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there is a Lyapunov function of the type (2.35) since Iplil=0.

A Lyapunov function for this example is =30 I

A

VOXCEDD = © |8 Ctridf™ +
i=0 1

=X
]

0 (8] ) 1 ) =
+ _"[ﬁ-— ~ 1]f-_n~1n[1 N [=FYTEY ] (5.48)

B 0 max

whaere §  is some estimate of b satisfying assumption Z:2.
0

A method for construction of a Lyapﬁnuv function for a class
of adaptive systems has been given. The Lyapunov functioh is
decrescent and shows . global stability in the sense of
Lyapunov for the adaptive system. Convergence for the state
vector is shown and the proof may be strengthened to
exponential convergence. The considered cases require  an a
~briori estimate g of the gain bO in order +to assure

parameter convergence. The restriction imposed by assumption

*
Z:5 implies that only fairly fast control obgect zevos of B
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and reference model poles of T:A; could be considered
(Mp"2<0.5).

Although usually inferior to \pvedictimn erraor
identifications feesdback error identification has been used
here since it relates paramster errvors and control  input
errors in a move btransparent way than PEI wmethods do. This
is exploited in the proof. An adaptive schema which utilizes
LS-gstimation would therefore be expected to exhibit tighter
bounds on  the errors than what is promised by the given

Lyapunov functions.

The suggested Lyapunov functions are rather conservative and
are chosen to cover all *worst’ cases of growth of the state

vactor due to bad paramster sstimates.
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7 EPILOGUE

This review contains a short summary of what has been
solveds what remains unsolved and what\ new problems that
have been created. The full problem formulations are given
in the introductory chapter and are therefore superfluous to

repeat.

The thesis has considered the problem of direct adaptive
control of linmar multivariable systems. Special
parametrizations of linear multivariable systems suitable
have been developed. The necessary a priori  information in
order to formulate convergent parameter estimation schemes
is formulated in tevms of the non-invertible system zeros. A
prediction ervor iddentification algorithm is given' and

parameter conhvergence is established.

The case where the system output errors arve used for
parameter updating (FEI}) is examined in greater detail than
the propevties of prediction error identification. A
condition on prior knowledge is given in order to guarantee
convargence of parameters in MIMO adaptive systems based on

»

FEI.
A method for construction of Lyapunov functions has been
presented in chapter &. The wmethod covers a regulator case

with one input. Stability in the sense of Lyapunov and

exponential convergence are shown.

A numbeyr of problems have been touched but not treated in

this presentation and may be challenges for Ffurther
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research. The case of continuous time adaptive control has

not hean elaborated. Stochastic considerations and
influences from tiwme-varying parameters have not been
treated. The problem of closed-lnop stability unhder

prediction evrror identification with LS-estimation has not
been investigated. A solution to the latter problem would be
most valuable in order to obtain a better understanding of
adaptive control as well as features like dual and cautious

control.

The suggested methods have all been given with certain
assumptions on a priori knowledge. It can be argued that the
condition of a known B; is fairly implicit and it is mnatural
to request wethods to obtain the desired prereguisite.
Reliable software for Fformula wmanipulations in unknown
parameters would e.g. be valuable. Another problem is to
validate certain linear systems assumptions on the control

object.
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APPENDIX 1:1

The following notation refevence list give some of the wmost
conmon notations of the text. The references are given to

definitions and and other important key references.

Aoronyns Ref
FEI Feedback ervror identification §4.11§46.3
locu F Left coprime factorization §2.4
LIP Linear in parameters and identifiable §5.8
LS 1y Left Structure (as a subscript) §2.4
2) Least Squares (as a prefixd §E2
mafud Matrix fractional description §2.4
MIMO Multi—imputs multi-output
PEI Prediction error identification §6.11 8403
Pega f Right coprime factaorization §2.4
85A Stochastic Approximation MYV
SIMO Single inputs multi-output
5180 Single inputs single ouput
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Qualifiers

* . * -
Function in transformed variable = §2.5

- *
Filtering by cawmponent of BE (5.52)

o

s
Error in estimated paraweter vector §&£.2

A
Predicted value §&.2

-l Euclidean norm

* * _

zZ - Genseralized algebraic property w.r.t. Z §2.2

3

Notations Yerbal Description Ref

ALz) Denominator matrix of m.f.d §z.4

.* . . » *

A Denominator matrix of m.f.d. in variable =

(Reciprocal pole polynomial in S5180-case)
* * * * * *
A A + A + A v+ A v A (A4 .3.13
uu uv uw vv Vi Wi
A (3.3
g
* . .
AM Denominator matrix of a ref. model (E.11)




B(z)
E
Q
*
E
*
B
1
*
BF
4
Blu, E
.!.
B
- u
B
R
*
Et
D
E.
B*
(I
B*
]
*
E
R
B*
s
b
(8]

Numerator matrix of a m.f.d. §2.4
Bain matrix (used by other authors) ch.l
. * -
Numavrator matvix of m.f.d. in var. =z §2.5
*
B —matrix w.r.t. y1 (4.1
* .
B —matrix w.r.t. y_ (deld
* * * * ) .
vy B, +«+ B_ » B_ 1+ B_ (Ad.%. 1)
v lw Hu 2V 2w

(A4.5.11)

(3.3

Diagonalized left structure matrix CA.h)
*

Left invertible divisor matrix of B (4.73

Left structure matrix (Eafde (I.1102¢4.4)

Numerator matrix of refarence model CZ.103
Right invertible divisor wmatrix of B* 4.7
Internal structure matrix JCd.?)
Gain in 9180 contvol object (7.13+02.22




bl ¥ b:_: y bE
b,
13
* *
b Component i of B
i 8
Cer
0
*
C Numerator matrix w.r.t. disturbance
*
("
v
d Disturbance vector
g Output error vectonr
"y . e *
& Filtered output ervrors (e =T A &)
¥ f 1M
-* C)
F Transfer operator
*
F
u
¥ *
F* » F
v v
F' 5 F
W W
G Transfer operator in variable z
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L7 36D

4.7

4.143

(2.37)

(5.34)

o~
ha
]
I3
~

(5.14)

(5.17)

C2ub)

(5.225)y (5.23)

3233y (5.28)




-t
il
i

c
*

*
H

h

K

) *
Transfer operator in variable =

.*
Transfer operator in variable =

H*
o
*
H
v
*
H
Magnitude of Elmpruju along mi
Time delay of discrete tine SIS0 object
kq
left invertible matrix
*
M Matrix

Dimension reducer for vectors

tAd.5.10)

5192

(AS.1.2)

(AS. 2.1

(AZ.1.14)

C2.35)
(AS.1.5)
€7.1)
€79
(2.11)

14

(A&.1 .10




P

*
R

R
0

Gain matrix in LS-estimation
Differential operator
Coafficient of a pole polynomial
K *
Component of T A
1 M
Positive definite weighting matrix
Forward shift operatow

Backward shift operator

*
Coefficient of R —polynomial

1)

159

(AS.1.2)

Ch.100

§2.3

(4.13

@
ba
o
~”

t2.112

(5.120

(5.12)

(E.10

4.2

(S5.12

(S5.12)s (S.28F)
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m

n

= X

*

b2

*

[

1)

=)

*
Comfficient of 8§ —-polynomial

Time

(Z.1)

4.2

t2.143

(4.132
C4.17)
(4.17)
(AA.3.7)
(5.28)
(5.310

t4.4)




N

* .
Unimodular ovr Z —unimodular matrix

Control input signal vector

Command signal vector

Lyapunov function (candidate)

Terms of V

Measurable disturbance inputs

Non-measurable disturbancesn

System output vector
Controlled, measured outputs
Other measured outputs

* %
Filtered output (y =T A 3
" yF 1 Myl

Desired output vector

Refarence signal vector

Stability region w.r.t. operatonr

ped

Caa2)

(2.354)

(2.2 CA4.3. 10

(2.2Y9(A4.3.1)

(2.1

Cdald

t4.12

(5.100

Prohibited area of pole location wer.t. = (2.73




*
Stability region w.r.t. operator =z $§2.5

*
Prohibited area of pole location w.v».t. =z §2.9

2]

]

B

(31

&

Operator variable (p
Transformed operator

Angle between 81 and

A priori estimate of

or ol

variable

b

Gain in estimation algorithm

Prediction erronr

Parameter vectonr

* *
Parameters ref. to R and B

L

-

(2.10)
(Aé.i.d)
(7142
CHLLE)
(7160

(A2

Cha2)

C&uld

Ead
o
L

[y
"




Iz}

Max

*
Parameters ref. to T _
*
Pavameters ref. to T_
Pavrameters ref. tao T
v
Diagonal matrix
Part of Smith-Fform
Forgetting factor
T
Input evrror (-6 ¢ 3
11
Parameter matrix of é-vectors
Partial states Internal variable
Weighting coefficient

Boundaries of time interval

*
A priovi estimate of Tﬁ

“

Data vector

Data vector

(A7)
CAR.1.10)
CAH.ES)

CAL.1.32

(Z.3)2 04010

(2.283

CE.ETD

(WCERTCY

(AA.1.12
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Data

Data

DRData

Data

vectonr

vector

vector

vector

containing U and ¥

containing

<

. . 1]
containing vy

containing v

C&uld




APPENDIX 1:32

A_MIMO_Adaptive Control algorithw

The full adaptive algorithm for the MIMO servo case is given

with references to the main text.

(i) Start with a transfer operator representation in

unkhowhn parameters of the control objgect G (20

O
REF:¢4.13y App.4:3
k" .
{ii>? Find a representation Gj and a right w.f.d. in the
»
*
transformned variable =
*  * A+ *  ¥—1
G . (z » =R (z 1A (= )

REF:§2.5 App.4d:3

(iii> Decide B and B
111 eclase g an D

REF:Lemma 4.1-2y C4.79-C4.7)y (417D
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{iv?

{v)

{viy

Give specifications in terms of a refgrence model

1l *
1 M o
™ . W
L y1 D yl
REF: §4 .5

* * *
Find T1 such that T]AM is lower triangular

REF & (4.15)~-0C4. 142

* * * *
Find polynomial degrees of R » 8 » T_ and TT

u oy =

% % * W ¥ ¥ %K

RA +S8SB =T6 B

Y y 1 MR

E G T I ¥

TTABE =ETA

@ L g 1

* ¥ * X * M

TTAER =8T

21 mMD g ,

REF:¢4.173s Lemma 4.2
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{vii} Describe the sstimation model and check uniqueansss
* * * * *
T & =8 [ u+ Ru+Ru+85y - Tv]

2 F 81 0 3

REF:(S.16)s (S.110y §5.9

(viii) Find LIP-models for each control input u where 777

i
*
denotes filtering by component i of BS
- T T...
u = eTm - & p + O_@_
i 202 11 203
REF:§S.2
{ixd Identify parameters recursively with e.g. LS-esti-—-
mation
REF:§7.2
{(x? Control with
A T A.T- »
U= - 6 @ + & @
i 1 33

REF:§5.58r §5.4

The two last steps arve performed in each sampling interval
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APPENDIX 4:1

A sguare (nxn? transfer function G* of full rank with
detCG*C1))¢0 corresponding to a strictly proper transfer
function G may be decomposed into a relatively r.Z*.c.F Cﬁ*v
B*). The factorization is such that A* contains all the

* * * * *
Z -poles of G » B contains all Z -zevos of O and such that

¥ = B¥ a¥t = Y RY E YT 4.7)
W] — b L_ S R X -

whers

*
A is a squares full rank polynomial matrix

* * *
BL and BR are polynomial Z -unimodular matrices
* . . . R
Bw is a diagonal polynomial matrix C4.33
o)

gatistying

F

A (D) = 1

Eocl) = 1 4.3
S. - 3 CR=]
* .

B Oy = [b ] ig upper right triangular and invartible
R ijglR

(th > =1 fFor 1 % 1 % n

ii R (4.2}

* * *
The polynomial matrix BP contains all the zevos of 6 in Z
) -

* g . .
but has no zeros in Z . The stability region is assumed to
-+

be given by (2.7).
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1467

g
iz
=]
10
ot

L]

[1ips

*

The quadratic transfer function G of full rank may be
* % * *

factorized into a relatively v.Z .c.f. Lélv Bl) where Al and

*
Bi are polynomial matrices
6" = B A CAd.1.1)

as known from §2.4.

Bince the transfer function is strictly propevs there are nho
* ’
poles at T=m i.ea z =0, Via full rank-— and
* *
r.Z Jouf.-conditions it fFollows that A does not loose rank

*.
at = =0 and it is possible to form

* % * % =1
B .tz 2 o= A (x IA €O
) 1 1
* % * % W]
Bﬂ(z o= Blcz )Ai CO CAL.1.3)
Then
* . )
AﬂLOJ = I ‘ CA451.3J
Step 3

* * *
The polynomial matrix B has a wunique Z -Smith form 8 such

ke

that




170

B, =L & R, (Ad.1.4)

* * * , * L,
whara L1 and R1 are 7 —unimodular matrices. Then RILD) is

invertible. Define a lower left triangular constant wmatrix L

and an upper right triangular constant matrix R such that
*
RICD) = L R (A4, 1.5

where both L and R are invertible» constant matrices. The
deconposition becomes unique by choosing the diagonal

elements of R equal to one i.e.

L]
-

for 1

1
[
12k

¥ ) (Ad.1 .42

ii
A decomposition of the type (Ad.1.5) does not always have a
straightforward solution since the important 1ii—elements
may become zero. A reovdering of the rows of R:CO) solves
the problem. It is however necessary to rearrange the
matrices L: and S* corvraspondingly. Int roduce the

permutation matrices Pi and P_ and define

e

LR, =P R (O)
..':é:-.. 1 1-—-

L)

-1

n
o
m
o

]
b7

(Ad.1.73

-
*
it
-
*
-
U
-

i
-
k]

*
whera P1 is chosen such that PlRICD) may be decomposed on

*
the form ¢A4.1.5) and P_ is chosen such that §_ becomes

* x * *
diagonal. If 8 ﬁdiagC§1»..“9$ ) then 85 may be written
K pe
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* *
§ = diag[s TR ] taq. 1.3
k k

i (]

for some perautation {k17..uk > of the numbers {ls..1n).
] 0

* _* LAk SR N 5 . -
Rtz ) = R1 LO)RjLz ) (Ad.1.%)

* .
The decomposition of B wmay now be rewritten

&

* * *
B, = L_ S_ L_R_R CA4.1.10)

Consider the constant matrix
1 0
L o= . . (Ad4.1.11)>

il 21a]

*
whick multiplied from the left by Sﬁ gives

( * )
1 s 0
11 k
* A * " 1 .2
M =81L = . . CA4.1.12
* . *
5 . =1

ni k nn Kk j

£ 1
] It is desirable to factor out the invariant polynomials to

V
o

f;' -~ the right. This is rnot possible to do directly since it is
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not known whether
* * .
s |s for i{g (Ad.1.13)
k| k
1 J LY

A construction proof is given in the following steps.

* *
Consider the first column of M . Factor out the g.c.Z2 .d of

the column elenents and assign

* Z* dc * )
n] = Qe ~alm
1 il

~EE
fury
I
Bl
1
w

-

(Ad.1.14)

*
The factor pj must correspond to the least k for which
. i

1 *0 since
il
* * .
5 |s for k <k (A4 .1.15)
N N i g
i J

This gives

B o= g CAd.1. 16D

It is naw possible to eliminate the elements in row i of all

the columns =1..9h corresponding to the comwmon factor p

4

LR
sitce row i of M has this common factor.

1N
jrt
i
o
i
N

This procedure may be repeated for sach coluwmn. Factor out

* *
the g.c.Z .d. of column J and assign this to p . Eliminate
J
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* *
the slements of M of the row where p was founds from esach

* ’
of the remaining columns J+ls..»n of M . Notice' that all

. . *
elements of a row has a common factor originating from 5 .
This may be written

* * *
MR, = L481 CA4.1.17)

where Ra is an upper right triangular» constant matrix with

*
17%s on the principal diagonal. The matrix 87 is

* * *
5_ = diag[pls,u.qp ] tAd.1.12)
3 n

Through this procedure of elimination it is obvious that the

. * .
factors {p } represent sowe new permutation of
i

S eaarS (Ad.1.17)

These matrix manipulations give the intermediate result

* * % * % * ¥ % =~ *
B, =L, 8 L, RR_ = L.TL4 8. Rq R.R. (A4 .1 .20
* . . . ~1 .
where the 5 matrix ig diagonal and R R is upper

. bl
-t a2

triangular.

In order to obtain the requirements stated in the lemama it
is necessary to scale the wonic polynomials in the diagonal

*
"entries of §_. Define
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L3
D = §_(1)
L= *p
574 .
* -1 * , -
§, =D & (Ad.1.21)

*

The matrix D is invertible since B is of full rank and
. * , . .

gsince 8 is a polynomial matrix that is assuwmed to have no

*.
zeros at = =1 (ofF.(2.733.
Step 7

The matrix decomposition in the statement of the lemma is

tiow obtained by assighning

B o= LY L

LT s

B =gt

g Ta

g¥ = R 'R R® (AA.1.22)
..R — 4 :-I _:. . M w el

since R and Ra are upper right triangular matrices and

* = -
R_(0) = I. The diagonal slements of R_ and R 1 are all *17.

*
This guarantees that BRCD) is upper triangular.
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APPENDIX 4:2
Lenna_4. =
* * * *
There are polynomial matrix solutions R » § » T+ T_ and a
u Y 2 =

* *
diagonal B satisfying the following equations for given AM’

* * * * * * , ,
4 + B+ B+ By B and T1 with the properties given by the

L. 8 R
EXPrESS1ONS of CALTI= (A7) and CA.159—(4.16) under
*
assunptions 3:1-3y 4:311-3F The matrix T is a polynomial

*
Z —unimodular matrix.

T*T*A* B*B* _ B* T*A*

21M LS g 1M

R'A" + & B = T A B R¥C0Y = Breo)

u ay' 1M R U R

T*T* *H* E*T*

1M D g

(4.17a-c?

Proofs

*
Step_ 1 Existence of T

* *

The product of T1 and AM is a lower triangulars polynohials
*

Z —unimodular matrix according to assuwption 4:3 (c.f.

*
(4.1%5-14&33. The wmatrix T_ is then possible to express as

ros

T = B T ADBR B T A

* * % % ¥—1 ¥—11 % *y—1
3 [ ] (Ad.2.13
e 5 1 MS (" 1M

In order to guarantee a polynomial wmatrix solution it is




necessary to investigate the expressions claoser.

The wmatrix

L

1
BT

*A B*- (AL.S.2)
= 1 S s W ey W ey

*
M

i3

. . * . . .
is a polynomials Z -unimodulars lower triangular matrix
. . * (=1
since the wmatrices B and B@ cancel e=ach other perfectly
S S
on the diagonal and since the specification on the

off-diagonal entries assure that these remain polynomials.

Each element bslow the diagonal of the above wmatrix may be

written
i
b*p* _____ - b*p’*
i ig = i i (A4.2.3)
bJ

which is a polynomial.

* *
The resulting T_ is a polynomials Z —unimodular matrix since

*

the matvrix of (A4.2.2) is a polynomial matrixs since BL is
* * %

Z —unimodular (lemma 4.1+ and since Tlﬁm is a polynomials
*

Z ~unimodular matrix by assumption.

*
In order to guarantes a polynomial watrix solution T {1t is

b,

possible to use the non-unigueness of the factorization of

* *
the polynomial matrix B for a given BS.

#* T %
Consider a tentative Z -—generalized matrix T _ obtained as
“
*
shown ahove. Find the diagonal polyrnomial matrix U s where

the elements consist of the least common denominators of the

? b}

* T % %
columns of T_ « Then T U is a polynomial matrix. Since T
] ‘: oy

-

- a

—
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0] * . . . * .« * 1]
is 7 —unimodulay it is cleay that U is Z -unimodular.

* o *
Since U ig Z ~unimodular and comnutes with st it is
possible to write *
* E I * W=l R O®
B = RBR = [B U ]B [U B ] (Ad4.2.4)
L8R L ] R
whersby a new factorization — with the desirable property of
* *
assuring a polynomial Z -—unimodulavr matrix T - is obtained.
* * % ) -
T.-'_. = T...::. U ‘-94-215)

* %

The matrix U BR ig then still guaranteed to be a polynomial
*

Z ~unimodular matrix.

* *
Step 2 Existence of R and 8
u

It is well known that the polynomial matrix equation (4.17b)

* *
has polynomial matrix solutions R and § (ecf. e.g. [Per 11,
u Yy

. *
I1:2.5) when there ave no common left factors of Auu and

*
B . All solutions may bhe written as

oLt
R = RY + KR
= \
“ P H (AL.2.6)
5* - m* + V*S*
= 8, 8, .
. *
wherea [R SP] is a particular solution satisfying
REAT + S B = T 6B (AL.Z.7)
P - B T -
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and lRH SHJ satisfies the howmogenous equation

R'A" + & B =0 (AL.2.8)
H H = ki 3 u al, w02
*
and - finally - K is any polynomial matrix of appropriate

dimensions.

Step

* *
o Existence of T and B
3 D

-t

The equation

*_X ¥ _x *
T.T,A B = E_T

»*
(AL 27D
2 17M"D '3 A

* *
has a solution T for a diagonal BD and given polynomial

t

* * * * ,
matrices AM’ B,y T, and T_.. The solution is

g’ 'y
T = Rl (Ad.2.10)
% Vg 2 LMD e

* *
A polynomial wmatrix solution T for a diagonal matrix B

L ¥ _ L . . .
with a minimal number of 7 -zevos is obtained by inspecting

the least common denominators of the columns of the matrix

B, CT_T

%] *A
S 21

* (Ad.2.113
M e o

ha

and assighning these l.c.d. as the corresponding elements in

* v
the diagonal entries of the diagornal matrix BDu Then a

*

*
suitable BD is obtained. A polynomial matrix solution for T

o

*
is also immediately obtained from (A4.2.103y when BD has

* * *
been determined, since T T1 and AM are polynomial
matricess and since all denominataors of (A4.2.11) derive

" fram B
"Om g "
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Step_4

The matrix
* *
R (Oy = BRCD) (4.17b3

u

should satisfy (4.17b)
* * * * * * *
ROCOIA €O + 8§ ¢O3B Q) = T _(0O)A (OIB_CO) (A4.2.12)
u Yy 1 | R
Via (4.7 t4.1%2 and the properness conditions in
assumption F:l it follows that
* *
R (Q) = B_CO) (A4.2.1%
u R

The proof of the lemna is how finished. The existence of the

desired matvrix solutions has been showh .
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APPENDIX 43573
Ad.a.l _Introduction

The control object representation in §4.2 does not contain
any disturbances. A more complete problem set-up is

therefore given in this appendix.

In this formulation the control object will be presented by
* * % *
a r.Z Je.f. pair (A 9B ) and the controller by a 1.7 .o.f.
* * #*
triple (R » 8 » T 2. All indices introduced in the main text
ragarding the type of factorization will be omitted when not

explicitly needed.

A general fractional representation for a linsar,

multivariable system 53 is given by a block triangular
{

* * * * * * Y f 7 r )
A (= 2 Az D ALz ) E ot u <t
L uv uw u
* * * *
0 A Cz ) A Ltz ) E () = v (t)
Vv Vi v
e e et |+ e s s e e e | 2t e e et i e st et et e e e e e e s o g
* *
0 0 A (z ) E ¢t w (L
- ww \ w of . p,
( E (L)
% * * * * * u
y (bt R (z 3 B (z 2 B ¢z 3 | |e————
1 lu lv lw
e e et s e s = - ot 1 e e o B i L T B E (t
¥ * * * * * v
y ttl B <z 3 B <z B ¢z 3 o e e e e
i 2y AV 2w
E (t)
W J
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where tA4.35.1)
y1 - Measured outputs to be controlled
Y. - Other measured outputs h
uh e Control input
v - Measured disturbance inputs
w e Non-neasurable disturbance inputs

Let the assumptions 2:1-2 Fformulated in the main text also
be valid here. The assumptions 431-3 ave also included and

d:1 is rephrased below

Let the number of independent conteol inputs be equal to the

numbey of full rank controlled outputs. ]

A particular cases» where the nunber of independent control
inputs is equal to the anumber of full rank controlled
outputs, will thus be emphasized below. The rank condition
does obviousily never allow the number of full rank
controlled outputs teo surpass the rnumber of linearly

independent control inputs.

This specialization only imposes the mild restriction that
any vemaining control inputs will be formally referved to as
a part of the disturbance input vector v for which no

controlleyr pavamsetrizations will be devived.

A faw technical details regarding stabilizability also
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deserve a comment .

* * * . .
It is assumed that A4 -+ A and A are guadratic polynomial
uu vv ww .
matvices of full rank which means no restriction. It is also
* * * . . .
assumed that A and A are I —unimodular matrices. This
vV Wi
requirement is needed to guarantes the existence of a
feaedback stabilizing linear controller which wmay also be
seen from (Ad4.35.7) below. The system is not stabilizables if
* * * .
A or A are not Z -unimodular. Attempts to cowpensate for

\A% Wi

L . , * *
a v with unstable poles originating from zevos in Z of A
g Vv

would give a design scheme with cancellations of common

¥* * . . *
factors with Z —-rzeros. The case of an Avv with zevos in Z

will thevefore not he considered further.

The system left structure matrix of (A4.3.1) with yl as
controlled outputs is precisely the left structure matrix of
* A

4 u
Eiu

*
A decomposition of the transfer Ffunction 611’ according to

lenma 4.1+ is

6 = p¥ a7? (AL.T.2)
11 Tiu uu e
* * . . . *
wheare A and B are polynomial matrices in =z -’
uu lu
*
A ) = 1
uu
and
* * % *
B = B BB

ilu L 8 R (Ad.3.3)




‘@:ﬁw&i

=y
21
{

with the properties given in the lemna and remark 4.%.

-

A trade-off between the restrictions imposed above and the
specifications of the control objective gives rise to the

general design schemss which is to be stated below.

Let the controller be given by

* W *  * y €t * K u (k)
R ¢z Judlt) = - 8§ (z ZJ[ 1 ] + T (= 'J[ o ]

u () v ()
Y VE (A4.5.4)

" . * -\* . e .
The matrices R and 8§ will always be chosen as polynomial
u Y
*
matrices with respect to = but may in general be chosen as

%
any kind of Z ~-generalized polynomial matrvices. The matrix

* *‘ 0 . 0]
T is required to be a 7 ~generalized polynomial matrix.

Denote

u kD
u (k) = [ C‘t' ] CAL.T.5)
AVER O i

% *
Let the 8 (z )=-matrix be partitioned into

y
* % * K *  *
S (g ) o= [ 8 ¢z 2 8 (= ] (A4 . 3.6
Y 1 2
. . T T
where sach submatrix corresponds to the observations Eyl yﬁ].

* ¥
Let the T ¢(z )—matrix be partitioned into




*  # % * * *
T €z ) = [ T €& » T (2 (Ad.Z5.73
ue f
x..* * - 3
whera T and T  rapresant the feedforward compensations
Lo ¥

from the comwand signal u and the measurable disturbance

o

inputs v respectively.

If the expression (A4.%3.4) is substituted into (A4.3.1)s the

following is obtained

* % % * * * % * * X % *
R (= )[A (= 2> A (=) A (=z )]gct) + G (= 3B (z 1E(ty =
u uu uv Uw y
K e ® ¥, - * 0 %
= T (zx yu k) =T tz Ju Yy + T _ (= »vit)
1 uc c FF

(A4, 5.2)

The system equations for the closed loop system becoms

C % % * x* ¥ * * % * % * ¥ Y ( "
RA + &5 EH KA + 8B RA + 8B E
Wouy Y «Wlououv Y VI U uw Y o «W u
* *
0 a A E =
vV v v
*
O O A E
\ Win J L W )
- * . )
T T 0 u -
uc fF ()
= (%] I (8 v
% 8 I w




[ )
4
* * * u
Y E 3 o
1 lu iv iw
——— o e s 2oatt s (e e s o vt omth s o | 2 R E
* ¥ * v
Y. B_ B_ B e
= “u EAY =W .
4
L W

(AL .Z.93

The transfer funhctions of the closed loop system are then
obtained as
* * * * X # y—1 *
G = R [R a6 + 5B ] T
uoy wul ou ouu Yy WU e
c 0
* ¥ (% K * ¥ Y-l o* * * * *Y *-1 * %=1
G = R [R A + 8 B ] [T + [R A + 8 B ]A ] + B A
vy LU uou Y WL, F u uv YuV] vv VY VYV
0
* *[ K K * #*y-—1 % * * ¥y *—1 % * #* * * =1
G = R [R A + 5 B ] [[R A + 8 B ]A A "[R a4 + 8 B ]]A
wy Sl Uy Yt WUy Y.V}l VvV VW U uwW Yl ww
4]
*  %—1 % %=1 R T ) :
-~ B A + B A (A4 .Z.10)
AV VY VW WW Y
*
where B U etoc. denotes
*
B
* lu
B == * (A4d.Z.112
e L B
2u
* *
Since it has already been assumed that A and A are
N vV ww
polyrnomial and 7 ~unimodular matrices, the closed” loop

system will be stable iff the polynomial wmatrix

<" =
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*  * ® * * ¥ ® *
R ¢z A ¢z 3 + & ¢z 2B (z CAd. 3. 120

is Z —unimodular. The full expression

* ¥ % ¥ % *
det[R (A} + 5 R Jdet{ﬁ det[ﬁ ]
Wi

u o Y o ull vV,

A4 .T. 13

gives some of the closed loop poles of the system. In
*
addition there are other Z -stable poles which are not
* *
explicitly taken account of in BL and T . It is howsver

ue
*
possible to choose which poles to have by choosing AM

A continuvation is found in the main text in §§3.3-5.7.

i
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APPENDIX St

There exists a polynomial matrix solution

* *
[ F T‘J (5.33]
% v
* 0] .
satisfying the relation - where BP is diagonal
)
* * * . .
c =F - RBR.T (5.35)
v v S v

and such

*
that the highest power of each row of F is lower

v
than the greatest power of the corvesponding entry in the
*
diagonal matrix B .
Eroof
* *
Consider eq. (A4.3.1) with a given choice of B and A .
iv vV
Any pair of matrices
* * *  #
B =R + B K
iv iv lu
* * *
AT = A + A K CAT.1.1)
. uv LV uu ’

K.
whare K

*
and B .

*
substitute O
uv lv

The matrices

not changed by any such substitution.

*
operations are psrformed on A& and

* *
A 7 A
[WIN] Vv

*
and B U are left unalteved.

*
B

*
A
T
This

of

*
is any stable Z -generalized polynomial matrixs may

* *
v A and E
vv :

are
.y

means that column

(A4.3.1) such that
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This fact may be exploited in the expressions for v of §5.3.
All the v-dependent terms of (5.2%) and (3.32) may be

axpressed as

* A * *
Hwv = [F - BT ijv (AS.1.23
Y S v

*
The polynomial matvix H may be written (of.§3.73)
v

* XL X K KR *( % % * # *-1
H = U {T T AR - B [R A + 8 B ]]A (AS.1.3)
21 M 1lv SL u uuy y v \4Y

Recall the relations (4.17a-b) to obtain

*NO* ¥ X S * (O * * *
M=TTAHE = BTAR =R [R A + 8 B ]

2010 M lu 1 MR S1 u uu Yy U

(AS.1.4)
Use this relation on

* * * % % ¥—1 * % K K] .
H =H + UMEKA - UMKA (AS.1.53)
v v vV \'2Y%

%* *

where K is a Z —generalized polynomial matrix tao be
*

gspacified. Through substitution of M given by (AS.1.4) into

(AS.1.5) it is confirmed that

* Nl K K X # %[ % W * % %1
H = U [T TARB -8R [R A’ + 8§ B ]]A (AS .1 .42
v 2 1M Lv 81 u uv Yy v]] vv

*
is independent of the choice of K . Consider now all the

* . H . .
Z -generalized wmatrices F that can be achieved for given

v
* * *
matrices A 1+ A and B . These may be written
Lk Vv u L
* * K OH ¥ * %1 * R K OR[ * * ¥y He-1
F =UTTAE A = U TTA [B + B K ]A =
v 21 M 1v vy 21 MU 1v lu vV




1

ot

= U T*T*A*B* A *-1, B*U*T*A*B*I*A*_l (AS.1.7)
- 1M v g 1M R wv e e A

- . - L -
The choice of U in §5.23 guarantees

* A ¥ K K K K K-
Noo= U T T A B A CAS.1 .80
1™ vV

*
to be a polynomial matvrix. Now find polynomial matvrices X

%
and Y such that
* *

N =X + BY CAS.1.7)

*

where the polynomial elenents of ¥ should have the lowest
*

possible degree with respect to = . This is achieved by an

elenentwise solution of the polynomial equations
h = x + by (AS.1.10)

The division algorithm for polynonials assures existence of

* *
a solution where each x has lower degree than b .
iJ i
Now choose
R Nl H—l Nl K—l X
K = - R A T U Y A (AZ.1.11)
R M 1 vV
The final choice is
* *
Foo=X : CAS.1.12)
v o

and




* *( ¥ R % % Yy -1
T = L} [R a7 4+ § B’ [AY =
v WUy Yy "vJ) vV
* ¢ % W * ¥ Y W] * * % *  * * ¥--1
= IRA + 5 5B A + U [R A + 8§ B ]H A =
CUouv y "v] vv U ouu Vv osu vV
* * * * Yo% *
= L} [R A + 5 R JA - Y (AS.1.1733
u ouv Y wv] vv

*

The choice of U in §5.7% guarantees the first term to be a
*

polyromial watrix. The matrix Y is a polynomial matrix

accarding to (AS.1.%) above.

*
The proof is now finighed since polynomial wmatrices F o oand
v

*
T with the prescribed properties and cowmpatible with
v

(A4 .3.12 and the control law (AA.Z.4) have been shown to

exist.

,
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APPENDIX 421

Theorew

-

Assume that T: igs known to such an extent that the estimate

*
T may be formulated as

* *y=-1 *
T o= E-:[I + H ] T
- | (6.37)

al

* * * -
far some 7 —generalized polynomial watrices H and (I+H 3
*
where H is also positive real. Assume also that the MIMOD CE

* *
control  law is used. The knowledge of BS and t_  then

-
o

represents sufficient a priori information for formulation

of a convergent parameter adjustment law.

Let for formal convenience the data vector ¥ be defined as

the vector containing the components of all al'- Then it
i

holds that each ﬁj' may be written as
i

P = N ¥ (A&.1 .1

whare the matrix N picks out the pertinent components of
i

— — A
mj. from $. The parameter asstimates 01_ may likewisé be
1i i

expanded to the size of ¥ by the tranasformation

A A
e’ =N @ and MN =1 (AL.1.2)
li i 1i i i

A
=

l.Let B be defined as




-
&
[

A

A
= [e’ 1..107 ] (AG.1.3
11 in

[z >

ny *
and similarly for &R etec. In the case whare BS contain only
time cdelays in the diagomnal (i.e. when the control obgect
does not have any finite non~-miniomum phase zerosls it holds

that

=1 2t

tty) = [G’Ct"k])v....ae’ct“k )] tAk.1.4)
. n

This denotation gives

- v (t-k N CED
o 1. 1 1. -
T OCEIBCEY = - ) = . = ~ v(t)
v ek 3 v o)
[a] 11 N

(A6.1.5)
The following updating algorithm now gives

A A - - T
Bty = Bty + y(||®])» & E;Ct)

(ALY LAY

whera

* -1 * =1 %=1 -1 _
@ (k) = ¢ (g Je (t) = v (g OT (g Ivit)
s e i 2 2
i - f (Ab.1.7)
, . * -1, .
for some matrix v _(g ) to be determined and

B

VOFD = —m=Ses

NFceo|™
(Dbl .5

For [F)j+=0 and y=0 for ||F|]=0. Consider now the function

Vid (t)) = L L8 -3y
1 i AR

(AG.1.100




Then it holds that

VEB (D) — V(B (t-11) =
1 1

AT ~ . ~T A .
te B OCEOECEY ~ tr H (LIECLD

it
]

AT_LT_ #-T *T * ¥l T * #—1__T %*-T *T
= ¥ tr[" Eev T v =T vdEE+c T wvwT ] =
T #*-T *T * ¥-1 1o% ¥—1.
=y v T T [”ETFT + IJTWTF v

(A& 1.11)
which is negative for all ¥ such that [[V]|$0 if

* % *
-2T * + I = — H
=2 (Ad.1.12)

*
for any stables positive real transfer operator matrix H

and a stable T

-

* *y=~1 *
(N 2[1 + M ] T
) = (.37

satisfying

This is shown by a standard type *positive real’ argument -
used extensively by many authors in the field (ef.flanl). A

85180 version is found in e.g.(lEgaly 2.43.

When (4.37) is satisfieds it holds that -’

va81Ct)> - vc%jct—1>3 = -y T CtIPTCL)

% (AA. 1,13
for a stable transfer operator P




¥* *Yy-T * #*7 -1
P=A[I+H]H[]2+H]
. B (A/:--i.ia-)

The RHS of (At.1.13) is then rnon-positive definite which

proves the claim. N

The condition (4.37) reduces to (4.14) in the SIS0-case when

*
H specializes to a positive constant. The wmultivariable
countevpart of (4.14) is the special case of a positive

*
definite matrix @ = H . This condition is formulated as
* -] %
T o= 2[1 + Q] T Ch.TZT7D

for any pos.def. matvrix 8. This easily transfers to

E 3
in the 5150-case where 'qﬂllho.

an.




There is a bounded positive constant K  such that the

function

VEXCEDY) = veCth)) + viCth)) CE.35)

is a Lyapunov function for an adaptive system under

assumptions S:1-5. The difference

VEXEEad — VIOX(CE~-12) (B.363

is negative semidefinite for [[X||#0 and assures uniform
global stability in the sense of Lyapunov for the syétem.

Furthermores (8.342 is strictly negative for [[x||+0.
Proof:

The proof is based on elewentary Lyapunov function theory
which is described in e.g.([Hahlsy §25)y (LVidly S5.2) or for

discrete time systems ([LaSls ch.l}.

The system operators included in (2.33) form continuous
functions w.r.t X. The function WVO(X(ElD is radially

utibounded and continuous w.r.t. |IX]]. Both v and ve are
X

positive definite functions of x and =z respectivelys and V

forms thus a feasible Lyapunov fFunction candidate.

The output error is used for parameter estimation according
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to assumption Si¢4 and the parameter adjustment law is the

gradient algovithm
A A
(k) = G(t~k) + YCHWICt“k3"3¢1Ct”k)YECt}

with y choseh according to (2.27) i.e.

i 1
o
s

“mlct—k)uza

-

B e Ct—kil
o 1

a3

(AZ.1.17
vCHwICt—Hbub =

1 2

lo, ct=k) i (a

=z

L l?»_a“i
[§)

for some chosen constant a. It is seen that no updating
occurs for ”mictmkhuﬂo. The filtered output yF is obtained

from €2.43y (2.5) and (2.7) as

(k) = T (q 6 (g Iy (t) =
Y 1 Mo Yy

.‘:
-k -1 ¥ ~1_ _% -1
= h q T g YA (g "B (g "rECL)Y =
0 R
=k W 1 * -1 * - * -],
= b g [R tgq A (g ¥+ 8 tg 1B (q )]g(t) =
8 [N Y
Az F.2D
b T Tt eT 't‘] b _k[g (t) ‘t}]
= g ety + 2| = - ( (o
0' [ lml Dq 1 ¢1

Notice that the dependence of E(t) w.r.t. initial values
ete. is fully covered by (AS.1.2) which incarporates control
* * * *
obgect (A » B 3 and regulator dynamics (R v 5 ) in the

u Y
mi—vectow and the time delay k. It is also easy see that the
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*
formal cancellation of BR batween (2.9 and (2.132) does not

reprasent  any igrored dynamics. The further calculations

will rnow be made for the two cases of y in (A2.1.13. Define

b

! =
¢ = L *a andl $ = : {a
L {mi Hw1H } 5 {mi leﬂ }

Straightforward calculations now give for mlct)e%

v Czebeld) - v fzEdd o= 18 (kRO - 48 ctr )t =
) 6 1 1

1@ <tk b @ 2
rO yF 0O [D v Xct))
T [:E:._-. —_— 1 e e e e st wros rnn too S i e s [2.—-— - 1 mmmmmmmmm
20 b ) 2 2L b o2
B 0 o ctof B_ 0 lle CE2
O 1 2 i
b* B .
(] {) As = o
= e w—[ﬁm- - 1]”0 (2] cos wtt?
2L b 1
9 O
Q
wherea
cos (L) = CQE[QICth,miCt)] Az . 1.4)

The same calculations when wICt) is small i.e. mICtDG@S give

the result

vV CROEHRLD) = v (zCRID o= |0 Chekdfl — J8 ()| £
) ) 1 1

wl -

BT A e .
O O voCXetdD
f._, [ 2....... — 1 et s s s st i uet s smeas
2[ (u] ] = (AS.1.5)
B 0 a
8]

“with the meaning of v given by (8.333. Notice that no
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updating is performed when nm1"=0 and ve is then left
unaltered. The function ve is thus decreasing with time when

an evror is indicated and if assumption $:2 holds.

A bound for the growth of v (x(t)? is obtained from
®

v oIxCt+13 - v o Oxttd) =
X X

. T T y T T
In|1l + x Ct+100 Oxct+id| - ln[i + X (EIE Qx(t)] =

*

]

. T' 'l" -

1 4+ x CE+120 GxCt+12

= ] T Hi e T (
T T

14 x CLIR Byt J

T T

X (16 b+l

{ LR e e e (A 1.4)
T T

L X CRIE Bxctd

when x1ct+1)QTGth+1) > xlct}QmeCt). Otherwise it holds

that

v (xCt+1d) — v (x(E)) £ 0 CAE.1.7)
X X

In ordeyr to develop (A2.1.4) further it is noticed that

4

XTCt+13QTQXCt+13 =

[ gl] 1
= SCi-1) - 2 2Ci-1
= % xcceeips T o T ket o xFerenpt i
i=1 i 1 =i

]i



]

£ i(tkl) + T x'(th =i

) CE+13 + p xTCt)QTQth)
i

] M

tAR. 1.8

where the shift properties of the F-matrix of the canonical

state-space representation (2.14)7 have been exploited.

However

= T ~T =
XlCt+1) = [-p Xxet) - ejct)mlftJ] %

I&

E|p1th)|£' _Ie (L,mlctyliﬁ

I

218 pexce) 1 2 zu5 by "mltt)" cos ait)

CAZ.1.9)
According to assumption =:1

2 2 T T T

o, CE2017= fiMxcty ctra e e taxcey <
£ A f@xcta” CAS.1.10)
ma X
wharae A is the largest eigenvalue of the pasitive semi-
ma X

definite matrix

0 "M Mg} (AZ.1.117

Summing this up gives the upper bound

KTCt+1)QTQth+1)£
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-, -

£ [e“+zua pu‘]umetbn‘+

+ ZA 18 k|| TcosTacty floxctr )T
me X 1 (AZ. 1.1
N o [ - s
and
T T
W CEFLIR QOxCt+1)

L e

T T
X CEIR Ax(td

o2 -1 = ~ 2 2
b4 1n[[g + 2| pll ] + BN e <t cos «Ct)]
max 1
tAZ.1.13)
If assumption 215 is fulfilled then

= -y
.

o= + zne tpn T 1 (AS.1.14)
and (AZ.1.13) is bounded by

1n[1 + 2N uelctau*cms“«Ct)} %

Max

£ 2n I8 ) FcosTalt) (AS.1.15)
max 1
For a positive constant KL (of.Ass.222) such that
“ B,
O O 1 A
0 ( x % "_[E_m - 1J~m~“" = K (Az.1.14)
Lo zUb ZA L
3 0O Mmax
0

it is immediately clear that the function

VEXEEDD = v (k) + x v (xCh3d (AS.1.17)
(4] L x

decraases everywhare in *L except possibly where allm « In

that case when




Y

9 (tigp (ty = 0O Az . 1.13
1 1
it holds that .
tzCt+12) ~ (eCtdd = O CAZ . 1.19)
ve Ct+12 VO t3d Azl 7
and

v (xCt+102 - v (x(t3
X X

T T |
1+ x (E+100 Oxdt+1D

1'.-. anrm s s 12 e P P et S St 940 et VRS S Y T e s o Feh

I

T T
o+ x (Il BOx )

2 -1 = 2
1o+ [G.’ + 2lie pll ]IIG?K‘it'JII

1 Y [ reme e e e o s e s e s o it i o i St E

oy

1o+ oxctr )

16

= -1 Noxcea ™ )
£ - [1 - [9 w 2B pll || ———— 0

1o+ [|Oxctd) (AS.1.20)

except at the stationary point |[x||=0. This finishes the case

of a lavge w1Ct) i.e8. when mICt)GéL, In the case of small

m1Ct)=s ieve. mictbeér» it holds that <dA2.1.7) may be
o)

developed as

z ~1 z 2 .
e+ £ 20 pl UGk kI T ¢ BT oxce)
1 CAS..1.21)

and the counterpavt of (AR.1.12) gives
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B CE+13 ] 3 [9

-
ale

i~

+ 2 OXCEY D

H

-1 =
+ 2| pll ]IIE!XCUII

A .l .22)

b

The statement

v OxCE+12) -~ v (x(hldy =
X X

AT .1 .23

pd .

z -1 & = =
1+ {p <+ 20 pl J”Qx(t)" + 2w (X<t

v (XL

Pl 1 P} | e o o et e e 10 e s e e i s i s it B i S 0 Gt 22 iy )

14

-
e

1+ [@x e

is Furthermore valid under assumptions Z!5. It is therefore

possible to suggest the Lyapunov funotion candidate

VIXEED2D = v Czikd) + kv (xitd
e o

S x (As.1.24)
with
bS B
0 O 1 A
0D (x_ £ - [?~~ - 1]~~m = K
S 20 b = 53
B o] =a Az, 1 .25
9}
23) is

for the case whan mICt)EQS. The growth of Vx in (AZ.1.
then compensated by the decrescent Qe of (AZ.1.53. The case
when v=0 is also covered by the choice (A2.1.24). The
Lyapunaov function is furthermore shown to be decrescent also

whan [|[x||#0 and v=0 by an argument identical with (AZ.1.2072.

A global Lyapunov function is then obtained as

VEXCEDD = v (2Ctd)) + Kv (x(td)
3] X

(5..352

- With




< T

k3
>
]

O { K % |'|'|iﬂ[|'< + K J o
L. S, CAZ. 1 .26)

where HL is the constant of (Al.1.14). Hereby it is
e%tablisﬁed that V is non-increasing globally and the system
in question is globally stable in the sense of Lyapunov. The
stability is also uniform since no dependence of the initial
time tO occurs. Furthermores V  decreases for all x except

for x=0.

The initial value of V is defined by (2.33)

Cy e A YT e Sl D)
VLXLtOJJ vek (1QJ) + hvxtx(tﬁ) CAZ.1.27)

where the parameter ervors of the first k control inputs

Pl B

under assumption 2:3-4 define the initial value of

e n e kol v L
v et 3y = Lo (t +id]
e ’ D10

Q i =0

The function v at time t5 reprasents the initial state of
X C

the control object and the regulator and may be expressed in
terns of the partial state § (of.(5.143) as

n—-1 & 2
v (xtt 2y = 1H[1 + L p E (t —imlﬁ]
X Q i=0 0
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APPENDIX @i

N

An  adaptive system under assumptions

associated Lyapunov function V  given
characterized by exponential convergenca

all v in a time interval R le with "mi
0

sup f@xco| % ECT)}EXP[" 6(T~T_)] 5 C
{ 4

8}
VXt 1350
(8] (»)

Proof

Assume that the conditions of the theoram

introduce the abbreviated notations

hoty = n$1Ct3u*cos*act3
where « is given by (AR.1.4). Recall also
the upper bound KL of K in (As.1.14)

e
al,

b
1 () 0 )
K = e cnee [-‘_':“-___,_ — 1]
L. EY N 20 b
max - 0
0
A direct derivation from (A2.1.12)9 of t

IGxfl for any time tis shows that

Sl with an

A7

by (8,35 is

Woer.t. [|@BxCTd| For

2,02
(tifl 2a so that
tr 34 exp[C /K]
O 0

(2.37)
are satisfied and
AR . 2.1

the notation for

(AZ.1.164)7

he growth rate of

a tes NG Cat+in || =
f@xctr) = exp[ el 1ﬂm——mmm"““—““]H@NC5)N £
imi Q% Ca+i~10]|




b
L
i

t-5 o o
% exp[ Y ln[i - & 4+ ZA h Cs+i—1)]}"&x(s)" %
i=1 max
t-s 2 =
% exp[ z [~ & + ZA k CB+im1)]]H@KL&J"
i==1 max CAZ.2.2D

The following bound holds when HijEIaI for all s1...9t

-1 = &

SUR exp[_ﬂ_ [m & 4 2A h Cs+i)]]”@x(s)" x
) i=0 fitd X

nxo

2 osup expl- né + v (Z(s1I/K ]“&x(sbu- %
e (I
FrE O

explv (z(s))/K ]umxcsnu“ = Ces)
2 ]

I#

(AZ.2.3)

The results of (AR.1.43y CAS.L.13) and (AS.2.2) have bheen

used to obtain the result. Assume now that for some time T

oy

VEXCr 93 = v (zlt )3 + K 1n[1 + umch_)u*] £C
. Q0
(AS.2.4)

Then

Nexcr oy % exp[C_/K]exp
O (3

- v {(z(t ))/N] - 1
. e ) .

14

An uppeayr  bound on ECT)) may be obtained from the Lyapumnaov
{

function.

Clr » = exp[v CzdCt 23/K ]nmxct )Mh { axp[C /H]
0 0 Q L 0o o




2OL

-‘;. _i
An investigation of © for any 7t such that HwICt)"hEa shows

that

- .-:|
Clx+ly = axp[veCth+1))/HLJ”Qx(t+1)ﬂ =

RN

= exp[_ =N hLCt)Jexp[v CzlTad/K ]HQth+1)nh £
ma X e L
£ exp[— ZA h“crb][1 —- & + 2A h“(r)]ccra
ma x max CAR.2.7)
Defineg the shorter notation
Gty = 1 = & + A hoCt) 3 g O
max CAZ.2.8)

The upper bound C may then be written

Cle+ld £ Floladilixd
CAZ. 2.7

with

Flgy = o expl— o + 1 ~ &

where f attains its maximum for o=1 i.e.

max FCold = FCli = axpl(—§&)
ng

tAS.2.113

Then it follows that (AS.2.7) gives a bound
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Clr+l) £ expt-&) Clx)

tAS. 2. 12

and by recursion it follows for all © in a a time interval

-

Le » v 1 with | cro i ra” that
0O 1 1

Cexd) % Clx 3 axp[— &Crmtj)]
O 0

CAB . 2. 13

The theorem now  follows divectly from (AS.2.43 and

CAE. 2.1

Lof

).
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