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1. INTRODUCTION

During the last two decades vigorous research activities have been devoted
to image processing and related fields. The interest in these problems stem
from the practical applications of digital signal processing as applied to
images. Several books have been written on several aspects of the theory and
practical applications [1-3]. The problem of optimal digitization of 2-D
images have been sporadically mentioned in several texts, but has not been
addressed in full details [2-4]. In the works of Abdou and Wong [5]
experimental study of the effect of coarse scan/fine print for bilevel images
has been initiated. However, a theory is still lacking in these investigations.
For the 1-D case, Steiglitz [6]1 has presented a detailed theory of
transmission of an analog signal over a fixed bit-rate channel. This work has

motivated the extension to the 2-D case in this paper.

In this paper a definition of optimal digitization (quantization and sampling)
is given for the first time. This definition is also meaningful in practical
applications. Other forms of optimization based on filtering of images have
been investigated in the literature. Among such methods are the works of
Lebedev and Markin [7] which are based on multicategory Wienerfilter and
the works of Woods [8-9] based on the variation of Lebedev-Markin process
and using 2-D Kalman filters. Both the objectives and the imposed constraints

of these optimization procedures are different from the one introduced in this

paper.

Having introduced the optimal definition, the theoretical formulation of the
problem i3 discussed In Section 2. The optimal solution is derived in
Section 3. The theoretical studies are illustrated in Section 4 by a computer
experiment which gives insight into the properties of the optimization
procedure. These experiments are also used to verify that the optimization
algorithm is somewhat suitable for this problem. The results are summarized

in the conclusions in Section S.



2. PROBLEM FORMULATION

Let the original image f(x,y) be a function defined on

[o L ]x [o Ly]ch

and with values in V = (min f, max f]cR+.

The image is reglstered by a wvideo camera and then sampled to give a
sampled image t(xi,yj) defined on a M x N rectangular grid G with values in

VCR . ldeal sampling is assumed, i. e.

:%(x = f(x for x € G.

17y’ 17y’ 173
In addition to sampling the values of ?(xi,yj) are also quantized so that VcR+
is represented by b bits i.e. 2b quantization levels. The quantization of
’f\(xi,yj) is denoted by Q?(xi,yj). This is the digitized image defined on a

M x N grid with discrete values.

We want to reconstruct the new function f(x,y) defined on Q2 with values in V.
From the function Qf(xi,yj) the function f(x,y) can be obtained using many

different interpolation schemes [1,5,61.
The optimal digitization problem can be simply formulated as follows:

Assume that M - N ¢« b is constant. That is there exists a fixed number
of bits to represent an image. Determine the individual values of M, N, b

so that the error

E = [J] glf(x,y) - £(x,y)] dxdy / [[ dxdy (2.1)
0 Q

is minimum.



Special asgumptions

The above formulation iz quite general and in order to make the problem

analytically tractable we impose the following specifications:

1‘

2.

3.

The function f(x,y) is characterized by:
a) The value range i.e. min f and max f is known.

b) The fluctuation rates is known in terms of their mean square

variations

62 = (£)2  and
X X

02 = (£’ )2
b4 y

A
A quantization error n(x,y) is obtained when f(x,y) is represented by
A A A
Qf(x,y). The value range V of f is divided in 2b equal intervals and Qf is

chosen as the midpoint in the intervals.

A A
Qf(x,y) = £f(x,y) + n(x,y)

A
This error will be assumed independent of the value f(x,y). Errors at

two different points in the image are also assumed to be independent.

~ A
Zero order hold interpolation is used. This means that f(x,y) = Qf(xi,y j)

for x,y around xi,yj.

A quadratic function g is used, i.e.

g(u) = u2

Other criteria can be considered. The quadratic has the advantage that

an analytical solution may be obtained.



3. SOLUTION

3.1 Expanding the criterion

The criterion will be expanded and evaluated by dividing the image in M x N

cells. The contributions from all cells will then be summed up.

—= LX =
e o j;ﬁ e o o
77
L ] ® é .a_y o ® Ly
XiY] W,
'

Fig. 3.1 The width and height of the image are denoted Lx and Ly' The point
xi,yj belongs to the grid G and is surrounded by a cell with sides 6x=Lx/M
and 6§ =L _/N.

Y VY

Let ff denote integration over one cell.
o

Equation (2.1} becomes

L L E
Xy

[f L£(x, y) - £(x, y)1% dxdy =
Q

A
T. ] [£(x,y) - Qf (x,,y.)1% dxdy =
i3 1Y

= - 2 -
= i?‘;j éj‘ [f(x,y) (f(xi,yj) + n(xi,yj))l dxdy =

L, {[ff [£(x,y) - f£(x ,y.)]2 dxdy -
:|.,:jn i’%3



= éf 2 (f(x,y) - f(xi,yj)) n(xi,yj) dxdy +

+ [ [n(xi,yj)]2 dxdy}
o

Calculating the mean square error now gives

= _ 1 _ 2
E = T i?j {J/] [£(x,y) f(xi,yj)] dxdy +
X'y o
2
+ [ n(xi,yj) dxdy} (3.1)
(a]

Compared to Steiglitz notation the first term is the reconstruction error
which depends only on the sampling fineness bx and By. The second term is
the quantization error which depends only on the number of quantization
levels 2b. However, recall that these numbers are coupled via the constraint

M +« N - b constant.

A. The reconstruction error will be expanded using Taylor series excluding

high order terms.

JJ (%, y) - f(xi,}"_J)]2 dx dy
[m)

then gives

14 r 2 _
JJ [x fx(xi’yj) +y fy(xi'yj)] dxdy =

[m]
’ ey ?
= ff [x2 (£%+ 2%y (£ £ ) + y2 (£ )21 dxdy
| X x Ty y
Each term is now evaluated.
5./2 & /2 53
[ %2 dxdy = ¥ Y %% dxdy = & -%-—%
o ~8,/2 -5 /2 y

JJf xy dx dy = O
o



3
2 1, %y
éf y" dxdy = 6x 3 2

These expressions and the definitions of oi and oi from assumption 1 in

section 2 are inserted. This gives the following expression for the

reconstruction error in one cell.

1—-(638 02+6 ]

3 62 (3.2)
2 X Yy X X y

[

B. The quantization error will now be evaluated.

JJ n(x

2dxdy=66 n(x
a xy

From the assumptions introduce R = max f - min f, let the number of
quantization levels be 2b and assume equidistant quantization. The

quantization grain then becomes

-8/2 2

The quantization error in one cell is thus

s (3.3)

C. The total mean square error.

By using M Bx = Lx and N &y = Ly the criteria is expressed in M and N. The
total mean square error (3.1) is summed up using (3.2) and (3.3), and the fact
that there are M+ N cells. The optimal digitization problem (both sampling and

quantization) can now be expressed as follows.



Optimal digitization
Minimize the criterion
= 1 x %x y Oy R

E =71z" z * 2 b

under the constraint
M - N+« b =C.

HerelL , 0. ,L , 0, R and C are known constants.
x XYy 'y

(3. 4)

(3. 3)



3.2 Optimization

The solution to (3.4) and (3.5) will now be given.

Denote
_ Lioi Lioz R2
J =12 E = + +
M2 N2 22b
Complete the squares
2
L o L o 2L_oc L o 2
J = XX _yYY " xxyy ,R
M N M « N 2b
2
From the constraint (3.5) it follows that
c
M - N = 5
wvhich gives
2
L o L o 2L o L o 2
7= |XxX_ yvy| ,_xXXyy L. ,R
M N 22b

Notice that J is expressed as a sum of two parts. One is a square dependent
only on M and N, and the other is a function only of b. Denote this function as

h(b). The minimum of J is thus obtained for

Lxcx Lyay
M - N (3.6)
h (b) = 0 (3.7)

Equation (3.7) gives

2L o L o R22 ln 2
X Xyy _ =0
C 22b
2
- 1, CR® 1n 2
b =310z ln[l..o Ld]

X X Yy
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Solving for M and N using (3.6) leads to the following result.

1 R2
b = > 1in 2 ln [C + 1ln 2 - m] (3.8)
X X Yy vy

onx C |
M= is ° /E (3.9)
Yy
L o C
L_uo . /5 (3.10)
X X

It is interesting to see how the image propertles influences the solution. The

2
"

expression

R2

L o L o
XX yvy

contains the image characteristics in the form of a relation between the value
range and the fluctuation rate. More fluctuation (i.e. more image detall) leads
to fewer bits and more samples for image resolution. Less fluctuation needs
more bits for intensity resolution, and fewer samples. This agrees with
earlier subjective tests [3,4]. The formulas for M and N also explicitly gives
the tradeoff between sampling rates in respective direction due to fluctuation

in each direction.
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4, THE EXPERIMENTS

Two experiments will be presented. First a computer generated image where
the image characteristics are calculated from the function. Second a real life

image where the characteristics are estimated from image statistics.

The original image and some digitized versions (sampled and quantized) will
be presented in both cases. The individual numbers, M, N and b must be
integers. This means that the product C=M - N - b cannot be kept constant.
There are also a hardware limitation in the hardware on M and N. For
equidistant sampling the only values possible are 512, 256, 170, 128, 102, 85...

(=trunc. (512/k)). The numbers actually used in each experiment are given.

4.1 Rotated trianglewave image

An image is generated by rotating a triangle wave with period T and

amplitude R/2 around the image midpoint. This image is seen in 1 A.

By integrating the square of the derivatives it is found that

and hence

Lo +* Lo
X X yvyY X Y

The following numbers were used in the experiments

r . T .
— =i =0.12
X Y
2
C = [2561° = 65536.
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Table 1. The rotated square wave image experiment. The used numbers M, N,

b, the total of bits C, and the resulting value of the criteria J.

Image M N b o J (-1079)
1 A Original test image

1B 256 256 1 63536 16.5
1¢C 170 170 2 57800 4,69
1D 128 170 3 65280 1.88
1E 128 128 4 635536 1.36
1F 102 128 S 65280 1.48
1G6 83 102 7 60690 2.12

4,2 Authors’ image

An Image of the authors was used in the second experiment. The original
image is seen in 2 A. The image characteristics are estimated directly from

the image itself. A scan of the image gives

R -2

]:_O = 4,06 - 10 (4.1)
X X
R _g.68 . 107° (4.2)
L o
Yy

It is seen from the expressions (4.1-2) that there are more fluctuation in the
horizontal direction than in the vertical direction. The number of bits used
for digitization is C = [256]2 = 65536.
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Table 2. The authors image experiment. The used numbers M, N, b, the total

of bits C, and the resulting value of the criteria J.

Image M N b C J (10 %)
2 A Original authors’ image

2B 256 256 1 65536 16.0
2 C 256 128 2 65536 4,81
2D 170 102 3 52020 2. 88
2 E 170 85 4 57800 2.44
2 F 128 102 4 52224 3.15
2 G 170 73 S 620350 2.58
2 H 128 64 7 57344 3. 89

Discussion

The integers which are closest to the optimal are M =170, N = 85 and b = 4. If

fewer bits/pixel than the optimal (b < 4) are used the image looks elther

blurred (Image 2 B) or banded (Image 2 C).

If more bits/pixel (b > 4) and

fewer sampling points are used some detall is lost, e.g. in image 2 H the

spectacles of Karl Johan have disappeared.

In image 2 F the optimal number of bits (b = 4) are used but less care is taken
to the difference in the two directions (M = 128 and N = 102). This gives a bit

"edgier" appearance because some detail is lost horizontally but not much is

gained vertically.
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5. CONCLUSIONS

A theoretical formulation of the optimal digitization problem iz given. The
solution is obtained from an optimization of a criterion due to the constraint
of fixed number of bits. The solution {3 tested experimentally and agrees well

with human visual quality.

An advantage is that the solution is given in closed form (eq. 3.8 - 10). This
makes it easy to use as a rule of thumb. It also clearly points out the
dependence of image characteristics. This dependence explains and agrees

with what is found in other subjective tests.

In future works the assumptions made in this paper will be somewhat relaxed.
Also, other optimization criteria will be attempted in order to obtain the best
one suitable for this problem. It is known that for blological systems the
optimization criteria are "Application-Dependent" [10] and the visual quality
of the image data involving the human visual system is, of course, of no

exception.
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Image 1 A. Original test image

Image 1 B. M=256 N=256 b=1 M- N-b=65536
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Image 1 C. M=170 N=170 b=2 M- N-b=57800

Image 1 D. M=128 N=170 b=3 M-N-b=65280
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e

Image 1 E. M=128 N=128 b=4 M- N- b=65536

Image 1 F. M=102 N=128 b=5 M- N- b=65280
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60690

b=

N

=85 N=102 b=7 M-

M

Image 1 G.
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Image 2 A. Original authors’ image

Image 2 B. M=256 N=256 b=1 M-+ N+ b=65536
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Image 2 C. M=256 N=128 b=2 M-N:b=65536

Image 2 D. M=170 N=102 b=3 M- N-b=52020
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Image 2 E. M=170 N= 85 b=4 M-N-b=57800

Image 2 F. M=128 N=102 b=4 M- N-b=52224



23

Image 2 G. M=170 N=73 b=5 M- N-b=62050

Image 2 H. M=128 N= 64 b=7 M-N-b=57344



