(I3)
PRINT 103
103 FORMAT(/SKXaINPUT 4e/)
PRINT 1072CUA1{1)>1=1sNP)
PRINT 4108
1058 FORMAT{ /S5XaINPUT 2a/)
PRINT 107,(UA2(1)s1=1,NP)
PRINT 104
104 ?0RMAT(/5X¢OUTPUT¢I!
PRINT 207,(YACID)srI=1,NP}
107 FORMAT(40F10,3)

DO 2 1=1,3
CALL MISQIDCI, Nl:NP)IER)
PRINT 105, 1ER )
108 FORMAT(//SX»JER=%]5)
IFCIER-1) 654:6
4 CALL RESTARTC(INIsNP,20,1,1ER)
6 IFtlI=-1} 3,.5,3
c TEST QUANTITY COMPUTED {F=-TEST?
3 TA=(VOLD=V)Ia{NP-(NTI+2)2l2/{Va(NI+2))
PRINT 106,70
106 FORMATU//5XeTEST QUANTITY=#¢,F12,5)
5 vOLD=sy
2 CONTINUE

CALL EXIT
END
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APPENDIX B:7 i

IDENTIFICATION WITH MODEL OF ORDER 1

LEAST SQUARES ESTIMATION
LOSS FUNCTION  '6,0075927839+003
LAMBDA= 4.9028782+000

GRADIENT OF v
1:02808354004 ~6,0946632+002 -3,2372053+002 0.0000000%000

NEW ESTIMATION OF THE COEFFICIENTS -
845133550001 8.1808319-001 " 7,4323853~001 0,0000000+000

STANDARD DEVIATIONS OF THE COEFFICIENTS : -
4.4922301=002 = 203307330-001  2+4568370-001 4.9020782+000

ITERATION NUMBER 1

LOSS FUNCT10ON 1.,2617751737+003

LAMBDA= 2,2465753+000

GRADIENT OF v
104263205‘006'“3.1548552“008 502445102“003 ”5.7324896’002

NEW ESTIMATION OF THE COEFFIGIENTS -
~7.8974947-001 7.6202468-001 6,8058048-001 2,9467172-001

STANDARD DEVIATIONS OF THE COEFFICIENTS _
203176889-002 1,0725387-001 1.1314404-001 5.0935266-002

ITERATION NUMBER o

LOSS FUNCTION 1,208778684734003

NEW ESTIMATION OF THE COEFFICIENTS
"823239910001 500452737-001 604157206001 20613092001

ITERATION NUMBER 3

LOSS FUNCTION 1,1886629622+003

NEW ESTIMATION OF THE COEFFICIENTS |
~800499703-001 5.4963189-001 6.3829696=001 3.0207837-001

ITERATION NUMBER 4

LOSS FUNCTION 1.18556289594003

NEW ESTIMATION OF THE COEFFICIENTS
"8+2166225-001. 4.3210590-001 6.2962984-001 2,4949847-001




APPENDIX B:8 .

TRIAL TO USE EXACT SECOND DERIVATIVES-TTERATION NUMBER 5

LOSS FUNCTION 1.4834917318+003
NEW ESTIMATION OF THE COEFFICIENTS -
~8+1500686-001 4,9985323-001 6030993427001 2.7184062-001
ITERATION NUMBER &
LOSS FUNCTION 1.18239632143+003
NEW ESTIMATION OF THE COEFFICIENTS )
-8,1494345-001 4.9973087-001 603099546-001 2.7167104-001
EXACT SECOND DERIVATIVES ARE USED UNTIL ﬁAiwéoskr CORR 15 Lass THAN ACC
LOSS FUNCTION 1,18239641203+003
LAMBDA= 2.17476082000

GRADIENT OF V
5.8270349-004 207891656-005 ~4.9747822-006 56459217005

INVERSE OF SECOND DERIVATIVE MATRIX
14357019004 —6.4897663~0057-7.2968833’005 8.4338493=-005
-6,4807663-005 _2,54&9331"803 ~3,8833980~004 ~4,4584456-004
~7.2968833~1305 ~3,8833980-004 9s3346888~903 ~4.5715614-004
8.4338108-005 w4¢4584156~004 ~45715614-004 4,2391134-004

NEW ESTIMATION OF THE COEFFICTENTS
-8.,4491348~-001 4,9973085-001 6503099548001 2,7167304-001

STANDARD DEVIATIONS OF THE COEFFICIENTS
2,6058153-002 1,0979706~001 1,0508143-001 4,4776383-002

MAX COEFF CORRECTION IS LESS THAN 1.00000000~006

[ER= 0
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ITERLTION NUMBER 11
LGSS FUNCTION 4,99234134%54+002

NEW ESTIMATION OF THE COEFFICIENTS

-1.69917244000 9«7150369-008 ~1416773727001 9.2149355-p01 3.0487858=gpy =3+9554533°p91 uowuwauoocoeu.ss.uuuc»ou‘wou

B8.8496784-503 ~1.20549064000 I+6115207-001 2.9950849-902

ITERATION NUMBER 12
LOSS FUNCTION 449923286206540 2

NEW ESTIMATION OF THE COEFFICLERYS
“1.67641224000 923615930~001 ~1+0012693+001 9.2130111-002
1.6904542-003 ~1.18247562000 3.3735249-001 3I.5290747-002

-
(]

TRIAL TO USE EXACT SECOKD DERIVATIVES-JTERATION NUKBER 13

LOSS FURCTION 4,9923154402+0802

MEY ESTIHMATION OF TWE COEFFICIENTYS
~1,68597104008 951270660004 ~1.0724299-601 9.2138035-001
£.TS9L547-003 ~1,1023497+000 3.475065058-001 3,35005328-002

ITERATION WUKBER 14

‘LG5S FUNCTION 4,99230579304002

REY ESTIMATEON OF THE COEFFICIENTS
~1.65590010060 9,5113192-001 =$.0710828-001 9.2139190-001
4,74229646=003 ~1.19225380000 J3.4749964-001 3.3013235-002

3.5812905-001 ~1+8815608=00% 7+1800062-001 ~4.150p307~p01

3.7859979-008 ~1.9152080-001 7.1798150-901 -4.2232390-001¢

”
il

3.7843531-001" =149148065-001  7.1789692-001 ~-4.2227624-001

d XIONI4dV

€T
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Appendix C:1

ON THE COMPUTATION OF THE MATRIX OF THE PARTIAL DERIVATIVES

Below a scheme of the computations of the matrix of the second

partial derivatives is shown, fig 6 and 7. In fig 8-10 an

example for a third order system with one input is given.

./ 7 V]
/ / /
2 2 7 2 7 ? 7
BV 3V ,// 3°V 7’ 57V ?
/] L
aaiaaj aaiasz 2 {aaiabmj Z aaiacj 2
% /]
/////////////2 CHTTL TSI IIITIY ; V7777777777 7 4
2 / ? 7 /
Y % 27V % 3"V 2
ab..ab ?’ ab. .ab % 3b, .3 ;
11°713 Y 11 °"mj ; 11993 7
2 7 7
7 A NS
i | ! [
% %
s %
32y 2 32y 2
3b_.3b . f 3b_.23c. 7’
mim] g m ] #
]
AL 7L
7
e
L
37V ;
g
Bciacj 2
V]
Fig. 6 - Scheme of the computations of Vee for ©t = 1,2,4..,

N-n+l. Only vectors marked in the figure have to be computed.

Notice that only the diagonal parts of the matrix are symmetric.

For instance the upper righthand part

52y

da.oC.
]

is not symmetric.
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7 7777 7 A
9 * /
AN/ N/
777777 777/ 777777

TS
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NI
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EiC\\§&0 —
OSSN
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Fig. 7 - Scheme of the computations of Voo for N-n+l < t < N,
The matrix is partitioned as in fig 6. The elements of the matrix
are computed successively in the direction of the arrows. The
elements that are changed for a certain t in the interval

N>t>N-n+ 1 are marked in the figure.
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aalaa3 Ba18b3 Balacg
2%y 52y 52y
Ba23a3 8a28b3 ‘ Ba28c3
2y 8%y W%y 3%y % 22y a7y
3a33aé Bagabl aa33b2 3a38b3 aasae1 3a38c2 8a38c3
92V %V
8b18b3 Bb1303
32y %y
Bb28b3 8b2303
o2y | 8%y 3%y 8%y
8b38b3 BbSBCl 3b3302 8b3303
82V
8c1303
82V
3c2803
BZV
BCSBCS
Fig. 8 - Scheme of the computations of Voo for + = 1,2,...,N-2.

Only elements marked in the figure have to be computed.
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22y 2%y 3%y
aalaa3 aaleg aa1803
32y 52y 32y 32y 52y 52y a2y 32y
aa23a2 aa28a3 aa28b1 aa28b2 aa38b3 8a2301 aa28c2 aa2303
22y 32y
9D, 9b, 9b, 90,
“9ly %y 32y 52y 52y
9b,9b, 3,3y [abyac, b, de, dbydc,

Fig. 9

Scheme of the computations of V

99

82V

Bclaca
% %y
8023c2 302303

for t = N-1. Only

elements marked in the figure have to be computed.
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3%v aly 22y 2y 32y 5%y 32y 52y 2%y
Balaal Balaa2 aalaa8 aalabl aalab2 aalab3 aalacl 3a1302 aalacg
2%y 9%y aly 3%y Ry 4%y
Sblabl ablab2 3b13b3 ablacl ab1302 8b1803
82V 32V 32V
Bclacl 801802 801803
Fig., 180 - Scheme of the computations of Vg for t = §. Only

elements marked in the figure have to be computed.




