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1_ Introduction

Design and synthesis of multi-input-multi-output systems using algebraic me-
thods a¡e presented in Pernebo (1928) and vidyasagar (1gg5). The algebra
is hard to work with. This report describes some MACSYMA functions that
performs the calculations.

Pernebo uses Smith form to factorize matrices of stable rational transfer
functions. This is a very powerful tool, in many cases unnecessarily compli-
cated. In some cases it is suffcient to use Hermite forms instead. The Hermite
form is much simpler to calculate tha,n the Smith form. Here Hermite forms
are used to determine coprime factorizations, to determine structure matrices
and to solve Diophantine-Aryabhatta-Bezout identities for feedback design.

2. The Algebra

This section defines the algebra. A more thorough treatment is found in
Pernebo (1978) and in Vidyasagar (1985).

Dp¡.rtrrrlon 1

tet IR¡þ] be the set of rational transfer functions G(s) = b(s)la(s) where
ó(s) and ø(s) are polynomials with real coeffi.cients. Further ø(s)-has all roots
outside the set Â e O. tr
For continuous systems the complement to the set Â is a subset of the complex
numbers with negative real part. If Â is extended with the infinity point the
set IR¡[s] is restricted to proper rational functions.

Dprrurrrot 2
Here the set Â is defined as

L={z €O:Re z>01[Jt-l

Now IR¡[s] consists of stable proper rational functions. ct

Vidyasagar shows that IR¡[s] is an Euclidean domain with a degree function
6(G) that is the number of zeros in Â of G(s). For the definitioo ãf I above, ó
equals the number of fi¡rite zeros of ó(s) in Â plus the relative d.egree orc(s).
A unit is an element, U €.IRrr[s] with ô(tr) = 0. Moreover f,r-1 is also u ùít
in IR¡[s].

Division

It is possible to use Euclid's algorithm for division since IR¡[s] is an Euclidean
domain. tet .4(s) and -B(s) belong to IR¡[s]. Division is defined. through the
identity

á(s) = aþ)eþ) + Æ(s) (1)

where ô(Ã) < ô(B) and Q(s) and ,R(s) belong ro IR¡[s]. This division is
however not unique and several Q and -R may fulfill the degree conditions.
Feasible quotient Q and remaider .R are calculated as follows. rf ô(a) = 0
then B is a unit. It yields Q = AIB and -R = 0. If 6(¿) < 6(8) no diuirioo
is possible. Therefore Q = 0 and .R = ,4.. In all other "uro firrt define the
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polynomials anutnt ad.n, bnurn and b¿.n as the numerators and denominators
of ,4, and B respectively. Factorize bnu : b*b- so that ó* is monic and has
all zeros outside Â and all zeros of ô- belong to Â. Define a monic polynomial
ø"(c) of degree 6(8) - 1 with all zeros outside Â, e.g. (s ¡ ¿¡01r¡-1, a ) 0.
S olve the Diophantine-Aryabhatta-Bezout identity

a¿un(s)æ(s) * ó=(s)3¡(s) = anu (s)øo(s) (2)

with deg ! 1 dega¿.,". The quotient and remainder in the division (1-) are now
given by

8(') =
æ(s)b¿. (s)

a¿.n(s)ao(s)ó+ (s)
y(s)
a"(s)

(3)
À(s):

It must be remembered that this division algorithm is not guaranteed to yield
a reminder .R(s) of minimal degree ó(,R).

Matrices

Dn¡nvluox 3
Let lRpox^[s] define the set of matrices with entries in IR¡[s]. tr

A matrix M(s) e IRnln[*] is Â-unimodula¡ if det(M) is a unit. Ele-
mentary row operations may be obtained by multiplication from the left by
a Â-unimodular matrix. Using elementary row operations a À-Hermite form
may be obtained.

LPtvuvt¡. L

Any matrix in IRef *[s] of rank r can be red.uced by elementary row operations
to a quasi triangular form in which
1. If p ) r, the last p - I rot\¡s axe zero;

2. In column l, 1 ( i 1r, the diagonal element is a product of primes and
is of higher degree than any nonzero element above it;

3. lf m ) r, no particular statements can be made about the elements in
the last rn - r columns and first ? rows.

Proof: By row interchange bring the element of lowest degree in the first
column to the L,1-position. Call this ræ11. Now use the division algorithm
above to write the other elements in this column as a multipre mn plus a
reminder of lower degree than rn11. By elementary roï¡ operations subtrait the
appropriate multiple of mll from every other element so that only remainders
of lower degree than rn11 are left. Repeat the whole procedure until all but
the first element in the first column is zero.

Repeat this procedure on the second column while ignoring the first row
until all elements below the diagonal element is zero. Then use an elementary
row operation determined by the division algorithm to make the element abovl
the diagonal in the second column of lower degree than the diagonal element.
Continue the whole procedure for the remaining columns. E]

Rematk 7. The lemma describes the column rr-Hermite form l? = (I M of
the matrix M. The row .rt-Hermite form L = MV is achieved by transposing,
since -2, = (Vr Mr)T. D
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Rematk 2. The prime factors in IR¡[s] are rational functions of three types

1

s*c
8-O,or orc+c

s - a)2 +b2
s+c (4)

with ¿ ) 0, ó, c ) 0. They correspond to a zero at infinit¡ a real zero in Ä
and a pair of complex conjugate zeros in Â. tr

Remark 3. The Hermite form is not unique since the elements above the
diagonal are not unique, due to the nonunique remainder of the division in
IR,r[t]. E

Remark 4. Compare with the Hermite form for polynomial matrices in Kai-
lath (1980), theorem 6.8-2. E

3. Coprime Factorization

Let a multivariable system be described by

,a(s)3¡(s) = A(s)z(s) (5)

where .a(s) e R"l"þ] and B(s) € lRfl*[s]. rn some cases it is necessary to
have a minimal rea[zation of the systãm (5). For such a realization A and, B
are relatively left À-prime. They will then not have any common left divisors
with zeros in Â.

Assume that ,4 and B have a common left Â-divisor. A greatest coÍrmon
left À-divisor -t is found for instance using the r\-Hermite form.

[.a(") ¡(r)]u(s) = [I(s) 0] or = UTþ) (6)
Lrþ)

0

A'(")
Br(")

This gives

á(s) = I(s).ae(s)
a(s) = I(s)as(s)

Assuming ,D(s) being invertible, a minimal realization of (5) is

'ao(s)s(s) : Bo(s)t¿(s)

If ,4, and B are relatively left Â-prime then L = I.

(8)

4. Structure Matrices

Pernebo defines structure matrices that in some sense represent the part of the
system that is difficult to handle. The structure matrices contain the zeros in
rI of the system' These zeros will limit the servo and the regulator performance
of the closed loop system. They a.re calculated from ceriain matrices in the
system description, see Pernebo.

(7)
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Any matrix M(s) e IRT."'[.] with rank r can be factorized, as M =
Mlí[ where û e lR,f,*"[s] has rank r and lZ e lRf;*[s] is right r!-invertible.
The matrix ttzl"¡ is a left structure matrix "t ttìç"j. The row Ä-Hermite
factorization provides a way to calculate a left structure matrix.

M(s)v(s) = [r(s) 0] -> M(s) : lL(s) 0l r-l(s) (e)

Now l/-_l(s) is Â-unimodular, i.e. its rows are linearry independent. The
matrix M(s) is the first " roÌvs in l/-l(s). These are linearly independent.
The last p - " 

rows have no influence since they correspond to columns with
zeros in the matrix [-D(s) 0]. The matrix r(s) is lower triangular with r
rows. ït follows that

M(s):lL(s) 0lr-l(s) =luþ) 0l 
lM_(")] =",",",", (10)

The r\-Hermite form of the matrix M(s) is in fact a structure matrix u(").
Right structure matrices are found from the column rr-Hermite form.'

5. Feedback Design

In this section it is shown how the Â-Hermite form can be used. for feed.back
design. Let the open system be described by a minimal stable factorization as
in Pernebo.

l''J'' 1;[:]l l;[:ì] : [í;[:ì]*,,.l!t[:ì].,", (11)

It describes the relation between the output to be controlled z, the measured
output y, the control input u and the disturbance input e. To stabilize the
system it is required that Az(s) and B2(s) are relatively left Â-prime and that
ár(") is Â-invertible. Further the transfer function Gr,(s) : A;r(s)A2þ)
must be strictly proper to guarantee the existence of a prope" contioller. Às-
sume therefore that ár(*) = -I a¡rd Bz(*) : 0 to mafte Gs..(s) strictly
proper.

Determine a feedback controller

^R(s){(c) : -y(s)
u(s) = ^S(s){(s)

by solving the Diophantine-Aryabhatta-Bezout identity

.42(s).R(s) * Bz(s),S(s) = /
using the Â-Hermite factorization

tA, r,tli,:: I',:] =,' o l

(12)

( 13)

(14)

A controller yielding a Â-stable closed loop system is achieved if and only if
L = f , i.e. if A2 and 82 have no cornmon zeros in À.

AzUn * 82U21- !
AzUn*BzUzz-0 ( 15)
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The second equation in (15) provides a right Â-prime factorization of Art 82

A;tB, - -[In(IîzL = ND-L (16)

Multiply the second equation in (15) from the right with Q that is an arbitrary
matrix of appropriate dimension with entries in IR¡[s]. Add this to the firsi
equation in (15).

Az(un + unQ) * Bz(un * u22Q) = 7

Define all stabilizing controllers by

R:Un*UtzQ =RolNQ
S=UztlUzzQ =So-DQ

The requirements on Gyu now implies that

A2(æ)(Us (*) + I[,(oo)Q(oo))
t Bz(æ)(Uzr(oo) + trzz(oo)Q(oo))

á2(oo)(ü11 (*) + u12 (oo)Q(oo))

(17)

(18)

(le)
-J

Then -R(c) = trrr(s) + Up(s)Q(s) is invertible for E = oo. This means that
the controller

,9(s)r?-1(s) (20)

rs proper.
The all stable input-output relations between e and z and e and ø are

given by

A1z = (C, - (.4sr? + fuS)C2) e

u: -SCze
(21 )

The right structure matrix C of the system is given by the factorization C2 =cc. h is calculated from the column r\-Hermite form. In (21) it is seen that
the part C always will be present since only C can be canceied by a matrix
with entries in IR¡[s].

The properties of the closed loop system are affected by the choice of
denominator polynomials in (11) and of the choice of e.

6. MACSYMA Programs

The calculations in this algebra a,re carried out using MACSYMA., see Mac-
syma (L983). The procedure for calculation of r\-Hermite form is based on
Holrnberg (1986), where a MACSYMA function that calculates the Hermite
form for polynomial matrices is given. The function here for matrices in
IRTI*[s] has been provided with another degree function and. another divi-
sion algorithm as defined in section 2. The main routines are

rN[ÂMBDÀ(c) A function that defines the set i\ e CI. It retu¡ns true
if the complex mrmber c belongs to Â.
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tÂMBD^aEERMrrE(n) A function that calculates the r\-Hermite form of the
m¿trix n. ft returns a unimodular matrix u and the
matrix r (= u.n) that is on Â-Hermite form.

Other important firnctions are DÂB that solves the Diophantine-Aryabhatta-
Bezout identity AX+Ay : C for polynomials, RÀTDEG that returns the degree
d(') of an element in IR¡[s] and nATDIv which performs Euclidean division in
IR¡t[r]. All functions a,re listed in appendix 1.

Since computations are performed numericall¡ it is necessary to define
a limit stating that if the difference between two numbers are less that this
limit the numbers are considered as equal. This limit is set using the va¡iable
ZERO-I.IMIT.

7. Examples

Two examples will demonstrate how the il-Hermite form is calculated and
what it is used for.

Ex¡.1r,¡pr,n L-Calculation of Â-Hermite Form
Consider Rosenbrock's system

G(s):

"(")
rn(")
vrþ)

12
et1 a*3
11,+-ï i+T

(22)

(25)

This matrix has two zeros in Â. They are revealed in the rl-Hermite form

rt(s) :
1

ffi
(23)

Appendix 2 shows a MACSYMA session where -R(r) is determined. All inter-
mediate steps a,re are given. An identity matrix is initialy placed beside G(s)
to record the different elementary row operations that together determine thå
unimodular matrix ûr(s).

n(s) [c(s) /] = [tr(s)c(s) r¡(") ] = [-R(s) r¡(") ] (24)

The output from L.AMBDAIERMITE is expression (d39) which is a list with å(s)
and I/(s). tr

Ex¡,tvIp¿U 2
The other example deals with the feedback design of the system

2;F
1-a(4iY0

0=+
11+-r ;=T
t2

rTÑ

titl ftlr(s)l

**l L:?:1,1

or shorter æ(s) = G(s)tr(s). The numbers (cij) here refer to the equation
numbers in appendix 3 where the MACSYMA, session is found.
c1,3-ct4 Make a fractional representation. ,A(s)æ(s) = B(s)t¿(s).
c1'6-c2l Make the fractional representation left Â prime ,As(s)æ(s) =

Bo(s)u(s).

6



c23-c36

c37-c40

c45-c52

Make the fractional representation on the sta¡rdard form (11").
Extract the matrices á2(s), Br(t) and C2(s).
Calculate the right structure matrix of the system.
Calculation of a stabilizing controller ,g¡(s)-Ro(s)-1, and a para-
metrization for all stabilizing controllers.

8. Conclusions

Some MACSYMA firnctions have been used for analysis and design of MIMO
systems. A Hermite fo¡m for matrices with entries in IR¡[s] is calculated.
Some examples show how it may be used.
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Appendix I- - MACSYMA Programs

LÂIIBDÂSTÂRTI'P.I{AC
Startup f,ilc for using f,unctions for algebriac approach.

llichael Lr¡ndh
LastEditDate : Thu oct 6 09:17:34 1989

batchload( "lanbdahcrnito .nac" ) ;

floatfomat(f ,Or3) ¡

f* ===== csitchcs ===== tl
keopfloat 3 tru.f
print-trr¡o : falscf
zero-Iinit : O.0OO1l

/* ===== Definition of, thc sot Lanbda -=== *lIanbda1in : O.Ol

/* Function thrt r.turîr tru¡ if tho compX.or a b.longú to La¡bda ,i/
l* ILJ= *l
inl¡nbda(c) : = (roatpart (c) )-(Ianbd¡Iin-zcro_Liuit ) ) or ab¡ (c) )1 . 0c30l

Functions fo¡ c¡lculation of tho Lanbala-hor¡ito fom.
Skclcttor talcn frou Eolnbcrg (1996) TFRT-2339.

Ilichae]. Lundh

::::::::::::_:_::1_:::. " 
14:52:oo 1e'e

-----*l
/* Colu.ur-La¡bda-Ecrmite fo:n¡ of r and La¡bda-r¡¡ri¡odu1a¡ ¡at¡ir

porforming th. rol oprrationl. */
/* [f,¡¡ultc,ItL]= r/
laubd¡he¡aito (r, [alpha] ) ¡ =

Block( [p,n,u, i,nprItL],
if 1¡ngth(aLpha)=O th.n alpha3-1 clso alpha:part(alpha,l),

n3 l.ngth(transporr (x) ) ,
n:lcngth(r),
np: ra¡Ï(r) ,
r: adtlcol(r, ident(n) ),

P:1,
for i:1 thru np do

(p:f,inilcol(r, í,p) ,
r: rcduccbeJ.os(r, i rp, alpha) ,
if i*l th¡n r¡roducoabovr(r,i,p,alpha)),

IfL: x,
for i:1 thru n do ltl.:subMtrir(IIl,,1),
for i:nJú stcp -1 thru n+1 do x:¡ub¡n¿t¡ir(rri),
r.turrr: [xrttl.] ) I

/* Retu¡ns column rho¡c roduction should be applíed ,r/
fÍnilool(r, írp) : =

Block( [n] ,
n: J.cngth(transpose (r) ) ,
if p)n then n,
if not zcrobelov(r,i,p) then p olsc
(i:f x[i,p]*O thon p clse :findcol(r,i,p+1)))l

8



/* Roducc¡ ¡ f¡ou r[irp] and bolor */
rcduccbclo¡(r, i, p, [alpha] ) : =

Block( [docn] ¡
if lcngth(a1pha)=0 thon alpha:-1 else alpha:part (aIpha,1),

x: roy¡lc:ra(x, i, p) ,
print("ror¡lcru bclor rortr,i), if print_truo thon print(r),
¡snonic (x, i,p, alpha),
print("uonic loadcocf, ror',ri), if, print_true th6n print(r),
r: Eucliil(x, i rp, dorn, alpha) ,
print('tEuclid div b¡Io¡ ror',ri), if print_trt. thcn p¡int(r),
if, not zorobclor(r,irp) thcn roducebe1or(rri,p,aIpha) clrc r)l

/* Reduceg x aboyc r[i,p] {,/
¡educcabovc (r, i, p, fa]pha] ) : =

Block( [povi, porrk, upJ ¡
if length(alpha)=0 thon alpha: -1 elsc alpha :part (alpha,1),

r: Euclid(r, i,p,up, alpha),
print(ttEuc1id div abovc rou',,i), if print_truc thcn p¡int(¡),
pori I ratdeg(pa¡t (r, i,p) ) ¡
for k:i-l stôp -1 thru 1 do

(por : ratdeg(pa¡ù (x,h, p) ) ¡
if not pov(poEi thcn x:¡educeabovc(rrirpralpha)),

r)l

/* f,oturn¡ tru. if colr¡n¡r bolos x[i,p] ía zcto 'tf/* tltrat i¡ zc¡o? Poa¡iblc ¡¡odification of la¡t ltateE nt. *,/
zsrobelor(r, i,,p) ¡=

Block([k,j],
k: co1(¡,p) ,
for j:1 thru i do klif length(k)=l then O olsc subuatri¡(1,k),
i:f k.k=O thcn truc cl¡o falsc)l

/* tlatro¡ th. .l.t!.nt r[irp] priuc uslng ror-op.ratl.on */
nonic(r, irp, [aIpha]) ¡ =

Block( [rip¡bp,uiLrk, zl.l.] ,
if, length(alpha)=O thon alpha:-1 clse alphr:part(¡Ipha,l),

xip: rataiup(part(r, i rp) ) ,
bp: part (lanbd¡fact (nr¡n(xip) ), 1),
uii:1/bp,
if inla¡bda(ínf) thon

(k:hipor(cxpand(dcnon(rip) ) , s) -hipor(expand(bp) , s) ,
uii: uii*dcnou(rip) / (r-alpha) -k) ,

zii: tinpfact (uii*rip) ,
if, (donon(zii)=1) a¡d (hipor(nun(zii),r)=o) and

(abs(zii))z¡¡o-lintt) thcn uíi:uii/zii,
¡:¡¡t¡J,¡¡x(uii, i, i, Ld.nt (kngth(x) ) ) . r,
r.tunr! rimplify(r, i, ror)) I

/* Pormutc¡ rors giving 1osost d.êgroo of, column p f,irst. r/
rorpcru(r, i, p) : =

Block( [n,k,ci rc rporL,pov,L],
E:lcntth(r),
ci:part(r,i,p),
pori:if ci*O thcn r¿tdog(ci) clse 10-6,
for t!i+1 thru E do

(c:part (r,k,p) ,
por:if c*O thon ratdeg(e) clsc 1O-8,
i:f por(pori thon

(L¡ ¡ctol-nr(O, i, i, idcnt(u) ),
L:sctcLur(lrirkrL),
L:sotcLur(OrkrkrL),
L: cetel_ur(1 , h, i, L) ,
x¡L.r)),

r)l

I



/* Polynonial divi¡io¡ f,or of .l.uonta in colunn p */
Euclid.(x, l,,p,upordorn, [aIpha] ) 3 =

Bloak( [n, h, qr,L,begin, cnfl ,
if length(a1pha)=O th.n alpha:-1 clsc alpha:part (atpharl),

u: l.cngth(x) ,
if upordorn=dorn thon (betin: i+f ,cnd¡¡)

otao (bcgin: lrenrl: i-l),
for k:bcgin thru ¡ntl do

(qr: ratdiv(parù (r, k, p), part (r, i, p), alpha),
L:rctchr(-part (qrr 1),h, i, idont (n) ),
r: ainptify(L. rrk, ror) ),

r)l

l*

/* Retu¡r¡ truc if thc polynouial p=O */
l* l!f= *l
zeropoly(p) : =

Block( [],tr1,
p:crpand(p),
1: tluc ,
fo¡ k:O thru hipos(p,É) do

if abr(cocff (p,r,k)))zero_Il¡it thon
(l : laltc, rrturrr(fallc) ),

¡ctu¡n: 1) I

/* Solution to diophantinc oqr¡Àtion aa{.u+bb*yy=cc gith deg(yy)<aeg(aa) */
l* lxx,y!7= *l
dab(aarbbrcc):=

Block( [dcga, dcgb, rry,urv, grh, irholdruoldrvold., tmprarb, c] ,
dcga: hipor(c:çand( aa) , ¡) ,
dcgb: hipoy( e:çand(bb) , ¡) ,
r:1, y:0, u:0, v:1,
if, degb)dcga then (a:bb, b:aa, tup3r, r3Jr, y3tnp, tn¡l:u, u:v, v:tnp)
oJ'c¡ (a:aa, b:bb),
t:¿' h:b'
for i:1 chilc not zcropoly(h) do

(hold:h, uolil:u, vold:v,
trp:dividc(g,h,s),
g:part(tnp,1), h:part(tup, 2),
u: l-t*u,
v:y-E*v,
g:hold, rluold, y:vold),

if degb)dcga then (trr¡r3r, r3y, yttmp, tmp3u, u:v, v:tmp),
tnp: divide (1 . O*cc , g, a) ,
g:part(tnp,1), c:part(tnpr2),
if noù r.ropoly(c) thcn

¡r¡or(t'Con¡on fÀator of Â and B ir noù in C"),
b:6*Y,
trrp: dividc(b,v,s),
a ! P¡tt (ttûP,1) ,
r.tur¡r: [rata inp(g+r-a*u) ¡ ¡atsinp(part (tnp, 2) ) J ) I

/* Factorizatíon of B=(B+)(B-). (B+) uonic Eith ze¡os outside La¡nbda
(B-) rith all zoro! in Lanbda r/

/r, [bprbu]= */
lanbdaf,act(b):=

Block( [be, dc8b, rb, í, rbirbp,bn],
be: cxpand(b) ,
degb:hipor(be,a),
bp:1,
bm: coeff(be , s, dcgb) ,

l_0



!br alkootc (b) ,
for i:1 ühru lcngth(rb) do

(rbi: part (rb, i,2) ,
if ínla,nbd¡(¡bi) thcn bnlb¡*(¡-¡bi)

clsc bp:bp*(c-¡bi)),
r.turrr: [realpart ( o:çaad (bp) ) , realpart (erpand(bn) ) ] ) I

/* Lanbdr-dog¡o¡ ol tht gonurlizrd polynoüiùI. gp */
/+ [d¡g]= */
rattlcg(gp):=

Block( [rgp,bpbm,dog,k],
rç: ratsinp(gp) ,
bpbn: Ianbilafact (nun(rgp) ) ,
deg: hi¡rov(orpand(pÊrt (bpbn,2) ) , r) ,
k:hipor(eqrand(denon(rgp) ),¡)-hipoc(o:çand(num(rp) ),s),
if (ÞO) ¡nd inlaubda(i¡rf) thon

dcg: deg+k,
if nun(rgp)=O then

deg: -1,
r.tum: dog) I

/* Quoti.nt anil Reuindcr f¡on divicion of Laubila-genc¡arizcd. porynomials ,*/
l* lq,tf= +/
latdiv(a,b, [alpha] ) ¡ =

BIock( [a¡, br, anun, ad,cnrbnun, bdcn, tnp, bp, bnrh, ao, r, y, q, r] ,
if lcngth(a1pha)=O thcn alpha:-1 clac alpha:part(alpharl),

ar: rat6imp(È), anun: num(ar), adon: denorn(ar),
br:ratsinp(b), bnum:nurn(br), bden:denou(b¡),

tup: lanbdafact (bnr¡m) ,
bp: part (ùnpr 1) ,
bn:part(tnp,2),
k: ratdcg(br) ,

if k=O thcn
(q:arlbr, r:O)

cI¡c if ratdeg(ar)(k thcn
(q:O, r:ar)

clsc
(ao3 (r-alPh¡)'(k-1),
tup : drb(aden, bu, anun*ao ),
y:part(tnpr1),
r:part(tnpr2),
q! r*bdcn/ (Àdon* ro*bp) ,
t:ylao),

rctur¡r! [cutpoXy(q), outpoty(r) I ) I

/* Elinlnat.s coofficicnts Eith n¡¡8nitud.e legs than zc¡o_Iinit in
Lambda-t n.ralized polynoníal;. ¡rl

l* lgpf= *tl
cutpoly(Ep) : -

Block( [b, a,bo,ao, i, ci],
gp: ratsinp(gp) ,
b: crpand(nr:rn(gp) ) ,
a: crpand(denon(Ep) ) ,
bo: O,
for l.¡O th¡u hípos(b,É) do

(ci:oooff(br¡,i), if tbr(ci))zcro_lirûít th.n bo3bo+ci*r-i),
ao: o,
f,o¡r i:O thru hipor(art) do

(ci:cocff(ars,í), if abs(cí))zo¡o_limit thor ao:ao+ci*s^i),
!€turn: (bolao) )l

11



/* Elininatec real comon factorg ,r/
l* ltpT= +l
sinpfact(gp) : =

Block( [b, a, i, rb,tmpJ r
gp: cutpoly(gp) ,
b:nun(gp),
a:dcnom(gp),

/* llat¡ir vcrsion */
sirplify(gpn, [p2]) 3=

Block( [i¡r¡ùruu, inrnlrnd,
uJ.:1, nullongth(gpu),
n1:1, nu:longth(tranrpoto(gpn)),
if, longth(p2)=l th.n

(nJ.:part(p2r1), nt:part (p2, 1) ),
it l..ngth(p2)E2 th.n,

if part(p2,2)=ros th.n
(n1:part (p2 r1), ru: part(p2, 1) )

olra
(nI:Pa¡t(P2,1), nu:part(p2, 1) ),

f,or ím:nl thru Er¡ do
fo¡ ln¡nl thru nr¡ alo

&ru[in, in] : rinpf,act (gpu[i¡¡, in] ) ,
roturrr: &rn) I

rb: allroota (b) ,
for i:1. thru length(rb) do

(tup: divide (a, r-part (rb, ir 2) , r) ,
if, zcropoty(palt(tup,2) ) thôn

(a:part(tnprt),
b l pa¡t (dividc (b, r-part (¡b, i,2) , Ê) ,1) ) ) ,

rotu¡n: !oal.part(clçand(b) ) /realpart (crpand(a) ) ) I
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Appendix2 -Example L

(c37) g ¡ nrt¡t¡([1/(¡+1),2/(¡+3)],ltl(t+L),1/(r+t¡1¡;

(d37)

1 2

r+3¡+1

.+1

1 I

(c39) ¿n¡ : lanbdãh.r.ûit.(t)t

rosp€rû bc].or ror 1

¡,onic loadcoef ¡or 1

Euclid dLv belo¡ roc 1

rorlr.rE bolor lor 2

ronic lcailcoef ¡or 2

o
r+1 r+1

1

1 r+3

!+1

!+3

1-t

2
t +4!+3

__:-_
r+3

1-É

.+1

r+3

2

t +4.+3

r+3

1-r

2
r +2.+1

--:__
.+3

t-s

21

.+1
oI

1

1 1

I
o

+

1

0

2

Ê+1

1

1

1

t
t
r
t
t
t
t
t

o1
r+1

o -11

t

1

Ir
t -----
[¡+1
t
t
to
t
T

T

t
t
t
T

t
T

t

I
l

ol
l
l
l

1l
l
l

-1

l
ol

l
l

¡+31
----- l
¡+11

l

2

:_:_:
¡+1

tt
I -----
Ir+1

Euolld div bolo¡ ros 2 [
tIo
t
t

1

.+1

o
-¡-3

!+1

o
l
l
l
l
l
l
l
l

-¡-3

2
a +2r+1

r+1
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2 l
l
l
l
l
l
l
l

I o
6 t1 s+3

1-s
Euclid tliv abovc ¡o¡ 2

(d3e)

-¡-3
:_:_:
¡+1

o
2

s +2s+1

2

E+1

1

s+1
-s-3

6+1

ol
l

6+3ll
----- l
s+11

I

t
8+3

1-s
o

2

s +2¡+1
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AppendixS-Example2
(c12) g3¡¿1¡fu( [o, (¡-2)/(c-7) ,21(t+r)J,

1Ll k+t) ,tl (E-1), (¡-1) /(c+1)I,
lU (¡-L),21 (¿+Z), t,/(¡+2) I ) ;

¿-2 2
o

(dl2)

(o13) /{, F¡action¡l ¡opr.!.rtation ¡}/
¡¡ ldont (3) *(¡-1) / (¡+t ) ¡

(d13)

(c14) b:a.g¡

¿-2
0

3+1

(dl4)

r+1

r-11

!+1

¡-1 É+2 Á+2

¡-1

r-1

o

¡-1

t+1

o

1

!+1

2(¡-1)

2(¡-1)

2
(s+1)

2
(¡-1)

2
(¡+1)

1

!+1

1 2 L

t
t
t
t
T

T

T

t
t
t
t
t
t
t

!-1

l
l
l
l
l
l
l

l
ol

l
l
l

ol
l
l

¡-11
----- l
¡+1J

[¡-1
t -----
[¡+1
t
tto
t
t
tto
t

2
1)+(¡

1 ¡-1

(o16)

r+1 (¡+1) (r+2¡ (¡+1) (s+2)

/,t üalc l.f,t ].¡¡bd¡ prLu faatorizatlon ,r/
¡: add¡or(tran¡po¡c (¡) ,t¡an¡porc (b) ) |
rnc : ].ambdaho¡ßítc (¡¡) I
1: tranapotc(part (ans r 1) ) I
1: ¡ubo¡trir(I, 415 r6) i

1.000 0 o

r-1
- 1.OOO

Ê+1

(c17)
(o18)
(c19)

(dl9)

t
t
t
t
t
t
t

o

ooo1o o
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(o2o) ¡O:invort(1).a¡

(d20)

(c21) bO: ¡atsiup(invcrt(1) . b) ;

0

(d21)

(d24)

(c2E) bOO: latrinp(part(anr,t) .b0) ;

¡+1

s-t
(d25)

¡-1
00

r+1

o

T

t
t
t
t
t
t
t
t

tr
r
t
to
t
t
t
to
t

110

0

l
l
l
l
l
l
l
l
l

t-2

s+1

c-1

¡+1

2¿-2

2

! +2É+1

I

r+1

1

r+1

1 t

2z-2 ¡-1

2 2

r +3r+2 ¡ +3!+2

(a23) l* nopr.lcnt ryÉt.E on Pcrnobo¡ rtand¡rd fo¡r¡ */
an¡ :Ia¡bilahcraite (aO) I

(c24) aOO:part(an¡ ¡1) ;

1 o

1-:-:
!+1

o

I

o

c-1

r+1

1

1

T

t
t
T

t
t
t
t
t
t
t
t
t
t

2

1
l
l
l
l
l
l
l
l
l
l
l
l
l
l

! +2!+1

s+1

(c31) /r, Ertr¡ct ¡ub¡¡¡t¡icc¡ */
a¡2 : ¡ubuat¡ix(1, aOO, 1) ¡

1 , -2s+1

r+1 2
r +2r+1

!-12¿-2

2
É +3t|+2 r +3!+2

o

g-1

2

2

[1-¡
t -----
[¡+1
T

T

Io
t

l
l
l
l
l
l
l

(d31)

s+1
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(o34) bb2 ¡ ¡ub¡nrtrù(1 rbOO¡ 3) ;

2

(d34)

r-1 1

! +2!+1

3+1

c+1

2¿-2

2

. +3.+2

1

(o36) oo2:¡ubu¡trir(lrbOO,1 rl) ¡

2

. -2.+L

(d36)
2

r +2!+1

¡-1

r +9.+2

(c37) l* CrLar¡tat. ritht .tñtotu¡¡ ¡¡t¡ir */
an¡ : ].anbil¡h¡ruit¡ (co2)I

(o39) otllttc ¡ riapJ.if y (invcrt (part ( anc, 2) ) ) i

I s.ooo - B.ooo c
t ---------------
[1.000!+1.OOO
t
I s.ooo
t ---------------
[1.ooo.+2.ooo

t
t
t
t
t
r
t
T

t
t

l
l
l
l
l
l
l
l
l
l

l
1.000 l

l
l

0.333c+0.3331
(d39)

1.OOO¡+2.O0Ol

(o4O) chrt:pe¡t(¡¡rr¡1) ¡

(d{o)

[ 0.3ss r - o.s33 ]
t --------------- l
I r+1 ]
tl
Iol

(e4E) l* Solvc D.[B ldcntity for f,ecdbaok derign r,/
m2 : add¡o¡ (traneporo (aa2), transporc (bb2) ) I

(o46) ¿n¡ : la¡bdah.rEít. (@2)l
(o47) p¡rt(anr,1)l

(d4t)

l

o

ooo1

[ 1.ooo
t
to
t
to
t
TO

o

o

l
l
l
l
l
l
l

(o48) ¡¡: t¡a¡r¡posc (p¡¡t(an¡, 2) )f
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(c49) ull ¡ rub¡rtrir(S,{ru, 3,4) ¡

(d49)

(o5O) u12 : rubo¡trl,r(3r4,u, 1 r2) i

2.OOO r - 2.OOO

({16o)

2
j +2.+t

2 .000

¡+1

3 2
-! -4.000. -13.000.+6.000 2.OOO

32
+4.000r +5.000!+2.000

4.000 ¡ - 4.000

s+L

1. OO0
2

ú +3t+2

l
l
l
l
l
l
l
l
l
l

t
t
t
t
T

t
T

t
t

2.OOO

.+t

4.OOO r - 4.OOO

2

r +3.O0O.+2.000

o

2.O0O - 2.O0O ¡

¡+1

(c51) u21 : rubn¡trir(1,2 ru, 3,4) i

[8.OOOr-8.OOO

(d6i ) 2

r +3!+2

- 2.OOO

(o52) u22 : subnrt¡ir(l r2,tr1,2) ¡

[ 2.O0O - 2.000 r

s+1
(d52)

oo02

0
l
l
l
l
l
l
l

o
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